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Strong dynamics near open heavy flavor thresholds,
hadronic molecules and hadroquarkonium

by Sergiy Dubynskiy

ABSTRACT

Some properties of the old and new states of quarkonium as well as QCD based methods for

studying those states are discussed. A general formula for observable effects of isospin violation

in the production of heavy mesons in e+e− annihilation is derived in Chapter 2. In addition the

production and scattering amplitudes of heavy mesons with the presence of two closely spaced

narrow resonances are studied. In Chapter 3 an alternative viable source of the X(3872) reso-

nance with simple kinematics is suggested. Further, the transitions from resonance X(3872) to

the χcJ states of charmonium with emission of one or two pions are considered. It is found that

the relative rates for these transitions to final states with different J may shed light on the under-

standing of isotopic structure of the X(3872) and the prominence of the four-quark component

in it’s internal dynamics. Chapter 4 is devoted to study of new JPC = 1−− resonances. It is

argued that relatively compact charmonium states, J/ψ, ψ(2S ), χc, can very likely be bound in-

side light hadronic matter, in particular inside higher resonances made from light quarks and/or

gluons. The charmonium state in such binding essentially retains its properties, so that the

bound system decays into light mesons and a particular charmonium resonance. Such bound

states of a new type, hadro-charmonium, may explain the properties of some of the recently

observed resonant peaks, in particular of Y(4.26), Y(4.32− 4.36), Y(4.66), and Z(4.43). Further

possible implications of the suggested picture for the observed states and existence of other

states of hadro-charmonium and hadro-bottomonium are discussed. In Chapter 5 it is argued

that the existing analysis of the experimental data on the dipion transition Υ(3S ) → Υ(1S ) ππ

was incomplete and suggestions to remove the internal ambiguity are made.
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Chapter 1

Introduction

Quantum Chromodynamics (QCD), the gauge theory of strong interactions, describes the dy-

namics of quarks and gluons and qualitatively agrees with the experimentally observed spectra

of hadrons. The QCD gained a universal acceptance after a milestone discovery of asymptotic

freedom by Gross, Politzer and Wilczek in 1973. The QCD was proven to be very successful in

the explanation of the short range strong dynamics, where reliable calculational methods based

on first principles of the theory were developed. However, after more than 35 year of continu-

ous advances in QCD an explanation of details of the strong interaction is still far from being

complete. The vast majority of low energy phenomena in QCD still lies beyond the scope of

systematic tractability. The main reason is that perturbative methods, which were proven to be

useful in ultraviolet region, are not applicable at low energy scales, and no other analytical ap-

proaches have been developed so far. This is also the reason why the quark confinement, being

consistent with experimental observation, is yet to be proven theoretically.

Ultimately, it is expected that numerical QCD will generate predictions for QCD observ-

ables such as masses, transitions, decays, etc. However the progress, while steady, is slow and

it will take some time before we will be able to make precise reliable predictions for excited

charmonium states. Lack of theoretical methods capable to tackle nonperturbative phenomena

at short distances pushes us to seek for alternative phenomenological approaches.

The quarkonium spectroscopy since its very first appearance more than thirty years ago con-

tinues to attract much of attention, with a great variety of different models. The main reason is

that it is a very good laboratory for exploring the nonperturbative QCD regime. A quarkonium,

‘composed of quark and an antiquark’, is the simplest nontrivial system that can be used to test
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the basic QCD properties. In particular, quarkonium spectra can be reasonably well understood

in non-relativistic or semi-relativistic models with simple or sophisticated versions of a funnel

potential, containing a long range confining term plus a short-range Coulomb-type term coming

from the one-gluon exchange.

However, the masses of the states by themselves do not uncover fully quarkonium reso-

nances. Generally, more information is needed to distinguish between different realizations of

internal dynamics. The analysis of the decay and transition properties may provide enough in-

tuition and strong evidence sufficient to determine the unique intrinsic structure. The analysis of

electromagnetic transitions can be very helpful in identification of the quantum numbers of the

initial state when it decays to the final states with established quantum numbers. Further studies

of the angular correlations provide additional and valuable information. The theory of the elec-

tromagnetic transitions between quarkonium states is straightforward and potential models give

detailed predictions which can be tested experimentally. Charmonium states can also undergo

hadronic transitions with the emission of light hadrons. These transitions are described in terms

of a multipole expansion of the long-wave gluonic field, which resembles the same technique

applied to the electromagnetic transitions.

In addition to various types of resonances, thresholds can give rise to structures in cross

sections and kinematic distributions. At a threshold, the cross section is typically dominated by

S -wave scattering although in some cases higher waves can be important. States in relative S -

wave with little relative momentum generally interact by exchange of light mesons. Binding is

then possible via an attractive pion exchange which can lead to the molecular states or a virtual

state above the threshold. Thus passing through a kinematical threshold can lead to structures

in the cross section which may or may not indicate a resonance. In addition, if there are nearby

cc̄ states, a mixing with them generally results in mass shifts of both the cc̄ resonance and the

threshold-related structures. The effects of this channel coupling can be quite significant in the

observed cross section, particularly at energy close to the thresholds.

Certainly, one may expect that gluodynamics will start make its presence increasingly im-

portant as experiments probe higher parts of the spectrum. Recent experimental data on char-

monium spectrum above DD̄ threshold strengthen this argument and suggest an exotic nature of

some newly observed states. It is already obvious that we are about to uncover the whole layer

of very much anticipated exotic states which persistently evaded discovery for a long period of

time. The further study of the internal structure and properties of these states will become one
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of prime goals of future quarkonium spectroscopy physics.

Detailed studies of resonances near open heavy flavor threshold provide a plethora of new

challenging and exciting data. This remarkable progress in heavy hadron spectroscopy in the

past few years is mostly obligated to the massive dedicated investigation by BES, CLEO-c and

the studies of B-meson decays. Being originally designed to provide a sensitive test of CP vi-

olation mechanism in the Standard Model, B meson factories yielded an unexpected bonus -

the discovery of a realm of new charmonium-related resonances which are now known as XYZ

mesons. Furthermore, the new experimental data strongly suggest that some of these new states

could have an exotic nature which is very different from quark-antiquark template originally

suggested by Gell-Mann and Zweig in their Constituent Quark Model (CQM). While some of

the exotic states such as hadronic molecules, tetra-quarks and hybrids were anticipated some

time ago, recent experimental data suggest yet another possible realization such as a hadro-

quarkonium. Beyond any doubt, the heavy hadron spectroscopy has experienced a remarkable

renaissance full of genuine discoveries, important precise measurements and the host of in-

triguing surprises. It once again reminds us that the insights on the hadron spectra are coming

to us in general from the experiments at the frontier of intensity and detector capabilities rather

than energy and illustrate the importance of a diverse approach to the fundamental structure of

matter.

In the following chapters of my dissertation I discuss some properties of the old and new

states of quarkonium as well as QCD based methods used for their investigation. The topics

covered below include strong dynamics near open flavor threshold, hadronic molecules and

hadro-quarkonium.

Strong dynamics near open flavor thresholds
One of the very important quantities in the particle physics is the R value which is defined as

the ratio of the cross section of the hadronic production to the cross section of µ+µ− production

in the e+e− annihilation:

R =
σ(e+e− → hadrons)
σ(e+e− → µ+µ−)

.

According to theoretical predictions R value is expected to be approximately constant so

long as the centre-of-mass (c.m.) energy Ecm does not overlap with the resonances or the

thresholds of open heavy flavor states where dynamics of heavy and light quarks give rise to

rich structures. The most striking feature of the R values below 5 GeV is the complex behavior

in energy region between 3.7 and 4.5 GeV. Besides the resonance ψ(3770), broad resonance like
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structures peaking at around 4 GeV, observed more than 20 years ago, have not been well un-

derstood in terms of their components and decay channels. The onset of new experimental data

provides us a unique opportunity to significantly reexamine the open flavor threshold region

with finer details and (hopefully) help us to resolve some long standing problems.

• Isospin breaking in the production DD pairs at ψ(3770). (Section 2.1)

The production of the DD̄ meson pairs at and near the ψ(3770) resonance in e+e− anni-

hilation is essentially dominated by the electromagnetic current of the charmed quarks,

which is a pure isoscalar. However the yield of the two isotopic components in the fi-

nal state, D+D− and D0D̄0, is not the same. This is certainly not unexpected since the

mass difference between charged and neutral D mesons is substantial at the energy of the

resonance. Also the electromagnetic interaction between the produced slow charged D

mesons modifies their production cross section. Therefore, in Section 2.1 we revisit the

problem of interplay between the strong and the Coulomb interaction in the charged-to-

neutral yield ratio for BB̄ and DD̄ pairs near their respective thresholds in e+e− annihi-

lation. We consider a realistic situation with a resonant interaction in the isospin I = 0

channel and a nonresonant strong scattering amplitude in the I = 1 state. We find that the

yield ratio has a smooth behavior depending on the scattering phase in the I = 1 chan-

nel. The same approach is also applicable to the KK̄ production at the φ(1020) resonance,

where the Coulomb effect in the charged-to-neutral yield ratio is generally sensitive to the

scattering phases in both the isoscalar and the isovector channels. Furthermore, we apply

the same approach to the treatment of the effect of the isotopic mass difference between

the charged and neutral mesons and argue that the strong-scattering effects generally re-

sult in a modification to the pure kinematical effect of this mass difference.

• Di-resonant structure in the vicinity of ψ(3770). (Section 2.2)

In the last several years the spectroscopy of resonances near the charm threshold attracts

a considerable renewed interest. Some experimental data not only supply us with the

evidence of new states but also suggest that the nature of well known resonances mer-

its a detailed reexamination. One of such examples is related to the recent observation

of the anomalous line shape structure around 3770 GeV which is inconsistent with the

presence of single resonance ψ(3770) in this region. Hopefully an additional analysis of
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this phenomena would give us a clue how to disentangle the prolonged discrepancy be-

tween BES and CLEO results for the production and decays of ψ(3770) resonance. With

the aim at a further study of this diresonant structure we suggest to consider in Section

2.2 the production and scattering amplitudes of heavy mesons with the presence of two

closely spaced narrow resonances. Assuming strong overlapping of the resonances cou-

pled to common channels, it is found, using the unitarity and analyticity constraints, that

the production amplitudes by a weak source should have similar behavior with energy in

different channels. In particular the ratio of the coefficients for each pole contribution to

the production amplitude is fixed at −1.

• The vicinity of ψ(4040). (Section 4.1)

It has been argued long time ago that ψ(4040) might be of a ‘molecular type’ made of the

vector mesons D∗D̄∗. This suggestion was supported by the early data which indicated

grate enhancement of its coupling to D∗D̄∗ relative to the coupling to DD̄ and DD̄∗ chan-

nels. However the later theoretical analyses showed that ψ(4040) could be a conventional

charmonium state. It was also argued that the suppression of the decay of this resonance

to DD̄ and DD̄∗ was due to an accidental nullification of the overlap integrals in a model

for such decay. Recent experimental data were significantly improved and also included

the cross section for the production DsD̄s. In Section 4.1 we reexamine the CLEO-c data

on e+e− annihilation into pairs of charmed mesons at c.m. energy around 4.0 GeV and

also argue that they are not well described by a single resonance ψ(4040), but can be

better understood if there is an additional narrow resonance with mass within few MeV

from the D∗D̄∗ threshold.

• Υ(3S )ππ transitions. (Section 5)

In Section 5 we point out some properties of the amplitude of the dipion transition

Υ(3S ) → Υ(1S ) ππ in relation to the recently reported results of a CLEO analysis of

form factors in this amplitude. We find that the reported significant complex phase be-

tween two of the form factors under the assumption that the third form factor is zero, is

not consistent with the picture where the phase shifts arise due to the final state interac-

tion in the ππ channel. It is also shown that in an analysis that uses no information on the

polarization of both the initial and the final Υ resonances it is impossible in principle to

determine all the relevant terms. We suggest that a study of a simple correlation between
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the direction of the total momentum of the two pions and the axis of the initial beams is

sufficient to resolve the ambiguity in the fit for the form factors.

XYZ mesons
In spite of considerable experimental effort, no unambiguous evidence for hadrons with non-

CQM-like structure has been found, at least not until recently, when studies of the spectrum

of charmonium mesons, i.e. mesons formed from cc̄ pair, have uncovered a number of meson

candidates that do not seem to conform to CQM expectations. These candidate non qq̄ particles

are likely among the new resonances called XYZ. The existence of exotic states was anticipated

long time ago and several possible realization of non-CQM-like structures such as molecular

states, hybrids, tetraquarks were proposed. Forthemore there is some strong experimental ev-

idence which suggest that the list of possible exotic realizations is not complete. We suggest

that some of the new resonances are described by a new possibility for the four quark state:

hadro-charmonium, which consists of a charmonium ψ and a light meson h. This possibility

is motivated by the multipole expansion for the long-wavelength gluon fields that dominate the

interaction between ψ and h at long distances. This interaction is attractive and might be strong

enough to form a bound state. In Sections 3.1, 3.2 and 4.2, 4.3 we discuss several problems

related to the molecular states and hadro-quarkonium.

• X(3872) as a possible molecular state. (Section 3.1, 3.2)

The X(3872) was discovered by the Bell Collaboration through the decay B+ → K+ + X

followed by X → J/ψπ+π−. The discovery has been confirmed by CDF, BaBar and D0

collaboration. The mass of the X(3872) is 3871.4±0.6 MeV. Its width is less than 2.3 MeV

at the 90% confidence level. Its quantum numbers are strongly preffered to be 1++. While

several possible explanations of the X(3872) nature were proposed originally only two

of them seem to be the most realistic at the moment: a virtual state or a molecular state.

Hopefully the further analysis of the parameters and isotopic structure of the X(3872)

would shed light on its internal dynamics.

With the aim of further experimental study of the properties of the X(3872) we propose

an alternative viable source of this resonance with simple kinematics. In Section 3.1 we

evaluate the cross section of the process e+e− → γX(3872) in terms of the content of

the D∗0D̄0 ‘molecular’ component in the wave function of the resonance X(3872). If this

component is dominating, the cross section of the reaction e+e− → γX(3872) can reach
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up to about 10−3 of that for e+e− → D∗D̄∗ at energy slightly above the D∗D̄∗ threshold,

and the considered process can be a realistic source of the X(3872) particles for the studies

of this resonance.

In Section 3.2 we consider transitions from the resonance X(3872) to the χcJ states of

charmonium with emission of one or two pions as a means of studying the isotopic struc-

ture of the X resonance. We find that the relative rates for these transitions to the final

states with different J significantly depend on whether the initial state is a pure charmo-

nium state or a four-quark/molecular state.

• Hadro-charmonium. (Section 4.2)

The initial discovery of the X(3872) resonance was subsequently followed by a whole

class of the new exotic states whose properties appear to indicate that the internal dy-

namics of these new (Y,Z) resonances could be different from the ‘molecular’ structure

of X(3872). In the Section 4.2 we argue that relatively compact charmonium states,

J/ψ, ψ(2S ), χc, can very likely be bound inside light hadronic matter, in particular in-

side higher resonances made from light quarks and/or gluons. The charmonium state in

such binding essentially retains its properties, so that the bound system decays into light

mesons and the particular charmonium resonance. Thus such bound states of a new type,

which we call hadro-charmonium, may explain the properties of some of the recently ob-

served resonant peaks, in particular of Y(4.26), Y(4.32 − 4.36), Y(4.66), and Z(4.43). We

discuss further possible implications of the suggested picture for the observed states and

existence of other states of hadro-charmonium and hadro-bottomonium.

• Holographic hadro-quarkonium. (Section 4.3)

In Section 4.3 we extend our conjecture that some newly discovered resonances near the

open charm threshold could be bound states of charmonium inside excited light mesons.

We also argue that in the soft-wall holographic model of QCD such states of heavy

quarkonium necessarily exist at sufficiently large spin of the light meson. The bound

state is provided by the dilaton exchange through the fifth dimension bulk. We also argue

that the decay of such bound systems into mesons with open heavy flavors due to split-

ting of the heavy quarkonium can be treated as semiclassical tunneling and is suppressed.

This behavior is in agreement with the known relative suppression of the decay of the

discussed charmonium-like resonances into channels with D mesons.



Chapter 2

ψ(3770)

2.1 Isospin breaking in production of DD̄ pairs at ψ(3770)

The JPC = 1−− resonances near the new flavor thresholds: Υ(4S ), ψ(3770), and φ(1020) are the

well known sources in e+e− experiments of pairs of the new-flavor mesons: respectively BB̄,

DD̄, and KK̄. A number of experimental approaches depends on the knowledge of the relative

yield of pairs of charged and neutral mesons:

Rc/n =
σ(e+e− → P+P−)
σ(e+e− → P0P̄0)

, (2.1)

where P stands for the pseudoscalar meson, i.e. B, D, or K, and dedicated measurements of

such ratio have been done at the Υ(4S ) resonance [1], at ψ(3770) [2] and at φ(1020) [3].

The values of the ratio Rc/n at all three discussed resonances are close to one due to these

resonances being isotopic scalars, and it is the deviation of the discussed ratio from one that

presents phenomenological interest. This deviation is generally contributed by the following

factors: the isospin violation due to the Coulomb interaction between the charged mesons and

due to the isotopic mass difference between charged and neutral mesons, and, in the case of the

KK̄ production at the φ(1020) resonance, a non-negligible nonresonant isovector production

amplitude. The latter effect can be studied and described as the “tail of the ρ resonance”, while

the isospin breaking due to the mass difference is usually accounted for as a kinematical effect in

the P wave production cross section factor p3, where p is the the c.m. momentum of each of the

mesons. The Coulomb effect has attracted a considerable theoretical attention. The expression

for this effect in the ratio Rc/n in the limit, where the resonance and the charged mesons are

8
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considered as point-like particles [4] has the simple textbook form:

δRc/n =
πα

2v
, (2.2)

with α being the QED constant and v the velocity of each of the (charged) mesons in the

c.m. frame. However for the production of the real-life mesons the analysis is complicated

by the charge form factors of the mesons[5], by the form factor in the vertex of interaction of

the resonance with the meson pair [5, 6] and generally by the strong interaction between the

mesons [7, 8, 9]. In particular, it has been argued [8, 9] that the modification of the Coulomb ef-

fect by the strong (resonant) interaction between the mesons is quite significant. The previously

considered picture of the strong interaction was however somewhat unrealistic. Namely, it has

been assumed [8, 9] that the wave function in the I = 1 state of the meson pair is vanishing at

short but finite distances, which would correspond to a singular behavior of the strong inter-

action at finite distances. In this section we derive the formulas for the Coulomb effect in the

ratio Rc/n under the standard assumption about the strong scattering amplitude in the channels

with I = 0 and I = 1. We find that in the case of the Υ(4S ) and ψ(3770) resonances, where

the heavy meson pairs are produced by the isotopically singlet electromagnetic current of the

corresponding heavy quark, the strong-interaction effect in the Coulomb correction depends on

the scattering phase δ1 in the I = 1 channel and is a smooth function of the energy across the

resonance, while in the case of the Kaon production at and near the φ(1020) there is also a

smooth dependence on the nonresonant part of the strong scattering phase δ0 in the isoscalar

channel inasmuch as there is a contribution of the isovector production amplitude at these ener-

gies. In either case we find that the behavior of the Coulomb effect is smooth on the scale of the

resonance width, unlike the behavior previously found [8, 9] under less realistic assumptions.

We further notice that essentially the same calculation can be applied to considering the

effect on the ratio Rc/n of the isotopic mass difference ∆m between the charged and neutral

mesons, at least in the first order in ∆m, by considering the mass difference as a perturbation

by a (constant) potential. In this way we find that the result coincides with the linear in ∆m

term in the ratio of the kinematical factors p3 only in the limit of vanishing strong scattering

phase. Once the latter phase is taken into account, there arises a correction whose relative

contribution is determined by the parameter (p a) with a being the characteristic range of the

strong interaction. We therefore conclude that the conventionally used p3 approximation for

this effect may be somewhat applicable to the KK̄ production at the φ(1020) resonance, where
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p ≈ 120 MeV, but becomes quite questionable for the DD̄ production at the ψ(3770), where

p ≈ 280 MeV.

The strong-scattering phase in the P-wave state of mesons produced in e+e− annihilation

near the threshold is proportional to p3. We therefore expect the discussed effects of the strong

interaction in the ratio Rc/n to exhibit a measurable variation with energy. A measurement of this

variation can thus provide an information on the strong scattering phases, which is not readily

available by other means.

2.1.1 General formulas for an isoscalar source

We start with considering the behavior of the scattering wave functions of a meson-antimeson

pair in the limit of exact isotopic symmetry, i.e. neglecting any Coulomb effects and the isotopic

mass difference. We adopt the standard picture (see e.g. in the textbook [10]), where the strong

interaction is confined within the range of distances r < a, so that beyond that range, at r > a

the motion of the mesons is free. The two relevant independent solutions to the Schrödinger

equation at r > a for the radial wave function in the P wave are the free outgoing wave

f (pr) =

(
1 +

i
pr

)
eipr (2.3)

and its complex-conjugate, f ∗(pr), describing the incoming wave. A general wave function of

a pair of neutral mesons, φn(r) as well as of a pair of charged mesons, φc(r), in this region is a

linear superposition of these two solutions.

