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ABSTRACT

A rigorous nonlinear stability analysis of rotating homogeneous elastic bodies is
presented, which exploits the Hamiltonian structure and symmetries inherent to ho-
mogeneous elasticity by means of the energy-momentum method. It is shown that
stability of a relative equilibrium is implied by the definiteness of the second variation
of a modified Hamiltonian restricted to an appropriate subspace. The analysis makes
crucial use of a special parametrization of the constrained space of admissible variations,
which results in a nearly diagonal second variation. The stability conditions obtained
by this method include the conditions for stability of the equilibrium configuration as
a rigid body and satisfaction of the Baker-Ericksen inequalities. As an application of
our results, we obtain complete, explicit stability conditions for a particular form of
relative equilibria for three classes of materials: for two of these, Ciarlet-Geymonat
and St. Venant-Kirchhoff materials, these equilibria are always stable; for the third, a
compressible Mooney-Rivlin material, both stable and unstable equilibria exist.
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1. INTRODUCTION

The theory of pseudo-rigid bodies generalizes that of rigid bodies by allowing affine de-
formations of the body. We shall use pseudo-rigid bodies here to model homogeneous
elasticity; i.e., the pseudo-rigid body is identified with a three dimensional elastic body
whose deformation gradient is assumed to be constant throughout the body. While the
assumption of homogeneity is obviously an extreme simplification of nonlinear elasticity,
this model still captures many interesting features of the full infinite dimensional system;
in particular, it encompasses constitutive equations with functional forms identical to those
for three dimensional elasticity. The pseudo-rigid model is simple enough to enable us to
make some fairly general statements concerning the nonlinear stability of relative equilibria,
yet detailed enough to capture much of the qualitative behavior of elastic materials. We
obtain sufficient conditions for the nonlinear stability of a rigidly rotating pseudo-rigid body
with diagonal deformation gradient. These stability conditions are shown to have a direct
physical interpretation.

1.a Pseudo-rigid bodies

The pseudo-rigid model can be viewed from several different perspectives. The most
mathematically oriented approach is to develop the pseudo-rigid theory as an extension of
the theory of rigid bodies. (See Cohen (1981).) This perspective is particularly suggestive
when considering the Lie group structure of the configuration space for pseudo-rigid bodies.
The configuration space for a rigid body may be identified with the Lie group SO(3), the
group of orientation-preserving orthogonal transformations; for a pseudo-rigid body, the
configuration space is C = GL(3)*, the group of orientation-preserving invertible linear
transformations of R3. We shall see that the rigid body is, in some sense, contained in the
pseudo-rigid body model.

A physically motivated approach is to view a pseudo-rigid body as a homogeneous
elastic body. As noted by Ciarlet (1988), the pseudo-rigid model may be viewed as the
lowest order term in a power series expansion for the deformations of a fully elastic body.
Pseudo-rigid bodies have been proposed by Muncaster (1984a,b) and Cohen and Muncaster
(1984, 1988) as an example of the development of a ‘coarse’ theory from the ‘fine’ theory
of full three dimensional elasticity. In this light, pseudo-rigid bodies may be thought of as
the most extreme case of director theories, such as the Cosserat rod and shell models; see
e.g. Ericksen and Truesdell (1958) or Toupin (1965).

In the present work we attempt to maintain a balance between the various possible
treatments of pseudo-rigid bodies. We make repeated use of the Lie group structure of the
system, keeping the rigid body in mind as a guiding example, but derive our Hamiltonian
from the classical total energy function for elasticity. In keeping with the mechanical origins
of our problem, we attempt to interpret our results in terms of known elastic phenomena
and, with the exception of the St. Venant-Kirchhoff material, select as our examples classes
of materials which satisfy appropriate growth and polyconvexity conditions. We note in this
context that some of the stability conditions we obtain are equivalent to a set of inequalities
which are analogous to, but stronger than, the Baker-Ericksen inequalities.

1.b Nonlinear stability of pseudo-rigid bodies

Our primary goal is the derivation of general nonlinear stability criteria which are applicable



to a variety of materials. We quote from Cohen and Muncaster (1988): “For pseudo-rigid
bodies, an analysis of the general stability of steady spinning ...is a formidable task.” We
have been able to both extend the general treatment of stability of rigidly rotating equilibria
and strengthen the results for specific configurations and materials obtained by Cohen and
Muncaster. In light of the preceding quotation, we feel that our stability analysis illustrates
the power and convenience of the energy-momentum method proposed in Simo et al. (1988)
and applied here, among other examples. (See Posbergh et al. (1988) and Marsden et al.
(1989).) Homogeneous elasticity has a natural Hamiltonian structure; effective exploitation
of this structure, and of the symmetries associated to the material frame indifference of
elasticity, is the key to our stability analysis.

We summarize here our results. In the most general case, to test for nonlinear orbital
stability, it is sufficient to check that the equilibrium configuration is a local minimum of an
effective potential; in particular, that the configuration is in steady rotation about its short-
est principal axis. In the specific case that the configuration is an isotropic material with
diagonal deformation gradient, it can be shown that a configuration is a local minimum of
the effective potential if and only if it rotates about its shortest principal axis, satisfies three
scalar inequalities, and is a local minimum with respect to the principal stretches alone.
We note that the scalar inequalities are equivalent to a variant of the Baker-Ericksen in-
equalities; in particular, any stable equilibrium satisfies the Baker-Ericksen inequalities. We
demonstrate stability of rigidly rotating equilibria with diagonal deformation gradient for
two particular classes of materials: St. Venant-Kirchhoff materials and Ciarlet-Geymonat
materials. We also show that a class of compressible Mooney-Rivlin materials exhibits both
stable and unstable relative equilibria.

As noted above, our nonlinear stability results extend the linear stability results ob-
tained by Cohen and Muncaster (1988). In addition to developing a general quadratic
approximation to the Routhian, Cohen and Muncaster consider the linearized stability of a
St. Venant-Kirchhoff pseudo-rigid body with respect to variations of angular velocity and
variations of the principal stretches. They point out that these variations decouple when
the constraint of constant angular momentum is imposed; the stability conditions obtained
by considering purely rotational variations are simply the conditions of stable rigid body
motion. This decoupling is a particular case of the block diagonal structure determined by
the energy-momentum and block diagonalization theorems. The decoupling of rotational
modes from an appropriately selected subspace representing the remaining ‘internal’ modes
is a general characteristic of material frame invariant systems; the block diagonalization the-
orem provides a straightforward means of determining this space of internal modes. (The
method guarantees only that the rotational modes decouple from the internal modes in the
sense that the second variation block diagonalizes; the modes are generally dynamically
coupled.)

The energy-momentum method states that an equilibrium is stable if it is a local ex-
tremum of a modified Hamiltonian functional restricted to an appropriately determined
submanifold. The block diagonalization theorem specifies local coordinates for this sub-
manifold such that the second variation of the Hamiltonian functional has a block diagonal
structure. In our example, this method allows us to split the rotational variations from all
‘internal vibrational’ modes. In fact, the second variation has additional block structure;
for an isotropic material, the second variation almost completely diagonalizes, with the ex-
ception of a single three by three block. The degree of structure we obtain enables us to



consider the definiteness of the second variation with respect to all possible variations and
hence obtain completely rigorous stability results. (Some of the additional stability condi-
tions found by this method are, in fact, those which imply the Baker-Ericksen inequalities.)

2. STABILITY IN THE PRESENCE OF SYMMETRY

As alluded to above, our nonlinear stability analysis exploits in a crucial manner the un-
derlying geometric and Hamiltonian structure of pseudo-rigid bodies. Analyses of this type
date back to the pioneering work of Arnold (1966) on hydrodynamic stability. (See also,
Arnold (1978), Appendix 2.) Similar techniques have been used by Benjamin (1972), in his
analysis of the stability of solitary waves, among others. Extensions and further applica-
tions of Arnold’s original work to a variety of Hamiltonian systems are considered in Holm
et al. (1985).

We provide here an extremely brief description of the geometric structures to be used in
the course of this paper. The reader who is primarily interested in pseudo-rigid bodies and
has only peripheral interest in the method by which the stability results are obtained may
safely skip over this section. On the other hand, the reader who desires a more thorough
discussion of Hamiltonian mechanics is referred to Abraham and Marsden (1978) or Arnold
(1978). The Hamiltonian structures of several mechanical systems are discussed in detail
in, e.g., Arnold (1978) and Marsden and Weinstein (1983): the rigid body and the Euler
equations; Benjamin and Olver (1982): water waves; Benjamin (1987): bubbles in inviscid
fluid; Simo et al. (1988): elasticity, rigid bodies, rods, and plates.

2.a Relative equilibria

We take as our basic configuration space a manifold ¢. The phase space is the cotangent
bundle P = T*Q, elements of which may be viewed as position and momentum variables.
The cotangent bundle T*@Q possesses the canonical symplectic structure

w(q,p)((6q1,6p1), (§q2,6p2)) := (6p2,8q1) — (6p1,8q2) .

The dynamics of the system are determined by the symplectic structure and the Hamiltonian
function H by means of the Hamiltonian vector field Xy defined by

DH(q,p)-V(q,p) = w(q,p)(Xr(q,P),V(q,p)),

for all vector fields V on P. The vector field X generates the canonical form of Hamilton’s
equations:

It is often the case that a group action plays a prominent role in the analysis of a par-
ticular system, either as a symmetry of the system or of a particular equilibrium, or as the
generator of the trajectory under consideration. This group action interacts naturally with
the Hamiltonian structure of the system. We are typically concerned not only with true
equilibrium states, where the configuration is actually at rest, but also with configurations
which evolve in time in a particularly simple fashion. An important class of such configura-
tions are those whose trajectories follow the orbit of a group, e.g. configurations in steady



translation or rigid rotation. We define a relative equilibrium as a point z, € P such that
the trajectory through z. is given by

26(t) = exp(t€) - 2, (1)

for some £ € G.

Two constructions associated to the action of a Lie group on a manifold which are central
to the stability analysis are infinitesimal generators and momentum maps. Associated to a
Lie group G are the Lie algebra § = TiqG and its dual G* = T{;G. Given a Lie group G
acting on a manifold Q, the infinitesimal generator £g associated to an element £ € G is the
vector field

fo(a) = &| _

where - denotes the action of ¢ € G on q € . The momentum map J : T*Q — G*
associated to a lifted action on a cotangent bundle is given by

(I(a,p), &) == (P, €e(q)) VEeG.

This definition generalizes the traditional concepts of linear and angular momentum, which
are the momentum maps associated to the translation and rotation groups, respectively.
Just as true equilibria of a Hamiltonian system can be characterized as critical points
of the Hamiltonian, relative equilibria are also critical points of an appropriate function.
Relative equilibria of a Hamiltonian system can be characterized as critical points of the
Hamiltonian subject to the constraint of constant momentum map. The implementation of
this constrained variational principle via Lagrange multipliers leads to the following result,
which plays a central role in our subsequent developments.
Theorem 1 (Relative Equilibrium Theorem) A point z. € T*Q is a relative equilib-
rium of the dynamical system if and only if there exists a € € G such that z. is a critical
point of

o &xp(ed) - q,

He = H — (J,€) + constant.

Proof: See Arnold (1978).

Note that the algebra element £ € G plays the role of a Lagrange multiplier. We shall refer
to H¢ as the modified Hamiltonian or energy-momentum functional.

2.b The energy-momentum method

When considering the stability of a (relative) equilibrium, it is important to take into
account the symmetries of the system. If a system is equivariant with respect to the action
of a continuous group G, any equilibrium on which G acts nontrivially cannot be stable in
the strictest sense of the word; the equilibrium is neutrally stable to perturbations along the
group orbit. A useful characterization of stability in such contexts is that of orbital stability:
If a dynamical system is G-equivariant, under appropriate technical conditions it projects
to a system on the quotient manifold P/Gj; a relative equilibrium is said to be orbitally
stable if the corresponding equilibrium of the reduced system is stable. If the original
system is Hamiltonian with a symplectic structure, it is often possible to consider either
the Poisson manifold P/G or the reduced symplectic manifold P,, = J71(ue)/(Gp. - Ze)-
Here pe = J(2z.) and G, = {¢ € G : adiu. = 0}. Provided that p, is a regular value (in the



sense that the coadjoint orbits in a neighborhood of . are of fixed dimension), stability on
P/G is equivalent to stability on P,, and hence orbital stability may be tested on either
manifold.

