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Abstract

The coupledatmosphere-oceaystemdefinesthe ervironmentwe live. The researchof
this comple, nonlinearand multiscalesystemis not only scientifically challengingbut also
practicallyimportant.

We considera coupledatmosphere-oceamodel, which involves hydrodynamicsther
modynamicsandnonautonomousiteractionat the air-seainterface. First, we shav thatthe
coupledatmosphere-oceaystemis stableunderthe externalfluctuationin the atmospheric
enegy balancerelation. Then,we estimatehe atmospheri¢temperaturdeedbackn termsof
the freshwaterflux, heatflux andthe externalfluctuationat the air-seainterface,aswell as
the earths longwave radiationcoeficient andthe shortwave solarradiationprofile. Finally,
we prove thatthe coupledatmosphere-oceaystemhastime-periodic,quasiperiodi@andal-
mostperiodicmotions,wheneer the externalfluctuationin the atmospherienegy balance
relationis time-periodic,quasiperiodi@andalmostperiodic,respectiely.

Mathematics Subject ClassificatiorntPrimary35K35,60H15,76 U05;Secondang6A05,
34D35

Keywords: Nonautonomouslynamicalsystems feedbackdynamics,attractor almost
periodicmotion,geophysicaflows, fluctuations

Abbreviated Title: CoupledAtmosphere-OceabDynamics



1 Intr oduction: A coupledatmosphere-oceanmodel

Theglobalocearcirculationconsistof thewind-driven upperocearcirculationandameridional
overturningdeepoceancirculationcalledthe thermohalinecirculation. The oceanthermohaline
circulationinvolveswatermassesinkingathigh latitudesandupwellingatlower latitudes.During
thethermohalinecirculation,watermassesarryheator cold aroundtheglobe. Thus,it is believed
thatthe global oceanthermohalinecirculationplaysanimportantrole in the climate[26].
Thethermohalinecirculationis maintainedby waterdensitycontrastdn the oceanwhich them-
sehesarecreatedby atmospheridorcing, namely heatandfreshwaterexchangevia evaporation
andprecipitationattheair-seainterface. Thusthethermohalineirculationis describedy coupled
atmosphere-oceanodels[24, 26]. Suchcoupledmodelsalsodescribeeedbaclof thethermoha-
line circulationon theatmospheridynamics(e.g.,temperaturdeedback).
Mathematicamodelsarea key componenbf our understandin@f climateandgeophysicabys-
tems. The formulationand analysisof mathematicamodelsis centralto the progressof better
understandingf thethermohalinecirculationdynamicsandits impacton climatechange.

We considera two-dimensionakoupledatmosphere-oceamodel, with atmosphericdynamics
highly simplified,i.e.,theatmospheriadynamicss describedy anenegy balancemodel.

This is a zonally averaged,coupledatmosphere-oceamodel on the meridional, latitude-depth
(y, z)-planeas usedby variousauthors[27, 32, 4, 8, 9]. It is composedf a one-dimensional
stochasticenegy balancemodelproposedoy North and Cahalan[22], for the latitudinal atmo-
spheresurfacetemperaturé(y, t), togethemwith the Boussinesegquationgor oceandynamicsin
termsof streamfunction(y, z, t), andtransportequationgor the oceanicsalinity S(y, z, t) and
the oceanidemperaturd’(y, z,t) onthedomainD = {(y,z) : 0 < y,z < 1}:

O =0yy — (a+0) + Si(y) —7W)[So(y) +0—-T]+ f(y,1),0<2<1, (1.1)

qt + J(Q7¢) = P’I‘Aq + PTRG(Ty - Sy)a (yaz) € Da (12)
T,+J(T,9) = AT, (y,2)€D, (1.3)
Sy + J(Sa ¢) = ASa (ya Z) €D, (14)
whereq(y, z,t) = —Aq is the vorticity; velocity field is (v, w) = (¥,, —1y); a iS a positve

constanparameterizinghe effect of the earths longwave radiatve cooling; S, (y) andS,(y) are
empiricalfunctionsrepresentinghelatitudinal dependencef the shortwave solarradiation;y(y)
is thelatitudinalfraction of the earthcoveredby the ocearbasin;Pris the PrandtinumberandRa
is the Rayleighnumber The first equationis the enegy balancemodelproposedby North and
Cahalarf22]. Theforcing f(y, t) mayarisefrom, for example,eddytransporfluctuation,stormy
burstsof latentheat,andflickering cloudinessvariables. Moreover, J(g,h) = gzhy — gyhg is
the Jacobiaroperatorand A = 9, + 0, is the Laplaceoperator The effect of the rotationis
parameterizeth the magnitudeof theviscosityanddiffusivity termsasdiscussedn [30].



Theno-fluxboundaryconditionis takenfor theatmospheréemperaturé(y, t)
6,(0,t) = 0,(1,t) = 0. (1.5)
Thefluid boundaryconditionis no normalflow andfree-slipon thewholeboundary

$=0,q=0. (1.6)

Theflux boundaryconditionsareassumedor the oceantemperaturd” andsalinity S.
At top z = 1, thefluxesarespecifiedas:

T, =S(y)+ (0 —T)|,=1, S, =F(y), (1.7)

with F'(y) beingthe givenfreshwaterflux.
At bottomz = 0:
T,=8,=0. (1.8)
Onthelateralboundaryy = 0, 1:
Ty =8, =0. (2.9)
We alsoassumehe following compatibility condition:
S(0) = S.(1) = F'(0) = F'(1) = 0. (1.10)

Thenon-autonomoupartial differentialequation(1.1) is only definedon the air-seainterfaceand
it may beregardedasa dynamicalboundarycondition. The boundarycondition(1.7) involvesa
couplingbetweerthe atmospheri@andoceanidemperaturat theair-seainterface.

In the next sectionwe discusghewell-posednessf this coupledatmosphere-oceanodel. Then
we investigatethe stability of this coupledsystemunderexternalfluctuationin §3, atmospheric
temperaturdeedbackin §4, time-periodic,quasiperiodiandalmostperiodiccoupledmotionin
§5, respectiely. Finally, we summarizeheseresultsin thefinal sectiong6.