In the region of strong interaction, i.e. at r < a, the isotopic symmetry selects as independent

channels the states with definite isospin, I = 0 and I = 1, corresponding to the wave functions

φ0 = φc + φn and φ1 = φc − φn. The detailed behavior of the I = 0 and I = 1 wave functions

inside the strong interaction region is not important for the present treatment, and the important

point is that the non-singular at r = 0 ‘inner’ wave functions match at r = a particular linear

superpositions of the incoming and outgoing waves (which superpositions in fact correspond to

standing waves):

χ0(r) = eiδ0 f (pr) + e−iδ0 f ∗(pr) ,

χ1(r) = eiδ1 f (pr) + e−iδ1 f ∗(pr) , (2.4)

where δ0 and δ1 are the strong scattering phases in respectively the isoscalar and isovector states.
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Consider now the production of meson pairs by a source localized inside the region of

strong interaction, i.e. r < a, such as e.g. the electromagnetic current. The wave function

of the produced meson pairs at r ≤ a is then determined by both the source and the strong

interaction, and the relevant solution to the Schrödinger equation is chosen by the requirement

that asymptotically at large distances, r → ∞, only an outgoing wave is present. Let us first

consider the simple case where the relevant electromagnetic current is a pure isotopic singlet,

which is the case for DD̄ and BB̄ pair production. Then in the limit of exact isotopic symmetry

the outgoing waves for the ‘n’ and the ‘c’ channels have exactly the same amplitude, which for

our present purpose can be chosen as one:

φ(0)
c (r) = f (pr) and φ(0)

n (r) = f (pr) at r → ∞ , (2.5)

where the superscript (0) stands for the approximation of exact isotopic symmetry. It can be

noted that the approximation of the free motion beyond the region of the strong interaction in

fact makes the expressions in Eq.(2.5) applicable at all r > a, i.e. all the way down to the

matching point r = a. It is helpful to notice for a later discussion that at the matching point the

I = 1 wave function is vanishing while the I = 0 function φ(0)
0 contains only the outgoing wave.

When continued into the strong interaction region, i.e. at r < a, the function φ0 evolves into the

solution determined by the strong interaction and the source.

The isospin-violating effects of the Coulomb interaction and of the mass difference ∆m

between the charged and neutral mesons can be generally described as being due to a presence of

an extra potential V(r) in the ‘c’ channel beyond the region of the strong interaction: V = −α/r
for the Coulomb interaction effect and a constant potential V = 2 ∆m describing the mass

difference. In other words the wave function φn of the ‘n’ channel is still determined at r > a

by the radial Schrödinger equation for free P-wave motion1 , while the equation for the ‘c’

channel function φc reads as
(
∂2

∂r2 + p2 − m V(r) − 2
r2

)
φc(r) = 0 . (2.6)

It is assumed throughout the present consideration that the isospin-breaking potential exists

only at distances beyond the range of the strong interaction, i.e. that V(r) has support only at
1 Clearly, in the considered here first order in the isospin violation only the difference of the interaction between

the two channels is important, thus any such difference can be relegated to one channel, while keeping the other one
unperturbed. Also, any effect of the mass difference in the kinetic term p2/m is of order v2/c2 as compared to the
discussed here effect of ∆m in the overal energy difference between the two channels, and is totally neglected in our
treatment.
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r > a. The justification for such treatment is that in the region of the strong force small isospin-

violating effects are compared to the energy of the strong interaction, so that the contribution of

any such effects arising at r < a is very small, while in the region r > a the relative contribution

of the potential V(r) is determined by its ratio to the kinetic energy of the mesons, which is

small near the threshold.

It should be emphasized that although the interaction at distances r > a is present only in

the ‘c’ channel, the wave functions in both channels are modified in comparison with those in

Eq.(2.5), as a result of the coupling between channels imposed by the boundary conditions at

r = a. According to the setting of the problem of production of the meson pairs by a localized

source, the appropriate modified functions are those containing at r → ∞ only the outgoing

waves

φc → (1 + x) f (pr), φn → (1 + y) f (pr) , (2.7)

where the (complex) coefficients x and y arise due to the potential V , and are proportional to V

in the considered here first order of perturbation theory. These coefficients determine the ratio

of the production amplitudes: Ac/An = 1 + x − y, and the discussed here modification of the

yield ratio:

Rc/n = 1 + 2 Re x − 2 Re y . (2.8)

The modified wave function in both channels is subject to two conditions:

i: The channel with neutral mesons has only an outgoing wave at all r > a. In other words, the

expression for φn(r) in Eq.(2.7) is valid at all r down to r = a;

ii: The wave function of the channel with isospin I = 1 at r ≤ a should be proportional to the

standing-wave solution matching the function χ1 in Eq.(2.4), since there is no source for the

I = 1 state of the meson pairs.

These two conditions are sufficient to fully determine the modified functions at r > a and thus

to find the coefficients x and y.

The first order in V(r) perturbation of the wave function in the channel with charged mesons

is found in the standard way, using the P wave Green’s function G+(r, r′) satisfying the equation
(
∂2

∂r2 + p2 − 2
r2

)
G+(r, r′) = δ(r − r′) , (2.9)

and the condition that G+(r, r′) contains only an outgoing wave when either of its arguments

goes to infinity. The Green’s function is constructed from two solutions of the homogeneous
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equation, i.e. from the functions f (pr) and f ∗(pr), as

G+(r, r′) =
1

2 i p
[
f (pr) f ∗(pr′) θ(r − r′) + f (pr′) f ∗(pr) θ(r′ − r)

]
, (2.10)

where θ is the standard unit step function. The perturbation δφc is then found as

δφc(r) = m
∫ ∞

a
G+(r, r′) V(r′) f (pr′) dr′ . (2.11)

One readily finds from this explicit form of the solution that δφc contains only the outgoing

wave at asymptotic distances r → ∞:

δφc |r→∞ = − i
2v

f (pr)
∫ ∞

a
V(r′) | f (pr′)|2 dr′ , (2.12)

so that the coefficient x is purely imaginary:

x = − i
2v

∫ ∞

a
V(r′) | f (pr′)|2 dr′ (2.13)

and gives no contribution to the ratio of the production rates Rc/n described by Eq.(2.8)2 .

Consider now the matching of the wave functions at r = a. In this region of r one has r < r′

in the integral in Eq.(2.11) so that the correction in the ‘c’ channel has only an incoming wave:

δφc(r) |r→a = η f ∗(pr) (2.14)

with

η = − i
2v

∫ ∞

a
V(r′)

[
f (pr′)

]2 dr′ . (2.15)

The wave functions φ0 = φc +φn and φ1 = φc−φn corresponding to the states with isospin I = 0

and I = 1 are then found as

φ0 |r→a = 2 f (pr) + y f (pr) + η f ∗(pr) and φ1 |r→a = η f ∗(pr) − y f (pr) . (2.16)

One can now apply the condition ii to determine the coefficient y. Indeed, the condition for the

wave function φ1 at r → a to be proportional to f ∗(pr) + e2iδ1 f (pr) requires y to be given by

y = −η e2iδ1 . (2.17)

Upon substitution in Eq.(2.8) this yields

Rc/n = 1 +
1
v

Im

e2iδ1

∫ ∞

a
e2ipr

(
1 +

i
pr

)2

V(r) dr

 . (2.18)

2 It can be noticed that the integral in Eq.(2.13) is divergent, which corresponds to the infrared-divergent behavior
of the perturbation for the phase of the wave function, logarithmic for the Coulomb interaction and linear for a
constant potential. This slight technical difficulty can be readily resolved, for our present purposes, by introducing
an infrared regularizing factor exp(−λ r) in the potential and setting λ→ 0 in the end result.
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2.1.2 Mixed isoscalar and isovector source

The formula (2.18) gives the general expression for the isospin-breaking effect in the considered

yield ratio for the case where the mesons are produced by an isoscalar source. The presented

consideration can also be extended to a situation where the source is a general coherent mixture

of an isoscalar and isovector. The specific isotopic composition of the source determines the

ratio of the coefficients of the amplitudes of the running outgoing waves in the I = 1 and I = 0

channels at the matching point r = a, which ratio we denote as A1/A0, thus defining A1 and A0 as

the production amplitudes in the respective channels (in the limit of exact isotopic symmetry).

In this situation the generalization of the expressions in Eq.(2.5) for radial wave functions in the

‘outer’ region r > a in the zeroth order in the isospin violation can be written as

φ(0)
c (r) = (A0 + A1) f (pr) and φ(0)

n (r) = (A0 − A1) f (pr) . (2.19)

The isospin violation in the asymptotic form of these wave functions at r → ∞ can then be

parametrized, similarly to Eq.(2.7), by complex coefficients x and y as

φc → (A0 + A1) (1 + x) f (pr), φn → (A0 − A1) (1 + y) f (pr) , (2.20)

so that the yield ratio is found from

Rc/n =

∣∣∣∣∣
A0 + A1

A0 − A1

∣∣∣∣∣
2

(1 + 2 Re x − 2 Re y ) . (2.21)

The coefficient x, similarly to the previous discussion and the equation (2.13), is purely

imaginary and in fact does not contribute in Eq.(2.21), while the coefficient y is found from

the appropriately modified conditions on the wave functions. Namely, the previously discussed

condition i remains applicable, so that the asymptotic expression in Eq.(2.20) for the ‘n’ channel

function remains valid in the entire ‘outer’ region r > a down to the matching point r = a. In

order to allow for the isovector component of the source the condition ii has to be modified as

will be described few lines below.

The perturbation by the potential V(r) of the ‘c’ channel wave function at the matching point

r = a is readily found, similarly to Eq.(2.14), as

δφc(r) | r→a = η (A0 + A1) f ∗(pr) (2.22)

with η given by Eq.(2.15).
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One can now write the expressions for the resulting ‘outer’ wave functions in the isotopic

channels at the matching point:

φ0(r) | r→a = 2 A0 f (pr) + η (A0 + A1) f ∗(pr) + y (A0 − A1) f (pr) =
[
2 A0 + y (A0 − A1) − η (A0 + A1) e2iδ0

]
f (pr) + η (A0 + A1) eiδ0 χ0(r) (2.23)

and

φ1(r) | r→a = 2 A1 f (pr) + η (A0 + A1) f ∗(pr) − y (A0 − A1) f (pr) =
[
2 A1 − y (A0 − A1) − η (A0 + A1) e2iδ1

]
f (pr) + η (A0 + A1) eiδ1 χ1(r) , (2.24)

with χ0 and χ1 being the standing wave functions from Eq.(2.4) in the corresponding isotopic

channels, which when evolved in the region of strong interaction contain no singularity at r = 0.

The remaining parts in the latter expressions for the functions φ0 and φ1 describe the proper

running outgoing waves. These parts, when continued down in r into the strong interaction

region evolve to match the source at r < a. The ratio of the amplitudes of the isovector and

the isoscalar running waves is determined by the isotopic composition of the source, and by the

isotopically symmetric propagation through the strong-interaction region. Thus the ratio of the

amplitudes of these waves at r = a does not depend on the isospin-breaking effects at r > a and

should be equal to A1/A0. Applying this condition to the isotopic wave functions given by the

expressions (2.23) and (2.24), one finds the equation for the coefficient y:

2 A1 − y (A0 − A1) − η (A0 + A1) e2iδ1

2 A0 + y (A0 − A1) − η (A0 + A1) e2iδ0
=

A1

A0
. (2.25)

This equation in fact replaces in this more general situation the previously discussed condition ii,
which condition and the ensuing result in Eq.(2.17) are readily recovered in the limit A1/A0 = 0

from Eq.(2.25).

Considering that both y and η are of the first order in the potential V , it is sufficient to use

the linear expansion of the equation (2.25) in y and η, finding in this way the solution for y in

the form

y = −ηA0 e2iδ1 − A1 e2iδ0

A0 − A1
, (2.26)

and thus arriving at the final formula for the relative yield:

Rc/n =

∣∣∣∣∣
A0 + A1

A0 − A1

∣∣∣∣∣
2
1 +

1
v

Im


A0 e2iδ1 − A1 e2iδ0

A0 − A1

∫ ∞

a
e2ipr

(
1 +

i
pr

)2

V(r) dr


 . (2.27)
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Given that A0 = |A0| eiδ0 and A1 = |A1| eiδ1 , the amplitude-dependent factor in this formula can

also be written in terms of the real ratio ρ = |A1/A0| as

A0 e2iδ1 − A1 e2iδ0

A0 − A1
= e2iδ1

1 − ρ ei(δ0−δ1)

1 − ρ e−i(δ0−δ1) . (2.28)

2.1.3 The Coulomb and the mass-difference effects

The general formulas in Eq.(2.18) and (2.27) can now be applied to a discussion of the spe-

cific isospin-breaking effects in the e+e− production of meson pairs at and near the threshold

resonances. We start with considering the effect of the Coulomb interaction. In a detailed treat-

ment of this correction one should include the realistic form factors of the mesons, which cut

off at short distances the difference in the electromagnetic interactions between the charged and

neutral mesons. In the present discussion we replace for simplicity the gradual cutoff of the

Coulomb interaction by an abrupt cutoff at an effective range r = ac, where generally ac ≥ a 3 .

The master integral with the Coulomb potential V(r) = −α/r in the equations (2.18) and (2.27)

then takes the form
∫ ∞

ac

e2ipr
(
1 +

i
pr

)2

V(r) dr =

α

{[
cos 2pac

2(pac)2 +
sin 2pac

pac
−Ci(2pac)

]
+ i

[
π

2
− cos 2pac

pac
+

sin 2pac

2(pac)2 − S i(2pac)
]}

=

α

{[
1

2 (pac)2 − ln(2 pac) + 1 − γE

]
+ i

[
π

2
+

pac

3

]
+ O

[
(pac)2

]}
, (2.29)

where the integral sine and cosine are defined in the standard way:

S i(z) =

∫ z

0
sin t

dt
t

and Ci(z) = −
∫ ∞

z
cos t

dt
t
,

and γE = 0.577 . . . is the Euler’s constant. The latter line in Eq.(2.29) shows few first terms

of the expansion of the integral in the parameter (pac). This expansion illustrates the behavior

of the correction toward the threshold. For the purpose of this illustration one can consider

first the simpler expression in Eq.(2.18). The imaginary part, which determines the discussed

Coulomb effect in Rc/n in the limit where there is no strong scattering, δ1 → 0, is not singular

at pac → 0, and the textbook formula (2.2) is recovered in this limit. The real part of the

3 As previously mentioned, any extension of the isospin-breaking potential inside the strong interaction region
can result only in very small corrections.
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integral in Eq.(2.29) is singular at small pac, but it multiplies in Eq.(2.18) the factor sin δ1. The

P-wave scattering phase in its turn is proportional at small momenta to p3: δ1 ∼ (pa)3, so that

the overall contribution of the real part of the integral is not singular at the threshold either.

Considering a more general expression for the Coulomb effect for the case of an isotopically

mixed source, following from the equation (2.27), one can readily arrive at the same conclusion

that the singular in (pac) real part of the integral (2.29) does not lead to an actual singularity,

since it only enters the ratio Rc/n multiplied by a combination of the phases δ0 and δ1 (cf.

Eq.(2.28)), each vanishing as p3 toward the threshold.

As previously mentioned, the effect of the isotopic mass difference corresponds to that of a

constant potential V = 2 ∆m extending from the range of the strong interaction r = a to infinity.

The master integral with such potential has the form

∫ ∞

a
e2ipr

(
1 +

i
pr

)2

V(r) dr =

−∆m
p

{
2 cos 2 pa

pa
+ sin 2 pa + i

[
2 sin 2 pa

pa
− cos 2 pa

]}
=

−∆m
p

{
2
pa
− 2 pa + 3 i + O

[
(pa)2

]}
. (2.30)

In the limit of vanishing strong scattering phases the mass correction to Rc/n is determined by

only the imaginary part of the integral, which in the limit of small pa thus yields

Rc/n = 1 − 3 ∆m
v p

= 1 − 3 ∆m
E

, (2.31)

where E is the total kinetic energy of the meson pair, and the found expression coincides with

the linear in ∆m term in the expansion of the usually assumed ratio of the kinematical factors

(p+/p0)3. Clearly, in the more realistic case of presence of the strong scattering the real part of

the integral in Eq.(2.30) also contributes and the simple kinematical approximation is generally

invalidated.

2.1.4 Phenomenological estimates

In this section we discuss application of our formulas to interpreting the data on the charged

to neutral meson yield ratio Rc/n at the near-threshold resonances Υ(4S ), ψ(3770) and φ(1020).

The purpose of this discussion is to illustrate the effect of the strong scatering on the isospin

breaking corrections, and we use here the simplified picture of an abrupt cutoff of the Coulomb
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interaction and of the isotopic mass difference effects. Such simplification generally can be used

as long as the parameter (pa) is not large. A detailed analysis should likely involve a model of

a gradual cutoff, since the details of the transition become important at lager momenta.

Υ(4S )

The simplest case for the study of the isospin breaking corrections in the relative production of

heavy mesons is offered by the BB̄ pair production near and at the Υ(4S ) resonance. Indeed,

this process only is due to the purely isosinglet electromagnetic current of the b quarks, and the

isotopic mass difference between the B mesons is very small: ∆mB = −0.33±0.28 MeV [11], so

that any deviation of the ratio Rc/n from one is essentially entirely due to the Coulomb interac-

tion. On the other hand, the parameter α/v for the Coulomb effect in this case is the largest due

to small velocity of the B mesons: at the energy of the Υ(4S ) peak vB/c ≈ 0.06. In particular,

the numerical value in the expression (2.2) is 0.19. The experimental data [1] however indicate

a significantly smaller deviation of Rc/n from one. The BaBar data with the smallest errors give

Rc/n = 1.006 ± 0.036 ± 0.031. Such behavior is likely a result of a combined effect of the

meson and production vertex form factors [5, 6] and of the discussed here modification of the

Coulomb correction by the strong scattering phase. These effects can in principle be separated

and studied quantitatively by measuring the energy dependence of the ratio Rc/n near the Υ(4S )

resonance. With the presently available data we can only use a simplified parametrization of the

form factor effects by introducing an abrupt cutoff for the Coulomb interaction at r = ac ≥ a and

thereby estimate the likely regions in the (ac, δ1) plane. Such estimate from the equations (2.18)

and (2.29) is shown in Fig.2.1 as a one-sigma area, corresponding to the BaBar data with the

statistical and systematic errors added in quadrature: Rc/n = 1.006± .048. Clearly, more precise

data from dedicated measurements of the ratio Rc/n are needed for a better understanding of the

parameters of strong interaction between the B mesons.

ψ(3770)

The largest isospin-breaking effect in the DD̄ production at the ψ(3770) is that due to the mass

difference between the charged and the neutral D mesons: ∆mD = 4.78 ± 0.10 MeV [11]. The

most precise measurements of this process have been done [2] at the energy
√

s = 3773 MeV.

At this energy the momentum of each charged D meson is p+ = 254 MeV and that for a neutral
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Figure 2.1: The one sigma area (shaded) in the (ac, δ1) plane corresponding to the BaBar data
on the B+B−/B0B̄0 yield ratio at the Υ(4S ) resonance.

D meson is p0 = 287 MeV. Thus the ratio of the kinematical factors (p+/p0)3 ≈ 0.69 is signifi-

cantly less than one. The Coulomb effect is somewhat smaller. Indeed, the velocity of a charged

meson at this energy is v+/c = 0.135 and the expression (2.2) gives numerically 0.085. One

can notice that if the kinematical and the Coulomb factors are combined in a straightforward

way to estimate Rc/n = (p+/p0)3 [1 + πα/(2v+)] ≈ 0.75, this would be in a very good agreement

with the experimental number [2]: Rc/n = 0.776 ± 0.024+0.014
−0.006. Thus it is quite likely that at this

particular energy there is a considerable cancelation between the strong-interaction effects in

the yield ratio, and such cancelation by itself imposes constraints on the parameters of strong

interaction between the D mesons, which constraints is interesting to analyze.

An analysis of the strong-interaction effects along the lines discussed above generally runs

into two difficulties. One is that our approach is accurate only in the linear in ∆m approxi-

mation, while the actual effect of the isotopic mass difference between the D mesons is not

very small. However, numerically, the first term in the expansion of the kinematical factor

(Eq.(2.31)) gives 0.67, which is quite close to the mentioned above value 0.69, and it looks like
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the linear term gives a reasonable approximation. The other point is that the cutoff parameter

ac for the Coulomb interaction at short distances does not necessarily coincide with the range

parameter a used for the short-distance cutoff of the effect of the mass difference. However, as

previously noted, the Coulomb effect is somewhat small at the energy of the ψ(3770) resonance,

and for the purpose of preliminary estimates we set ac = a in our numerical analysis. In order

to allow for possible errors introduced by our approximations in comparing with the data, we

linearly add a theoretical uncertainty of 0.03 units to the combined in quadrature statistical and

experimental errors. Proceeding in this way we find that the only region in the (a, δ1) plane at

a < 2 fm consistent with the CLEO-c data at one sigma level is the one shown in Fig.2.2 .
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Figure 2.2: The area (shaded) in the (a, δ1) plane corresponding to the CLEO-c data on the
D+D−/D0D̄0 yield ratio at the ψ(3770) resonance. The uncertainty shown includes a one sigma
experimental error with our estimate of the theoretical uncertainty added linearly.

It is interesting to compare the plots in the Figures 2.1 and 2.2. In the heavy quark limit

applied to both b and c quarks the strong interaction between the heavy mesons should be the

same, corresponding to the same range parameters a and ac. The scattering phase δ1 for these

two systems is generally different due to different masses. However, provided there are no

isovector ‘molecular’ bound states, the sign of the phase should be the same, with the absolute
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value of the phase for heavier B mesons being larger than for the D mesons. The comparison

with the data for the D mesons favors small values of the range parameter, as indicated by

Fig.2.1. If one also assumes that ac ≈ a for the B mesons, the short range of ac, according to

Fig.2.1, is compatible with the B mesons data at a negative scattering phase δ1, which sign of δ1

is also in agreement with the D meson data. A negative sign of δ1 corresponds to a repulsion,

which for the I = 1 state of heavy meson pairs can be expected on general grounds [12].