When we use the word stability in this paper, we typically mean nonlinear stability. An
equilibrium z. is said to be nonlinearly stable if, given a neighborhood U of z., there exists
a neighborhood V of z. such that any configuration z initially lying in V remains in U for
all time. We shall verify the nonlinear stability of equilibria by testing for formal stability.
An equilibrium z. of a Hamiltonian system with modified Hamiltonian H¢ is said to be
formally stable if D?H(z.) is definite. If the phase space P is finite dimensional, formal
stability implies nonlinear stability. (If the phase space P is infinite dimensional, additional
estimates are required to establish nonlinear stability.) Thus, when we say that a relative
equilibrium z is orbitally stable, we mean that the reduced Hamiltonian on P,, or P/G
has definite second variation at the equivalence class [z.].

It is possible in some cases to directly check the stability of the equilibria of the reduced
system, but in a number of situations this is computationally difficult, if not impossible. The
energy-momentum method is designed to enable one to test for orbital stability directly on
the unreduced manifold P by constructing a subspace S C Ty, P such that S is isomorphic
to Tz, Pu.. We present here a brief description of the energy-momentum method; for a
detailed description of the method, see Simo et al. (1988). The constrained subspace S
is implemented by enforcing the condition that S be tangent to the level set of constant
angular momentum and eliminating the neutrally stable variations associated to the isotropy
subgroup G,,.

The space S is not uniquely defined; the equivalence classes in the quotient space may be
characterized by elements of any subspace of T, J~!(je) complementary to T5, (G, - Zc).
In actual computation of the second variation and determination of its definiteness, the
selection of an appropriate S and a basis for that subspace is crucial to the success of the
method for nontrivial examples. We apply here a construction proposed in Simo et al.
(1988) which dictates a choice of S such that the second variation decouples into a block
associated to infinitesimal group motions which do not preserve the modified Hamiltonian
H¢ and a block associated to variations complementary to infinitesimal group motions, i.e.
variations which may be identified with variations of the equivalence classes in P,,.

Assume that @ has a G-invariant metric g and a G-invariant potential V such that the
modified Hamiltonian H is given by

He(2) = g [Ipllg- + V(a) - (I(2), ). (2)

Here ||p||3_1 = |[[FL~"(p)||2, where the Legendre transform FL: TQ — T*Q is given by
(FL(u),v):=(u,v), Vv € TqQ. We decompose H; as follows:

He(z) = Ve(a) + Te(2),
where
Te(z) := § lp — FL(¢o(a))l3- (3)
and the effective potential V¢ : @ — R is given by Vg := V + L; for

Le(q) = —3 lléo(Il} - (4)



Define the space S C Tz, T*Q to be the intersection of ker Tz, J with the metric orthogonal
complement to the tangent to the orbit of Gy, i.e.

§ = {82 € ker To.J : (olae), Tr(#2)), =0 V(€ G}, (5)

where 7 : T*Q — Q is the canonical projection 7(q,p) := q.
We now find subspaces Srrg and Synr such that § = Srrg ® Sivt and

D?He(z.)(Az,6z) = 0,

for all Az € Srig and 6§z € S;nT. SRiIG is the subspace associated to infinitesimal group
actions which do not preserve Hg; its complement Syt is chosen such that DH ¢lsnr 18
G-invariant. Specifically, letting Q;}e denote the orthogonal complement to G,,,, we define

L (exp(e n) - qe, FL (% o exp(e(n+ t()) - qe(t))> €S:n,(€ Qje} . (8)

The complement Syy7 in S to Sgig is chosen to be

SRIG = {j"g .

SINT := {62 €S: <T7r(6z),£,,q(qe)%f-(qe)>g =0 Vn € Q,J;e} , (7)

where Ly u denotes the Lie derivative of the vector field u with respect to v.

Remark: In the energy-momentum method, one tests for orbital stability with respect
to the reduced symplectic manifold P,,. One can, however, focus instead on the manifold
P/G. This manifold is typically not symplectic, but has a Poisson structure { , } induced
by the symplectic structure on P. The Poisson bracket obtained on this space is typically
degenerate; i.e. there exist nonconstant functions C such that {F,C} = 0 for all functions
F on P. The analog of the energy-momentum method on the Poisson manifold P/G is the
energy-Casimir method. This method has been highly successful in a variety of problems,
including two dimensional fluid flow and RHMD (see Holm et al. (1985)). It is, however,
limited by the need for sufficient Casimirs to obtain a critical point of the function H 4+ C at
the relative equilibrium. It has been shown rigorously that there are noncanonical Poisson
structures for which no Casimirs exist. It appears that this is the case for the convective
representation of three dimensional elasticity studied by Simo et al. (1988). Even in cases
where Casimirs are available (e.g. the convective representation of pseudo-rigid bodies),
it may be advantageous to apply the energy-momentum method, due to the convenience
of the block diagonalization procedure. (The analog for the energy-Casimir method of

the block diagonalization theorem used in the energy-momentum method has not yet been
developed.)

3. HAMILTONIAN STRUCTURE OF PSEUDO-RIGID BODIES

3.a Canonical phase space

We now present the configuration space for the pseudo-rigid body model. We consider sys-
tems which evolve by affine motions preserving some fixed point, i.e. configurations whose
evolution is determined by an element of C := GI*(3). (In the case of incompressible elastic-
ity, the group S1(3) of volume and orientation preserving matrices would be the appropriate



group.) In the examples considered here, we can assume without loss of generality that the
center of mass of the body is the fixed point. The configuration space C may, in fact, be
obtained as the reduction of the full affine group by the symmetries associated to translation
invariance, but we do not consider that reduction here.

The embedding ¢; of the reference manifold B C R? into R> at time ¢ is of the form

¢t(X) = Fth

where F; € C acts on X € B by standard matrix multiplication. It follows that the matrix
F; is the deformation gradient of the embedding ¢;. A tangent vector to F is of the form
(F,V) for some V € L(3), the space of general 3 X 3 matrices. The cotangent bundle T*C
consists of pairs (F, P) such that F' € C and P € L(3). The pairing between (F, P) C T%C
and (F,V) € TgrC is given by

(P, V) :=tr (PTV).

In general, given an invertible symmetric matrix S, we define the weighted inner product

< 9 )S by
(U, V)g:=tr (UTVS),

and the associated weighted norm || ||g by
IVII§ = (V, V)5

We consider here the treatment of the pseudo-rigid body in the canonical phase space
T*C. The coordinates (F, P) are referred to as material or Lagrangian coordinates. The
cotangent bundle T*C possesses the canonical symplectic structure

w(F, P)((5F1,5P1),(6F2,6P2)) = <6P2,6F1) — (5P1,6F2> . (8)

The Hamiltonian vector field Xy associated to a function H : T*C — R is determined by
requiring that the relation

DH(Fv-P)V(F’P):w(FaP)(XH(F7P),V(FaP))a (9)

hold for all vector fields V' on T*C. In this case, the general formula x = Xg(x) generates
the equations of motion in Hamilton’s form:

. 0H . 6H

8.b  The Hamiltonian for homogeneous elasticity

The Hamiltonian for homogeneous elasticity in the absence of body and surface forces is
H(F,P):= L(P,P)g_, + W(FTF), (11)

where
E := /Bpref(X)X@)X dX,

and W is the stored energy function for the homogeneous material, expressed as a function
of the right Cauchy-Green tensor C = FTF. This Hamiltonian is determined as follows:



We define the velocity field V associated to the momentum P by V = PE~!. The kinetic
energy K (V) is given by

K(V) = } [ pref XOVX,VX)ax
-1 /B pref X )tr (VX)T(VX)) dX

-1 /B pref Xtz (X ® X)VTV) dX

= l<PaP>E—1'

Alternatively, one could start with the velocity field V and determine the appropriate def-
inition for the momentum by considering the kinetic energy (which is the only velocity
dependent component of the total energy for the system) and performing a Legendre trans-
formation. The stored energy function W for the homogeneous material is related to the
pointwise stored energy function W for nonhomogeneous elasticity by

w(C) = /B Prof( X)W (C)dX

- [rtnx o)

The Hamiltonian H has functional derivatives

§H 144
iF = 2P
% = .

where %‘g— is the symmetric matrix determined by
($%.,6c) = DW - 5C,

for all symmetric matrices §C. Thus the equations of motion for homogeneous elasticity in
the material representation are

F =V
> SW
P —2F

The acceleration is given by
V=—2F8Et,

If an external force T' acts on the surface of the configuration, this adds a potential
energy term of the form tr(FTT) to the Hamiltonian, where

7= /a PrefT(X)® X dA. (12)

Similarly, a body force B acting on the configuration induces a term of the form tr(F7 B)
in the Hamiltonian, where

B= /B prefB(X) ® XdX. (13)

10



3.c Group actions and momentum maps

The Lie group C = GI*(3) acts on itself by multiplication on the left and right. These
actions induce in turn lifted actions on the cotangent bundle T*C. We identify ¢I(3)* with
gl(3) by means of the duality pairing (u,§) = tr (uT€) for € € gl(3) and p € gl(3)".

We define the infinitesimal generators £} : C — TC and (£ : C — TC by

&F) = &l _

exp(eE)F

and

&F) = &|_
= F¢.

Fexp(et)

The associated equivariant momentum maps Jpg) : T*C — gl(3)" are determined by
the formulae

(JL(F, P),€) = (P, €H(F)),
and

(IR(F, P),€) := (P, €E(F)).

Specifically, the momentum map associated to the right action of C on T*C is
Jr(F,P)=FTP, (14)
and the momentum map associated to the left action of C is
J.(F,P)= PFT, (15)

We shall be particularly concerned with the left action of the rotation group SO(3) C C
on T*C. The Lie algebra so(3) is the algebra of skew symmetric matrices; we identify so(3)
with R3 as follows: we identify the vector n € R3 with the skew-symmetric matrix % such
that 7x = 7 x x Vx € R3. Analogously, we identify so(3)* with R3 by associating to the
vector p the skew-symmetric matrix g such that gx = ;—,u X x Vx € R3, The factor of one
half is chosen so that (i1, 7)) = tr(27#) = p - n, where - denotes the Euclidean inner product
on R3. For the sake of notational simplicity, we denote by £ the infinitesimal generator éc
associated to an infinitesimal rotation about £. The momentum map associated to the left
action of SO(3) on T*C is the angular momentum, J : T*C — so(3)* ~ R3, given by

(j(F’ P))A: (PFT)A’ (16)

where M4 = L(M — MT) denotes the skew-symmetric component of M. (We denote the
symmetric component of a matrix M by MS = (M + MT).) We shall use the angular
momentum to construct the modified Hamiltonian for which a given rigidly rotating equi-
librium is a critical point.

4. STABILITY OF RELATIVE EQUILIBRIA

11



4.a First and second variations of the Hamiltonian H,

In this section we compute the first and second variation of the Hamiltonian for a general
rigidly rotating relative equilibrium. In the following section we shall specialize these ex-
pressions for a specific class of equilibria and determine explicit conditions for the stability
of such configurations. We wish to find configurations in rigid rotation with angular velocity
&. In this case, the evolution of the configuration is given by

F.(t) = exp(t€)Fe.

Thus a rigidly rotating configuration is a relative equilibrium with respect to the left action
of the rotation group SO(3). In accordance with the Relative Equilibrium Theorem, we
define the modified Hamiltonian

H¢(F,P):= X(P,P)p_, + W(FTF) - J(F,P)-¢ (17)

and search for critical points of Hg.
The first variation of the modified Hamiltonian Hy is

DH(F, P) = (% + £P,6F) + (PE™' — £F,P). (18)

It follows that the configuration (Fe, P.) is a critical point of the modified Hamiltonian H,
if and only if

P.=¢(F.E (19)
and
* = in
= —ilF.E (20)
= |¢’PF.E,

where P = Id — (¢ ® £)/ |€|* is the orthogonal projection parallel to .
The righthand side of (20) can be interpreted as the centrifugal force acting on the

configuration at a relative equilibrium. This force is conservative with potential L¢:C—> R,
defined by

Le(F) = —§|lée(F)llE
= tfer],
-+,
where
& = FEFT
- / (FX)® (FX)dX (21)

ref

is the inertia dyadic of the current configuration. In fact, the first variation of L is
DL(F.)-6F = (EF.E,6F)
= (éP.,6F), (22)

12



which agrees with (20). Consequently, (20) is the Euler-Lagrange equation of an effective
potential V¢ : C — R, given by
Vf =W + Lf. (23)

It follows from (22) and (18) that a relative equilibrium F, is a critical point of V;. At a
relative equilibrium (Fe, P.), Ve has second variation

D*V(F.) - (6Fy,6F)

D*W (F.)(6Fy,6F) + (6F1, ££6F2>E (24)
D*W(F.)(8F1,8F;) — (6F:, £6F)

. (25)

The modified Hamiltonian H¢ can be reformulated in terms of the effective potential V¢
as follows. Define the function I'; : T*C — R by

Te(F,P) = 3P~ &e(F)E|5-
. 2
= Y p-érg|,_,. (26)
Since at equilibrium we have P, = {¢(F.)E, it follows that DT¢(F, P.) = 0 if (F., P.) is a

relative equilibrium. We note that I's has second variation

DT¢((6F1,6P1), (8F5,8Py)) = (8Py — £6F: E, 6P, — £6F,E) (27)

E-1°
A direct computation now shows that He = V¢ + T'¢; in fact:
13 ¢ 13
L¢(F, P) + Ve(F)
= 3P~ &(F)E|G-1 — 5 léc(F)% + W(FTF)
= §lIPI5- — (P,&e(F)) + W(FTF)
= H¢(F,P).