2 Mathematical Setup

In orderto usethe standardesultin [19] for thelocal existence we homogenizénhomogeneous
boundaryconditionsfor T', S onthetop boundaryz = 1 asin [21].
First, we constructwo scalarfunctions:

- ~ 1
T =T*n(2), S;=5S"n(z), Ve € (0, 5),

where

'ﬂ*x
I

[So(y) +6](1 — €' 7%),
§* = F(y)z
ne(z) € C*([0,1]) is givenby
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1, 1—-e<2z<1,
ne(z) =< increasing 1 —2e<z<1-—g¢,
0, 0<2<1-—2e

Then,set
T=T-T §=8-85"

By (1.5) and (1.10), we seethat the boundaryconditions(1.7) for the new variables? and S
arehomogenizec&nddo not affect otherboundaryconditions. Thus(1.1)—(1.9)become(for the
simplicity, we still useT and.S insteadof 7' and S)

0= Oy — (a+0)+ 5aly) —1WSoly) + 0~ T1+ flst), 0<2 <1, (210)
qt+J(Qa¢) :PTA(I+P7"RG(Ty_Sy+T:y_S:y)a (yaz) €D, (212)
Ti+ J(T,9) + J(TF,¢) = AT+

[(1=e5) (1 = 7(y) — e Pmez) + (1 — ') (2) + 2" (2) — ' )0

_(1 - el_z)ne(z)’)/(y)T(ya 1) +9, (y7 Z) € Da (213)
St + J(S, ) + J(S!,¢) = AS
+F"(y)zne(2) + F(y) (2nc(2) + 21¢ (2)), (9, 2) € D, (2.14)

where

9y, 2,t) = —(1 — e *)ne(2){—a + Sa(y) — Y1) So(v) + f(y,t) — S ()}

+(1 — e"7F)n (2) + 2¢' 7*n(2) — €' "] S, (y).

Thecorrespondindpoundaryconditionsbecome:
Onthewholeboundarythefluid flow satisfies

$p=0, g=0. (2.15)

Theboundaryconditionsfor theatmospheréemperaturé(y, t) (definedonly ontheair-seainter-
face)are

6,(0,t) = 0,(1,t) = 0. (2.16)
Theboundaryconditionsfor the oceantemperaturd” andsalinity S become
Attopz =1:
T,+T|,=1=0; S,=0. (2.17)



At bottomz = 0:

T,=85,=0. (2.18)
At thelateralboundaryy = 0, 1:

Ty =8y =0. (2.19)

Theappropriatenitial datafy, qo, Ty, Sy arealsoassumed.
Usingthetheoryin [19], we canobtainthe following local existencetheoremfor problem(2.1)—
(2.9) (thatis (1.1)—(1.9)).

Theorem2.1 (Local Well-PosednesglLetty € H'(0,1), g0 € H} (D), Ty, So € H' (D), f €
L*(0,00; L?(0,1)). Assumehat the physicaldatasatisfyy(y) € L>(0,1), and S,(y), F(y) €
H?(0,1) and aslo assumethat the compatibility condition (1.10) be satisfied. Thenthe coupled
atmosphez-ocearsysten(2.11)—(2.19)thatis (1.1)—(1.9)) hasa unique(Theuniquenessf S is
upto a constant)ocal solutionsatisfying

6 € L°°(0,7; H'(0,1)) N L*(0, 7; H?(0,1)),
q € L*(0,7; Hy (D)) N L*(0, 7; H*(D) N Hy (D)),
T,S € L®(0,7; H (D) x H'(D)) N L*(0, 7; H*(D) x H*(D)),
whee 7 depend®ninitial dataand physicaldataS,(y), S,(y), F(y) and f(y, ).

Since—Ay = q € H§, wegety € H}(D) N H3(D). Hencethe JacobianJ(-,-) is continuous
from H'(D) x H3(D) — L?(D) x L*(D).

In orderto obtainthe globalexistence we needa priori estimatesFirst, we give a priori estimates
for (1.1)~(1.9)in L2. In thesequel]| - || and|| - ||; denotethenormof L* and H' respectiely.
Multiplying (1.1) by @ andperformingtheintegrationby parts,we concludethat

1d 2 _ 2 2
51612 = — 16,1 — 6]
1 1 1 1
—a / Oy + / S.0dy — / r(1)[Sy + 0 — T)0dy + / fody, (2.20)
0 0 0 0
By the Cauchy-Schwarz inequality we arrive at
1d 2 2 2 2
5 7 101" < =118y [I” + C1lI0]I" + x| T (y, V)II” + M, (2.21)
whereconstantV/; depend®n||Sy||, ||S,|l, @ and sup || f]|, constanC; depend®n |||z~ and
0<t<o0

€1 > 0, €1 > 0 will bechoserlatet



Multiplying (1.2) by ¢, performingtheintegrationby partsandusingthe propertyof Jacobiarand
(1.6),we have

1d
5 lal? = =Privel® + PrRa [ (7, - 5,)q. (2.2
D
Similarly, from (2.13)and(2.14),we have
31T = <1971 + 18, +0 - T, 0Ty, Dy, (2.23)
and
27817 ==IVSIE+ [ Fw)S(y, Ddy. (2.24)
0
Notethat

Pr PrRa’)\
PrRa [ (T, - 8,)a < 3, Il + =5 22T 12 + 11,1)
Q 21 2

Pr
< 7||Vq||2 + PrRa’ X (||VT|)* + IVS|]?),

where); is aconstanin theinequality||v]|? < A1 ||Vv||,v € H}. Thus(2.22)canberewritten as

Pr
L all* <~ Vgl + PrRa®X (IVTI? + |VS]?) (2.25)

Multiplying (2.23)by 2PrRa?)X; and(2.24)by 2Pr Ra?), andaddingto (2.25),we get

1d

5 g7 lall” + 2PrRa® >, (| T + 11 S%))

Pr
< —7||Vq||2 — PrRa® )i (||VT|* + [V S]1%)

1 1
+2PrRa’\, / (S, + 6 — T(y, DTy, 1)dy + 2PrRa\, / F(y)S(y, 1)dy.  (2.26)
0 0

By the Cauchy-Schwarz inequalityandthetraceinequality([13), we have

5 dt(IIqIIQ +2PrRa’ M |[T|” + 2PrRa®\|S|1%)
< ——||VCI||2 PrRa*)(|VT|* + [V S|?)
+Ca 0] ~ §||T(y, DI? +e2(IVSII* + 1S1°) + Me, (2.27)

whereC, dependon Pr, Ra and\;, and M, dependn Pr, Ra, A1, ||S,|| and||F'||. Choosing
€1 <  ande; < 2B combining(2.21)with (2.27),we obtain

1d
2dt

< —a(|IVOI* + [[Val® + IVTI* + IIVSI®) + C5(I01* + [1S]1%) + Ms, (2.28)

—(l611” + llgl|* + 2PrRa® A1 | T|* + 2PrRa®M. || S]|?)
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where C3 dependson C; and Cy, M3 dependson M; and M,, and « is a positve constant
dependingn Pr, Ra and\;. By the Gronwall inequality we have

1017 + llgll* + 171 + 11S]1*

b
+/0 VOl + [IVal® + IVTI* + | VS|*)dt < C1(b), (2.29)

for ary givenfuturetime (0 < b < 00,0 < t < b) andsomepositve constaniC; (b) depending
onb, C3 and M3. By a similar agumentin [14] (herewe needto obtainthe estimatesn H' x
H'x H' x H' x H! for systenof (2.11)-(2.14)n orderto avoid thetroubleof non-homogeneous
boundaryconditions,we omit the detailsheresincewe will give a similar proofin §4), we have

IVOI? + 1IVall® + IVTI* + |V S|*+
b
/0 (1A0]7 + [|Aqll® + AT + | AS|*)dt < Ca(b), (2.30)

for ary givenb(0 < b < oo) andsomepositive constantCs(b) dependingdn ||.S,|| g2,
andCj(b).