φ(1020)

We believe that the production of KK̄ pairs in e+e− annihilation at and near the φ(1020) res-

onance merits a separate analysis along the lines discussed in the present section and using

detailed data similar to those in Ref.[3]. As is known, this production receives a small but mea-

surable nonresonant contribution from the isovector part of the electromagnetic current of the

u and d quarks, which corresponds to an isotopically mixed source. Furthermore, it has been

pointed out [13] that a detailed theoretical analysis of the K+K−/K0K̄0 yield ratio at the φ(1020)

resonance produces a result which possibly is at a meaningful variance with the data.

At present we limit ourselves to noticing that the formula in Eq.(2.27), applicable in this

situation, describes a smooth behavior of the considered isospin breaking effects across the

resonance in the I = 0 channel. Indeed, the I = 0 scattering phase at energy E near the

resonance energy E0 is given by the Breit-Wigner formula

e2iδ0 =
∆ − i γ
∆ + i γ

e2iδ̃0 , (2.32)

where ∆ = E − E0, δ̃0 is the nonresonant scattering phase in the isoscalar channel, and γ is the

width parameter. Both δ̃0 and γ are smooth functions of the energy proportional to p3 at small

momentum, and γ(E0) determines the resonance width Γ as γ = Γ/2. The ratio of the isovector

and isoscalar production amplitudes can then be parametrized near the resonance as

A1

A0
=

∆ + i γ
µ

ei (δ1−δ̃0) , (2.33)

where µ is a parameter with dimension of energy: µ ∼ mφ − mρ. The amplitude ratio entering

the correction factor in Eq.(2.27) can then be written in the form

A0 e2iδ1 − A1 e2iδ0

A0 − A1
= e2iδ1

µ − (∆ − i γ) e−i(δ1−δ̃0)

µ − (∆ + i γ) e+i(δ1−δ̃0)
, (2.34)
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which manifestly shows that this ratio is a pure phase factor of a complex quantity slowly

varying across the φ(1020) resonance.

To summarize. We have considered the effects of the isospin breaking by the Coulomb

interaction and by the isotopic mass difference in the relative yield Rc/n of pairs of charged and

neutral mesons near threshold by a compact source, such as in the production of heavy mesons

in e+e− annihilation. These effects are modified by the strong interaction scattering phases. The

general formula for a situation where the source is an arbitrary coherent mixture of an isoscalar

and isovector is given by Eq.(2.27). In particular, for a purely isoscalar source, which is the

case for the e+e− annihilation into DD̄ and BB̄ pairs the strong-interaction effect is determined

by the scattering phase δ1 in the I = 1 channel (Eq.(2.18)). As a practical matter we find that

under the standard assumptions about the strong scattering amplitudes in the near-threshold

resonance region the ratio Rc/n has a smooth behavior with energy showing no abnormal rapid

variation on the scale of the resonance width. The energy dependence of this ratio is rather

determined by the non-resonant scattering scattering phase(s). In the P-wave the phase δ1 is

proportional to p3, so that a measurement of the behavior ratio Rc/n with energy can provide

information on this phase, which is not readily accessible by other means. The behavior of the

ratio Rc/n at larger energies away from the threshold also depends on the details of the onset

of the strong interaction between the heavy mesons at short distances and on the behavior of

their electromagnetic form factors, and a study of this behavior can provide an insight into these

properties of the heavy-light hadrons.
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2.2 Diresonance in production and scattering of heavy mesons

The spectroscopy of resonances near the charm threshold attracts a considerable renewed inter-

est. Recent experimental data not only provide evidence of new states but also suggest that the

nature of well known resonances merits a reexamination at the level of fine details. The new

exotic charmonium-like states [14] considerably expand the standard spectrum of charmonium,

and challenge us for a better understanding of the strong dynamics. Furthermore the appar-

ent significance of multiquark states at the onset of open charm threshold may also impact the

properties of the known resonances and may be instrumental in resolving some long-standing

puzzles. One such puzzle is related to an inconsistency between BES and CLEO results for

the production and decays of ψ(3770) resonance, in particular the fraction of its decays into

non-DD̄ states[15, 16]. Recently BES Collaboration has reanalyzed their data on e+e− annihi-

lation in the energy region between 3.700 and 3.872 GeV [17]. They reported observation of

an anomalous line-shape behavior of the cross section which is inconsistent with the presence

of only one simple ψ(3770) resonance in this energy region. It is claimed that this anomalous

behavior could be better understood in terms of two resonances near the c.m. energies of 3.764

GeV and 3.779 GeV. This result could violate the conventional interpretation of ψ(3770) as

being a dominantly 1 3D1 charmonium state with an admixture of 2 3S 1, and clearly suggests

a more complicated structure, possibly including strong dynamics of the D meson pairs near

the threshold. Namely, a diresonance structure may arise from existence of both a charmonium

state and a ‘molecular’ DD̄ threshold resonance.

Apriori one would expect that the nature of each of the two individual peaks could be stud-

ied by further exploring their relative coupling to various channels. However the purpose of

the present discussion is to argue that this standard method, applicable to sufficiently widely

separated resonances, is unlikely to be applicable for a strongly overlapping pair of resonances,

such as the one indicated by the BES data, i.e. when the splitting between the positions of

the resonances is comparable with their widths, and all of these parameters are small in a typ-

ical energy scale for the process. (It is natural to call such a structure as diresonance.) Using

unitarity and analyticity constraints, we find, under the simplest assumptions, similar to those

involved in the standard Breit-Wigner treatment of a single resonance, that the two states are

necessarily strongly mixed, and that various final states produced e.g. in the e+e− annihilation

have the behavior of the production cross section in the diresonance region proportional to one
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another. Furthermore, if a diresonant production amplitude is written as a linear combination

of two poles, then in the limit where the diresonance parameters, the two widths and the split-

ting between the poles, can be considered as small, the relative factor between the two poles is

necessarily equal to −1.

In practical terms this universal behavior implies that it would be problematic to disentangle

experimentally the underlying origin of the states in a diresonance complex. In particular, even

if the suggested by the experiment structure around 3.77 GeV, originates from an overlap of

charmonium and molecular states, the mixing between them effectively erases any difference in

their experimental signature.

2.2.1 Single scattering channel

We start our discussion of a diresonance structure with a simple case of just one scattering

channel. The radial part of the wave function of the particle with mass m with arbitrary complex

energy E and orbital momentum l = 0 (here we consider S -wave motion for simplicity) has the

following form at large distances r:

R =
1
r

[
B∗(E) ei kr + B(E) e−i kr

]
, k =

√
2mE , (2.35)

where the coefficients of the incoming and outgoing waves are related by complex conjugation

due to the requirement that the wave function is real at real negative E. In the familiar case

of a single resonance at Er = E0 − i Γ/2, with E0 and Γ being the position and the width of

the resonance, one has B(Er) = 0, which ensures that the wave function of the resonant state

vanishes at spatial infinity [10]. One can then expand the function B(E) near the position of the

resonant level Er as

B(E) = (E − E0 +
i
2

Γ) b , (2.36)

with b being a smooth function of energy, i.e. b changes on a scale much larger than the

resonance width Γ. The scattering S -matrix element is then found as follows

S = exp(2i δ) =
B∗(E)
B(E)

=
E − E0 − i Γ/2
E − E0 + i Γ/2

exp(2i δ(0)) , (2.37)

where δ(0) is a nonresonant phase which is a smooth function of energy defined as exp(2iδ(0)) =

b∗/b.
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This standard Breit-Wigner treatment of a single resonance can be readily extended to the

case of a diresonance, i.e. in the situation when the scattering amplitude has two closely sepa-

rated poles at E1 − iΓ1/2 and E2 − iΓ2/2 with both widths Γ1 and Γ2 and the difference E1 − E2

being considered as ‘small’. The expansion of the coefficient B(E) having two zeros in the

diresonance region is obviously given by

B(E) = (∆1 + iγ1)(∆2 + iγ2) b , (2.38)

where the notation is introduced ∆a = E − Ea, γa = Γa/2 (a = 1, 2), and, similarly to Eq.(2.36),

the coefficient b is a slowly varying function of the energy, which can be approximated by a

constant on the energy scale of the diresonance region. The corresponding expression for the S

matrix element then takes the form

S =
(∆1 − i γ1)(∆2 − i γ2)
(∆1 + i γ1)(∆2 + i γ2)

exp(2i δ(0)) , (2.39)

Let us consider now the amplitude A(E) for production of the scattering state in the dires-

onance region by a point-like source. The production process is assumed to be weak, so that it

is sufficient to consider only the lowest order in the coupling to the source. The energy depen-

dence of such amplitude is proportional to the inverse of the coefficient of the incoming wave

in the wave function (2.35): A(E) = g/B(E) with g being a real (at real E) smooth function

of energy. Indeed, according to the familiar “ψ(0) rule” the absolute value of the amplitude

is proportional to ψ(0), provided that the wave function is normalized to a fixed amplitude at

infinity, R = (1/r) sin(kr + δ), which implies the relation |A(E)| ∝ 1/|B(E)|. On the other hand,

according to the Watson’s theorem, the phase of A is given by δ, i.e. the phase is that of 1/B(E).

Using this relation we readily find an analytical formula for the production amplitude in the

diresonance energy region

A(E) =
(g/b)

(∆1 + i γ1)(∆2 + i γ2)
. (2.40)

The latter expression for the diresonance production amplitude when written as a sum over

two resonances:

A(E) =
(g/b)

E1 − E2 + iγ2 − iγ1

(
1

∆1 + i γ1
− 1

∆2 + i γ2

)
(2.41)

tells us that the relative phase between the two resonance factors has to be equal to π and the

coefficients of the pole factors should be the same.
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As a simple cross check we considered a toy model with the scattering of a particle with

mass m in a central potential with two Gaussian barriers:

V(r) =
1

2 m r2
0

x
{

h1 exp
[
− (x − x1)2

w1

]
+ h2 exp

[
− (x − x2)2

w2

]}
, (2.42)

where x = r/r0 is a dimensionless ratio of the distance r to an arbitrary scale r0 and the parame-

ters hi, xi, wi are also dimensionless. The distance scale r0 also sets the scale E0 = (2mr2
0)−1 for

the energy of the particle. We calculated numerically the dimensionless “production amplitude”

as the value of the wave function at the origin, ψ(0), at energy E, provided that at large r the

wave function is normalized to a wave with unit amplitude. We found that every time the pa-

rameters of the potential hi, xi, wi are tuned in such a way that a diresonance structure appears,

the production amplitude is closely approximated by the expression (2.41). We illustrate this

behavior in Fig. 2.3 for one specific set of parameters (h1 = 5.5, h2 = 0.94, x1 = 1.75, x2 =

6.92, w1 = 0.86, w2 = 0.45). The fit curve shown in the plot corresponds to a constant ratio g/b

in Eq.(2.41), so that the relative factor between the two poles exactly equals −1. If the fit is

relaxed and this relative factor is also treated as a fit parameter, we find the best approximation

for it as −0.90 + 0.02i.

2.2.2 Two coupled channels

It may appear that the rigid constraint on the relative contribution of the two single-resonance

factors in a diresonance complex is a limitation of the considered situation with one scattering

channel. For this reason we proceed to discussing scattering in two coupled channels, where

we find that the same constraint on the relative strength of the two pole factors applies in each

of the channels, so that in fact the production of the final states in the two channels is described

by the same energy dependence with the only free factor being the ratio of the overall yield of

each of the final channels.

In this discussion we consider two channels a and b and consider the S matrix for the

scattering and the production by a localized source:

S =



S aa S ab iAa

S ba S bb iAb

iAa iAb 1


, (2.43)

where Aa,b are the production amplitudes for each of the channels by a weak localized source, so

that the quadratic in the strength effect of the source in the diagonal (33) element of the S matrix
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Figure 2.3: The dimensionless “production cross section” |A(E)|2 vs the energy E (in units
of E0) in the diresonance region in a toy model with potential scattering. The circles are the
numerical data and the curve is the fit by the formula in Eq.(2.41).

can be neglected. In the zeroth order in the production amplitudes we find that the general

solution to the unitarity conditions for the two-channel scattering matrix with a diresonance

singularity has the form

S mn =

[
δmn − 2i (∆1 γ2 + ∆2γ1) ηmηn

(∆1 + i γ1)(∆2 + i γ2)

]
exp[i(δ(0)

m + δ(0)
n )] ; m, n = a, b , (2.44)

where δ(0)
a,b is the nonresonant scattering phase in the corresponding channel and the real factors

ηa and ηb satisfy the condition η2
a +η2

b = 1. It can be noted that in the single resonance case these

factors are determined by the corresponding branching fractions for the resonance: η2
n = Γn/Γ.

In the diresonance case we do not find a simple direct relation of these factors to the individual

width parameters Γ1 and Γ2. However these factors can still be interpreted in terms of the

branching ratios (for the diresonance complex) in the sense that η2
n gives the probability of the

branching of the scattering into the corresponding channel. It is also quite clear that setting η

to zero in one channel and η2 = 1 in the other, returns us to the previously discussed case of a

single channel.
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The unitarity relation for the matrix (2.43) in the first order in the production amplitudes

Aa,b then yields these amplitudes in the form

An =
µ ηn

(∆1 + i γ1)(∆2 + i γ2)
exp(iδ(0)

n ); n = a, b , (2.45)

where the real smooth factor µ characterizes the strength of the coupling of the source.

The expression (2.45) implies that the single-channel behavior of a diresonance production

amplitude also holds for multiple channels. Namely, when expressed as a linear combination

of two poles the relative coefficient between the two pole terms is necessarily equal to −1 as

shown in Eq.(2.41), and the relative yield in each channel is determined by the branching factor

η2.

One can readily notice that the relative factor −1 is a trivial consequence of the production

amplitude behaving as (∆E)−2 away from the diresonance region. Clearly, in order to invalidate

such a behavior, one would have to introduce in the dependence of the coefficient g/b an energy

scale comparable to the parameters (E1−E2), Γ1 and Γ2. Thus our conclusions are applicable in

the situation, which we refer to as a diresonance, where these parameters are small in the typical

scale in the problem. In this respect the assumption is quite similar to the familiar Breit-Wigner

approximation for a single resonance, where the resonance has to be considered as narrow, i.e.

with a small width. In the diresonance case it is also the splitting between the poles, which has

to be “narrow” in addition to the width parameters, for our approximation to be valid.

We believe that our consideration of a diresonance structure is quite generic and may be

applicable to the suggested by experiment [17] structure in the e+e− cross section near 3.77

GeV, and possibly to other similar structures. A specific detailed application of the discussed

diresonance properties to the production of D meson pairs in the ψ(3770) region should also

include the P-wave kinematics with different thresholds for the pairs of neutral and charged

mesons, as well as the Coulomb effects. Such analysis can be done along the lines presented in

Ref. [18], if more detailed data become available. At this point we can only remark that the two-

pole fit to the data [17] does not contradict the expression (2.41) for the production amplitude.

However the error range is still too large for any further conclusions to be drawn.



Chapter 3

X(3872)

3.1 e+e− → γ X(3872) as an alternative source of X(3872)

The extreme proximity of the mass of the X(3872) resonance [11] to the D0D̄∗0 threshold, as

well as the co-existence of the decays X(3872) → π+π−J/ψ and X(3872) → π+π−π0J/ψ [19],

strongly suggests [20, 21, 22, 23] a significant presence of a ‘molecular’ [12] D0D̄∗0 + D∗0D̄0

component in the wave function of X(3872). Such unusual structure of this hadronic state makes

further studies of its properties very promising for understanding the strong dynamics of heavy

mesons. At present the X(3872) resonance is observed experimentally only in the decays of

B mesons B → X K [24, 25] and in inclusive production in proton-antiproton collisions at the

Tevatron [26, 27]. Both these types of processes are quite rare and also present significant chal-

lenges for precision measurements of the parameters of the discussed resonance. In particular

[11], neither the total width of X(3872) is yet resolved (the current limit is ΓX < 2.3 MeV), nor

its mass is known with a precision sufficient to determine the binding energy of the molecular

component (the current average value MX = 3871.2± 0.5 MeV coincides within the errors with

M(D0)+M(D∗0) = 3871.2±0.8 MeV). In this section we consider the process e+e− → γX(3872)

at the c.m. energy within few MeV of the D∗0D̄∗0 threshold, where the kinematical simplicity

of the process would hopefully allow more detailed studies of X(3872). We estimate that the

cross section σ[e+e− → γX(3872)] is likely to be at least about 10−3 of the cross section for the

production of D∗D̄∗ meson pairs, i.e. in the range of about 1 pb, which makes realistic a study

of the discussed here process in a dedicated experiment. Moreover, the energy dependence of

the cross section is sensitive to the binding energy of the molecular component. Thus a study

29
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of this dependence can provide a better accuracy of determining the mass of X(3872) relative to

the D0D̄∗0 threshold than a direct mass measurement.

In order to estimate the cross section of the discussed process we calculate the absorptive

part of the production amplitude due to the process e+e− → D∗0D̄∗0 → γ X(3872) with on-shell

D∗ mesons, as given by the unitarity relation. We find that this contribution to the amplitude is

rapidly changing with the c.m. energy of the process. The contribution of other intermediate

states to the amplitude, which potentially could destructively interfere with the calculated am-

plitude is a slowly varying function of energy, so that such destructive interference cannot occur

at all energies in the considered range. Thus the value of the cross section can be estimated as

being at least that given by the calculated part of the amplitude.

Proceeding to the calculation of the absorptive part of the amplitude we write the Fock

decomposition of the wave function of X(3872) in the form

ΨX = a0
D0D̄∗0 + D∗0D̄0

√
2

+
∑

i

aiψi , (3.1)

where the molecular component is explicitly separated, and the sum runs over ‘other’ states. The

crucial difference between the molecular and ‘other’ components of X(3872) is that due to a very

small binding energy w the neutral D and D∗ mesons mostly move at long distances, beyond

the range of the strong interaction, while the ‘other’ states are localized at shorter distances

typical of the strong interaction. At long distances the coordinate wave function of the meson

pair is that of a free S -wave motion and is proportional to exp(−κr)/r, where κ =
√

2 mr w ≈
44 MeV

√
w(MeV) is determined by the reduced mass mr ≈ 966 MeV in the D0D̄∗0 system and

the binding energy w. With the coordinate wave function of this component normalized to one,

the coefficient a0 in the expansion (3.1) determines the statistical weight |a0|2 of the molecular

state (D0D̄∗0 + D∗0D̄0)/
√

2 in the wave function of X(3872). The notion of the resonance X

being mostly a molecular system corresponds to this statistical weight factor of order one. The

numerical value of |a0|2 is presently unknown, in a model calculation [28] this weight factor is

estimated as 0.7 - 0.8 at w = 1 MeV.

In what follows we calculate the contribution of the ‘peripheral’ D0D̄∗0 + D∗0D̄0 compo-

nent of the X(3872) resonance to the absorptive part of the amplitude of the process e+e− →
D∗0D̄∗0 → γ X(3872), where the latter transition proceeds due to the underlying radiative decay

D∗0 → D0γ (D̄∗0 → D̄0γ), in analogy with the previously discussed [22, 29] decays of the X
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resonance, X → DD̄γ. The amplitude of the radiative decay of the vector meson has the form

A(D∗0 → D0γ) = µ εi jk ε
∗
i k j ak , (3.2)

with ~a and ~ε being the polarization amplitudes of the vector meson and the photon, and ~k being

the photon momentum.1 The vector meson decay rate Γ0 ≡ Γ(D∗ → Dγ) is then related to the

transition magnetic parameter µ as

Γ0 =
|µ|2 ω3

0

3π
, (3.3)

where ω0 ≈ 137 MeV is the photon energy in the decay. Numerically the decay rate can be es-

timated from the data [11] as Γ0 = 26 ± 6 KeV. The amplitude of the transition D∗0D̄∗0 →
γ X(3872) due to the ‘peripheral’ component of the X can then be written in terms of the

momentum-space wave function φ(~q) of this component:

A(D∗0D̄∗0 → γ X) =
µ a0√

2
εi jk ε

∗
i k j

ak (~b · ~χ∗) φ
~p −

~k
2

 − bk (~a · ~χ∗) φ
~p +

~k
2


 , (3.4)

where, in addition to the notation conventions in Eq.(3.2), ~b stands for the polarization ampli-

tude of the initial D̄∗ meson and ~χ is the polarization amplitude of the produced X resonance.

The relative minus sign between the two terms originating from the amplitudes of the processes

D∗0 → D0γ and D̄∗0 → D̄0γ is due to the opposite C parity of the X (JPC = 1++) and of the

photon [22, 29].

In the present calculation we describe the peripheral component by a wave function of a

free-motion with an ultraviolet regularization at large momenta [29, 30]:

φ(~q) =
√

8πκ c
(

1
~q 2 + κ2 −

1
~q 2 + Λ2

)
, (3.5)

where the normalization constant c is given by

c =

√
Λ (Λ + κ)
Λ − κ , (3.6)

and the regularization parameter Λ is determined by the inverse size of the strong interaction

region in the X resonance. The obvious reason for introducing the cutoff Λ is that the free-

motion description of the meson pair inside X is applicable only at distances beyond the range of

the strong interaction and such description generally fails at short distances, where the mesons

1 The non-relativistic normalization for the heavy meson states is used throughout this discussion.
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overlap and the meson pair strongly mixes with the ‘other’ states in the expansion (3.1). Thus

introducing the parameter Λ is a way of explicitly separating the ‘peripheral’ part from the

‘core’.