It follows from (25) and (27) that the second variation of the modified Hamiltonian Hg is
given by

D?H(F., P.)((6F1,6P;), (§F3, §Py))
= DT¢(F.)(6Fy,6F;) + D2Ve(F.)(6F,, 6F2)
= (6P, — EF\E,6P,E~" - E6F)

— (&8F1,EF,) _+ D*W(E.)(6F,, 6F).

4.b  The momentum map at equilibrium

In view of the relative equilibrium conditions (19) and (20), the momentum map associ-
ated to the left action of SO(3) and given by (16) takes the following value at equilibrium:

pe = (PFT)
(ér.EFT )A
(¢¢)"

.

= ]Ioofa

13



where I, = (tr£)Id — £ is the inertia dyadic of the current configuration. Thus pe = T €.

We remark that the momentum map associated to the left action of SO(3) is equal
to the usual angular momentum for a rotating body. This may be seen directly from the
definition of angular momentum as follows:

/B o(X) X vo(X)dX

ref

/B (FX)x (€ x (FX))iX

- [ (FX)(FX)eax

ref

I

(/BM (|FX|2 Id-(FX)® (FX)) dX) £
((tr&)Id - €) €
Lo

= ﬂ‘e'

The relative equilibria conditions (19) and (20) have a familiar mechanical interpretation.
We claim that

fe X € = 0. (28)

That is, at equilibrium, the total angular momentum is aligned with the axis of rotation £.
Furthermore, we have
T = Ao for some Ay, > 0. (29)

The proof of these conditions follows easily by direct computation. To prove (28), we observe
that

(1o X £)

e§ — éﬂe
(éeé + £éé - éée - éeé)
(eé€ - éée)

Hence pe X &€ = 0 if and only if ££€ is symmetric. However, the equilibrium condition (18)
implies that

éés = _%’v}‘«"/‘(Fe)Fg

= —Te,
where 7. is the Kirchhoff stress tensor at equilibrium, which is symmetric. Thus pe X £ = 0.
Since . is parallel to £, we must have I = pte = Ao for some A, € R. Finally, the fact
that I, is a positive definite matrix implies Ao > 0.

We conclude this subsection by providing an explicit characterization of the Lie algebra
G,. and the orthogonal complement gje. In the present context, G = so(3). Recall that the
subalgebra so(3),, associated to the isotropy subgroup SO(3),, consists of the elements

14



1 € s0(3) such that for all ¢ € so(3)

0

(adpe) -¢
= fe - [n,(]
Aso€ - (1 X ()
= Ao(-(EXx 1),

where - denotes the Euclidean inner product on R3. Thus, we conclude that s0(3),, is

simply the one dimensional space spanned by £. The orthogonal complement so(3)L to
50(3),, is

so(3)t :={n€so(3):n-£=0}. (30)
Note that so(3)/s0(3),, ~ so(3)*.

4.¢  The block diagonalization theorem

We now determine the stability of the relative equilibrium using the block diagonal de-
composition procedure recently proposed in Simo et al. (1988). According to the general
procedure for the energy-momentum method, we need only consider the definiteness of the
second variation of H¢ on a subspace S corresponding to the tangent space at the equilib-
rium to the reduced manifold P,,. We shall now define a series of subspaces to be used in
the determination of S.

The steps of the decomposition method can be organized as follows:

Step 1:

Determine the space V' C Tf,C which is orthogonal with respect to the kinetic energy inner
product to the space of momentum preserving rigid body configuration variations. By
a rigid body configuration variation, we mean a tangent vector AF € Tp,C such that
AF = n¢(F.) = HF, for some 1 € so(3). Since so(3),, = span {{}, V is given by

V = {6F € T,C: (6F,&(F.))g = 0}. (31)
Step 2:

Define the subspace Vgyg C V of rigid body configuration variations associated to so(3)*
(i.e., rigid body variations which do not preserve angular momentum):

Virc = {ne(Fe) : n € so(3)*}. (32)
That Vrig C V may be seen as follows:
(arén), - (£afR),
= <77’ £>5
= 77'(H005)
= Aain‘f)
= 0

if and only if 7 € so(3)*. It follows that dim Vrrg = dim so(3)* = 2.

15



Step 3:

Although the original potential W is material frame indifferent, i.e. invariant under the left
action of SO(3), the effective potential Vg fails to be frame indifferent due to the addition
of the term L, which is invariant only with respect to the isotropy subgroup S0(3),,. We

now determine the subspace Viyr C V such that DL¢|y,,, is equivariant under the left
S0(3) action:

Ving i= {6F € V: (6F, Lor) J(F)) =0 Vne so(3)t}, (33)
where the functional derivative %-Lpi is determined by
5L _ _
<TI§(F),6F>E = DL,(F)-§F V&F € TpC. (34)
DL; is automatically equivariant under the action of so(3),,; hence to guarantee full left

equivariance of DL, it is sufficient to require equivariance with respect to so(3)*. It follows
from the SO(3) invariance of the inner product (, )5 that for 6F € Viyr

(HdE e=0

exp(€f)*DL¢) (Fe) -6F = Lyy(p)DLe(Fe) - 6F

= <6F, Lo (Fe) %%'(FB»E
0

Hence DL¢|v,y, is left equivariant.

An alternate formulation of <6F, Loe(F.) %,S-(FQ)>E, which appears to be computationally
convenient, can be derived by means of the following manipulation:

<5F s Lne(Fe) %% = <5F , Enc(Fe)%};‘>
= D*Vg(Fe)(ne(Fe),6F)
= <77c(Fe), ﬁap%yp‘>
= Lo (<77C(Fe)> %»
= LsF (L'nc(Fe)Vf)
= —LsF (<€c(Fe), Enc(Fe)‘fC(Fe)>E)

= Lsr ((fc(Fe), (€ nle (Fe)))
= Lor ((§c(Fe), (€ X Me(Fe))) -

The preceding calculation makes use of the following facts: the stored energy functlon w
is invariant under the left action of SO(3), and hence satisfies £,.( F'JTF" =0, and -nS- =0
at a relative equilibrium. Since 1 € so(3)! implies £ X 7 € so(3)* and LgpF is simply the
derivative of F in the direction of §F, we can reformulate (33) as

Y so0(3)1 and
o (me(Fe), €e(F)) g n-d—e (2 = §F. } (%)

de €e=0

de | —

ViNT = {(5F,5P)€V:O= d

16



In the case of pseudo-rigid bodies, éigL:O (ne(Fe),€c(Fe)) g can be rewritten as
o\ €F) = (#F,ER.) +(iF.,éF)
= —(6F,(én+ib)F.)
= —(6F, 20 F.) .
Thus, we see that the definition of Viy7 reduces to
Vinr = {(6F,8P) € V: (6F,(é)°F.) =0  Vye so(3)*}. (36)

We note that Vrig N VN7 = O provided that the eigenvalue A\, has multiplicity one.
The subspace Vyyt C V is determined by two equations, hence codimy Viyr < 2 = dim Vgg.
It follows that Vrig ® Vint = V.

d
de

Step 4:
Define the space S C T(f, p,)T*C by
S := {(6F,8P) € ker T(r, p) T : 6F € V'} . (37)
It follows from (16) and (19) that the tangent map of the momentum map at equilibrium is
A
(T(.,p)T - (6F,6P))~= (6PFT + P.6FT)" (38)
Thus, S is explicitly characterized as the constrained subspace

A
S= {(6F, 6P) € T(r pyT*C: ((PFT + P6FT) " =0 and  (&(F.),6F); = 0} . (39)

Step 5:
Define the subspace Sgrg C S associated to superposed rigid body motions within the
subgroup SO(3)/S50(3),.. Specifically,

Sric = {(AF, AP) € §: (AF,AP) = (7F,, 7P, + (F.E) fornand ¢ € so(B)J‘} . (40)

This may be seen as follows: Let 7(t) be a curve in so(3)+ with n(0) = 7 and tan-
gent 7 = ( and recall that the time evolution of the relative equilibrium is given by
F(t) = exp(t€)F,. Let FL : TC — T*C denote the Legendre transform, which in this case is
given by FL(M) = M E. We then define

_, (exp(en) P, FL ($| __ (exp(en()F(1)))
= (1e(F), T(re(r) FL (Trne(Ee(Fo)) + Ce( )
= (9Fe, 7P, + (F.E).

(AF,AP) = &|

We compute that

(T(Fe,Pe)j(f’Fe, ﬁPe + 4:F6E)>A

(4P + ¢F.E) FT + P(iF)T)"
= (o) - (éen—nke)”

= ]Eoo\c - [ﬂe’ ﬁ]
= (]Iooc — He X 77)A

17



Thus (7Fe, P + CFeE) € kerT(g, p,)J if and only if Io¢ = pe x 7. It follows that the
space Sgyg is given by

SriG = {(AF., 1P + ((N)F.E) : 1 € so(3)*}, (41)

where ((7) := I ! (ue X n). Note that dim Sgprg = dim Vgig = 2.
Step 6:
Define the subspace S;yt C S by
SINT = {(6F, 5P) €S:6F ¢ VINT} . (42)

Recall that (AF,AP) € Spig implies AF € Vgig and hence Vpig N Vint = 0 implies
SricNSINT = 0. Since two equations specify SyyrT as a subspace of S, we have
codimsSynT < 2 = dim Sprg and hence Sgrg ® S;nyT = S provided that Ao, has multi-
plicity one.

The significance of the preceding construction lies in the following crucial block diago-
nalization result: We show below that

D?H¢(F., P.)((AF,AP),(6F,6P)) = 0 (43)

for all (AF, AP) € Spig and (5F,5P) € SINT-

To prove (43), we consider first the potential V¢. Recall that (AF, AP) € Vgig implies
that AF = n¢(Fe) for some n € so(3)*. For 6F € VinT, using (33) and the fact that §% is
frame invariant, and hence £, Fe)%-VFVr = 0, we have

D*V(F.)(AF,6F) = D*V(Fe)(nc(Fe),5F)
6V,
= (8F, Log(r) 57 (44)
§L
= <6F’ EUC(Fe)%FF;->

= 0.

Thus, D2V block diagonalizes on Vrrg X VinT. Next, we show that DT block diagonal-
izes on Sprg X SINT; i.€.,

DT¢(F., P.) ((AF,AP),(6F,6P)) = 0. (45)
To prove (45), we first note that for (AF, AP) = (7 Fe, 7P + CFeE) € Srig we have
AP — éAFE = #P.+(F.E - {(jF.E

= (¢-[En) FE
= F.E,

for v € so(3) given by v = ( — [£,n]. In fact, v € so(3)*, a result which follows from the
direct computation:

6(4_[6777])
£ (C—&xm)

£-v

I
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1

= i(&-(uexn))

= £-(Exn)
= 0.