Flg2, b

Remark 2.2 In fact, the estimatewe get in (2.30)is for 7" and $, from which we can get the
estimatdor oringinal T' and S usingthe estimatefor 6.

Remark 2.3 Sincethe equivalence|T’||? + ||AT||*> with ||T||%, and the samefor S, together
with (2.29),wecanreplacefy (|| A6]|2 + [|Aq||? + AT + | AS||)dt by [ (101132 + llall3> +
7)1 + ||S||%2)dt in theestimate(2.30).

With theseglobal estimateswe have the following global existencetheoremfor the coupled
atmosphere-oceaystem:

Theorem 2.4 (Global Well-PosednesgsLetfy € H'(0,1), g0 € H}(D), To, So € HY(D), f €
L*(0,00; L?(0,1)). Assumehat the physicaldatasatisfyy(y) € L>(0,1), and S,(y), F(y) €
H?2(0,1) andasloassumehat the compatibilitycondition(1.10) be satisfied.Thenfor anygiven
b(0 < b < o0), the coupledatmosphes-oceansystem(2.11)—(2.19)that is (1.1)—(1.9))hasa
unigue(Theuniquenessf S is up to a constant)global solutionsatisfying

6 € L°°(0,b; H'(0,1)) N L*(0,b; H?(0,1)),
g € L*(0,b; Hy (D)) N L*(0,b; H*(D) N Hy (D)),
T,S € L>®(0,b; H* (D) x HY(D)) N L*(0,b; H?>(D) x H?(D)).

In therestof this paper we assumehe conditionsin this theoremaresatisfied sothatwe always
have globaluniquesolutions.

In the next section,we considerthe stability of the abave coupledatmosphere-oceaystemwith
respecto theexternalfluctuationf (y, t) in theatmospherienegy balancedynamicg(1.1).
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3 Stability under External Fluctuation

Paleo-&idenceontheinstability of thethermohalinesirculationis now albundant.Numericalwork
suggestethatasuficiently large externalforcing (suchasexternalfluctuationdgn theatmospheric
enegy balancanodelandthefreshvaterflux attheair-seainterface)coulddestabilizeor shutdavn
thethermohalinecirculation[25]. This indicatesthat currentcapacityof carryingheatpolevard
by the thermohalinecirculation may changewhen the freshwater budgetis altered. Sincethe
thermohalinecirculations importantrole in redistriluting the heataroundthe globe,abreakdavn
or instability of the currentthermohalinecirculationmay leadto dramaticclimate change[26].
Becausef thisrelationbetweerthethermohalinesirculationandclimatechangethereis growving
interestin its stability or instability This makesthe stability issueof the thermohalinecirculation
notonly of scientificbut alsoof greatpracticalimportance.

In this section,we prove the stability of the coupledatmosphere-oceaystemwith respecto the
externalfluctuationf (y, t) in theatmospherienegy balancedynamicg1.1),i.e., thecontinuous
dependencef solutionon f(y, ) in thespaceH .

Assumehat{0y, q1,T1, 51} and{0s, g2, T», S2 } aresolutionswith respecto f; (y,t) andfs(y, ).
Let
0=0—0:, g=q1—qo, T=T1 — T3, S= 51— 2, [ = f1— fo,

thend, g, T andS satisfy

b =0y —0 — WO -T]+fly,1), 0<z<1,  (3.1)

gt + J(q1,v1) — J(g2,92) = PrAq+ PrRa(T,—S,), (y,2) € D, (3.2)
T + J(Ti,41) — J(Ta,h2) = AT, (y,2z) € D, (3.3)
Si+ J(S1,41) — J(Sa,2) = AS, (y,2) € D, (3.4)

Thecorrespondingpoundaryconditionsareasfollows.
Onthewholeboundary:

=0, Ap=g=0. (3.5)
0,(0,t) = 6,(1,t) = 0. (3.6)
Attopz = 1:
T, +T|,1 = 0; 5, =0. 3.7)
At bottomz = 0:
T,=85,=0. (3.8)
At thelateralboundaryy = 0, 1:
Ty, =S, =0. (3.9)



Similarto thediscussionn §2 above, we have

2 1g 12 _ 1412
5 <A = 118, - 14

/ V)|02dy + / T(y, 1)0dy + / Fody, (3.10)

2dtll all* + / (g1,91) = J(a2,2))3 = =Pr|[Vq|* + PrRa / (T, = $)3,  (3.11)

3 ITIP 4 [ (I8, ) = I = —|9TIP + [ 8= T, DT, Dy, (312)

31812 + [ (T(S1,0) = ISz, 2))8 = ~IV5. (3.13)

In orderto estimatethe terms [, (J(q1,¥1) — J(g2,%2))q, [p(J(T1,%1) — J(T»,2))T and
[p(J(S1,91) — J(S2,%2))S, we needthe following lemma:

Lemma 3.1 ThenonlinearJacobianopeiaror J(u,v) hasthefollowing property
[ (u1, u2) — J(v1,v2))[| <
IVurll + IVu| + IVoi ]| + [[Voa )1V (w1 = v1) | + [V (w2 = v2)]), (3.14)
for everyu;,v; € H*(D) (i = 1, 2).

Theproofof thislemmais in [15].
By Lemma 3.1, we have

/D(J(ql,wl) J(g2,92))7 < (1+ M)*(IVar]l + IV IVl

/D(J(Tlﬂ/ll) — J(T,92))T
< IV + IVTell + M (IVall + IVeD)) VT + Ml VeI,

and

/D(J(Slﬂh) — J(S2,12))S
< (VS +1IVSall + M (Vi + [Val) VST + AVl | S]-

Notethat p
— — T, — _
PrRa [ (T, = 5,07 < 5-al* + PrRa®\ (1T, 1 + 115,

Pr _ _ _ _
< 7||Vq||2 + PrRa’>X (| VT + |[VS]]%).