The other ingredient in the calculation of the amplitude of the process e+e− → D∗0D̄∗0 →
γ X(3872) is the production amplitude for the D∗D̄∗ pair in e+e− annihilation. At energy E =

2M(D∗0) + W near the threshold this amplitude can be generically written in the form

A(e+e− → D∗0D̄∗0) = A0 (~j · ~p) (~a · ~b)∗ +
3

2
√

5
A2 ji pk

[
ai bk + ak bi − 2

3
δik (~a · ~b)

]∗
, (3.7)

where ~j = (ē~γe) stands for the current of the incoming electron and positron, ~p is the momentum

of one of the mesons (D∗0 for definiteness) in the c.m. frame, and A0 and A2 are the factors

corresponding to production of the vector meson pair in the states with respectively the total

spin S = 0 and S = 2. It can be also noted that the amplitude in Eq.(3.7) describes the

production of mesons in the P wave. Another kinematically possible amplitude, the F-wave,

should be small near the threshold, i.e. at a small W. Both A0 and A2 are generally functions

of the excitation energy W. Furthermore, their dependence on the energy near the threshold is

known to be nontrivial due to the ψ(4040) resonance [11], with possible further complications in

the immediate vicinity of the threshold [31, 32]. Neither the relative magnitude nor the relative

phase of the amplitudes A0 and A2 is presently known, but both of these can be measured from

angular correlations [33]. These amplitudes determine the total cross section for production of

D∗0D̄∗0 in e+e− annihilation:

σ(e+e− → D∗0D̄∗0) =

∫
|A(e+e− → D∗0D̄∗0)|2 2π δ

(
W − p2

m

)
d3 p

(2π)3 = C
m p3

2π

(
|A0|2 + |A2|2

)
,

(3.8)

where m = M(D∗0), p = |~p|, and C is an overall constant related to the average value of the

current |~j|2. The specific value of the latter constant will not be essential in further calculation,

since it cancels in the ratio of the cross sections. It should be pointed out that the nonrela-

tivistic expression for the phase space is used in Eq.(3.8) corresponding to the nonrelativistic

normalization of the states of the heavy mesons.

The discussed here absorptive part of the amplitude of the process e+e− → γX(3872) due to

the D∗0D̄∗0 intermediate state is found from the unitarity relation and the amplitudes (3.4) and
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(3.7) in the standard way:

AAbs(e+e− → γX) = (3.9)
1
2

∫ ∑

pol

A(e+e− → D∗0D̄∗0) A(D∗0D̄∗0 → γ X) 2π δ
(
W − p2

m

)
d3 p

(2π)3 =

µ a0 p m
2ω2

√
κ

π
F εi jk ε

∗
i k j

[
χ∗k (~j · ~k)

(
A0 − A2√

5

)
+ jk (~k · ~χ∗) 3

2
√

5
A2

]
.

In the latter expression ω = |~k| is the energy of the photon, the sum goes over the polarizations

of the vector mesons in the intermediate state, and F stands for the dimensionless form factor:

F =
1√
8πκ

∫ 1

−1
(~p · ~k) φ

~p −
~k
2

 d cos θ , (3.10)

where θ is the angle between the vectors ~p and ~k. Using the expression (3.5) for the ‘peripheral’

wave function, one readily finds the form factor as

F =
c

pω

[(
p2 +

ω2

4
+ κ2

)
ln

(p + ω/2)2 + κ2

(p − ω/2)2 + κ2 −
(
p2 +

ω2

4
+ Λ2

)
ln

(p + ω/2)2 + Λ2

(p − ω/2)2 + Λ2

]
(3.11)

with the normalization coefficient c given by Eq.(3.6).

The absorptive part of the amplitude in Eq.(3.9) corresponds to the cross section

σAbs(e+e− → D∗0D̄∗0 → γX) =

∫
|AAbs(e+e− → γX)|2 2π δ(ω − |~k|) d3k

(2π)3 2ω
=

C
|µ|2 |a0|2 p2 m2 ωκ F2

12π2


∣∣∣∣∣∣A0 − A2√

5

∣∣∣∣∣∣
2

+
9
20
|A2|2

 , (3.12)

where the overall constant C in the latter expression is the same as in Eq.(3.8). Thus using also

Eq.(3.3) one finds the formula for the ratio of the cross sections:

σAbs(e+e− → D∗0D̄∗0 → γX)
σ(e+e− → D∗0D̄∗0)

= |a0|2 Γ0 mωκ

2ω3
0 p

F2 |A0 − A2/
√

5|2 + (9/20) |A2|2
|A0|2 + |A2|2

. (3.13)

The so-defined cross section σAbs is (most likely) not the actual value of the cross section,

since the amplitude of the process e+e− → γX can receive contribution from other mechanisms.

Nevertheless it is instructive to examine the numerical value and the behavior with energy of

this quantity as given by Eq.(3.13). The dependence on the c.m. energy of the factor (κ/p) F2

is shown in Fig.3.1 for two representative values of the ‘molecular’ binding energy in X(3872),
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w = 1 MeV (κ ≈ 44 MeV) and w = 0.3 MeV (κ ≈ 24 MeV). This factor peaks at the energy

where p ≈ ω/2 ≈ 70 MeV. The appearance of this peak is easily understood qualitatively:

at ~p ≈ ~k/2 the D0 meson emerging from the emission of the photon in D∗0 → D0γ moves

slowly relative to the D̄∗0 and forms a loosely bound state.2 The width of the peak is clearly

determined by the parameter κ.

0 2 4 6 8 10
0

0.5

1

1.5

W (MeV)

Fp
_ 2

Figure 3.1: The factor κ F2/p vs. the excitation energy W above the D∗0D̄∗0 threshold at repre-
sentative values of the binding energy w in X(3872) and the ultraviolet cutoff parameter Λ:
w = 1 MeV, Λ = 200 MeV (solid), w = 1 MeV, Λ = 300 MeV (dashed), w = 0.3 MeV,
Λ = 200 MeV (dashdot), and w = 0.3 MeV, Λ = 300 MeV (dotted).

As is seen from the plots of Fig.3.1 the numerical value of the factor (κ/p) F2 near its

peak is of order one. Another factor in Eq.(3.13), Γ0 mω/(2ω3
0) ≈ Γ0 m/(2ω2

0) ≈ 1.5 × 10−3,

sets the overall scale of the discussed cross section. The factor in Eq.(3.13) depending on the

presently unknown ratio of the (generally complex) amplitudes A0/A2, takes values between

0.34 (at A0/A2 ≈ 0.68) and 1.31 (at A0/A2 ≈ 1.47), and can thus be considered as being of order

one. Finally, the statistical weight factor |a0|2, as discussed, is likely to be large fraction of one.

Summarizing these numerical estimates, the value of the ratio in Eq.(3.13) at the peak can be

2 The same situation arises at ~p ≈ −~k/2 for the D̄0 meson emerging from D̄∗0 → D̄0γ.
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estimated as being of order 10−3, although the uncertainty is presently large.

In absolute terms, the measured [31] cross section σ(e+e− → D∗0D̄∗0) at E = 4015 MeV,

i.e. at the energy above the D∗0D̄∗0 threshold W ≈ 1.6 MeV is about 0.15 nb. This cross

section grows from the threshold as p3. With this factor taken into account the peak of the

quantity σAbs(e+e− → γX) shifts to a slightly higher value of p, p ≈ 100 MeV, corresponding to

W ≈ 5 MeV, where according to Eq.(3.12) and the presented estimates, it should be numerically

of the order of 1 pb.

The considered mechanism of the process e+e− → γX describes a ‘soft’ production of its

peripheral D0D̄∗0 + D∗0D̄0 component in radiative transitions from slow D∗0D̄∗0 pairs. Gener-

ally, one can also expect a presence of states with charged mesons, D+D∗− + D−D∗+, within the

X resonance. Therefore a contribution of the mechanism e+e− → D∗+D∗− → γX to the consid-

ered here process merits discussion. However, this contribution in fact should be very small for

at least three reasons [29]: The mass of the pair of charged mesons is by δ ≈ 8 MeV heavier than

that of the neutral ones. For this reason the charged mesons in this component are separated by

shorter distances: the corresponding parameter κ is approximately
√

2mrδ ≈ 125 MeV, and as a

result [29] the statistical weight of such state should be significantly smaller than for the pair of

neutral mesons. Furthermore, the C-conjugate processes D∗+ → D+γ and D∗− → D−γ destruc-

tively interfere in D∗+D∗− → γX (cf. the minus sign between the two terms in Eq.(3.4)). The

(negative) interference is enhanced for the more closely separated charged mesons in X(3872).

Finally, the transition magnetic coupling µ is noticeably weaker for the charged mesons than for

the neutral ones: Γ(D∗+ → D+γ) = 1.5 ± 0.5 KeV.

Other intermediate states with charmed meson pairs, i.e. DD̄ and DD̄∗ (D̄D∗), can poten-

tially contribute to the discussed process e+e− → γX. Indeed, the suitable final state arises in

the chain e+e− → DD̄→ γ (DD̄∗+ D∗D̄) through the radiative transition D→ γD∗ ( D̄→ γD̄∗)

as well as in the chain e+e− → DD̄∗ + D̄D∗ → γ (DD̄∗ + D∗D̄) through an elastic emission

of a photon by D∗ (D̄∗). However, one can readily see that in either of these processes the

charmed meson emerging after the emission of the photon is very far off the mass shell in the

scale of κ. Thus neither of these processes can proceed due to the long-distance peripheral com-

ponent of the X(3872) resonance, but rather is determined by the short-distance dynamics of

the ‘core’ of X. For this reason these contributions, as well as other possible mechanisms re-

lated to the ‘core’ dynamics, should be smooth functions of the c.m. energy on the scale of few
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MeV around the D∗0D̄∗0 threshold, where the amplitude given by Eq.(3.9) experiences a sig-

nificant variation. Therefore even under the most conservative (and quite unlikely) assumption

that these mechanisms cancel the contribution of the latter amplitude near its maximum, such

cancellation cannot take place at all energies in the considered range. Thus the cross section

of the process e+e− → γX at an energy within few MeV of the D∗0D̄∗0 threshold has to be at

least as large as the above estimates for σAbs near its maximum i.e. of the order of 1 pb. The

latter is a conservative estimate, since we cannot exclude that the contribution of those ‘other’

mechanisms exceeds the calculated amplitude and that the actual cross section is larger than

σAbs.
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3.2 One and two-pion transitions from X(3872) to χcJ

The narrow resonance X(3872) [24, 26, 27, 34] is an extremely interesting hadronic object: its

mass is tantalizingly close to the D0D̄∗0 threshold, w = M(D0D̄∗0)−M(X) = 0.6±0.6 MeV [35],

and the isotopic symmetry is unusually strongly violated in its decays as follows from the co-

existence of the decay X(3872)→ π+π−J/ψ on one hand and the decays X(3872)→ π+π−π0J/ψ

and X(3872)→ γJ/ψ [19, 36, 37] on the other. The only assignments for the quantum numbers

JPC consistent with the most recent data [38] are 1++ and 2−+ with the former assignment

being much more plausible [15]. The suggested interpretations of this resonance for JPC = 1++

include a dominantly molecular state [20, 22, 28, 39] of charmed mesons (D0D̄∗0 + D∗0D̄0),

possibly of the type discussed in the literature long time ago [12, 40], with an admixture of pure

charmonium [30, 41], a dominantly 23P1 state of charmonium [42, 43], and a virtual threshold

state of DD̄∗ [44, 45, 46, 47].

A quantitative understanding of the internal structure of this peculiar state is a challenging

task for experimental studies. As has been previously discussed in the literature [22, 42, 48] a

measurement of the rates and of the photon spectrum in the decays X(3872)→ DD̄γ can provide

a useful insight into certain features of the structure of X. In particular, it has been suggested [42,

43] that the observed properties of X(3872) can be, to an extent, mimicked by a 23P1 state of

charmonium, so that any ‘molecular’ admixture would be viewed as a secondary effect due to

the coupling to the DD̄∗ states. In this picture the main available indicator of a significant isospin

violation in X(3872), the approximately equal rate of the decays X(3872)→ ρJ/ψ→ π+π−J/ψ

and X(3872)→ ωJ/ψ→ π+π−π0J/ψ is explained by the kinematical suppression of the isospin-

allowed transition X(3872)→ ωJ/ψ.

In current discussion we assume the quantum numbers of X(3872) to be JPC = 1++ and

consider the transitions from X(3872) to the χcJ charmonium states with emission of one or

two pions, which can be studied in addition to the observed processes X(3872) → π+π−J/ψ

and X(3872) → π+π−π0J/ψ, and which may be instrumental in further exploration of the X

resonance. To the best of our knowledge no data on such transitions are available as yet, but

they may be accessible for experimental observation and may hold the clue to understanding

the isotopic structure of the X(3872) and of the prominence of the four-quark component in

its internal dynamics. We argue that the characteristics of such transitions are generally com-

pletely different between the possible charmonium and four-quark components of the resonance
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X(3872). The rate of the one-pion transition relative to the process with two pions is sensitive

to the I = 1 four-quark component of the X(3872), while the isoscalar four-quark component

should give rise to relative rates of two-pion transitions to the χcJ states with different J, which

are very likely at variance from those expected for transitions between charmonium levels.

In Sect. 3.2.1 we consider the one- and two-pion transitions for the case where X(3872)

is treated as a 23P1 state of charmonium. In this consideration we use the standard approach

based on the multipole expansion in QCD [49] and the chiral properties of soft pions3 . We

find that of the isospin-conserving two-pion transitions by far the strongest should be the de-

cay X(3872) → ππχc1 with the transition to χc2 being heavily suppressed and the transition to

χc0 being forbidden at all in the leading order of the chiral expansion. Given that, the rate of

the strongest transition in absolute terms is expected to be quite small Γ(X(3872) → ππχc1) ∼
1 keV. The isospin-breaking transitions X(3872) → π0χcJ proceeding due to the isotopic sym-

metry breaking by the u and d quark masses are estimated to be still weaker than the two-pion

processes. Additionally, the amplitude of the transition X(3872) → π0χc0 turns out to be zero

within the considered approach.

A significantly different set of one- and two-pion decay rates is expected in the case where

X(3872) has a substantial four-quark component, so that the emission of the pions can be con-

sidered as a ‘shake off’ of light degrees of freedom, as discussed in Sect. 3.2.2. In this case no

strong suppression of a single pion transition should be expected, and in fact such transitions,

proceeding due to the I = 1 part of the wave function of X(3872), are likely to be dominant

over the kinematically suppressed emission of two pions. Moreover, all three χcJ resonances

are allowed in the final state, including the χc0, which is additionally favored by the phase space

factor p3
π.

It can be noted, that it is the presence of the light degrees of freedom, rather than their

specific (and presently unknown) dynamics, that results in deviation from the relatively rigid

predictions for relative decay rates of the discussed transitions in pure charmonium. Thus our

consideration, based on the general requirements of chiral algebra and the heavy quark spin

symmetry [41], should be applicable in generic models, where the X(3872) resonance is con-

sidered as containing light quark pairs and gluons in addition to the cc̄ heavy quark pair.

At present we cannot reliably predict the transition rates from a four-quark state. However

3 A recent discussion of this method in some detail can be found in Ref. [50].
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a very approximate estimate [41], based on the general understanding of the hadronic param-

eters, indicates that the single pion transitions X(3872) → π0χcJ should not be very strongly

suppressed relative to the observed decay X(3872) → π+π−J/π. Thus one may hope that if

X(3872) indeed has a significant I = 1 four-quark/molecular component, the discussed single-

pion transitions may be accessible for experimental studies.

3.2.1 Charmonium

In this section we treat X(3872) as a charmonium 23P1 state, so that the hadronic transitions

from this resonance can be studied using the standard approach based on the multipole expan-

sion. The two-pion transitions arise [49] in the second order in the E1 interaction with the

chromoelectric gluon field ~Ea described by the Hamiltonian

HE1 = −1
2
ξariEa

i (0), (3.14)

where ξa = ta
1 − ta

2 is the difference of the color generators acting on the quark and antiquark,

and ~r is the vector of the relative position of the quark and antiquark. The convention used

throughout this section is that the QCD coupling g is included in normalization of the gluon

field operators.

The one pion transitions 3P1 →3 PJ π are induced by the interference of the E1 interac-

tion (3.14) and M2 term containing the chromomagnetic field ~Ba and described by the Hamil-

tonian [51]

HM2 = − 1
4mQ

ξaS kr j
(
D jBk(0)

)a
, (3.15)

where D is the QCD covariant derivative, mQ is the heavy quark mass, and ~S =
(
~σ1 + ~σ2

)
/2 is

the operator of the total spin of the quark-antiquark pair.

Generally, one also needs to consider the contribution to the one pion transition coming

from the Hamiltonian of the form:

H(L)
M2 = − ξa

48 mQ

[
Lk r j

(
D jBk

)a
+

(
D jBk

)a
r j Lk

]
, (3.16)

where ~L is the operator of the orbital momentum of the quark-antiquark pair. However we will

argue later that this contribution cancels due to the specific form of the gluonic matrix element.
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Using the expressions (3.14) and (3.15) one can find the one- and two- pion transition am-

plitudes in the form

A(J)
ππ ≡ A

(
3P1 → ππ 3PJ

)
=

〈
ππ

∣∣∣∣ Ea
i Ea

j

∣∣∣∣ 0
〉

A(J)
i j , (3.17)

A(J)
π ≡ A

(
3P1 → π 3PJ

)
= m−1

Q

〈
π
∣∣∣∣ Ea

i

(
D jBk

)a
+

(
D jBk

)a
Ea

i

∣∣∣∣ 0
〉

A(J)
i jk , (3.18)

where the heavy quarkonium amplitudes A(J)
i j and A(J)

i jk are defined as follows

A(J)
i j =

1
32

〈
1 3PJ

∣∣∣ ξari G r j ξ
a
∣∣∣ 2 3P1

〉
(3.19)

and

A(J)
i jk =

1
128

〈
1 3PJ

∣∣∣ ξa ri G r j ξ
aS k + r j ξ

a G ξa ri S k
∣∣∣ 2 3P1

〉
(3.20)

with G being the Green’s function of the heavy quark pair in a color octet state. Also in the

expressions (3.19) and (3.20) we have used the fact that in the matrix elements between color

singlet states the color factor ξa . . . ξb can be replaced by
(
δab/8

)
ξc . . . ξc.

In the leading nonrelativistic limit the spin of the heavy quark pair decouples from the

coordinate degrees of freedom. Thus, it is convenient to write the amplitude in a form with

explicitly factorized spin and orbital components. For this purpose we denote ζi and ηi the

spin polarization amplitudes of the initial 3P1 and the final 3PJ states. We also introduce the

polarization amplitudes φi, ψi and ψi j of the initial state and the final state with J = 1 and J = 2

correspondingly. The tensor ψi j is symmetric and traceless, as appropriate for the J = 2 state.

All these amplitudes are assumed to be normalized in a standard way, so the sums over the

polarization states are defined as
∑

pol

ζ∗i ζ j =
∑

pol

η∗i η j =
∑

pol

φ∗i φ j =
∑

pol

ψ∗i ψ j = δi j ,

∑

pol

ψ∗i j ψkl =
1
2

(
δik δ jl + δil δ jk − 2

3
δi j δkl

)
. (3.21)

Further we define the initial and the final states

3P1 = εi j k ζi a j φk/
√

6 , 3PJ = P(J)
i j ηi b j , (3.22)

where ~a and ~b stand for the P-wave coordinate parts of the wave functions and the projection

matrices P(J)
i j for the definite total spin J are:

P(0)
i j = δi j/

√
3 , P(1)

i j = εi j k ψk /
√

2 , P(2)
i j = ψi j . (3.23)
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Proceeding to the explicit calculation of the heavy quarkonium matrix elements we assume

as in the heavy quark limit that the spin of the heavy quark pair is conserved, i.e.
〈
ηi ζ j

〉
=

δi j. Generally the intermediate states contributing to the Green’s function in equations (3.19)

and (3.20) could be those corresponding to the S - and D- wave (the P-wave is forbidden by

the parity), so that two different structures are allowed:
〈
bm

∣∣∣ ξa ri G r j ξ
a
∣∣∣ an

〉
= S δimδ jn +

D
(
δi j δmn + δin δ jm − 2/3 δim δ jn

)
. However, assuming that the relevant intermediate states are

separated by a large energy gap ∆ from the discussed P-wave states, one can approximate the

Green’s function G as being proportional to the unit operator: G ' 1/∆. In this case the

coefficient in front of the S wave is related to that of the D wave: S = 5/3D. Thus within

the introduced notations the heavy quarkonium amplitudes can be written in terms of a scalar

quantityA
A(J)

i j = A
(
δinδ jp + δipδ jn + δi jδnp

)
εmpr P(J)

mn φr , (3.24)

A(J)
i jk =

iA
2

(
δinδ jp + δipδ jn + δi jδnp

)
εqmkεqpr P(J)

mn φr . (3.25)

The quantity A depends on details of the heavy quarkonium dynamics and at present is highly

model dependent, however, it is clear that this quantity cancels in the considered ratios of the

rates of the single pion and two-pion transitions.

The gluonic matrix element for the one pion transition in the Eq.(3.17) can be written using

the form described in [52]

i
〈
π
∣∣∣∣ Ea

i

(
D jBk

)a
+

(
D jBk

)a
Ea

i

∣∣∣∣ 0
〉

=
X
15

(
3p jδik − piδ jk

)
, (3.26)

with the form factor X related to the well known expression [53]

X =
〈
π
∣∣∣GaG̃a

∣∣∣ 0
〉

= 8π2
√

2
md − mu

md + mu
fπm2

π , (3.27)

where mu and md are the masses of the u and d quarks and fπ ≈ 130 MeV. It should be noted

that the specific form of the gluonic matrix element Eq.(3.26), namely the absence of the term

proportional to δi j, makes the contribution of the orbital chromomagnetic term (3.16) being

proportional to the structure (~L · ~r) which is obviously equal to zero.

