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Abstract

A new era of robotics has begun. In this era, robots are coming out of simple,
structured environments (such as factory floors) into the real world. They are no longer
performing simple, repetitive tasks. Instead, they will soon be operating autonomously
in complex environments filled with uncertainties and dynamic interactions. Many ap-
plications have already emerged as a result of these potential advances. A few examples
are precision agriculture, space exploration, and search-and-rescue operations.

Most of the robotics applications involve a “search” component. In a search mission,
the searcher is looking for a mobile target while the target is avoiding capture intention-
ally or obliviously. Some examples are environmental monitoring for population control
and behavioral study of animal species, and searching for victims of a catastrophic event
such as an earthquake.

In order to design search strategies with provable performance guarantees, researchers
have been focusing on two common motion models. The first one is the adversarial target
model in which the target uses best possible strategy to avoid capture. The problem is
then mathematically formulated as a pursuit-evasion game where the searcher is called
the “pursuer” and the target is referred to as the “evader”. In pursuit-evasion games,
when a pursuit strategy exists, it guarantees capture against any possible target strategy
and, for this reason, can be seen as the worst-case scenario. Considering the worst-case
behavior can be too conservative in many practical situations where the target may not
be an adversary. The second approach deals with non-adversarial targets by modeling
the target’s motion as a stochastic process. In this case, the problem is referred to
as one-sided probabilistic search for a mobile target, where the target cannot observe
the searcher and does not actively evade detection. In this dissertation, we study both
adversarial and probabilistic search problems. In this regard, the dissertation is divided
into two main parts.

In the first part, we focus on pursuit-evasion games, i.e., when the target is ad-
versarial. We provide capture strategies that guarantee capture in finite time against
any possible escape strategy. Our contributions are mainly in two areas whether the

players have full knowledge of each other’s location or not. First, we show that when
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the pursuer has line-of-sight vision, i.e., when the pursuer sees the evader only when
there are no obstacles in the between them, it can guarantee capture in monotone poly-
gons. Here, the pursuer must first ensure that it “finds” the evader when it is invisible
by establishing line-of-sight visibility, and then it must guarantee capture by getting
close to the evader within its capture distance. In our second set of results, we focus
on pursuit-evasion games on the surface of polyhedrons assuming that the pursuers are
aware of the location of the evader at all times and their goal is to get within the capture
distance of the evader.

In the second part, we study search strategies for finding a random walking target.
We investigate the search problem on linear graphs and also 2-D grids. Our goal here
is to design strategies that maximize the detection probability subject to constraints on
the time and energy, which is available to the searcher. We then provide field experi-
ments to demonstrate the applicability of our proposed strategies in an environmental
monitoring project where the goal is to find invasive common carp in Minnesota lakes

using autonomous surface/ground vehicles.
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7.1 A weakly monotone polygon with respect to s and t. The upper chain
that connects s to t is a repetition of the chain from s to y4. The number
of repetitions can be arbitrarily large. The chains from s to x1, from xo
to x3, and from x4 to x5 are x-monotone chains. Also, the chains from z;
to y1, from y; to xo, from x3 to ys to x4, from x5 to ys are y-monotone
chains. After disappearing from the pursuer’s sight, the evader can hide
in an upper or lower y-monotone polygon (whichever will be visited by

the pursuer last) and escape when the evader is searching the other one. 176
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Chapter 1

Introduction

Technological developments has brought us advanced robotic platforms with much lower
prices than ever in the past. As a result, we are witnessing emergence of enormous
robotic applications not only in isolated manufacturing environments but also in our
daily life, almost in every aspect: Housekeeping robots such as the vacuum cleaner robot
Roomba [2]; medical robots such as da Vinci [3] in surgical operations and magnetic
microbots [4] used to fight cancer cells or deliver medicine in blood vessels; driver-
less cars [5] used to prepare rich maps; precision agriculture aimed at enhancing crop
management; and space missions such as Curiosity rover to explore unknown planets.

For most of the above robotic systems to work autonomously, technology is not
enough: We also need sophisticated motion planning algorithms to optimally decide
where should the robot move next such that it achieves its goal. A common goal in
many robotic applications is searching for a mobile target. In a search mission, the
searcher is looking for a mobile target while the target is avoiding capture intentionally
or obliviously. Some examples of search missions are environmental monitoring, security
and surveillance, and search-and-rescue to find victims of a catastrophic event such as
an earthquake. The motion planning task here is to design a search strategy subject
to the present limitations such that the target can be found with a given performance
guarantee such as capture time or capture probability.

Many real-life applications of the search problem take place in complex environ-
ments and in the presence of sensing limitations. In addition, in most of the search

applications, the target’s trajectory is unknown. Therefore, in order to precisely define
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a search problem, one must specify the appropriate model for each of the following
components: “target’s motion model”, “environment’s complexity” and “sensing limi-
tations”. Fig. 1.1 shows an illustration of the different modalities of the search problem
which we will explain shortly. In this dissertation, we solve different versions of the
problem each of which is focused on one aspect of the search problem.

Target’s Motion Model: In order to design search strategies with provable perfor-
mance guarantees, researchers have been focusing on two common motion models. The
first one is the adversarial target model in which the target uses best possible strategy to
avoid capture against any search startegy. Here, the problem is in fact a non-cooperative
game between the searcher and the target since they are pursuing conflicting goals: The
searcher aims at “finding” the target while the target is “escaping” capture actively. The
problem is then mathematically formulated as a pursuit-evasion game where the searcher
is called the “pursuer” and the target is referred to as the “evader”. In pursuit-evasion
games, when a pursuit strategy exists, it guarantees capture against any possible target
strategy and, for this reason, can be seen as the worst-case scenario. The worst-case
capture guarantee is essential in many practical applications. For example, in sensitive
applications such as missile tracking, the desire is to hit the missile (capture the target)
with certainty.

Considering the worst-case behavior can be too conservative in many practical sit-
uations where the target may not be an adversary. The second approach deals with
non-adversarial targets by modeling the target’s motion as a stochastic process. In
this case, the problem is referred to as one-sided probabilistic search for a mobile target,
where the target cannot observe the searcher and does not actively evade detection. For-
mulating the problem as a probabilistic search problem, requires the knowledge of the
target’s movement model as a stochastic process. In addition, the capture guarantees
are mostly probabilistic, e.g., capture probability.

Finally, we note that pursuit-evasion games are usually more complicated than prob-
abilistic search problems since an adversarial target chooses the best escape strategy
among infinitely many possible strategies as opposed to a stochastic target which is
moving according to a single probability distribution.

Environment’s Complexity: Another key factor in designing search strategies is

the characteristic of the environment that the search mission is taking place in, which
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itself is contingent on the requirements of the corresponding application. For example,
when the search is happening inside a building with capture condition as collocation in
the same room, it might be enough to model the environment as a graph where capture
occurs on its nodes. Other models to abstract the environment include: a plane with
no boundary, a bounded region of a plane such as a polygonal area, a geodesic terrain
modeled as the surface of a polyhedron, a bounded subset of the three-dimensional
space or even more complex sub-spaces of n-dimensional manifolds. In addition, in all
of these instances obstacles can be considered as well.

Although some of the aforementioned environments such as graphs and polygons
have been studied well, very basic questions are open for non-planar environments.
Even in the simple case of graph or polygonal setups, some variants of the problem
in the presence of sensing limitation have remained unanswered for decades despite
significant research focus on them.

Sensing Limitations: In addition to the environment’s complexity, sensing limi-
tations of the searcher for observing the location of the evader introduce another level
of complication to the problem. In particular, the searcher’s information about the lo-
cation of the evader can be complete or partial. For example, a large network of cheap
sensors, that are connected together, can provide the searcher with the complete infor-
mation about the target’s position. On the other hand, the searcher might be equipped
with a single camera. Thus, it can see the target only when its line-of-sight is obstacle-
free. As a result, in terms of sensing limitations, we can classify the search problem into
two categories: complete sensing (full-visibility) and partial sensing (limited-visibility).

In both categories, practically relevant versions remain unsolved.
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Figure 1.1: Different modalities of the search problem are shown: 1) target’s motion
model, 2) sensing limitations, and 3) environment’s complexity. In the third box (en-
vironment’s complexity) we have highlighted the specific variants that we study in this
dissertation: the adversarial search problem with full-visibility on polyhedral surfaces
and convex height-maps, the adversarial search problem with line-of-sight visibility in
monotone polygons, and the probabilistic search problem for finding a random walker

in a linear graph and also two-dimensional grid.

In this dissertation, we study both the adversarial and the stochastic target motion

models. We study the adversarial search problem with full-visibility on polyhedral
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surfaces (with or without boundary) and also on convex height-maps (with boundary),
the adversarial search problem with limited-visibility in monotone polygons, and the
probabilistic search problem for finding a random walker in linear graphs and also two-
dimensional grids subject to constraints on the available time.

The dissertation is organized as follows. In the following subsections of this chapter,
we present a summary of our contributions. In Chapter 2, we provide an overview of re-
lated research. Chapter 3 presents the technical background that we will use throughout
the dissertation. Chapters 4 and 5 are dedicated to pursuit-evasion games for captur-
ing an adversarial target. In particular, in Chapter 4 we study a pursuit-evasion game
with line-of-sight visibility (limited-visibility), and in Chapter 5 we study the game on
three-dimensional polyhedral surfaces when the players have full knowledge of one an-
other’s location. In Chapter 6, we study the problem of finding a simple random walker
(probabilistic search). Concluding remarks are presented in Chapter 7 where we also
discuss some open problems and future research directions.

We now present an overview of our contributions in this dissertation. We first go
over our result regarding adversarial target motion model. We then turn attention to

our result on finding a discrete random walking target.

1.1 Contributions: Adversarial Target

In this section, we present a summary of our contributions in the domain of pursuit-
evasion games (adversarial target). Here, the pursuer captures the evader if the distance
between the evader and at least one pursuer is less than or equal to the capture distance.

Later in Chapter 4 and Chapter 5, we will explore these contributions in full detail.

1.1.1 Partial Knowledge of Target’s Location (Limited-Visibility)

A general question regarding pursuit-evasion games is the class of environments in which
a single pursuer can capture the evader when the pursuer has line-of-sight vision. That
is, the pursuer can see the evader only if the line segment connecting them is free of ob-
stacles. We show that in monotone polygons, a single pursuer with line-of-sight visibility
is enough to capture the evader. Our result provides a step toward characterizing the

class of single-pursuer-win environments by showing that it includes monotone polygons.
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With the limited vision power, the pursuer has to first find the evader when it disappears
and then move toward the evader to capture it. We present a pursuit strategy which
successfully combines search and capture. We are not aware of any other results which
combine these two objectives for a single pursuer while providing guarantees about the
outcome of the game. Our proposed capture strategy along with its analysis is provided

in Chapter 4.

1.1.2 Complete Knowledge of Target’s Location (Full-Visibility)

Many practical applications of pursuit-evasion games take place in non-planar environ-
ments; for example, when the searcher and the target are moving on the surface of a
geodesic terrain; or when planning must be performed in the configuration space of a
robotic manipulator. Despite the importance of the game in non-planar environment,
little is known about its properties in such environments. In this dissertation, we study
the game when it is played on the surface of a polyhedron. We show that on general
polyhedral surfaces three pursuers suffice to capture the evader in finite time. Moreover,
we show that our capture strategy works if the surface has “obstacles” i.e. subsets of
the surface that neither player can enter. In other words, the surface is homeomorphic
to a planar disk with a set of obstacles. A practical implication of our result is that
three pursuers guarantee capture on terrains which is a special case characterized by
unique height values for points in the two-dimensional plane (Fig. 1.2).

We then study the game in a more restricted sub-class of polyhedral surfaces: on
the surface of a height-map (terrain). A terrain is obtained by assigning a single height
value to each point in a bounded region of a plane in R? (Fig. 1.2). We show that when
the terrain is convex, a single pursuer with full-visibility captures the evader in finite
time.

We will present our proposed capture strategies as well as their analysis in Chapter 5.
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(a) (b)

Figure 1.2: Two examples of a geodesic terrain (height-map), which is modeled as a
polyhedral surface, is shown. (a) When the players are restricted to move outside water,
the lakes are modeled as obstacles. (b) Here, the surface is composed of a half-sphere

mounted on top of a cropped cone.

1.2 Contributions: Stochastic Target

We now discuss our results for the problem of finding a stochastic target (i.e., proba-
bilistic search). Here, the problem is to find a target which is moving according to a
simple random walk subject to time and energy restrictions such that the probability
of detecting the target is maximized. We focus our attention on the problem when the
searcher and the target are moving in a linear graph or a two-dimensional grid. The

details of our results are presented in Chapter 6.

1.2.1 Simple Random Walker on Linear Graphs:

We first investigate the search problem when the target is a discrete one-dimensional
random walker which moves in a linear graph. The target moves to neighboring nodes,
i.e. to the left or right, with a given probability (Fig. 6.1(a)). The searcher on the
other hand can choose to stay on its current node, or move to the right or to the left.

Surprisingly, despite the simplicity of the problem at the first look, the problem is open.
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Figure 1.3: Target’s motion model is a simple random walk: with probability p it

moves one step to the left, and with probability ¢ = 1 — p it moves one step to the right.

We study the problem under two detection criteria that we refer to as the no-crossing
and crossing conditions. In the no-crossing model, the searcher detects the target if they
are on the same node or if they take the same edge at the same time. In the crossing
model, detection happens only if they land on the same node at the same time. For the
no-crossing model an analytical solution for finding the optimal search strategy subject
to energy and time constraints (where different costs are associated to move and stay
actions) was presented in [6]. In this dissertation, we focus on the crossing model
where we formulate the problem of computing the optimal search strategy as finding
the optimal solution of a Partially Observable Markov Decision Process (POMDP) and
also a Mixed Observability Markov Decision Process (MOMDP). We show that the
solutions exhibit an interesting structure. Using this structure we focus on a set of
strategies which we call the uniform strategies characterized by groups of right actions
interleaved with stay actions, i.e. (R¥S)™. We derive the best strategy in this class and
show that (R2S)™ is performing close to the strategies found by the MDP methods.
Finally, we provide preliminary experimental results to show that our model is useful in

an environmental monitoring application where the goal is to search for invasive carp.

1.2.2 Simple Random Walker on Two-Dimensional Grids:

In addition to linear graphs, we also study the problem of finding a random walking
target which is moving on an N x N grid. The target moves to neighboring nodes,
i.e., to the left, right, up or down or chooses to stay on its current node with
equal probability. We study a natural and easy-to-implement class of strategies we call
sweeping strategies. In a sweeping strategy, the searcher picks a column and sweeps it

entirely before choosing another column. We formulate the problem of computing the
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optimal sweeping strategy as the problem of computing the optimal solution of a Mixed
Observability Markov Decision Process (MOMDP). We compare the MOMDP strategies
against other heuristic strategies such as picking a column at random or picking every
k" column. We show that these strategies are performing fairly close to each other in
terms of capture probability.

The rest of the dissertation is organized as follows. We cover the related literature
in Chapter 2. The necessary technical background and the main tools are provided in
Chapter 3. In Chapter 4 we study a pursuit-evasion game with partial knowledge of
evader’s location (line-of-sight visibility). In Chapter 5 we present our results for pursuit-
evasion games with complete knowledge of evader’s location on three-dimensional sur-
faces. We then study probabilistic search problems for finding a discrete random walking
target in Chapter 6. Finally, we present concluding remarks and some open problems
in Chapter 7.

The results presented in this thesis appear in [1,6-16] and were funded by the
National Science Foundation (grant numbers #0916209, #0917676 and #1111638).



Chapter 2

Related Work

In this chapter, we overview the existing literature on search and pursuit-evasion prob-
lems. We classify the literature into two categories based on the target’s motion model
(adversarial versus stochastic). First, in Section 2.1 we survey the results for capturing
an adversarial target in graphs, planar environments and non-planar environments. We
also give an overview of the related work for pursuit-evasion games with limited sensing.
Then, in Section 2.2 we focus on random walks and present existing results on finding

a stochastic target which is moving according to a Markovian model.

2.1 Adversarial Target (Pursuit-Evasion Games)

In this section, we first present an overview of the related research on pursuit-evasion
games played in graphs. We then turn our attention to planar environments followed
by the results in non-planar environments. We conclude the section with the related

work regarding limited-visibility pursuit-evasion.

2.1.1 Cops and Robber Game in Graphs

In the game of cops and robber, a team of searchers (cops) are concerned with finding
a mobile target (robber) hiding in a graph. The players move between adjacent nodes
along the edges in the graph. The cops capture the robber if some of them can be

co-located with the robber on the same node.

10
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Various aspects of the problem such as players’ relative speed [17], sensing capa-
bilities [12,18-20], and notion of capture [21,22] have inspired a significant body of
research. An overview of these results can be found in the survey paper by Chung et
al. [23] and by Robin and Lacroix [24]. Nowakowski and Winkler [25], and indepen-
dently Quillot [26], provided a characterization of cop-win graphs when the players can
observe each other’s location at all times. Megiddo et. al [27] provided a structural
characterization of those graphs with cop-number less than & for k < 1,2,3. Aigner and
Fromme [28] showed that three cops are sufficient for capture on planar graphs. When
the initial locations of the players are given, Goldstein and Reingold [29] showed that
the problem of determining whether k cops can capture the robber on a given undirected
graph is EXPTIME-complete. Recently Kinnersley [30] showed that determining the
cop-number (the minimum number of cops needed to capture a robber on a graph G)
is EXPTIME-complete in general, even if the initial locations of the players are not
specified.

In all the results above, the cops have “global visibility” i.e. they are aware of the
location of the robber at all times. On the other hand, when the players cannot observe
each other unless they are on the same node, the game is known as the hunter and rabbit
game. Adler et al. showed that the hunter can capture the rabbit in O(nlogn) time in a
graph with n vertices [18]. Isler and Karnad [19] show that when each player can see the
opponent if their distance is less than k& (symmetric visibility powers), the cop can locate
itself at distance at most k& from the robber in any graph. In [31] the expected times
required for capturing an adversarial robber and a drunk one (performing a random
walk) is compared. Upper and lower bounds are derived for the ratio between these two

values when the search is done on special graph structures.

2.1.2 Lion and Man Game in Planar Environments

In the previous sub-section, the cops and robber game takes place in graphs. Many
robotics applications are naturally formulated as geometric versions of the cops and
robber game where the players move in a continuous space instead of a graph. A
classical geometric pursuit-evasion game is the lion and man game. In this game, the
lion pursues the man, and the man tries to escape capture.

The lineage of the lion and man game traces back to Rado’s classic version from the
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1930s [32] where the game takes place in a circular arena, and both the lion and the man
have equal speed. The lion wins if it becomes collocated with the man in finite time.
Intuitively, the lion (pursuer) should win the game: if it moves directly toward the man,
the man has to step back in the same direction to maintain the separation between the
players. Following this strategy, the man will eventually hit the boundary and thus he
cannot escape forever. It turns out that the analysis of this simple “greedy” strategy
is not straightforward since the turn angle can be arbitrarily small. In fact, when time
is continuous, players move simultaneously and capture requires colocation, man can
avoid capture indefinitely by following a gently spiraling path [32]. On the other hand,
in the turn-based version where the players take turns, it has been shown that the
lion captures the man by following the lion’s strategy which was generally accepted in
folklore [32]. In this strategy, the lion moves such that it is always on the radius between
the man and the center. The capture time of this turn-based strategy is O(R?) where
R is the radius of the environment. Sgall [33] uses a similar strategy to show finite time
capture when the game takes place in the non-negative quadrant of the plane. Alonso et
al. [34] proposed a more sophisticated strategy which guarantees capture in O(R log g)
steps where r is the capture radius.

Isler et al. [35] adapted lion’s strategy for pursuit in a simply connected polygon
P. First, the pursuer starts at point ¢ in the polygon, which is typically a boundary
vertex. Thereafter, the pursuer always moves onto the shortest path between ¢ and
the evader, getting as close to e as possible. For a polygon P with n vertices and
diameter diam(P) = max, yep d(u,v), Isler et al. [35] proved that the capture time is
O(n - diam(P)?). Beveridge and Cai [36] proved that the capture time is O(diam(P)?).
Zhou et al. [37] show that adding a second pursuer reduces capture time to O(diam(P))
in simply connected domains.

The game has been also studied in the presence of obstacles. Bhadauria et al. [38]
show that three pursuers can capture the evader in any polygonal environment with
obstacles. Zhou et al. [37] show that three lions are still enough for capture in the
presence of obstacles even when the domain is not polygonal. Their strategy guarantees
capture in time O(h - diam(P)) where h is the number of obstacles. Bhattacharya and
Hutchinson [39] study the game in planar environments containing obstacles when the

pursuer’s goal is to maintain visibility of the evader for the maximum possible time
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and the evader’s goal is to escape the pursuer’s sight as soon as possible. They present
necessary and sufficient conditions for tracking as well as Nash equilibrium strategies

for the players.

2.1.3 Lion and Man Game in Non-Planar Environments

The lion and man game has been studied in non-planar environments as well. Kopparty
and Ravishankar [40] showed that in RY, d + 1 lions can capture the man if and only if
the man starts inside their convex hull. Bopardikar and Suri [41] study k-capture in m-
dimensional Euclidean spaces where at least k& pursuers must simultaneously reach the
evader’s location to capture it; in addition, if fewer than k pursuers reach the evader
they will be destroyed by the evader. They show that the necessary and sufficient
condition for capture is the existence of a time instance that the evader lies inside in the
pursuers’ k-Hull. Alexander et al. [42] study pursuit in CAT(0) environments where the
curvature is non-positive, and show that a single pursuer with positive capture radius
can eventually capture the evader by greedily moving toward it. Beveridge and Cai [36]
show that in any CAT(0) environment one pursuer has a winning strategy under the
collocation capture condition as well (i.e., zero capture distance).

The problem is also studied on the surface of a polyhedron which models the search
applications on geodesic terrains. Klein and Suri [43] showed that four pursuers with
zero capture distance are sufficient to capture the evader on a polyhedral surface with
genus zero. In this dissertation, we show that three pursuers are enough for capture when
the capture distance is non-zero even in the presence of obstacles on the surface [11,14]
(Section 5.2). In [16] we show that the class of convex terrains, which includes positive

curvature examples, are still single pursuer-win (Section 5.3).

2.1.4 Lion and Man Game with Limited-Visibility

The lion and man game has been also studied when the pursuer has only line-of-sight
vision. That is, the pursuer can see the evader only if the line segment connecting them
is free of obstacles. This variant models robotics applications where the pursuer is a
robot equipped with a camera or a laser scanner. When the goal of the pursuer is to just

find the evader the problem is called the visibility-based pursuit evasion problem [44].
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The necessary and sufficient conditions for a simple polygon to be searchable by a
pursuer with various degrees of visibility power is presented in [21]. Guibas et al. show
that for an arbitrarily fast evader, the minimum number of pursuers required in the
worst case is O(logn) for simply-connected polygons and ©(y/m + logn) for a polygon
with m holes [44]. Klein and Suri [45] showed that in a polygon with n total vertices
and h holes, O(vVh + logn) lions with visibility can capture the man if the minimum
distance between any two vertices is lower bounded by the step size. If the environment
can have arbitrarily small “features” compared to the speed of the players, then the
number of pursuers can be as high as Q(n?/3) [46]. In Chapter 4 we study the game
when the goal of the pursuer is to capture the evader in the sense that it gets within
the capture distance of the evader. We show that a single pursuer can successfully
capture the evader in monotone polygons [8,12]. Berry et al. [47] present a line-of-sight
pursuit strategy for capture in strictly sweepable polygons, which are a generalization
of monotone polygons.

Bopardikar et al. [48] study the lion and man game in the plane where every player
has identical sensing and motion ranges restricted to disks of given radii. In their model,
the evader is reactive in the sense that it only moves when it sees the lion. The authors
provide a lower bound condition on the ratio between the sensing radius and the step size
such that the pursuer can trap the evader inside its sensing circle when the environment
is convex [48]. Karnad and Isler [49] show that in the positive quadrant of the plane a
pursuer with a bearing measurement sensor can reduce its distance to the evader to the
step size in finite time.

We next discuss related results in the domain of probabilistic search problems.

2.2 Stochastic Target (Probabilistic Search)

We now focus on the related research for finding a random walker. We first overview
the search problem for finding a stochastic target on graphs in Section 2.2.1. We then

provide some known results related to random walks in Section 2.2.2.
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2.2.1 Two-Cell and N-Cell Problems

In one-sided probabilistic search problems, the target cannot observe the searcher and
does not actively evade detection. Instead, the target’s motion is modeled as a stochastic
process. The simplest setting is when the target moves in discrete time steps in a
discrete world consisting of only two cells according to a Markovian motion model [50].
It turns out that even this simple variant, which is referred to as the two-cell problem,
is challenging. Pollock [50] uses dynamic programming to derive search strategies that
minimize the expected number of looks to detect the target, or maximize the detection
probability within a given number of looks for special cases of the two-cell problem.
Wilson [51] provide a necessary and sufficient condition on the initial distribution of
the target’s position such that a search plan with finite expected capture time exists.
Dobbie [52] studies the continuous time motion model and solves for optimal strategies
that minimize the expected time to detection, or maximize the probability of detection
in a given time in the hope to derive formulations that are easier to generalize to
more than two cells. Kan [53] also attempted to generalize the problem to N cells by
characterizing optimal strategies for special cases, for example when the cells form a
clique and the target moves between all cells with equal probability. In fact, it has been
shown that the problem of detecting a target, stationary or mobile, in a grid world within
a fixed time horizon is NP-complete [54]. As a result, approximation methods have also
been studied to tackle the problem. In this regard, branch-and-bound methods [55, 56]
and POMDP formulations [57, 58] are popular. For example, Lau et al. [59] use
a branch-and-bound framework to find an upper bound on detection probability for
relatively small environments with around 20 nodes. Hollinger et al. [57] formulate the
problem of maximizing the expected probability of finding the target at the earliest
possible time by multiple searchers as a POMDP and use the sub-modularity of the
joint discounted reward function to provide a constant factor approximation sequential
allocation algorithm.

In Chapter 6, we study the problem of finding a target which is moving according
to a simple random walk on a linear graph. We next review some properties of random

walks as well as some known results regarding the search problem.
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2.2.2 Random Walks

In this section, we focus on the literature related to random walks. Random motions,
both as discrete random walks and continuous diffusive motions, have been extensively
studied as models of unknown animals motions or complex physical processes [60].
In particular they are widely used in the literature to simplify pursuit-evasion games
and absorption (or search) processes. A large number of interesting properties closely
related to searching missions are collected in [61] including: first passage probability
(the probability for the random walker of visiting for the first time a given point at a
given time), survival probability (the probability that the random walk has not been
found at a given time) and mean capture time (the expected time to be found). Various
characteristics of random walks in general graphs have been studied in [62]. Examples
are hitting time, which is the expected number of steps before a node is visited, and
cover time, which is the expected number of steps to visit every node at least once.

Although one-dimensional random walks might seem too simple, they present sev-
eral interesting behaviors and properties and are still source of open problems. The
survival probability of a particle that performs a random walk on a chain where traps
are uniformly distributed with known concentration is studied in [63] and an asymp-
totically exact solution is provided. In [64], the authors study the survival probability
of a prey on a line which is chased by more than one diffusive predator. The same
problem but in a semi-infinite line where the boundary represents a haven for the prey
is presented in [65]. None of these works have addressed the capture problem restricted
to constraints on the energy of the system, or on the maximum time for the chase. This
is the subject of our work in Chapter 6.

In the next chapter, we present the technical tools that we use to solve the pursuit-
evasion games in Chapters 4 and 5 and also the probabilistic search problem for finding

a random walker in Chapter 6.



Chapter 3
Technical Background

In this chapter, we present the basic techniques that are used in the following chapters.
First, in Section 3.1 we discuss main ideas and sub-strategies for capturing adversarial
targets in pursuit-evasion games, which are later exploited in Chapters 4 and 5. Then,
in Section 3.2 we describe Partially Observable Markov Decision Processes (POMDP)
and Mixed Observability Markov Decision Processes (MOMDP), which we exploit to

design search strategies for finding a random walking target later in Chapter 6.

3.1 Pursuit-Evasion Games

L In a pursuit-

Let us start by giving a formal description of pursuit-evasion games
evasion game, the pursuers’ goal is to capture the evader while the evader is trying to
avoid capture as much as possible. Throughout the dissertation we will interchangeably
refer to the pursuer as the lion, and the evader as the man. The notion of capture
that we consider is whether the distance between the evader and at least one pursuer
is within a fixed capture radius denoted by r. We assume that the players have the
same maximum step-size; we employ a unit step-size which means that the players can
move along a path contained in the environment, of length at most one. The unit step
size assumption is both standard and convenient. Finally, we will consider discrete time

turn-based version of the game where the players take turns and each turn takes a

unit time-step. We focus on the turn-based version of the game in order to avoid the

! The material in this section appears in [7].
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following pathology: When time is continuous and the players move simultaneously, the
evader can avoid capture indefinitely by following a gently spiraling path [32].

We continue this section by presenting the main ideas and the basic techniques in
designing pursuit strategies. In particular, we first explain lion’s strategy, and rook’s
strategy. Meanwhile, we describe main concepts such as guarding, and making progress.
We then proceed with more advanced topics such as projection mappings for guarding
shortest paths.

In order to capture the evader, a general pursuit strategy consists of two main
phases. First, the evader is expelled from a subset of the environment, and this subset
is protected thereafter. Second, the protected subset is gradually grown until the whole
environment is cleared and the evader is captured. These two phases are referred to as
guarding and making progress respectively.

As a demonstrative example, suppose that the turn-based game is played in a square
region; the pursuer can observe the exact location of the evader, and the capture radius
is r = 0. A first intuitive idea for guarding is to locate the pursuer on the line segment
L between two arbitrary boundary endpoints, and prevent the evader from crossing it.
If we can also push L towards the evader, then the progress goal would be achieved as
well.

Here is our first example of a guarding strategy. The pursuer can guard L by
positioning itself on the vertical projection of the evader onto L (Fig. 3.1(a)). The
vertical projection has the property that it is closer to all the points along L than the
evader itself. As a result, if the evader tries to cross L, the pursuer (which is on the
evader’s projection) will capture it during its next move. We make this argument more
rigorous in Section 3.1.7.

Although the vertical projection idea succeeds in restricting the evader to one side
of L for the rest of the game, the pursuer fails to achieve its second goal: shrinking the
evader’s region. Indeed, suppose that the evader takes a full unit step parallel to L,
moving from e; to ep with |ejea] = 1 (Fig. 3.1(b)). The evader’s vertical projections
onto L, denoted by p; and py respectively, satisfy |pipa| = 1. Therefore, the pursuer
exhausts its movement budget just to keep up with the evader. Now, if the evader
reverses its direction after each step, the pursuer is forced to move between the two

fixed points p; and ps. Consequently, the pursuer cannot move L towards the evader,
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and the evader can escape forever.
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Figure 3.1: (a) The pursuer can prevent the evader from crossing L by positioning itself
on the vertical projection of the evader. (b) Since ejes is parallel to L and |ejes| = 1,

we have |p1p2| = 1. Thus, the pursuer is stuck on L between the two points p; and ps.

There are three approaches to tackle the issue above and achieve progress: (1) Lion’s
strategy, (2) Multiple guarding pursuers, and (3) Rook’s strategy. In the following
subsections, we will present an intuitive description of each approach using our square

example. But before that, let us first present the notation that is used in this chapter.

3.1.1 Notation

The game environment is denoted by & with boundary dS. We refer to the subset of
S that the evader cannot enter without being captured as the cleared region. The
remaining part of S is referred to as the contaminated region. We refer to a shortest
path in S between points z and y by II(z,y). The shortest distance between z and y,
i.e., the length of II(x, y), is denoted by d(z,y). We denote max,, yes d(u, v) by diam(S).
When we require that a distance is measured within a subset, such as to Q C S, we
write dg(z,y). We use B(z,r) = {y € S | d(z,y) < r} to denote the ball of radius r
centered at z.

We are now ready to discuss the first approach called the lion’s strategy which is

known in folklore [32] since 1950s.
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3.1.2 Approach 1. The Lion’s Strategy

In the lion’s strategy, the pursuer can simultaneously guard and make progress. In
this strategy, the pursuer (lion) starts at an arbitrary center p” = c. In round ¢ > 1,
the pursuer makes a lion’s move, meaning that it moves from p'~! to the point p’ €
B(pt~1,1) on the line segment connecting ¢ to e’ such that p’ is closest to the evader
(Fig. 3.2).

Figure 3.2: Lion’s strategy in a square region.

Simple trigonometric arguments can be used to show that the lion’s strategy captures
the man. The proof exhibits the two essential ingredients for verifying that a pursuit
strategy succeeds in finite time. First, we establish an invariant that the pursuer(s)
maintain throughout the game. For lion’s strategy, this invariant is that p was located on
the radius between the center and the evader. Second, we need a measure of progress
to show that the game ends in finite time. Let d and d’ denote the distance between
the center ¢ and the lion before and after a move, respectively (Fig. 3.3(b)). Let a be
the angle between ce; and pips. We have d’? = (d 4 cosa)? +sin®a = d? + 2dcosa + 1
(Note that p1ps = 1). We first show that there exists a point pa on ces such that o < 3
This is because ejes < 1, and hence pig < 1 where ¢ is a point on ces such that gp; is
prependicular to ce; (Fig. 3.3(a)). As a result of o < 5 we have d? > d? + 1. When

coupled with the invariant, this guarantees capture after at most R? rounds.
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€2

Figure 3.3: In lion’s strategy, the pursuer can increase its distance from the center by
at least d' —d > %. This is because: (a) The length of p1q is less than one. As a result,
there exists a point py on ces which is closer to es than g, and moreover is at distance

one from p1. (b) In fact, a < §. (c) Lion’s strategy in a polygon.

Isler et al. [35] adapted lion’s strategy for pursuit in a simply connected polygon P.
First, the pursuer starts at point ¢ in the polygon, which is typically a boundary vertex.
Thereafter, the pursuer always moves onto the shortest path between ¢ and the evader,
getting as close to e as possible. Note that this shortest path could interact with the
boundary of the polygon, in which case it will be a piecewise linear path (Fig. 3.3(c)).
The extended lion’s strategy uses the same invariant (being on the shortest path between
¢ and e) and the same measure of progress (increasing d(c,p) at a constant rate) as
lion’s strategy. In Chapter 4, we extensively use lion’s strategy in our proposed capture

strategy.

3.1.3 Approach 2. Multiple Guards

In the second approach, an additional pursuer is added to guard another line segment.
Suppose that we have two pursuers, each of which guards a line by positioning itself on
the evader projection. The first pursuer p; guards a horizontal line segment L;, while
the second pursuer ps guards the vertical line segment Lo (Fig. 3.4(a)). This traps the
evader in one quadrant of the square. If the evader moves horizontally, then p; mimics
this move while po makes one unit of progress by advancing its guarded line. Likewise,
if the evader moves vertically, then po keeps pace while p; advances its guarded line.

More generally, the Pythagorean theorem shows that at least one of the pursuers can
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advance its guarded line by v/2/2 units in each turn. This means that the evader will be
cornered by the pursuers after a finite number of moves, after which one of the pursuers
has a capture move.

In Chapter 5, we will combine the idea of multiple guarding pursuers with path
projection mapping, which we will discuss shortly in Sub-section 3.1.7, to show capture

on polyhedral surfaces.
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Figure 3.4: (a) Two pursuers are guarding Li, Lo by staying on the projection of the
evader. One of them can make progress after each move. (b) A single pursuer can push

L towards the evader if it stays behind the projection of the evader.

3.1.4 Approach 3. The Rook’s Strategy

In both of the approaches above, capture is guaranteed for zero capture radius. Pursuit
games with capture radius r > 0 are also common in the literature. The third approach
takes advantage of the non-zero capture radius to overcome the stalemate in Fig. 3.1(b).
In Chapter 5, we will leverage the rook’s strategy in our proposed strategy to capture
the man on the surface of a convex terrain (convex height-map). To build intuition,
consider a chess endgame for a white rook and white king versus a solitary black king.