Thenby a similaragumentasin §2 andusingthe Cauchy-Scharzinequality we concludethat
1 d(
2dt

< Ca(|101” + [l + 2PrRa®* X | T||* + 2PrRa*Mi||S|?) + | 7], (3.15)

16117 + [lgl|* + 2PrRa’ (| T|* + 2PrRa*\1|S|1?)

whereC, depend®n Pr, Ra, A1, ||7||L~ aswell asthe H' —normof ¢, T andS. By theGronwall
inequality we furtherhave

1611 + llgl* + IT1* + [1511* < C®IFI, (3.16)

for ary givenbd (0 < b < 00,0 < t < b) andsomepositive constant”(b) dependingon b and
Cy. Furthermorewe canobtainthe similar estimatedor the gradientof {6, ¢, T, S}, we omit the
proofhere,asthesimilar derivationwill bedonein §5. Thusthesolutiondifferenced, g, T, S and
f areboundedwhenthe externalfluctuationdifferencef is bounded.Sowe have the following
stability theorem.

Theorem 3.2 (Stability under the extemal fluctuation) Thecoupledatmosphes-ocearsystem
(2.11)—(2.14)thatis (1.1)—(1.4))is stableundertheexternalfluctuationin theatmospherienegy
balancemodel. Namely the solution of the coupledsystendependcontinuouslyon the external
fluctuationf in H'.

4 Dissipativity and Atmospheric Temperature Feedback

The oceanandthe atmospherareconstantlyinteractingthroughthe air-seaexchangeprocessit
is expectedhatthethermohalinesirculationcould provide feedbacko theair temperatureThisis
adirectimpactof thethermohalinecirculationontheclimate. It is desirableo predictor estimate
thisfeedback.

To this end, let us estimatethe air temperaturd in the mean-squaraorm,in termsof the fresh-
waterflux F(y), externalfluctuation f(y,t) in the enegy balancemodel, the earths longwave
radiative cooling coeficient a, andthe empiricalfunctionsS, (y) andS,(y) representinghe lati-
tudinaldependencef the shortwave solarradiation,aswell asphysicalparameter$r and Ra.
We will alsoshaw thatthe systemgeneratedy (1.1)—(1.9)is a dissipatve systemin the sense
of [18] or [28] undersomeconditions,thatis all solutions{#, ¢, T, S} approacha boundedset
(so-calledabsorbingse) in H'(0,1) x H}(D) x H'(D) x H'(D) astime goesto +occ. Since

1
i/ Sdydz :/ F(y)dy = constant
dt Jo 0

For simplicity, we assumehat
1
/ Fly)dy =0, / Sdydz = 0 4.1)
0 D
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and
0<v(y) <1lor0<~(y) <1 (4.2)

First, we derive auniform estimatefor {0, ¢, T, S} in L?(0,1) x L?(D) x L?(D) x L?(D).
Usingthe standarcenepgy estimateasgivenin §2, we get

Ld

S 612 =~ 16y 1 — ol

1

0
< —16y12 = (1 —€))|0)? — inf 0]
< =10yl = @ =)0 yéﬂm]"r(y)ll |

1 1 1
—a/ 9dy-|—/ SaOdy—/ r(y)[So-l-G—T(y,l)]Gdy-l-/ £0dy
0 0 0

1 1
+=[0” + 180l + 1Sall® + 11T + I ()l o> /0 01T (y, 1)|dy. (4.3)

| =

(llall* +2PrRa* i (| T* + [|S]7)) <

N =
oW

t
Pr 2 2 2 2
—— IVall® = Prea (VT + VS|

1 1
+2PrRa’\; / (S, + 6 — T(y, )T (y,1)dy + 2PrRa®\; / F(y)S(y,1)dy.
0 0

Pr 1
< —7||VCI||2 — PrPa® ) (| VT + |VS|*) — 2PrRa® (1 — 6)/0 T (y,1)|*dy

PrRa’)\;

€

Pr2Ra*)\?
—|F|?
€1

1
+2PrRa®A [ 161[T(y,1)ldy + 5ol + +alSwDI7 @4

heree > 0 ande; > 0 will bechosenater By thetraceinequlity, we have
1S(y, DI* < CUIVSI? +11S]1%) < CL+ M)|VS]P,
where); is theconstanin thefollowing Poincaé inequality(notethat [}, Sdydz = 0)
ISI* < M VS, (4.5)

; PrRa?)\
Choosinge; = 2(’1”+§1)é,

then(4.4) canbewritten as

d

© (lall* + 2PrRa®x (ITIP + 1S]1%)) <

N =

Pr 1 1
—7||Vq||2 — PrPa®\ (|| VT|* + §||V5||2) — 2PrRa®X((1 — 6)/0 T(y,1)*dy

PrRa’)\;
€

1 —
+2P7°Ra2/\1/0 10/[T(y, 1)|dy + 1S]12 + 2PrRa2A (1 + A )C|F|2.  (4.6)
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Then,multiplying (4.3) by 2Pr Ra?\; andaddingto (4.6), we get

ld

5 g7 lall” + 2PrRa®. (10]° + 171”4 IS]1%)) <

Pr 1
—2PrRa*\ (6, - 7||Vq||2 — PrPa® )\ (|VT|* + §||V5||2)

1 1
~2PrRaA (19617~ inf 1) 101"~ [ T Dloldy+ (-9 [ [T, 1) )

PrRa A 5 .
——[a% + leé’oll2 ++)1Sall® + I £112] + 2PrRa® A (1 + \)C||F|?. (4.7

By (4.2),when0 g ~ < 1, we couldchoose: suchthat(since inf ]'y(y) = 0 now)

y€[0,1
41— e)? > (1+|ylz=)?, iee < 1= vl = ap.
T+ [yl

For example,we choose: = 2, then

1 1
—2PrRaAi (1 — )]0l — (1 + [[7]l1) /0 IT(y, 1)][6]dy + (1 — ¢) /0 Ty, 1)[2dy)

PrRa’*)\
—%(IIHIIQ + 1T (y, 1)]1?).