Hence v € so(3)*. Next, we make use of the preceding relation to obtain
D’T¢(F., P.) (AF,AP),(§F,6P)) = (AP - {AFE,6P — £5FE>E
= (oF.,6P - E6FE)
(vF,,6P) + <£z?FeE,6F>
= (7,6PFT + P.6F) + (2(60)°F., 6F)

b

since (6F, 6P) € Sy satisfies (38) and (36).
It follows from (44) and (45) that

D?H(F., P.)((AF, AP),(6F,6P)) = D2V(F,)(AF,6F)
+D2T(F., P.)((AF, AP), (6F, 6P))
=0

for (AF, AP) € Spig and (6F,6P) € Siyt. We note that definiteness of D2Hg|s,,, im-
plies that A, has multiplicity one and hence that the decomposition S = Sgjg ® SINT
holds. Accordingly, because of the block diagonal structure of the second variation, the
task of testing for definiteness of the second variation simplifies considerably: Definiteness
of D?H¢|sp,, . and D?H¢|s,\r is equivalent to definiteness of D2 H|s.

4.d  Symmetric orthotropic equilibria

We now consider orthotropic materials in configurations for which the reference configura-
tion has an axis of symmetry which coincides with the symmetry of the material. In particu-
lar, we assume that there exists § € so(3) such that E = e? Ee= and W(e/Ce~?) = W(C)
for all symmetric matrices C. The Hamiltonian for such configurations is invariant under
the right action of the group S! generated by e?, which can be seen as follows: By assump-
tion, the stored energy function is invariant under the right action, hence we need consider
only the kinetic energy. Letting K(P) = 1(P,P)5_, = £tr(PTPE~!) denote the kinetic
energy associated to the momentum P, we compute that

K(Pe?) = L{Pe?, pe)

2 E-1

= %tr(PTP(e‘éEe_fé)_1>
= lt(PTPEY)
= K(P).
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Hence the Hamiltonian is invariant under the right S! action. This action has an associ-

ated momentum map J%. This momentum map is simply the @ component of the right
momentum map:

T4(F, P)

(Ir(F, P),0)
(FTP,4).

To obtain the strongest possible stability conditions it is necessary to include this momentum
map in the Hamiltonian used in the energy-momentum method. We point out that the left
(respectively right) momentum map is invariant under the right (respectively left) action
of C, hence the modified Hamiltonian H — J - £ determined for the asymmetric bodies is
invariant under the right S action.

We now specialize to the case of symmetric rigidly rotating bodies for which the axis of
rotation coincides with the axis of symmetry. In particular, we consider relative equilibria
such that the current configuration has the same symmetry as the reference configuration.
(For many classes of materials, all relative equilibria which are in rotation about the axis
of symmetry of the reference configuration inherit that symmetry.) For a configuration F

such that e Fe—<0 = F, we have
JY(F,P) = (P,éF)

6:0<P,eEéF>
= 556=0<P,Fefé>
_ <P,Fé>
= J%(F,P).

d
—  de

Thus, if § is parallel to &, where £ is the vector determining the rotation of the relative
equilibrium, then Jg(Fe, P,) = J%(Fe, P,). Since P, = 6 F.E commutes with , an analogous
computation shows that T(g,, pe)Jg = T(r, pe)J%.

Given A € R, define the Hamiltonian

Hex(F,P) = K(P)+W(FTF) - (1- \)J4(F, P) - \J&(F, P)
Tea(F, P) 4+ Vea(F),

Il

where
Tea(FP) = F|P = (- éF +2FE) B[

and ) »
Vea(F) = W(ETF) = § (1 = NéF + AFE| .

The symmetric configuration (Fe, P.) is a rigidly rotating relative equilibrium with ro-
tation rate ¢ if and only if (Fe, P.) is a critical point of H¢ . By varying the parameter A,
it is possible to obtain a family of stability conditions by requiring that second variation of
H¢ ) be definite.
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The block diagonalization method in the symmetric case proceeds exactly as in the

previous section. In the symmetric case, the definition of the subspace S;y7 C S takes the
form

. . V7 € so(3)* and
SINT = {(6F, P)eS:0=4| (#F.,(1- NEF. + \F.£ } .
o ) 4 _ F=¢F
(46)
The first defining condition in (46) can be rephrased to read
£, (P (1= NéF + ARE)
= (76F,(1 - \)éF. + mg)E + (7Fe, (1 - \)é6F + /\6F£>E
= - <5F, (677 + 7€ — A&+ /\nf) Fe>E
= —2(6F, ((€0)° - Aén*) Fe) -
Thus definition (42) takes the form
Sivr = {(6F,6P) € S : (8F, ((é0)° - Mé)*) F.) =0 Vneso(3yth.  (47)

5. RELATIVE EQUILIBRIA WITH DIAGONAL DEFORMATION GRADIENT

In this section, we specialize the general setup outlined above to the particular class of
relative equilibria possessing a diagonal deformation gradient. Our objective hereis to derive
complete, explicit, and rigorous nonlinear stability results for several classes of nonlinear
elastic materials, which include

(i) Isotropic materials with symmetric and asymmetric reference configurations

(§5.b and §5.d)

(ii) General nonlinear anisotropic materials
(85.c).

Finally, we relate the relative equilibrium conditions derived in this section to the Baker-
Ericksen inequalities.

5.a The equilibrium configuration

We consider a reference configuration with diagonal inertia dyadic

E = /pref(X)X®XdX
B

(5] 0 0
= 0 e O ,
0 0 es3
diagonal deformation gradient
a 0 0
F=|0 8 0, (48)
0 0 «
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and momentum given by

X 0 — €| Bea 0O
P.=¢F.E=| [¢aeg 0 o {,
0 0 0
where
[0 —ig o
E=1101 o o0
0 0 0

This motion corresponds to rigid rotation about the z axis with angular velocity |£]. We
denote by £ the inertia dyadic of the current configuration, £ = FEFT, £ is given by

6, 0 0
E=| 0 ¢ o |. (49)
0 0 /4

The momentum P, is chosen such that the momentum component of the first variation
(18) equals zero. The orthogonal projection P = Id — (¢ ® £)/ |€]* in (20) is given by

1 00
P=|010 (50)
0 0O
Finally, we note that the relative equilibrium condition (20) can be rewritten as
SEFT = ¢’ PE. (51)

5.b Asymmetric isotropic equilibria

5.b.i  Conditions of equilibrium

We first consider a rigidly rotating asymmetric equilibrium configuration made up of an
arbitrary isotropic material. We take the constitutive law for the material to be of the form
W(C) = ®(L,I, M), where I = trC, I = %((tr C)? —trC?), and 11 = det C are the principal
invariants of C = FTF. We denote the derivatives of ® as follows:

8, = 2(I,, L, IL,), 8y, = F2(L, L, IL,), etc., (52)

where I, I, and II. are the principal invariants of C. = FIF,. If we define \; = o?,
A = 2, and A3 = 72, and let the vectors V;, i = 1,2,3 be given by

Vi = 2Xi(1, Bjid, Mizid ), (53)
then the diagonal components of the system of equations (51) may be expressed as
D2-vi = ¢t
D&V, = ¢4 (54)
D®.-Vz3 = 0.

The off-diagonal components of (51) are automatically satisfied.
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5.b.11  Application of the energy-momentum method

Further simplifications in the expression for the second variation can be obtained by in-

troducing the following parametrization of the space of admissible variations. Define the
map

T:T*Cxgl(3)x gl(3) — T(T*C)
T((F,P),f,6p) = (6fF,6pFE—§fTP). (55)

We then define the variation (6F,éP) € S C T (g, p,) (T*C) by

(6F,6P) = T((F., P.), 6f, 6p) (56)
for
6L b} —(0% + o%)
of = ly0% % Lok + of (57)
30t + ok —(Laok + ak) &%
and
6p  op+ap ob—oap
bp=| op—a} Ly optap |, (58)
ob+ao%b ob—ab p

where the components o, are determined by the condition that (6F, 6P) € kerT(F, p,)J .
If we identify (6F,6P) € S with the vector

_ 1 2 1 2 3 1 2 3 1 2 3 1 2 3
v = (@, 0F, OF, 05, O, 65y 85, 65, 0p, 0, 0p, 6py 6P,y 6p), (59)

then the second variation of D2H¢ is given by D2H¢(Fe, P.)(6F,6P)* = vI Mv, where

pp 0 0 0 0 0 0 0 0 0 0 0 0 0)
0 pp 0 0 0 O O 0O 0O O 0O 0O 0 O
0 0¥ 0 0O 0 O 0O O 0 O 0 0 O
00 0% 0 0O 0 0 0 0 0 0 0 O
0 0 0 0% 0 0 0 0 0 O O 0 O
0 0 0 0 0 Ay A2 A3 0 0 0 0 O O
0 0 0 0 0 Ay Ay A3 0 0 0O 0 0 O

M=1 13 0 0 0 0 A Ay Asz 0 0 0 0 0 0 (60)
0O 0 0 0 0 0 O 0 pwu O O O O O
0 0 0 0 0 0 0 0 0 g O 0 0 O
0O 0 0 0 0 0 O 0 O O us O 0 O
0 0 0 0 0 0 O O O 0 O ¢4 0 O
0 0 0 0 0 0 0 0 0 0 0 0 ¢4 O
00 0 0 0 0 O O 0 0 0 0 0 ¢/

The further diagonalization of the second variation, which is the result of the choice of
variables given in (55), should be noted. The symbols appearing in (60) are defined as

€)% (€1 + £2) (€2 — £s)
4+ 43
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€1 (&1 + £2) (41 — £a)

Pz = 6+ 143

. = |€]% A2 Aalo(£y — £3)(e2 — e3)
L X2 — A3

s = 1612 M Asli (b — £3)(e1 — e3)
L A — s

. = I€]> M a(lr + £2)%(e1 — e2)
> M= Ao

g = Mg

Sjgil
Aij = D?®(L,L,I)(V;, V;) — |€° Ryj,

where 1., I, and TI, are the principal invariants of the equilibrium configuration and

44,2
Bu = _21 + £
R _ 2/\1)\2(61 — 62) _ 4£1f2
e b+
o 2)36h
Rz = = s
40y
A
o 2)3b
Ryz = Y
R33 = 0.

The diagonal entries associated to the momentum variations are clearly positive, thus
the matrix cannot be negative definite. It follows that if the configuration (Fe, P.) is to
be formally stable, D?H¢(Fe, P.) must be positive definite. The conditions that p; and p,
be positive imply that the configuration must be in rotation about the shortest axis of the
current configuration. Given this assumption, the conditions ¥; > 0, ¢ = 1,2, 3, imply that
the ordering by magnitude of the principal stretches must match the ordering by magnitude
of the axes of the initial configuration, i.e. the body must satisfy (e; — e;)/(A; — A;) > 0 for
t < j. The only terms remaining to be checked for positivity are those associated to the
matrix A = {A;;}. The entries of this matrix depend explicitly on the second derivatives
of the stored energy function. Hence A must be analysed on a case by case basis for each
particular material. We shall determine the definiteness of this matrix for two specific
classes of materials in a later section.

We summarize the results of this section as follows:

A rigidly rotating relative equilibrium of an isotropic material is nonlinearly
stable if

(f) £y > f3 and £y > {3,

. € — € .
ii >0fort<j
(i) $=5 ,

(iii) A is positive definite.



Remark: The matrix A is the Jacobian with respect to diagonal variations of the effective
potential Vg defined by (23). With the notation of §5.b.i, this Jacobian reduces to that of
the function ® : R® —» R given by

&(x) = 2(x0+ Vx) - €2 (x"Ry + }xTRox), (61)

where xg = (I, I, ), V is the matrix such that V;; = (V;);, Ry = (41,42,0), and
R, = {R;;}. In particular, (Fe, P.) is a nonlinearly stable relative equilibrium (i.e. a critical
point of Hg with definite second variation) if

(i) D&(0) =0,
(11) £y > £3 and £, > f3,

(i) i':i’J > 0 for i < j,

(iv) D2§(0) is positive definite.
5.c  Anisotropic equilibria

In this section we briefly present the conditions for equilibrium and stability of rigidly
rotating relative equilibria for an anisotropic material. In this case the Hamiltonian is given
by

H(F,P) = 1(P,P)p_, + ¥(c11, ca2, €33, €23, €13, C12),

where ¥ is the stored energy function and the c;; are the entries of the right Cauchy-Green
tensor C = FTF. We define ¢(F) := (e11, a2, €33, €23, €13, ¢12) and let ¥; denote the partial
derivative of ¥ with respect to the i-th component of c. As before, a rigidly rotating relative
equilibrium corresponds to a critical point of the modified Hamiltonian

H(F,P) = L(P,P)g. + ¥(c(F)) - (PFT,£).