The rook’s strategy works as follows: One row at a time, the white rook reduces
the area available to the black king. This is achieved with support of the white king who
trails the projection of the black king onto the row guarded by the rook. Specifically,
suppose the white rook is at row ¢, column 1, which guards row i. The black king is at
row 7' > i and column j, and the white king is at row ¢ — 1, column j — 1. From this

position, the white king trails the black king until the column separation of the white
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rook and white king is at least two (Fig. 3.5(a)). After achieving this separation, the
white player can make progress as follows. If the black king moves back on to column
j — 1, then white can move the rook to row ¢ + 1 and push the black king further up
(Fig. 3.5(b))2. If the black king moves away from the white king, then the white king
keeps trailing him. Eventually, the black king is trapped in a single row, where white

can checkmate.
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Figure 3.5: The rook-and-king chess endgame is shown in (a) and (b). (a) The white
rook is one row below the black king. The white king is one row below and (at least)
two columns to the right of the white rook, and is just to the left of the black king. (b)

After the black king moves leftward, the white rook makes progress.

In rook’s strategy, the pursuer combines the roles of the white rook and white king
(because the evader cannot threaten the pursuer). Like the white rook, the pursuer
guards a horizontal frontier line. Like the white king, the pursuer remains offset from
the projection of the evader. Whenever the evader moves horizontally “back” toward
the projection, the pursuer can make progress by vertically advancing the frontier line.
Eventually, the evader will be squeezed between the guarded path and the boundary,
where it will be caught. The rook’s strategy is an alternative to lion’s strategy for
actively chasing the evader. Simply put, rook’s strategy is designed to simultaneously
guard and make progress.

Let us formally present the rook’s strategy by adapting the chess strategy introduced

2 This is because the black king cannot move to row 4 since the reachable cells are being guarded
by the white king. Furthermore, in the extreme case where i’ = i + 1, the black king cannot stay in row
i’ because of the two column separation between the white king and the white rook.
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above to the lion and man game in a square environment. Suppose that the pursuer
is guarding a straight line segment II between two boundary points. As we observed
earlier in this chapter (Fig. 3.1(b)), when r = 0, guarding II requires p = m(e). As a
counter-strategy, the evader can oscillate horizontally between two points, unit distance
apart (Fig. 3.1(b)). In response, the pursuer must exhaust its movement budget just
to keep pace, so the guarded path never advances. However, when we have a positive
capture radius r > 0, the pursuer guards II as long as 0 < d(p,7(e)) < r. We claim
that this slack allows the pursuer to reliably advance the guarded path.

From here forward, we consider the game with positive capture radius » > 0 and fix
a constant 0 < 7 < min{r,1/2}. Given a projection 7 onto path II, we say that p is in
rook position when 0 < d(p,m(e)) < 7. Suppose that the pursuer is offset 7 units to
the right of the evader projection (Fig. 3.6(a)). If the evader moves leftwards one unit,
then the pursuer matches pace and maintains this offset. However, if the evader moves
rightward, then the pursuer switches to using a leftward offset instead (Fig. 3.6(b) and
Fig. 3.6(c)). As a result, the pursuer only needs to move rightward 1 — 27 units, which
means that it can move diagonally to achieve at least (1 — (1 — 27)%)Y/2 > 7 units of
upward progress. The key observation is that the evader must move rightward at some
point, since diam(S) is finite, so the pursuer makes at least 7 units of vertical progress

every diam(S) steps.
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Figure 3.6: Illustration of the rook strategy when 7 < 1/2 is shown. (a) If the evader
moves to the left, the pursuer moves in the same direction for one unit. (b) If the evader
moves to the right, the pursuer pushes II to II'. When 1 — 7 < r, the distance between
IT and II’ is one unit. (¢) When 1 — 7 > r, the distance between II and II" is 27. Here

notice that since —7 > —rand 1 — 7 > r we have 1 — 27 > 0.

We next compare the rook’s strategy with the lion’s strategy.

3.1.5 Lion’s Strategy Versus Rook’s Strategy

It is worth comparing how lion’s strategy and rook’s strategy guard and attack simul-
taneously. During lion’s strategy, the pursuer consistently radiates outwards from its
initial point c. Let p! be the location of the pursuer at time ¢ and let B = B(c, d') where
d' = d(c,p'). Each pursuer move decreases the evader territory: after time ¢, the evader
cannot step into the region B?. Indeed, the pursuer is actually located on the closest
point projection onto dB!, and it is useful to view p as guarding the expanding se-
quence of wavefronts 0B',0B?,...,0B". The rook’s strategy also controls a sequence
of advancing wavefronts. One advantage of rook’s strategy is that its wavefronts are
straight lines (or piecewise linear paths). This makes rook’s strategy a natural fit for
polygonal and polyhedral environments, where it can lead to simpler pursuit algorithms

than those employing lion’s strategy.
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3.1.6 Centered Rook’s Strategy

It may seem that rook’s strategy is only suited for rectilinear pursuit, since it is cru-
cial that the evader must “turn around” when it encounters the left or right boundary.
We can make rook’s strategy more powerful by expanding the wavefronts from a cen-
tral point similar to the lion’s strategy. This centered rook’s strategy will guard
wavefronts that bound a family of convex polygons (rather than regions with curved
boundaries).

Consider a pursuit-evasion game in a convex polygon & with capture radius r > 0.
Fix an offset 0 < 7 < min{r, 1/2}. Pick a center ¢ € S and let A be a convex polygon
such that max,ec4 d(c,z) = 1. We explain how p can guard a monotonically increasing
family of regions A; = {bjx | ©+ € AN S} where by = 1 and b;11 > b;. We call b;
the radius of the guarded region. We use the closest point projection (which returns
consistent values, even when the evader circumnavigates A;). Note that this projection
onto A; partitions § into distinct areas, according to the pre-images of the vertices and
sides of A;, see Fig. 3.7(a).

Figure 3.7: The centered rook strategy. (a) The expanding wavefronts, and the pre-
images of the edges and vertices of polygon A; centered at c. (b) Two progress events
are depicted. Suppose that the evader is currently at e; and the pursuer is guarding Wy
on the edge £. If the evader’s projection stays on ¢ the pursuer moves to ps by rook’s

strategy. If the evader crosses the pre-image of v, the pursuer makes progress by moving

to p3.

The pursuer starts at ¢. On its first move, p moves to within 7 of the closest point
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projection on A, so that it is now guarding Ay = A. Now, suppose that p currently
guards A;. We claim that in finite time, the pursuer can increase the radius b; of the
guarded region by a constant amount. Suppose that the evader projection m(e) is on
side ¢ of Ay, so the evader is in the pre-image of ¢. See Fig. 3.7(b). If the evader never
leaves this pre-image, then the pursuer makes progress as in regular rook’s strategy.
Otherwise, the evader must step into (or through) the pre-image of a vertex of A;. As
the evader crosses the pre-image of vertex v, its projection remains fixed on v. This
frees up part of the pursuer’s movement budget for progressing to the next wavefront
(Fig. 3.7(b)). For full details, see Chapter 5, Section 5.3.

We next present a more advanced technique called projection mapping, which is
used to guard shortest paths. Later in Chapter 5, we will see an application of shortest

path guarding in capturing the evader on the surface of a polyhedron.

3.1.7 Path Guarding and Projection Mappings

In this section, we describe how a shortest path can be guarded by a pursuer. This
capability turns out to be a powerful subroutine for solving the lion and man game. We
will use this idea in Chapter 5 to show capture on the surface of a polyhedron even in
the presence of obstacles. We start with a formal definition of guarding. Then, we show

how to use projection mappings to guard subregions.

Definition 1 (Guarding). A pursuer p guards a subregion Q when p can immediately

respond with a capture move whenever the evader e steps into or through Q).

Fig. 3.1(a) shows a guarding example, and also includes our first example of a
projection. Let () = II be a horizontal line segment connecting two boundary points.
For any point e € S, let 7(e) be the vertical projection of e onto II. Basic geometry
shows that if e moves to a point ¢’ then d(w(e),w(¢/)) < d(e,e’). This means that if
p = m(e) then it can move to 7(€’), so the pursuer can maintain this property indefinitely.
Furthermore, if e steps onto or across Il then p can respond with capture. In summary,
a pursuer positioned at m(e) can guard II, restricting the evader to a subset of the
environment. Moreover, it is clear that a pursuer can achieve p = 7(e) in finite time:

start at the left endpoint of IT and then walk rightward at full speed until reaching 7(e).
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Figure 3.8: The closest point projection is illustrated in a simply connected polygon.

With this intuitive vertical projection in mind, we are now ready to consider some
more flexible projection mappings. We start with a general definition of a projection.
Simply put, the mapping 7 : S — @ is a projection provided that it is the identity map

on @, and that the mapped points are as close or closer together as the original points.

Definition 2 (Projection). A projection m: S — Q is a function such that (1) ifx € Q
then m(x) = x, and (2) for all x,y € S, we have dg(m(x),7(y)) < ds(z,y).

Suppose that the pursuer is located at p = 7w(e) € Q where 7 : § — Q is a
projection. The previous argument for a vertical projection generalizes: the pursuer
can guard @ [38]. We describe two useful projections that are well-suited for more

complicated environments.

3.1.7.1 Closest Point Projections

Let & be a simply connected polygon. Given boundary points u,v € 98, let 1I be the
unique shortest path between them. Define the closest point projection p : S — II to
be the mapping that takes x € S to the point y € II that is closest to x, see Fig. 3.8.
The vertical projection above is just a special case of the closest point projection. As
in the square region, a pursuer can establish a guarding position on II and maintain it

thereafter, trapping the evader in a sub-polygon.
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(a) (b)

Figure 3.9: Two examples where the closest point mapping is not a projection mapping.
In these examples, the closest point is not unique. (a) In the first example, since Q1
is not convex, there are two points that are closest to e in @1 (p1 and p2). (b) In the
second example, due to the obstacle in S\ Q2, the point e has two closest points in @
(ps and pg). Therefore, the evader can move such that its closest point moves faster.

Thus, the pursuer cannot stay on the closest point of the evader.

3.1.7.2 Path Projections

The situation changes once we introduce obstacles to the environment: the closest point
mapping becomes ill-defined when there are obstacles between e and II, see Fig. 3.9.
Bhadauria et al. [38] introduced an alternate type of projection that is less intuitive, yet
robust in the presence of obstacles. Let a,b € dS and let II be a shortest (a,b)-path,
which we consider to be anchored at a. The path projection of the point x € § is the
point y € II such that d(a,y) = d(a,z). If d(a,z) > d(a,b), then we simply define
m(x) = b. See Fig. 3.10 for an example. The path projection remains unique, even
when there are obstacles in the environment. A pursuer on the path projection 7(e)
can guard II, meaning that d(w(e),7(e’)) < d(e,€’), and that the pursuer can capture

the evader whenever it crosses II [38].



30

Figure 3.10: The path projection anchored at a.

Verifying that a path projection satisfies d(7(z), 7(y)) < d(z,y) is straight-forward,
though there are multiple cases to consider depending on the distance of z,y € S from
the anchor a. The validity of this projection means that a single pursuer can guard
a path and thereby restrict the sub-environment available to the evader, even in the
presence of obstacles.

So far we have discussed important concepts for capturing an adversarial evader
used in pursuit-evasion games. We will leverage these techniques in Chapters 4 and 5
where we study different versions of the lion and man game. Let us next discuss the
tools for solving probabilistic search problems: POMDPs and MOMDPs.
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3.2 Probabilistic Search

In this section, we present a description of Partially Observable Markov Processes
(POMDPs). We also discuss Mixed Observability Markov Decision Processes (MOMDPs),
which are special classes of POMDPs developed with the purpose of dealing with the
curse of dimensionality in POMDPs. Later in Chapter 6, we use these techniques to

design search strategies for finding a random walker.

3.2.1 Partially Observable Markov Decision Process (POMDP)

We start by a brief overview of Markov Decision Processes (MDPs) [66]. An MDP is
described by a tuple (S, A, T,R) where S is the set of possible states, A is the set of
actions, T is the probability of transitioning between the states as a result of performing
each action, and R is the reward collected for each transition. Here, T and R are
represented as matrices: The entries of the transition probability matrix T(s;, s;, a)
represent the probability that the searcher transitions to state s; by performing action a
in state s;. Similarly, the entries of the reward matrix R(s;, sj, a) represent the transition
reward from state s; to state s; after performing action a.

When some components of the state are not fully observable, we have a Partially
Observable Markov Decision Process (POMDP). Similar to MDPs, a POMDP is rep-
resented as a tuple (S,A,T,R,Z,0) where O is the set of observations, and Z is a
matrix with entries Z(o, s, a) that gives the conditional probability of observing o after
performing action a¢ and moving to the state s.

The MDP and POMDP are used to formulate optimization problems where the goal
is to find an optimal policy, i.e., a sequence of actions, such that the cumulative reward of
the agent is maximized. In the case of probabilistic search problems, the goal is to find a
search strategy (policy) such that the capture probability is maximized. In Chapter 6,
we present the formulation of our random walker search problem as a POMDP: We
specify the state space as well as the reward function. We refer the interested reader
to [66,67] for some well-known methods to solve for the optimal policy (such as value
iteration, policy iteration and reinforcement learning).

It is known that POMDPs suffer from curse of dimensionality, i.e., very large state

space [68]: When the underlying MDP has N states, the belief is in a N-dimensional
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space. One approach to overcome the issue is to use a sampling-based algorithm to find
the optimal policy instead of computing the best policy in the whole belief space [69,70].
A well-known point-based algorithm is SARSOP which stands for Successive Approxi-
mations of the Reachable Space under Optimal Policies [71,72]. In this approach a set
of points are sampled from the belief space and these samples are used as an approxi-
mate representation of belief. Exploiting these samples, a belief tree is maintained with
the initial belief as the root node. Moreover, the subtrees that will never be visited
by the optimal policy are pruned out. In order to estimate the optimal value function
V* a piece-wise linear lower bound V and also an upper bound V are maintained. To
improve these bounds, the algorithm applies Bellman backup operation until conver-
gence is achieved. For our purpose in Chapter 6, we use an implementation of the
SARSOP algorithm called Approximate POMDP Planning (APPL) toolkit which is
available in [73].

3.2.2 Mixed Observability Markov Decision Process (MOMDP)

An alternative approach to tackle the large state space of our problem is to formulate
the problem as a Mixed Observability MDP [58]. In this formulation, the state compo-
nents that are fully observable are separated from the ones that are partially observable.
As a result, the belief is maintained on a smaller set of variables, and the size of the
state space can be reduced significantly. More specifically, a MOMDP is specified as
a tuple (X,Y,A, O, T,, Ty,R,Z) where X represents the set of fully observable compo-
nents, Y represents the set of partially observable components, and A, O are the set of
actions and observations respectively. The function T, (x,y,a,x’) represents the prob-
ability that after taking action a in state (x,y) the fully observable state component z
makes a transition to the new value z’. Similarly, the function Ty(x,y,a,y’) gives the
probability that the partially observable component has the new value y’. The belief is
then represented as (x,b,) where b, is the belief defined only for the y component.

As an example, consider a probabilistic search problem on a graph. Suppose that
the searcher detects the target when both of them are on the same node of the graph.
In addition the players cannot observe each other’s location unless they are on the
same node. In this problem, the location of the searcher is fully observable while the

target’s location is the unobservable component. This search problem is formulated as a
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MOMDP in Chapter 6 taking advantage of the separation between the fully observable
and partially observable components of the state.

In this chapter, we covered the basic technical tools and the necessary background
to solve the lion and man game (pursuit-evasion games) and the random walker search
problem (probabilistic search problem). In the next chapter, we will discuss the lion
and man game with line-of-visibility. Then, we focus on the full-visibility variant of the
lion and man game in Chapter 5. The random walker search problem is presented in
Chapter 6.



Chapter 4

Pursuit-Evasion Games with
Limited-Visibility

Let us now start our detailed study of the search problem!. In the following two chapters,
we focus our attention on the adversarial search problem, i.e., pursuit-evasion games.
In this chapter, we study a version of the pursuit-evasion game with partial knowledge
of the evader’s location; in particular, when the pursuer has only line-of-sight vision.
That is, the pursuer can see the evader only if the line segment connecting them is free
of obstacles. This variant models robotics applications where the pursuer is a robot
equipped with a camera or a laser scanner. In the next chapter, we investigate different
pursuit-evasion games when the pursuer has complete knowledge of the evader’s location.

Our goal in this chapter is to design a pursuit strategy such that the pursuer can
capture the evader. Consequently, with the limited vision power, the pursuer has to first
find the evader when it disappears and then move toward the evader to capture it. We
show that despite this limitation, the pursuer can capture the evader in any monotone
polygon in finite time.

A simple polygon is called monotone with respect to a line [ if for any line I’ per-
pendicular to [ the intersection of the polygon with !’ is connected [74]. In this work,

without loss of generality we consider z-monotone polygons. For the pursuit-evasion

! The material in this chapter appears in [12].

34
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game with visibility in monotone polygons, we present a pursuit strategy which suc-
cessfully combines search and capture and guarantees that the evader will be captured
after a finite number of steps.

In monotone polygons, merely searching for the evader is straightforward: the evader
can be found for example by moving along the shortest path that connects the leftmost
vertex to the rightmost vertex. This is because every point inside the polygon is visible
from a location on this path and the evader cannot move into a “cleared” region without
revealing itself.

Similarly, the capture strategy is simple when the pursuer knows the location of the
evader at all times: it can capture the evader by starting from the leftmost vertex Oy,
and performing the lion’s strategy (Chapter 3): that is to move toward the evader along
the shortest path that connects Oy, to the evader’s current location. The distance of the
pursuer from Op, defined as the length of the shortest path from Oj to the pursuer’s
location, provides a natural notion of “progress” which is monotonically increasing in
this full visibility setting?

What is not obvious is whether such progress can be maintained when the pursuer
has to search for the evader when it disappears. If the pursuer ends up retreating af-
ter a search, the evader might have a strategy in which the pursuer oscillates between
search and progress and the game can last forever. We show that this cannot happen.
In particular, we show that the pursuer can successfully combine search and making
progress toward capture in monotone polygons. Further, we show that search without
risking progress can be achieved with a deterministic strategy. We are not aware of any
other results which combine these two objectives for a single pursuer while providing
guarantees about the outcome of the game. The randomized strategy proposed for the
general simply connected polygons [75], where the pursuer guesses the hiding vertex

3. In this work, however, we present

of the evader, provides exponential capture time
a deterministic pursuit strategy which reduces the capture time to a quantity that is
polynomial in the number of vertices and the diameter of the polygon. An interesting
feature of our strategy is that the pursuer’s distance from Oy, is not increasing mono-

tonically. Nevertheless, we show that the pursuer can push the evader further to the

2 This argument works in any simply connected polygon [75].
3 Tt is an open problem whether this bound is tight or not.



36
right after a finite number of steps. To do this, we introduce a new measure of progress
for the pursuer which is more sophisticated than its distance from Op,.

Our results provide a step toward understanding the pursuit-evasion game with
visibility constraints in general polygons. An important question is to find the class
of polygons in which a single pursuer suffices to capture the evader?. We show that
monotone polygons are included in this class.

This chapter is organized as follows. In Section 4.1, we present a precise description
of the game model we use in this chapter as well as the notation throughout this chap-
ter. Section 4.2 provides an overview of the pursuit strategy. In Section 4.3, we present
the tools used to show that the strategy guarantees capture. An illustrative example
is presented in Section 4.4 where we give an example scenario to show the strategy in
action. The details of the pursuit strategy is presented in Section 4.5 and Section 4.6.
In particular, Section 4.5 covers the search component of the strategy to find the evader
when it is invisible, and Section 4.6 presents the strategy for actually making progress.
For each part of the strategy, we also present the complete algorithm in the form of
pseudocode. In particular, we provide the input configuration which describes the con-
ditions that must be satisfied before the pursuer starts the corresponding sub-strategy
as well as the exit configuration that the pursuer guarantees as it switches to the next
sub-strategy. We present the analysis of the capture time in Section 4.7. We present the
detailed proof of the technical lemmas as well as the properties of monotone polygons

in Section 4.8. The concluding remarks are discussed in Section 4.9.

4.1 Game Model and Notation

We now formally define the game. We refer to the pursuer’s and the evader’s location
at time-step t as p(t) and e(t) respectively. When the time is obvious from the context,
we use p and e. Our Game Model is as follows: (1) The players move alternately in
turns. (2) Each turn takes a unit time step. (3) In each turn the players can move
along a line segment of length at most one to a point visible to themselves. (4) The
evader has global visibility i.e. it knows the location of p at all time steps. However,

the pursuer sees the evader only if the line segment joining the two is not blocked by

4 Tt should also be noted that capture using only deterministic strategies remains an open question.
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the boundary of the polygon. Note that since p has a deterministic strategy, the evader
can simulate the pursuer’s moves and hence it knows the location of p at all time steps.
(5) The pursuer captures e if at any time, the distance between them is less than or
equal to one (the step-size) while p can see e, see Fig. 4.1(c).

Without loss of generality, we assume that the game takes place in an x-monotone
polygon @. Recall that for an z-monotone polygon, the intersection of all vertical lines
with the polygon is a connected segment. The leftmost vertex and the rightmost vertex
are denoted by O and Op respectively. The boundary of the polygon connects these

vertices by two z-monotone chains denoted by Chainy, and Chaing, see Fig. 4.1(a).

Figure 4.1: (a) An z-monotone polygon. (b) The pocket pocket(v,7) is the

shaded sub-polygon. (c) Since e is not visible, capture condition is not satisfied.

We refer to the segment between points v and v as uv. Whenever direction is also
important we refer to the ray pointing from u to v as wv. We define a local reference
frame whose origin coincides with p. Its axes Xp and l?; are parallel to the axes of the
reference frame, see Fig. 4.1(a). We refer to the boundary of @ as 0Q, and the number
of vertices in ) as n. The shortest path between the two points u and v is denoted by
m(u,v), and the length of 7(u,v) is denoted by d(u,v). The diameter of the polygon is
D = maz y4peq d(u,v). The shortest path tree rooted at the point o in @ is defined
as Upyeym(0,v) where V' denotes vertices of ). For a point p inside the polygon, the
parent of p, denoted by parent(p), is the first vertex on the shortest path (o, p) from
p to o. In the rest of the paper, we consider the shortest path tree rooted at o = Oy.
We denote 7(Op,Or) by II (Fig. 4.1(a)). For simplicity we denote d(Or,p) by R(p) for
a point p € Q.

Throughout the chapter, we refer to the = coordinate of a point p as z(p). Similarly,
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the y coordinate is denoted by y(p).

Suppose that it is the evader’s turn to move. See Fig. 4.1(b). Imagine that the
pursuer and the evader can see each other before the evader’s move but the evader
disappears behind a vertex v after moving to €¢/. Let 7 be a ray originating from p
and passing through v. Let I be the intersection of this ray with the polygon. The
sub-polygon which contains e and is bounded by the ray # plus the boundary of the
polygon from v to [ is called a pocket [75]. The ray 7 is called the entrance of the pocket
and the pocket is referred to as pocket(v, 7).

Remark 1. In the rest of the chapter, we refer to the pocket that the evader is hidden
inside of as pocket(v,7) (also the contaminated region) where ¥ = pt and p is the
location of the pursuer at the time that the evader has disappeared behind the vertex v.

See Fig. 4.1(b).

We are now ready to present our capture strategy. We start with an overview of the

strategy discussing the main ideas.

4.2 Monotone Polygon Capture Strategy: Overview

In this section, we start with a high level description of the pursuer’s strategy. The
details of the strategy is provided in the following sections.

We start with an example which demonstrates the difficulty of designing capture
strategy for a pursuer that has limited vision power. Fig. 4.2 provides some intuition.
In this example, we also show the importance of pursuer’s notion of progress which is
required to prove that the proposed pursuer strategy will guarantee capture in finite
time. Suppose that the pursuer’s notion of progress is its « coordinate and moreover
let z(p) < z(e) be the invariant that the pursuer tries to maintain. Therefore, if the
pursuer’s strategy guarantees that the x coordinate of p is increased after finite time,
the evader will be captured in finite time. Now, suppose that p is following e by lion’s
move with respect to O, and e disappears behind v in the shaded pocket. Hence p has
to search for e. A careless search strategy may result in losing the progress that p has
made so far as follows. If the pursuer first visits v9, then the evader hidden at vy will

escape to v and re-enter the previously “cleared” region i.e. the set of points p such
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that z(p) < z(p) defined by pursuer’s notion of progress. Likewise, if the pursuer first
visits v1, the evader hidden at vo can re-contaminate the cleared region. Consequently,
the evader can hide in the same portion of the polygon infinitely many times and hence

avoid capture (against this naive pursuit strategy).

Figure 4.2: A difficult situation for p: e can re-contaminate the cleared region depend-

ing on how p enters the pocket.

We will present a pursuit strategy called Monotone Polygon Capture (MPC) strategy
which guarantees capture. In this strategy, we partition the monotone polygon into sub-
polygons called the critical sub-polygons. The pursuer clears these sub-polygons from
the left to the right. That is, p ensures that the evader cannot re-contaminate the
cleared portion and hence it will be captured.

The state diagram of the MPC strategy is given in Fig. 4.3, and a high level descrip-
tion is presented in Algorithm 1. The strategy consists of three states: Search, Guard
and Eztended Lion’s Move denoted by S, GG, and L respectively. Initially, p is at Op. It
starts by the S state if e is invisible, and the L state otherwise. Whenever e disappears,

p switches to the search state to find it.
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Figure 4.3: The state diagram for the MPC strategy. The sub-states in S and G are

shown at the bottom.

Algorithm 1: Monotone Polygon Capture Strategy

1 repeat

2 if e is invisible then

3 ‘ do Search strategy until e is found;

4 else if e is visible and p is not on w(Op,e) then

5 ‘ do Guard strategy until p is on 7(Op, e), or e disappears;

6 else if e is visible and p is on 7(Op,e) then

7 ‘ do Ezxtended Lion’s Move strategy until e is captured, or e disappears;
end

until e is captured;

When e is found as a result of the S strategy, the pursuer performs the guard strategy
in order to establish the extended lion’s move with respect to Op. Recall that p has to
be on m(Op, e) in order to be able to perform the extended lion’s move. Therefore in the
guard state p tries to catch up with 7(Op, e) since p might not be on 7(Op, e) at the time
that e is found. After p catches up with 7(Op,e), the pursuer follows it by extended
lion’s move. During the lion’s move state or the guard state, e might disappear. At this
time p switches to the search strategy. The sequence of state transitions is ((SG)*L)*
and the loops (SG)* and L(SG)*L are possible. In the following, we refer to the S state
and its following G state as the combined Search/Guard state i.e. (SG).

To prove that our proposed strategy guarantees capture, it is necessary to show that

these loops terminate after finite time. To do so, we define a reference vertex, denoted
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by pref, which is a vertex of the polygon. We show that p maintains the invariant that
e is to the “right” of pyt at the beginning of a combined search/guard state (SG) or an
L state. The pursuer makes progress by updating pyef to the “right” after finite number
of time steps. Consequently, the evader is confined in a smaller region and hence it will
be captured.

We define “right” of a vertex v as the half-plane to the right, below or above v
based on the structure of the monotone polygon. We denote the half-plane associated
with the vertex v by h(v). Figure 4.5 illustrates examples of these half-planes. Then,
the invariant is that the evader is forced to remain inside h(pref) at the beginning of a
combined search/guard state (SG) or an L state (otherwise it will be captured), and
the progress is to update prer to a new point pf ¢ such that pl; € h(pref).

It is worth emphasizing that the aforementioned invariant is guaranteed only at the
beginning of a (SG) state or an L state. During the guard state, the evader can exit
h(pret) and re-contaminate the region before pyf. At this time, the pursuer switches to
the Vertical Guard or the Horizontal Guard sub-state in order to push e back to h(pref)
and recover its progress. See the state diagram in Fig. 4.3.

For ease of reference, we now list the terminology that is crucial in this chapter. We

will present the formal definition of these variables in the following sections.

e The reference vertex pef which is used to track the progress. The evader is guar-

anteed to be to the right of pyef.

e Half-planes associated to a vertex v denoted by h(v) which denotes right of a

vertex v used to track progress.

e The auxiliary vertex denoted by paux, which we introduce in Section 4.6.2, is a

local variable used to track the progress.

Let us next present the details of the invariants and the pursuer’s notion of progress.

4.3 Definitions, Invariants and the Notion of Progress

The critical sub-polygons that partition the monotone polygon are defined as follows.
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Definition 4.3.1 (Critical Sub-polygons). Let II be the shortest path from Op to Ogr
and denote the vertices on I by {vg, ..., v;,...}. Let s;—1 be the slope of the edge v;_1v;
and 0s; = s; — s;_1. Then, the critical vertices are those vertices on II on which either s
or s changes sign. For example, in Fig. 4.4, the vertices v;, vy, and v; are the critical
vertices. For a critical vertex p = v;, we assign 17}, if in p = v;, the values s; and ds;
have different signs and Xp if they have the same signs. Then, each two consecutive
critical vertices, say v; and vy, define a critical sub-polygon given by the sub-polygon
formed by 0Q and the rays assigned to v; and vg. See Fig. 4.4. Depending on the sign
of s and ds in the critical sub-polygons, we get four types of critical sub-polygons: Type
(1) when s < 0 and 0 < s, Type (2) when 0 < s and 0 < ds, Type (3) when 0 < s and
ds <0, Type (4) when s <0 and ds < 0.

"‘C’hainL

Figure 4.4: The path II is shown in dots. The critical sub-polygon defined by v,, and
v; is type 4, v; and vy, is type 1, v, and v; is type 2, and v; and v; is type 3.

The critical sub-polygons allow us to enumerate all possible configurations between
p, e and the structure of P since our proposed strategy is symmetric in different types

of these critical sub-polygons.

Remark 2. Throughout the chapter, we present the strateqy for the case that v, the
verter that defines the hiding pocket pocket(v,T), is inside the 15 type critical sub-
polygons. The strategies for the other types are symmetric which we specify them in the

form of Remarks.
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Without loss of generality we assume that at the beginning of the search state

the pursuer is at v. This is possible because, after e disappears, the pursuer moves

toward v along the straight line pv until it reaches v. If in the meantime e appears, the

pursuer resumes the last state’s strategy, i.e. the GG state or the L state. Note that all
preconditions of this state are still satisfied.

We now present an important property of (), and then explain how the pursuer

makes progress. Let us first define the half-plane of a vertex.

LA

AU

Figure 4.5: Bottom) The dot path is II. The half-planes associated to a vertex v. Top)
From left to right are types 1 to 4. The path IT and h(v) are shown.

Definition 4.3.2 (The half-plane of a vertex). For a vertex v € @, the open half-plane,
denoted by h(v), is defined as the set of points to the right of v if v is inside the 15 or
the 3" type critical sub-polygons. For the 2" type, h(v) is the half-plane above v i.e.
the points p with y(v) < y(p). Finally for the 4" type, h(v) is the half-plane below v
i.e. the points p with y(v) > y(p). The corresponding closed half-planes are denoted by
hlv]. See Fig. 4.5.

The following property of monotone polygons is crucial in this paper which we prove
in Section 4.8.1.

Property 4.3.3. Consider the critical sub-polygons defined in Definition 4.53.1. Let v
be any vertex in Q and refer to Fig. 4.5.
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Suppose that v is inside a critical sub-polygon of the 15 type, v € Chainy, and

the slope of the edge between parent(v) and v is negative. Then for all points
p € h(v), we have R(v) < R(p).

Suppose that v is inside a critical sub-polygon of the 3¢ type, v € Chainy,, and the
slope of the edge between parent(v) and v is positive. Then for all points p € h(v),
we have R(v) < R(p).

Suppose that v is inside a critical sub-polygon of the 2™ type, v € Chainy, and the
slope of the edge between parent(v) and v is positive. Then for all points p € h(v),
we have R(v) < R(p).

Suppose that v is inside a critical sub-polygon of the 4™ type, v € Chainy, and
the slope of the edge between parent(v) and v is negative. Then for all points

p € h(v), we have R(v) < R(p).

The reference vertex p..r: The invariant that the pursuer maintains and its notion

of progress are defined based on the vertex p.f. Let v be the vertex that defines the

hiding pocket pocket(v, 7). Initially prs = Op. The vertex pes is defined such that

v € hlpref] and prer € Chaingy. The pursuer updates pre at the beginning of an S state

which is after a G state (Section 4.6). Specifically, when v belongs to Chainy we have

pref = v. In case that v € Chainy, the vertex pyer is set to another vertex from the upper

chain as explained in Section 4.6.1 and Section 4.6.2.

Remark 3. When p is sweeping the 3" or the 4" type critical sub-polygons pres €

Chainy,. Also in the 2™ type critical sub-polygon pres € Chaing .

Next we present the invariants that p maintains during the game. At the beginning

of a combined search/guard state (SG) or an L state we have:

e Invariant (I1) e € A(prr) and p € h[pws]. Consequently R(pf) < R(p) and
R(pret) < R(e) (Property 4.3.3).

e Invariant (I2) whenever e is invisible, it is inside pocket(v,7) where v is the

leftmost vertex of pocket(v,7) and v € h[pyef].
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The pursuer achieves one of the following notions of progress after a finite number

of time-steps. Consider two consecutive combined (SG) states, and let ¢ and ¢’ be the
time-steps that p starts them correspondingly. Suppose that p.s and p! ; are the old
and the new reference vertices at t and ¢’ respectively. Also let v and v" be the old and

new vertices which define the pockets pocket (v, ) and pocket (v, % ) respectively. Then:

e Progress (P1) either the pursuer updates pres to a new vertex pl ; so that p! ; €

h(pref) and consequently R(pret) < R(p..;) (Property 4.3.3),

e Progress (P2) or p.f remains the same and the pursuer updates the contami-

nated region pocket(v,7) to pocket(v',r7) such that v’ € h(v).
Our main result is the following theorem which we prove in Section 4.7:

Theorem 4.3.4. (Progress) Suppose that Q) is a monotone polygon. Then the pursuer
by following the MPC strategy can capture the evader in O(D3n7) steps where n is the
number of vertices of QQ and D is the diameter of Q.

4.4 An Illustrative Example

Let us present an example which illustrates the MPC strategy (Fig. 4.6). Initially p is
at Op, e is visible and pps = Op (Fig. 4.6(a)). Therefore, p can follow e by extended
lion’s move (Fig. 4.6(b)). This continues until e disappears behind the vertex v. The
pursuer moves toward v but in the meantime the evader also moves to an unknown
location inside pocket(v, ) say es (Fig. 4.6(c)). The pursuer updates pyf to v since v,
the pocket vertex, is on the upper chain. It also switches to the search state and moves
along the dotted line in order to find e (Fig. 4.6(c)). By moving along this path the
pursuer finally finds e at pg (Fig. 4.6(d)). Next, the pursuer switches to the guard state
in order to catch up with 7(Op,e) and re-establish the extended lion’s move state. To
do so, it defines a vertex called paux which is inside h[p.]® (Fig. 4.6(d)). Then, p moves
toward paux until e crosses the ray shot from p in direction of p,ux to p e.g. in p7 and
e7 (Fig. 4.6(e)). At this time, the pursuer follows e by lion’s move with respect to paux

(Fig. 4.6(e)). During this lion’s move the players cross the vertical line passing through

5 Note that p.ux can be the same as prer, but in this example they are different.
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Paux to the left and enter the region (Q — h[paux]) (Fig. 4.6(e)). In other words, e re-
contaminates the region to the left of paux®. At this time, the pursuer switches to the
vertical guard sub-state in order to push the evader back to h(paux). The strategy in this
state ensures that the evader cannot enter the shaded region in Fig. 4.6(e). The pursuer
does this by performing the lion’s move with respect to ¢ which is the center of the
circle that passes through pg and I. The result is that p catches up with 7(Op, e) inside
h(paux) C h(pret) after finite time (Fig. 4.6(f) at p1g9). Hence p can again follow e by the
extended lion’s move while it has pushed p.ef and e to the right. Similarly, the pursuer

keeps making progress by updating pyes to the right and ensuring that e € h(pyet).