If 0 < v(y) <1 asin (4.2),wedenote iﬁ)fl]y(y) = By. Thenwetake e = 56—0 to obtain
ye(o,

1 1
—2PrRa®M (1 — e+ Bo)|6]] — (1 + |¥]l) /0 1T(y,1)|[6]dy + (1 - ¢) /0 T(y,1) [2dy)

PrRa%\. 3
—?lo(llﬁll2 + 1Ty, VII?)-

So,in thecaseof 0 < (y) < 1, (4.7)canbewritten as

1d

5 g7 lall” + 2PrRa® (1617 + 171" + 11S]1%)) <

Pr 1
—2PrRa* M6, - 7||Vq||2 — PrRa’\ (||VT? + §||VS||2)

PrRa’\
- (61 + T, DIP)
PrRa’)\
T ||s 12+ 1Sal2 + If 2] + 2PrRa®A (1 + X)C|FI%.  (4.8)

For0 < v(y) < 1, wewill have similar estimate Since

z
T?(y,2) — T%(y,1) = 2/ TT,dz,
1
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we furtherhave

1
1|2 < 2 /0 Ty, 1)2dy + 4| VT2 (4.9)

UsingthePoincaginequlityagainfor g andlettinga; = min{ 2241 @0 1 At} andg — min{ PrAs,

2 2 .
Priahae Priahy theestimate(4.8) becomes

1d
2dt

—a1(llgll* + 2PrRa* Xy (|0]* + | T11* + 1IS]1%)

—(llgll* + 2PrRa (|0* + |IT|I* + [|8]1%)) <

—B1(116y 11> + I Val* + [IVTI* + [IVS | + 1T (y, 1)II*)
PrRa A 5 <
———[a® + ZlISoll? + 1] + 2PrRa® i (1 + X)C| F . (4.10)
Using the Gronwall mequahty we finally obtainthe mean-squaraorm estimatefor the solution
of thecoupledatmosphere-oceanodel:

lgll* + 2PrRa®X: (011 + | TI1* + 1IS]%) <

e "(llgoll* + 2PrRa® A1 ([160]l* + I Toll* + 11So]1*))

PrRa’)\; 1 5 <
o (@ SOl + ISl + IF1P) 20+ M)CIF] (41D

In particular we getthe mean-squaraormestimateor the atmospheri¢cemperaturéeedback

1617 < emer'( llgoll* + 1160]1* + 1o 11 + 11So]I?)

1
2PrRa?)\

1 1 5 _
+o—[—(a® + Z11Soll> + [ISall® + IF1%) +2(1 + M) C||F|1?). (4.12)
201 "oy 4

This atmospheridemperaturdeedbackestimateis in termsof physicalquantitiessuchasthe
freshvaterflux F(y), externalfluctuation f(y,t) in the enegy balancemodel,the earths long-
wave radiative coolingcoeficienta, andtheempiricalfunctionsS, (y) andS,(y) representinghe
latitudinal dependencef the shortwave solarradiation,aswell asphysicalparameters’r and
Ra. Here\; and); arethe constantsn the Poincaé inequalityon the domainD in the casesof
zeroDirichlet boundaryconditionandzeromeanvalue,respectiely. Moreover, C is aconstant

dependingnly onthedomainD, oy = hmiz anda; = mln{PT)q’ o 513’ A

We canfurthermorederive solutionestimaten H' norm. To do so,we first getfrom (4.10)
b+l 2 2 2 2 2
/t NOyll” + 1IVall” + [V + IVS]]” + [[T'(y, D7) <
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Eew(’t(HQOH2 +2PrRa’ A1 ([16o]* + | Toll* + [1Sol*))
+2PrRa2)\1

a1
So,let ||go||? + 2PrRa?)1 (]|60])? + || To||* + ||So]|?) be boundedoy some(big) upperbound R?
anddenoteM? = Prite®x (L ~(a® + 3118,/ + 1Sall® + IF1*) + 2(1 + A\)C||F||?). Thenthere

Oll

i i * 2
isatimet* > 2 In 1 suchthat

1 5 -
(Oé—o(a2 + 5 ISoll® + 1Sall® + 1£1%) + 20+ A)CIFI?).  (4.13)

lgll” + 2PrRa® A1 (6] + |T|1” + ||S]%) < 2M?, t > t* (4.14)
and

t+1
/t (16y11* + 1IVall® + [IVTI* + IV SII* + 1 T(y, DII*) < M2 t >t (4.15)

Next, we derive a uniform estimateof gradientof {6, ¢, T, S} in LQ(O, 1) x L?(D) x L*(D) x
L?(D). In orderto avoid thedifficulty causedy the non-homogeneousoundaryconditions,we
useequationg2.11)—(2.19)nsteadof (1.1)—(1.9).

Multiplying (2.11)—(2.14py —6,,, —Aq, —AT and—AS respectiely, integratingover (0, 1) and
D, notingthatS* € H?(D) is known andT™* is only dependenbn 6, we get

N e W i ¥

ta / By dy — / Subyydy + / W)[So + 0 — Ty, 1))y, dy — / f0,,dy,  (4.16)

2dt||v q|? = —Pr||Aq||2—|—/ (¢, %) Aq — /PrRaT Sy + Ty — S;)Ag,  (4.17)

53 IVTIE+ 1T, DIP) = —[ATIP + [ 5T+ 7 AT
— [ (=)A= 7)) = e nele) + (1= )l (2) + 26 7nl(2) = 1 JOAT
+ [ 1= eI DAT - [ gaT, (4.18)

2 _ _IAS|2 / £ DA
L2 s = —1as|?+ [ 58+ 5 p)AS

- | F'wand2)as - [ Fo)@i+ ! (2)AS. (4.19)
D D
Notethat

/Hyydy /Sgyydy‘*‘/ )[So + 6 — T(y,1)]0yydy — /fgyydy

14



3e 1
< S0l + -l0® + 1Sall® + 5ol + £1 + 161 + 17w, I, (4.20)
= | PrRa(T, - 5, +T; - 5;)Aq <
D

5PrRa?
2

- /D[((l — e ) (1= (y)) — e T melz) + (1 — ') (2) + 2e" P (2) — €' TEnOAT

5PrRa?
2

Pr
TIIAQII2 + (IVTI* + IVSIZ + 116, 117) + USoPP +1IF"1%),  (4.21)

+ [ (1= e VAT - [ gAT

< SIATI? + C(a® + 18all” + 1617 + [LF 17 + 1611 + |1 T(y, D)) (4.22)

N | =

1
- [ FUy)n@)as - [ Fo)@i+m"(2)AS < SIASIP+ Ol (4.23)
D D

Aboutthe estimatef [, J(q,v)Aq, [, J(T + T*,4)AT and [, J(S + S*,4)AS, similar to
[14], we have
/D J(a,%)Aq < C||Ay[[[[Vall[[Agll = Cllglll[Valll| Al (4.24)

/DJ(T+T*,¢)ATS ClalltlATI+IVT I+ ITIDIVT ] + gl (18y [| + 1S IDIATT, (4.25)

/D J(S+ 8", 9)AS < Cllgl(AS] + IVSI + ISIDIVSI + gl F'l|AS]. (4.26)
Usingthe Cauchy-Scharzinequality (4.20)—(4.26)and(4.14),whent > t*, we get

52 (104117 + |Vall® + 3PrRa> X (| VT||* + | T(y, D|I* + [V S][*))

< C(1,1* + IVall* + 3PrRa®> i (IVTI” + 1T (y, DII* + [ VS]?)
+C(@® + [ISall” + 1180l 72 + 1 + [1F[1Z42)- (4.27)
By (4.15)andauniform Gronwall lemma([28]), we obtain
164117 + 1 Vql* + 3PrRa* i (VT |* + [T (y, 1)|* + [ VS]?)