Using the expressions (3.26), (3.27) and (3.22)-(3.25) one readily finds the squares of the

transition amplitudes summed over the polarizations of the final 3PJ state:

| A(2)
π | 2 =

X2 p2
π

15 m2
Q

| A|2 , | A(1)
π | 2 =

X2 p2
π

9 m2
Q

| A|2 , | A(0)
π | 2 = 0 , (3.28)
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where pπ = | ~p | is a pion momentum. We note here that the vanishing of the amplitude A(0)
π is a

result of our approximation for the Green’s function as being proportional to the unit operator.

The ratio of the amplitudes (3.28) then gives the ratio of the decay rates:

Γ2 : Γ1 : Γ0 = 3p 3
π (2) : 5p 3

π (1) : 0 ≈ 1 : 2.70 : 0 , (3.29)

where pπ (1) ≈ 334 MeV and pπ (2) ≈ 285 MeV are the pion momenta in the transitions to the
3P1 and 3P2 states correspondingly.

Let us proceed now to evaluating the two pion transition rates. Using general arguments

based on the isospin and parity considerations one can see that the pion pair in the transitions
3P1 → 3PJ ππ could only be produced in the even partial waves. From the properties of the

chiral algebra it follows that the expansion of the S - and D-wave amplitudes starts from the

terms quadratic in the pion momentum (and mass) and therefore kinematically these amplitudes

are both of the same order in the soft pion limit.

Considering the transition 1++ → 0++ one can easily see that the pion pair besides the D-

wave motion in its center of mass frame should also be involved in a D-wave motion as a whole

relatively to the 0++ state, thus the discussed amplitude has to be proportional to the fourth

power of the pion momentum in the chiral expansion. Taking into account the small energy

release in the transitions 2 3P1 → 13PJ ππ we should thus expect a strong suppression of the

transition to the χc0 state in comparison with the transitions to the χc1 and χc2.

The amplitudes of the two pion transitions to the χc1 and χc2 can readily be evaluated using

the general form [51, 54] of the amplitude of the dipion creation by the chromoelectric field

(3.24)

〈
π+π−

∣∣∣∣Ea
i Ea

j

∣∣∣∣ 0
〉

=
8π2

3b

(
q2 + m2

π

)
δi j+

12π2

b
κ
[

p1i p2 j + p1 j p2i − (
ε1ε2 + ~p1 · ~p2

)
δi j

]
, (3.30)

where ε1, 2 and ~p1, 2 are the energy and momentum of each pion, q = p1 + p2 is the total 4-

momentum of the pion pair; b = 9 is the first coefficient in the beta function for QCD with three

quark flavors, and κ is a parameter introduced in [54]. The experimental value of the parameter

κ ≈ 0.2 [55] agrees with the original theoretical estimate [54].

The first term in the Eq.(3.30) arising from the conformal anomaly [50] describes the S wave

production of the two pions in their c.m. frame while the term proportional to κ corresponds to

both S - and D-waves. For an approximate estimate of the amplitude of the transition 2 3P1 →
13P1ππ we neglect the contribution of the κ-term since this process is dominated by the large
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S -wave contribution arising from the first term in Eq.(3.30). On the other hand for the transition

2 3P1 → 13P2ππ there is no S -wave pion pair emission and only the D-wave part of the κ-term

contributes to the amplitude. In this way one estimates

| A(1)
ππ | 2 = 150

(
8π2

3b

)2 (
q2 + m2

π

)2 | A| 2 , (3.31)

| A(2)
ππ | 2 = 12

(
12π2

b
κ

)2 [
~p1

2 ~p2
2 +

1
3

(
~p1 · ~p2

)2
]
| A| 2 → 40

3

(
12π2

b
κ

)2

~p1
2 ~p2

2 | A| 2, (3.32)

where in the last transition in the Eq.(3.32) the averaging on the relative angle between the

momenta was made.

For estimates of the rates of ππ transitions one needs to evaluate the corresponding phase

space integrals at the energy release ∆(J) = M(23P1) − M(13PJ)

W(J)
ππ =

∫
| A(J)

ππ | 2 2π δ
(
∆(J) − ε1 − ε2

) d3 p1

(2π)3 2ε1

d3 p2

(2π)3 2ε2
. (3.33)

A numerical integration using the expressions (3.31) and (3.32) then yields

Γ
(
2 3P1 → χc1 ππ

)

Γ
(
2 3P1 → χc2 ππ

) ≈ 104 , (3.34)

so that the transition 23P1 → χc2 ππ is quite small in comparison to the 23P1 → χc1 ππ one.

Clearly, the main factor responsible for such strong dominance of the transition to the χc1 state

is the enhancement by the conformal anomaly of the S wave production of the pions in the

amplitude described by Eq.(3.30).

Using the expression (3.28) and the value of the charmed quark mass mc ≈ 1.4 GeV, one

can also find the ratio of one- and two-pion decay rates

Γ
(
2 3P1 → χc1π

0
)

Γ
(
2 3P1 → χc1π+π−

) ≈ 0.04 . (3.35)

One can see from this estimate that for the case where X(3872) is considered to be a charmonium

23P1 state the one-pion transition is significantly suppressed relative to the two pion one as a

result of small isospin violation.

The absolute value of the discussed decay rates can be very approximately estimated by

using the known rate of the decay ψ (2S )→ J/ψ(1S ) π0. Within the similar description [56] the

gluonic matrix element of the latter decay is found as

1
64

〈
ηm ψm

∣∣∣ ξa ri G r j ξ
a S k

∣∣∣ ζn φn
〉
/3 =

5i√
6
As δi j εkmn ψ

∗
m φn , (3.36)
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so that the rate of the decay is given by

Γ =
4 X2

27m2
Q

p3
π

2π
| As|2 , (3.37)

where the quantityAs is an analog, relevant for the 23S 1 → 13S 1 transition, of the amplitudeA
introduced in Eqs.(3.24) and (3.25). Although As and A arise from overlap integrals between

different pairs of charmonium levels, we consider them as being of the same order,A ∼ As, in

lieu of a more reliable understanding. Proceeding in this way, we estimate

Γ
(
23P1 → χc1 π

0
)
∼ 3

4

(
pπ(1)

pπ

)3

Γ
(
ψ′ → J/ψ π0

)
' 0.06 keV , (3.38)

where pπ ≈ 574 MeV is the pion momentum in the ψ(2S ) decay. Even with a large uncertainty

in this estimate one can conclude that the rate of the strongest of the discussed transitions from

X(3872) treated as charmonium 2 3P1 state, 23P1 → 13P1 ππ, is expected to be very small.

3.2.2 Four-quark state

Another possible scenario is to consider the X(3872) as being a four quark state made from

the two heavy and two light quarks. In this case it appears reasonable to treat the discussed

transitions X → πχcJ and X → ππχcJ as a ‘shake off’ of the light quarks. In particular, the

spin dependent ‘heavy-light’ quark interaction is proportional to the inverse power of the heavy

quark mass m−1
Q , so that any exchange of the polarization between the light and heavy degrees

of freedom is expected to be suppressed. Neglecting such exchange the total wave function

can be written as a product of the two wave functions describing the heavy and light degrees

of freedom separately. For this purpose we define the polarization amplitudes h(1, 2)
i and l(1, 2)

i

associated with the heavy and the light quark pairs in the initial and the final states. For the

states with the definite J we introduce the polarization amplitudes φi and ψi corresponding to

the initial and final states with J = 1 and the symmetrical and traceless tensor amplitude ψi j

for the final 3P2 state. All these amplitudes are assumed to be normalized in the standard way

and sums over polarizations are the same as in Eq.(3.21). Finally, introducing the operators

L(1, 2)
i and H(1, 2)

i acting on the polarization amplitudes li and h j: 〈h(2)
i |H(2)

s H(1)
s | h(1)

j 〉 ∼ δi j and

〈l(2)
i | L(2)

m L(1)
n | l(1)

j 〉 ∼ δimδ jn one can write the amplitude for the one pion transition

A(J)
π =

〈
3PJ

∣∣∣∣p l εlmn L(2)
m L(1)

n H(2)
s H(1)

s

∣∣∣∣ 3P1

〉
(3.39)
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with the initial and the final states

3P1 = εi jk h(1)
j l(1)

k φi/
√

6 , 3PJ = P(J)
i j h(2)

i l(2)
j , (3.40)

where the projection matrices P(J)
i j are the same as defined in Eq.(3.23). Using these relations

one can readily find the amplitudes of the one pion transition to the states with the different total

spin:

A(0)
π = 2 pi φiA1/

√
3 , A(1)

π = εi jk φi ψ
∗
j pkA1/

√
2 , A(2)

π = − φi ψ
∗
i j p jA1 . (3.41)

The quantity A1 accounts for the internal dynamics and at present can only be discussed on a

model dependent basis. Taking the square of these expressions and summing over the polariza-

tion amplitudes of the final states complete the routine procedure of finding the square of the

matrix element

| A(0)
π | 2 =

4
3

p2
π| A1|2 , | A(1)

π | 2 = p2
π| A1|2 , | A(2)

π | 2 =
5
3

p2
π | A1|2 . (3.42)

This relation readily gives us the ratio of the partial decay widths for the one pion transition

Γ0 : Γ1 : Γ2 = 4p 3
π (0) : 3p 3

π (1) : 5p 3
π (2) ≈ 2.88 : 0.97 : 1 , (3.43)

where pπ (0) ≈ 436 MeV is the pion momentum in the transition to the χc0 state.

For the two-pion transition from a four-quark state essentially the only guidance is provided

by general chiral properties, which require that the expansion of the amplitude in the pion 4-

momenta starts with a bilinear term. In this order only S and D waves for the dipion are possible,

and one can write the amplitude in terms of the explicit partial wave decomposition:

A(J)
ππ =

〈
3PJ

∣∣∣∣ L(2)
m L(1)

n ( δmn S + Φmn D) H(2)
s H(1)

s

∣∣∣∣ 3P1

〉
, (3.44)

where the traceless D-wave tensor Φi j is defined in a standard way: Φi j = p1 i p2 j + p1 j p2 i −
2/3 δi j

(
~p1 · ~p2

)
. In the leading order of the chiral expansion the S wave amplitude can generally

be written as S = a q2 +b ε1ε2 +c m2
π with a, b and c being coefficients generally of order one, so

that there is in fact no kinematical suppression of the D-wave in comparison with the S - wave,

and both these terms enter the amplitude on equal footing. It can be also noted, once again, that

no amplitude for transition to the 13P0 state arises in this order of expansion.

One finds from the expressions (3.40) and (3.44) the amplitudes of the two pion transitions

in the form

Aχc0 = 0 , Aχc1 =
(
2δi j S − Φi j D

)
φi ψ

∗
jA2/

√
2 , Aχc2 = D εi j k φi ψ

∗
j lΦlkA2 , (3.45)
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where the quantityA2 describes the internal properties of the transition and at present is model

dependent. Using these expressions and following the standard prescription it is straightforward

to find the averaged squares of the transition amplitudes

| A(1)
ππ | 2 = | A2| 2

{
2 | S | 2 +

1
3

[
~p1

2 ~p2
2 +

1
3

(
~p1 · ~p2

)2
]
|D| 2

}
, (3.46)

| A(2)
ππ | 2 = | A2|2

[
~p1

2 ~p2
2 +

1
3

(
~p1 · ~p2

)2
]
|D| 2 . (3.47)

As previously discussed, in this case there is generally no reason to expect an enhancement of

the S wave over the D wave, so that the ratio of the two decay rates may be not as dramatic as

in Eq.(3.34).

To summarize. The described estimates of the rates of the pionic transitions from X(3872)

to the χcJ states of charmonium lead us to conclude that these rates exhibit significantly dif-

ferent patterns depending on the internal structure of the X(3872). Namely, if this resonance

is dominantly a charmonium 3P1 state, the pionic transitions are quite weak with the process

X(3872) → ππχc1 being dominant. The single pion transitions, proceeding through the isospin

breaking by the light quark masses, are even more suppressed with the amplitude of the de-

cay X(3872) → χc0 vanishing altogether as a result of a special form of the matrix element in

Eq.(3.26). If however X(3872) is a four-quark/molecular state with a significant isovector part in

its wave function, the considered single pion transitions should be greatly enhanced and exhibit

comparable rates for all three χcJ resonances in the final state, as described by Eq.(3.43). One

can notice that the yield of the χc0 in the final state in this case is the highest, while in the pure

charmonium case this yield should be strongly suppressed. For the transitions with emission of

two pions in the case of dominantly molecular X(3872) we find that generally there is no reason

to expect a very strong dominance of the production of the χc1 resonance in the final state as

compared to χc2. The production of the J = 0 state, χcJ , is expected to be strongly suppressed

in either case due to the general properties of the soft-pion expansion. The relative rate of the

single and double pion emission is practically impossible to estimate quantitatively at present

for a molecular X(3872). At a qualitative level, once the isospin suppression of the single pion

processes is removed by the four-quark structure of X(3872), one might expect a larger rate for

the one pion transitions than for the two-pion processes, given the small energy release in the

considered decays.



Chapter 4

Higher JPC = 1−− resonances

4.1 The vicinity of ψ(4040)

The strong dynamics of heavy and light quarks gives rise to rich structures near the thresholds

of open heavy flavor states. In particular, the cross section of the e+e− annihilation is well

known to display an intricate behavior in the region of the thresholds for production of various

pairs of D (D∗) mesons [57]. The most prominent peak in the annihilation cross section is

conventionally labeled [57] as the ψ(4040) resonance. It has been argued long ago [40] that this

resonance (then called ψ(4028)) might be of a ‘molecular’ type [12], i.e. essentially made of a

meson pair D∗D̄∗, on the basis of the observed great enhancement of its coupling to D∗D̄∗ in

comparison with its interaction with the other open charmed meson channels: DD̄ and DD̄∗.

However it was later pointed out [58] that a similar pattern of couplings to meson pairs can

arise for a pure charmonium state due to a kinematical cancelation in overlap integrals at the

momentum corresponding to the meson states DD̄ and DD̄∗. In other words, the latter scheme

suggests a suppression of these lighter channels rather than an enhancement of the coupling

to D∗D̄∗. This issue has not been resolved so far due to lack of more detailed data on the

production of the charmed mesons in e+e− annihilation in the vicinity of the peak. Recently

the CLEO-c experiment has produced [31] a greatly improved set of data from the scan of the

e+e− production cross section separately for each open channel with charmed meson pairs. The

data display a highly nontrivial behavior in each of the channels in all the scanned energy range

from 3970 MeV to 4260 MeV, and in particular at energies around the ψ(4040) peak. In this

section we argue that the CLEO-c data in the immediate vicinity of the threshold for the D∗D̄∗

47
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meson pairs, specifically in the energy range from 3970 MeV to 4060 MeV, cannot be described

with a reasonable statistical significance by a single resonance and a non-resonant background.

Rather we find that the data suggest that in addition to a resonance with parameters close to

those of ψ(4040) there exists a narrow structure, with a width of not more than few MeV, at

a c.m. energy very close to 4010÷ 4015 MeV, i.e. very close to the thresholds for the neutral

vector meson pairs D∗0D̄∗0 (4013 ± 1 MeV) and for the charged ones D∗+D∗− (4020 ± 1 MeV).

The available CLEO-c data however are yet not detailed enough to fit the parameters of the

resonance suggested by this structure. We were only able to make a very preliminary estimate

of the e+e− branching fraction of such resonance as Bee ∼ 10−7.

If confirmed by a more detailed experimental study the suggested resonance would tanta-

lizingly invite a ‘molecular’ interpretation and an analogy with the now well known resonance

X(3872) [24] at the threshold of the meson pair D0D̄∗0. However, unlike the X(3872) resonance,

which corresponds to an S -wave meson pair, the suggested resonance would correspond to a P-

wave charmed meson pair. The appearance of threshold singularities in different partial waves

can imply a quite nontrivial dynamics of the strong interaction between heavy-light mesons.

In what follows we use the CLEO-c scan data [31] for the e+e− annihilation cross section

at six values of the c.m. energy (in MeV): 3070, 3090, 4010, 4015, 4030 and 4060. The

cross section data are available separately for the channels DD̄, DsD̄s, DD̄∗ and D∗D̄∗. Where

appropriate, these data are for the sum over the pairs of charged and neutral mesons, and we

assume that the mesons are produced by the isotopically singlet electromagnetic current of

the charmed quarks, and the isotopic asymmetry, relevant for the channel D∗D̄∗, due to the

isotopic mass difference and due to the Coulomb interaction is taken into account. We attempt

a fit of the data to a model of a smooth background and a resonance, taking into account the

interference effects and the effects due to the onset of the D∗D̄∗ channel at the threshold and the

channel mixing. In the actual calculation we use, instead of the cross sections, the dimensionless

production rate coefficients Rk defined as

σ(e+e− → DD̄) = σ0(s) 2 v3
D R1 , σ(e+e− → DsD̄s) = σ0(s) v3

Ds
R2 , (4.1)

σ(e+e− → DD̄∗ + D∗D̄) = σ0(s) 6
(

2p√
s

)3

R3 , σ(e+e− → D∗D̄∗) = σ0(s) 7 (v3
0 + v3

+) R4 ,

with σ0 = πα2/(3s). Here vD, vDs , v0 and v+ stand for the c.m. velocities of each of the

mesons in respectively the channels DD̄, DsD̄s, D∗0D̄∗0 and D∗+D̄∗−, while for the channel

DD̄∗ + D∗D̄ with mesons of unequal mass the velocity factor is replaced by (2p/
√

s) with
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Table 4.1: The dimensionless production rate coefficients Rk defined by Eq.(4.1) calculated
from the CLEO-c scan data [31].

E(MeV) 3070 3090 4010 4015 4030 4060
R1 1.89 ± 0.27 1.18 ± 0.23 0.61 ± 0.15 0.28 ± 0.24 2.92 ± 0.27 3.69 ± 0.25
R2 34.2 ± 8.7 22.6 ± 5.3 28.9 ± 3.2 23.0 ± 5.4 14.0 ± 2.9 2.7 ± 1.5
R3 49.8 ± 1.4 45.6 ± 1.2 45.4 ± 0.8 47.9 ± 1.6 36.8 ± 0.9 17.5 ± 0.6
R4 — — — 709 ± 161 357 ± 14 81.8 ± 3.1

p being the c.m. momentum. The extra factors 1, 3 and 7 in respectively the pseudoscalar-

pseudoscalar, pseudoscalar-vector and the vector-vector channels correspond to the ratio of the

corresponding production cross section in the simplest model [40, 59] of independent quark

spins, so that the inequality between R1, R3 and R4 also illustrates a conspicuous deviation from

this model.

The values of the coefficients Ri corresponding to the CLEO-c data at the discussed energies

are given in the Table 4.1. One can readily see from the table that the rate coefficient R4 is very

large near the threshold of the D∗D̄∗ pairs, a behavior noticed long ago [40], and which behavior

can make sense only if the production of the vector meson pairs is dominated by a resonance,

while for the other channels both a resonant and a non-resonant production amplitudes are

generally present. Accordingly, we parameterize the rate coefficients as [63]

Rk(E) =

∣∣∣∣∣ak +
bk + i ck

D(E)

∣∣∣∣∣
2

(4.2)

for k=1, 2, and 3, and

R4(E) =
b2

|D(E)|2 , (4.3)

where ak, bk, ck, and b are real numbers 1 , and D(E) is the resonant denominator, which

takes into account the threshold effects due to the strong coupling of the resonance to the D∗D̄∗

channel. The expression for the latter factor at E above the D∗+D∗− threshold has the form

D = E −W0 +
i
4

[
2 Γ0 +

(E − 2 M0)3/2

w1/2 +
(E − 2 M+)3/2

w1/2

]
, (4.4)

where M0 (M+) is the mass of the D∗0 (D∗+) meson, W0 is the ‘nominal’ mass of the resonance,

and Γ0 is the width of the resonance decay into all channels except for D∗D̄∗. The decay rate

1 The insensitivity of the cross section to the overall phases of the production amplitudes allows one to set e.g.
the fit parameters ak and the factor b for the D∗D̄∗ channel as real.
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into the latter final states rapidly changes near the threshold and is accounted by the last two

terms in the square braces in Eq.(4.4) with w being a parameter with dimension of energy,

describing the coupling of the discussed resonance to D∗D̄∗. At energy E below one or both

of the D∗D̄∗ thresholds, the resonance denominator D(E) is found from Eq.(4.4) by analytical

continuation. Thus at the energy between the thresholds for the neutral and the charged D∗

mesons, 2 M0 < E < 2 M+, one finds

D =
1
4

(2 M+ − E)3/2

w1/2 + E −W0 +
i
4

[
2 Γ0 +

(E − 2 M0)3/2

w1/2

]
, (4.5)

and below both thresholds, i.e. at E < 2 M0,

D =
1
4

[
(2 M+ − E)3/2

w1/2 +
(2 M0 − E)3/2

w1/2

]
+ E −W0 +

i
2

Γ0 . (4.6)

Using the described model of a resonance plus background production of the charmed

mesons we have made a fit to the data in Table 4.1. Although the resulting central values of

the fit parameters (W0 = 4023 MeV, Γ0 = 67 MeV) for the resonance are in a reasonable agree-

ment with the data listed in the PDG Tables [57] for ψ(4040), the statistical significance of the

fit is quite poor: χ2/Ndof = 17.6/8. We also have not found any improvement in the statistical

significance by introducing a linear in the momentum form-factor (1− p2/µ2) in the amplitudes.