P1 = Pref

Figure 4.6: An instance of the game. The path II is shown in dots. (a) Beginning of
the game. (b) p follows e by extended lion’s move. In the fourth time step the evader
hides behind v. (c) By the time that p arrives at v the evader has moved to es. The
pursuer updates prer to v, and searches for e by moving along the dotted path. (d) The
pursuer finds e at pg. It defines p,ux and moves toward it. (e) As e crosses the line from
Paux t0 p, the pursuer follows it by lion’s move with respect to the center p,ux (p7 and
e7). When e moves to the left of paux at eg, p follows it by lion’s move with respect to

c. (f) Finally, p reaches 7(Op,e) and switches to extended lion’s move inside h(pyer)-

We now present the details of each state starting with the search component.

5 When paux = Pref, this is equivalent to violating the invariant (I1).
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4.5 Search State

When e disappears, the pursuer performs the search strategy in order to find e. Suppose
that e is hidden inside pocket(v, 7). At the time that e disappears behind v, the pursuer
walks toward the blocking vertex v. Hence without loss of generality we can assume
that at the beginning of the S state p is at v, the pocket vertex.

In order to find e, the pursuer moves along a path. The following observation ensures

that as long as this path is monotone in the z-axis direction, p finds e after finite time.

Observation 4.5.1. Let p; and py be two points inside the polygon where x(p1) < z(p2)
and suppose that x(p1) < x(e). Suppose that the pursuer moves from p1 to ps along any
(continuous) arbitrary path. Then, if the pursuer reaches pa and the evader is still
invisible, it must be that x(p2) < x(e). Otherwise if e becomes visible before the pursuer

reaches pa, then at the time that e is found it must be that x(p) < x(e).

Let us refer to the path that the pursuer moves along in order to find the evader
as the search path. The search path consists of two types of paths, the a-path and the
step-path. Intuitively, the a-path periodically touches the upper chain while the step-

path touches the lower chain”

. The pursuer uses these touching points as landmarks
that it has to prevent the evader from re-contaminating the region to the left of those
landmarks. In fact, the reference vertex prof is set to these landmarks in some cases. As
we will see shortly, the search path is composed of horizontal lines, vertical lines and
lines with negative slope. An example is depicted in Fig. 4.6(c). The pursuer exploits
this slope in order to guarantee progress in the situations that the evader forces the
pursuer to retreat to the left of the landmarks. For example, in Fig. 4.6(e), if this slope
was zero, i.e. p; was at the same y-coordinate as the landmark p,.x, and the evader
has disappeared below the pursuer e.g. at e7, then the pursuer had to retreat along the
horizontal line all the way back to I without making any progress. However, the slope
provides a lower bound on the distance between the pursuer and the landmark p,.x at
P9 which translates into guaranteed progress.

In the following, we will first present the definition of the a-path and the step-path,

and afterwards we explain how the search path is built from them.

7 This is when p is inside the first type critical sub-polygons. We explain the modifications required
for other types in Remark 4.
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We define the a-segments as follows. The segments that make angle —a with the
x-axis are called the a-segments. As we will see in Section 4.6.3, the angle « is used to

bound the time spent in the G state.

Definition 4.5.2. The angle o is chosen as the minimum of the two angles ¥ =

arcsin % and ¥y = (5 — 2arctan %) where D is the diameter of the polygon.

Figure 4.7: The search path is shown in dots. The path II is shown in dashed
line. (a) A single a-step. The portion of the search path from v to es is one
a-step. (b) A single step. The portion of the search path from Is to ug is one
step. Note that Is is the floor point. (¢) Two a-steps and two steps are shown.
(d) When v, the pocket vertex, is from the lower chain, the search path starts

by the step-path.

The a-steps and the a-path: The a-path is composed of a number of «a-steps.
A single a-step is composed of an a-segment followed by a vertical segment and then
another a-segment. For example, in Fig. 4.7(a) the portion of the search path from
v to e is an a-step. More specifically, let e = ejes be the edge on 0P that the first
a-segment intersects and let I; be the point of intersection. The edge e can be either
on Chainy or Chaing,.

If e € Chaing, then the a-step continues along the vertical segment passing through
I; until this segment intersects the a-segment passing through es. The a-step then
continues along this a-segment until it reaches eo. We refer to this part of the search
path from v to ez as a single a-step (Fig. 4.7(a)).

If e € C'hainy, then the a-step will be followed by the step-path described below. See
Fig. 4.7(b). In summary, the search path continues along a number of a-steps, which
together are called the a-path, until it hits the lower chain in which case it continues

along the step-path. See Fig. 4.7(c).



49

The steps and the step-path: The step-path can be divided into a number of
steps. A single step is composed of a vertical segment followed by a horizontal segment.
For example, in Fig. 4.7(b), the portion of the search path from I3 to wug is one step.
Detailed definition of an step is the following. Let es 5 be the a-segment from the a-path
that intersects the lower chain (Fig. 4.7(c)). Also, let ¢/ = €}¢e}, be the corresponding
edge on Chainy, (Fig. 4.7(b)). Then ey is called the ceiling point and I is called the
floor point. The step-path starts at the floor point I5, continues along the vertical line
passing through I until this vertical line intersects the horizontal line passing through
ef, and then continues along this horizontal line until it hits P at us. This portion of
the search path from Iy to ug is referred to as a single step (Fig. 4.7(c)).

The search path: Finally, the search path is composed of the a-path and the
step-path as follows. If v € Chaing, the search path starts by the a-path, otherwise
if v € Chaing, it starts by the step-path. See Fig. 4.7 parts (c) and (d) respectively.
Suppose that v € Chaing. Then, the search path continues along the a-path until it
hits the lower chain. As it hits the lower chain it continues along the step-path until
it hits the upper chain in which case it continues again along the a-path, and so on.
This switch between the step-path and the a-path is depicted in the state diagram of
Fig. 4.3. As an example, note that in Fig. 4.7(d) from v to I we have the step-path

and after e3 we have the a-path.

Remark 4. The general rule for the search path for other types of critical sub-polygons
is as follows. The 1% and the 3™ types include both the step-path and the a-path with
angles —o and +a respectively. The 2" and the 4" types only have the step-path. The
direction traveled parallel to the y-axis during the step-path and the a-path, is the same
as the sign of s and the sign of s respectively (i.e. positive sign means upward, negative

sign means downward).

Lemma 4.5.3. The pursuer finds e after at most O(nD) steps where n is the number of
vertices of the polygon and D is the diameter of the polygon. Moreover, at the time that
the evader is found we have x(v) < x(p) < x(e) where v is the pocket vertex. Therefore,

at the end of the search state we have p € h[pyet| and e € h(pret).

Proof. We first bound the length of the search path that will be used to search the whole
polygon. Consider the smallest bounding box that encompasses the polygon. Let H and
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W denote the height and the width of this bounding box respectively. According to the
triangle inequality theorem, the length of the search path is less than the displacement
of p along the z-axis and the y-axis as the pursuer moves along the search path. First,
the total displacement along the z-axis is less than W since the x coordinate of the
points on the search path never decreases. Second, associated with each vertex, the
search path traverses in the direction of the y-axis at most once upward and at most
once downward (Fig. 4.7(d)). Therefore, the total displacement along the y-axis is 2nH.
Thus, the length of the search path is less than W + 2nH = O(nD).

According to Observation 4.5.1, at the time that e is found z(v) < z(p) < z(e)
since the x coordinate of p is increasing as it moves along the search path and at the
beginning of the search state p is at v. Consequently, we have p € h[pyef] and e € h(pyef)
since v € h[pyer| (invariant (12)). O

4.6 Guard State

After p finds e, it starts the Guard state. The purpose of the guard strategy is to
establish the extended lion’s move. The extended lion’s move is possible only when p
is on m(Op, e). Therefore, in the guard state the pursuer has to reach 7(Op,e). In the
meantime, th evader is also moving and thus the pursuer has to preserve the progress
it made so far.

At the beginning of the guard state we have x(p) < z(e) (Lemma 4.5.3, ). At
this time, based on the quadrant that e has appeared in, the pursuer starts different
sub-states, either the zig-zag guard strategy or the simple guard strategy as shown in

Algorithm 2 and the state diagram of Fig. 4.3.

1. If at the beginning of the G state, e is inside the fourth quadrant of p (lines 1-5
in Algorithm 2): the pursuer performs the zig-zag guard strategy.

2. Otherwise, if e is inside the first quadrant of p (lines 6-11 in Algorithm 2): the

pursuer starts by simple guard sub-state.

Let pres be the current reference vertex used for tracking progress. The pursuer’s
ultimate goal is to maintain the invariant and the notion of progress. That is to ensure

that e is to the right of pper i.e. inside h(prr). However, during zig-zag guard sub-state
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and simple guard sub-state, the evader can re-contaminate the region to the left of p.of
i.e. the region (Q — h[pref]). The evader does this by crossing the vertical line passing
through prer to the left, and entering (Q — h[pref]). See line 5 and line 11 in Algorithm 2.
This violates the invariant (I1). At this time, the pursuer switches to the vertical guard
sub-state in order to push the evader back to the right of pye¢ (line 24 in Algorithm 2).
Hence at the end of the vertical guard state the invariant (I1) will be re-established.

At the end of the guard state, as the pursuer switches to the next state, it guarantees
progress (P1) or (P2). Specifically, if progress (P1) is achieved the pursuer updates the
reference vertex prer. See lines 15- 21. We show that the new reference vertex pl
is inside h(prf) and so the evader is pushed further to the right since the invariant
e € h(pl.) is also valid (Lemma 4.6.1 and Lemma 4.6.2). We proceed by presenting the

details of each sub-state, the zig-zag guard, the simple guard and the vertical guard.

Remark 5. If at the beginning of the G state, the players are inside a critical sub-
polygon of the 2 type, the 3" type or the 4" type, then:

1. if they are inside the 2" type (or the 4" type) critical sub-polygon: p always starts
by zig-zag guard sub-state. During zig-zag guard, the pursuer might retreat beyond
Pret in which case the pursuer switches to the horizontal guard sub-state, similar

to the vertical guard, in order to recover its progress.

2. If they are inside the 3% type critical sub-polygon: the pursuer starts by zig-zag
guard if e has appeared inside the first quadrant of p. Otherwise, if € has appeared
inside the fourth quadrant, the pursuer starts by simple guard. Similar to the
previous case, during zig-zag guard or simple guard, the pursuer might retreat

beyond prer in which case it switches to the vertical guard sub-state.
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Algorithm 2: Guard Strategy

=
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Input Configuration: The evader is visible while z(v) < z(p) < z(e) (v is the pocket vertex).

Exit Configuration : One of the following two configurations: (1) pursuer is on 7(Og,€)
while p € h[prer] and e € h(pret), or (2) evader disappears inside h(pret).

The sub-states : The Zig-zag Guard sub-state, the Simple Guard sub-state, and the
Vertical Guard sub-state. Also the horizontal guard sub-state when the

2nd

pursuer is inside the or the 4*" type critical sub-polygon.

if y(p) > y(e) then

state < ZigZagGuard;

by =Yoot

do Zig-zag Guard strategy ;

/* The zigzag guard ends up in one of the following configurations: (1) The
pursuer is on 7(Op,e) while p € hlpref] and e € h(pret), (2) The evader
disappears inside h(pret), or (3) x(p) = xz(e) = x(pret), y(e) < y(p) < y(Pref),
and e is crossing [/, to the left. */

else

state <— SimpleGuard;

define paux € h[pret] as explained in Section 4.6.2;

ly = _’paux;

do Simple Guard strategy ;

/* The simple guard ends up in one of the following configurations: (1) p is
on 7(Or,e) while p € h[paux] and e € h(paux), or (2) e disappears inside
h(paux), or (3) z(p) = z(e) = z(paux), y(e) < y(p) < y(paux), and e is crossing I,
to the left. x/

/* next state after p exits the zig-zag guard state or the simple guard state. */
if p is on 7(Or,e) then

‘ do Extended Lion’s Move strategy
else if e has disappeared then
/* update Pt */
Let v be the vertex that e has disappeared behind;
if state = ZigZagGuard and v' € Chainy then
‘ Pret < V';
else if state = SimpleGuard and v’ € Chainy then
‘ Pret < V';
else if state = SimpleGuard and v’ € Chainz, then
‘ Pref <= Paux;
do Search strategy
else if z(p) = z(e) and e is crossing l, to the left then
do Vertical Guard strategy;
/* The vertical guard ends up in one of the following two configurations:

(1) The pursuer is on m(Op,e) while p € h[prer] and e € h(pret), (2) The evader

disappears inside h(pref). */
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4.6.1 Zig-Zag Guard

After finding the evader, p switches to the zig-zag guard sub-state if e is inside the fourth
quadrant of p. The goal of this state is to establish the extended lion’s move state while
the invariants and the notions of progress are maintained. The Zig-Zag Guard strategy

is shown in Algorithm 3.

Algorithm 3: Zig-zag Guard Strategy

Input Configuration: The evader is visible while z(v) < z(p) < z(e) and y(p) > y(e). Here, v
is the pocket vertex.
Exit Configuration : One of the following three configurations: (1) The pursuer is on
w(Or,e) while p € hlpret] and e € h(prer), (2) The evader disappears
inside h(prer), or (3) x(p) = x(e) = z(pret), y(€) < Y(p) < Y(prer), and e
is crossing I, = _'pref to the left.
1 repeat
2 if z(p) < z(e) then
if p is below 7(OL,e) then
3 ‘ move in the positive ¢ direction
else if p is above 7(Opr,e) then
4 ‘ move in the negative ¥ direction
else
5 ‘ move in the negative ¥ direction;

end

until (1) The pursuer catches up with 7(Or,e), (2) The evader disappears, or (3)
z(p) = z(e) = z(pret), y(e) < y(p) < y(pret), and e is crossing l, = _’pref to the left;

In order to establish the extended lion’s move state, the pursuer moves toward
m(Opr,e) along the z-axis or the y-axis: if x(p) < z(e), the pursuer moves parallel to
the g-axis. Otherwise, if e moves to a point which is to the left of p, then p moves in
the negative T direction. We show that by following these zig-zag moves the evader will
remain inside the fourth quadrant of p (Lemma 4.6.1). See Fig. 4.8 and Fig. 4.9(a).

Let prer be the current reference vertex used for tracking progress. According to
the invariants, the pursuer must ensure that e is to the right of p,¢. However, in the
strategy described above, e can force p to move along the negative x-axis direction.
Therefore, the evader can re-contaminate the region to the left of p.f. That is it crosses

the vertical line passing through pyr to the left, and enters the region (Q — h[pref])-
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This violates the invariant (I1). See Fig. 4.9(a). Also note that this is the third exit
configuration in Algorithm 3. At this time, the pursuer switches to the vertical guard
strategy. The vertical guard strategy (presented in section 4.6.3) ensures that the evader
will be pushed back to the right of p.t and hence the invariant and the progress are
recovered. In the following lemma we show that the invariants are maintained as p exits
the zig-zag guard state. This lemma also presents the progress that p gains at the end

of zig-zag guard state.

Lemma 4.6.1 (Zig-zag guard progress). When the pursuer exits the zig-zag guard sub-

state, the players are in one of the following three configurations:
o The pursuer is on (0L, e) while p € h[pret] and e € h(pret)-
o The evader disappears inside h(pyef).

e z(p) = z(e) = x(pref), y(e) < y(p) < y(pret), and e is crossing l, = l?;ref to the
left.

For each of these configurations, the pursuer achieves the following notions of progress

correspondingly:
e the pursuer switches to the L state while R(pret) < R(p) < R(e)
o the pursuer switches to the S state while progress (P1) or (P2) is guaranteed.

o the pursuer switches to the vertical guard sub-state.
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(a) (b) (c)

Figure 4.8: The zig-zag guard strategy. (a) When z(p) < z(e) and p is above 7(Op,e).
(b) When z(p) = x(e) and p is above 7(Op,e). (c) When z(p) < z(e) and p is below
m(Opr,e).

Proof. Let pg and ey be the positions of p and e at the beginning of the zig-zag guard.
Observe that parent(pp) is in the second quadrant of py (Lemma 4.8.3). Now consider
the funnel [76] formed by 7(Op,e) and 7(Op,p). Let d be the deepest common vertex
between these two paths. The shortest path to all points inside this funnel starts by
m(Op, d) and then continues inside the funnel. Observe that as e moves, 7w(O7, €) changes
continuously. See Fig. 4.8.

Suppose that p is below 7(Op,e) (Fig. 4.8(c)). Then p is getting closer to 7(Or, e)
just by moving in the positive i direction. Note that the slope of the edge between p and
parent(p) is negative (Lemma 4.8.3). Hence, if the evader tries to cross }7;) to the left,
p will be on 7(Op,e) and thus it can switch to the L state. Therefore, e has to remain
inside the fourth quadrant of p until one of the following happens: (1) p is on 7(Op,e),
(2) the evader disappears. Now, let v be the pocket vertex that the pursuer searched
right before this zig-zag guard state. According to Lemma 4.5.3, z(v) < z(p). Also,
according to the invariant (I2) we have v € h[pyt]. Thus, p € h[pret] and e € h(pyef).
Hence, invariant (I1) is valid at the end of zig-zag guard state.

Similarly, if the pursuer is above 7(Opr,e) it moves in the negative ¥ direction when
z(p) < z(e), and then to the left, i.e. in the negative ¥ direction, at the moment
that z(p) = x(e). See Fig. 4.8 parts (a) and (b), also Fig. 4.9(a). These zig-zag moves
continue until (1) the pursuer is on 7(Op, €), (2) the evader disappears, or (3) the players

cross Y, . to the left (Fig. 4.9(b)). At the time that each of these happen, the players

Pref
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are inside h(pyf) and thus invariant (I1) is valid.

Next let us consider invariant (12) that the pocket vertex is inside h[pyef|. Initially,
Pref = Orp. Thus, the invariant holds. According to the above argument, as the game
proceeds to zig-zag guard state the invariant is still valid since when e disappears it is
inside h(prer). Therefore, using induction on time we can prove that the pocket vertex
is inside h[pyef].

So far we have shown that the invariants (I1) and (I2) are maintained. Next, let
us consider the pursuer’s progress. As discussed above, the pursuer finishes the zig-zag
guard state when it reaches w(Op, e), or when the evader disappears, or when the players
move to the left of prs. In the first case, since p is on 7(Op,e) we have R(p) < R(e).
Also, since p € h[prer] we have R(prer) < R(p) < R(e).

Now consider the case that the evader disappears. Let v’ be the new pocket vertex
that e disappears behind, and v be the pocket vertex that was used right before this
zig-zag guard state. Also, let p.or be the reference vertex at the beginning of this zig-zag

guard state, and pl; be the new reference vertex at the end of this state.

1. v € Chaing: suppose that at the beginning of the zig-zag guard the pursuer was
below 7(Op,e). Then, v' € h(v) since p is only moving upward. If v' € Chaing,
we do not update prf but we have v' € h(v) (Progress (P2)). Otherwise, if
v' € Chainy we set pl; to v'. Since pl, = v' € h(v) and v € h[py| (Invariant
(I2)), we have R(pret) < R(pl.s) (Property 4.3.3) and hence we have Progress (P1).

Next, suppose that at the beginning of zig-zag guard the pursuer was above
m(Op,e). Since e remains inside the fourth quadrant of p, v € Chaing, and p
is moving downward and to the left, e cannot cross v to the left. Hence, v’ is also
in the fourth quadrant of v. If v € Chainy, we do not update p..f but we have
v' € h(v) (Progress (P2)). Otherwise, if v' € Chainy we set pl; to v'. Since
Phos € h(v) C h(prer) we have Progress (P1).

2. v € Chaing: then p.os = v. As we showed above, whether p is initially below or
above 7(Op,e), the evader disappears inside h(pyef). Similar to the previous case,
if v € Chainy, we have v' € h(prf = v) (Progress (P2)), and if v’ € Chainy we

set pl; to v' and we have Progress (P1).
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In summary, if e disappears during zig-zag guard state, the pursuer updates pyef to

v when v € Chainy and achieves progress (P1) (line 17 in Algorithm 2). Otherwise,
if v € Chainy, the pursuer achieves progress (P2). O

pa?“eqt(pref)
v

Figure 4.9: The zig-zag guard followed by the vertical guard . The path II is
shown in dots. (a) The zig-zag moves. (b) If e moves to the left of py, the
pursuer follows it by lion’s move with respect to ¢. (c) Afterwards, if e moves
to the right of pye, the pursuer performs the lion’s move with respect to pres.
(d) Finally, p will be on 7(Og, e) inside h(pyef)-

4.6.2 Simple Guard

After finding the evader, p switches to the simple guard sub-state if e is inside the
first quadrant of p. The main goal of the pursuer is to reach m(Op,e) so it can start
the extended lion’s move state. Since the evader can disappear in the meantime, this
translates to establishing the next state which could be the search state or the extended
lion’s move state while the invariants and the notions of progress are maintained. The
Simple Guard strategy is presented in Algorithm 4.

The general idea for the pursuer’s strategy is the following. See Fig. 4.10, and let
pret be the current reference vertex used for tracking progress. Let v be the vertex
that defines the contaminated pocket right before this guard state. When the pursuer
starts the simple guard state we have z(v) < z(p) < z(e) (the exit configuration of the
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search state). Therefore at this time, p is to the right of pyt i.e. inside h[pef] since
v € hlpret] (Invariant (12)). Now let pg be the location of the pursuer at the beginning
of the simple guard state. The pursuer moves back toward the vertex p.ef along the line
segment that connects py to prer (p1 in Fig. 4.10(a)). It continues moving toward pyef
until it reaches pyef, or e crosses the ray shot from p in the direction of pyef to p (p2 and
ez in Fig. 4.10(b)). In both of these cases, p follows e by lion’s move with respect to
the center pyer. The pursuer continues with this lion’s move until one of the following
configurations hold: 1) either p reaches w(Op,e) while it is inside h(pyef), 2) or e moves
to the region which is to the left of p.et i.e. it crosses the vertical line which passes
through pyer to the left and re-contaminates h(per). See p3 and es in Fig. 4.10(b).

In the former case, when the pursuer catches up with 7(Or,p), it switches to the
extended lion’s move state, and since it is inside h(pyef) the invariant (I1) is maintained.
In the latter case, when e moves to the left of pyef, invariant (I1) is violated. At this
time, the pursuer switches to the next state which is called the vertical guard state in
order to push the evader back to the right of pef, and re-establish invariant (I1). The
vertical guard strategy, presented in section 4.6.3, guarantees that the pursuer reaches
m(Op,e) inside h(pyer) and therefore is ready for the extended lion’s move state while
invariant (I1) holds.

The simple guard strategy described above has two subtle points. First, p,.; must
be visible to pg so that p can move along the segment that connects pyof to pg. However,
it might be the case that p.er is not visible to pg since pg is the location of the pursuer
at the time that p has found e. Therefore, we define an auxiliary vertex, referred to as
Paux, SO that it is visible to py and moreover paux € h[pref]. The pursuer performs the
aforementioned strategy with respect to paux i.e. it moves toward p,ux and the rest of
the strategy. Since the simple guard strategy ensures that in the next state the players

are inside h(paux), and because paux € h[pret] the invariant (I1) is maintained.
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Figure 4.10: The Simple Guard. (a) p moves toward ps. (b) As e crosses the ray
from p to po, p performs lion’s move w.r.t. pref (p2 and ez). If during this lion’s move e
enters the region to the left of p.f, the pursuer switches to the vertical guard sub-state
e.g. p3 and es. (¢) If e hides inside pocket(v’, 77), p moves toward v’ if v' € Chaing, (d)
otherwise if v/ € Chainy it continues moving toward p.er and then from there it moves
toward v’. Note that here, as the pursuer keeps moving back to pr.f, the new pocket
formed by the ray connecting p to v/, includes the initial hiding pocket pocket(v’, 7 ).

Also in this example paux = Pref-

The second important part of the strategy is that pg must be closer to all points on
the segment between py and p,,x than the evader so that p can prevent e from crossing
this segment and thus escaping to the cleared region (Q — hlpyt]). Notice that if the
pursuer does not prevent this type of re-contamination the evader will be above the
pursuer i.e. y(p) < y(e). Therefore p cannot force e back to h(pyef) by performing the
vertical guard strategy as it does when y(p) > y(e) (we will see in section 4.6.3 that one
of the conditions that p is allowed to perform the vertical guard sub-state is y(p) > y(e)).
Instead the pursuer prevents this situation by guaranteeing that it is closer to all points
on the segment between pgy and p,ux. This, in addition to the capture condition that e
will be captured if its distance to p is less than one unit, ensures that e will be captured
if it tries to cross the segment between p,ux and p. Finally, the pursuer ensures that it
is closer to pg by guaranteeing that the angle between the aforementioned segment and
the z-axis is less than or equal to a (Lemma 4.8.6).

An illustrative example of the auxiliary vertex paux is shown in Fig. 4.11(a). The
interested reader is referred to the Appendix, Section 4.8.3, for the definition of the
auxiliary vertex p,ux based on the structure of the polygon and the location of the

pursuer.
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Lemma 4.6.2 (Simple guard progress). When the pursuer ezits the simple guard sub-

state, the players are in one of the following three configurations:
e The pursuer is on w(Or,e) while p € hlpaux] and e € h(paux)-
e The evader disappears inside h(paux)-

e z(p) = z(e) = x(Paux), ¥(e) < y(p) < y(paux), and e is crossing l, = qpaux to the
left.

For each of these configurations, the pursuer achieves the following notions of progress

correspondingly:
e the pursuer switches to the L state while R(prer) < R(paux) < R(p) < R(e)
o the pursuer switches to the S state while progress (P1) or (P2) is guaranteed.

o the pursuer switches to the vertical guard sub-state.

Proof. From the description above, the exit configuration of simple guard is one of the
following: (1) the L state inside h(paux), (2) the S state inside h(paux), or (3) vertical
guard while the player are crossing [, to the left. In case of the L state, since p,ux €
hlprer] we would have R(prer) < R(pau) < R(p) < R(e).

In case of the S state, let v' be the new pocket vertex. Then v' € h(paux) C h(pret)-
Therefore, the invariant (12) is valid.

Next, let us consider the progress. Let pl ; denote the new reference vertex that is
updated in this guard state. If v' € Chainy we set pl  to v'. Since pl ; = v' € h(pref)
we have R(pref) < R(ply;) (Property 4.3.3) and hence we have Progress (P1).

If v/ € Chainy, we update pret t0 paux. Note that p.ux can be the same as pef.
However, we show that v" € h(v). Suppose that v € Chainy and p,aux is to the left
of v. The remaining situations are similar. Now if v/ ¢ h(v), the pocket pocket(v/,17)
defined by v will be a simple pocket and thus by performing the simple pocket strategy
(section 4.8.5) the pursuer can force the evader to exit pocket(v/,r7) and continue the

simple pocket strategy. See Fig. 4.13(a) for an illustration. O



61

The complete description of simple guard strategy is given in Algorithm 4. Notice
that when the evader disappears while p is moving back toward p.f, the pursuer’s
reaction depends on whether the hiding vertex v’ is from Chainy, or Chainy (lines 12-
16 in Algorithm 4). An example is shown in Fig. 4.10(c) parts (c) and (d). When
v’ € Chainy, the pursuer moves toward v’ until it reaches v’ at which time it switches
to the S state (ps and ey in Fig. 4.10(c)). When v € Chaing, the pursuer continues
moving back toward pp¢ and if in the meantime e crosses @ (line 3) the pursuer
performs the same strategy from line 5.3.6. In the following, we briefly explain the

reason that p must make distinction between v € Chainy, and v € Chaing:

e v € Chainy: in this case, if the pursuer keeps moving back toward p,ef, it cannot
keep track of the hiding vertex v’. For example, in Fig. 4.11(c), at the time that
e disappears, p defines the hiding pocket with respect to v = vy. If p continues
moving back toward pef, at ps the hiding pocket with respect to v; doesn’t include

e (Fig. 4.11(d)). In other words, p cannot keep track of the hiding vertex v’.

e v/ € Chainy: in this case z(v") can be less than x(p). Therefore, if the pursuer
moves toward v’ the evader can cross the segment between pyr and p (Fig. 4.11(b))

and thus it escapes to the previously cleared region.



62

Algorithm 4: Simple Guard Strategy
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Input Configuration: The evader is visible while z(v) < z(p) < z(e) and y(p) < y(e).

Here, v is the pocket vertex.

Exit Configuration : One of the following three configurations: (1) The pursuer is on

m(Or,e) while p € hpaux] and e € h(paux), (2) The evader

disappears inside h(paux), or (3) z(p) = z(e) = z(Paux),

y(e) < y(p) < y(Paux), and e is crossing I, = Y, to the left.

define p,ux as explained in section 4.6.2;
let py be the location of e at the beginning of the simple guard;
let @ be the ray shot from p in the direction of paux to po;
repeat
‘ move toward p,.x along the segment popaux;
until e crosses 7@, or e disappears, or p reaches Paux;
if e has crossed @, or p has reached paux then
if e has crossed @, or p has reached paux and e is visible then
repeat
‘ do lion’s move with respect to the center p,ux;
until p is on (O, e), or e disappears, or x(p) = x(e) = x(Paux) and e is
crossing l, = ?paux to the left;
else if p has reached paux and e is hidden behind v' inside pocket(v’, 73) then
‘ move toward v’;
end
else if e has disappeared behind v’ inside pocket(v’,r_;) then
/* p is not at p,ux yet.
if v/ € Chainy, then
‘ move toward v’ until p is at v';
else if v/ € Chainy then
continue moving toward p,ux and the rest of the strategy at line 5.3.6;

in the meantime keep track of the hiding vertex v’;

end

end

*/
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Figure 4.11:  (a) An example of paux. (b), (c) and (d) Examples when e
disappears behind a vertex, namely v/, during simple guard. The pursuer has
to make distinction between v/ € Chainy and v € Chainy, otherwise e can

escape. Refer to the text.

4.6.3 Vertical Guard

The vertical guard strategy is presented in Algorithm 5. The pursuer switches to the
vertical guard sub-state from either the zig-zag guard sub-state or the simple guard
sub-state. See Fig. 4.3. Let prs be the current reference vertex used for tracking the
progress. The condition for state transition to the vertical guard sub-state is when the
evader re-contaminates the region to the left of p i.e. it enters the region P — h[pyf]
and violates the invariant (I1). Since h(prer) is defined as the set of points to the right of
PretS, this condition is in fact when z(p) = z(e) = z(pret), y(e) < y(p) < y(pret) and e is

moving to the left of p.ot. Let [, denote the line }7;) Then, the pursuer switches to the

ref *
vertical guard state when e crosses [, to the left. The goal of the vertical guard strategy
is to push the evader back to the right of p.s and hence re-establish the invariant (I1).

The vertical guard strategy is composed of two parts: lion’s move with respect to
a center ¢ (which we define soon) and lion’s move with respect to the center pr. The
pursuer uses c as the center for the lion’s move if e crosses [, to the left. It also uses pyef
as the center for lion’s move if e crosses [, to the right. The role of the circle centered
at ¢ is to push e back to the right of p.er (inside h(pref)) and re-establish the invariant
(I1). The role of the other circle centered at pyet is to force e to cross the ray connecting

parent(prer) to pres and hence to establish the extended lion’s move state. See Fig. 4.9.

The vertical guard strategy is as follows, see Fig. 4.9:

8 Inside the first type critical sub-polygon.
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1. As the evader crosses the vertical line [, to the left, p follows him by lion’s move

with respect to ¢, see Fig. 4.9-(b) p; and e; to pa and ey respectively.

If the evader disappears behind the lower chain vertices which are to the left of
l,, the pocket would be of a special form that we call it simple pocket’. In simple
pockets the pursuer has a relatively simple strategy so that the evader has to exit
the pocket to prevent capture. See section 4.8.5 for definition of simple pocket
and the corresponding pursuit strategy. Therefore, when e disappears somewhere
to the left of [,, the pursuer can repel him outside the hiding pocket by simple
pocket strategy.

Consequently, as long as e is on the left side of [, the distance ¢p increases while
p lies on ce. As a result, e will be pushed to the right of [, after finite time (Fig.

4.9-(c) where e is at €}).

2. As the evader crosses the vertical line [, to the right, p switches to lion’s move

with respect to the center py (Fig. 4.9-(c) where p moves to ph).

3. This back and forth switch between lion’s move with respect to centers ¢ and
Pref continues until one of the following two configurations hold: 1) the evader
disappears behind a vertex to the right of pyf, 2) or the extended lion’s move is
established (ps and e3 in Fig. 4.9-(d)).

9 See Lemma 4.8.11.
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Algorithm 5: Vertical Guard Strategy

Input Configuration: The evader and the pursuer are both on the line [, and e is crossing [,

to the left. In other words, z(p) = z(e) = z(caux) and
y(e) < y(p) < y(caux), and e is moving to the left of the vertex caux-.

Refer to the lines 1- 4 for definition of the vertex caux and the line [,,.

Exit Configuration : Either (1) the pursuer is on 7(Op,e) while p € h[pret] and e € h(pret),
or (2) the evader disappears inside h(pret).
1 if the previous state is zig-zag guard then

2 ‘ l'u = K?ref; Caux < Pref;

3 else if the previous state is simple guard then

—

4 ‘ ly = Ypus;  Caux ¢ Daux;
end
5 1+ X, NOQ ;
6 ¢ = bisector of pI Nly;
7 repeat
8 if e is to the left of caux then
9 repeat
10 do lion’s move with respect to the center c;

until e disappears somewhere to the left of caux, or € moves to the right of caux;

11 if e has disappeared somewhere to the left of caux then

12 perform the simple pocket strategy presented in section 4.8.5;

/* as a result of the simple pocket strategy the evader is forced to

exit the hiding pocket while p is on the entrance of the pocket and

their distance has been increased. */

13 continue from line 9 ;
14 else if e has moved to the right of caux then
15 continue from line 16

end
16 else if e is to the right of caux then
17 repeat
18 ‘ do lion’s move with respect to the center caux;

until p is on 7(Or,e) to the right of caux, or e disappears somewhere to the right of

Caux, OT € moves to the left of caux;

19 if e has moved to the left of caux then

20 ‘ continue from line 8;

21 else

22 ‘ exit the vertical guard sub-state;
end

until pursuer catches up with w(Or,e) inside h(caux), or (2) evader disappears inside h(Caux);
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Next, let us proceed with the definition of the center c¢. Let I be the intersection
between the horizontal line passing through pe and 9P, see Fig. 4.12(a). Then c is

the intersection between bisector of pI and the line ,.

Figure 4.12: (a) the vertical guard (II is shown in dots). (b) These pockets are impos-
sible. (c¢) The possible pockets before [, are simple pockets. (d) The simple pockets.

Remark 6. When the state before the vertical guard state is the simple guard state, the
pursuer defines the center ¢ based on paux instead of pret. In Algorithm 5, we use the

notation Caux to refer to prof 0T Paux. See lines 1-4 in Algorithm 5.

The lion’s move circle centered at ¢ has the following important properties. First,
all upper chain vertices before p.of are above p.orI and thus the lion’s move with respect
to c is feasible (Lemma 4.8.13).

Second, the lion’s move circle centered at ¢ prevents e from hiding behind the upper
chain vertices which are to the left of pyet without being captured (Lemma 4.8.10). Also
see Fig. 4.6-(e). These vertices are the ones on Chainy with their z-coordinate less
than pe¢. In addition, the circle is defined such that if e disappears behind lower chain
vertices which are to the left of p., the resulting pocket would be a simple pocket
(Lemma 4.8.11), pockets that p has a relatively simple strategy to push e out of the
pocket (section 4.8.5).

Third, the initial radius of this circle is upper bounded which is necessary for the
lion’s move with respect to center ¢ to result in progress in finite number of steps [77].
In the following, we show that the angle « plays an important role in bounding the

radius. Let r be the radius of the lion’s circle centered at c i.e. 7 = cp.



67
Lemma 4.6.3. The initial radius (r) of the circle defined above is upper bounded by
r< % where hpin s a lower bound for h = y(pret) — y(p) at the beginning of vertical
guard (hpyin < h).