The configuration (Fe, Pe) is a critical point of H if

v = €)% 7 i=1,...,6, (62)

where

v = 2a2

Uy = 2ﬂ2

V3 = 272

ve = Byl - £3)

vs = oay(lz—4{y)

ve = af(f+£2)

r = £

re = b

i = 0  i=3,...,6.



This implies

¥, = %|§|2€1
¥y = «17|5|26’2
U, = 0 i=3,...,6.

In the computation of the second variation, we make the same choice of basis of S as
in the previous section. (The stored energy function for anisotropic materials is still left
invariant (i.e., it is materially frame indifferent), so the same decomposition is relevant.)
At equilibrium the second variation is given by

D%H(F., P.)(§F,6P) = vT

where

© o

ox ©

T © ©
=<

(i) pis a two by two diagonal matrix with diagonal entries

(ii) x is a six by six symmetric

for v; as above and
T11

T12

T22

T44
Ts55

7'1]

€12 (4 + €2) (€2 — £3)

p= £y + 43
py = €12 (61 + £2)(61 — €3)
£+ 43

matrix with entries

Xij = ijviv — €] rij

44,?
L+ 4

4414,
L+

44,2
A
= fol3(ly — £3)
== £1£3(£1 - £3)

=0 for all remaining ¢ and j

(ili) p is a six by six diagonal matrix with diagonal entries

I 1574
o= £y + L3
T
S A
_ane,
e = b+ 4,
Be = £
ps = £
ke = {3.
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Thus, we have obtained the following result:
A rigidly rotating relative equilibrium is nonlinearly stable if

(1) £y > {3 and {5 > {3
(ii) x is positive definite.

Remark: As in the isotropic case, we can express the non-diagonal component of the
second variation as the Jacobian of effective potential, restricted in this case to Viyr. This
Jacobian corresponds to that of the function ¥ : R® — R given by

T(x) = ¥(c(F.) + vx) — |¢? (xTrl + %xTrgx) , (65)

where v is the six by six diagonal matrix with diagonal entries v;, r; = (41, £2,0,0,0,0), and
r2 = {ri;}. In fact, (Fe, P) is an equilibrium configuration if V¥(0) = 0 and is stable if
£y > {3, {3 > {3, and D?¥(0) is positive definite.

Remark: In the case where ¥ is a function of the principal invariants of C, the expressions
given above reduce to those for the isotropic case.
5.d Symmetric isotropic equilibria

We consider the same configuration as was discussed in §5.b, where we now assume that
both the reference and current configurations are symmetric about the axis of rotation, i.e.
that e; = e; and a = 8. The conditions for equilibrium in this case are

D%V, = 20’4
D®.V, = 0 (66)
for
Vi = 40’(1,0" +9%,a%?)
Vo = 291,202 a%).
As in the asymmetric case, the block diagonalization theorem, supplemented by additional
diagonalization considerations, determines an appropriate space S and basis with which

to compute the second variation of the modified Hamiltonian. (See the Appendix for the
derivation of this basis.) The second variation of the modified Hamiltonian is given by
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D2H¢ »\(F., P.)(6F,6P)? = vI Mv, where

p 0 O 0 0 0 0 0 0 0 O 0 0 O
0 p O 0 0 0 0 0 0 0 O 0 0 O
00 ¥ O 0 0 0 0 0 0 O 0 0 0
00 0 X O 0 0 0O 0 0 o0 0 0 0
0 0 O 0 ¥, 0 0 0O 0 0 O 0 0 O
0 0 O 0 0 ¥ O 0O 0 0 0 0 0 O
_ 0 0 O 0 0 0 A;; A2 0 0 O 0 0 0
M= 00 O 0 0 0 Ay Ay 0 0 O 0 0 O ’ (67)
0 0 O 0 0 0 0 0 u 0 O 0 0 0
0 0 O 0 0 0 0 0 0 u O 0 0 0
0 0 O 0 0 0 0 0 0 0 244 O 0 o0
0 0 O 0 0 0 0 0 0 0 0 24 0 O
0 0 O 0 0 0 0 0 0 0 O 0 24 0
0 0 O 0 0 0 0 0 0 0 O 0 0 {5
for
by — {5 )
= 20624 [ —=+ X
p &4 (51 + {3 +
a’y?(er — e3 + A(ex + €3))
T o= €12 ls(ly — Ly + A4y + £ A2(1= A
1 |£| 1 3( 1 3+ ( 1+ 3))( (a2—‘)’2)f3 + ( )

Yy = 4 <|§|2 41 (az+2*y2 +2X(1 - ’\)) — 2a%®,(a? - 72)>

Ay = ™1 —17
A = m2—o0
Agy = my
_ €% €1 (37 — 20?) 2 2 2
T = 4( a? — 72 —2a<I’2(a —’y)
_ 4 |§|272£1
0 = ——
a? — 2
44,43
S Ay A

where 7;; = D2®(L, I, I )(V;, V).
It follows that the second variation is positive definite if and only if p, £;, and £ are

positive and the matrix A is positive definite. A has eigenvalues tr A + \/ (tr A)2 —det A;
thus A is positive definite if and only if

trA = w4 —T
> 0

and

detA = (7T11 - T) T — (7T'12 - 0)2

> 0.
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If the second variation DZH&,\(FC,Pe) is positive definite for any value of A, then the

equilibrium configuration (F,, P.) is nonlinearly stable.

Remark: Note that if 792 = 0, then det A is negative and A is indefinite. It follows
that for a stable relative equilibrium, D?®(I,, L, I,) # 0. This demonstrates that for a
constitutive law which is linear in the invariants of C = FTF, symmetric equilibria cannot

be shown to be stable by these methods.

We now consider the stability conditions given by the choice A = 1. For this value of A,

_ 4P’
G+ 43
> 0
4 2 2£3
s, = |§2| ¥ 21
af —v
2 2E
Y, = 4(%—20&2@2 (a2—72)).

Since p is always positive, it follows that the second variation is positive definite if a? > 42,

¥y >0, tr A >0, and det A > 0. This result may be summarized as follows:
A symmetric configuration of an isotropic material is nonlinearly stable if

(i) a? > ~?2
(i) B2 >0
(iii) 1+ T > T

(IV) T11T22 — 7l'122 + 0’(271'12 — 0') > TooT.

5.¢ Relative equilibrium conditions and the Baker-Ericksen inequalities

In this section we consider the Baker-Ericksen inequalities and a related, somewhat more
restrictive, set of inequalities. These sets of inequalities are closely related to the stability
criteria presented in the previous sections. In particular, a stably rotating relative equilib-

rium of an isotropic material satisfies the Baker-Ericksen inequalities.
The equilibrium equations (54) may be regrouped to obtain

2
‘I’l +IB2(§2 — 2(L€2| _fiyz)
2
&1+ a241>2 2(,|3€2| _£272)
2 —
O+ 128, = —'gl(a(fl_ ﬂfz))

If we define

3(a,B,7) = (a? + B2+ 92,67 + a®7? + 292, 26292,
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i.e. if we consider ® as a function of the entries of the matrix F,, then we can compute that

ali)a - 7&7 = 2(&2 - ")’2)(@1 + ﬂ2‘I’2)

= [E*4
Bos — 72, = 2(8%—7%) (21 + a’B,) (70)
= |f|2 £y
ad, — &5 = 2(a® - F°)(81 +7°32)
= [€* (b - &)
The lefthand sides of these equations are clearly related to the Baker-Ericksen inequalities:
ody—18, _
a—-79q
ﬂ(i)ﬂ - 7(§‘y
_ > 0 71
5 (71)
0% =05
oa—p

(See Marsden and Hughes (1983).) Hence, if the material determined by the stored energy
function @ is ‘physically plausible’, i.e. if the configuration satisfies the Baker-Ericksen
inequalities, then a > v, 8 > v, and (41 — £3)/(a — ) > 0.

An alternate regrouping of the equations for equilibrium yields the equations

2 _ |f|2 €1
R e )
2
P 2% - _ !6' €2 7
2 + a“P3 ——2(,82—72) (72)
2 P (e —en)
Py +7°P3 (el = F7) "
(73)
We note that
7 ®y — a'i’., = —2a7(a? - 7?)(®2 + 5%®3)
= |§|2 a’yel
785 - B, = —287(6> —7*)(22 + @) (74)
= |§|2 Byes
B, — ai‘f‘ﬁ = —2aB(a® - B%)(®, + v2®3)
= [ af(er — e2);
the alternate inequalities
7Po — a®, > 0
a—7
’Y&’ﬁ - :B‘i"v
_ >0 75
B-n (75)
Bdq — adp
5 0
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imply a > v, 8 > v, and (e; — e3)/(a— ) > 0. The inequalities (75) imply the Baker-
Ericksen inequalities. Both the Baker-Ericksen inequalities and the alternate inequalities
imply that the principal stretch along the axis of rotation is shorter than the stretches within
the plane of rotation. In addition, the Baker-Ericksen inequalities imply that the principal
stretch along the longer axis of the current configuration within the plane of rotation is
greater than that along the shorter axis, while the alternate inequalities imply that the
principal stretch along the longer axis of the reference configuration is greater.

The Baker-Ericksen inequalities (71) and the inequalities (75) are closely related to the
stability conditions derived in §5.b. We note that the terms X; can be rewritten using
expressions involving the first derivatives of the stored energy function & by means of the
equations (70) and (74). Using these expressions, we can see that for a stable equilibrium
the conditions p; > 0 and ¥; > 0 imply that the alternative inequalities (75) and, hence, the
Baker-Ericksen inequalities (71) hold at a stable relative equilibrium. On the other hand,
if we assume that the alternative inequalities hold, then the conditions p; > 0 and £; > 0
can be replaced by the conditions e; > e3 and e; > e3. (The derivations of the preceding
statements are given in the Appendix.) In summary,

A rigidly rotating relative equilibrium is nonlinearly stable if

(i) e1 > e3 and ez > e3,
(i) the inequalities (75) hold
(iii) A is positive definite.

6. ILLUSTRATIVE EXAMPLES

6.¢ Introduction

In this section we consider the nonlinear stability of rigidly rotating relative equilibria for
a few representative compressible isotropic materials: the first is the Ciarlet-Geymonat
material; this material, described in Ciarlet (1988), is polyconvex and satisfies appropriate
growth conditions. A closely related modelis given in Simo and Pister (1984). We shall show
that for this material an asymmetric body in rigid rotation about the shortest principal axis
of the reference configuration and a symmetric body in rigid rotation about an arbitrary
principal axis are nonlinearly stable relative equilibria. The Ciarlet-Geymonat material is
a limiting case of a class of compressible Mooney-Rivlin materials obtained as a (penalty)
regularization of the classical incompressible Mooney-Rivlin model. (See Simo and Taylor
(1988) and Ogden (1984).) While the relative equilibria of the Ciarlet-Geymonat material
are always stable, we show below that for this family of regularized Mooney-Rivlin materials
in general both stable and unstable branches of equilibria can exist. We present both numer-
ical results for a representative member of this family and analytic results concerning the
asymptotic behavior of the equilibria. Finally, we show that for St. Venant-Kirchhoff ma-
terials, both asymmetric and symmetric rigidly rotating relative equilibria are nonlinearly
stable, provided, as above, that the asymmetric body rotates about the shortest princi-
pal axis of the reference configuration. The St. Venant-Kirchhoff model severely violates
well-established restrictions on the stored energy function of an elastic material, including
polyconvexity. (See Ciarlet (1988).) However, we have included this example due to its
prevalence in the literature.
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We emphasize that within our framework the demonstration of nonlinear stability for
specific materials involves nothing more than straightforward algebraic manipulation of the
rational expressions obtained in the previous sections. The high degree of structure present
in this system has made it possible for us to perform the geometrically and computation-
ally intensive steps of the analysis in a very general setting. No linearizations or other
approximations are required. (Compare to the linear stability analysis presented in Cohen
and Muncaster (1988).) The manipulations required for the analysis of specific materials
are readily carried out using a symbolic computation language; the computations required
for the examples presented here could easily be performed by hand. (The numerical treat-
ment of the Mooney-Rivlin materials is necessitated by the complexity of the equilibrium
equations, rather than the stability conditions.)

In the case of an asymmetric equilibrium, the steps of the stability analysis are as follows:
The equilibrium conditions are used to show that the inequalities (75) hold and to compute
the entries of the matrix A. The subdeterminants of A are factored into a convenient form
and the equilibrium conditions are used to show that the subdeterminants are positive and
hence A is positive definite. It follows that the equilibrium is nonlinearly stable provided
that it is in rotation about the shortest axis of the reference configuration. In the case
of a symmetric equilibrium, we compute the trace and determinant of A, rather than the
subdeterminants.