Another modification of the described model by introducing a non-resonant background for the

D∗ pair production amplitude is not technically feasible right now due to lack of data. Indeed,

there are in fact two P-wave amplitudes describing the production of the D∗D̄∗ pairs near the

threshold: one with the total spin of the meson pair S = 0 and the other with S = 2 2 . The

resonant production amplitude in the considered model corresponds to a fixed composition of

these two amplitudes, which composition is generally different in the non-resonant part, which

thus introduces at least four new parameters. It should be however noticed that introducing a

non-resonant production of the D∗ mesons at the threshold is neither physically palatable, nor

it is likely to improve agreement with the data. Indeed, in order to significantly affect the cross

section the non-resonant amplitude should be comparable with the resonant one, which is very

big, as can be seen from the R4 entries in Table 4.1. We are not aware of any reasonable mech-

anism that would explain such an enhancement of the non-resonant amplitude. On the other

hand the rather large width of the ψ(4040) resonance implies only a smooth variation of the

2 It looks reasonable to neglect in the threshold region the third possible amplitude, corresponding to an F-wave
production with S = 2.
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cross section on the energy scale considered here. The data however apparently display a small

but sharp ‘wiggle’ in the DD̄ data at 4010 and 4015 MeV and a possible steep rise towards the

threshold in the D∗D̄∗ cross section at 4015 MeV. In fact this feature in the data is the main

contributor to a large χ2 in our fit. Thus introducing a smooth non-resonant term in the D∗D̄∗

production amplitude is very unlikely to improve the situation.

An obvious effect, which is significantly enhanced in the immediate vicinity of the threshold

for the charged mesons, D∗+D∗−, is the Coulomb interaction between the mesons. Therefore

one can probe this effect as a possible reason for the steeper behavior of the cross sections

near the threshold indicated by the data. However, we have not found any improvement in the

statistical significance of the fit by including the Coulomb interaction. In other words at the

available scan points the Coulomb effect is too weak to be visible in the data. We nevertheless

present here the relevant formulas, which can be helpful if more detailed data immediately near

the threshold become available.

Generally, the effect of the Coulomb interaction can be complicated [8, 9] in the resonance

region by the interference with the strong phase. However due to the relatively large width of

ψ(4040) the variation of the strong phase on the scale of few MeV around the threshold (where

the Coulomb effect is most essential) can be neglected, and one can neglect such interference

and estimate the effect of the Coulomb interaction by considering the slow D∗± mesons as point

charges. In this approximation the Coulomb effect in the D∗+D∗− channel can be found by

adapting the textbook formulas [10]. The corrected expression for R4 takes the form

R4(E) =
b2

|Dc(E)|2

v3

0 + v3
+Fc(E)

v3
0 + v3

+

 , (4.7)

and in the expressions for rest of the rate coefficients, as well as in the latter formula, the

resonant denominator D(E) is replaced by the Coulomb-corrected Dc(E), which is described as

follows. At E > 2 M+, i.e. above the charged meson threshold the term (E − 2 M+)3/2/w1/2 in

Eq.(4.4) is replaced as

(E − 2 M+)3/2

w1/2 → (E − 2 M+)3/2

w1/2 Fc(E) , (4.8)

while below the charged meson threshold the corresponding term in the equations (4.5) and

(4.6) is replaced as
(2 M+ − E)3/2

w1/2 → (2 M+ − E)3/2

w1/2 F̃c(E) , (4.9)
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where Fc (F̃c) is the Coulomb factor in the P wave above (below) the threshold. Above

the threshold this factor is conveniently expressed in terms of the Coulomb parameter λ =

M+α/(2k), where k =
√

M+(E − 2M+) is the c.m. momentum of the D∗ meson:

Fc =
2π λ (1 + λ2)

1 − exp(−2π λ)
. (4.10)

The analytical continuation of this expression below the threshold can be written in terms of the

real quantity ν = M+α/(2κ) with κ =
√

M+(2M+ − E):

F̃c = (1 − ν2) ν
(
π cot πν − 2 ln

κ0

κ

)
. (4.11)

The parameter κ0 in the latter formula can be chosen arbitrarily, and any variation in such choice

can be absorbed in a shift in W0 and rescaling the resonant amplitude coefficients bk, ck, and b.

The only hypothesis that we have found to be in a statistically significant agreement with the

data is that the cross section at 4010 and 4015 MeV for the DD̄ channel and at 4015 MeV for the

D∗D̄∗ channel is contributed by a new resonance. The resonance has to be quite narrow, with a

width of at most few MeV, in order to not affect the cross section at the rest of the scan energies.

Within this hypothesis the 4010 and 4015 MeV data for these channels are to be removed from

the fit, and the remaining data are to be fit within the previously described model. At this

point we cannot assess from the available data if the suggested resonance has any significant

coupling to the D∗D̄ or DsD̄s channels. In the fit we have made the simplest assumption that

such coupling can be neglected and retained all the data for the latter channels in the fit. In

this way we find that the quality of the fit to the described subset of data is quite acceptable:

χ2/Ndof = 3.0/5, with the central values of the resonance parameters: W0 = 4019 MeV, Γ0 =

65 MeV and w = 9.85 MeV. The plots corresponding to this fit are shown in Fig. 4.1.

If the deviation of the data points at 4010 and 4015 MeV indeed implies an existence of rela-

tively narrow resonance in addition to a broader and more prominent resonance, conventionally

associated with ψ(4040) 3 , an interesting problem arises of explaining the co-existence of

the two resonances with the same quantum numbers JPC = 1−− but apparently with strikingly

different decay properties.

One such difference, in the strength of the coupling to e+e−, can in fact be estimated from

the data. Indeed, if the production of D∗D̄∗ at E = 4030 MeV is dominated by the resonance

3 We use the PDG notation ψ(4040) for the dominant resonance, even though its ‘nominal’ position is given at
4019 MeV by the fit.
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Figure 4.1: The plots of the rate coefficients R corresponding to the fit with excluded data points
at energy 4010 and 4015 MeV for the DD̄ channel and at 4015 MeV for the D∗D̄∗ channel. The
excluded points are shown by filled circles.

ψ(4040), the e+e− width of the resonance, Γee(4040), can be found from the well known formula

Γee =
W2

0 σ(e+e− → D∗D̄∗)
3πΓD∗D̄∗

[
(E −W0)2 +

1
4

(Γ0 + ΓD∗D̄∗)
2
]
, (4.12)

where

ΓD∗D̄∗ =
1
2

[
(E − 2 M0)3/2

w1/2 +
(E − 2 M+)3/2

w1/2

]
(4.13)

is the (energy-dependent) width of the resonance decay into D∗D̄∗ pairs. Using the results of

the fit for the parameters W0, Γ0, and w, one can readily estimate ΓD∗D̄∗(4030) ≈ 16 MeV, and

Γee ≈ 1.7 KeV .

The coupling to the e+e− channel of the suggested new resonance X can be very approxi-

mately estimated from a formula, similar to Eq.(4.12) applied at the maximum of the resonance:
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Bee(X) =
M2

X σ(e+e− → X)max

12π
. (4.14)

An estimate of the cross section, associated with the hypothetical new resonance is naturally

uncertain. The deviation of the data point at 4015 MeV in the D∗D̄∗ channel is comparable to

the error, and is about 0.15 of the already small (due to very small phase space) cross section

σ(e+e− → D∗D̄∗) ≈ 0.15 nb. Therefore only about 0.02 of the e+e− annihilation cross section at

this energy can be associated with the D∗0D̄∗0 channel. On the other hand in the DD̄ channel the

cross section has a minimum at 4015 MeV, apparently due to a destructive interference with the

background. Thus, if the ‘would be cross section’σ(e+e− → X → DD̄) is estimated as the depth

of this minimum (i.e. assuming maximal negative interference): σ(e+e− → X → DD̄) ∼ 0.1 nb,

one can arrive at the estimateBee(X) ∼ 10−7. Since, as can be seen from the plot for R1 in Figure

1, the total width of the X resonance is likely to be few MeV, one can estimate the e+e− width

of X in the ballpark of few tenths of eV.

Clearly, such large ratio of the e+e− widths (of order 104) of two closely spaced resonances

implies that either the mixing between them is finely tuned and results in a great cancellation of

the coupling of X to e+e−, or the mixing is very small: not larger than O(0.01) in the amplitude.

A small mixing can be due to a completely different structure of the two states. Indeed the

dominant relatively broad resonance can well be a 33S 1 charmonium state. The estimated Γee is

close to that predicted for such a state in a charmonium model [59, 60, 61, 62] (Γee = 1.5 KeV),

although the position is somewhat off that in the model (M(3S ) = 4.11 GeV). It can be also

noted that our estimate of Γee as well as the model prediction is somewhat higher than the PDG

value Γee = (0.75 ± 0.15) KeV for ψ(4040). However, given the uncertainties and that the data

and their analyses are still in flux, we believe that the disagreement is not dramatic. In either

case it is quite clear that the e+e− width of ψ(4040) is in the KeV range, i.e. that typical of a

33S 1 charmonium state. On the other hand, the new hypothetical resonance X can be naturally

explained as a D∗D̄∗ P-wave molecule, similar to the S -wave D∗0D̄0 molecule X(3872). In

particular the small width Γee(X) then agrees with the expected [12] e+e− width of a P- wave

molecule with typical size O(1 fm).

The considered here interpretation of the peculiar behavior of the CLEO-c scan data in the

immediate vicinity of the D∗D̄∗ threshold in terms of existence of a narrow resonance X in

addition to ψ(4040) can be either confirmed or rejected if more detailed e+e− data in this energy

region become available. We would like to point out in this connection that it would also be
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extremely instructive if angular data for the D∗D̄∗ channel were available. Namely, as previously

mentioned, the vector meson pairs can be produced in two P-wave states with different total

spin: S = 0 and S = 2. If the picture of two resonances considered here is correct, then it is

highly likely that the states X and ψ(4040) are coupled to quite different combinations of these

two spin states. The interplay between the two resonances should then result in a rapid variation

with energy of a measurable angular correlation, e.g. the angular distribution of the pions from

the decays D∗ → Dπ with respect to the direction of the initial beams, which distribution is

sensitive to both the relative absolute value and the phase of the two spin amplitudes [33].

While the work described in this section was finalized there appeared the paper [64] pre-

senting the Belle data on the cross section of the e+e− annihilation to the D∗D̄∗ and D∗D̄ final

states near and above 4.0 GeV. This encourages one to expect that more detailed results will

become available soon, including possibly the data on the DD̄ annihilation channel.
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4.2 Hadro-Charmonium

Recent experimental observations near the charm threshold strongly suggest that the spectrum

of resonances with hidden charm is remarkably more rich than suggested by the standard quark-

antiquark template and very likely includes states where the heavy-quark cc̄ pair is accompanied

by light quarks and/or gluons. In particular, the peak X(3872) originally observed [24] through

its decay into π+π−J/ψ is most likely caused by the near-threshold ‘molecular’ [12, 20, 22,

28, 39] dynamics of an S wave pair of charmed mesons: D0D̄∗0 + D̄0D∗0 (recent reviews of

this subject can be found in Refs. [14, 15, 65]). Some of the other recently found states, those

with mass around 3940 MeV, can be understood in terms of higher levels of conventional cc̄

charmonium [15, 65]. However at least four of the observed peaks, namely the JPC = 1−−

resonances, Y(4.26), the ‘broad structure’ at 4.32 GeV [66] or/and 4.36 GeV [67]: Y(4.32 −
4.36), another peak Y(4.66), and the unquestionably exotic peak Z(4.43), appear to display

properties that hint at that these states contain a particular charmonium resonance, J/ψ, or

ψ(2S ), that stays essentially intact inside a more complex hadronic structure [65]. The only

observed decay channels for these states are those containing a specific charmonium resonance:

J/ψ for the Y(4.26) and ψ(2S ) for the rest, accompanied by light mesons, pions or Kaons. Any

decays into states with a different ‘non preferred’ charmonium resonance (e.g. ψ(2S ) instead of

J/ψ) as well as decays into pairs of D mesons, possibly accompanied by pions, have not been

observed so far, and at least in some instances significant upper bounds on such decays do exist

[68].

The discussed here hadronic objects, containing a particular charmonium state embedded

in a light hadronic matter, can be called hadro-charmonium. We believe that it is appropriate

and helpful to distinguish such objects from ‘molecular’ states as well as from more generic

multiquark ones. The molecular states, like X(3872), contain pairs of heavy-light mesons that

largely do not overlap within the ‘molecule’, while possible more tightly bound states where the

heavy and light quarks and antiquarks (quasi)randomly overlap would be generic multiquark

states. In hadro-charmonium the heavy and light degrees of freedom are separated by their size

scale rather than spatially: a compact colorless charmonium sits inside a larger ‘blob’ of light

hadronic matter [69]. The interaction between colorless charmonium ‘kernel’ and the light

‘shell’ is through a QCD analog of the van der Waals force. We argue that for a relatively

compact charmonium state the interaction may be sufficiently weak to preserve its particular
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quantum state, i.e. to prevent a breakup of the charmonium or a strong mixing with other

charmonium states. On the other hand, we argue that the same interaction is sufficiently strong

to form a bound system, at least in the case where the light hadronic state is that of a highly

excited resonance. The observation of the Y peaks and of the Z(4.43) suggests that the binding in

fact occurs at a moderately low excitation of the light hadronic matter. Furthermore, a formation

of hadro-charmonium is favored for higher charmonium resonances ψ(2S ), χc, as compared

to the lowest states J/ψ and ηc. Thus one would expect the spectrum of hadro-charmonium

resonances decaying into ψ(2S ) and light mesons to be more prolific than that of the states

decaying into channels with J/ψ. Moreover, we fully expect existence of resonances decaying

into χcJ and one or more pions, in the same mass range as the discussed Y and Z peaks.

It can be noted that the binding of specific charmonium resonances in hadronic matter due

to the van der Waals type force has been discussed in the literature since some time ago [70]

in connection with bound states of J/ψ and ψ(2S ) in nuclei. Such binding necessarily occurs

in sufficiently large nuclei, although the status of binding to light nuclei and in particular to

a single nucleon is still unclear [71]. In this section we essentially extend the arguments of

Ref.[71] to the case when a spatially ‘large’ state of light hadronic matter is an excited meson

rather than a heavy nucleus, which allows to conclude that at least some levels of charmonium

very likely get bound inside such a meson.

The interaction of a compact charmonium state (call it generically ψ) with long wave length

gluonic field inside light hadronic matter can be described in terms of the multipole expansion

in QCD [49, 72, 73] with the leading term being the E1 interaction with the chromo-electric

field ~Ea. The effective Hamiltonian arising in the second order in this interaction can then be

written as

Heff = −1
2
α(ψ) Ea

i Ea
i , (4.15)

where α(ψ) is the (diagonal) chromo-electric polarizability of the state ψ having the dimension

of volume, and which can be expressed in terms of the Green’s function G of the heavy quark

pair in a color octet state:

α(ψ) =
1
16
〈ψ|ξariGriξ

a|ψ〉 , (4.16)

with ~r being the relative position of the quark and the antiquark and ξa the difference of the

color generators acting on them: ξa = ta
c − ta

c̄ (a detailed discussion can be found e.g. in the

review [65]). Finally, the QCD coupling g is included in the normalization of the field strength

in Eq.(4.24), so that e.g. the gluon Lagrangian in this normalization takes the form −(1/4g2)F2.
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The diagonal chromo-electric polarizability is not yet known for either of the charmonium

states, although it can be directly measured for the J/ψ resonance [74]. What is known is the off-

diagonal chromo-polarizability α(ψψ′) describing the strength of the amplitude of the transition

ψ(2S ) → π+π−J/ψ: |α(ψψ′)| ≈ 2 GeV−3 [65, 71]. On general grounds, the diagonal chromo-

polarizability for each of the J/ψ, ψ(2S ) and χc states should be real and positive, and for the

former two the Schwartz inequality

α(J/ψ) α(ψ′) ≥ |α(ψψ′)|2 (4.17)

should hold. It can be expected however that each of the discussed diagonal parameters should

exceed the off-diagonal one, and also that the chromo-polarizability for the ψ(2S ) and χc states

is larger than that of the J/ψ due to their larger spatial size.

The strength of the van der Waals type interaction between a charmonium state and a hadron

(generically denoted here as X) can be evaluated using the effective Hamiltonian (4.24) and the

well known expression for the conformal anomaly in QCD in the chiral limit:

θ
µ
µ = − 9

32π2 Fa
µνF

a µν =
9

16π2

(
Ea

i Ea
i − Ba

i Ba
i

)
, (4.18)

where ~Ba is the chromo-magnetic field, and the (normalization) expression for the static average

of the trace of the stress tensor θµµ over any state X in terms of its mass MX:

〈X|θµµ(~q = 0)|X〉 = MX , (4.19)

which is written here assuming nonrelativistic normalization for the state X: 〈X|X〉 = 1. Aver-

aging the effective Hamiltonian (4.24) over a hadron X made out of light quarks and/or gluons,

one thus finds

〈X|Heff |X〉 ≤ −8π2

9
α(ψ) MX , (4.20)

where the inequality arises from the fact that the average value of the full square operator Ba
i Ba

i

over a physical hadron X has to be non-negative. The relation (4.20) shows an integral strength

of the interaction. Namely, if the force between the charmonium (ψ) and the light hadronic

matter inside the hadron X is described by a potential V(~x), such that V goes to zero at large |~x|,
this relation gives the bound for the integral

∫
V(~x) d3x ≤ −8π2

9
α(ψ) MX . (4.21)
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The value of the integral in Eq.(4.21), although undoubtedly corresponding to an attrac-

tion, does not by itself automatically imply existence of a bound state, since it does not take

into account the kinetic energy, which in a nonrelativistic treatment of the system is p2/2M̄ ∼
1/(R2M̄), with R being a characteristic size of the hadron X and M̄ = MX Mψ/(MX + Mψ) the

reduced mass in the system. The spatial integral of the kinetic energy is then parametrically of

order R/M̄, and, given the relation in Eq.(4.21), the condition for existence of a bound state can

be written as

α(ψ) MX M̄
R

≥ C , (4.22)

where C is a numerical constant (parametrically of order one) which depends on a model for the

distribution of the interaction over the interior of the hadron X and thus on a more precise def-

inition of the “characteristic size” R. Considering the condition (4.22) for excited light-matter

resonances, one can readily see that the appearance of a hadro-charmonium state, possibly at

a higher excitation, depends on the behavior of the combination MX M̄/R with the excitation

number of the resonance X. In particular, if the characteristic size R grows slower than the mass

MX a binding of charmonium necessarily occurs in a sufficiently highly excited resonance. Such

behavior takes place, e.g. in the once popular bag model [75], where R ∝ M1/3. However in

models which reproduce the approximately linear behavior of the Regge trajectories for the res-

onances, such as string model including its recently discussed [76] implementation in terms of

AdS/QCD correspondence with ‘linear’ confinement, one effectively finds R ∝ M, and a more

accurate estimate of numerical factors in the condition (4.22) is generally needed, as well as a

better knowledge of the chromo-polarizability for charmonium levels.

In lieu of a reliable theory, for an estimate of the numerical constant C in Eq.(4.22), we

approximate the interaction potential by a ‘square well’ shape, i.e. V(r) = −V0 at r < R and

V(r) = 0 otherwise, and conservatively replace the inequality (4.21) by equality. Then the

condition for existence of a bound state reads as

α(ψ) MX M̄
R

≥ 3 π
16

. (4.23)

At α(ψ) = 2 GeV−3 and MX = 1 GeV (M̄ ≈ 0.8 GeV) the latter criterion is satisfied at R < 0.5 fm

which certainly looks somewhat restrictive. Using instead MX = 2 GeV, one would get a more

encouraging condition R < 1.8 fm. It should be emphasized however that the proper chromo-

polarizability of at least the ψ(2S ) resonance is fully expected to exceed the ‘reference’ value

used in this estimate. Therefore we conclude that it is very likely that there exist bound states



60

of charmonium with excited resonances of light hadronic matter in the range of the mass MX

starting from below 2 GeV.

If the observed resonance Y(4.26) is interpreted as an ‘existence proof’ of a hadro-charmonium

state containing J/ψ, then one inevitably concludes that there should be similar states contain-

ing higher charmonium levels, in particular the χcJ states. Also hadro-charmonium resonances

with spin-singlet charmonium levels, ηc, ηc(2S ) and hc should also exist, although it might be

quite challenging to identify them experimentally. Furthermore, the applicability of our approx-

imations and of the binding criterion (4.22) improves at larger mass MX of the host resonance.

Therefore we expect existence of higher resonances decaying into specific charmonium states

and light mesons, corresponding to higher excitation of the host light-matter resonance. The

same inference can also be applied to baryonic resonances being hosts for hadro-charmonium:

even if the binding of J/ψ or of ψ(2S ) to a nucleon is insufficient, it may become sufficient in

higher baryonic resonances thus resulting in what can be called baryo-charmonium.

The interaction with gluonic field inside a light-matter hadron generally gives rise not only

to an attraction of a fixed charmonium state, but also to transitions between different charmo-

nium levels. The most obvious is the transition ψ(2S ) → J/ψ in hadronic matter [71], which

would violate the so far discussed conservation of the quantum numbers of charmonium in a

hadro-charmonium state. The rate of such transition is determined by the off-diagonal chromo-

polarizability, such as α(ψψ′). Another determining parameter is the form factor for the matrix

element of the operator Ea
i Ea

i over the light hadron state corresponding to the momentum trans-

fer in such transition. Typically, the latter momentum is not small: e.g. q2 ≈ 1.3 GeV2 for

a kinematically possible decay Z(4.43) → πJ/ψ. If the light-matter resonance in which the

hadro-charmonium is formed has an extended characteristic size, the form factor can consider-

ably suppress the rate of the charmonium cross-level transitions. The actual estimate of the rate

of such processes is quite model-dependent, and can be very approximately evaluated as being

of order of few MeV [71]. This is a relatively small fraction of the observed widths of the Y

and Z peaks, however one very likely should expect existence of decays like Z(4.43) → πJ/ψ,

or Y(4.66)→ ππJ/ψ with measurable branching ratios.