Proof. Let 8 be the angle between pl and the horizontal line passing from caux, see
Fig. 4.12(a). Also let 2l = pI. We have sin§ = % = 2% Hence r = % Therefore
r< 22 ]

In Lemma 4.8.4 and Lemma 4.8.8, we provide h,,;, = sina as the lower bound for

h at the beginning of the vertical guard strategy.

Corollary 4.6.4. The initial radius of the vertical guard circle centered at c is upper
bounded by r < D* According to Definition 4.5.2, we have r is O(D3).

2sina®

Lemma 4.6.5 (Vertical guard progress). At the end of vertical guard the pursuer
achieves Progress (P1) or (P2).

Proof. Let pocket(v,T) be the pocket searched in the previous search state. Recall that
if the vertical guard is invoked from zig-zag guard then c,ux = prer and if it is invoked

from simple guard then caux = paux (Remark 6).
1. from zig-zag guard (Caux = Pref):

(a) v € Chainy: hence pyos = v. The next state after the vertical guard is either
L or S. As the evader exits the vertical guard state the players are inside
h(pret) = h(v). If the next state is S, let pocket(v',77) be the corresponding
pocket. Then, v' € h(v). If v/ € Chainy we set pf = v' and we have
Progress (P1). If v € Chainy, we have Progress (P2).

(b) v € Chainy: this case is not possible. This is because: the evader is inside the
fourth quadrant of p (zig-zag guard state), v € h[pref] according to invariant
(I2), and the search path used for searching pocket(v, ) ensures that the
evader cannot cross pper to the left. See Fig. 4.13-(b).

2. from simple guard (Caux = Paux):
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(a) v € Chainy: then pref = v and paux € h|prer]. At the time that p exits the
vertical guard state the players are inside h(paux) which is a subset of A(pyef)-

The pursuer achieves Progress (P1) or (P2) similar to the above case.

(b) v € Chainy: refer to the definition of payx in section 4.6.2 and note that paux
can be to the left or to the right of v. The case that p,ux is to the right of v

is similar to the above cases.

Suppose that paux is to the left of v. Referring to the definition of p,ux in
section 4.6.2 this is the case only when pq is in between v and v,y (the first
definition in section 4.6.2). Suppose that during vertical guard (lion’s move
w.r.t. paux) the evader disappears behind v'. When v' € Chainy we have
V" € h(paux) C h(pref). We set prer to v' and achieve progress (P1).

When v € Chaing, there are two cases. The first is when z(v) < z(v)
which we have progress (P2). The second is when x(v") < x(v) in which case
the resulting pocket pocket(v’, r ) would be a simple pocket and the pursuer
performs the simple pocket strategy in section 4.8.5 in order to resume the

lion’s move with respect to paux. See Fig. 4.13-(a).

O

Lemma 4.6.6 (The time spent in the guard state). The pursuer ezits the guard state
and switches to the next state in O(n*D'') steps where n is the number of vertices of
Q and D is the diameter of Q.

Proof. Let T} be the time spent in simple guard, T5 be the time spent in vertical guard,
and T3 be the time spent in the zig-zag guard state. Then the guard time is at most
T + T5T,.

The vertical guard strategy is composed of simple pocket strategy (to the left of
ly) and lion’s move with respect to caux or ¢. In the worst case, every single step of
the lion’s move can be followed by a round of simple pocket strategy. Therefore, the
total time in vertical guard would be the product of the time spent in lion’s move
and the simple pocket strategy. The time spent in simple pocket strategy is O(n2D3)
(Lemma 4.8.14). The initial radius of the circle centered at ¢ used during vertical guard

is O(D3) (Corollary 4.6.4). Hence the lion’s move with respect to ¢ during vertical
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guard takes O(nDY) steps [75]. Therefore, the vertical guard state takes Th = O((nD9)-
(n2D?)) = O(n3D?).

The simple guard is lion’s move with respect to paux which can take at most 77 =
O(nD?). The zig-zag guard is composed of zig-zag moves which are of time T3 = O(D).
Thus, the guard time is O((nD?) - (n®D?) + D - (n3D%)) = O(n*D'1). O

Dref
Vi \/;ref W\ Chaing

Figure 4.13: (a) When v € Chainy, and e disappears behind v' € Chaing,
so that z(v") < x(v), the resulting pocket is a simple pocket. (b) When v €
Chainy, and e appears in the fourth quadrant, e cannot cross pyes to the left

since it is confined with 0Q).

4.6.4 Horizontal Guard

We now present the horizontal guard strategy which is the counterpart of vertical guard
in the second type critical sub-polygon. Suppose that the horizontal guard has been
invoked in the 2" type. Recall that at this time z(v) < z(p) < z(e) and y(p) = y(e) =
y(v) (Lemma 4.6.1). The center ¢ for the horizontal guard is found as follows: Let I be
the intersection between 0@ and Y,. Then c is the intersection point between bisector of
pl and X,. See Fig. 4.22(b). Symmetric to what we saw in vertical guard, the pursuer
performs lion’s move with respect to ¢ or v as the evader moves below [, = )ZU or above

I, = X,. This continues until the next state is established in h(v).
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4.7 Analysis of Capture Time

We are now ready to present the proof of Theorem 4.3.4 which gives the worst capture

time of the proposed pursuit strategy.

Proof of Theorem 4.3.4. Suppose p is currently in a combined (SG) state. In Lemma 4.6.1,
Lemma 4.6.2, and Lemma 4.6.5, we showed that after finite time this combined state
will terminate to another combined (SG) state or an L state.

In the latter case, the aforementioned lemmas ensure that R(p,f) < R(p) < R(e).
Moreover p is on 7(Or,e) and d(Op, p) is increasing after each step of the L state [75].
Hence either p captures e in the L state or it switches to another (SG) state.

Now consider two consecutive (SG) states and suppose that e is not captured yet.
According to the aforementioned lemmas, p achieves progress (P1) or (P2). Since in
(P2), v and v are vertices of @, after at most n progress updates of type (P2), there
would be one progress update of type (P1). Also since pyf is a vertex, at some point
D < R(prer). Since D is the diameter of the polygon, at some point D = R(pyef)-
According to invariant (I1), we must have D = R(pyef) < R(e). This is a contradiction
since R(e) cannot be greater than the diameter.

Next let us provide an upper bound for the number of time-steps required for capture.
Let 77 be the time spent in the guard state plus the time spent in the search state
(the time spent in the combined (SG) state). Also let T be the number of steps
for a pursuer, which is performing the extended lion’s move, to travel the diameter
of the polygon. Thus, the number of time-steps between two consecutive combined
states (SG) would be T1Ty. Since prer € @ and v € @, and we achieve (P1) or (P2)
after each (SG) combined state, the total capture time 7" would be T' = n - nT1T5.
According to [75] we have T, = nD?. Next, the search time is O(nD) (Lemma 4.5.3),
and the guard time is bounded by O(n*D') (Lemma 4.6.6). Hence T} = n*D'' and
T = 0(n?- (n*DY) . (nD?)) = O(n"D®). O

4.8 Correctness Proofs

In this section we present the proofs of the lemmas that we saw throughout the chapter.

We first go over the properties of monotone polygons. We then prove the correctness of
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different sub-states of guard strategy.

4.8.1 Properties of Monotone Polygons

Proof of Property 4.3.3. We present the proof for the 4*" type critical sub-polygons.
The proof for other types is similar. Let v = v;_1, see Fig. 4.5 and Fig. 4.14. For other
possible v the proof is similar.

According to Lemma 4.8.1 the shortest path to all points to the right of Ui—avi ]
passes from v;_1. Hence the length of their shortest path is greater than d(Op,v;—1).
Next consider the region in between Xvi_l and m and let p be a point in this region.

As a corollary of Lemma 4.8.1 we observe that there is a vertex v, € I(vp—1, (vi—1)

that p is the region defined by two rays v.v.+1 and v.—jv.. Moreover p is a descendant
of v.. Next consider the line v.p and its intersection point with Xvi—l namely [,. In
the following we will show that d(ve, vi—1) < velp. Since vel, < vep < d(ve, p) we would
have d(ve,vi—1) < d(ve, p) and thus d(Or,vi—1) < d(Or,p).

Let us now present our proof for d(ve, vi—1) < vclp, see Fig. 4.14 top-right. Consider
the rays shot in direction of vsvy ;1 where ¢ < ¢ < (i —3) and denote their intersection
point with Xviq by I.. By induction we show that vyl + d(ve, ver) = d(ve, 1) < velp.

For the base case consider ¢ = c. Since the angle v.I.I, is greater than 90 degrees
we would have vl < velp.

For the inductive hypothesis let us suppose that the statement is true for ¢’ and prove
it for (¢’ +1). According to our hypothesis we have vy I + d(ve, ve) = d(ve, Ir) < velp.
Since the angle vy 41411 is greater than 90 degrees we would have vyi1lr4 <
Vg1l We also have voly = vovep1 + Vg1l

Hence d(ve, I) = voly + d(ve, Vo) = Vovey1 + Vo 1le + d(Ve, Vo) = d(ve, very1) +
Vo411l Since voi1ly11 < vey1les we would have d(ve, Veg1) + Veryp1le11 < d(ve, I).
Recall that d(ve, [) < vel,. Thus d(ve, Iry1) < velp. O

Lemma 4.8.1. Let (ve—1,ve) be an edge on II. Consider the ray shot in direction of
7 = Ue_10s. Then the shortest path to all vertices to the right of ¥ passes through the
vertex ve. See Fig. 4.14 left and middle.

Proof. For the sake of contradiction suppose that there are some edges on II that this

property does not hold for them. Among these edges let (ve—1,v.) be the first one i.e.
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with smallest v.. Thus there is a point to the right of ¥ = 7)6_—1112 that the shortest
path to that point does not pass from v.. Then the direct parent of one of its ancestors
should be a vertex to the left of 7. Let v be this ancestor and let v = parent(v).
Let (ver_1,ve) be the edge on II that the shortest path to v/ passes from v.. Since v/
is to the left of ve_—w; and since the property holds for all edges before (ve_1,v.) we
would have ¢/ < (e —1). Next observe that v,_ v, intersects with 7(e/,v'). This can
be seen by enumeration over all possible situations arisen depending on the type of the
critical sub-polygon that (ve_1,v.) belongs to. For example the case where this edge
is in the second type critical sub-polygon and before the summit vertex is depicted in
Fig. 4.14 left and middle. In this case since slope of v._1, v, is negative and slope of II
we observe that v,_jv, intersects with m(e/,v"). Next let I; and Iy be the intersection
of De_qvp with v'v and m(€e’,v") respectively. Then according to triangle inequality we
have: I1Iy < v'I; + d(v', Iy). Hence vly, 112, 7(e'l2), 7(Op,€') is a shorter path than

m(Op,v) = vli,v'I1,v' I3, I/, m(Op, e') which is a contradiction. O

Figure 4.14: proof of Lemma 4.8.1 and Property 4.3.3.
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Lemma 4.8.2. Suppose v;—1v; and vj_1v; are two consecutive critical edges and con-
sider m(vi—1,vj—1) which is also part of Il. Then (see Fig. 4.5-left):

(1) If v; € Chaing, then the slope of edges on m(vi—1,vj) is monotonically increasing.

(i) If v; € Chaing, then the slope of edges on m(v;—1,v;) is monotonically decreasing.

Proof. First, consider a segment wz and a point k with z(2) < z(k), see Fig. 4.5:
1. k is below the ray w#: then slope(zk) < slope(wz).
2. k is above the ray w?: then slope(zk) > slope(wz).

Let w, z and k be three consecutive vertices on 7(v;—1,v;). Now, consider the case
that v; € Chaing. In this case, kK must be above the ray wz because otherwise II cannot
be a shortest path [76]. Similarly, when v; € Chaing, k must be below the ray wz.
Therefore:

(i) when v; € Chaing the slope of edges is monotonically increasing. (ii) and, when

v; € Chainy, the slope of edges is monotonically decreasing. O

Lemma 4.8.3. Consider the search path inside the first type critical sub-polygon. Let
p be a point on this part of the search path. Then the slope of the edge that connects p
to parent(p) is negative.

Neat consider the 2™ type critical sub-polygons and suppose that p is in this portion

of the search path. Then the slope of the edge that connects p to parent(p) is positive.

Proof. First observe for all points p, x(parent(p)) < z(p).

e p is in the first type critical sub-polygon: Note that all points in this part are
descendants of v;_1, see Lemma 4.8.1. For the sake of contradiction let us assume
that parent(p) is in the third quadrant of p, see Fig. 4.15. In the following we
will show that there exist a shorter path than 7(Or,p) = 7(Or,parent(p)) +
parent(p)p which is a contradiction. Note that p is on the search path.

1. p is on the a-path (Fig. 4.15(a)): Let A be the intersection of Xp with
(O, parent(p)). Observe that A is visible to p since all upper chain ver-

tices are above the search path. Because of the triangulation inequality, pA
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followed by 7(Or, A) is a shorter path than 7(Op,p) = 7(Or, parent(p)) +

parent(p)p which is a contradiction.

2. p is on the step-path (Fig. 4.15(b)): Similar to the previous case.

e p is in the second type critical sub-polygon: The same as the previous case. See
Fig. 4.15(c). Note that all points in this part are descendants of the summit
vertex s, see Lemma 4.8.1. Also, A is visible to p since all lower chain vertices are

below the search path. The rest of the proof is the same as above.

Figure 4.15: Proof of Lemma 4.8.3. The path II is shown in dots.

4.8.2 Zig-Zag Guard

Lemma 4.8.4. At the beginning of Vertical Guard invoked from Zig-Zag Guard, we
have sina < h = y(caux) — y(p).

Proof. Recall that the pursuer performs vertical guard while it is in the 1% or the 3¢
type critical sub-polygons (see Section 4.6). In the following, we present the proof for
the 1% type.

Consider the preceding Search. Recall that during the search state p moves along
the search path from v. The pursuer performs the zig-zag guard when e appears in its
fourth quadrant (see Section 4.6). Recall that caux = v (Section 4.6.3).

Suppose that v € Chainy. First, suppose that p is on the step-path. Then observe
that e cannot force p to retreat beyond v because the step that p lies on is after the
floor point and moreover the evader is confined in the corresponding step. Hence only

by following the zig-zag moves the pursuer will catch up to 7(Op,e).
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Next suppose that p is on the a-path. Let [; be the distance p has traveled from

v. Thus [y sin« is the minimum height p obtains during search. Moreover 1 — [q is
the residual move which p travels downward during the Zig Zag Guard. Thus the total
height p obtains during search phase is at least hy,ip = lisina+1—1; = [j(sina—1)+1
which is at least sin . Recall that vertical guard is invoked in the case that initially p
is above m(Op, e) and the zig-zag strategy is to move downward or to the left. In other
words y(caux) — y(p) increases afterward and hence the lower bound sin a remains valid.

The above argument is valid when v € Chaingy,. O

Lemma 4.8.5. Suppose that the pursuer starts Search state (on pocket(v,T)) in the 15
or the 3™ type critical sub-polygons but it finds e while it is inside the 2"¢ or the 4"
type critical sub-polygons. Recall that here independent of the quadrant that e is inside,
the pursuer invokes the zig-zag guard (Section 4.6). Then the evader cannot force p to
retreat beyond v. In other words, only by following the zig-zag moves, p will start the

next state S or L.

Proof. First, note that the portion of the polygon formed by two consecutive « lines or
horizontal lines, dQ) and the vertical lines is a triangle, see Section 4.5.

Note that we omitted presenting the zig-zag moves for the 2" or the 4** types. Let
us start by presenting the detailed description of the zig-zag moves that p takes toward
m(Op,e). According to Lemma 4.8.3, the slope of parent(p)p is positive (0 < slope).
Also, at the moment that e becomes visible z(p) < x(e) (Observation 4.5.1). Recall
that the search path in these types is composed of only the step-path (section 4.5). We
present the strategy by dividing each step into two parts. Also we only present the
argument for the 2"¢ type. See Fig. 4.16 and consider the step from A to D:

1. The segment uD: As a corollary of Lemma 4.8.3, all points on this segment are

direct children of u. Therefore, we would have parent(p) = u.

(a) If e is inside the fourth quadrant of p: See Fig. 4.16(a). Observe that the
pocket formed by the segment uD and 0Q) from u to D is a simple pocket. By
performing the simple pocket strategy presented in section 4.8.5, the evader
is forced to cross uD while p is also on this segment. Note that uD is an
edge of the shortest path tree. Note that all points on this segment are direct
children of w. In other words, the next state will be L while p is in h(v).
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(b) If e is inside the first quadrant of p: See Fig. 4.16(b). Note that 7(Op, e) has

to be above p. Then p moves along —)Z'p toward w(Op,e). The L state or
the S state will be established while p is in hf(v).

2. From A to u: Note that e has to be in the first quadrant of p because otherwise p
must have seen him sooner. The configuration that 7(Op,e) is above p, shown in
Fig. 4.16(b), is similar to the case (b) above. The configuration that 7(Or,e) is
below p, shown in Fig. 4.16(c), is as follows. The pursuer moves toward 7(Op, €)
along Xp. This ensures that e is in the first quadrant of p until e crosses Xp. At
this time, p moves toward 7(Op,e) along —17;,,, see Fig. 4.16(d). Note that p is
becoming closer and closer to 7(Op, e) while 7(Op, e) is confined in the triangular

region AABu. Hence the next state (L or S) will be established while p is in h(v).

Figure 4.16: The zig-zag moves when p invokes zig-zag guard inside the 2"¢ type critical

sub-polygons while v in the preceding S state was in the 1! type. See Lemma 4.8.5.

4.8.3 Simple Guard

In simple guard strategy, we define a local variable called the auxiliary vertex paux which
is used as a landmark to guarantee progress. In simple guard state, the pursuer’s goal is
to prevent the evader from contaminating the region to the left of p,ux. In other words,
the pursuer guarantees that the evader is inside h(paux). We define paux such that it is
inside h[ppet]. Therefore, at the end of this state the evader is inside A(pyef)-

Next let us present the selection of the vertex paux. Let pocket(v, ) be the pocket

which has been searched in the previous S state. Suppose that v,.y is the vertex that



77

the a-path starts from (if v € Chaing, then vayx = v). Moreover, let peej be the ceiling

point (refer to Section 4.5). Then:

e if pg is in the portion of the search path, from v to vau: See Fig. 4.17(a). Here

Paux 18 the bottommost vertex from the upper chain which is in the region in A[pyef]
and to the left of the segment poprer. Note that only when v € Chaing,, we have

Vaux 7 U e.g. in Fig. 4.7(d) we have vy = es.

If pg is in the portion of the search path from wv,,x to the floor point: then p,ux is
the first endpoint of the a-step that pg lies on it. For example, in Fig. 4.7(c), if

po is on the a-step defined from es to Iy then paux = €s.

If po is in the portion of the search path after the floor point: See Fig. 4.17
parts (b) and (c). Let a be the intersection point between the « line passing
through pp and II. Suppose that wiwe and wjw), are the edges on II such that
z(w1) < (peei) < x(we) and z(w)) < z(a) < x(wh) respectively. Then, if a
is inside the next critical sub-polygon, p.ux is the second critical endpoint that
defines the current critical sub-polygon. If w; # w), i.e. a and pej are not in
between the endpoints of the same edge on II, then p,.x = w}, see Fig. 4.17(b).

Otherwise, paux is the bottommost vertex from the upper chain which is inside

h[peeit] and to the left of the line that connects peei to po, see Fig. 4.17(c).

Figure 4.17: The path II is shown in dots. Note that all upper chain vertices are above

II. (a) here paux is the bottommost vertex from Chaing in the shaded region. (b) here

Paux =

W} (Peeil = v). (€) Paux is the bottommost vertex from Chainy in the shaded

region (Peeil = v).



78

Figure 4.18: The point paux when wy # w). Here paux = wi.
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Figure 4.19: The point paux when wy = wj.

Lemma 4.8.6. Suppose that the pursuer is in simple guard state and pg be the location
of the pursuer at the beginning of the state. Then paux defined in section 4.6.2 is visible

to po and moreover, the angle built by popaux and the x-axis is less than .

Proof. Let pocket(v, ) be the pocket being searched in the previous search state.

1. v € Chainy: here p,ux are defined based on the second and the third definition

in section 4.6.2.

e If pg is in the portion of the search path from v,,x to the floor point: since
both py and paux are on the « line of the corresponding a-step, the slope of

PoPaux 18 equal to —a.

e If pg is in the portion of the search path after the floor point: first suppose
that a and pej are not in between the endpoints of the same edge on II.
Then paux = wj. See Fig. 4.18-right. Note that all upper chain vertices are
above II and all lower chain vertices are below the search path. Hence p,ux is
visible to pg. Next, let b be the intersection between pga and the horizontal
line passing through w]. Note that the angle between this horizontal line and

pob is equal to a. Also, observe that w] is the left of pob. Hence, considering
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the triangle Appbw/, it can be concluded that the angle between popaux and

the z-axis must be less than a.

Next, suppose that a and pee are in between the endpoints of the same edge
on II. Observe that p,.x is visible to pg as follows. This is because payuy is the
bottommost upper chain vertex in the shaded region, and moreover the slope
of the edge wjw} is negative (Lemma 4.8.2), and all upper chain vertices are
above II and all lower chain vertices are below the search path. See Fig. 4.19.
Next consider the angle between popceii and the z-axis. Considering the trian-
gle Apopeeib and the fact that the angle between pga and the z-axis is equal
to a and pgg is to the left of ppa, we can conclude that the angle between
PoPeeil and the x-axis is smaller than «, see Fig. 4.19-middle. Now observe
that paux is in the triangular region formed by popeeir, the edge wjws, and
fpceﬂ. Let ¢ be the intersection between popcei1 and the horizontal line passing
through paux, see Fig. 4.19-right. Since the angle between this horizontal line
and pogc is smaller than « and considering the triangle Apgpauxc, we conclude

that the angle between popaux and z-axis is smaller than a.

2. v € Chaing:

(a)

The slope of 7is negative: recall that when e appears inside the first quadrant
of p, the pursuer performs the simple guard (section 4.6.2). Also, recall that
when v € Chaing, the search path starts by the step-path (section 4.5). Since
the slope of 7 is negative, the evader can appear in the first quadrant of p
only when pq is after vaux. Similar to the above case, it can be shown that

the angle between pgp.ux and the x-axis is smaller than a.

The slope of 7 is positive: let us refer to the current simple guard state as
G2 and its corresponding search state which is on pocket(v, ) as So. Let us
refer to the state before Sy as statepre,. Then statey., must be a simple
guard. This is because during zig-zag guard, the evader remains inside the
fourth quadrant of p and hence the resulting pocket (pocket(v, 7)) would have
negative slope. Also, if the previous state was L the resulting pocket would
have negative slope (a corollary of Lemma 4.8.1). Let statep e, = G1 which

is a simple guard. Also let pl,. be the auxiliary point defined in Gy, and p’
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be the location of p at the beginning of G;. Therefore, the sequence of states
is G152G2, the pursuer is moving toward p), along p'pl,,, during Gy, and v
is to the right of the line p'pl, . Recall that at the beginning of Sz, we set
Pref = Pauy (Lemma 4.6.2).

Now consider paux defined in G (section 4.6.2). If the second or the third
definition applies, the proof is similar to the above cases. Hence suppose that
Paux 1S defined according to the first definition (i.e. pg is in between v and
Vaux). We continue by an inductive argument as follows. Suppose that the
angle between p'p), . and the z-axis (the absolute value) is equal to or less
than a. Since prer = Phyy, and v is to the right of p'pl, . the slope of vp,f is less
than a. Recall that the search state in between v and v,y is increasing in the
z-coordinate and decreasing in the y coordinate, see section 4.5. Therefore,
the slope of poprer is also less than a. See Fig. 4.20(a). Since payx is defined
as the bottommost vertex in h[pyf] which is also to the left of popet, it can

be shown that the slope of popaux is less than « (Fig.4.19-right).

It remains to show that p,ux is visible to py. According to our inductive
argument, pref = Phyy 1S visible to p’. For the sake of contradiction, let us
assume that p,ux is not visible to pg and hence is blocked by a vertex namely
vp. We must have v, € Chainy. Also it must that z(p') < z(vp) < z(v).
See Fig. 4.20(b). Let p, be the position of p during G; at which the evader
the evader disappears behind v. Note that py is on the segment p'p} ., and
moreover v is visible to py. Since all lower chain vertices are below the path
formed by pj«pg, pgv and the search path between v and pg, the vertex v,

cannot block popaux. Contradiction.
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Figure 4.20: Proof of Lemma 4.8.6. (a) the angle pppaux is less than a. (b) the vertex

v has to be below the line pyov.

Lemma 4.8.7. Suppose that p is in the simple guard sub-state, see section 4.6.2. While

the pursuer is moving back to paux the evader cannot cross the segment PoPaux-

Proof. Refer to Fig. 4.21-(a) let py and ey be the position of the players at the beginning
of the Simple Guard. Hence z(pg) < x(ep) Observation 4.5.1. We will show that for all
points A on the line segment between p,ux to pg, the length of pgA is smaller than the
length of the shortest path from ey to A minus one. Hence if e tries to cross the popaux
at A is will be captured by p. Specifically we show that Apy — Aey < 1. First observe
that the angle pauxpo is equal to or smaller than «a, see Lemma 4.8.6. Let H be the

point on Y, where AH is perpendicular to Y.

1. a = 11: In this case we have cosa = (1 —1/D?)%%  Apy < D, 1< D. Asa
result, it must be that Apg(1—cosa) < D(1—(1—-1/D?)%%) = D—(D?*-1)%5 < 1.

2. a = Yy < YP1: Here we have cosy; < costpy, —costps = —cosa < —cos.
Therefore, Apg(1 — cosa) < Apo(1 — costpy) < 1.

O]

Lemma 4.8.8. At the beginning of Vertical Guard invoked from Simple Guard we
would have sina < h = y(¢_quz) — y(p).-

Proof. Recall that here cp,,. = paux. In the following, the key observation is that the
angle between p,uxp and the x-axis is smaller than «, see Lemma 4.8.6.
Note that e has to cross the line p,uxp before crossing l,. From pauxp to [, the

pursuer follows e by lion’s move with respect to paux. Now consider the time-step that



82
p and e are on paup. Let p’ and €’ be the position of the pursuer and the evader after
one step of the lion’s move with respect to paux. According to Lemma 4.8.9 the distance
from all points on pauxp to all points on [, is equal or greater than one. Therefore ¢’ is

a point in between paup and [, see 4.21-(b).

1. 1 < pauxp: Because of the lion’s progress pauxp < Pauwxp’.- Hence 1 < pauxp’.
Moreover p’ is in between the puuxp and l,. Thus sina < h = y(paux) — y(p') see
Fig. 4.21-(c).

—

2. Pauxp < 1: Let A = Xp NY,. There are three cases:

(a) p’ is outside the unit circle: Here, similar to the first case we have sina < h.

(b) z(p') < z(p), see Fig. 4.21-(e) and (f) for p): We have h = Ap,. Thus,
Ap
PauxP

Ap < cos a, h? =1 — Ap?. Thus, we have sina < h.

< cosa. Hence, pauxp < 1, Ap < pauxp - cosa < cosa. Therefore,

(c) z(p) < x(p'), see Fig. 4.21-(d) and (g) for pj: In this case, we have § <

T _

T —a,sina < cos B,ppy = 1,h = cos . Thus, sina < h.

O

Lemma 4.8.9. Let p,ux be a point inside Q. Consider the a-line passing through paux,

the unit circle centered at paux, and the vertical line 1, = %

Paux *

For all points e above
the a-line and all points €' on 1, in which e and €' are outside the unit circle we would

have 1 < ee’.

Proof. Refer to Fig. 4.21-(b) note that e/ = tanf; + tanfy where 61 + 6y = 7 —
«. The function tanf; + tanfy — 1 is positive for a angles equal or smaller than
Py = (5 — 2arctan%). Hence 1 < ee’ for a which is equal or smaller than 1. See
Definition 4.5.2. O
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Figure 4.21: e cannot cross pauxp during simple guard

4.8.4 Vertical Guard and Horizontal Guard

Lemma 4.8.10. The vertical guard circle centered at c prevents e from escaping to

upper chain vertices which are to the left of pret-

Proof. See Lemma 4.8.13. O

Lemma 4.8.11. If during vertical guard strategy e disappears behind a vertex to the left
of l,, then the resulting pocket would be a simple pocket. Also refer to Fig. 4.12 parts

(b) and (c).

Proof. The vertex that defines the pocket must be from the lower chain (Lemma 4.8.10).
In this figure, because of monotonicity the pocket in the left is impossible and hence

the pocket must be an simple pocket (middle part of the figure). ]

Lemma 4.8.12. Feasibility of the Horizontal Guard. Suppose that p invokes the
horizontal guard sub-state. Then, the radius of the circle centered at c is finite (i.e.

upper bounded) and the pursuer can perform lion’s move with respect to c.

Proof. Recall that the pursuer performs the horizontal guard strategy when: (1) the
previous search state was on pocket(v, ) where v is inside the 27? or the 4% type critical

sub-polygon, and (2) z(v) < z(p) < x(e) and y(p) = y(e) = y(v) (Lemma 4.6.1).
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Note that z(v) < z(p) < z(e) and y(p) = y(e) = y(v) can occur only when the
evader appears while p is on the horizontal line passing through v (i.e. the first step)
(see Fig. 4.22). If p is on other steps, similar to Lemma 4.8.5 we can show that the
zig-zag moves are sufficient.

Also note that since the slope of the entrance 7 is positive, at the beginning of G
state (end of the S state) the evader would be in the first quadrant of p.

Similar to Lemma 4.6.3, it can shown that the radius of the circle centered at c is
upper bound if we could provide a lower bound for z(p)—z(v). Note that 1 < z(p)—z(v).
This is because during search p is moving in the direction of the z-axis (the horizontal
line passing through v which is on the first step). Even if the evader appears as p moves
for € < 1 (during the one time unit of the S state), the pursuer immediately switches
to the G state and moves for the residual move toward 7(Op,e) (the residual move is

(1 —€)). Therefore at the time that e crosses X,, we would have 1 < z(p) — z(v). [

” g

(a) (b)

Figure 4.22: (a) The configuration that p performs the horizontal guard strategy. (b)

The horizontal guard circle centered at c.

Lemma 4.8.13. Feasibility of the Vertical Guard. Consider the vertical guard
state, section 4.6.3. Then all upper chain vertices before caux are above cauxl. Therefore,
p can perform the lion’s move with respect to caux and c. In other words, the next location

that p must move to according to the lion’s move is in the free space.

Proof. Note that the vertical guard state can be invoked from zig-zag guard, simple

guard. Therefore, c,ux = v (in case of zig-zag guard) or caux = Paux (in case of simple
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guard).
In the following, we present the proof by arguing the 15 and the 2"¢ type critical

sub-polygons. The other two types are symmetric.

1. Caux = v (i.e. the vertical guard is invoked from zig-zag guard): Here, v must
be a vertex inside the 1% type and moreover at the beginning of the G state p
must be inside the same critical sub-polygon (see section 4.6 and Lemma 4.8.5).
Also note that v € Chainy. To see this suppose that v € Chainy. Recall that
the search path on pocket(v,T) starts by the step-path, then continues along the
a-path and then the step-path (section 4.5). Let I; be the intersection of the
first step-path with 0Q). Recall that p performs the zig-zag guard when e appears
inside its fourth quadrant (section 4.6.1). Suppose that p is in between v and I;.
According to zig-zag guard, the pursuer moves downward and to the left. Hence
the evader cannot force the pursuer to retreat beyond v (the players will hit Q).

When p is after I; the similar result is valid.

Therefore only when v € Chainy, the pursuer invokes the vertical guard during
zig-zag guard. In the following we prove that all upper chain vertices before v
are above vI. Let us refer to the current GG state as Go and the S state before it
(which is on pocket(v, 7)) as Sa. Also, let statepre, be the state before Sp. Hence

the sequence of states is statepreyS2Go.

(a) statepre, = L: Let wjwg be the edge on II so that z(w;) < z(v) < z(w2).
Then v must be in the fourth quadrant of w;. Because otherwise pocket(v, )
would be a simple pocket and p can recover the L state by following the
simple pocket strategy presented in section 4.8.5. Since the slope of edges
on II before w; is negative (Lemma 4.8.2) it must be that all upper chain

vertices before v are above vI.

(b) stateprey = G: Let us denote this G state as G and its previous S state as
S1. Hence the sequence of states is S1G1S52G5. Also suppose that S7 is on
pocket(vy, 7).

i. Gy is zig-zag guard and v; € Chainy: We continue by an inductive

argument as follows. Suppose that for all invokes to the S state before
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So all upper chain vertices are above the corresponding horizontal line.
In other words, all upper chain vertices before v (in S7) which are before
v1 are above the horizontal line passing through v;. Note that during
S1, the pursuer moves downward and to the right. During G, which
is a zig-zag guard, the pursuer moves downward and to the left and
moreover the evader remains inside the fourth quadrant of the pursuer.
See Fig. 4.23(a). Hence all upper chain vertices are above the horizontal
line passing through v.
Now we prove the property for the first invoke to G. Therefore, the se-
quence of states is So(Go... where Sy is the first search state which is done
on pocket(v, 7). Observe that the first time that the pursuer invokes S in
a critical sub-polygon, the vertex v € Il. Even if the sequence of states is
LS5Gs..., either pocket(v, r) is a simple pocket which p can recover the L
state by following the simple pocket strategy, or the property must hold
for v.

ii. G is zig-zag guard and v; € Chainy: Likewise, since all upper chain
vertices are above the search path and the blocking vertex v is inside the
fourth quadrant of p’s location during G;. See Fig. 4.23(b).

iii. 1 is simple guard: Recall that v € Chainy. According to the simple

guard the entrance of pocket(v, T) is 7 = pauxv Where p,uy is the auxiliary
reference point defined in G;. Note that v must be inside the fourth
quadrant of p,ux because otherwise pocket(v, ) would be a simple pocket
and by following the simple pocket strategy (section 4.8.5) the pursuer
will recover the simple guard strategy.
In the following we show that in simple guard all upper chain vertices
before p,ux are above the horizontal line passing through paux. Therefore
all upper chain vertices before v are above the horizontal line passing
through v. See Fig. 4.23(c).

(¢) Caux = Paux (i.e. the vertical guard is invoked from simple guard): By an
inductive argument we show that all upper chain vertices before p.s are
above the horizontal line passing through p.s. Using this we show that all

upper chain vertices before p.ux are above its corresponding horizontal line.
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In our inductive argument we also use the result obtained above: all upper
chain vertices are above v if v € Chainy and v is defining pocket(v, ) being
searched in an S state.
Suppose that the property holds for the current py¢. Then referring to sec-
tion 4.6.2, the point paux is defined based on the location of p at the beginning
of the simple guard. Let us denote the current guard state as G2 and the
previous search state as Sy which is performed on pocket(v, 7). Also recall

that po is the location of p at the beginning of Gy (section 4.6.2).

e If pg is in the portion of the search path, from v to vaux: Recall that here
v € Chainy, and paux is the bottommost vertex from the upper chain
which is in the region in A[p.f] and to the left of the ray poprer. See
Fig. 4.24(a). Since paux is the bottommost vertex in this region and all
upper chain vertices are above the horizontal line passing through py.r,
the property also holds for p,ux. Also recall that we update pref t0 Paux
at the end of the simple guard (Lemma 4.6.2). Therefore, the property
is valid for the next pyet point.

e If pg is in the portion of the search path from v,y to the floor point: First,
suppose that v € Chainy,. Since all upper chain vertices are above the
search path, the property holds for p,ux. Next suppose that v € Chainy.
Since the y coordinate of the points on the search path is decreasing and
all upper chain vertices are above the search path and the property holds

for v, we conclude that the property also holds for payx.

e If pg is in the portion of the search path after the floor point: Recall that
if wy # w), i.e. a and peei) are not in between the endpoints of the same
edge on II, then p,ux = w], see Fig. 4.24(b). Note that since w] € II, the
property holds for paux = wj.

If wy = wi, i.e. @ and peey) are in between the endpoints of the same edge
on II, then p,ux is the bottommost vertex from the upper chain which
is inside A[peen] and to the left of the line connecting peeyy to po, see
Fig. 4.24(c). Here, v could be from the lower chain or the upper chain.
In the case that v € C'hainy, since all upper chain vertices are above the

search path the property will be concluded. When v € Chainy, since the
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property is valid for v and p,ux is the bottommost vertex, the property

is concluded.