6.b Relative equilibria for a Ciarlet- Geymonat material

6.b.i  Asymmetric equilibria

We now consider a Ciarlet-Geymonat material, with stored energy function
W(C) = 3(detC — 1 —logdet C) + & ((tr C — 3) — logdet C),

where 1 and A are arbitrary positive constants. This function is polyconvex, since
(i) the A term is linear in det C and hence convex in Vdet C for any A > 0,

(ii) the trace term is linear with positive constant in the eigenvalues of C and hence convex
and increasing, and

(i) the log term has second derivative ;1/(2(det C)?) > 0 and hence is convex.

Furthermore, this material satisifes proper growth conditions; in particular, W — oo as
det F — 0 or det F — oo. Finally, the quadratic approximation to W(C) at the reference
state yields the classical isotropic stored energy function of an isotropic linear elastic mate-
rial. (The same property is shared by the more general family of so-called Ogden materials
(Ogden 1984).) We remark that polyconvexity (which is closely related to Morrey’s notion
of quasi-convexity in the calculus of variations) leads to the only known existence theory
for nonlinear elasticity, due to Ball (1977). For elastostatics, the solutions are characterized
as minimizers of the energy in a suitable W' P-space, where p is dictated by growth condi-
tions on the stored energy function. (See Ciarlet (1988) for a comprehensive account of the
current status of the subject.) For elastodynamics the situation is far more complicated,
and little is known beyond the results of Hughes, Kato and Marsden (1977).
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We now consider a rigidly rotating asymmetric equilibrium made up of a Ciarlet-
Geymonat material in the configuration described in §5.b. If we subtract the left mo-
mentum map Jg from the Hamiltonian, then (Fe, P.) is a critical point of the resulting
modified Hamiltonian if the equations

(1-7p = (a2ﬂ272 - 1) A

(@@= = |4 (76)
B = = €4

are satisfied. It follows that at equilibrium 1 > 42, a? > 42, and 2 > 2. By regrouping
the last two equations, we obtain

€1 — €2 v 2
a5 = (am) >o
Hence the alternative inequalities (75) are satisfied by the equilibria of this class of materials.
The equations (76) can be solved in closed form for o, § and v but, since the equations
are cubic in these variables, the expressions for the solutions are very complicated and we
do not present them here. Rather than directly substituting the equilibrium values into the
second variation D2Hg, we use the relations (76) to simplify the second variation to the
extent that we can establish definiteness.
We now consider the stability of the relative equilibria. The function & is given by

$(LILI) = 5 (M- 1) - logM) + & ((I-3) - logII), (77)
with partial derivatives
& = 2
®, = 0
A — 1) — p
o = T
_ At
P33 Eiel
®;; = 0 ij#33.
Thus
D2B(L, I, W)V Vj) = Sb(2a%6%%)?
= 2(A+p)

for all i and j. Substituting the equilibrium conditions (76) for a? and 3? into the expressions
for the R;; yields

2 4lEPal,
4+ 4y

l

|f|2 Ry ny

€] Rys py?
|€]? Ra3 2.
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It follows that the matrix A has subdeterminants

4¢% 4,2
det; = 2(,\+u)+7|;5|+—;2
> 0
_ |£|2 2 2 2 1.2
det; = 8(€1+€z ((/\+u)(51—fz) + 2py Mz)ﬂw (/\+u(1—§'r ))
> 0

dety = 8y (E 'f‘z (v + 1 (1= 19) (6 - ) + A+ ptats)

s (v (1- 37))

> 0,
since 1 > v2. Hence A is positive definite. Thus, we have shown the following:

A rigidly rotating pseudo-rigid body made up of a Ciarlet-Geymonat material
is nonlinearly stable if it is in rotation about the shortest axis of the reference
configuration.

6.b.it  Symmetric equilibria

We now consider the case in which the reference configuration of the body is symmetric
about the axis of rotation, i.e. e; = ez. It follows from the equilibrium equations (76) that
o = 3 and hence ¢; = {£;. In the computation of the stability conditions, we will make use
of the followmg equilibrium conditions:

2
Q) |€|

(i) 1> 72
(iil) 711 = 8(A + p), m12 = 4(A + ), and w2 = 2(A + p).

To establish stability it is sufficient to show that conditions (i)—(iv) of §5.d hold. Since
u > 0, it is clear that @ > v. We compute that

by _ 4 |£|272£1
2 a? — 42
= 4y
> 0
41¢)* 41(37% — 20?)
= 4(3v*-20%)p
4 |§|2 724y
= 4%
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Thus

trA = w4+ T33—T
= 2u(4(e? - %) +2(1-19%) +3) + 104
> 0,
and
det A = w7y — Ti0? + 0(2m12 — 0) — ToT
— a(afa o) 1)+ ()
> 0,

since 1 > 72 and a? > 72. Hence the second variation is positive definite and thus:

The symmetric relative equilibria of Ciarlet-Geymonat materials in rigid rotation
about their axis of symmetry are nonlinearly stable.

6.c Relative equilibria for a class of Mooney-Rivlin materials

To provide an example of a material for which relative equilibria need not be stable,
we consider here a special class of regularized compressible Mooney-Rivlin materials. This
class of materials is a generalization of that of the previous section; these materials are
polyconvex, satisfy appropriate growth conditions, and may also be considered as a par-
ticular case of the Ogden materials; see Simo and Taylor (1989). The asymmetric relative
equilibria for typical examples of this class of material can be shown to lose stability when
rotated at a sufficiently rapid rate.

The stored energy function we consider is of the following form:

$(LLIM) = & ((3+A)(1- 3~ logl) + (5 — B)(T - 3 — 2logI)) +3 (I - 1 — log IN) (78)

forp >0, A >0,and -3 < 8

< % In the case 8 = %—, this material becomes the
Ciarlet-Geymonat material of §6.b. @ h

has partial derivatives

no= 4(3+0)

o= 5(:-0)

b3 = (%( 5) A(]]I—l)) T
v = (53-0)+2) &

®,; = 0 4ij#33.

2
We now introduce the scaled parameters k = % and ¢ = 2'5' . With respect to these
parameters the equations of motion (54) take the form

U-vi = ¢4
U-V, = (b
U.v; = 0,
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where U = (L + 6,5 - g,k — (3 +k-8) §).

Next, we specialize to the case § = 0, k = 100, e; = %, ey = %, and T% >e3 >0
and numerically investigate the behavior of this set of equations. We find that in the range
0 < ¢ < 20 there are two branches of solutions; a stable branch which exists only for ¢ in the
range 0 < ¢ < (, = 1.2834 and an unstable branch which exists only for { > (, = 1.1111. In
the range .9091 = (, < { < (;, there are two possible stable equilibrium configurations; these
configurations approach one another as ¢ approaches the value (5. The principal stretches
for these branches of relative equilibria are plotted in figures 1 through 3. In figure 4 we
plot the Euclidean distance from the principal stretches of the reference configuration, i.e.
Ai; = 1, to those of the equilibrium configuration with respect to the angular momentum u.
When plotted with respect to momentum, the stable branch no longer appears to fold back
upon itself, while the unstable branch takes on the shape of an isola. The distance from
the reference stretches becomes approximately linear as a function of p as g — oo.

The stability of the branches is determined as follows: We have chosen the reference
configuration such that the conditions e; > e3 and ey > e3 are satisfied. Since e; > eg, the
conditions x; > 0 will be satisfied if Ay > Ay > A3. For the stable branch, the principal
stretches satisfy Ay > A > A3, with equality only at the reference configuration. Thus, to
establish stability of the first branch, it is sufficient to show that the matrix A is positive
definite; this condition is checked numerically and holds throughout the branch. For the
unstable branch, the principal stretches satisfy A > Ay > A3; hence x3 < 0 and the stability
conditions fail.

Some general analytic results can be obtained regarding the behavior of the equilibria
as the parameters ( and § are varied. We find that the ‘blow up’ of the principal stretches
seen at (s = .9091 and (, = 1.1111 is common to all values of # in the range —% <pB< %
In general, the asymptotes occur at

1+24

1428
= d =
o an Cu o (79)

Cs

if e; > eg. Since (, — (s = (14 208)(e1 — e2)/(e1e2), it follows that the distance (s — (, be-
tween the stable and unstable asymptotes shrinks to zero as the parameter 8 approaches the
limiting value — % As ¢ approaches (, (respectively (,) and Ay (respectively A;) approaches
00, the remaining principal stretches approach zero as follows:

lim A\A, =  lm M\ A
¢=e, R e 2
= lim A{A
¢—¢s 173
= lim AgA
{—Cu 273
3+ 2k - 28
1-28
This implies

lim IT
{—(s

lim AqAgA
C_'I?s 1A2A3

L (3+2k—28)
(=¢ (1—28)2)\
= 0
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and, similarly, lim¢_,¢, I = 0.

We can also consider the asymptotic behavior of the relative equilibria as ¢ — co. We
compute that

A e

clirgo /\C_l - 1 —22ﬂ
. e

gli.l{.lo _(;z 1 —12ﬂ

2
C]irgo /\3(2 — (1 — 2ﬁ)2](<i:;22k N 2:6),
which implies that 349k
cligolo = +T_ﬂ

In particular, the body is symmetric about the axis of rotation in the limit ¢ — oo.

Remark: We have numerically investigated the behavior of this system for a few other

sample values of 3 in the range —% <pB< % The behavior is qualitatively similar to that
for g = 0.
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Figure 1: A; plotted with respect to x
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Figure 2: A, plotted with respect to x
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Figure 3: A3 plotted with respect to x
{ 1N -1y stable
unstable

Figure 4: |X — 1|| plotted with respect to u
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6.d Relative equilibria for a St. Venant-Kirchhoff material

6.d.i Asymmetric equilibria
We consider here a St. Venant-Kirchhoff material, with stored energy function
W(F) = 3 (tx(C - 18))* + ptr ((C —10)?) (80)

where C = FTF and the Lamé constants A and u satisfy the conditions 1 > 0 and 3\ + 2u > 0.
The configuration (Fe, P.) is a relative equilibrium if and only if

€ (2e1(p + A) — Aea)

2 _
o = T T 2
g2 = 14 et D) e
4u(3X + 2p1)
o M ten
4u(3)\ + 2)

We now check the stability of these equilibria by applying the results of §4.c. We first
note that by rearranging the difference of the first two equations of equilibrium we obtain

a? — 52 _ @i
e — ey 4u
2
2 2 |€]” 1
o =y = — 81
v (81)
|f|2 €2
:62 _72 = )
4

so the alternative inequalities (75) are satisfied. If we assume that the figure is in rotation
about the shortest axis of the reference configuration, then the stability of the equilibrium
configuration is determined by the definiteness of the matrix A. We compute that the
function ®, which expresses the stored energy function W as a function of the invariants of
the Cauchy-Green tensor C = FTF, is given by

$(LILI) = (3 +p) B — (3A + 2u)1 - 24T (82)
Hence

;= (A+2p)I-(3X+2p)

b, = —-2u

;3 = 0

5 = A+ 2u

®,;, = 0 for all 75 # 11.

Using the equilibrium conditions (81), we find that
2

€ Riy = 4pa®B® — —4E|+£22[2
€° Ris = 4pa’y?
€1* Ras = 4uf?y.
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We now substitute the expressions given above into the definition of the matrix A. Straight-
forward factoring and regrouping of the subdeterminants of A yields

2 .2
det; = 4ot <|€|—el-+()\+2u))

b+ £
> 0
2
det, = 16a%8* | 4(A + pw)u + 4 ((/\ +2u)(er — e2)® + 4,uelez)
b+ 4
> 0
2
dets = 256ua’Biy* | (3A +2u)u + _Le” ((A +u)(er —e)? 4+ (A + 2u)6162)
b+ 4
> 0.

Thus A is always positive definite and we have shown that:
The rigidly rotating asymmetric St. Venant-Kirchhoff ellipse is nonlinearly sta-
ble if the axis of rotation is the shortest axis of the reference configuration.

6.d.ii  Symmetric equilibria

For a reference configuration which is symmetric about the axis of rotation, i.e. for which
€1 = eg, the principal stretches of the relative equilibrium are given by

o = @
14 €12 (A + 2p)es
4p(3X + 2p)
72 - 1- |§|2/\61 )
2u(3X + 21)
Using the equilibrium condition |£]?e;/(e? — 4?) = 4p and ®; = —2u, we compute that
Y, = 16uat
> 0
1 = 16(\+2u)a?