< C(a® + [ISall® + 1Soll 7 + IFI1* + P11 72)- (4.28)

By (4.14)and(4.28),we know thereexistsanabsorbingsetsB in H'(0,1) x H} (D) x HY(D) x
H'(D) for thesolutionof (1.1)—(1.9):

B={{6,q,T,S}: (613 +lgll +ITIZ+IISIEF < C(a®+Sall® +1Soll3g2 + IFII* + | Fll2) 3,
(4.29)

thatis, for every boundedsetin H'(0,1) x H'(D) x H*(D) x H'(D), whent > t* + 1, the

solutionof (1.1)—(1.9)will enterinto the B.

We summarizeour resultsin sectionin the following theorem.
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Theorem4.1 (Atmospheric temperature feedbackand dissipativity) Assumeéhatthefreshwa-
ter flux F'(y) haszeio meanasin (4.1) andthe oceanbasins latitudinal fractionfunction~y(y) is
boundedasin (4.2). Thenthe coupledatmosphez-ocearsysten{1.1)—(1.4)hasan absorbingset
in H1(0,1) x H}(D) x HY(D) x H'(D) asgivenin (4.29). More importantly the atmospheric
tempeature feedbak 6(y, t) is boundedn mean-squa normin termsof physicalquantitiessuc
asthefreshwatefflux F(y), externalfluctuationf(y, t) in the enegy balancemodel,the earth’s
longwaveradiativecooling coeficienta, andthe empiricalfunctionsS, (y) and S,(y) represent-
ing thelatitudinal dependencef theshortwavesolar radiation,aswell asthe PrandtlnumberPr
andtheRayleighnumberRa asin (4.12).

Remark 4.2 Due to % »S = 0,and [, Sp = 0, weobtain [, S = 0. So,as seenin the
discussiorof this section,we knowthat the stability (provedin §3) underthe exernal fluctuation
is uniformin time¢ when0 < y(y) < 1or0 < ~(y) < 1.

5 Strong Contraction and Almost Periodic Atmosphere-OceanDy-
namics

In this section,we study the coupledatmosphere-oceaaynamicalresponsdo almostperiodic
(in particular periodicand quasi-periodicexternalfluctuation f (y, t) in the atmospherienegy

balancemodel(1.1). A centralquestionis: Doesthe coupledatmosphere-oceasystemrespond
almostperiodicallyto almostperiodicexternalfluctuationf (y, t)?

To answerthis question,we needto understanadhe strongcontractionpropertyof the coupled
atmosphere-oceasystemin the absorbingset B definedin (4.29). Let {#¢,¢*, T%, S*} be two

trajectoriescorrespondingo initial values{63, g5, T¢, S5} € B fori = 1,2. Note that these
trajectoriegemaininside B as B is aforwardinvariantset. Their difference

0=0'—0% 6g=q' —¢* 6T =T"'—T?, 65 =5"— 52

satisfythefollowing equations:

00y = 60y — 00 — ~(y)[60 — T, 0<2<1, (5.1)

oqe + J(q1,91) — J(q2,%2) = PrAdq+ PrRa(6Ty —6Sy), (y,2) € D, (5.2)

57—175 + J(Tla’l»bl) - J(TQa’(/}?) = AT ’ (yaz) € Da (53)

0S8y + J(S1,91) — J(S2,%2) = AIS, (y,2) € D, (5.4)
Thecorrespondindpoundaryconditionsare:

d0,(0,t) = 06,(1,t) = 0. (5.5)
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Onthewholeboundary:

6 =0, dg =0. (5.6)
Attopz = 1:
0T, + 6T|,=1 = 60; §S, = 0. (5.7)
At bottomz = 0:
0T, =465, = 0. (5.8)
At thelateralboundaryy = 0, 1:
0Ty =65y = 0. (5.9)
Theinitial conditionsare:
80y = 60§ — 63, dq0 = g5 — g5, 0To = Ty — Ty, 6So = S§ — S8, (5.10)

wheredfy = d6(y,0),dqo = dq(y, 2,0), 6Ty = 6T'(y, 2,0) anddSy = 6S(y, 2,0).
Usingenepy estimatessin §3, we have

1d
31961 = =100, = 1001 = [ slooPay - [ vwovsT. ay. G)
1d
5 g 10all* = =Pr{[vaq|® - /D(J(qlﬂbl) — J(¢*,%?%))éq — /D PrRa(0Ty — §Sy)dq, (5.12)
1d 2 9
5 7z 19T " = ~[IVeT]|
1
+ [166 = 0T, )3T, Dy — [ (I, 9") =TT, )T, (5.13)
0 D
d
5 511082 = =Ivas| = [ (1(5",4") - J(s% w)ss. (5.14)

UsingLemma 3.1, weimply
= [ e = T yR)sa < 1) - T4 1l <
(Vg | + V[ + V9" | + V92 1) (I 8qll + IVa])) 1 6q]
< (L+2)VAu(llg |+ Nl 1) IV égl?,
—/D(J(Tl,wl) = J(T%,4%))0T < | J(T*, ") — J(T2,4*)|[|16T|

< (IVTH VT2 + IV IV92IDUVETI + [V oy ) loT |
< VT IVT2 + MV + V@ INIVET] + Ml VaqlDIIoT,

—/D(J(Slﬂ/fl) = J(8%,9%))88 < ||J(S%,9") = I (S%,9*)|lll6S]]
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< (VST + VS + V9 + IV D IVes]| + [Voyl)as]
< (IVSH + VS + M (Ve Tl + V@D (VST + Al Vgl 1aS]-

Othertermsin (5.11)—(5.14)anbe estimatechsin the proof of the existenceof theabsorbingset
in thelastsection.Sowe have

1d

2dt

—au(||ag||* +2PrRa® A ([|60]1 + (0T + [|6S]I*))

(16q[I* + 2PrRa®X; (86| + [|6T1* + [|85]]*)) <

=B1(l66y[* + 1 Voq|* + [|VoT|* + %IIWSII2 + (10T (y, 1))
+(1 4+ M)V (g | + g IDIIVag]®+
2PrRa’ A (|[VT | + [IVT2(| + M (Ve | + 1V D)) ((IVOTI| + X[ Vgl 1T
+2PrRa’ M (VS +IVS[| + X (Ve | + Vg’ ID) (VS + Al Vagl])]|8S]].