U1

Figure 4.23: All upper chain vertices are above vI. The search path on vy is shown in
green and the path traversed during G is shown dash green lines. (a) v; € Chaing.
Here G is a zig-zag guard. (b) v; € Chaing. Here GG is a zig-zag guard. (c) Here Gy

is a simple guard.

Figure 4.24: Fig. 4.17 shown for convenience. The path II is shown in dots. Note
that all upper chain vertices are above II. (a) Here paux is the bottommost vertex from
Chainy in the shaded region. (b) Here paux = W) (Peeil = v). (€) Paux is the bottommost

vertex from Chaing in the shaded region (peeiy = v).

4.8.5 Simple Pockets

The pocket pocket(v,T) is called a simple pocket if its boundary except the entrance 7,

is a single z-monotone chain and the angle between 7 and the y axis is smaller than 7.
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The pursuer by following the MPC strategy described in this paper, can force the
evader to exit the pocket in order to prevent capture. The only difference is that during
search it is sufficient to move along 7 in order to find e. As the evader is found the
pursuer starts the simple guard strategy presented in Sect. 4.6.2 i.e. it moves toward v

along 7. Note that e cannot cross the segment between v and p because of the slope.

Lemma 4.8.14 (Simple Pockets). By following the MPC pursuit strategy on a simple
pocket pocket(v,T), after at most O(n?D3) time-steps, e is forced to cross the entrance
and exit the pocket in order to prevent being captured. At the crossing time, p and e
both lie on 7 and p is in between v and e, see Fig. 4.12-(d). The only difference is that

during search the pursuer moves along 7.

Proof. First observe that p will eventually stop performing the current state, which can
be one of: Search, Guard or Lion, and switch to the next state. Suppose that the
current state is Guard. Then the next state can be either Lion or Search.

In the former case, the pursuer gains lion’s progress with respect to v until e is
captured or e disappears behind a vertex v’ in the new pocket pocket (v, };17 ) or e exits
the initial pocket.

In the latter case, the vertex v' which defines the new pocket pocket(v’, 1727 ) has the
property that x(v) < x(v"). Hence the new pocket is a smaller one contained in the
original pocket.

To complete the proof, note that once the evader hides behind a vertex, say v, it
cannot disappear behind the vertex for the second time.

Since there are n vertices and the entrance is traversed twice, once during search
and once during guard, the total time spent in the guard and search states would be
O(2nD). Together with O(nD?) required for extended lion’s move progress, the total
capture time would be O((nD?) - (2nD)) = O(n?D3).

It remains to show that the entrance of all possible new pockets is positive and hence
we can recursively use the simple pocket strategy. Clearly, all possible new pockets after
the Guard state has positive slope since v’ is inside pocket (v, 7).

Next, we show that all possible pockets after the lions move state must have positive
slope. Since during lion’s move, p lies on the edge parent(e)e, the entrance ;;17 is in

direction of the tree edge parent(v')v’. See Fig. 4.25(a). Therefore, it is enough to show
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that in the shortest path tree rooted at v all edges have positive slope and hence if the
evader disappears during Lion’s state, the new pocket pocket(v’, ﬁ ) will have positive
slope entrance (the entrance is ﬁ ).

Suppose that there is an edge uw on the shortest path tree rooted at v with negative
slope i.e. u is the parent of w in 7(v,w). We will show that there exists a path from
v to w which is shorter than 7 (v, w) which is a contradiction. See Fig. 4.25(c). Since
the original pocket had a positive slope, there exists a vertex u’ below vw such that w
is visible to u/. Note that u' can be v itself. Also since w is visible to wu, it must be
that z(u') < x(u) because otherwise v’ would block the edge uw (note that slope of
uw is negative and the slope of w/w is positive). Then according to the triangulation
property the shortest path from v to u’ followed by the edge w/w yields a shorter path

than (v, w) = 7(v,u) + uw. A contradiction. O

Figure 4.25: (a) The evader disappears into the shaded pocket. (b) Result of
the simple pocket strategy. (c¢) Proof of Lemma 4.8.14.
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4.9 Concluding Remarks

In this chapter, we showed that a single deterministic pursuer with line-of-sight visibility
can capture an evader whose speed is equal to the pursuer’s in any monotone polygon.
We present our strategy on x-monotone polygons where the x coordinate of the points
along the boundary increases from the left-most point to the right-most point. Our
proposed strategy has three states: search, guard, and lion’s move. In the search state,
the evader is invisible and the goal of the search sub-strategy is to find the evader. In
the lion’s move state, the evader is visible and furthermore the pursuer is on the shortest
path between the evader and the left-most point on the boundary of the polygon. As a
result, the pursuer can perform the lion’s strategy and make progress. The guard state
is an intermediate state between search and lion’s move, which enables the pursuer to
locate itself on the shortest path to the evader. In other words, the guard state enables
the pursuer to chase the evader by lion’s move. As the pursuer is performing its strategy
it is possible that it retreats back to the left. We show that even though the pursuer is
retreating, it is making progress and hence the evader is captured in finite time.

In the next chapter, we study the full-visibility version of the pursuit-evasion game
where the players are aware of each other’s location at all times. We will study the

game on three-dimensional surfaces.



Chapter 5

Pursuit-Evasion Games with
Full-Visibility

In Chapter 4, we studied a variant of the pursuit-evasion game where the pursuer has
line-of-sight vision in a monotone polygon. In this chapter, we turn our attention to
the full-visibility case, i.e., when both players have complete knowledge of the location
of their opponent. We study the game when played in a more complex environment:
the surface of polyhedrons. First, in Section 5.2 we investigate the game on general
polyhedral surfaces. We show that there exists a finite-time capture strategy with three
pursuers even in the presence of obstacles. Then, in Section 5.3 we show that surfaces
of convex terrains (height-maps) are single-pursuer-win.

Let us start this chapter by presenting the game model and the notation used

throughout the chapter.

5.1 Game Model and Notation

A team of a finite number of pursuers, denoted by p1,po,...,p, wish to capture an
evader which is denoted by e. When our pursuit strategy involves only one pursuer (in
Section 5.3), we drop the subscript and denote the pursuer by p.

Throughout this chapter, we consider the discrete time turn-based version of the
lion and man game: The players take turns and each turn takes a unit time step. At

the beginning of the game, first the pursuers choose their initial positions and then the
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evader places itself. Afterwards, the pursuers move first, followed by the evader’s move.
The pursuers can move simultaneously or sequentially as long as they finish their moves
within their turn. In one time step each player can move along any path contained
in the environment which is at most one unit in length. The players can observe each
other’s locations at all times. The pursuers’ goal is to capture the evader in finite time.
The evader is captured if at any time the distance between some pursuer p; and the
evader is less than the capture distance ¢§. The pursuers win the game if they can
capture the evader in finite time, while the evader wins if it can escape forever.

The game environment is denoted by S§. Roughly speaking, S is the surface of a
polyhedron. Later in each section we will give a more accurate specification of the
environment we study (polyhedral surfaces with obstacles in Section 5.2, and convex
height-maps in Section 5.3). The surface S is represented by a set of faces f;, a set
of edges e;, and a set of vertices v; (Fig. 5.1(c)). We assume that each face f; is
triangulated, which can be done in time O(nlogn) where n is the number of vertices on
a polygonal face [78]. Thus, each face f; is a triangle. An edge joins exactly two vertices
of the polyhedron. A boundary edge lies on exactly one face, while a non-boundary
edge is on two adjacent faces.

We denote the boundary of a set R C S by OR.

An arbitrary path on the surface, which is not necessarily a shortest path, is denoted
by II. For a given path IT on S, we use |II| to denote the length of II. A geodesic shortest
path between points a and b is denoted by II*(a,b). The length of IT*(a,b) is denoted
by d(a,b). We drop (a,b) if the source and destination points of II* are clear from
the context. Given two points p and g on II we denote the sub-path of II from p to
q by II(p,q). Given two paths II;(a,q) and Il2(g,b), we denote the path obtained by
concatenating them at g by Ilj(a, q) + Il2(gq,b). Given two points p and ¢ on the same
face of S, we denote the line segment between them by pg and its length by [pg].

We are now ready to start our investigation of the game on polyhedral surfaces.

5.2 Three Pursuers on Polyhedral Surfaces with Obstacles

In this section, we show that three pursuers suffice for capture on a polyhedral surface

(Fig. 5.1(a)) when the capture distance is non-zero. We show that our pursuit strategy
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is applicable even if the surface does not have boundary, and also in the presence of
“obstacles” i.e. subsets of the surface that neither player can enter. As an example,
Fig. 5.1(b) shows a geodesic terrain which is a special case characterized by unique
height values for points in the two-dimensional plane.

To be more precise, in this section the environment S can be the surface of any
polyhedron possibly with obstacles. Obstacles are forbidden subsets of S that neither
the pursuers nor the evader can enter. Topologically, the surface in the absence of
obstacles may be equivalent to a disk, in which case it has a boundary, or a sphere, in
which case it does not have a boundary. Each obstacle is homeomorphic to a disk in

R2. Obstacles are added by punching holes on the surface without introducing handles.
We denote the set of obstacles on S by {O1, O, ...,On}.

(a) (b) (c)

Figure 5.1: Illustration of the key concepts. (a) A polyhedral surface which is not
a terrain. When the red face is excluded the surface has a boundary, and thus is
homeomorphic to a disk. If it is included in S, the surface is homeomorphic to the
surface of a sphere. (b) A geodesic terrain. When the players are restricted to stay
outside water, the lakes are modeled as obstacles. (c) A triangulated polyhedral surface.
Here, faces are the triangles, edges are shown as line segments and vertices are depicted

as dots.

We present a pursuit strategy which uses a subroutine for guarding shortest paths
inspired by Aigner and Fromme [28] (see Chapter 3). We show how the evader can
be constrained to a region formed by two shortest paths each of which is guarded by
a pursuer. We use the third pursuer to split this region to two smaller regions such
that one of them contains the evader. The splitting algorithm is applied iteratively. We

prove that the evader will be captured in finite time by obtaining a lower-bound on how
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much the evader’s region shrinks at each iteration.
This section is organized as follows. In Section 5.2.1 we discuss the required modules
for our strategy. The details of the pursuit strategy are given in Section 5.2.2. In
Section 5.2.3 we show that the evader is captured in finite time. Finally, in Section 5.2.4

we present the lemmas required for the analysis of the correctness of our strategy.

5.2.1 Ingredients of the Pursuit Strategy

At a high level, our three pursuer strategy for capturing the evader on S is similar to
the strategy proposed in [38] for polygonal environments with obstacles. Let us start by
presenting the idea for polygons. The pursuit strategy is divided into phases. In each
phase, the pursuers make progress by restricting the evader to a smaller region. Let us
refer to the subset of S that the evader is restricted to during the i** phase as the con-
taminated region and denote it by S;. The strategy has two components: guarding
and splitting. Two pursuers guard the boundary of the current contaminated region
S; in order to prevent the evader from exiting S;. A pursuer can guard a shortest path
IT by locating itself on the projection of the evader onto II. The evader cannot cross II
without being captured by the guarding pursuer. Therefore, we maintain the invariant
that the subsets of JS; that are guarded by two pursuers are shortest paths in S;.
Since only two pursuers are used to guard S;, the third pursuer is free. This third
pursuer splits §; into two smaller regions by guarding a third shortest path inside §;. The
splitting shortest path is selected in such a way that one of the two pursuers guarding S;
becomes free. This allows the pursuers to continue the splitting process until capture.
The evader will be now restricted to one of the resulting smaller regions inside S; which
is denoted by S;+1. The evader can never return to S; \ S;+1. Furthermore, using the
free pursuer the splitting process can be continued on the new contaminated region

Siy1-
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Figure 5.2: The paths I, IIs, and II3 are shown with dashed lines and 9§ is shown
with solid lines. (a) The path II3 is selected as the shortest path between a; and by
when a; # ag,by and by # ag,ba. (b) In polygons multiple shortest paths are possible
only because of obstacles. (c) On a polyhedron multiple shortest paths can be built by
hills and valleys.

The critical parts of the strategy are choosing the path for the splitting procedure
and showing that progress toward capture is guaranteed after each splitting step. There
are significant differences between the polygonal and polyhedral cases involving these
steps. First, let us explain the difficulties in the splitting step. Suppose that S has a
boundary. Let II; and Il be the two paths on 0S; that are guarded by pursuers pq
and po respectively. Let a; and b; be the two endpoints of I, and as and bs be the
endpoints of Ils. Initially, a;,b; are chosen on dS. If these endpoints are disjoint, i.e
a1 # az,ba and by # ag, by, then it is not too difficult to see that a path II(ay,bs),
which is a shortest path inside S;, can be used for splitting (Fig. 5.2(a)). Next, suppose
a1 = ag but by # be. In this case, we can pick a point ¢ along the portion of the
boundary from b to be and use a path II(aj, c), which is a shortest path inside S;, to
make progress.

The remaining case a; = as and by = by, i.e. when there are two shortest paths
between a; = ag and by = by, is challenging on a polyhedron (Fig. 5.2(c)). In particular,
after removing II; and Ils, the next-shortest path between a1 and b; can be infinitesi-
mally close to either IT; or IIy. Let us refer this candidate path as I, (Fig. 5.3). If
we choose II3 as Il,,;,, then the splitting procedure may go on forever and we cannot
have finite time capture. On the other hand, if we choose any other path as Il3, then

p3 may not guard II3. This is because the evader can cross II3 by traveling along I1,,;,
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since I1,,;, is shorter than II3.
In polygonal settings, multiple shortest paths between two points are possible only
when they touch obstacles (Fig. 5.2(b)). In this case, the contaminated region is dis-
connected and we can make progress by removing components that do not contain the

evader.

ITy

Figure 5.3: After removing IIy, Ils, the next shortest path IL,,;, can be very close to
Iy, Tls.

In order to find the splitting path in the case of multiple shortest paths, we make use
of the capture distance d of the pursuers. In particular, for each of the shortest paths II;
we define a capture region as a region around II; that the evader cannot enter without
being captured by the guarding pursuer p;. Let C(II;) denote the capture region of II;.
We use the intersection points between 0C(II;) and OC(Il2) as the endpoints of the
splitting path (Section 5.2.2).

In order to show that the number of splitting phases is finite, the first idea is to
provide a lower bound on (area(S;) — area(S;+1)). In particular, it must be shown that
there exists a constant number € > 0 such that (area(S;) — area(S;+1)) > €. Instead of
directly computing the area, which is hard, we partition the surface of the polyhedron
into %—small triangles, that is, triangles with all sides shorter than %. We show that
at the end of each phase the pursuers claim at least one of these triangles as cleared
for the rest of the game, i.e. the evader cannot return to the cleared triangles. This
provides a lower bound on the progress.

Our result is the following theorem which we will prove in Section 5.2.3.

Theorem 5.2.1 (Finite time capture with three pursuers). In the lion and man game

on a polyhedral surface S, possibly with holes, three pursuers with non-zero capture
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distance 0 can capture the evader in time O(((SAQ +L4 N)28) where A denotes the area
of the surface, L is the sum of the lengths of the edges on S, and N is the number of

triangular faces used in the representation of S.

In the following, we formally present the definitions of projections used for guard-
ing the evader region, capture regions used for shrinking the evader region, and small

triangles used to prove capture.

5.2.1.1 Projection

In Section 3.1.7 we introduced the concept of projection mapping. Recall that the
projection of the evader onto II* is a point on II* which is closer to each point on II*
than the evader. Aigner and Fromme [28] discussed guarding of shortest paths on graphs
using projections. This idea was later used for guarding shortest paths in polygonal [38]
and polyhedral environments [43]. Inspired from the guarding strategies in [28] and [38],
Klein and Suri [43] show that shortest paths on polyhedral surfaces are guardable using

the following projection mapping;:

Definition 3 (Projection mapping [38]). Given a shortest path 11*(a,b) between two
points a and b, and the current evader location e, a point p(e) on I1*(a,b) is a projection

mapping of e onto IT* if d(a,p(e)) = min(d(a, e),d(a,b)).

In order to guard II*(a,b), the pursuer can locate itself on the projection of the
evader as follows. The pursuer starts from a and moves along IT*(a,b) towards b. As
the evader moves its projection gets closer or farther away from the pursuer. Since the
pursuer is moving in the same direction, it will eventually reach the evader’s projection.
The number of required steps is bounded by O(D +d(a, b)) where D is the length of the
longest shortest path on S. Here, the O(D) component accounts for the number of steps
required for the pursuer to initialize itself on a, and the d(a,b) component accounts for
the number of steps required to travel along the path IT*(a,b) from a to b. The total
number of steps is O(D) because d(a,b) < D.

When the pursuer establishes its location on the evader’s projection, it can maintain
its position on the projection of the evader as the evader moves. In other words, as the
evader moves from e; to e;y1, the guarding pursuer can move from the projection of e;

to the projection of ;11 in one step. This is because d(a, p(e;)) = min(d(a, e;),d(a,b)),
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d(a,p(et+1)) = min(d(a, e441),d(a,b)), and moreover d(a, e;+1) < d(a,e;) +d(es, e41) <
d(a,et) + 1. For a more elaborate proof, see [38].

The second important property of the projection is that since the projection is closer
to all the points on IT* than the evader itself, the evader cannot cross II* without being

captured [38].

5.2.1.2 Capture Regions

For a given shortest path IT*, its capture region, denoted by C(II*), is defined by:
* ¥ o
C(II) ={geS:Fpell’, dpg) <3} (5.1)
The following properties of the capture region play a crucial role in our strategy.

Lemma 5.2.2. Let II* be a shortest path that is being guarded by a pursuer located on
the projection of the evader. Then, the evader cannot enter the capture region of II*

without being captured.

Proof. Suppose that on its turn the evader crosses C'(II*). That is, the evader moves
from e; to ez to e3 such that e; € C(IT*) (Fig. 5.4). If es € II* then the evader is
captured because the pursuer is located on ey which is the projection of es. Otherwise,
let p; and py denote the projection of e; and ez onto II* respectively. Since ey € C(II*),
there exists a point ¢ € II* such that d(q, e2) < % (Eq. 5.1). We show that the pursuer

can capture the evader on its next move.

€3 el

"

q
D2

b1

Figure 5.4: C(IT*) is shown in gray. The evader will be captured if it enters C'(IT*).

More specifically, we prove that the path IT = ITI*(p1, p2) + IT*(p2, q) + II*(g, €2) +

IT* (e, e3) has length less than 1+ §. Thus, the pursuer can move along II for one unit,
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and at the end of the move its distance from the evader is at most §. Therefore, the
evader will be captured.

First, p1, p2 are the projections of e1, es respectively. Therefore, d(p1,p2) < d(eq, e2).
Next, since py is the projection of ey it is closer to ¢ than e is (Section 5.2.1.1). In
other words, we have d(p2,q) < d(e2,q). Recall that d(ez,q) < % by definition of ¢ .
Thus, d(p2,q) < %.

Finally, notice that the length of the evader’s path from e; to es is at most one.

Thus, d(e1,e2) + d(ea, e3) < 1. Consequently, we have:

10| = d(p1,p2) + d(p2,q) + d(q, e2) + d(e2, e3)

O 0
<d(e1,e2) + B + 3 + d(eg,e3) < d(ei,e2) + 0+ d(ez,e3) <1+0

Thus, the pursuer can take Il and and the end of the move, it can capture the evader. [

Next we show that the capture region is a connected set. As we will see later in

Section 5.2.2, this property allows us to analyze our divide-and-conquer approach.
Lemma 5.2.3. Given a shortest path I1*, its capture region C(II*) is connected.

Proof. Assume to the contrary that C'(IT*) is not connected, and let R be one of the
connected components of C'(IT*). Let g be an arbitrary point in R. According to Eq. 5.1,
there exists a point p € IT* such that d(p,q) < g. Let [ be a shortest path between p
and ¢g. The length of [ is d(p, q) which is less than g. Therefore, all of the points on [
are in C(IT*). Thus, R is connected to IT* through [. Consequently, all components of
C(IT*) are connected to IT*. Hence, C(II*) is a connected set. O

Remark 7. The capture region of a shortest path is not necessarily a polyhedral subset
of S because the boundary of the capture region can be curved e.g. it can contain circular
arcs. In this paper, we assume that we have an oracle that computes the capture region

of a given shortest path.

5.2.1.3 Triangulation into Small Triangles

As we discussed earlier, we will partition S into small triangles in order to show that the

evader will be captured in finite time. Later in Section 5.2.3 we prove that after each



101
phase the pursuers remove at least one of the small triangles from the contaminated
4

region. In the following, we present the algorithm for triangulating the faces into §-small

triangles where ¢ is the capture distance. We also bound the number of triangles.

Definition 4 (Small Triangles). A triangle is a-small if all of its edges are shorter than

«.

Recall that the input surface is represented as a mesh of triangles. In the following,
we show how each of these triangles can be further partitioned into g—small triangles.
Suppose that Aabc is a triangle which is not g-small.

In the first step, we find one of the bounding rectangles of Aabc as follows. In any
triangle we have at least two vertices whose angles are less than 7. Let b and ¢ be those
vertices in Aabc. We choose the bounding rectangle such that one of its edges is bc
(Fig. 5.5). The length of the other edge of the rectangle, which is perpendicular to be,
is the same as the height of the third vertex a with respect to the edge be (Fig. 5.5).

Figure 5.5: Triangulation of Aabc into g—small triangles. Case (1) and Case (2) are

shown in part (a) and part (b) respectively.

Let us denote the vertices of the bounding rectangle by b, ¢, e, d as shown in Fig. 5.5(a).
There are three cases based on whether the edges of the rectangle have lengths less than
g or not.

Case (1): Both of the edges bc and bd have length greater than % (Fig. 5.5(a)).
In this case, we put a grid of squares of side length g on the rectangle. Since both
bc and bd have length greater than % we have O(%—C‘.%—d') square cells. Notice that

O(@.@) = O(%) where A; is the area of Aabc.
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We next partition each square cell into four g—small triangles using its diagonals. In
the final step, we consider only the small triangles that are covered by Aabc. Some of
these small triangles might intersect the edges ac and ab. As a result they are divided
into smaller triangles, quadrilaterals or pentagons. This is because the edge ac divides
a triangle into a triangle and a quadrilateral. If the edge ab intersects the quadrilateral,
a pentagon is introduced! . We can easily partition the resulting quadrilaterals and
pentagons into O(1) %—small triangles by adding diagonals. Therefore, the number of
small triangles on Aabc is O(%) where A; is the area of Aabe.

Case (2): Exactly one of the edges bc and bd has length greater than % (Fig. 5.5(b)).
In this case, we create a grid of single row with width equal to the longer edge. Using
this grid, we can partition Aabc into O(%) small triangles where L; denotes the length
of the longest edge of Aabc.

Case (3): Both of the edges be and bd have lengths less than g. In this case, Aabc
is already g—small.

We apply this partitioning algorithm to each triangular face on & which is not %—

small.

Lemma 5.2.4. Using the triangulation algorithm above, the polyhedral surface S is
partitioned into 0(5% + % + N) small triangles where A is the area of S, L is the sum
of the lengths of the edges on S, N is the number of triangles in the original mesh

representation of S, and § is the capture distance.

Proof. The surface is initially represented by a mesh of N triangles (see Section 5.1).
Each of these triangles falls into one of the three cases of the algorithm above. The
three cases introduce O(%), O(%) or O(1) small triangles where A; is the area and
L; is the length of the longest edge on the corresponding triangle. Notice that L; =
max (|a;b;, laici, |bici|) where Aa;bic; is the it* face on S. Therefore,
> Li<2L
Aa;bic;
where

L= Z (|aibi| + laici| + |bicil)
Aa;b;c;

1 Since ac and ab intersect each other at the endpoint a, the quadrilateral is cut into a triangle and

a pentagon and not a 6-gon.
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As a result, we have

small triangles in total. O

5.2.2 The Three Pursuer Strategy

We are now ready to present the details of our pursuit strategy. Let us denote the
paths II;, IT, and II5 guarded at the i*" phase by IT}, T, and IT§ respectively. Moreover,
let a; and b; be the two endpoints of H; for j < 3. The pursuer p; is assigned to guard
the path II;.

5.2.2.1 Initialization: Phase i =1

We first present the initialization of II; and Ils. Initially in the first phase ¢ = 1, two
distinct points in S are selected as the endpoints of II;. Then II; is a shortest path
between a; and b; inside S. If 9C(I1;) \ S = @) then by Lemma 5.2.14, the evader will
be captured by the pursuer p;. If OC(II;) \ S # 0, the endpoints of IIy are selected
as two arbitrary points in dC(IIy) \ 0S. See Fig. 5.6. Then, I3 is a path that connects
az to by and is a shortest path inside S\ C(II;).

Note that even though the endpoints of Il; are selected arbitrarily, Il will not inter-
sect Iy since II; is contained inside C(II;). As we will formalize later, the property that
II; does not intersect Il is an invariant that the pursuers try to maintain throughout
the game.

Two pursuers p; and p2 guard II; and Il by locating themselves on the projection
of the evader onto II; and Iy respectively. Therefore, at the end of the first phase, the
evader is restricted to lie in the region S = S\ (C(II1) U C(Il)).
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Figure 5.6: Initially, II; is selected as a shortest path between two arbitrary points in
S\ O. Recall that Uf\i 100; C 0S. The obstacles are shown in black while the capture
regions are depicted in gray. The endpoints of Il are chosen as non-boundary points
on 9C(I1y).

Definition 5 (The contaminated region S;). The contaminated region S; is the con-

nected component of S;_1 \ (C(IT}) U C(I14)) that contains the evader at the i'" phase.

The evader cannot exit S; without being captured. The region S; is bounded by
C(I1%), C(I1) and OS. Notice that initially Sy = S.

5.2.2.2 Invariants

By exploiting the properties of capture regions, which we discuss shortly, we will show

that the pursuers can maintain the following invariants:

e Invariant (I0): At each phase i, the boundary of the contaminated region 9S; is

topologically equivalent to a Jordan curve.

e Invariant (I1): At each phase i, the structure of 9S; falls into one of the following

two cases (Lemma 5.2.7). Fig. 5.7 shows an illustration.

— Case (1): 0S; is composed of a connected non-empty subset of 0C (H;l) uoS
and also a connected non-empty subset of 0C (H;-Z)U(?S where j1,j2 € {1,2,3}
and j; # js. In other words, both paths contribute to the contaminated

region.
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— Case (2): 9S; is composed of a connected non-empty subset of 0C (H; )uas
(j1 € {1,2,3}). In other words, only one path contributes to the contami-

nated region.

Remark 8. From now on, for simplicity of notation we re-label the paths and their

guarding pursuers at the beginning of each phase such that j1 =1 and jo = 2.

e Invariant (I2): The paths I} and II5 do not intersect each other.

In Lemma 5.2.5, we present a property of capture regions, which is crucial to main-
tain the above invariants. We provide its proof in Section 5.2.4. In the lemma, we
consider the connected components of dS; and label them as A, B, C based on whether

they are associated with II,IIs or 0S.

Lemma 5.2.5. Suppose that 0S; is partitioned into a set of connected components
{Al,AQ, cee ,Akl,Bl,Bg, s ,BkQ,Cl,C’Q, e ,C]%} such th(lt Aj g 60(1‘[11) \ 80(1_[12),
B; C 9C(IY) \ 9C(ILy), and C; C 0S. Let Ly = \JZi" Aj, Ly = UZ}* B and

F= Ugi’fS Cj. Then there exists a partitioning of F' into Fy, Fy such that both F; U Ly

and Fy U Ly are connected.

Intuitively the lemma says that if 0S; is composed of dS, dC(I1%) and AC (I13), then
as we traverse 9S; between two points q1,¢2 € L1 (or La), we only encounter points that
belong to L; (respectively Lo). Here, L; is in fact the contribution of p; for keeping the

evader contained in ;.

5.2.2.3 Strategy: Phase i > 1

By maintaining the above invariants on the structure of S; we guarantee that guarding
the boundary of S; requires at most two pursuers. Consequently, at the end of each

phase at least one pursuer is free.
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(a) (b) (c)

Figure 5.7: The paths II; and IIy are shown in dashed lines (For simplicity of the
notation, we omit the superscript i in II). The boundary of the capture regions are
shown in dots. The capture regions are shaded in gray. (a,b) Two examples for case (1)

are illustrated. (c) Case (2) is demonstrated.

The free pursuer p3 is used for splitting the contaminated region S; by guarding IT§.
We will choose the path IT} to divide S; into two smaller subsets. After placing ps on
guard position at 1§, the evader cannot cross II5. The new contaminated region S;1 is
the subset of S; that contains the evader defined by either II§, T} or I14, IT;. Therefore,
Si+1 is guarded by p3,p1 or ps,p2. As a result, one of the pursuers p; or po is free.
Thus, we can repeat splitting S; 11 using the free pursuer. Notice that the pursuers and

their corresponding paths are re-labeled so that ps is the free pursuer (Remark 8).

Lemma 5.2.6. Consider the contaminated region S; in the it" phase. We can select a
path Hé inside S; such that:

e II} is a shortest path in S; such that it does not intersect 11} and IT5.
o I} splits S; into two smaller subsets.
e Fach of the resulting smaller subsets can be guarded by at most two pursuers.

Proof. In Lemma 5.2.7 we show that Hg can be selected such that the resulting two
subsets can be guarded by only two pursuers. In Lemma 5.2.9 we show that the resulting

subsets are strictly smaller than S;. O

Let us first discuss the selection of the endpoints of the splitting path II§ such that
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the invariants (I1) and (I2) are maintained throughout the game. Later in Section 5.2.3

we show that the contaminated regions shrinks every time ps splits it.

Lemma 5.2.7. At each phase i, the path Hé can be selected such that it is a shortest
path in S;, and it does not intersect 11} and 115. Furthermore, Hg 1 guaranteed to split

S; into two subsets each of which can be guarded by at most two pursuers.

Proof. For simplicity of notation we omit the superscript ¢ in II*. We prove the claim
by induction on the phase number i. In particular, we first assume that the invariants
hold for S;. Then, in a constructive approach we show that for each of the three cases
we can select the endpoints of I3 such that S; 1 conforms to the invariants as well.

For the induction basis, notice that S; is the connected component of S\ (C'(II;) U
C(IIy)) that contains the evader. Therefore, 0S; is composed of S, dC(I1;) and C(Ils),
and is also homeomorphic to a Jordan curve. Thus according to Lemma 5.2.5, 0857 is
composed of a connected component of dC(II;) UAS and perhaps a a connected com-
ponent of dC(Il2) U dS. In other words, 0S; conforms to Invariant (I1). Furthermore,
since Il is chosen inside & \ C(II;), Invariant (I2) is also satisfied for S;.

Next, for the inductive step, suppose that (I1) holds for ;. Therefore, 0S; is com-
posed of a connected component of 9C(I1;) U JS and perhaps a connected component
of 0C(Ilz) UJS. Let us denote these components by L; and Lg respectively. First, for
each of the two cases in Invariant (I1), we present the selection of ag, b3 such that (I1)

is satisfied in the next phase for S;11.

e Case (1): Consider the intersection arcs between L; and L. From each arc select
an arbitrary point and denote them by w; and ws respectively (Fig. 5.7(a)). Then,

we select {as, b3} to be the pair {wq,ws}.

e Case (2): The endpoints as, bs are chosen as two arbitrary distinct points on 9S;
(Fig. 5.7(c)).

We next show that (12) holds for S;+1. First, dS; is homeomorphic to a Jordan
curve. Second, Il3 is a path inside S; between as and bs. Therefore, II3 divides S; into
two smaller subsets.

Without loss of generality suppose that the evader is in between L; and II3. Notice
that C(Il3) is connected (Lemma 5.2.3). Therefore, the subset of S; that contains the
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evader is bounded by 9C(Il;), 0C(Il3) and 0S. As a result of Lemma 5.2.5, the new

subset conforms to Invariant (I1). O

5.2.2.4 Examples

We now present interesting examples for each of the two cases in invariant (I1). An
abstract illustration of case (2) is shown in Fig. 5.7(b) and a specific example of this
configuration is presented in Fig. 5.8. The example in Fig. 5.8 is the following. Imagine
a cone and cut it at height g from its base and then mount a half-sphere on top of
it (Fig. 5.8(a)). The endpoints of II; are chosen as the antipodal points on the base
circle. The endpoints of IIs are also antipodal on the cutting circle (Fig. 5.8(a)). The
perimeter of the base circle, the circle that a1, by lie on, is chosen small enough such that
C(IT;) includes the whole base circle and also the portion of the surface up to height g.
Now, observe that if as, b are chosen as antipodal points on 9S;, there exists a shortest
path between them that in on the top of the half-sphere as shown in Fig. 5.8(a). With
the choice of the evader location shown in Fig. 5.8(b), which provides a top view of the

environment, we will have the configuration illustrated in Fig. 5.7(b).

Figure 5.8: The capture regions of the paths II; and Ily are shown in gray. The
examples for case (2) and case (3) are shown. Notice that in both examples the shortest
path II; is on the cone and is obtained as follows. Flatten the cone into a plane. Then
I1; is a line segment in this plane. (a, b) Side view and top view of an example for case
2 are shown respectively. (c, d) Side view and top view of an example for case 3 are

shown.

A similar example for case (3) is shown in Fig. 5.8(c) and Fig. 5.8(d). The example
is a cone, and the endpoints of II; are the antipodal points on the base circle of the

cone. The perimeter of the base circle is chosen small enough such that the base circle
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is completely inside C(II;).

Remark 9. Notice that for simplicity the examples presented above are not polyhedral.
It is not difficult to see that these examples can be approzimated by polyhedral surfaces

such that the argument above is still valid.

In the next section, we show that there can only be finitely many phases before the

evader is captured.

5.2.3 Making Progress

We now prove that the evader will be captured in finite time. To do so, we provide an
upper bound on the number of phases as well as an upper bound on the number of time
steps in each phase.

Let us first introduce our notion of progress after each phase. Let Hg be the shortest
path inside S; that splits the contaminated region §;. We start by marking all g—small
triangles of S as contaminated. At the end of the i*" phase, we mark the small triangles
that are touched by the splitting path Hé as cleared. We show that each small triangle is
marked at most once. Thus the number of phases is bounded by the number of g-small

triangles on §. We take advantage of the following observation:

Lemma 5.2.8. The capture region of H% contains all the %—small triangles f that are

being touched by TI5.

Proof. The distance between any pair of points inside a g—small triangle is at most g.

Since Hg and f have a common point, namely ¢, the distance between ¢ and all the
points inside f is at most g. Thus f € C(I1}) (see Definition 5.1). O

Intuitively, after guarding Hg we remove the capture region of Hé from §; in order
to obtain the new contaminated region S;+1. Therefore, f does not appear in S;4; and
also in the future regions Sj,j > 7. Hence, the small triangle f cannot be marked by
Hg because Hé marks the faces that it is touching in S; and &; does not contain f. The

following lemma provides a formal proof:

Lemma 5.2.9. The three pursuer strateqy ensures capture after at most M phases

where M is the number of g—small triangles on S.
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Proof. The splitting path Hé is computed inside S;. Therefore:

f is marked clear in the i’ phase if II{ N fNS; # 0 (5.2)

Clearly, g is touching at least one small triangle f. This is because the endpoints of

¢ are distinct (otherwise S; = () which means that the evader is already captured). In
the following, we show that each f is marked clear at most once. Assume the contrary
and suppose that a small triangle f is marked twice: at phases ¢ and j where ¢ < j.
According to Definition 5 we have S;11 N C(I1§) = 0. Together with the observation
that f C C(I13), as in Lemma 5.2.8, we must have f N S;11 = 0. According to our
assumption, f is marked at the j'* phase as well. Thus, according to (5.2) we must
have fNS; # 0.