T2 = 8(A+2u)a’y?
Tea = 4\ +2u)7*
T = 16pa’(2y? - o?)
o = 16,ua2’72.
Since a? > 42 and £ > 0, we need only check that the trace and determinant of A are
positive. Simple algebraic manipulation shows that

trA = myp+mee—T
= 8u ((2a2 — 72)2 + 2a4) + 4A <4a2 + 72>
> 0
det A = m1mg — T2 + 0(2m12 — 0) — Wo2T

64ua’y? (2(/\ +2u)(a? =) + (3A + 2u)a2)
> 0.
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Thus we have shown that:
Any symmetric St. Venant-Kirchhoff body which is in rigid rotation about its
axis of symmetry is nonlinearly stable.

7. APPENDIX
7.a Application of the energy-momentum method

7.a.i  Asymmetric diagonal equilibria
In §5.b.ii we defined the map
T:T*Cx gl(3) x gl(3) — T(rp)(T*C)
T((FvP)76f76p) = 6fT*C(F>P)+TE‘I’6p
= (6fF,6pFE - §f7P),
where 8f ru¢(F, P) is the infinitesimal generator of the Lie algebra element §f associated
to the left action of C on T*C and ¥ :C — T%C is given by ¥r(n) := FL(n¢(F)). The

definition of the map 7 is motivated as follows: Construct the curve (F, P.) € T*C given
by

(Fca Pe) = exp(e 6f) : (F’ P+ EFL(épC(F)))
(exp(e 8f)F, (exp(e 8f))"T(P + € 6pF E)).

Then T((F, P),&f,ép) = &| _, (Fe, Po).
The tangent vector with respect to which the second variation of H is computed in §5.b

is given by

(5Fa 6P) = T((Fev Pe), 5f’ 5])) (83)
for
6% lio% —(yo% + a%)
§f = lyo} 6% look + ok (84)
biob bod —(toh+ak) 6
and
&b oy +ad ob—ob
bp=| o3 —a} 6% op+ab (85)
o +a% oph-—ab 83
where

L (L= 3)ob — 1€ (b + &) oF + la(fs + £3)0F)
P

o =
ly+ 43
2 (ti—t3)op — €l (b + bo) oF + La(ba + L3)o))
in = — (86)
£+ 43
(& — &) (o3 + |€] (6F — 6%)) _

6+ 4
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This choice appears to result in optimal diagonalization of the second variation; other
choices of translation from the algebra to the tangent space result in the presence of cross

terms within the block D2H¢(Fe, Pe)|s;pnr-

The Lie algebra elements §f and ép are determined by the block diagonalization theorem
as follows:
Step 1:
The orthogonality condition (31) can be expressed as follows: 6F € V implies that §f = 6FFg!
satisfies

0=(5f.€)_, (87)
which implies £18f; = €26f;9-
Step 2:

Variations §Fgrq in Vrig can be expressed as 6Frrg = 57 rig¥e, where 63‘ rig is the skew-
symmetric matrix associated with the vector 6f g;q = (ak, a%,0) € so(3)*.

Step 3:
Condition (36) establishing that FnT = 0f inTFe belongs to VinT now reduces to

(8finr: (E0)°), =0 Vn€so(3)". (88)

Equation (88) implies £36f13 + £18f3; = 0 and £28f15 + £16f2; = 0. Solving these equations
and imposing (87), we find that

6% tio}  —tok
6fINT = ﬁza% 6%;' gzd};v . (89)
ﬁgd% —KgO‘};- 5%

Step 4:
To impose the condition T ((Fe, Pe), 6f,0p) € S C ker T, p,)J , we solve (38) for the skew-
symmetric component &p of op.

Step 5:
The variation (6FRrrg,0Pric) € Srig is of the form
(6Fri1G,6Pric) = T((Fe,Pe),6f prc:8pric)
= <5fRIGFe, &f rigPe + 5PRIGFeE>

for 6 rra» 6PrIG € 50(3)L. Solving (38), wefind that 6pgre = (ap, @b, 0), where the entries
a’ are given by

Ll ed o0
= £+ L3 (%0)
o2 1€l (4 + ﬁz)alp'

d 6+ 03

Step 6:
(‘SFINTa(SPINT) € SynT is of the form (‘5FINT,5PINT) = T((Fe,Pe),ﬁf[NT,(SP[NT) for
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0f inT as given in (89) and

6b op+a} ob—o%
Spint=| op—ap 8 optap |, (91)
ob+adb ob—ab 53
where
£y — {3
ap = £2+£30113— €] yoF
b = G- 8302 — €] £y0} (92)
b6 " F
b -2
3 _ H %3 1 _ g2
S )

and ob and 8% are arbitrary.
Letting 6f = 6f g + 6f ;v and 6p = éprig + 6prnT, We see that (6F,6P) € S is given by
(6F,8P) = T((Fe, Pe), 6f piG + 6f INT» 6PRIG + 6PINT)- (93)

Remark: The coefficients of the matrix ép result from the decomposition of the Lie algebra,
gl(3) into skew-symmetric, diagonal, and symmetric off-diagonal components. The matrix
0p may also be expressed in terms of the same decomposition of gl(3) as éf, but the terms
in D?H; associated to momentum variations are slightly simpler with the choice of basis
given above.

7.a.12  Symmetric diagonal equilibria

As before, we wish to choose our variations so they not only satisfy the conditions of the
block diagonalization lemma, which guarantees that the second variation will split into two
blocks, but so that the blocks themselves are as nearly diagonal as possible. We choose our
variations to be of the form

(6F,6P) = T (6f,6p— X |€] 6f ) , (94)
where 7 is as defined in (55),
8% + 8k o —(k10f + af)
6f = o¥ 6% — 6% K10} + ok (95)
K20k +of  —(K20k + af) 8%

for K1 = (]. + /\)Ela Ko = (1 - A)ﬁg,

—20% 26L 1o}k
6f =| 26% 20} t0k (96)
Tok T0% 0

for 7 = 2(k2 — K1), and

6% + 6b o3 ob —ab
op = ad 6% —-6p op+ab |, (97)
cb+ab ob—oa}p 63
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for

6 — £3)oh — 2 €] by

ab = ( 3)£1P+ £3| | &1 E_ ¢ (£1+§,\(1—/\)(£1—£3)) o
£y — £3)0% — 2 |€] bial

op = -Gl BB | i (44 a1 - N0 - 1) o

The regrouping of the diagonal terms in éf and ép splits the diagonal variations into their
symmetry preserving and symmetry breaking components. Aside from this, the determi-
nation of the variation éf proceeds essentially as for the asymmetric case. The rotational
components ap and ap are determined by the condition that V' C ker T (g, p)J. (The
third rotational component a3 of p is identically equal to zero.)

The introduction of the correction term A || 6} in the momentum variation is necessary
for the elimination of cross terms which would otherwise be introduced by the second
variation of the momentum map associated to the right ST action. This term is determined
by requiring that the second variation of I'¢ x block diagonalize with respect to position and
momentum variations. Specifically, given an as yet unspecified linear mapping x : ¢l(3) —
gl(3), we define the function Q : gl(3) x gl(3) = R by

Q(8f,6p) = Tex (T((Fe, Pe), 8f, 6p + x(61))) - (98)
The correction term 67 = x(df) is then found by solving the equation
D?Q(0,0)((éf,0),(0,48p)) = 0. (99)

We note that x|vy,c = 0. In the case A = 0, the correction term vanishes and the variations
are the same as those used for the stability analysis of asymmetric equilibria.

7.b  Equilibrium conditions and the Baker-Ericksen inequalities

When computing the second variation D? He, it is necessary to incorporate in some fashion
the fact that the second variation is evaluated at a relative equilibrium, i.e. at a critical point
of He. In most cases, it is infeasible to explicitly substitute the equilibrium values of the
principal stretches );, since the expressions for the stretches are typically very complicated,
if available in closed form at all. As an alternative, we note that the equilibrium equations
(51) may be solved for the derivatives ®;, with solutions

1612 (AMli( Az — Az) — Aaba(Ar — A3))

R T VI VA5 VIS VS 1 Wy v
3 €12 (2(A1 = As3) — 1(Ag — A3))
2 2001 — 22) (A1 — A3)(A2 — A3)
' 1€]2 (e1(X2 — A3)) — ea(A1 — A3))

200 — A2)(01 — 23)(hz — Xa)

provided that \; # Aj for ¢ # j. The matrix M given in (60) is obtained by substituting
these equilibrium values into the general second variation. While this approach simplifies
the expression of the second variation to the extent that the block diagonal structure is
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readily apparent, it need not provide the most computationally convenient form of the
stability conditions in cases where the derivatives ®; have a particularly simple form.

We note that the terms ¥; can be rewritten using expressions involving the first deriva-
tives of the stored energy function & by means of the equations (68) and (72). The stability
conditions obtained by these means can be directly related to the Baker-Ericksen inequali-
ties (71) and the alternative inequalities (75). In particular, we have

L1 = 2X23(21 4+ A1 ®2)(e2 — e3)(€2 — £3)
= =2\ A223(®2 4+ A1 ®3)(e2 — e3)(L2 — £3)
Ty = 2MA3(21 + A2®2)(e1 — e3)(6 — £3)
= =2XA122A3(P2 + A2 ®3)(e1 — e3) (4 — £3)
201 2(6 4 6) (31 + A3®2)(e1 — e2)
by — £y
= =2X1 (4 + £2)%(®2 + A3 ®3).

¥3 =

Using these expressions, we can see that for a stable equilibrium the conditions p; > 0 and
¥; > 0 imply that both the Baker-Ericksen inequalities (71) and the alternative inequalities
(75) hold at a stable equilibrium. On the other hand, if we assume that the alternative
inequalities hold, then the conditions p; > 0 and ¥; > 0 can be replaced by the conditions
e1 > ez and e; > e3z. This can be seen as follows: Using the equations (72) and (74), we can
show that the inequalities (75) imply Ay > Az, A2 > Az, and (e; — e2)/(A1 — A2) > 0. The
preceding assumptions imply that ¢; = Aje; > Azes = €3 and, analogously, £, > f3. Thus
p1, p2, and X;, ¢ = 1,2, 3, must be positive.
In addition, we point out that for ¢ # j the terms R;; can be rewritten as follows:

|7 Riz = —4|MAa(®s+ Asd € tts
12 = 122( P2 + A3®3) +
b+ 4

|€]® Ry3 —4M1A3( 22 + A2 ®3)
= 4A3(P1 + A2 D)
|62 Rz = —4X2A3(®2 + A1 ®3)

= 4/\3(‘1’1 + /\1‘1’2).

Il

The reformulations described above for asymmetric equilibria apply to symmetric equi-
libria as well. The equilibrium equations (66) may be rewritten as

1€ &
LY N2 S YO
200 — A3)
I U )
XA — A3)  Ap

¢,

3

provided that A; # A3. We use this form of the equations to implement the condition that
we are at a critical point of the modified Hamiltonian when computing the second variation
of Hj.

Using the equilibrium conditions (66), we can express ¥; and ¥ in the form

T o= 8A33(®1 + M3)
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—8A1 Asl3(Dy + A B3)
8(Aa®1 + A1 85(2X3 — A1)
= —8)\%(@2 + /\3‘1’3)

2o

when A = 1. Thus, the stability conditions £; > 0 and £5 > 0 follow from the conditions
(1) 0< ® + 2P,

(i) 0 < &1 + A3®,
or

(i) 0> @5+ A1 ®3

(i) 0> @3+ A323,

which are related to the Baker-Ericksen and alternative inequalities. These forms of the
conditions are particularly convenient when considering materials for which the signs of the
derivatives ®; are obvious (e.g. constant).

We can eliminate the rotation rate || from the stability conditions by writing

T o= 8(B1(3As — 2M1) + M B2(4)3 — 3)1))
= 8\ (P2(M1 — 2X3) + A B3(2); — 3A3))
o = 8Xs(®1 + M)
= 8\ a(®2 + A ®3).

Acknowledgements: We would like to thank P. Ciarlet, T. Healey, J. Marsden, R.
Muncaster, and T. Posbergh for their comments and suggestions.

REFERENCES

Abraham R. and Marsden J.E. 1978 Foundations of Mechanics, second edition. Reading,
MA: Benjamin/Cummings Publishing Company.