It should be also noted that in the previous discussion it was assumed that neither charmo-

nium, nor the host light-matter resonance are significantly distorted by the van der Waals type

interaction. This approximation holds when the size scales of the charmonium and the host

resonance are very much different. In reality however the ratio of the scales may be only 2 ÷
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3, so that a certain deformation of both the light and the charmonium states by the interaction

should be expected. For the charmonium the smallness of the deformation is quantified by the

discussed relative suppression of the transitions between its levels inside the system. For the

host light-matter resonance, however, we have no means at present to quantify its deformation

by the charmonium ‘kernel’. Thus it is not clear at the moment how and to what extent the

hadro-charmonium states can be correlated with the actual known light-matter resonances.

The discussed picture of hadro-charmonium naturally invites a question about existence

of similar states for bottomonium which is heavier and therefore the reduced mass M̄ in a

hadro-bottomonium state saturates at higher value. The problem with bottomonium is that

its characteristic size is still smaller than that of charmonium: its known transitional chromo-

polarizability |α(ΥΥ′)| ≈ 0.6 GeV−3 [74] is about three times smaller than the analogous quantity

α(ψψ′) in charmonium. If this factor also indicates the corresponding reduction of diagonal

chromo-polarizability for Υ and Υ(2S ), the binding criterion (4.22) would require a higher

mass of the light-matter resonance MX , at which mass the decay width can become too large for

the resonance to be identifiable experimentally. On the other hand, excited bottomonium states

χb(2P), Υ(3S ), Υ(1D) have a larger spatial size and may form hadro-bottomonium states at a

lower mass MX . The total mass of such states should be about 1 GeV above the corresponding

bottomonium levels, i.e. in the approximate range 11.0 - 11.5 GeV. The signature of such state

with e.g. the Υ(3S ) bottomonium ‘core’ would clearly be that it dominantly decays into Υ(3S )

and pions (one or two - depending on the isospin), but not into channels with other bottomonium

resonances or with B meson pairs.

To summarize. We suggest that some of the recently found charmonium-related peaks,

specifically the Y and Z resonances above 4.2 GeV, decaying into a particular charmonium state

and one or two pions, have a structure where that particular charmonium resonance is bound as

a compact object inside an excited state of light hadronic matter. We refer to such systems as

hadro-charmonium. We therefore expect that there should exist a rich spectrum of such states,

containing other compact charmonium levels, in particular resonances decaying into χcJ and one

or two pions, and also resonances where charmonium is bound inside still higher excitations of

the light hadronic matter, including baryonic resonances. The transitions between charmonium

states inside hadro-charmonium are expected to be relatively suppressed, but should show up at

presumably measurable level as decays into channels with ‘non-preferred’ charmonium state.
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Finally, similar systems containing bottomonium, if exist, are more likely to contain excited bot-

tomonium levels, χbJ(2P), Υ(3S ) and Υ(1D), which thus provides a signature for experimental

search of hadro-bottomonium.
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4.3 Holographic Hadro-Charmonium

Recent observation4 of resonances near the open charm threshold which decay into a specific

charmonium state, J/ψ or ψ(2S ), and two or even one pion with no other observed conspicuous

decay channels [68] suggests [65] that these resonances in fact contain the specific charmonium

state ‘coated’ by an excited light-hadron matter. It has been further argued [77] that such hadro-

charmonium systems are likely to arise due to binding of charmonium inside sufficiently excited

light resonances through a QCD analog of the van der Waals interaction.

In present discussion we investigate in some detail the interaction of heavy quarkonium

with excited light mesons within the simplest soft wall model of holographic QCD [78] which

provides linear behavior of Regge trajectories [76, 79] and a reasonable behavior of a heavy-

quark potential [80]. In this approach the mesons can be considered as modes of the flavor

gauge field in 5D theory (vector mesons) or a Wilson line of this gauge field along the fifth

coordinate (π-meson). Large-spin mesons can be considered within this approach as well. We

also have to introduce heavy quarkonium in this framework. It is clear that the corresponding

heavy degrees of freedom are localized near the boundary at z = 0 at scales of order M−1
Q , where

MQ is the mass of the heavy quark. In the leading approximation we shall substitute the heavy

meson by the point-like source. The essential local operator on the boundary can be deduced

from the physical arguments and is approximated by the trace of the stress tensor. Since this

operator interacts with the dilaton we have a point-like dilaton source in the 5D theory. On the

other hand the light exited meson with large spin is mainly localized on the IR wall scale [81].

Although it is better described by a long open string, this approximation is also reliable. Thus

the appropriate configuration consists of a local source at the boundary z = 0 and extended

meson at the zIR interacting via dilaton exchange. It is shown that the interaction is strong

enough to yield the bound state at a sufficiently large spin S of the light meson.

Another feature which has to be explained is the phenomenologically apparent suppression

of the decays of hadro-quarkonium into states with pairs of heavy mesons with open flavor. In

the discussed picture such decays would correspond to dissociation of heavy quarkonium due to

forces from light degrees of freedom. We argue that in the limit of large heavy quark mass MQ

such dissociation can be described by semiclassical tunneling and is suppressed by the factor

exp(−const · M1/2
Q /Λ1/2

QCD). Within the holographic approach this process is a generalization of

4 Recent reviews can be found in Refs. [14, 15, 65].
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the picture discussed in [82]. Clearly, the suppression of the dissociative decays is in qualitative

agreement with the available observations.

4.3.1 Quarkonium interaction with gluons

Due to the binding between heavy quark and antiquark, the states of heavy quarkonium are

relatively compact in the standard hadronic scale set by ΛQCD. For this reason the interaction

of quarkonium with gluonic fields inside a light meson can be considered in terms of multipole

expansion [49, 72]. The leading nonrelativistic (in the heavy quarks) contribution to the van der

Waals type interaction then arises in the second order in the chromoelectric dipole term, and

can be described by the effective Hamiltonian [73, 74]

Heff = −1
2
α(QQ̄) Ea

i Ea
i , (4.24)

where ~Ea is the chromoelectric field and α(QQ̄) is the chromo-polarizability, depending on partic-

ular state of the (QQ̄) system, in complete analogy with the description in terms of polarizability

of the interaction of atoms with long-wave electric field.

The values of the chromo-polarizability for charmonium and bottomonium levels below the

open flavor threshold are all real and positive [71, 74]. The numerical values are so far known

only for the off-diagonal polarizability, describing the observed ππ transitions in charmonium

and bottomonium. The ‘reference’ values are [74] α(J/ψψ′) ≈ 2 GeV−3 in charmonium and

α(ΥΥ′) ≈ 0.6 GeV−3 in bottomonium. It is fully expected [71, 74] that proper diagonal values of

the chromo-polarizability in both systems are larger than these ‘reference’ values, especially for

excited states. The quoted values correspond to the normalization convention for the gluonic

field strength with the QCD coupling g included in the field strength Fa
µν.

In what follows we consider the interaction (4.24) with the operator ~Ea · ~Ea replaced by

−(Fa
µν)

2/2 = ~Ea · ~Ea − ~Ba · ~Ba, with ~Ba being the chromomagnetic field. In doing so we

consider attraction of quarkonium into gluonic medium which is weaker by the contribution of

the manifestly sign-definite term ~Ba · ~Ba than the actual interaction described by the Hamiltonian

(4.24). This clearly leads to a conservative treatment of the problem of existence of bound

states [71, 77]. Furthermore, the operator (Fa
µν)

2 is related to the trace of the stress tensor θµµ in

QCD with (three) light quarks in the chiral limit by the well known anomaly relation:

θ
µ
µ =

β(g2)
4 g4 (Fa

µν)
2 ≈ − 9

32π2 (Fa
µν)

2 , (4.25)
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where we replace the QCD beta function by its first one-loop term for definiteness of subsequent

numerical estimates, while our general conclusion about existence of bound states does not

depend on this replacement. Therefore the form of the van der Waals interaction of heavy

quarkonium with light hadronic matter that we consider here is

HW = −C θ
µ
µ (4.26)

with C = (8 π2/9)α(QQ̄) [1 + O(g2)].

We consider the limit of large MQ so that the kinetic energy of the motion of heavy quarko-

nium is totally neglected, and we choose the position of quarkonium (in the three dimensional

space) at the origin ~x = 0. The present consideration makes no attempt at describing the ‘in-

ternal’ dynamics of the heavy quarkonium within a model of holographic correspondence. We

thus assume [65, 77] that the state of the heavy quarkonium is only weakly deformed by forces

from the light degrees of freedom, which deformation we totally neglect. The only feature of a

holographic description of heavy quarkonium used here is that the heavy quarks are localized

near z = 0 at scales determined by M−1
Q . Therefore we treat the heavy quarkonium (in a par-

ticular given state) in the large MQ limit as a point-like object localized at z = 0, so that the

interaction (4.26) corresponds to a local source of dilaton5 at (z = 0, ~x = 0).

4.3.2 Holographic interaction of light mesons with heavy quarkonium

In a holographic soft wall model [76] an orbitally excited light meson with spin S is described

by normalizable solutions φ(z, xµ) of the five-dimensional equation:
(
∂µ∂

µ − ∂2

∂z2 + z2 + 2 S − 2 +
S 2 − 1/4

z2

)
φ(z, x) = 0 . (4.27)

Upon substitution of a four-dimensional plane wave φ(z, x) = e−ip·x ψ(z) this results in the

eigenvalue problem for the masses m2 = p2 of the mesons:
(
− d2

dz2 + z2 + 2 S − 2 +
S 2 − 1/4

z2

)
ψn(z) = m2

n ψn(z) , (4.28)

where n is the excitation number at a given S . The spectrum of m2
n is then directly found from

the obvious relation of this problem to a two-dimensional harmonic oscillator, and is given
5 The interaction (4.24) or (4.26) also naturally gives rise to an interaction through graviton, which necessarily

corresponds to additional attraction. Thus the graviton exchange, neglected in the present consideration, would only
strengthen our conclusions on the existence of bound states.
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by [76]

m2
n = 4(n + S ) , (4.29)

thus reproducing linear Regge trajectories.

It can be mentioned that here dimensionless units are used, corresponding to the coefficient

of the “soft wall” term z2 equal to one. In normal units the energy scale is set by a coefficient σ

proportional to the string tension.

In order to consider the interaction of the light excited mesons with the heavy quarkonium

acting as a source of the dilaton in the soft wall model [76], the equation (4.27) should be

generalized to include the interaction of the light degrees of freedom with the five-dimensional

dilaton field produced by the source. In the presence of a static point-like source of the dilaton

field located at (z = 0, ~x = 0) the equation (4.27) is generally no longer translationally invariant

in ~x, and the problem becomes a (3+1) dimensional eigenvalue problem for the energy ω:
[
−∆x − ∂2

∂z2 + z2 + 2 S − 2 +
S 2 − 1/4

z2 + V(z, ~x)
]
χn(z, ~x) = ω2

n χn(z, ~x) , (4.30)

where ∆x is the three-dimensional Laplacian and V(z, ~x) is the potential resulting from the dila-

ton propagation from the source and interaction with the light-hadron string:

V(z, ~x) = g(z) D(z, ~x) η , (4.31)

with D(z, ~x) being the dilaton propagator from the boundary (z = 0, ~x = 0) to the bulk (z, ~x),

integrated over time (static source), η is the strength of the source determined by Eq.(4.26), and

g(z) is the vertex for the dilaton-string interaction. The z dependence of the latter vertex arises

due to the assumed in Eq.(4.27) z dependent conformal symmetry breaking term z2.

We will show that for the purpose of present discussion there is in fact no need to determine

each of the factors in Eq.(4.31) separately, and that the potential V(z, ~x) can be found using the

normalization condition for the stress tensor and the fact that the propagation in the bulk of the

(conformal dimension ∆ = 4) dilaton field from a static source is described by the operator

−∆x − ∂2

∂z2 + z2 + 2 +
15
4 z2 . (4.32)

The z part of this operator corresponds to the motion of two-dimensional harmonic oscillator

with angular momentum j = 2, and the spatial (~x) part corresponds to a free motion. Thus
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one can readily find the propagator as an integral over the proper time τ of the corresponding

evolution kernel [83] and write

V(z, ~x) = f (z)
∫ ∞

0
dτ

(
1

2πτ

)3/2

exp
(
− x2

2τ

)
e−τ

sinh3 τ
exp

(
−z2

2
cosh τ
sinh τ

)
. (4.33)

The function f (z) here includes the vertex factor g(z) and the source strength η from Eq.(4.31)

as well as normalization and z-dependent metric factors in the propagator D(z, ~x).

The function f (z) can be found by comparing the matrix elements of the Hamiltonian (4.26)

and the potential (4.33) over the plane-wave in x solutions of the equation (4.27). Indeed for

any eigenstate in Eq.(4.28) the normalization of the trace of the stress tensor requires

〈φn(z, x) | θµµ | φn(z, x)〉 = 2 m2
n 〈φn(z, x) | φn(z, x)〉 , (4.34)

which determines the average of the interaction (4.26) over those states. On the other hand, the

average of the potential over the same states is given by its integral over ~x:

〈φn(z, x) |V(z, ~x) | φn(z, x)〉 = 〈ψn(z) |
∫

V(z, ~x) d3x |ψn(z)〉 = 〈ψn(z) | f (z)
4 e−z2/2

z4 |ψn(z)〉 ,
(4.35)

where in the latter expression the result of explicit calculation of the integral over ~x of the

expression from Eq.(4.33) is used. The latter average corresponds to the condition (4.34) for

any eigenstate6 if the averaged in the last expression in Eq.(4.35) function of z is 4 (z2 + S −1).

Taking into account also the factor −C in the Hamiltonian (4.26) one can finally write

V(z, ~x) = −c (z2 + S − 1) z4
∫ ∞

0
dτ

(
1

2πτ

)3/2

exp
(
− x2

2τ

)
e−τ

sinh3 τ
exp

(
−z2

2
e−τ

sinh τ

)
(4.36)

with c = C σ3/2 being the dimensionless value of C.

It can be mentioned that the purpose of the potential given by Eq.(4.36) is to describe the

effect of the dilaton exchange between the heavy quarkonium and the light degrees of freedom

in terms of the five-dimensional equation (4.30). Generally, we see no relation of this term to

any kind of an “effective potential” in four dimensions. We also find no significant singularity

in the discussed description related to our replacement of the heavy quarkonium by a point-like

source of dilaton.
6 In the two-dimensional analog of the z equation (4.28) this is the virial theorem for harmonic oscillator: the

average potential energy is one half of the total.
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4.3.3 Binding of excited mesons to heavy quarkonium

The problem of existence of bound states between the heavy quarkonium and light mesons is

thus reduced to the problem of existence of localized in ~x solutions of the eigenvalue equation

(4.30). General physical arguments suggest [77] that such solutions exist at a given c and suffi-

ciently large excitation in n or/and S . In practice a full analysis in z and x of states excited in n is

significantly complicated by the presence of multitude of lower energy states with lower n and

nonzero spatial momentum p. For this reason we analyze here in some detail the excitation of

the light meson in the spin S while keeping n = 0. The treatment of such excitations is greatly

simplified due to the fact that bound state in question is the ground state in the ‘radial’ equation

(4.30) at a given S , so that the corresponding eigenfunction χ0(z, x) has no zeros. We thus use

a straightforward variational procedure to establish existence of bound states at any nonzero

c, provided that S is sufficiently large, and then find numerically the onset of the binding as a

function of the coefficient c at few low values of S .

For a variational treatment of the binding problem we choose the Ansatz for the eigenfunc-

tion in a factorized form

χ0(z, x) = zS + 1
2 e−z2/2 ξ(x) , (4.37)

where the z dependence is that of the ground-state wave function of the z equation (4.28) at a

given S . Substituting this variational function in Eq.(4.30) one finds that the upper bound for

the energy of the ground state of the system is then given by the eigenvalue ω found from the x

equation

[−∆x + U(x)] ξ(x) = (ω2 − 4 S ) ξ(x) , (4.38)

with the effective potential

U(x) = (4.39)

−8 c (S + 1) (S + 2)
∫ ∞

0
dτ

(S + 3)
(
1 − e−2 τ

)
+ S − 1

(2πτ)3/2 exp
(
− x2

2τ

) (
1 − e−2 τ

)S
e−4 τ .

Considering large S one can readily see that the factor (1 − e−2 τ)S effectively cuts off the

contribution of values of τ above τ0 ∝ 1/ ln S , so that the range of the potential behaves as X0 ∝
1/
√

ln S . On the other hand the integral over ~x of the potential is proportional to 1/S , which

is weaker than the overall factor ∝ S 3 in front of and in the integral in Eq.(4.39). Therefore a

bound state exists at sufficiently large S for any nonzero value of the coupling strength c, which

is necessarily positive, due to the positivity of the chromo-polarizability.
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Figure 4.2: The values of the ground state ‘binding energy’ ω2 − 4 S as a function of the
coefficient c in Eq.(4.36) for few values of S .

The results of such variational treatment of the problem of binding are confirmed by an

explicit numerical solution of the two dimensional (in z and |~x|) Schrödinger equation with the

potential (4.36). For a fixed S we find that a localized in x ground state solution appears starting

from a critical (S dependent) value of c. The behavior of the ‘binding energy’ ω2 − 4 S as a

function of c is shown in Fig.4.2 for few values of S . One can readily see that the critical value

of c decreases with S .

Phenomenological applicability of our conclusions to actual charmonium or bottomonium

critically depends on the values of the chromo-polarizability for specific quarkonium reso-

nances. Using the estimate for the scale factor σ as [76] σ ≈ m2
ρ/4 ≈ 0.15 GeV2 we find for the

‘reference’ value of αJ/ψψ′ : c ≈ 1.0. According to the data presented in Fig.4.2 such value of c
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would correspond to the appearance of binding at S > 2. However, as already mentioned, the

diagonal chromo-polarizability of the ψ(2S ) resonance is likely to be somewhat larger, so that

bound hadro-charmonium states may exist already at S = 2.

4.3.4 Hadro-quarkonium decay into pairs of heavy flavored mesons

The notion of hadro-quarkonium necessarily assumes that the heavy quark and antiquark stay

bound together as quarkonium inside the host light-matter resonance. In other words the forces

from the light quarks do not split the heavy quarkonium, which would result in the decay of the

whole system into final states with pairs of heavy flavored mesons, which decays are conspic-

uously suppressed [68] for the discussed Y and Z resonances. The problem of dissociation of

the heavy quarkonium can in fact be treated, to an extent, in the limit of large mass MQ, in a

semiclassical approximation.

Generally the problem can be formulated as that of a reconnection of strings in terms of

a holographic correspondence, using, instead of the braneless soft wall model, the underlying

scheme with the flavor branes localized in the radial coordinate (for a recent review see e.g.

Ref. [84]). The position of the flavor brane in the radial direction is fixed by the quark mass of

the corresponding flavor. The mesons in this approach correspond to the open strings with ends

on the flavor branes. The ends can be on the same flavor brane, in which case the meson involves

quarks of one flavor, or on the different flavor branes which corresponds to a meson built from

different types of quarks. Any such model involves a horizon in the radial coordinate which

reflects the emergent QCD scale in the holographic picture. The flavor brane corresponding to

the light meson is close to the horizon while the brane corresponding to the heavy flavor is far

from it.

A bound state of hadro-quarkonium thus involves two strings. One string with the ends

on the light-flavor brane(s) and the other on the heavy-flavor one. The decay into states with

open heavy flavor mesons corresponds to the reconnection of the strings into the configuration

with two open strings both connecting the heavy-flavor brane with the light-flavor one(s). This

process is somewhat similar to the previously considered decay of a single excited meson [82]

via a reconnection of open string ends, which has been interpreted as a Schwinger type pair

production and treated semiclassically. The discussed here reconnection of the strings between

light and heavy flavor branes can similarly be traced to an induced production of heavy quark

pair near the threshold, which approach will be presented elsewhere, and which can be useful
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in a more elaborate than here treatment.

The leading at large MQ behavior of the probability of heavy quarkonium dissociation can

be evaluated by a simple nonrelativistic quantum-mechanical consideration, using a potential

model for quarkonium combined with a stringy picture at larger separation between quarks. In-

deed a potential V(r) between heavy quark and antiquark in quarkonium generically is assumed

to be of the form [15, 65]:

VQ(r) = Vc(r) + σ r , (4.40)

where the linear term is associated with the stringy behavior at long distances, while the term

Vc is the short-distance ‘perturbative’ part, e.g. in the one-gluon exchange picture this is a

Coulomb-like potential −a/r. In the hadro-quarkonium configuration the total energy of the

string is σ (R + r), where r is the distance between the heavy quark and the antiquark, and R

is the length of the light-meson string. When the string reconnects between heavy and light

quarks, there is no string at all between the heavy quark and antiquark, so that the minimal

energy of the reconnected configuration is σ (R − r). Therefore the dependence of the minimal

(over the relative orientations) energy on r becomes in fact given by

VHQ(r) = Vc(r) − σ r , (4.41)

and this effective potential presents a barrier, tunneling through which results in dissociation of

the heavy quarkonium. The tunneling rate then can be estimated as

Γ ∝ exp
(
−2

∫
|p| dr

)
∼ exp

−A

√
MQ

ΛQCD

 , (4.42)

where the numerical constant A critically depends on the presently unknown position of the

energy of the quarkonium below the top of the barrier. In a generic case of this energy gap

being of order ΛQCD this coefficient is parametrically of order one, and the rate is strongly

suppressed for heavy quarks.