Now we assumethat C(a® + ||Sal? + [|Sol%2 + [I£]12 + |F]|%.) is smallenough. This is a
conditionimposedonthephysicalguantitiessuchasthefreshwaterflux F(y), externalfluctuation
f(y,t) in the enegy balancemodel,the earths longwave radiatve cooling coeficient a, andthe
empirical functions S, (y) and S,(y) representinghe latitudinal dependencef the shortvwave
solarradiation.

By the Cauchy-Schwarzinequality (4.5),(4.9)and(4.29),we get

5= (16g]1* + 2PrRa®x1(|[60]]* + |67 + [|65]%)) <

—a1([16q|” +2PrRa’ A (1661 + 16T |” + 1|6S]|*))
B 1
—71(||56’y||2 +IVagll* + [VOT|* + S VaS|* + T (y, II*)- (5.15)

By the Gronwall’s inequality we obtainthe strongcontractionin L2(0,1) x L?(D) x L*(D) x
L?(D) for the solutionof the coupledatmosphere-oceaystem(1.1)—(1.9) thatis

16q]1* + 2PrRax1(|66]|* + [|6T||* + [|65]1%) <

e 21(||6gol|? + 2PrRa 1 (]|660||* + ||6T0]|* + ||6So]?)). (5.16)

Next, we canshaw the strongcontractionof gradientin L2(0, 1) x L?(D) x L?(D) x L*(D). We
alsoneedto estimateit using(2.11)—(2.19).Noticing that.S* is independentn {0, ¢, T, S} and
T* is only dependenbn 8, we get

86, = 86, — 66 — 4(4)[66 — 6T(y, 1)}, 0 < z < 1, (5.17)
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b0qr = PrAdq

_J(q15¢1) + J(q2a¢2) + PTRa(éTy - 5Sy) + 50(1 - el_z)"k(z))’ (y,z) € Da (518)

6T, = AST — J(T, o) + J(T?,4?)

—J((1 = e"*)ne(2)8", 1) + J((1 = ' *)ne(2)8", %) — J((1 — €' 7*)ne(2) Soy), 64)

(L= e ™)X =v(y) — e )me(2) + (1 — e *)f () + 2¢

"nl(z) — €' *ne) 60

—(1 = e )me(2)7()dT(y, 1), (y,2) € D, (5.19)
68 = ASS — J(SY,4) + J(S%,4?) + J(S%,69), (y,2) € D. (5.20)

Thecorrespondindpoundaryconditionsare:
06,(0,t) = 06,(1,t) =0.

Onthewholeboundary:
0 =0, 0AyY = dqg = 0.

Attopz = 1:

ST, + 0T |,—1 = 0; 85, = 0.

At bottomz = 0:
0T, =65,=0.

At thelateralboundaryy = 0, 1:
0Ty = 6Sy = 0.

Theinitial conditionsare:

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

6600 = 04 — 62, 6q0 = q3 — G, 0Ty =Ty — T + (1 — e #)n(2)0600, 6So = S§ — Sz, (5.26)

wheredfy = d6(y,0),dq0 = dq(y, 2,0), 6Ty = 6T'(y, 2,0) anddSy = 6S(y, z,0).
Multiplying (5.17)—(5.20py —66,,,, —Adq, —AST and—AdS respeciiely, integratingover (0, 1)

andD, we get

1d 1

3100 = 166,12 = 166,11+ [ r(0)(06 — 6T, D160,y (5:27)
1d 2 2 1 1 2 12
5 i IVoalE = —Prisa+ [ (7" 0") = I v2)Asq

_PrRa /D (6T, — 65,)Adq — /D (1= %) (2))60Aq, (5.28)

5 55 (IVSTIP + 1T, DI?) = ~1A5T2 + [ (77, 9") = 1%, y?) AdT
D
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+ | (J((A = e me(2)0" 1) = (1 = e F)ne(2)6%,9%)) AST

D
—/D[((l — e )1 =(y)) — e *)ne(z) + (1 — e P (2) + 2e P (z) — ' P 00T
+ [ (1= v w)Ty, AT
D
+ [ I =) Sw), 69) AT, (1,2) € D, (5.29)
2dtIIWSIIZ —[|ass|?
+ / J(S, ) — J(S?,4°))AdS + /D J(S?,6¢)A8S, (y,2) € D. (5.30)

Notethat

[ @18~ T, D)6ty < 5156001 + 170 = 21501 + 1573, DIP),

—PrRa/D((STy —38,)Adg < %HAéqH? + 2PrRa*(||VoT||? + ||V3S|%),
= [ = e ensonsg < lasel? + 5ol160]P,
= [ 1= 91— 9() = € )ne) + (1= € ) + 20 F) — e Fnd60AdT
< ZlAdT|? + Cllon)?
[ 4= e e oty AT < TIASTI + 10T, DI
[ 70 = n2)80(0), 59 AT < GIASTI + OX(ISI? + 1S4l

/ J(S2,09)A8S < —||A<5S||2 +OM(IFIP + 1F"*) q]l?.