Arnold V.I. 1978 Mathematical methods of classical mechanics, New York: Springer-
Verlag.

Arnold V.I. 1966 Izv. Vyssh. Uchebn. Z. Math. 54, 3-5, or 1969 Trans. Am. Math. Soc.
19, 267.

Ball J.M. 1977 Arch. Rat. Mech. Anal. 63, 337-403.

Benjamin T.B. 1972 Proc. R. Soc. Lond. A. 328, 153-183.

Benjamin T.B. 1987 J. Fluid Mech. 181, 349-379.

Benjamin T.B. and Olver P.J. 1982 J. Fluid Mech. 125, 137-185.

Ciarlet P.G. 1988 (private communication)

Ciarlet P.G. 1988 Mathematical Elasticity, volume 1, Amsterdam: North-Holland.
Cohen H. 1981 Utilitas Math. 20, 221-247.

Cohen H. and Muncaster R.G. 1984 J. Elasticity 14, 127-154.

47



Cohen H. and Muncaster R.G. 1988 The theory of pseudo-rigid bodies. New York:
Springer-Verlag.

Ericksen J.L. and Truesdell C. 1958 Arch. Rat. Mech. Anal. 1, 295-323.

Holm D., Marsden J., Ratiu T. and Weinstein A. 1985 Physics Reports123 (1 & 2). 1-116.
See also Physics Lett. 98 A, 1983 15-21.

Hughes T.J.R., Kato T. and Marsden J.E. 1977 Arch. Rat. Mech. Anal. 63, 273-294.

Marsden J.E. and Hughes T.J.R. 1983 Mathematical Foundations of Elasticity,
Englewood-Cliffs, New Jersey: Prentice Hall.

Marsden J.E. and Simo J.C. 1989 (preprint)

Marsden J.E., Simo J.C., Lewis D. and Posbergh T.A. 1989 (preprint)

Marsden J.E. and Weinstein A. 1983 Physcia D T, 305-323.

Muncaster R.G. 1984a Arch. Rat. Mech. Anal. 84, 353-373.

Muncaster R.G. 1984b Arch. Rat. Mech. Anal. 84, 375-392.

Ogden R.W. 1984 Nonlinear elastic deformation, Chichester: Ellis Horwood Ltd.
Posbergh T.A., Simo J.C. and Marsden J.E. 1989 Proc. AMS (to appear)

Posbergh T.A. and Simo J.C. 1989 Proceedings of the 27th Conference on Decision and
Control, Austin, Tezas, December 7-9, 1988, 1732-1737.

Simo J.C., Marsden J.E. and Krishnaprasad P.S. 1988 Arch. Rat. Mech. Anal. (to appear)

Simo J.C., Posbergh T.A. and Marsden J.E. 1988 (preprint), also in SUDAM Report No.
89-2, 1989.

Simo J.C. and Pister 1984 Computer Methods in Applied Mechanics and Engineering 46,
201-215.

Simo J.C. and Taylor R.L. 1988 Computer Methods in Applied Mechanics and Engineering,
(to appear)
Toupin R.A. 1965 Arch. Rat. Mech. Anal. 17, 85-112.

48



464

465
466

467
468

469
470

471
472
473
474
475
476
477
478

479
480

481
482

483
484
485
486
487
488
489
490
491
492
493
494
495

496
497

498

499

500
501

502

503

Recent IMA Preprints
Author/s Title

Yisong Yang Existence, Regularity, and Asymptotic Behavior of the Solutions to the Ginzburg-Landau
Equations on R3

Chjan. C. Lim On Symplectic Tree Graphs

Wilhelm I. Fushchich, Ivan Krivsky and Vladimir Simulik, On Vector and Pseudovector Lagrangians for
Electromagnetic Field

Wilhelm I. Fushchich, Exact Solutions of Multidimensional Nonlinear Dirac’s and Schrodinger’s Equations

Wilhelm I. Fushchich and Renat Zhdanov, On Some New Exact Solutions of Nonlinear D’Allembert
and Hamilton Equations

Brian A. Coomes, The Lorenz System Does Not Have a Polynomial Flow

J.W. Helton and N.J. Young, Approximation of Hankel Operators: Truncation Error in an H*®
Design Method

Gregory Ammar and Paul Gader, A Variant of the Gohberg-Semencul Formula Involving Circulant
Matrices

R.L. Fosdick and G.P. MacSithigh, Minimization in Nonlinear Elasticity Theory for Bodies Reinforced
with Inextensible Cords

Fernando Reitich, Rapidly Stretching Plastic Jets: The Linearized Problem

Francisco Bernis and Avner Friedman, Higher Order Nonlinear Degenerate Parabolic Equations

Xinfu Chen and Avner Friedman, Maxwell’s Equations in a Periodic Structure

Avner Friedman and Michael Vogelius Determining Cracks by Boundary Measurements

Yuji Kodama and John Gibbons, A Method for Solving the Dispersionless KP Hierarchy and its
Exact Solutions II

Yuji Kodama, Exact Solutions of Hydrodynamic Type Equations Having Infinitely Many
Conserved Densities

Robert Carroll, Some Forced Nonlinear Equations and the Time Evolution of Spectral Data

Chjan. C. Lim Spanning Binary Trees, Symplectic Matrices, and Canonical Transformations
for Classical N-body Problems

E.F. Assmus, Jr. and J.D. Key, Translation Planes and Derivation Sets

Matthew Witten, Mathematical Modeling and Computer Simulation of the Aging-Cancer
Interface

Matthew Witten and Caleb E. Finch, Re-Examining The Gompertzian Model of Aging

Bei Hu, A Free Boundary Problem for a Hamilton-Jacobi Equation Arising in Ions Etching

T.C. Hu, Victor Klee and David Larman, Optimization of Globally Convex Functions

Pierre Goossens, Shellings of Tilings

D. David, D. D. Holm, and M.V. Tratnik, Integrable and Chaotic Polarization Dynamics
in Nonlinear Optical Beams

D. David, D.D. Holm and M.V. Tratnik, Horseshoe Chaos in a Periodically Perturbed
Polarized Optical Beam

Laurent Habsieger, Linear Recurrent Sequences and Irrationality Measures

Laurent Habsieger, MacDonald Conjectures and The Selberg Integral

David Kinderlehrer and Giorgio Vergara—Caffarelli, The Relaxation of Functionals
with Surface Energies ,

Richard James and David Kinderlehrer, Theory of Diffusionless Phase Transitions

David Kinderlehrer, Recent Developments in Liquid Crystal Theory

Niky Kamran and Peter J. Olver, Equivalence of Higher Order Lagrangians
1. Formulation and Reduction

Lucas Hsu, Niky Kamran and Peter J. Olver, Equivalence of Higher Order Lagrangians
I1. The Cartan Form for Particle Lagrangians

D.J. Kaup and Peter J. Olver, Quantization of BiHamiltonian Systems

Metin Arik, Fahriinisa Neyzi, Yavuz Nutku, Peter J. Olver and John M. Verosky
Multi-Hamiltonian Structure of the Born-Infeld Equation

David H. Wagner, Detonation Waves and Deflagration Waves in the One Dimensional
ZND Model for High Mach Number Combustion

Jerrold R. Griggs and Daniel J. Kleitman, Minimum Cutsets for an Element of
a Boolean Lattice

Dieter Jungnickel, On Affine Difference Sets

Pierre Leroux, Reduced Matrices and g-log Concavity Properties of q-Stirling
Numbers .

A. Narain and Y. Kizilyalli, The Flow of Pure Vapor Undergoing Film Condensation
Between Parallel Plates

Donald A. French, On the Convergence of Finite Element Approximations of a Relaxed
Variational Problem



Recent IMA Preprints (Continued)
# Author/s Title

504 Yisong Yang, Computation, Dimensionality, and Zero Dissipation Limit of the
Ginzburg-Landau Wave Equation

505 Jirgen Sprekels, One-Dimensional Thermomechanical Phase Transitions
with Non-Convex Potentials of Ginzburg-Landau Type

506  Yisong Yang, A Note On Nonabelian Vortices

507  Yisong Yang, On the Abelian Higgs Models with Sources

508 Chjan. C. Lim, Existence of Kam Tori in the Phase Space of Vortex Systems

509 John Weiss, Backlund Transformations and the Painlevé Property

510 Pu Fu-cho and D.H. Sattinger, The Yang-Baxter Equation for Integrable Systems

511 E. Bruce Pitman and David G. Schaeffer, Instability and Ill-Posedness in Granular Flow

512 Brian A. Coomes, Polynomial Flows on C™*

513 Bernardo Cockburn, Suchung Hou and Chi-Wang Shu, The Runge-Kutta Local
Projection Discontinuous Galerkin Finite Element Method for Conservation Laws IV:
The Multidimensional Case

514 Peter J. Olver, Invariant Theory, Equivalence Problems, and the Calculus of Variations

515 Daniel D. Joseph and Thomas S. Lundgren with an appendix by R. Jackson and
D.A. Saville, Ensemble Averaged and Mixture Theory Equations

516 P. Singh, Ph. Caussignac, A. Fortes, D.D. Joseph and T. Lundgren, Stability of
Periodic Arrays of Cylinders Across the Stream by Direct Simulation

517 Daniel D. Joseph, Generalization of the Foscolo-Gibilaro Analysis of Dynamic Waves

518 A. Narain and D.D. Joseph, Note on the Balance of Energy at a Phase Change Interface

519 Daniel D. Joseph, Remarks on inertial radii, persistent normal stresses, secondary
motions , and non-elastic extensional viscosities

520 D. D. Joseph, Mathematical Problems Associated with the Elasticity of Liquids

521 Henry C. Simpson and Scott J. Spector, Some Necessary Conditions at an Internal
Boundary for Minimizers in Finite Elasticity

522 Peter Gritzmann and Victor Klee, On the 0-1 Maximization of Positive Definite
Quadratic Forms

523 Fu-Cho Pu and D.H. Sattinger, The Yang-Baxter Equations and Differential Identities

524 Avner Friedman and Fernando Reitich, A Hyperbolic Inverse Problem Arising in
the Evolution of Combustion Aerosol

525 E.G. Kalnins, Raphael D. Levine and Willand Miller, Jr., Conformal Symmetries and
Generalized Recurrences for Heat and Schrodinger Equations in One Spatial Dimension

526 Wang Jinghua and Gerald Warnecke, On Entropy Consistency of Large Time Step Godunov and
Glimm Schemes

527 C. Guillopé and J.C. Saut, Existence Results for the Flow of Viscoelastic Fluids with a
Differential Constitutive Law

528 H.L. Bodlaender, P. Gritzmann, V. Klee and J. Van Leeuwen Computational Complexity of
Norm-Maximization

529 Li Ta-tsien (Li Da-dian) and Yu Xin, Life-Span of Classical Solutions to Fully Nonlinear
Wave Equations

530 Jong-Shenq Guo, A Variational Inequality Associated with a Lubrication Problem

531 Jong-Shenq Guo, On the Semilinear Elliptic Equation Aw — %y -Vw+ Aw—w™P in R

532 Andrew E. Yagle, Inversion of the Bloch transform in magnetic resonance imaging using
asymmetric two-component inverse scattering

533 Bei Hu, A Fiber Tapering Problem

534 Peter J. Olver, Canonical Variables for BiHamiltonian Systems

535 Michael Renardy, A Well-Posed Boundary Value Problem for Supercritical Flow of Viscoelastic
Fluids of Maxwell Type

536 Michael Renardy, Ill-Posedness Resulting from Slip As a Possible Explanation of Melt Fracture

537 Michael Renardy, Compatibility Conditions at Corners Between Walls and Inflow Boundaries for
Fluids of Maxwell Type

538 Rolf Rees, The Spectrum of Restricted Resolvable Designs with r = 2

539 D. Lewis and J.C. Simo, Nonlinear stability of rotating pseudo-rigid bodies

540 Robert Hardt and David Kinderlehrer, Variational Principles with Linear Growth

541 San Yih Lin and Yisong Yang, Computation of Superconductivity in Thin Films

542 A. Narain, Pressure Driven Flow of Pure Vapor Undergoing Laminar Film Condensation Between
Parallel Plates

543 P.J. Vassiliou, On Local Equivalence for Vector Field Systems



	2006_08_11_15_01_02.pdf
	2006_08_11_15_12_38.pdf
	2006_08_11_15_14_40.pdf