To summarize. We have considered the van der Waals type interaction between a heavy

quarkonium and an excited light meson within a soft wall holographic model of QCD. In this

model the heavy quarkonium acts as a source of the dilaton field localized at the boundary. The

interaction of the light matter with the dilaton field is then described by a 5D equation with the

potential derived from the dilaton propagation from the boundary to the bulk. We have shown

by a variational estimate that such interaction necessarily results in bound hadro-quarkonium



72

states localized near the source at sufficiently high spin excitation of the light meson. We have

also found by a numerical calculation that bound states arise at low values of the spin already

for moderate values of the strength of the source, which values are close to those expected for

charmonium phenomenology. Furthermore, it is argued that the hadro-quarkonium resonances

are metastable with respect to dissociation into final states with open-flavor heavy mesons in

the limit of large heavy quark mass. The behavior of the hadro-quarkonium states argued in the

present section agrees well with the observed properties of some of the Y and Z resonances near

the open charm threshold. It should be acknowledged however that although qualitatively the

described here picture resembles the phenomenological data, a quantitative comparison would

be premature at this point, both due to a very approximate applicability of the considered soft

wall holographic model and due to our approximate treatment of quarkonium interaction with

soft gluons in terms of the effective Hamiltonian (4.24).



Chapter 5

Two pion transitions among Υ(nS)

states

The transitions between states of heavy quarkonium with emission of two pions present a case

study in both the internal works of heavy quarkonia and the low- energy dynamics of light

mesons in QCD. The general constraints on the amplitudes of such transitions with soft pions

follow from the chiral algebra [85, 86]. The specifics of heavy quarkonium is revealed in that

any such transition can be viewed, in a way, as a two-stage process: the quarkonium transi-

tion produces gluon field, which in turn creates the light mesons. Considering quarkonium as

a compact object in the scale of typical energy in the transition, one can apply the multipole

expansion in QCD for interaction of the heavy quark system with the glue field [49], while the

creation of the two pions by this field can be described with the help of low-energy theorems

in QCD [51, 54]. It is well known that some of the observed ππ transitions in charmonium,

namely, ψ(2S ) → J/ψ ππ, Υ(2S ) → Υ(1S ) ππ, and Υ(3S ) → Υ(2S ) ππ display the behavior,

in particular the spectrum of the invariant mass of the dipion, that is expected under the sim-

plest assumptions about the corresponding heavy quarkonium multipoles. On the other hand,

the transition Υ(3S ) → Υ(1S ) ππ is long known to defy such straightforward predictions by

displaying a peculiar double-peaked spectrum of mππ
1 .

Given such behavior, a further understanding of the anomalous behavior in the transition

1 It is interesting to note that the data on the recently observed two-pion transitions from Υ(4S ) indicate that the
transition Υ(4S ) → Υ(1S ) ππ has a well-behaved mππ spectrum[87, 88], while the spectrum in the decay Υ(4S ) →
Υ(2S ) ππ possibly resembles that in Υ(3S ) → Υ(1S ) ππ [88]. It is however unclear at present to what extent effects
of BB meson pairs can contribute to hadronic transitions from Υ(4S ).

73
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Υ(3S )→ Υ(1S ) ππ would likely greatly benefit from an input from experiment providing more

details about the structure of the decay amplitude. A study of this decay based on a large data

sample has been recently reported by CLEO [89]. In this analysis they use the parametrization

of the amplitude [85] motivated by the soft pion limit:

M =
[
A (q2 − 2m2

π) + λm2
π

]
(ε1 · ε2) + B E1E2 (ε1 · ε2)

+ C
[
(p1 · ε1)(p2 · ε2) + (p2 · ε1)(p1 · ε2)

]
, (5.1)

where εµ1 and εµ2 are the polarization amplitudes of the initial and the final vector resonances,

p1 and p2 are the 4-momenta of the two pions, E1 and E2 are their energies in the rest frame

of the initial state, and q = p1 + p2 is the total 4-momentum of the dipion, so that q2 = m2
ππ.

Finally, A, B, C, and λ are the form factors, which should be considered constant in the soft pion

limit, but are generally functions of kinematic variables beyond this limit. The term of order m2
π

proportional to λ is the ‘σ term’ [85] and it is fixed at zero in the fits of Ref.[89]. The spectrum

of mππ and the angular distribution in the angle θX between the direction of motion of the two

pions in their center of mass frame and the direction of the vector ~q are then used to fit the values

of the ratios b = B/A and c = C/A. The results of this analysis suggest that the ratio b has a

significant imaginary part: if c is fixed as c = 0, the fit for b yields [89] Re(b) = −2.523± 0.031

and Im(b) = ±1.189 ± 0.051 (obviously, the sign of the imaginary part cannot be determined in

such fit). If c is allowed to float, it is found that |c| < 1.09 at 90% C.L., and a certain correlation

between |b| and |c| is noted in the fit.

In present discussion we elaborate on several points related to the description of the decay

amplitude and the possibilities of studying the details of such description from data. Specifi-

cally, we point out that using only the phase-space distribution over mππ and θX and no infor-

mation on polarization of either the initial or final Υ resonance, it is impossible in principle to

unambiguously determine the ratios b and c, unless c is exactly equal to zero. In other words, if

b and c are allowed to be complex, there is a continuous set of transformations of b and c that

does not change the distribution of the decay rate over mππ and θX . This degeneracy becomes a

discrete two-fold ambiguity if b and c are constrained to be real.

Furthermore, the imaginary part of the amplitude is related by the unitarity condition to

rescattering of the decay products. Given an apparent absence of a strong rescattering in the

exotic channel with the quantum numbers of Υ π, any complex phase behavior in the considered

amplitude can arise only from ππ rescattering, which is reduced to the relative phase between the
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S and D wave ππ scattering phases in the isoscalar I = 0 state. The amplitudes for production of

these partial waves combine in b with coefficients having different dependence on mππ. For this

reason any complex phase of b cannot be approximated as constant. Moreover, the data [89]

suggest that the production of the D wave is very small, so that the interference between the S

and D waves possible in parts of the phase space (but not e.g. in the mππ spectrum) cannot be

significant, and effectively the relevant ratio b is essentially real. Thus we believe that the result

[89] claiming a sizable complex phase of b is very likely to be modified by further analysis.

Finally, a better way of independently determining the coefficients b and c, which does

not suffer from the mentioned ambiguity, should use at least some basic information about

the polarization of either the initial or the final Υ resonances. We point out that for the e+e−

annihilation setting the apparently simplest correlation sensitive to the polarization-dependent

amplitude is that between the direction of the initial beams and the direction of the motion of

the dipion, i.e. of the vector ~q.

For consideration of the effects of different terms of the amplitude in the observable phase

space distribution and also for evaluating the significance of the ππ rescattering it is helpful to

write the decay amplitude as a sum of partial waves [50]:

M = S (ε1 · ε2) + D1 `µν
PµPν

P2 (ε1 · ε2) + D2 qµ qν εµν + D3 `µν ε
µν . (5.2)

In this expression P is the 4-momentum of the initial resonance. The tensor `µν corresponds to

a D-wave spatial tensor made out of momenta of the pions in their c.m. frame. Namely, using

the notation r = p1 − p2, this tensor is defined as [54]

`µν = rµrν +
1
3

(
1 − 4m2

π

q2

)
(q2 gµν − qµqν) . (5.3)

Finally, εµν stands for the spin-2 tensor made from the polarization amplitudes of the resonances

εµν = ε
µ
1 ε

ν
2 + εν1ε

µ
2 +

2
3

(ε1 · ε2)
(

PµPν

P2 − gµν
)
. (5.4)

The terms in the expression (5.2) describe an S wave and three possible types of D-wave

motion: the term with D1 corresponds to a D wave in the c.m. system of the two pions correlated

with the overall motion of the dipion in the rest frame of the initial state, the D2 term describes

the D-wave motion of the dipion as a whole, correlated with the spins of the Υ resonances, and

finally, the D3 term corresponds to the correlation between the spins and the D-wave motion in
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the c.m. frame of the dipion. One can also notice that the S and D1 terms contain an overall

spin-0 combination of the quarkonium polarizations, so that there is no interference between

these two terms and those with D2 and D3, if no polarization information in the rate is used. In

particular, the distribution of the rate studied in Ref.[89] can be written as
dΓ

d cos θX dq
∝ |M|2X

√
q2

0 − q2
√

q2 − 4 m2
π , (5.5)

where |M|2X stands for the square of the amplitude appropriately averaged/summed over all the

variables except for θX and q2,

|M|2X = |S |2 − 2
3

(
1 − 3 cos2 θX

) (
q2

0 − q2
) (

1 − 4m2
π

q2

)
Re

(
S D∗1

)
(5.6)

+
1
9

(
1 − 3 cos2 θX

)2 (
q2

0 − q2
)2

(
1 − 4m2

π

q2

)2

|D1|2 +
8
9

(
q2

0 − q2
)2 |D2|2

− 8
27

(
1 − 3 cos2 θX

) (
q2 + 2q2

0

) (
q2

0 − q2
) (

1 − 4m2
π

q2

)
Re

(
D2D∗3

)

+
8
9

(
q2 − 4m2

π

)2
1 +

1
3

(
1 + 3 cos2 θX

) q2
0 − q2

q2 +
(
1 − 3 cos2 θX

)2 (q2
0 − q2)2

9 (q2)2

 |D3|2 ,

where q0 stands for the total energy of the two pions in the rest frame of the initial Υ resonance:

q0 = (P · q)/
√

P2 = (M′2 − M2 + q2)/2M′ ≈ M′ − M with M′ (M) standing for the mass of the

initial (final) Υ resonance.

The four form factors in Eq.(5.2) can be expressed in terms of the form factors in the ex-

pression (5.1):

S =

(
A +

1
3

C
)

(q2 − 2 m2
π) + λm2

π +
1

12

(
B − 2

3
C
) [

3 q2
0 − (q2

0 − q2)
(
1 − 4m2

π

q2

)]

D1 = −1
4

(
B − 2

3
C
)
, D2 =

1
6

C
(
1 +

2m2
π

q2

)
, D3 = −1

4
C . (5.7)

It can be noted that the D2 and D3 terms in Eq.(5.7) are both proportional to C, thus if λ

is set at zero and no polarization information is being used, the shape of the distribution of the

decay rate over the phase space is determined only by the parameters∣∣∣∣∣
C

A + C/3

∣∣∣∣∣ =

∣∣∣∣∣
c

1 + c/3

∣∣∣∣∣ and
B − 2 C/3
A + C/3

=
b − 2 c/3
1 + c/3

. (5.8)

However, if b and c are allowed to be complex numbers, there is a continuous set of transfor-

mations of b and c that leave the quantities (5.8) intact:

c→ c̃ =
3 c eiφ

3 + c (1 − eiφ)
and b→ b̃ =

3 b − 2 c (1 − eiφ)
3 + c (1 − eiφ)

. (5.9)



77

In case both b and c are constrained to be real, there still remains a two-fold ambiguity, corre-

sponding to setting eiφ = −1:

c→ c̃ = − 3 c
3 + 2 c

and b→ b̃ =
3 b − 4 c
3 + 2 c

. (5.10)

The noticed ambiguity can be resolved if a polarization information could be included in the

analysis. This would also provide a more direct access to fitting the spin-dependent form factor

C. We illustrate this conclusion by writing the distribution of the decay rate over the angle θq

between the axis of the initial e+ and e− beams and the total spatial momentum ~q of the dipion:

dΓ

d cos θq dq
∝ |M|2q

√
q2

0 − q2
√

q2 − 4 m2
π , (5.11)

with |M|2q now standing for the square of the amplitude averaged/summed over all the variables

except for θq and q2,

|M|2q = |S |2 − 2
3

(
1 − 3 cos2 θq

) (
q2

0 − q2
)

Re
(
S D∗2

)
+

10
9

(
1 − 3

5
cos2 θq

) (
q2

0 − q2
)2 |D2|2

+
4
45

(
q2

0 − q2
)2

(
1 − 4m2

π

q2

)2

|D1|2 (5.12)

− 4
135

(
1 − 3 cos2 θq

) (
q2 + 2q2

0

) (
q2

0 − q2
) (

1 − 4m2
π

q2

)2

Re
(
D1D∗3

)

+
8
9

(
q2 − 4m2

π

)2
1 +

47
60

(
1 − 21

47
cos2 θq

)
q2

0 − q2

q2 +

(
1 − 3

5
cos2 θq

) (q2
0 − q2)2

9 (q2)2

 |D3|2 .

One can notice that there is only interference in the angular distribution between the S and

D2 terms as well as between D1 and D3, since the former two terms correspond to the S -

wave motion of the pions in their c.m. frame, while the latter two describe the D-wave motion.

Clearly, the presence of the S D2 interference term in the angular distribution should facilitate an

observation of the C form factor (proportional to D2), even if it is somewhat small in comparison

with A and B.

The rescattering between the two pions gives rise to phases of the terms in the amplitude.

These phases however depend only on q2 and on the angular momentum of the pions in their

c.m. frame. Thus the terms S and D2 receive the S - wave scattering phase factor exp iδ0 and

the terms D1 and D3 get the D-wave factor exp iδ2. The ππ scattering phases have been a

subject of many studies (see e.g in Ref.[90]). In the context of the present discussion it should

be clearly understood that including these phases implies going beyond the leading soft pion
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limit, which is likely necessary anyway for considering the transition Υ(3S ) → Υ(1S ) ππ with

a relatively high energy release. In such situation a description of the transition amplitude in

terms of the partial waves, as in Eq.(5.2), is more consistent than using the form factors defined

by the parametrization in Eq.(5.1). Indeed, according to Eq.(5.7) the terms D2 and D3 are

both proportional to the form factor C in Eq.(5.1). The ππ rescattering however modifies in a

different way the terms D2 and D3, so that it would be impossible to describe them in terms of

one and the same form factor C. In other words, the parametrization in Eq.(5.1) is only suitable

in the low energy limit. Going beyond this limit requires a more general parametrization of the

amplitude. On the other hand the expression in Eq.(5.2) with the coefficients being functions

of q2 is a general expression for the S -wave and all possible types of D-wave motion, and is

limited only by the absence of higher partial waves.

It can be mentioned in connection with the discussion of the complex phases, that the distri-

bution described by the equations (5.11) and (5.12) is in fact not sensitive to the phase shifts due

to the ππ rescattering, so that the interfering terms in Eq.(5.12) are relatively real. Therefore an

observation of a deviation from this behavior would signal either a presence of higher partial

waves, or complex phase effects from rescattering in the exotic Υπ channel. An explanation

of the peculiar spectrum in the decay Υ(3S ) → Υ(1S ) ππ based on four-quark states has been

suggested [91, 92, 93] in the past, but has never had a phenomenological success. It would thus

be most interesting if a nontrivial dynamics in this channel manifested itself in such a subtle

effect.

Finally, a remark is due on the relative significance of the quarkonium spin dependent part

of the amplitude, described by the form factor C in Eq.(5.1) or by D2 and D3 in Eq.(5.2). This

term is naturally suppressed by the inverse of the heavy quark mass, and normally should be

small in comparison with the dominant S term. This appears to be indeed the case for the ‘well

behaved’ dipion transitions. However it is not necessarily the case for the Υ(3S ) → Υ(1S ) ππ

decay. Indeed, one may argue that the overall rate of this transition is suppressed, so that in fact

the S term is small and does not dominate over the spin-dependent part [50]. Clearly, a definite

input from experiment would be extremely helpful in exploring this possibility. As discussed

previously in this section, a study of the polarization-correlated angular distributions, e.g. of

the one described by Eqs. (5.11) and (5.12), would provide a more direct access to the spin

dependent terms.



Chapter 6

Conclusion

Hadron spectroscopy played a fundamental role in validating quantum chromodynamics (QCD)

and the quark substructure of matter. It may play an even more relevant role now for QCD, the

Standard Model, and physics beyond the Standard Model. In particular, heavy quarkonium,

being a multiscale system offers a precious window into the transition region between high-

energy and low-energy QCD and thus a way to study the behavior of the perturbative series and

a nontrivial vacuum structure. The existence of energy levels below, close and above threshold,

as well as several production mechanisms, allows us to test the QCD in different regimes and

eventually to search for the novel states with nontrivial glue content. While many analyses sup-

ply more information on the known states there are also new observations which may indicate

the existence of still unexpected phenomena in the low energy regime.

At the moment, phenomenological models still play a major role in describing states above

the open flavor threshold. The recent discovery of the resonance X(3872) is a start of chal-

lenging searches for new unusual states across the open flavor threshold. This is probably the

richest experimental field of research on the heavy quarkonia at present. X(3872) is likely to be a

hadronic state of a new type i.e. “molecular” system made of D0 and D̄∗0 mesons. It is observed

experimentally in the decays of B mesons and in proton-antiproton collisions at Tevatron. Both

of these types of processes present significant challenges for precision measurements of the pa-

rameters of the resonance. In particular, neither the total width of X(3872) is yet resolved, nor

its mass is known with precision sufficient to determine the mass gap from the D0D∗0 threshold.

In the Section 3.1 we have discussed the possibility of a viable alternative source of X(3872)

which can be provided by the process e+e− → Xγ near the D∗D̄∗ threshold. The kinematic

79



80

simplicity of this process would hopefully allow more detailed studies of X(3872).

Further, in Section 3.2 we studied the pionic transitions from X(3872) to the charmonium

states which may be accessible for experimental observation. We argued that these transitions

may hold the clue to understanding the isotopic structure of the X(3872) and of the prominence

of the four-quark component in its internal dynamics.

Besides uncovering new phenomena the wealth of the improved experimental data could

shed a light on the ‘old’ problems, e.g. the well known Υ(3S ) → Υ(1S )ππ puzzle. One of

the possible solutions to the long standing problem is to account for the relativistic correction

which gives the correct qualitative behavior of the di-pion mass distribution in the mentioned

transition. In the Section 5 we argued that the existing analysis of the experimental data was

incomplete and suggestions to remove the internal ambiguity were made. The new analysis can

check the validity of our hypothesis, and yield the valuable characteristics of the heavy quark

interaction.

The spectroscopy of resonances near the charm threshold attracts a considerable renewed

interest. The new exotic charmonium-like states substantially expand the standard spectrum of

charmonium, and challenge us for a better understanding of the strong dynamics. Furthermore

the apparent significance of multiquark states at the onset of open charm threshold may also

impact the properties of the known resonances and may be instrumental in resolving some long-

standing puzzles. One such puzzle is related to an inconsistency between BES and CLEO results

for the production and decays of ψ(3770) resonance. Recently BES Collaboration reported

observation of an anomalous line-shape behavior of the cross section which is inconsistent with

the presence of only one simple ψ(3770) resonance in this energy region. It is claimed that

this anomalous behavior could be better understood in terms of two resonances near the c.m.

energies of 3.764 GeV and 3.779 GeV.

In the Section 2.2 we considered the production and scattering amplitudes of heavy mesons

in a situation, where there are two closely spaced narrow resonances. Assuming strong over-

lapping of the resonances coupled to common channels, it was found, using the unitarity and

analyticity constraints, that the production amplitudes in different channels should have simi-

lar behavior with energy. In the Section 2.1 we have also developed a general formula for the

observable effects of the isospin breaking in the yield of heavy mesons in e+e− annihilation.

Significantly improved data on the production of charmed meson pairs allowed us to address

another long standing problem of an unusual behavior of the cross-section e+e− of annihilation



81

into charmed meson pairs in the energy region, which is now associated with the resonance

ψ(4040). In the Section 4.1 based on our analysis of the peculiar behavior of the DD̄ points at

4010 − 4015 MeV we argued that presented data may indicate an existence of another narrow

resonance at this energy at or between the D∗0D̄∗0 and D∗+D∗− thresholds.

Recent experimental observations near the charm threshold strongly suggest that the spec-

trum of resonances with hidden charm is remarkably more rich than is suggested by the standard

quark-antiquark template and very likely includes states where the heavy-quark cc̄ pair is ac-

companied by light quarks and/or gluons. Some of the recently observed Y and Z peaks appear

to display properties that hint at that these states contain a particular charmonium resonance,

that stays essentially intact inside a more complex hadronic structure. We suggested to call

such objects “hadro-charmonium”. It is also appropriate and helpful to distinguish such ob-

jects from “molecular” states as well as from more generic multiquark ones. The molecular

states, like X(3872), contain pairs of heavy-light mesons that largely do not overlap within the

“molecule”, while possible more tightly bound states where the heavy and light quarks and anti-

quarks (quasi)randomly overlap would be generic multiquark states. In hadro-charmonium the

heavy and light degrees of freedom are separated by their size scale rather than spatially: a com-

pact colorless charmonium sits inside a larger “blob” of light hadronic matter. The interaction

between the colorless charmonium “kernel” and the light “shell” is through a QCD analog of

the van der Waals force. In the Section 4.2 we argued that for a relatively compact charmonium

state the interaction may be sufficiently weak to preserve its particular quantum state, i.e., to

prevent a breakup of the charmonium or a strong mixing with other charmonium states. On the

other hand, we argued that the same interaction is sufficiently strong to form a bound system, at

least in the case where the light hadronic state is that of a highly excited resonance.

In the Section 4.3 we further extended our analysis and studied the possibility of existence

of the hadro-quarkonium in the simplest AdS/QCD soft wall model . We found that this model

favors the formation of bound states of charmonium inside light mesons with sufficiently large

spin.

Over the last five years there has been a renaissance in heavy-quark spectroscopy. It has

been initiated experimentally by the B-factories, CLEO, BES, and the Tevatron experiments.

They have provided measurements with unprecedented precision and shown evidence of new,

perhaps exotic, states, and new production and decay mechanisms. It will continue with the BES

upgrade, the LHC and GSI experiments and hopefully bring us genuine discoveries, important
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precision measurements, and a host of surprises.
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