Now observe that Sgy1 C Sy for all k since Spyq is obtained by removing C(IT%)
from Sj. Therefore, we have S; C S; for j > i. Thus, §; C S;41, and also we have
fns; €8; € Siy1. Therefore, f NS; C S;41. Moreover, f NS; C f. Consequently,
fNS; € fNSit1. But, fNSiy1 =0 and fNS; # 0 which is a contradiction. Hence,
each small triangle is marked at most once. Therefore, the number of phases is bounded

by the number of g—small triangles on S. O

(a) (b)

Figure 5.9: (a) The shortest path between w; and wsg in S is a line segment. When we
remove the gray region from S, the shortest path in the new region is longer than the
original shortest path. (b) In order to catch up with the projection, the pursuer moves

along the segment q1¢o.

Next, we provide an upper bound on the number of time-steps in each phase. This

time is required for p3 to catch up with the evader’s projection. The pursuer’s strategy
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is to walk along IT; until it hits the evader’s projection. We show that we need O(M g)
steps where M is total number of small triangles on S. First, notice that the number
of steps needed cannot be bounded in terms of the length of IT5. This is because T}
is computed in §; and not S, and the shortest path between two points in §; can be
longer than their shortest path in S (Fig. 5.9(a)).

The pursuer’s strategy is as follows. Let f be a small triangle on Hé. Moreover, let ¢;
and g2 be the endpoints of II;N f (see Fig. 5.9(b)). Instead of moving along IT4(g1, g2) the
pursuer takes a shortcut and simply moves along the segment q1qo. Since II§ is within
the capture distance of the pursuer, the evader cannot cross Hg(ql,q2). As a result,
the pursuer can protect Hg and meanwhile travel a shorter distance. Furthermore, Hé
enters each small triangle at most once. Thus, the number of steps is at most O(M g)

We are now ready to prove our result which was given in Theorem 5.2.1.

Proof of Theorem 5.2.1 Let M be the total number of %—small triangles on
S. There are at most M phases (Lemma 5.2.9). Each phase takes at most O(M g)
steps. Thus, the capture time is O(MQ%). According to Lemma 5.2.4 we have M =
0(5% + % + N) where A is the area of S, L is the sum of the length of the edges on S,
and N is the number of triangles in the original triangular mesh representation of S.
Therefore, the capture time is O(((SA2 + L+ N2 O

Finally, in the next section we present proofs of the lemmas we saw throughout the

section as well as auxiliary lemmas that are needed.

5.2.4 Correctness Proofs

In this section, we present the proofs of our lemmas to show the correctness of our
proposed strategy. We start by proving Lemma 5.2.5. We then continue by presenting

some auxiliary lemmas that are required in our proofs.

Proof of Lemma 5.2.5. For simplicity of notation, let us drop the superscript 4 in IT¢, TT%
and denote them by II; and IIs respectively. Notice that 0S; is homeomorphic to a
Jordan curve.

Assume to the contrary that for any choice of Fy, Fy either Ly U Fy or Lo U Fh
is disconnected. Observe that 0S; is homeomorphic to a Jordan curve, and Li, Lo, F’

partition 0S;. Therefore, according to Lemma 5.2.12 there are points q1,¢2 € L1 and
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wy,wy € Lo that are arranged as qp, w1, g2, wo in clockwise or counter clockwise order
around 9S;.

Main idea: The main idea of our proof is the following: First, using q1,qo, Iy
and a portion of 0S; we construct a Jordan curve. Then using wi,ws we show the
existence of a point in the interior of 0S; and a point in the exterior of dS; which results
in the existence of a path in €] which intersects a path in C5. Therefore, according
to Lemma 5.2.10 we conclude that g € Cy or g0 € Cy or wy € C7 or wy € C7 which
contradicts the assumption that g1, g2 € Coy \ C1 and wy,wy € Cy \ Cy

Construction of a Jordan Curve: Let us begin by noticing that since ¢; € C}

there exists a point on II; namely sé such that d(sé,ql) < %. Similarly, there exists
a point sg on II; such that d(Sg,QQ) < g. Likewise, define sl s2 € Il such that

d(sL,w1),d(s2,we) < g. Consider H(s}z,ql) and H(SZ,C]Q) and observe the following

properties:

1. Both TI(s},q1) and II(s?,q2) are not self-intersecting. Because otherwise they
could be shortened.

2. Both H(s}l, q1) and H(sg, g2) do not intersect II;. Because otherwise ¢1, g2 would
belong to the interior of C7 and not dC (recall that g1, ¢2 € 9S;).

(a) (b)

Figure 5.10: Construction of the Jordan curve C is shown. (a) The case when II(s,, q1)
and H(sg, q2) intersect each other is demonstrated. (b) C is shown in the aforementioned

case.
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Now we construct a Jordan curve by concatenating sub-paths of 9S;, 111, H(sé, q1)
and H(sg, q2). Let us denote this Jordan curve by C (Fig. 5.10(b)). Since 9S; is a Jordan
curve, it divides S into two sets: the interior and the exterior of 0S;. All the paths
114, I, H(s;, q1) and H(sg, g2) are in the exterior of dS;. There are two cases whether

H(sé, q1) intersect H(sg, g2) or not:

1. H(sé,ql) does not intersect H(sg, g2): In this case, construct C by concatenating
(g, sé), H(sé, sg), H(sg, q2) and 9S;(q1, g2) where 9S;(q1, ¢2) is chosen arbitrarily
among the two sub-paths between ¢, g2 along 0S;.

2. TI(sy, q1) intersects II(s2, g2): Let m be the intersection point which is closest to
q1 along TI(s}, q1). See Fig. 5.10(a). Then construct C by concatenating II(q1,m),
II(m, q2) and 9S;(q1,q2) where 9S;(q1,q2) is chosen arbitrarily among the two
sub-paths between ¢, g2 along 9S;. See Fig. 5.10(b).

Contradiction: Finally, we construct a path between w; and wsy that intersects C
as a result of the Jordan curve theorem. As a corollary of the intersection we will show

a contradiction by Lemma 5.2.10 and Lemma 5.2.11.

Figure 5.11: The path IT = (w1, s.)) + [a(sk,, s2) + II(s2,, wy) intersects the Jordan

curve C.

Let us begin by constructing a path IT = II(wy, sl) + a(sk, s2) + TI(s2,,ws). See
Fig. 5.11. Then there exist two points m, mo on II one of which is in the neighborhood

of wy and the other is in the neighborhood of ws such that either:

mq € interior(C) A mg € exterior(C) (5.3)
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or:

mq € exterior(C) A mg € interior(C) (5.4)

Therefore II(my, mo) intersects C (by Jordan curve theorem). Let h be the intersection

point. There are two cases:

1. h ¢ II; UIly: According to Lemma 5.2.10 either ¢; € Cy or g3 € Co or wy € C or
wy € Cy. But this is a contradiction because q1, g2 € C1\ Cy and wy, we € Co\ C1.

2. h €1lj or h € IIs: Without loss of generality suppose that h € Il5. Since II; and
II, are non-intersecting it must be that h € H(qbscll) or h € I(gq, s2). Without
loss of generality suppose that h € II(q1, Sé). According to Lemma 5.2.11 we have
q1 € Cy which contradicts the initial assumption that ¢; € C7 \ Cs.

Both cases result in contradiction which proves our lemma. O

Lemma 5.2.10. Let Cy and Co be the capture regions of paths 11y and Ily respectively.
If for a point p1 € C1 and a point py € Ca, a shortest path between 111 and p1, and a
shortest path between Il and ps intersect, then it must be that p1 € Cy or po € Cf.

Proof. Let II(s1,p1) and II(s2,p2) be the corresponding shortest paths: TI(si,pp) is
between s; € II; and p;, and II(s2, p2) is between so € Il and pe. Since p; is inside the
capture region of IIj, it must be that d(si,p1) < % (Definition 5.1). Similarly, we have
d(s2,p2) < g. Let ¢ be an intersection point between II(sq, p1) and II(s2, p2).

The main idea of our proof is the following. The intersection point ¢ divides each
of the shortest paths II(s1,p1) and II(s2,p2) into two sub-paths. We will concatenate
a sub-path from one shortest path to a sub-path from the second one and construct
new paths of length at most % between p; and Ils and similarly between po and II;.
Therefore, it can be concluded that p; € Cy and py € C1.

We now start our proof. Consider the sub-path of II(sg, p2) from ¢ to pe, i.e. II(q, p2),
and the sub-path of II(sq,p1) from ¢ to p; i.e., II(q,p1). Regarding the length of these

two sub-paths, there are two cases:

1. |TI(g, p2)| < |TI(g, p1)|: Adding |TI(s1,q)| to both sides we get [II(s1, q)|+|TI(q, p2)| <

(51, ¢)|+IT(g, p1)|. Thus [[(s1,p2)| < [I(s1,p1)]. Since [I(s1, p1)| = d(s1,p1) <

g we have [II(s1,p2)| < %. Furthermore, since s; € II; we have py € C}.
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2. |lI(g,p2)| > (g, p1)|: Adding |II(s2,q)| to both sides we get |TI(s2, ¢)|+[11(q, p2)| >
[TL(s2, q)[+[11(g, p1)|. Thus |[II(s2,p2)| > |TI(s2,p1)|. Since [II(s2, p2)| = d(s2,p2) <

g we conclude [TI(sg,p1)| < g. Since s9 € IIs we have p; € Cs.

]
S1
52
II; 4
II(s -
\\ ( 17p1) /// H2
\
\\ /// H(827p2)
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Figure 5.12: Proof of Lemma 5.2.10 is illustrated. A shortest path between s; € Iy
and p; € C] intersects a shortest path between so € 1l5 and py € Cs.

Lemma 5.2.11. Let C and Cy be the capture regions of paths 11y and Ily respectively.
If for a point p1 € C1, a shortest path between 111 and py intersects Iy, then it must be
that p1 € Cy.

Proof. Let II(s1,p1) be the corresponding shortest path: II(sq,p1) is between s; € II;
and p;. Let h be an intersection point between II(s1,p;) and IIy. Consider the sub-
path of TI(s1,p1) from h to p;. Since p; € C; we have d(s1,p1) < % (Definition 5.1).

Therefore d(h,p1) < %. Together with the fact that h € IIs we conclude that p; € Cs.
OJ

Lemma 5.2.12. Let {L;, Lo, F'} be a partitioning of a Jordan curve C into three sets
with the extra condition that F' can be the empty set, i.e., L1, Ly # () and FUL;ULs =C
and FNLy = 0,FNLy = 0,L1y N Ly = (0. Let Fy,Fy be any partitioning of the
set F into two (possibly empty) sets. If for any choice of Fy,Fy either Ly U Fy or
Lo U Fy is disconnected then there are points qi1,q2 € L1 and wy,ws € Lo that appear as

q1, w1, g2, we in clockwise or counter clockwise order around C.
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Proof. Consider the particular choice of Fy, F, where F| = F and Fy = (). According to
Lemma 5.2.13, since C is a Jordan curve, and either L1 U Fy = L1 U F or Lo U Fy = Lo
is disconnected, there are two non-empty disconnected components of L1 U F, namely
V1, Vo and two non-empty disconnected components of Lo, namely Wy, Wa, such that
Vi, Wj,j < 2 are arranged as Vi, Wi, Vo, Wa in clockwise or counter clockwise order.
The take-away conclusion here is that Wi, Wy C Lo, W1, Wo # () and that Wy, Wy are
disconnected components of Lo. Similarly, with the choice I} = (), F;, = F', we can show
the existence of nonempty connected components of L1 namely @1, Qo.

We now prove the claim of the lemma. There are two cases regarding the arrange-
ment of Q1, Q2, W1, Wa:

1. With proper labeling @Q;, W; are arranged as Q1, W1, @2, W2 in clockwise order
around C: Then any pair of points ¢ € (1,92 € Q2 and any pair of points

wy € Wi, wy € Wy will establish the arrangement ¢, w1, g2, wo.

2. With proper labeling Q;, W; are arranged as (1, @2, W1, Ws in clockwise order
around C: Assume to the contrary that such g;,w; do not exist. Therefore, as we
a point g along C from ()1 to @2 as shown in Fig. 5.13 ¢ € F. Similarly, as we
move a point ¢ along C from Wj to Wy as shown in Fig. 5.13 g € F.

Now, move a point p; along C from @1 to Wi as in Fig. 5.13. In the following we
enumerate all the possibilities of whether p; € L1 or p1 € Lo or p; € F. We use
an arrow sign (—) to show the transition from one set to the other e.g., L1 — Lo

means that as we move p; first p; € L1 and then at some point p; € Lo:

(LiUF) — (LaUF)
Ly — (La UF)
(LiUF) — (L)
Lo — Iy

(5.5)

Similarly, move a point ps along C from ()2 to Wy as shown in Fig. 5.13. The
enumeration of all possibilities whether py € L1 or py € Lo or py € F'is the same
s (5.5). Since for any choice of Fy, F either Ly U F} or Ly U Fy is disconnected
then at least one of pi, py has to fall into the fourth case in (5.5). Either case, the

points g1, g2, w1, wy can be selected with the desired arrangement.
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Figure 5.13: Proof of Lemma 5.2.12.

Lemma 5.2.13. Let {L1, Lo} be a partitioning of a given Jordan curve C into two sets®

. An example is shown in Fig. 5.14(a). If either of Ly, Ly is disconnected then there are
non-empty disconnected components Q1,Qs C L1 and Wy, Wy C Lo, that are arranged
as Q1, W1, Qa, Wy in clockwise or counter-clockwise order. See Fig. 5.14(b).

Proof. Without loss of generality suppose that L is disconnected. Let @1, Q2 be two
disconnected components of L;. Let ¢ denote any point on C. Move ¢ along C in
clockwise direction. Since @1, Q2 are disconnected components of L1, at some point g €
Ls. Let g1 denote this point (Fig. 5.14(c)). Similarly, as we move ¢ in counter-clockwise
direction, at some point ¢ € Ls. Let g2 denote this point. Both ¢1, ¢2 belong to Lo and
furthermore they are disconnected by @1, Q2. Therefore, there are two disconnected
components of Lo namely Wy, Wy such that ¢ € Wi and g2 € Was. Finally, )1, Q2 and
Wy, W establish the desired arrangement in Fig. 5.14(Db). O

2 Note that L1, Ly # 0 since {L1, L2} is a partitioning. Moreover, each L; is a collection of sub-paths
of C where each sub-path could be a single point.
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Figure 5.14: (a) A partitioning of the closed curve C into two sets Lj, Lo is depicted.
Here, both Li, Ly have three connected components. (b) If either Ly or Lo is discon-
nected, then there are disconnected components of Ly, Lo that are arranged as shown in
this figure. (c) Since @1, Q2 are disconnected components of L1, there exist disconnected

components of Ly namely X,Y in between them.

Lemma 5.2.14. Let C denote a capture region in S. If 0C \ S = ) then S C C.

Proof. Since 9C' \ dS = () then 9C C 9S. If 9C = () then we have S C C. If 9C # ()
then S C C since both C and S are connected. O

5.2.5 Summary

So far, we have studied the lion and man game on the surface of a polyhedron with
obstacles. The surface is homeomorphic to a sphere or a disk that can contain holes
(handles are not allowed). We showed the existence of a capture strategy with three
lions when the capture distance is non-zero. In order to compute the strategy on a
given polyhedron a subroutine which computes the capture region of a shortest path
is needed. This region is then removed from the environment and the computation
proceeds iteratively.

Next, we focus on a smaller class of polyhedral surfaces, i.e., convex height-maps

which we refer to as convex terrains.
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5.3 Single Pursuer on Convex Terrains

In this section, we study the lion and man game on surfaces of convex terrains®. We
show that the lion can capture the man in finite number of steps determined by the
terrain geometry.

A terrain is obtained by assigning a single height value to each point in a bounded
region of a plane in R?. In particular, a terrain is a polyhedral surface with boundary
in R? such that each of its vertices has a single height value associated with it, i.e.
terrains are height maps [79]. To make the presentation easier, we assume that all
terrain vertices are at different heights which is attainable by slightly perturbing the
height function. A convex terrain is a terrain with a convex height function.

Our pursuit strategy is based on guarding wavefronts and pushing them towards the
evader. A wavefront at height z is defined as the set of points on the terrain that are on
the same height z. We first discretize the terrain by a set of wavefronts. The pursuer
starts from the highest wavefront and pushes the frontier wavefront downwards while
preventing the evader from entering any previously guarded wavefront. Intuitively, the
perimeter of the frontier wavefront is increased in this downward sweep. This allows
the pursuer to use the difference between the perimeter of two consecutive wavefronts
in order to make progress.

In Section 5.3.1 we present the key concepts we use throughout the section. An
overview of the proposed strategy is presented in Section 5.3.2. The discretization
of the terrain into wavefronts is explained in Section 5.3.3. Details of the pursuer
strategy for guarding the current wavefront and making progress to the next wavefront
are presented in Section 5.3.4 and Section 5.3.5 respectively. We present the detailed

proof of our lemmas in Section 5.3.6.

5.3.1 Key Concepts: Wavefront, Projection and Image

Let us begin by presenting some important concepts that we will use in our strategy.
We refer to the two-dimensional plane with the lowest height, i.e. the z = 0 plane, as
the base plane. We occasionally refer to this plane as the XY -plane. Moreover, we use

the coordinate frame XY Z with its origin placed on any arbitrary point in the base

3 The material in this section appears in [16].
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XY-plane (Fig. 5.15).

Definition 6 (The Perpendicular Image and Pre-Image). For a point p = (z,y,2) on
S, the point q = (x,y) is called the perpendicular image of p onto the base plane. Also,
p is called the pre-image of q. Similarly, one can define the image (pre-image) of a path
on S (on the XY -plane).

Note that we reserve the term projection for an important ingredient of our strategy

which we will present shortly. We have the following useful proposition.

Proposition 5.3.1. The pre-image of any continuous path in the XY -plane is a con-

tinuous path on S.

Definition 7. Let p; and py be two distinct points which are on the same face f of S.
Consider the straight line segment that connects them on S, and denote its length by L.
Also, let | be the length of its perpendicular image. We refer to the ratio a(p1,p2) = %
as the length coefficient associated with p1 and ps.

The length coefficient a(p1, p2) is in fact the cosine of the angle between the segment
p1p2 and the XY -plane. Notice that the largest possible value of this angle is the angle
between the face f and the XY -plane. Therefore, the minimum length coefficient is
well defined in the sense that it is a finite positive number. This is because faces with

vertical edges are not allowed, and also the two points p; and ps are distinct.

Proposition 5.3.2. The length coefficients are positive and less than or equal to one,

i.e. 0 < a(p1,p2) < 1. We refer to the minimum possible length coefficient on S as
o = minfes mingy, pyer a(p1,p2)-

Lemma 5.3.3. Let p1 and py be two distinct points on S. Let s be the shortest path
between p1 and p2 on S. Denote the length of s and its image by as and a respectively.
Then as < 7.

Proof. Let f1, fo,- -, fr be the sequence of faces that s passes through. Observe that
the portion of s which is on f; is a line segment (because otherwise, s can be shortened
by taking the line segment between the entry and the exit points of f;). Let s; denote
the line segment on f;. Denote the length of s; and its image by as; and a; respectively.
Then, as = ) ;as; and a = ), a;. By proposition 5.3.2, we have as; < %. Therefore,
Yoias; <Y 2. Thus, as < 2. O
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We next present an important ingredient of our strategy: the wavefronts.

Definition 8 (Wavefronts). We refer to the set of points on S which are on the same
height z as the wavefront at z. Throughout the paper, we reserve the letter W for the

wavefronts.

Observe that the wavefront at height z is the intersection of S with the plane Z = 2
which are both convex sets. Therefore, wavefronts are also convex polygons. Also, the
image of a wavefront in the XY-plane is obtained by taking the perpendicular image of

every point of the wavefront.

Definition 9. Let p1,ps € W be two points on the wavefront W. We denote the shorter
path from py to pe along W by W(p1,p2), and its length by dyw (p1,p2). We also denote
the length of the segment p'ph in the XY -plane by dxy (p1,p2)-

; wedge region
€2 i €1
ey

(a) (b) (c)

Figure 5.15: (a) Discretization of S by a set of wavefronts. (b) The partitioning of the
exterior of W* into wedge regions and edge regions. (c) The projection of e onto the

wavefront W. Here, p; and py are the projections of e; and ey respectively.

Let W? be the perpendicular image of a wavefront W. We partition the region
outside W* (in the base plane) into regions of two types: the edge regions and the
wedge regions as follows. Suppose that the vertices of W are labeled as {wy,ws, ..., wy }
in the clockwise order. See Fig. 5.15(b) for an illustration. Let 1]1 and lj2- be the two

perpendicular lines to edges wj_jw; and wjw;j4+1 which are drawn from wj.
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Definition 10 (Wedge Regions and Edge Regions). For an edge wjw;i1, its corre-
sponding edge region is the region in between ljz and lJlH. For a vertex w; € W?, its
corresponding wedge region is the region in between ljl» and lj2». Notice that these regions

are non-overlapping since W is a convex polygon.
We use the following feature of S to provide the capture time of our strategy:

Definition 11 (Wedge Angle). For a given wavefront vertex wj, the wedge angle is

defined as the angle between l} and lj2 in the base plane.

We are now ready for presenting the key concept in guarding the wavefronts: the
projection of the evader onto a wavefront. Let ¢! and W* be the perpendicular images of
e and a wavefront W onto the XY-plane respectively. Also, suppose that e’ is outside
the region enclosed by W*. The projection of e onto the wavefront W is defined as

follows.

Definition 12 (Projection onto a Wavefront). Consider the partitioning of the exterior
region of W into wedge regions and edge regions. See Fig. 5.15(b). There will be two
cases based on the location of €': 1) €' is inside the edge region associated with an edge
wjwji1 (e.g. €4); 2) €' is inside the wedge region of a verter w; (e.g. €b). In the first
case, let p denote the intersection of the edge wjwji1 and the perpendicular line to the
edge wjwji1 which passes through e'. In the second case, let p denote the vertex wj.
Then, the projection of e onto W is the pre-image of p on S (Fig. 5.15(c)). We denote
this point on S as w(e, W).

Remark 1. Notice that the perpendicular image in Definition 6 is different from the
projection onto a wavefront in Definition 12. For a point p € S, its image is denoted

by p* while its projection onto W is denoted by 7(p, W).

5.3.2 Overview of the Pursuit Strategy

The idea of our pursuit strategy is the following. We first discretize the surface of S by
a set of wavefronts (Section 5.3.3). Initially, the pursuer goes to the highest point of S.
(We assume that this point is unique. It is not too difficult to show that our strategy
is applicable if there are more than one point with the same height.). The highest

point is in fact the first wavefront in the set of wavefronts. The pursuer’s strategy has



123
two components: (1) guarding the current wavefront in order to prevent the evader
from crossing it without being captured, (2) making progress by moving to the next

wavefront.

Definition 13. We refer to the wavefront that the pursuer is currently guarding as the
frontier wavefront. Throughout the paper, we denote the frontier wavefront by W and

the wavefront right below it by W,.

We achieve these two goals as follows. We consider the images of the wavefronts in
the XY-plane (Fig. 5.17(b)). Meanwhile we use the images of the players and projection
of the evader onto wavefronts to transform the game to the base plane and guide the
pursuer’s strategy on S (Fig. 5.15(c)). In order to guard the current wavefront W, the
pursuer uses the projection of the evader onto W because the projection has the nice

property that it is closer to all points on W than the evader.

Figure 5.16: (a) The projection of e; and ey onto W are p; and ps respectively. (b)

Progress in rook strategy.

Therefore, if we place the pursuer on the projection of the evader, then the evader
cannot cross W without being captured (Lemma 5.3.14). Although locating p at 7(e, W)
accomplishes our guarding goal, it makes it difficult to achieve the progress goal as
follows. Suppose that the evader is in an edge region and let | be the corresponding
edge in W. See Fig. 5.16(a). The evader can make it impossible for the pursuer to make
progress by using the following strategy. The evader moves back and forth between e;
and ey such that e} e} is parallel to [. In response, the pursuer has to move between p;
and pa (the projection of e; and ey respectively) to stick to its strategy of staying on

the projection of the evader. Since the segment e} e} is parallel to [ and also because the
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length of eiel can be one, the length of ppy is one. Consequently, the pursuer has to
use all of its one unit of motion for guarding W: Nothing is left for it to make progress
and move to W,,. The evader can repeat this for infinitely many steps, and thus it can
escape forever against the pursuit strategy of staying on the projection.

We resolve the aforementioned problem by placing the pursuer “close” to (e, W)
instead of “exactly” at m(e,W). In particular, we place the pursuer on W at distance
dr > 0 from the projection of the evader onto W (to the left side of w(e,W)). For
example in Fig. 5.16(a), if the evader is at e; the pursuer is located at p instead of p;.
Under certain conditions on d, the pursuer can still prevent the evader from crossing
W. The pursuer can accomplish even more by making progress to the next wavefront
in certain events such as when the evader moves to the left (Fig. 5.16(b)). We refer to
this idea as the rook strategy. We present the details of guard and progress components
of the strategy in Section 5.3.4 and Section 5.3.5 respectively. Our main effort in this
paper is dedicated to providing the necessary conditions on d.

Finally, our pursuit strategy has another design parameter in addition to d,: the
discretization distance D which is the distance between two consecutive wavefronts (we
will define the distance between two wavefronts in Section 5.3.3). We show that d, and
D must satisfy constraints that are functions of the terrain geometry (Lemma 5.3.5,
Section 5.3.5.1, Lemma 5.3.8 and Lemma 5.3.10).

5.3.3 Discretization of the Surface into Wavefronts

We now study the discretization of & onto wavefronts. To do so, we move a plane which
is parallel to the XY -plane downwards along the z direction starting from the highest
point of the terrain. Notice that this plane is moved continuously. We then look at the

images of the corresponding wavefronts in the XY -plane.
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Figure 5.17: (a) A vertex event at v: The edge associated with face f; disappears. Then

a new edge associated with f3 appears. (b) The image of the wavefronts is shown.

We show that the changes in the combinatorial structure of these images occur at
the vertices of S. We refer to these changes as the discrete events. The set of wavefronts
is then determined with regard to these discrete events.

In particular, before encountering a vertex two consecutive wavefronts are polygons
that are similar to each other. Here, by similar we mean the following. Let W; and Ws
be two wavefronts such that there is no terrain vertex in between them (Fig. 5.17(a)).
Then W2 is obtained from W} by shifting all the edges of W7 in parallel. The shifting
amount can be different for each edge (Fig. 5.17). When the frontier reaches a vertex in
S, we still have this parallel shifting pattern. However, some edges disappear from the
frontier, and then new edges appear as the frontier passes the vertex (Fig. 5.17). We
now formalize these events as follows.

Consider the wavefront W at height z and let F'(z) denote the set of faces that
intersect W. We use F(W) to denote the same set of edges if W is clear from the
context. Also, let w be an edge in W which lies on the face f € F(z) (Fig. 5.17(a)). We
refer to w as the edge in W which is associated with the face f. Now, as W is moved
downwards, there can be no vertex on its way (no vertex event), or it will encounter a
vertex (vertexr events).

No vertex event: Let W1 and Ws be two wavefronts at heights
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_uwh W3
(a) (b)

Figure 5.18: (a) W7 and W3 on S. (b) Their images.

z+¢€ (e > 0) and z respectively such that F(z) = F(z 4+ ¢) = F (Fig. 5.18(a)). In
other words, there is no vertex in S at height between z and z + €. Let f be a face in
F, and let w; and ws be the two edges in W and Wy respectively that are associated
with f. Then, the images of w; and ws in the XY-plane are parallel to each other
(Fig. 5.18(b)). Moreover, this observation is true for all edges of W; and Wj.

Disappearing and appearing vertexr events: Let v be a vertex of S which is at height
z, and let W be the wavefront at z. Notice that if there are multiple vertices at the
same height, we have multiple vertex events at the same time, one for each vertex. The
argument below is still valid in this case.

Let W, be the wavefront at z +€; (1 > 0) such that for heights hin z < h < z+4 €
we have F(z + ¢;) = F(h) = U (Fig. 5.19(a)). Next, denote the two faces that are
adjacent to v in W by f; and fo (Fig. 5.19(a)). Let U’ be the subset of U which is
adjacent to v excluding f1 and fo (U’ C U — {f1, f2}). Then, as the frontier wavefront
moves from z + €1 to z, the edges in W} that are associated with U’ disappear in W".

See Fig. 5.19(b). We refer to this event as the disappearing vertex event.
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Figure 5.19: (a) the surface S. (b) the XY-plane.

Similarly, let W; be the wavefront at z — e2 (e2 > 0) such that for heights A in
z—€ < h<zwehave F(z —ey) = F(h) = L. Let L' C L — {f1, fa} be the set of faces
that are adjacent to v excluding f; and fs (Fig. 5.19). Then, as the frontier moves from
2 to z — €2 new edges associated with L’ appear in VVZZ We refer to this event as the
appearing vertexr event.

The following Definition will be useful later when we define the distance between

two wavefronts.

Definition 14 (The closing and opening wavefront vertices). Consider the portion
of Wy, that intersects U' (Fig. 5.19). We denote the two wavefront vertices on W,
that enclose this portion by c1 and co. We also refer to them as the closing vertices .

Similarly, o1 and o2, the opening wvertices, are defined on Wj.

Now that we have the discrete events, we are ready to define the distance between
two consecutive wavefronts.

Distance Between Two Wavefronts: The distance between two consecutive
wavefronts W and W,,, which is denoted by d(W, W,,), is defined as follows for each of
the three types of transitions between W and W,:

No vertex event: Let us denote the image of the wavefront vertices in W by {w;, ws,

-, wg}. Similarly, denote the vertices in W, by {w}, w5, - ,w;} (Fig. 5.20(a)). Then,

: 1 /
d(W,W,,) is defined as - max;<;< wjws.
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(a) (b) ()

Figure 5.20: Images of W and W, are shown in the base plane. (a) No vertex event.
(b) Appearing vertex event. The appearing edges on W/ are shown in thicker line. (c)

Disappearing vertex event.

Appearing vertex event: See Fig. 5.20(b). We define an auxiliary polygon in the
XY-plane based on the image of W,,. Let us denote this new polygon by W,. Then
W, is obtained by taking the extension of the two edges in W, that are adjacent to
o1 and 09. Let v, be the intersection of these two extension lines. Then, d(W,W,,) is

defined as the maximum of d(W, W,) (from the previous no vertex event definition) and
1

1 max(v'ol, v'ob).

Disappearing vertex event: See Fig. 5.20(c). Similar to the no vertex event case, let
w; and w, denote the rest of the wavefront vertices on W and W, respectively. Then,
d(W, W,) is defined as the maximum of 1 max(v'ci, vic}) and 1 max;<;<k wjws.

We are now ready to present the discretization of S by wavefronts.

Discretization of S by the Wavefronts: In order to discretize S, we need the
discretization distance D as the input parameter. For a given value of D, we can choose
the wavefronts on S such that the distance between any two consecutive wavefronts is
at most D.

Specifically, the procedure for obtaining the wavefronts is the following. We add
the highest point as the first wavefront. Starting from this first wavefront, we move
downwards until the wavefront distance is D or we reach a terrain vertex. We then add
the wavefront at this height as the second wavefront. We continue with this procedure

until we reach the XY-plane and the surface of § is completely swept.

In our strategy we use the following property:

Lemma 5.3.4 (Distance between projections onto two consecutive wavefronts). Let W
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and W, be two consecutive wavefronts and e be a point outside Wy,. The distance between
p1, the image of the projection of e onto W, and po, the image of the projection of e
onto Wy, is less than D where D is the maximum distance between any two wavefronts

in the XY -plane.

Proof. The point e can be in an edge region or a wedge region of the wavefront W. In
each case, we show that the distance between p; and ps is less than D (Lemma 5.3.11
and Lemma 5.3.12). O

5.3.4 Guarding Wavefronts

In this section, we present the pursuer’s strategy for guarding the current wavefront W.
The pursuer locates itself on W at distance d; > 0 along W away from the projection
of the evader onto W. In order to prevent the evader from crossing W, the distance
dr must satisfy a constraint that we present in this section. We call this configuration
for guarding W the rook configuration which we formalize as follows. Suppose that the
evader is outside the region enclosed by W (i.e. the evader is below W). Also, suppose
that the pursuer is on the wavefront W. Consider the projection of e onto W which is
denoted by w(e, W).

Definition 15 (The Rook Configuration on S). The pursuer on the wavefront W is
in rook configuration if dr = dw(p,m(e,W)) < § where a is the minimum length
coefficient. Fig. 5.21(a) depicts an illustration (See Definition 9 and Proposition 5.3.2

for dw and « respectively. ).

In the following, we first show that when the pursuer is in the rook configuration,
it can capture the evader if it tries to cross the wavefront W (Lemma 5.3.5). We then
show that once the pursuer establishes the rook configuration on the frontier W, it can

maintain it afterwards as the evader moves (Lemma 5.3.6).

Lemma 5.3.5. Suppose that the pursuer is on the wavefront W in rook configuration
(i.e. at distance dr < § along W away from the projection of e). Then, the evader

cannot cross W without being captured.

Proof. Our proof has two parts. First, we show that the condition d, < § implies that

either the evader is already captured or d, is less than the shortest distance between
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the evader and the wavefront W. We use this result in the second part of the proof and
show that the pursuer can capture e if it tries to cross W.

First part: We would like to show that if d, < 5, then either we have capture or
the distance between the evader and W is at least d;. We first introduce a lower bound
on the distance between e and W. We then show that this lower bound is more than
dr.

To find the lower bound, we take another step to find another lower bound in the
base plane. We connect this lower bound in the base plane to the lower bound on
S by means of Lemma 5.3.3 and Proposition 5.3.2. Consider the image of ¢ and W
in the base plane (Fig. 5.21(a)). In the base plane, we know that the image of the
projection of the evader onto W (i.e. (e, W)) is the closest point on W* to the image
of e (Lemma 5.3.14). Notice that the shortest path between e’ and 7(e, W) is a line
segment (since S is convex). Let us denote the length of this shortest path by h. Thus,
all paths in the base plane are longer than h, and the length of the pre-image of each
path in the base-plane is more than the length of its image. Therefore, all paths on &
between p and e are longer than h.

We now show that h > dr. To do so, we consider the triangle between the image of
e, the image of p and the image of the projection of the evader onto W in the base plane,
and we use the triangle inequality as follows. See Fig. 5.21(b). Let a denote the length
of the segment between ¢’ and p’ in the base plane and as denote the length of its pre-
image on S. Similarly, let m denote the length of the segment between p’ and the image
of the projection of the evader. If as < 1, the evader is already captured. Therefore,
suppose that as > 1. Thus, a > o (Lemma 5.3.3). According to triangle inequality we
have m + h > a. We also have d; > m. Therefore d, + h > m 4+ h > a. Together with
a > « we have d, +h > «. Now if % > d,, we conclude that h > o — d; > % Thus
h > 5 and hence h > dy. To recap, the shortest distance between the evader and the
wavefront is at least A and h is more than d,. Thus, d, is a lower bound for the shortest

distance between p and e.
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Figure 5.21: Proof of Lemma 5.3.5. (a) The players are shown on S along with their
images on the base plane. (b) The images in the base plane. (¢) If d; < h, the evader

cannot cross W without capture.

Second part: We next show that if the evader crosses W it will be captured by
the pursuer. We show that there exists a path on § from the pursuer to the evader
which is shorter than two. Therefore, the pursuer can capture the evader by moving
along this path for one unit (at the end of this move the distance between the players
is less than step size and hence we have capture). Suppose that the evader moves from
e1 to eo and crosses W at point g. Let us denote the length of the evader path from
e1 to g by l;. Similarly, let ls be the length of the evader path from ¢ to ex. Thus
l1 + 13 < 1. See Fig. 5.21(c). We show that the length of the path composed of W (p, q)
and the evader path from g to es is less than 2. Let us denote the length of this path
by l,. Notice that I, = dr + l. + lo where [. is the distance between the projection
of the evader onto W and ¢ along W (Fig. 5.21(c)). From the first part of the proof
we know that d, < l;. Also, according to Lemma 5.3.14 we have [, < [;. Therefore,
ly =dr+1lc+12 <1y +11+12 < 1+41. Thus, at the end of the pursuer’s turn the distance

between the players is less than the step size. O

Finally, we show that the pursuer can keep up staying close to the projection of the

evader onto W as the evader moves.

Lemma 5.3.6. The distance that the projection of the evader onto W travels is less

than the distance that the evader travels.
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Proof. Consider the partitioning the region outside W* into the wedge regions and the
edge regions (Fig. 5.15(b)). The distance that the evader travels in each region is more

than the distance that its projection onto W travels. O

5.3.5 Making Progress

We now focus on the pursuer’s strategy for making progress towards the next wavefront

W,, which is based on the motion of the evader.

Remark 2. Without loss of generality, we assume that the pursuer establishes the rook
configuration by locating itself to the left of w(e, W). We then use the clockwise direction,

as the base direction for classifying the evader’s motion.

The evader’s motion can be categorized into three types of events: 1) the evader does
not move in its current turn, 2) the evader moves in the counter clock-wise direction
in its current turn, 3) the evader moves in the clock-wise direction for the next O(N)
steps where N is finite and we will specify it later in Section 5.3.5.3. In all of these
events, we show that the pursuer can move to the projection of the evader onto the next
wavefront W,, (w(e, Wy,)). After moving to m(e, W,,), the pursuer needs only one extra
step to locate itself in the rook configuration i.e. at distance d, away from m(e, Wp,).
The pursuer repetitively applies this strategy to make progress to the next wavefront.
Therefore, the evader will be captured in finite number of steps.

The key property that we incorporate in order to show that the pursuer can move to
the projection of the evader onto the next wavefront is that for all points e the distance
between the projection of e onto two consecutive wavefronts is less than the distance
between the wavefronts themselves (Lemma 5.3.4).

The result of our paper is the following theorem:.

Theorem 5.3.7 (Capture on Convex Terrains). Our proposed pursuit strategy guaran-

tees capture in finite number of steps. Specifically, the pursuer captures the evader in

O((%%—n). 17('5'71)) where n is the number of vertices on S, |S| denotes the perimeter of
S, Dg is the diagonal of S, dr is the rook configuration distance, and D is the distance
between wavefronts.

Proof. In Lemma 5.3.9 we show that N = 1_(;%.
S|

=4 steps, the pursuer can move from W to W,, and update W to W,,. The distance

Therefore, after at most N =
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between two consecutive wavefronts is D or less than D when we have a vertex in

between them (according to the construction phase). Thus, we have at most % +n

wavefronts. Hence, the capture time is O((22 + n). I_L‘i‘il_D). O

5.3.5.1 Evader Stays Still

In this section, we consider the case that the evader remains still in its turn. The pursuer
uses this extra step in order to make progress towards the next wavefront. The key idea
is that the distance between the projection of e onto two consecutive wavefronts W and
W, is at most D (Lemma 5.3.4). Therefore, the distance between the pursuer and the
projection of the evader onto W), is at most d; + D. This is because the pursuer is
guarding W in the rook configuration and thus away from the projection of e onto W
for d,. Consequently, d, and D can be chosen small enough such that the pursuer can
move to the projection of e onto the next wavefront in one step.

As a result, if we design d; and D such that d; + D < 1 the pursuer can move to

the new projection of the evader in only one step.

5.3.5.2 Evader Moves Counter Clock-wise

We now consider the case that the evader is moving in counter clock-wise direction
in the current time-step. Similar to Section 5.3.5.1 we use the observation that the
distance between the projection of any point onto two consecutive wavefronts is at most
D (Lemma 5.3.4). Therefore, the pursuer can move to m(en, W) along W and then
from there it can go to m(e,, W) in only one step (Fig. 5.22) if d; and D are designed

properly.

Figure 5.22: The evader moves counter clockwise.
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Lemma 5.3.8. Suppose that the evader moves counter clock-wise in its turn. Then,
if we design dr and D such that max(d,,1 — d;) + D < 1, the pursuer can move to

m(en, Wy) in one step.

Proof. Consider the projection of e, onto W: it can be to the left or to the right of p
(Fig. 5.22). Therefore, the distance between p and 7 (e,, W) is at most max(dx, 1 — dx).
The distance between 7(e,, W) and m(e,, W,,) is at most D (Lemma 5.3.4). Thus, d,
and D must satisfy: max(d;,1 —d;)+ D < 1. d

5.3.5.3 Evader Moves in Clock-wise Direction for O(N) Steps

We now consider the case that the evader is moving in the clock-wise direction for the
next O(N) where N is chosen such that after N steps it is guaranteed that either: (1)
we have a time step such that the evader has to stay still or move counter-clockwise, or
(2) the projection of the evader onto the current wavefront W circumnavigates around
W for a complete round. In other words, if e moves clock-wise for N steps, m(e, W) will

come back to the same point on W.

Figure 5.23: The pursuer can make progress as the evader crosses a wedge region.

Notice that if in one of these O(N) steps, the evader stays still or moves counter
clock-wise, then the pursuer can use the strategy in Section 5.3.5.1 and Section 5.3.5.2 for
making progress towards W,,. Therefore, we can assume that during the next O(N) the
evader is moving clockwise. In this case, we show that the pursuer can make progress as
follows. Since (e, W) circumnavigates around W, the evader crosses the wedge region

of a wavefront vertex w € W (Fig. 5.23). We show that by properly selecting d, and
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D the pursuer can move to the projection of the evader onto the next wavefront W,, in
one step. Intuitively, as the evader crosses the wedge region of w its projection onto W
remains fixed i.e. w. Therefore, the pursuer does not need to move along W to maintain
the rook configuration (which is staying close to the projection of the evader onto W).
Instead, the pursuer moves toward the next wavefront W, by moving to m(e, W,,). In
the following, we first compute N and then we present the condition on d, and D for
making progress.
We now compute the number of steps N that are required for moving clock-wise
such that the projection of e onto W circumnavigates around W for a complete round.
In other words, if e moves clock-wise for N steps, 7(e, W) will come back to the same

point on W.

Lemma 5.3.9. Consider the next O(N) steps where N = %) and |S| denotes the

perimeter of the boundary of S (Assume that dr + D < 1.). Then, we will have at least
one of the following events in these O(%) steps: 1) for at least one turn e does
not move, or 2) it moves counter clock-wise, or 3) e circumnavigates around W i.e.

m(e, W) comes back to the same point on W.

Proof. Suppose that we don’t have none of the the first and the second events. We
show that for sure we will have the third event. Since the first and the second events
did not occur, the evader is moving clock-wise. Let e and e, denote the location
of the evader before and after a turn. For simplicity let us use the notations d. =
dy (m(e, W), nt(en, W)) and d, = dw (p, (e, W)). Consider the path S(p, 7(e,, Wy)) =
W(p,m(e,W)) + W(r(e,W),m(en,W)) + S(m(en, W), m(en, Wy)). The length of this
path is dr +d. + D. Let us denote this length by d,,. There will be two case: 1) d), <1,
2) dp > 1. In the first case, if d, < 1, the pursuer can move to m(ey, W,) and make
progress to the next wavefront W,.

In the second case we have 1 < d, = dr + d. + D. Consequently, 1 —d, — D < d..
In this case, the evader’s projection onto W moves for at least 1 —d; — D. Notice that
the perimeter of W is at most |S| since the boundary of S and W are convex polygons.
Therefore, after at most 17('5'7 75 steps, m(e, W) comes back to the same point on W.

Notice that here the following condition is required: 0 <1—d, —D = d,+D < 1. O

Next, we show that if (e, W) circumnavigates around W, the pursuer can make
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progress to the next wavefront W,, by moving to m(e, W,,).

Lemma 5.3.10. Suppose that the evader moves in the same direction (clockwise) such
that its projection onto W comes back to the same point on W. Then, if dx and D satisfy
the following inequality the pursuer can move to the projection of the evader onto the
next wavefront Wy,: dr + D < (o — d) siny where 7y is the wedge angle (Definition 11)

in S with minimum sin~y and « is the minimum length coefficient (Proposition 5.3.2).

Proof. Since the projection of the evader onto W circumnavigates for a complete round
around W, the evader crosses the wedge region of a wavefront vertex w € W. Let
us denote the image of the evader in the base plane by e; and es as it crosses the
corresponding wedge region (Fig. 5.23). In the following, we first find a lower bound
on the length of the evader path ejes. We then show that there is path between the
pursuer and the projection of e; onto W, of length at most d, + D. By choosing d,
and D such that d, + D is less than the lower bound on the length of the evader path
e1eg we ensure that the pursuer can move to m(eq, W;,) and thus make progress to W,.

We now present the lower bound on the length of the evader path ejes. Consider the
segment in between the images of p and e; in the base plane. Since § is convex and also
according to Proposition 5.3.1, the pre-image of this segment is a valid path on S. Let
us denote the length of this path on S from p to e; by as. Also, let a be the length of
the image of this path (the segment in the base plane). Since the evader is not captured,
it must be that 1 < as. Therefore, @ < a (Lemma 5.3.3). Next, let h be the length of
the segment ejw® in the base plane, and d. be the length of the evader path S(eq, e2).
Notice that the pursuer is in the rook configuration. Thus, the distance dyy (p, w) = d.
Therefore, using the triangle property, we have d; + h > a. Thus, h > o — d;. Observe
that the length of the evader path between e; and ez is at least hsin~y (See Fig. 5.23).
Therefore, d. > hsiny > (a — dr) sinvy. Therefore, the path that the evader travels on
S from e; to eg is longer than (o — dr)sin~y.

Next, we present the pursuer path to m(ea, W,). Observe that the projection of
e; and also e onto W is w. Since the pursuer is in the rook configuration on W
the distance between the pursuer and w along W is d,. Also, the distance between
m(e2, W) = w and 7w(ez, W) is at most D (Lemma 5.3.4). Therefore, the pursuer path
W (p, w) 4+ S(w, m(ea, W,)) is shorter than d, + D. Consequently if we design d, and D
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such that d + D < (a—dy) sin+y, then the pursuer path will be shorter than the evader
path. Therefore, we must have: d(1+sinvy) + D < asiny = d, < % Hence, the

pursuer can move to m(ez, Wy,) as a response to evader motion from e; to es. O

We next provide the proofs of lemmas that we skipped in the section.

5.3.6 Correctness Proofs

We now present the proofs of our lemmas. In the following, we treat the disappearing

vertex event as a no vertex event with edge length zero for the disappearing edges.

Lemma 5.3.11. Let W1 and Ws be two consecutive wavefronts, and e be a point outside
W in the XY -plane. Suppose that e is in the edge region of an edge my in Wy. Then,
the distance between p1, the image of the projection of e onto W1, and ps, the image of
the projection of e onto Wa, is less than D where D is the mazximum distance between

any two wavefronts in the XY -plane.

Proof. Fig. 5.24 shows the images of the wavefronts as well as the required points in
the XY-plane. Let mo be the edge in Wy which is parallel to m; (This edge exists in
both cases of the no-vertex event and the appearing vertex event. For the disappearing
event). The segment ep; is perpendicular to m (Definition 10). There are two cases

with regard to the location of mg: (1) mq intersects ep; , (2) mo does not intersect epy.

1. mg intersects epy: This case is illustrated in Fig. 5.24(a). In this case, po is in fact
the intersection point between mgo and ep;. Therefore, the length of the segment

p1p2 is less than D.

2. mo does not intersect epy: In this case without loss of generality suppose that ms
is to the right of ep;. The argument for the other case, when mo is to the left
of epy, is similar. An illustration is shown in Fig. 5.24(b). Let ¢; and g2 be the
left endpoints of m; and mo respectively. We show that ps must be inside the
rectangle made by m1, the extension of mo, ep; and the line parallel to ep; which
passes through ¢a, denoted by . This rectangular region is shaded in Fig. 5.24(b).
Therefore, pips < p1¢e since épiq; is a right angle. Together with the fact that
P1g2 < q1go (since gip1ga > %), we conclude that pips < qiga < D.



138
Let us now prove that ps is inside the aforementioned rectangle. We show that po

cannot be to the left of ep; and also it cannot be to the right of [.

Before proceeding, notice that e must be above the line that contains ms. Other-
wise, if e is below my, the distance between p; and e will be less than D. Thus,

the pursuer at p; capture the evader at e becasue their distance is less than 1.

First, we show that po cannot be to the left of ep;. For this purpose, assume the
contrary and suppose that po is to the left of ep; as shown in Fig. 5.24(c). Notice
that since W5 is convex, ps has to be below the line that contains mo. Therefore,
po is inside the third quadrant made by ms and ep;. Thus, epagp < 5. Observe
that po and ¢o are both on Wy and Ws is convex. Therefore, the segment pago
is inside Ws. Hence, the edge on W5 that contains ps must be inside the wedge
made by epy and gopo. Therefore, the angle made by this edge and eps is less than
4 since epaga < 5. But this is a contradiction because the angle made by eps and

W5 must be a reflex angle (Lemma 5.3.13).

Finally, we show that ps cannot be to the right of /. Similar to the previous
argument, assume the contrary: suppose that po is to the right of [. Notice that
p2 is inside the fourth quadrant made by [ and my. Therefore, épaga < 5. Likewise

to the proof above, épagy < 5 contradicts the fact that the angle between Wj and

eps is a reflex vertex.

e -

(a) (b) (c) ()

i my 5 / o b1
P

Figure 5.24: Proof of Lemma 5.3.11.

Lemma 5.3.12. Let Wy and Wy be two consecutive wavefronts, and e be a point outside

W' in the XY -plane. Suppose that e is in the wedge region of a vertex wy in Wi. Then,
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the distance between p; = wi, the image of the projection of e onto Wy, and pa, the
image of the projection of e onto Ws, is less than D where D is the mazimum distance

between any two wavefronts in the XY -plane.

Proof. We prove the claim for the case that there is a no-vertex event between W and
Ws. The appearing and disappearing vertex events can be concluded from the no-vertex
event. Therefore, suppose that the transition from Wi to Wy is a no-vertex event.

Let wy be the vertex in Wy which corresponds to w; (ws is adjacent to edges in
Wy that are parallel to the edges in W; which are adjacent to w;). Consider the circle
centered at wy with radius wiws < D. We show that ps is inside this circle and thus
the distance between p; = wy and ps is at most D. The main idea is the following. For

—

contradiction, we assume that py is outside this circle. We show that the angle wipse

is less than Z. This contradicts the fact that the angle between Wy and esps must be

5
at least § (Lemma 5.3.13). We now present the proof that 1@ < 4. Let us denote
the image of the two edges in W; that are adjacent to w; by m1 and ms. Also, let ¢
and ¢o be the image of the two edges in W5 that are parallel to m; and mo respectively
(and thus adjacent to ws). We have two cases whether ws is inside the wedge region of

wy or outside it:

1. we is inside the wedge region of wi: First, notice that wiw} is inside the angle
made by m; and my as shown in Fig. 5.25(b). To see this assume the contrary as
illustrated in Fig. 5.25(a) and observe that W2 cannot contain W7 which is a con-
tradiction. Therefore wiw is inside the angle made by m; and ma (Fig. 5.25(b)).
Let g1 and go be the intersection points between the circle and esps. Notice that
€2poWy is less than half of the arc length gows (Fig. 5.25(b)). Notice that the arc

gowy is smaller than 7. Therefore, épaws < 5.

2. wy is outside the wedge region of w;: This case is illustrated in Fig. 5.25(c). Notice
that the angle between m; and my must be greater than 5 because otherwise Wj

cannot contain W{. Similar to the previous case it can be shown that espawy is

less than g which is a contradiction.
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Figure 5.25: Proof of Lemma 5.3.12. (a,b) The case that ws is inside the wedge region
of wy. In (b) the arc gows (the marked one) is smaller than 7. (c) The case that
wy is outside the wedge region of wy. (c,d) Proof of Lemma 5.3.13. (e) Proof of
Lemma 5.3.14.

Lemma 5.3.13. Consider the image of a wavefront W in the XY -plane. Let e be a
point in the XY -plane which is outside W*. Let p be the projection of e onto W*. The
line segment ep makes two angles with W* (Fig. 5.25(d) and Fig. 5.25(e)). Then both

of these angles are larger than 7.

Proof. According to definition 10 there are two cases: the point e can be in an edge
region or a wedge region. In both cases, the two angles made by ep and W* are reflex

angles. O

Lemma 5.3.14. Consider the image of a wavefront W onto the XY -plane, i.e. W'.
Let eq be a point in the XY -plane which is outside the region enclosed by W*. Moreover,
let e denote the projection of e; onto W' (i.e. w(ey, W), see Definition 12). Then, for
all points ¢ € W', we have:

o In the XY -plane, e is closer to q than e;. We show this by proving that dw (e, q) <
dxy(e1,q).

o In the XY -plane, e is closer to e; than any other point ¢ on W*. In other words,

dxy (e e1) <dxy(ge1).

Proof. First, notice that e; can be in an edge region or a wedge region (Definition 12).

In both cases, the angle between eje and the edge(s) on W* that contain e is at least 5
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Next, consider the edges on W' that are on W(q, e) (Fig. 5.25(f)) and denote them

by {mq,---my}. Consider the lines that contain these edges. Denote the intersection

of these lines with the segment ee; by {qi,---qr}. Observe that the angle between

my; € {my,---my} and ere is greater than 7. Therefore, it can be easily shown that
dw(e,q) < dxy(e1,q).

Now, let us prove the second claim, that is dxy(e,e1) < dxy(q,e1). Let n be

the intersection of the edge that contains e and the segment e;q. Since the angle

between eje and en is at least 7, it can be shown that dxy (e, e1) < dxy(n,er). Thus,
dxy (e e1) < dxy(g,e1). O

5.3.7 Summary

We showed that the class of convex terrains (height-maps with boundary) are single-
pursuer-win when capture distance is non-zero. Our strategy is based on the rook
strategy we discussed in Chapter 3. Intuitively, the pursuer starts from the highest
point on the surface and guards wavefronts downward such that the surface is completely
swept. The capture time of our proposed strategy is a function of the terrain’s properties
such as its height and maximum slope as well as the perimeter of its projection onto

the base plane.
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5.4 Concluding Remarks

In this chapter, we studied the lion and man game on the surface of a polyhedron. In
Section 5.2 we studied general polyhedral surfaces with obstacles. We showed that if
the capture distance is non-zero, three pursuers can capture the evader in finite time.
Our strategy is based on a divide-and-conquer approach where two pursuers restrict the
evader to a subset of the environment and the third pursuer divides the evader region
to two smaller subsets. The evader is then confined to one of these smaller regions. The
divide procedure continues until capture is achieved.

Our result is related to the result of Aigner and Fromme [28] who showed that in the
game of cops and robbers, three cops suffice for capture on planar graphs. It might be
tempting to use this result directly since the vertices and edges of a polyhedral surface
with genus zero constitute a planar graph. It turns out that the conversion from the
geometric version to the graph setup is not directly applicable for the following reasons.
First, in the geometric version the players are not restricted to move only between the
vertices. In fact, in the geometric version, the players can be anywhere in the continuous
set of points on the surface and not just the discrete set of vertices. One might suggest
to convert the geometric version to the graph setup by mapping the locations of the
players to their nearest vertex on the surface. However, this mapping does not capture
all possible movements of the players. For example, consider two points p; and ps on
the surface that are at distance one from each other. These two points might be mapped
to two vertices v; and vy that are not connected by any edge in the graph equivalent.
As a result the movement between p; and ps cannot be described in the graph model.

In Section 5.3 we studied the lion and man game on convex terrains and presented
a pursuit strategy which guarantees that the pursuer can reduce the distance between
the players to the step size in finite time. One of the questions left open in this work is
the optimality of this strategy. A second research direction is to characterize terrains in
which a single pursuer suffices for capture. Even though convexity is sufficient, it is not
necessary. A related question is to compute minimum number of pursuers for a given

terrain.



Chapter 6

Stochastic Target (Probabilistic
Search)

In Chapter 4 and Chapter 5 we studied variants of the lion and man game where the
goal is to capture an adversarial target. In this chapter, we study the problem of
finding a target which is simply moving randomly in a graph environment. That is, in
each step it moves to one of its neighboring nodes according to a predefined probability
distribution. We will investigate two classes of graphs: linear graphs (Section 6.2) and
two-dimensional grids (Section 6.3). Our motivating application for this problem is our
ongoing project on monitoring invasive carp in Minnesota lakes. Therefore, we also
present our field experiments to demonstrate the applicability of our proposed model
and search strategies for finding invasive carp.

Let us begin this chapter by giving a high-level description of the problem as well

as our experimental system description.
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p q
Q q P q P Q Target(t+1) Target(t)
> < > < Searcher(t) ——» Searcher(t+1)
o—0—0—0—0 0—0—0—0—20
(a) (b)

Figure 6.1: (a) Target’s motion model is a simple random walk: with probability p it
moves one step to the left, and with probability ¢ = 1 — p it moves one step to the
right. (b) A crossing event is illustrated: at time ¢, the searcher is at node 7, the target
is at node 7 4+ 1, and they move toward each other by taking the same edge in opposite

directions.

6.1 Problem Statement and Experimental Setup

We first provide our search problem statement which is briefly to design a search strategy
that maximizes the probability of finding a random walking target. Throughout the
chapter, we will present more specification of the problem for linear graphs and grids.

We then give an overview of our robotic system which is used in our field experiments.

6.1.1 Problem Statement

Let us begin by presenting the general formulation of the search problem. The searcher
and the target are moving in a graph. We study two types of graphs: linear graphs
in Section 6.2 and two-dimensional grids in Section 6.3. The searcher and the target
move in turns, in discrete time steps and with equal speed. At each time-step, both of
the players can move to one of their adjacent nodes or choose to stay in their current
nodes. The target is doing a random walk i.e., the target moves to one of its adjacent
neighbors according to a given probability. In the case of linear graphs (Section 6.2), we
will study simple random walks where the target moves to the left or to the right with
equal probability % In the case of two-dimensional grids (Section 6.3) we investigate
the case that the target is moving to its four adjacent neighbors or stays on its current
node with equal probability %

The direction that the searcher chooses to move is referred to as its action. In the

case of linear graphs (Section 6.2), the set of actions we allow for the searcher are: left,
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right, stay. In the case of grids, we will consider macro-actions which are basically
a sequence of actions (left, right, up, down), specifically a column to sweep (more
details in Section 6.3).

We consider a maximum time 7" to complete the task. The objective of the searcher
is to design a capture strategy that maximizes the probability of capture given the

maximum search time 7"
mlgxPc(F =ayay---ar) st k<T, (6.1)

where a; denotes searcher’s actions, I' = ajag - - - ay, is the searcher’s strategy and P.(T")

denotes the corresponding probability of capture.

6.1.2 Experimental Setup

In this section we present a description of our robotics platform including our sensor
(directional antenna) and radio-tags used to detect the target. For our experimental
demonstration, we will use Autonomous Surface Vehicles (ASV) in summer months and
Autonomous Ground Vehicle (AGV) in winter months over frozen lakes. After present-
ing our proposed search strategies, we will provide our field experiments in Section 6.2.4
and Section 6.3.3.

Our first system, shown in Fig. 6.2(a), consists of two Autonomous Surface Vehicles
(ASVs) carrying radio tracking equipment. The ASVs are built on boats manufactured
by OceanScience [80] and were originally designed for remote operation. We added
autonomous navigation with on-board GPS, digital compass and laptop, wireless com-

munication via ad-hoc networking and remote override capabilities [81].



Figure 6.2: (a) Two ASVs used in field experiments. The tracking equipment are
installed on the boat that acts as the searcher. (b) The directional antenna used for
sensing the target. (c) The tag used to track the target (in case of the fish the tag is
implanted by surgery in the fish). The length of the tag is approximately 5 cm, and a
30cm antenna trailing off (From [1]) (d) The Husky A100 as our AGV.

For our experiments, one of the ASVs was designated as the searcher robot and
the other used as the random-walking target. The searcher robot (the red boat in
Fig. 6.2(a)) was equipped with a directional antenna (Fig. 6.2(c)), real time spectrum an-
alyzer, and a laptop to process and track signals. The target robot (yellow in Fig. 6.2(a))
had a radio tag attached to a tow line. The radio tags transmit a low-power, uncoded
pulse on a unique frequency approximately once per second. The antenna is direction-
ally sensitive. To detect nearby tags, the antenna must be aligned with the tag. Our
experiments are performed in Lake Staring, Minnesota.

As our Automatic Ground Vehicle (AGV), we used the Husky A100 built by Clearpath
Robotics [82] which is a six wheel, two motor, differential drive machine. Fig. 6.2(d)
shows the Husky equipped with the antenna.

We next study the search problem for finding a simple random walker in a linear

graph.
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6.2 Simple Random Walker on Linear Graphs: Crossing

Detection Model

In this section, we study the random walk search problem in linear graphs'. The
environment is a set of discrete locations {0, 1,..., N} equally distanced along a line
segment. The target starts from an unknown node, and afterwards, it performs a simple
random walk as follows: from location 0 < ¢ < N, with probability ¢ it moves one unit
to the right, and with the remaining probability p = 1 — ¢ it moves one unit to the left.
Throughout this chapter, we mainly focus on the case of a symmetric random walk, i.e.
g = p = 0.5, but most of our results can be easily extended to other values of p and ¢
as well as to the case of a non-zero probability of staying at the current node (i.e. when
1—g—p#0). In addition, the boundary points 0 and N are reflective (see Fig. 6.1(a)).

The searcher, on the other hand, starts from the left-most node z(0) = 0. At each
time step, it can decide to move to the right, to the left or stay at its current node.
Throughout the paper, we refer to these actions as R, L, S respectively. The searcher’s
strategy I' is defined as a sequence of these actions a € {R, L, S}. An example strategy
can be I' = (R*S7L')* which is move to the right for i steps, then stay for j steps, move
to the left for [ steps, and repeat forever.

The searcher is able to sense the target only on a node. As a result, crossing on
edges, by which we mean taking the same edge in opposite directions, will not lead to
capture (see Fig. 6.1(b)). We refer to this detection model as the crossing model?. In
this model, traveling along the same edge as the target does not count as capture in
this model. As a result, at any time the target can be on both sides of the searcher.
This makes the problem of analyzing the capture probability challenging even when the
search strategy is given.

In the rest of this section, we first present a method for computing the capture
probability of a given strategy. The calculation is later used to compare the performance
of the proposed search strategies. To find the optimal search strategy, we then formulate
the problem as a POMDP. As it is well-known, the POMDP can be converted to a MDP
by considering the searcher’s belief, i.e. the probability distribution that the target is

! The material in this section appears in [6]
2 Qur results in the case of no-crossing detection model, i.e., when the target is detected also in
crossing events, are presented in [6].
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on each node, as the states. The resulting state space is large: it is exponential in the
number of nodes. To deal with curse of dimensionality, we present two approximation
methods. We refer to the first method as the belief-binning method. In this method,
the intuition is that the shape of the belief at farther points is less important for the
searcher in picking the best action at its current position. This is because by the time
that the searcher reaches those points, the shape of the belief will change. In the second
method, the problem is formulated as a Mixed Observability MDP (MOMDP) [58] where
the fully observable variables of the state are separated from the partially observable
ones. In both methods, the planning is done in a lower dimensional space. The two
methods approach the problem differently and provide approximate solutions. However,
both of them reveal a similar structure in their solutions (Section 6.2.3). We analyze the
performance of the strategies in this particular structure in closed form (Theorem 6.2.1).
We use this analysis to find the best set of parameters within the structure, and propose
our final solution which is given in Table 6.3.

We next present the calculation method for computing the capture probability of a

given strategy.

6.2.1 Capture Probability of a Given Strategy

To compare different search strategies given the crossing model, we first show how the
probability of capture for a given strategy can be computed. Let us denote the searcher’s
location at time ¢ by s(¢) and the target’s location by e(t). The target is initially at
€(0). The searcher is performing the strategy I' given as a sequence of actions R, L and
S. Fig. 6.3 shows an illustrative example of the location of the searcher for a specific
strategy, and the target for a specific random walk path as a function of time.

We are interested in computing the probability of capturing the target at time ¢
denoted by P.(t). The capture events are those that the searcher and the target are at
the same position at the same time. Thus, we must consider the target’s paths that
end up at s(t) at time ¢, i.e. e(t) = s(t). Counting the events that the target starts at
e(0) and reaches s(t) at ¢ is not too difficult. However, we cannot simply sum up the
probability of these events to obtain P, because they include overlapping capture events
with e(k) = s(k) for multiple values of k < ¢. First, we must only count the events such

that the target has not been captured sooner than ¢. Second, since crossing is allowed,
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path interactions such as the one marked by the arrow in Fig. 6.3 do not count as
capture. In order to tackle these two challenges, we look at the searcher’s path s(t) as a
piecewise constant function. That is, s(t) is composed of a set of time intervals [t, tx11)
such that s(t) is constant in [t,tr+1) and has the value s (the searcher is staying at
Sk in [tg,tg+1)). In Fig. 6.3 the searcher is at sx_1 in the time interval [tx_1, tx).

In order to compute P.(t), we take a divide and conquer approach to recursively
compute the target paths that yield capture at time ¢ but are safe before t. By safe we
mean that the target has not been captured before time ¢. To do so, we consider the
intervals before t. Each time-interval acts as the basis in our divide and conquer method,
and we can employ them to overcome the two issues mentioned above as follows. Since
in each interval s(t) is constant we do not have the crossing events such as the one
marked by the arrow in Fig. 6.3. We also can enumerate the target paths that co-locate
the target and the searcher for the first time at ¢ by counting the target paths that are
completely to the left or to the right of s; during [t;,t;+1) for ¢; < t. This enables us to
compute the capture events using recursive equations as follows. Let us introduce the

following probabilities:

A location (x)
NT Sk—1

Le(()) crossing event

2
time
0 >
tk—1 tr t tk+1

Figure 6.3: The position of the players as a function of time. The target’s path is
shown in dashed lines. The time marked by the arrow is not capture because crossing

is allowed.

® Pyute(x,t): the probability that the target safely arrives at location x at time t.
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Here safe refers to the fact that the target has not been captured before time ¢.

Psafe(xl,tk,xg,tkH — 1): This is the probability that the target safely reaches
2o at time tx4q — 1 assuming that it is at x; at time 5. Notice that the target
has to stay either to the left, or to the right of s; during [tx,tx+1) in order to
avoid capture and remain safe. Referring to Fig. 6.3, the target paths must be
either below or above sj at [tg,tx+1). Note that this function is different from

the previous one in the sense that it counts the safe events in a single interval

[th, tht1)-

F(x1,x2,t): the probability that for the first time the target reaches at xo after ¢
time steps starting from x; (first passage probability).

G(z1,x9,t): the probability that the target starts at location x; and reaches at

x9 after ¢ time steps (not necessarily for the first time).

Our goal is to compute P.(t), the probability of capturing the target at time t¢.

First, we consider the time interval [tg,tr11) that ¢ belongs to. See Fig. 6.3. Let = be

the target’s position at time ¢, — 1. The searcher is at sp_1 at [tx_1,tx). The capture

events can be described as follows: The target safely arrives at x at time £ — 1, i.e.

Pgyfe(x,ty, — 1) and then, from z it reaches s, for the first time after ¢ — ¢, + 1 time

Po(t) = Pagge(m, ty — 1) F (2, 85, — tg +1).
x

The safe events Psqfe(x,t,, — 1) can be obtained from the following recursive equations:

Psafe(xvtk - 1) = ZPsafe(yatk—laxatk - 1)Psafe(yatk—1)
)

The probability function Py, fe (1, tk—1, 22, t; — 1) is computed as follows:

Poafe(z1,th—1,22,tp — 1) = G(a1, 22, tp — 1 — tp—1)
tp—1—tp_1

— > (F(m1,86-1,1)G(sp-1, 02, bk — 1 — tg_1 — 1))
=0
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In other words, the events that the target crosses s;_; (second term in r.h.s. of the

equation above) are excluded from the total number of events (first term in r.h.s. of the
equation above). Notice that the searcher is at s;_; in the time interval [tx_1,tx).

Finally, computing G(x1,x2,t) and F(x1,x2,t) is straightforward and we refer the

interested reader to [61] for the corresponding equations.

6.2.2 Partially Observable Markov Decision Process

In this section we present the formulation of our search problem as a Markov Decision
Process (MDP) [66]. Recall from Section 3.2.1 that an MDP is a tuple (S, A, T, R) where
S is the set of possible states, A is the set of actions, T is the probability of transitioning
between the states as a result of performing each action, and R is the reward collected

for each transition.

1 —T(S, capture) T(S, capture)

AT
) T(

‘ 1 — T(L, capture L, capture)

Figure 6.4: MDP state transitions. In the current state s., by performing a € {R, L, S},

with probability T(a, capture) the searcher captures the target and with the remaining

probability the next state will be s,,.

Formulating the search problem as an MDP, the states could be defined as (p,e)
where p is the position of the searcher and e is the position of the target. However, we
cannot use this setup since the location of the target is not observable to the searcher.
The searcher’s only observation is that it has not captured the target yet. Therefore,
our problem is in fact a Partially Observable Markov Decision Processes (POMDP).
However, we can convert it to an MDP by defining the states as the searcher’s belief
about the target’s location [83]. The goal is to find the policy that maximizes the reward
collected by the searcher upon execution of the policy. The following are the sets which
define our MDP (Fig. 6.4):

e The states are defined as (B, E,s) where B is the belief of the searcher about
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the position of the target, I is the current energy of the searcher and s is the
current position of the searcher. Here B is represented as the probability vector
B = [po, p1, ..., pn] where p; is the probability that the target is at position 4 given
that it is not captured yet. A set of terminal states is given by {Scapture; Sno-time }
where Scapture denotes the capture state, and spo-time denotes the state in which

the robot runs out of time budget.

e The set of actions that the searcher can perform in each state are: stay at its

current position, move one step to the left, or one step to the right.

e The transition probability matrix with entries T(s;, s;, a) that represent the prob-
ability that the searcher transitions to state s; by performing action a in state

S;.

e The reward matrix which represents the transition reward from state s; to state

s;j after performing action a.

In the following, we describe the details of the state space and the proper definition
of the reward function. We skip the calculation of the probability transition matrix

since it is straightforward.
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Figure 6.5: Blue is the actual belief and red is its approximation by bins. The searcher

is at ©x = 14.
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Method 1: The belief-binning approximation method: Initially, the searcher
starts from the location = 0. The searcher begins its mission with no information
about the position of the target (except that the target is not captured yet). Therefore,
the initial belief vector is the uniform probability distribution over [0, N].

Note that the number of states will be exponential in the number of discrete levels
used for representing the probability vector B = [po,p1,...,pn] (with the exponent
equal to N, the size of the environment). To deal with this problem, one method is
to approximate the belief by a specific function which can be represented by a small
number of parameters. However, this approach cannot be applied to the crossing case
directly, because here the belief is not a smooth function. A sample of the searcher’s
belief is shown in Fig. 6.5.

Intuitively, the value of the belief at the nodes that are far away from the searcher’s
current position is not effecting the best action. Based on this observation, we represent
the belief by bins with exponentially increasing width as follows. There are two bins
with width 2¢ that start at nodes s + 2 and s — 2¢ respectively (0 < i < log(N)). The
approximate belief in each bin is uniform. To compute its value we first compute the
cumulative belief in each bin and then we take the average of this cumulative value in
the corresponding bin. Finally, we assign the closest discretization level to the average
value as the bin value. An example is shown in Fig. 6.5.

The reward matriz: As expressed in (6.1), we are looking for the strategy that
maximizes the probability of capture. In order to associate the value of MDP states
with the probability of capture, the reward function is defined as follows. The transition
reward from all states (except Scapture and Sno-time) tO the capture state Scapture 1S one.
All other transition rewards are zero. The state values of the aforementioned MDP is
an approximation of the probability of capture. Therefore, the strategy that maximizes
the state values, i.e. the solution to the MDP, is in fact the one that maximizes the
probability of capturing the target.

The solution technique: Finally, we use finite-horizon MDP implementation avail-
able in INRA MDP MATLAB Toolbox [84] which uses backward induction algorithm.
The number of stages is set to T', the time constraint. The terminal reward is set to
zero for all states except Scapture Which is set to one.

Method 2: The MOMDP approximation method: An alternative approach to
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tackle the large state space of our problem is to formulate the problem as a Mixed
Observability MDP [58]. In this formulation, the state components that are fully ob-
servable are separated from the ones that are partially observable. As a result, the
belief is maintained on a smaller set of variables, and the size of the state space can be
reduced significantly.

Recall from Section 3.2.2 that a MOMDP is specified as a tuple (X,Y,A,O,T,, T,,
Z,R) where X represents the set of fully observable components, Y represents the set
of partially observable components, and A, Q are the set of actions and observations
respectively. The function Z(o, s,a) is the conditional probability of observing o after
performing action o and moving to the state s, Ty (z,y,a,x’) represents the transition
probability of the fully observable state component x, and Ty(z, y, a,y’) is the transition
probability of the partially observable component y.

Adopting the MOMDP formulation to our problem, the searcher’s position and also
the time budget are fully observable while the target’s location is partially observable.
We use the Approximate POMDP Planning (APPL) toolkit which is available at [73].
The APPL toolkit combines MOMDP with SARSOP which is a point-based POMDP
algorithm [58].

6.2.3 Simulation Results

We are now ready to solve for the search strategies using the proposed formulations.
We consider three cases: 1) T is enough for at least two sweeps of the line, i.e. T > 2N;
2) T < 15N; 3) 1.5N < T < 2N. In the first case, we present intuitive strategies
and show that they guarantee a high probability of capture. In the remaining cases, we
provide the strategies obtained from the MDP formulations. The simulations for the
MDP formulations are done on a Dell Poweredge 6950 machine with 14G'B memory. In
the belief-binning approach, we used 50 levels for discretizing each bin. Thus, if there
are n bins, the number of possible states would be 50™. In the MOMDP method, we let
the solver run until a target precision® less than 0.001 is reached or a timeout happens

after 3 hours of execution.

3 Target precision is a function of |V — V| for the set of samples in the SARSOP method.
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When Time is Enough for Two Sweeps: In this case, the searcher has enough
time for at least two sweeps T' > 2IN. We start by considering the case that T'= 2N +1.
One intuitive strategy is to sweep the whole line twice. However, if the searcher moves
all the time, the parity of its distance to the target will never change, unless the target
does a stay action at one of the boundary points (Fig. 6.1(a)). This is because, at other
points, the target always moves one step to the right or to the left, and thus its distance
to the searcher changes by two. Therefore, we add a wait step in order to increase the
probability of capture in the event that the target starts from an odd node. We call
this strategy the Sweep strategy: the searcher moves all the way to the right, waits
for one step at the last point N and then moves back to the left toward the first node
(RNSLN ...
We also analyze a second strategy, which we call StopAndGo: the searcher moves

for one step, then waits for one step and so on (RSRS...).

N =40
T

—— Sweep
= = = StopAndGo

o
©
T

o
©
T

o
3

0.6-

05

Cumulative Probability of Capture

0 2 3 4 s e 70 80
Time

Figure 6.6: Cumulative probability of capture obtained from Section 6.2.1. Here

N = 40.

The probability of capture for these two strategies is computed using the analysis
in Section 6.2.1. Fig. 6.6 depicts the cumulative probability of capture for N = 40. As
shown in this figure, these strategies achieve a very high probability of capture: 0.95 and
0.90 for Sweep and StopAndGo respectively. Since the highest possible performance for
the probability of capture is one, we choose the Sweep strategy as our best strategy for

this case. Notice that for larger values of T' > 2N we can repeat the proposed strategy
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| T=9 | T-1 r=19 | T=2 T =29
RS (RS)? R3S 4 ot o R?SR3S R?SR3*S(R%*S)3
Belief-binning 23 2 eno (R°S)*R*S 5 n3 ) 3 D R
R?SR*S (R2S) (R?S)*(R*S)? | (RS)’R®SR?SRS
P.(Belief-binning) 0.2966 0.4201 0.5711 0.6991 0.8020
Uniform (R*S)’R (R*S)3R? (R°S)®R (R3S)® (R%9)%82
P.(Uniform) 0.2971 0.4294 0.5642 0.7095 0.8031
5o R?SR3S R*S(R3*S)® | R*S(R®S)*R* (R?S)5(R?S)?
MOMDP (R?S)?RSL - ) ) R
(R?S)?L R?SL S?L S2L
P.(MOMDP) 0.2179 0.3787 0.5323 0.6633 0.7873
Table 6.1: The MDP solutions for N = 20.
| T=14 | T=24 T =135 T =44
. 5 ons s R*SR’SR® 50 05 RS°RYSR*S
Belief-binning (R°S)°R*S 6 o2 RS R )
SR°SR%S R2S(RS)
P.(Belief-binning) 0.2830 0.4625 0.58 0.675
Uniform (R3S)3R? (R3S)° (R*S)” (R*S)™R?
P.(Uniform) 0.2818 0.4656 0.6638 0.787
R?SR®S R2*S(R39)* R2S(R3S)? RS(R?*S)"°R®
MOMDP 2 2 2 Q2 4 3 5 g3 2 Q2
(R2S)2L R2SL (R'S)*R°S®L SR2S%L
P.(MOMDP) 0.2421 0.4219 0.6333 0.7651

Table 6.2: The MDP solutions for N = 31.

When Time is less than 1.5 sweeps: In this case T' < 1.5N. The strategies

found by the two approximation methods for N = 20 and N = 31 are shown in Table 6.1

and Table 6.2 respectively.

A first interesting result is that, as shown in these tables, the solutions have a

common property: the stay actions are uniformly distributed among the right actions.

In other words, the strategies are of the form (RFS)™.

strategies as the uniform strategies. Table 6.1 and Table 6.2 also present the best

Let us refer to this class of

uniform strategy for the same values of N and T which are obtained by changing the

number of rights k in each group of (RFS) and computing the probability of capture
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using the analysis in Section 6.2.1. Observe that the uniform strategy is very close to
the solutions found by the two MDP methods.

To compare the belief-binning and the MOMDP performance, observe that for N =
20 in Table 6.1 the solutions of belief-binning method are all better than the MOMDP in
terms of capture probability. This is true also in Table 6.2 for for N = 31 and T' = 14, 24.
However, for T' = 35,44 the MOMDP solution outperforms the belief-binning strategies
which is due to the error corresponding to the resolution in binning levels. On the other
hand, the MOMDP solutions exhibit the uniform structure in all instances which makes
MOMDP a more suitable approach for larger values of N and T# .

Next, we focus on the problem of finding a good uniform strategy. In fact, we
would like to find the correct number of right actions before each stay action and
optimize k. In order to find the best k, we take the following approach. We first
derive closed form equations to approximate the capture probability of (R¥S)™. Our
approximation is applicable for k& > 3. Therefore, we use it to find the best & > 3.
We then compare this best solution with k£ € {1,2} both in simulations and also using
our analysis (Section 6.2.1). From this comparison, we conclude our proposed optimal
strategy of the form (RFS)™.

The following theorem, presents the aforementioned closed form. We present the

details of the proof in [6].

Theorem 6.2.1. The probability of capture for the strategy (R*S)M where T = M (k+1)

and 3 < k can be approrimated as:

M(k+2) _ T4+M .

= if Mk < N

P~{ N o Y (6.2)
Lafi-1 if Mk =N

Therefore, for a given T the capture probability is maximum when M takes its
largest possible value. That is the optimum number of rights in each group of R*S is
k = 3 when k > 3.

Next, let us compare the performance of k = 3 with k € {1,2}. Fig. 6.7 shows this
comparison for the following strategies: (RS)3® and N = 35, (R?S)!7 and N = 34,

4 Note that the APPL toolkit can handle instances where N < 100 and T < 40.
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(R3S)'2. This comparison suggests that the performance of (R2S)™ is comparable to

the other uniform strategies and sometimes it is the best. Thus, we pick (R?S)™ as our

proposed strategy when T' < 1.5N.
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Figure 6.7: Comparison of uniform strategies (R*S)™. Here N = km to prevent extra

R at the end of the strategy.
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Figure 6.8: Comparison of four strategies when 1.5N < T for N = 72 obtained from

simulation.

When Time is greater than 1.5 sweeps

Let us now investigate the case that 1.5N < T < 2N. We compare four strategies.
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The first one is the Sweep strategy we introduced earlier. Then, we define the following

strategies:

o (R2S)%(L25)m: repeat the pattern R2S until the searcher is at node N, then
repeat the pattern L2S for the rest.

e (R3S)¥L™: repeat the pattern (R3S) until the searcher is at node N, then move
back to the left.

e RightLeftRight: move to the right for %, then turn back and move to the left

for %, and then move to the right for the rest of time-steps.

As shown in Fig. 6.8 for N = 72, the performance of (RQS)%(L2S)T” is better
for T < 120, and then afterwards the Sweep strategy becomes better. It is worth
emphasizing that both are above 0.81 after time 120. We observed the same behavior
for N =30 and N = 54. Thus, we declare both of them as our candidate strategies for
the case that 1.7N <T. When 1.5N < T < 1.7N, we consider (RQS)%(LQS)"L our best
strategy.

A summary of the best strategies found for different cases is depicted in Table 6.3.

Best Strategy
2N < T Sweep
1.7N <T < 2N Sweep
15N < T < 1.7TN | (R2S)? (L2S)™
T < 15N (R2S)™

Table 6.3: Summary of the proposed best strategies for different cases.

6.2.4 Experimental Demonstration

We now present experiments to demonstrate the applicability of our proposed search
strategies in the carp monitoring project. Here the target is the common carp which
are tagged and can be detected by our directional antennas (See Section 6.1.2). We
conduct our experiments in Minnesota lakes instead of rivers for the following reasons.

In addition to safety reasons for our autonomous robots, we expect that considering a
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1D search path is a reasonable assumption for this application because these fish tend
to move near the shore (where there is more vegetation) most of the time [85]. See
Fig. 6.9 for an illustration. We present preliminary results which are mainly focused
on modeling. First, we provide evidence that taking measurements on a discrete set
of nodes produces reliable detection. In particular, as the robot stops and turns off
its motor, the noise interference which is a main reason for false positives is reduced.
It must be noted that an important feature of our system is the directional sensitivity
of the antenna. That is, our sensor must be aligned with the target for maximum
signal strength received from the target. As a first approach, we chose to rotate the
antenna and take measurements at multiple orientations when the robot is stopped.
This simplifies the modeling as we no longer need to model the antenna orientation.
We present results from the summer months using Autonomous Surface Vehicles (ASV)
and winter months using an Autonomous Ground Vehicle (AGV). Finally, it must be
noted that in the case of ASVs the ratio of movement cost to stationary keeping cost is

¢m/cs = 5.7/0.2 while in the case of AGVs the stationary keeping has zero cost.

Figure 6.9: The target is performing a random walk on a corridor of width equal to the
sensing range (red dotted path). The searcher moves on the corresponding line segment
(blue path).

6.2.4.1 Experiments with the ASVs

In the following experiment, the searcher sweeps an L-shaped corridor of length 320m
as shown in Fig. 6.10. For safety reasons, we use this short length in order to keep the
ASVs within the communication range.

The searcher sweeps the path from the first node to the last node such that after
uniform time intervals it turns off its motor and takes measurements by rotating the
antenna. This will give us a comparison between the signal strength during motion

versus waiting, and ultimately the effect of the noise interference from motor. In the
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following plots, we use the propeller speed as an indicator of the time intervals that the
boat has turned off its motor.

Fourteen radio frequencies (corresponding to known tags which were not included
in the trials) were monitored for transmissions, while the target transmitted only at
frequency 49611 KHz. Notice that in a realistic search for a target, the target frequency
is unknown. Therefore, we need a comparison between the true and a noise frequency

that we know it is not present in the trial.

Figure 6.10: The experiment area which includes 9 nodes with distance 40m (total

length is 320m) along an L-shaped path.

To determine detection, we use the following method. For each frequency that the
antenna is listening to, let m and o be the corresponding mean and variance for the
signal strength respectively. Also, let f be the current signal strength. Consider the

following criterion for all frequencies:

[y
[
3

(6.3)
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300

distance
—— SS for tag 49611 (Target)

- @ - SS for tag 49124
propeller speed

250

Figure 6.11: The Signal Strength (SS) for the target tag (49611 KHz) and 49124 KHz
that is not present in the trial. Also, the distance between the searcher and the target
are shown. Notice that we have false negative at [to,t3] although the target is close
to the searcher (around 15m). One reason for a false negative could be mis-alignment

between the antenna and the tag.

There will be four cases:

1. One particular frequency has a sharp rise in f_Tm while others do not. We declare

detection for this frequency.

2. All frequencies have a sharp rise in JLTm This case is a false positive because in
a realistic situation we cannot differentiate between a possible detection from a

nearby tag and the background noise.

3. No frequencies have a rise in f_Tm Then, that is a non-detection.

4. There is no rise in ’LTm, but the tag is close-by. Then, this is a false negative.

Since the antenna is directional, false negatives are caused by mis-aligned antenna.
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Figure 6.12: (a) The target’s and the searcher’s location along the corridor versus
time. Here, the searcher and the target are denoted by 7" and S respectively. (b) The
Signal Strength (SS) for target tag (49631 KHz) and an example frequency (49134 KHz)
that does not correspond to a nearby tag. The mean level (m) for both frequencies is
highlighted by the middle ellipse. The highlighted peak for 49134 is a false positive
detection of tag 49134.

Fig. 6.11 depicts the signal strength for the frequencies associated with target (tag
number 49611) and tag number 49124 that is not present in the trial. First, observe
that the signal strength for both frequencies drops considerably as the robot stops and
turns off its motor (zero speed intervals in Fig. 6.11).

Second, notice the peak in the strength for 49124 KHz marked by tg. Observe that
according to criterion in (6.3) we would declare a detection which is clearly wrong as
no transmitters for 49124 KHz were present. Also, this makes the target detection at
time ¢4 an uncertain detection. This instance is in favor of our crossing model. That
is, we must turn off the motor on a discrete set of nodes in order to reduce the noise
interference from motor and avoid false positives. Similar false positives and negatives

were observed to occur on both the ASV and AGV platforms.

6.2.4.2 Experiments with the AGV

In this experiment, the searcher and the target move along a corridor of length 120m

while they have an offset of 20m.
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The target, carries the tag marked by 49631. Similar to the ASV case, the searcher
sweeps the corridor from left to right. During this sweep, the searcher stops after uniform
time intervals which are indicated by zero speed of the vehicle. Fig. 6.12(a) illustrates
the location of the searcher and the target along the line as well as the waiting intervals
of the searcher. Here, the searcher’s strategy is an example of our proposed R?SR?S...
strategy.

Fig. 6.12(b) depicts the signal strength received by the searcher from the tag as well
as the frequency associated with tag number 49134 which is not present in the trial.
First, observe the peaks in the signal strength from the target tag. Here, according to
the distances in Fig. 6.12, the peaks at t3, t4 and [tg, t7] are true detections. Notice that
the searcher does not miss the target at the particular crossing event at [tg, t7]. Also,
the detection at t5, despite the large distance (73m), is because of complete alignment
between the antenna and the target.

Observe from Fig. 6.12(b) the two highlighted peaks in the signal strength at [t1, ¢2]
and t3. Notice that the peaks for both frequencies are of similar maximum value and are
both higher than their corresponding mean level (which is also highlighted). Therefore,
according to our criterion f_Tm (6.3), we would declare detection for these frequencies at
ts and [t1, ta] respectively. However, the detection for 49134 would be a false detection
since no transmissions on this frequency were used in the trial. Notice that this false
detection is received while the vehicle is moving and its motors are on. On the other
hand, the peak from the target frequency corresponds to a true detection since the
searcher and the target are very close (see Fig. 6.12). Moreover, the measurement is
taken while the searcher’s motors are off. To summarize, this example supports our
discrete crossing model. That is, the searcher has to stop in order to take reliable

measurements.

6.2.5 Summary

We studied the problem of searching for random walker on a set of discrete nodes
while lie on a line segment. The goal is to design search strategies that maximize the
probability of capturing the target subject to constraints on the available search time.
The searcher’s possible actions are move to left or right or stay on the current node.

We studied the crossing detection model, and formulated the problem as a POMDP.
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We observed an interesting structure in the POMDP solutions: a groups of right actions
interleaved with stay actions, i.e. (R*S)™. After analyzing the capture probability of
these strategies as a function of k and m we showed that the best solution is (R%S)™. We
then demonstrated the applicability of our proposed strategies in our carp monitoring
project. We used ASVs and AGVs as our searcher robot and target. We showed that
the crossing detection model is a good assumption for our directional sensors.
In the next section, we study search strategies to find a two-dimensional random

walker.
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6.3 Simple Random Walker on Two-Dimensional Grids

In this section, we study the problem of finding a target which is moving in a two-
dimensional grid. In particular, the searcher and the target are moving in a square
region. The searcher’s goal is to detect the target which is possible when the target is
within the searcher’s capture range. As a result, we discretize the square into cells where
the sides of each cell is proportional to the capture radius. Therefore, the environment
is modeled as a N x N grid. The searcher and the target move in discrete time steps.
We have capture when the searcher and the target are in the same cell at the same time.

At each time step the target moves to the left or to the right with probability h,
up or down with probability v, and it stays at its current cell with probability s. We
assume that the borders are reflective: If the target is about to leave the grid, it will
reverse directions instead. For example, if the target is on the top edge of the grid, with
probability 2A it moves down. Throughout this paper, we often assume that movement
is uniform: h=v=s= %

The searcher on the other hand may choose among what we will call macro-actions.
Before executing a macro-action, the searcher will select a column. The macro-action
itself consists of three stages. In the first stage the searcher will travel horizontally to the
selected column. Then the searcher will wait until NV time steps have passed. The final
stage is to sweep across the column. Afterwards, the searcher chooses another macro-
action. We implement the waiting period in order to ensure that all macro-actions take
2N time steps, which simplifies the decision process.

The search task is to design a sequence of at most T actions (macro-actions) for the

searcher such that the probability of capturing the target is maximized. Specifically,
the goal is to design a search trajectory (strategy) I' such that:

mI@XPc(F = {A1, AQ, ce ,Ak}) st. k < T (64)
A; € {columny, columny, - - - , columny }
where P.(I") represents the capture probability of I'.

We denote the probability distribution describing the target’s location on the grid
at time ¢ by X;. This is the base distribution of the target, and it is independent of the
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searcher’s strategy. In this section, we assume X; = f, where f is:

(Nil)g if = is in the interior of the grid
flx) = 4(N£1)2 if x is in a corner of the grid (6.5)
BTl N£1)2 otherwise

for any location x on the grid. This assumption is justified by the following lemma:

Lemma 6.3.1. Suppose h > 0, v > 0 and s > 0. For any distribution X1 over the grid,

lim X; = f (6.6)

t—o00

Proof. This is true as a direct consequence of the Fundamental Theorem of Markov
Chains. O

The distribution f is known as a stationary distribution:

Definition 16. The Stationary Distribution, f, is the unique distribution over the grid
such that if X1 = f, then Xy = f for allt > 1.

We next present the formulation of our grid search problem as a MOMDP.

6.3.1 Approximation as a One-Dimensional Problem

We now present our approximation of the problem as a one-dimensional search problem
which we formulate as a Mixed Observability Markov Decision Process (MOMDP). In
the original two-dimensional problem, the target moves to the neighboring cells with
equal probabilities. Using macro-actions, the target’s motions is viewed only between
the columns. As a result, there are N nodes to search for the target. Projecting
the target’s motion vertically, the target moves to the left or the right column with
probability h and stays in its current column with probability 2v + s. Therefore, in
the one-dimensional setup the target’s transition matrix for one time-step is obtained
from a N x N tridiagonal matrix M where the values on the main diagonal are 2v + 1,
the values on the first diagonal below and above the main diagonal are h°. Since the

length of the macro-actions is 2IN we should use the transition probabilities after 2N

5 The reflective boundary properties should be taken care of the first and the last rows.
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time-steps. Thus, the final transition matrix for the target in the one-dimensional setup
is M?N along a single macro-action.

In summary, the one-dimensional approximation is formalized as a MOMDP as
follows. There are N nodes along a line. The searcher’s set of actions (macro-actions)
is to visit each of the N nodes. The state is represented by (ps,pe,t, fc,) where ps €
1,2,--- , N is the searcher’s location, p, € 1,2,--- N is the location of the target,
t < T is the amount of the time budget consumed so far, and f. is the capture indicator
variable. After performing action columny the location of the searcher ps will change
to i, and the available time budget is decreased by one. The location of the target pe
evolves according to the transition matrix M2N. The aforementioned MOMDP model
is depicted in Figure 6.13. In this figure, the state at time ¢ is s; = (ps, Pe, t, fc). After
applying action A; the next state is s;41 = (pl, pL, t + 1, f1).

St+1

ps) (pl) (+1 fé
A, @pe t) (fe

Figure 6.13: The MOMDP approximation of the problem.

In order to solve the optimization problem in (6.4) the reward function should be
defined carefully. We are interested in finding a sequence of macro-actions I' such that

the capture probability is maximized:
PA(T) =P(capture]so, Ao)+ (6.7
P(s1]s0, Ag) P(capture|sy, A1)+
P(s1]s0, Ag) P(s2|s1, A1) P( capture|sy, Ag) + -+ -

Notice that if we set the reward function for transitions to the capture state to one

and all the remaining transitions to zero, the collected reward in our POMDP will be
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equal to the desired capture probability in (6.7).
We are interested in the capture probability of performing A = column in a given

state (ps, pe,t) = (i,7,t).

Sub-problem 1. Compute the probability that the searcher and the target in the N x N
grid colocate in the same cell when the target starts somewhere in column j and the
searcher performs the following strategy: The searcher starts from (1,i) and moves
toward (1, k), waits at (1,k) for (N — |k —i|) steps and then moves along the k' column
from (1,k) to (N, k).

In order to get a handle on the problem above, we need to first provide some as-
sumptions about the exact location of the target along column j. Here, we assume that
it is equally likely that the target is in any row along the column j.

The probability in sub-problem 1 can be lower bounded by the probability of capture
only when the searcher sweeps the k* column. When the searcher is sweeping columny,
it is at cell (r,k) at time N + r. Therefore, the problem of computing the capture
probability reduces to counting the number of events that the target is at (r, k) at
time N + r given that the searcher has not captured the target earlier. An important
observation here is that the only event that the searcher captures the target at time
N + r and also in an earlier time-step, namely at N + 7/, is when the target moves
straight up from (r,k) to (', k). We can neglect this single event in computing the

capture probability. Therefore, the sub-problem 1 is converted to:

Sub-problem 2. Count the number of events that the target starts at (x,j) at time 0O

and reaches at (r,k) at time N + r.
Let ny, ng, ny-, ng, ns denote the number of time-steps that the target moves up, down,

right, and left, and the number of actions that the searcher stays respectively. In fact,

we should count the solutions to:
Ny —Ng=1—2 (6.8)
n.—ny=k—j
Ng+ny+ng+n-+n=N+r
We now have all the ingredients for computing the MOMDP solutions. We use the
Approximate POMDP Planning (APPL) toolkit which is available at [73,86]. Next, we

present the results of our approximation.
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In this section we present the solutions of our proposed MOMDP strategies as well as

the comparison of their performance against some heuristic strategies. We present the

results for a grid of size 40 x 40. Let us first introduce the following sweeping strategies:

e Boustrophedon: Cover the grid column by column.

e K-boustraphedon: The searcher sweeps columns at horizontal distance ki.e. 1,k+

1,

When the right-most edge is hit, the search is restarted from the first

column.

e Random Selection: The searcher picks a column at random, sets a timer to 2V,

sweeps the column and at the end of the sweep waits until timeout. The searcher

repeats this strategy until the time budget is used.

e Greedy: In the greedy strategy at each iteration the searcher selects the column

which will maximize the probability that the target will be captured.

To obtain the optimal solution for the MOMDP, we used the solver by [86].
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We first compare the performance of k-boustraphedon strategies for different values
of k. It turns out the best value is k = 6 (Fig. 6.14(a)).

Next, we compare the best k-boustraphedon strategy with the greedy, MOMDP, and
random selection strategies. Figure 6.14(b) shows the cumulative capture probability
versus time for these sweeping strategies. From Fig. 6.14(b) the best strategy is the k-
boustrophedon candidate with £ = 6. Next, we compare the k-boustrophedon strategy
(k = 6) with the following heuristic strategies. Here, the strategies with “local” keyword
are the ones that divide the region into smaller regions and perform a strategy in each

of them.

e Global Random Direction (GRD): The searcher picks a random point on the
boundary. Then moves there by first adjusting vertically and then horizontally.

e Local Random Direction (LRD): The searcher divides the region into smaller
square regions, selects one of them at random and performs the Global Random

Direction (GRD) strategy in each of them.

e Local Random Direction Not Neighbors (LRDNN): The searcher performs the

LRD strategy such that the consequtive local regions are not adjacent.
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e Global Spiral (GS): The searcher moves along a square path, and repeats by

increasing the side of the square.

e Local Spiral (LS): The searcher divides the region into smaller square regions;

Selects one of them at random, and performs the GS strategy in each of them.

e Local Spiral Not Neighbors (LSNN): The searcher performs the LS strategy such

that the consequtive local regions are not adjacent.

Fig. 6.15 shows the performance of the above heuristic strategies against our best sweep-
ing strategy i.e. k-boustrophedon with k = 6. The strategies are very close in perfor-
mance, which is an interesting observation: As long as there is “some” gap between the
columns, the precise choice of column does not affect the performance drastically.

Next, we present our field experiments to show our proposed strategies in action.

6.3.3 Experimental Demonstration

In this section, we present our field experiments to demonstrate the applicability of our
column sweeping strategies. A description of our system is given is Section 6.1.2. Similar
to the linear graph case, in our experiments we use we use one ASV as the searcher
robot while the other ASV plays the role of the fish which moves around randomly.
We performed our experiments in Lake Staring, Minnesota. In order to keep the boats
close to the shore so that we have control over them in case of GPS signal loss, we
conducted the experiments in a square region of relatively small size, 40m x 40m. We
discretized the region into cells of size 10m x 10m, and thus N = 4. We executed the
greedy strategy. Figure 6.16(b) provides the GPS traces for the target and the searcher
and Fig. 6.16(a) shows the distance between them. Here the target is programmed to

perform an instance of a random walk.
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depicted. (b) The GPS traces for the searcher and the target are shown. The trajectories

are marked at three different time instances tq, to and t3.

6.3.4 Summary

In this section we studied search strategies to find a random walker on a grid. We
restricted our attention to a specific class of strategies which we refer to as the sweeping
strategies. These strategies are composed of macro-actions which are sweeping an entire
column. As a result the problem is reduced to finding the best set of columns such that
the detection probability is maximized.

We first presented the approximation of our problem as an MOMDP. Then we com-
pared the performance of MOMDP solutions with some heuristic strategies such as
greedy and random column selection. Perhaps the main take-away from our results is
that sweeping strategies are robust to column selection. This makes sweeping strate-
gies a good choice for robotics applications where disturbances, sensing and actuation
uncertainties may make it hard to follow precise trajectories. Finally, we showed our
field experiments to show the application of our sweeping strategies in the invasive fish

monitoring projection.
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6.4 Concluding Remarks

In this chapter, we studied the problem of searching for random walker on a discrete line
segment and also a two-dimensional grid. The goal is to design search strategies that
maximize the probability of capturing the target subject to constraints on the search
time budget. In the case of the linear graph and crossing detection model, we showed
that the best strategy is of the form (R?S)™. In the case of two-dimensional grids, we
compared the performance of heuristic strategies such as random column selection with
MOMDP solutions for the best set of columns. We showed that in simulation these
strategies are similar in terms of detection probability. Finally we presented our prelim-
inary experiments for application of our results to a practical problem, where the main
objective is to find radio-tagged fish in a lake by using an autonomous surface/ground
vehicle. After the description of the robotic system and its sensor model, we presented

results from field experiments carried out in a Minnesota lake.



Chapter 7

Open Problems and Concluding

Remarks

In this dissertation, we studied two types of search problems in robotics: adversarial
and probabilistic search problems. The goal for adversarial search problems, which
are known as pursuit-evasion games, was to capture an adversarial mobile target that
is capable of performing the best possible strategy to escape capture. We studied
versions of pursuit-evasion games on three-dimensional surfaces as well as in polygonal
environments with limited sensing specifically line-of-sight visibility. Our results in this
domain are in the form of capture strategies with guaranteed finite time capture.

In probabilistic search problems our goal was to find a mobile target which is moving
according to a random walk motion model, and thus independent of the searcher’s strat-
egy. Our goal was to design a search strategy that maximizes the detection probability
subject to the restrictions that the searcher has such as the time budget. Our results
are near-optimal strategies with the presented capture probability.

In the following, we first summarize our contributions in both domains and also

highlight some future research directions and open problems.

7.1 Summary of Contributions and Open Problems

In Chapters 4 and 5 we studied pursuit-evasion games while in Chapter 6 we studied

probabilistic search problems for finding a random walker.
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In Chapter 4, we showed that a single deterministic pursuer with line-of-sight vis-
ibility can capture an evader whose speed is equal to the pursuer’s in any monotone
polygon. It turns out that if we slightly relax the monotonicity constraint and consider
the class of weakly monotone polygons’, capture is no longer guaranteed. Fig. 7.1 shows
a weakly monotone polygon in which the evader can escape forever.
It is worth mentioning that our proposed capture time in monotone polygons is im-
proved by Berry et al. [47] who use rook strategy and show capture in strictly sweepable

polygons which are a generalization of monotone polygons.

Figure 7.1: A weakly monotone polygon with respect to s and t. The upper chain that
connects s to t is a repetition of the chain from s to y4. The number of repetitions can
be arbitrarily large. The chains from s to x1, from x5 to z3, and from x4 to x5 are
x-monotone chains. Also, the chains from z1 to y1, from y; to zs, from x3 to ys to x4,
from x5 to y3 are y-monotone chains. After disappearing from the pursuer’s sight, the
evader can hide in an upper or lower y-monotone polygon (whichever will be visited by

the pursuer last) and escape when the evader is searching the other one.

In Chapter 5, we studied the lion and man game on polyhedral surfaces when the

1 A simply connected polygon is weakly monotone with respect to vertices s and ¢ if the following
hold. Consider a particle that walks from s to ¢ along the boundary in clockwise and counterclockwise
directions. If in each of these walks, the range of the directions that the particle sweep does not include
the negative z-axis, the polygon is weakly monotone with respect to s, ¢t and = [87].
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pursuer and the evader have complete knowledge of one another’s location at all times.
Our first result was the existence of a capture strategy with three lions and non-zero
capture distance when the game is played on a general polyhedral surface in the presence
of obstacles. One avenue for future research is to complement our existence result with
an efficient algorithm to compute the strategy on a given polyhedron.

In Chapter 5, we also studied the lion and man game on convex terrains (height-
maps). We presented a pursuit strategy which guarantees finite time capture when
capture distance is non-zero. One of the questions left open is the optimality of our
strategy in terms of capture time.

In Chapter 6, we studied the problem of searching for a one-dimensional random
walker on a discrete line segment. Assuming the crossing detection model, using the
structure of POMDP /MOMDP we showed that (R?S)™ is performing close to the strate-
gies found by the MDP methods. We then studied the problem of finding a random
walker on a two-dimensional grid. In order to tackle curse of dimensionality in the
state space, we limited the form of the search strategies to sweeping strategies. In these
strategies a set of columns is selected and each column is swept entirely. We approxi-
mated the problem of finding the best set of columns as a MOMDP. Then we compared
the MOMPD solutions with some heuristic strategies such as boustrophedon. We con-
cluded that these strategies are close to each other in terms of capture probability as
long as the distance between the consecutive columns is not too small and not too large.
We conjecture that the best separation is /N in an N x N grid.

From application perspective, one interesting direction is to extend our experimental
results for detecting radio-tagged fish. One approach is to define a more accurate model
of the system. For example, the antenna might miss a tag (false negative) or it may
report a tag mistakenly (false positive). In addition, the antenna is directional and so
its detection region is more accurately modeled by an oval and not a circle. Another
approach is designing strategies that are more robust to the conditions at the specific
lake environment (such as wind) or the uncertainties in the platform (such as the sensor,

the signal strength of the radio tags, and the underlying controller of ASVs).
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7.2 Future Research Directions

This thesis presents fundamental results in pursuit-evasion games and probabilistic
search problems. However, the open problems in the field are far more than the known

results. We now present a list of open problems.

Continuous Time Model versus Turn-based Discrete Model

While in this dissertation we focused on the turn-based model, the techniques presented
are applicable to the continuous-time version. It can be shown that any given turn-
based capture strategy to get within distance r of the evader can be adopted to a
continuous-time capture strategy with capture radius r + s where s is the step size.
(The continuous-time pursuer simply plays the discrete-time game with respect to the
perceived previous location of the evader). Therefore, as long as the pursuer can change
its step-size s, the capture guarantee for the continuous time model can get arbitrarily
close to the capture guarantee in the turn-based model®> However, this argument is not
applicable when planning must be performed in the configuration space. In fact, the
problem is mostly open in the presence of non-holonomic constraints [88] on the motion

of the players.

Environment Complexity

An interesting open question regarding pursuit-evasion games in two-dimensional se-
tups is to determine the classes of polygons that are two-pursuer-win [89]. In addition,
although pursuit-evasion problems in higher dimensions are very important from a prac-
tical perspective many questions remain unanswered. For example, while we know that
three pursuers are sufficient for capture on general three-dimensional surfaces, the set of
one-pursuer-win or two-pursuer-win surfaces are unknown. Similarly, determining the
minimum number of pursuers to guarantee capture on terrains modeled as height maps

is an open question.

2 In the turn-based strategy, the time unit At can be chosen arbitrarily small. Consequently, the

step-size s can be arbitrarily small since the players’ speed is fixed.
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Limited Visibility Pursuit-Evasion Games

Very few results are available regarding limited visibility pursuit-evasion games. In this
dissertation we showed than single-pursuer line-of-sight visibility capture is guaranteed
in monotone polygons, but we do not yet have a full characterization of the class of
polygons that are pursuer-win. Berry et al. [47] describe a line-of-sight pursuit strategy
when the game is played in strictly sweepable polygons, which are a generalization of
monotone polygons. A polygon is strictly sweepable if a straight line can be moved
continuously over the entire polygon (via a sequence of translations and rotations) such
that (1) the intersection of the line and polygonal area is always a connected line seg-
ment, and (2) no point is swept more than once. In particular, a monotone polygon is
the special case of sweeping the polygon via a single translation. An intermediate goal
would be to determine whether sweepable polygons are pursuer win. In this family of
polygons, the sweep line may visit points more than once.

Finally, there are no results regarding the problem with limited-sensing pursuers on
polyhedral surfaces. Questions such as the minimum number of pursuers with line-of-
sight visibility, and conversely the class of surfaces that are k-pursuer-win for a given k,

are rich open problems.

Unmanned Autonomous Vehicles (UAVs) as the Searcher or the Target

In recent years Unmanned Autonomous Vehicles (UAVs) have received increasing at-
tention. Interesting variants of the problem can be designed when the players have the
ability to fly. For example, suppose that the evader is restricted to move on the ground
which is modeled as a geodesic terrain while the pursuer is able to fly. What is the
outcome of the game subject to limitations on the highest altitude accessible by the
pursuer? Can we provide guarantees on capture when we have a heterogeneous team of

flying and ground pursuers?

Different Motion Models

Finally, in all of the variants above different motion models can be considered for the
evader. Depending on the application, we can choose between adversarial or various

stochastic motion models. Another interesting extension is to consider various models
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for the movement of the pursuer. For example, Ruiz and Isler [90] show that a pursuer
modeled as a Differential Drive Robot (DDR) captures an Omnidirectional evader in
a convex environment. A full characterization of the lion and man game with car-like

motion models in more complex environments remains unknown.

7.3 Final Remarks

The field of search and pursuit-evasion remains rich with lots of interesting applications
in robotics. The everyday progress in robotic platforms, which makes the application of
search problems practical, together with their theoretical soundness foster an important
research direction for robotics community. In this dissertation, we studied fundamental
problems in the field. However, many questions remain open each of which have the po-
tential for years of research demanding the knowledge of different groups of researchers.
Our hope is that researchers continue the progress in both the algorithmic and the

technological aspects and robotic searchers become feasible in everyday applications.
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