Now by Lemma 3.1, we get
[ ) = T 42 a5 < sl 7@ 9 = (e )
1
< Sl1Adgll” + (1 + M) Vg|?,

/D(J(Tlﬂﬁl) = J(T?,4)AGT < [|AST(||J(T", ") = J(T?, %)

—

< 1Ao7 |” + C(IVagll* + Vo),
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[ (= 2@t 9) = (1 ¢ e)6 42 AST
< 15T + OV gl + | Ve6),

[ (8181~ 357, 4)ATS < JIAGSIP + C(IVaglP + VS|,

Puttingthe above estimtatesogetherwe conclude

1d
5 77 100y [* + 1V8q[|* + 10T (y, DII* + [IVOT|* + [|V8S]I*)
< C(I1801* + 18T (y, DII* + [Vaall* + VST |* + | V5S]*). (5.31)

Taking N large enoughmultiplying (5.15)by N andthenaddingto (5.31),we imply thatthere
existsa positive constant, suchthat

1d

5 7 (VlIog]l” + 2N PrRa® Xy (186]* + (167" + [|S]1*))

by (186,112 + V8] + 15Ty, DI + | VST + |V65P)
< —az(N||6q||* + 2N PrRa® (1|66 + |6T|* + 1|6S]1%))
—a([|08y||* + |Vog||* + | VOT|* + %IIWSII2 + 10T (y, D). (5.32)
By the Gronwall inequality we have
N||8q||* + 2N PrRa®x1(||66]* + [|6T|* + [|65]1%)

+60y 11 + IVaqll* + 1167 (y, DI + IVST||* + | VS|
< e (N ||é6go|” + 2N PrRa® X (||660]|* + |6To||* + [[6S0]®)
e~ 2"([|660y1* + | Vqoll* + [16T0 (y, DI* + [IV6To|1* + [V8So|1?)- (5.33)
This estimatetells us that ary two solution trajectoriesinside the absorbingset approacheach

otherastime goeson. Thisis thesocalledstrongcontractionpreperty

Remark 5.1 In fact, here we get the estimateis for | V672 and ||V3S||2 = ||[VéS||2. But
VT2 = [V (8T + (1 — e1%)nc(2)86)||2, | VS| = || V6S||? and we havethe estimatefor
||66]|1. Hencewe canobtainthesimilar estimatefor theoriginal 7.

Thereforewe have thefollowing theorem.

Theorem 5.2 (Strongcontraction preperty) Assuméhatthefreshwateflux F'(y) haszeo mean
asin (4.1) and the oceanbasins latitudinal fraction function~(y) is boundedasin (4.2). Let
a? + ||Sal|2 + |So]|% + || £]1? + [|F|%> besmallenough.Thenthe coupledatmospheg-ocean
systen{1.1)—(1.4)hasthe strong contraction property
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Now we comebackto theissueof thetime-almostperiodic(in particular time-periodicandtime-
guasi-periodicmotion in the coupledatmosphere-oceasystem. First, we give the definitions
aboutalmostperiodicfunctionandpullbackattractor

A functionp : R — X, where(X, dx) is ametricspacejs calledalmostperiodic[1] and[29] if

for everye > 0 thereexistsarelatively densesubsetM, of IR suchthat

dx (p(t+71),0(t)) <e

forallt € IR andT € M,. A subsetM C IR is calledrelativelydensén IR if thereexistsapositive
number € IR suchthatfor everya € IR theintenal [a, a 4[] IR of lengthl containsanelement
of M,i.e. M N[a,a +1] # 0 for everya € IR.

In orderto studythe temporallyalmostperiodic solutionsof (1.1)—(1.9),we needsomeresults
from the theoryof honautonomoudynamicalsystems.Considerfirst an autonomouslynamical
systemon a metricspaceP describedy agroup® = {6, };cr of mappingsf P into itself.
Let X beacompletemetric spaceandconsidera continuousmapping

P R"xPxX—-X
satisfyingthe properties
®(0,p,-) =idx,  ®(7 +t,p,z) = O(7,0ip, (t,p, z))

forall¢t,7 € IRT, p € P andz € X. Themapping® is calleda cogycle on X with respecto ©

onP.

The appropriateconceptof an attractorfor a nonautonomousogycle systemsis the pullbadk

attractor. In contrastto autonomousttractordt consistsof a family subsetf the original state
spaceX thatareindexedby the cogycle parameteset.

A familyﬁ = {4, }pc p 0f nOnemptycompacsetsof X is calledapullbackattractorof thecogycle
® on X with respecto 8; on P if it is ®—invariant,i.e.

®(t,p, Ap) = Ag,p forall te R,peP,
andpullbackattracting,.e.
tl_i)m H% (®(t,0_p,D),A,) =0  forall De K(X),pe€P,
o

where K (X) is the spaceof all nonemptycompactsubsetof the metric space(X, dx). Here
H% is the Hausdorf semi—metricbetweennonemptycompactsubsetof X, i.e. H% (A, B) :=
maxge 4 dist(a, B) = max,e 4 minye g dx (4, b) for A, B € K(X).

Thefollowing theoremcombinesseveralknown results.SeeCrauelandFlandoli[ 7], Flandoliand
Schmalfud13], andCheban2] aswell as[20, 6, 3] for this andvariousrelatedproofs.
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Theorem5.3 Let & be a continuouscocycleon a metric spaceX with respecto a group © of
continuousmappingsona metricspaceP. In addition,supposeahatthete is a nonemptycompact
subsetB of X andthatfor every D € K(X) ther existsaT (D) € IR™, which is independenof
p € P, sut that

®(t,p,D) C B forall t>T(D). (5.34)

Thenthere existsa uniquepullbad attractor A = {Ap}pep of thecocycle® on X, whee

A, = () U @(t06-p B). (5.35)
TERT té;{*—

Moreover, if the cocycle® is strongly contracting insidethe absorbingset B. Thenthe pullbadk
attractor consistsof singletonvaluedsets,i.e. A, = {a*(p)}, andthe mappingp — a*(p) is
continuous.

ThesolutionoperatorsS; 4, for (1.1)—(1.9)form acogycle mappingon X = H'(0,1) x H} (D) x
H!(D) x H'(D) with parametesetP = IR, wherep = ty, theinitial time,andfyty = to + t, the
left shift by time ¢. However, thespaceP = IR is not compacthere. Thoughmorecomplicatedit
is moreusefulto considerP to betheclosureof thesubset8, f,t € IR}, i.e. thehull of £, in the
metricspacel? (IR, X)) of locally L?(IR)—functionsf : IR — X with the metric

loc

TR 2—Nmin{1,\/ [ s —g(t)|||2dt}

with 6, definedto be the left shift operatori.e. 6,f(-) := f(- + t), where|| - ||| denotesthe
normin X. By aclassicakesult[1, 29], afunction f in the abose metricspacds almostperiodic
if andonly if thethe hull of f is compactandminimal. Here minimal meansnonempty closed
andinvariantwith respecto the autonomouslynamicalsystemgeneratedy the shift operators
0, suchthatwith no propersubsehastheseproperties.The cog/cle mappingis definedto be the
solutiond@(t) = {0,q,T, S} of (1.1)—(1.9)startingat by = {6y, g0, T, So} € X attimety =0

for agivenforcing mappingf € P, i.e.

(I)(ta fa wO) = gjo wo,

wherewe have includeda superscriptf on S to denotethe dependencen the forcing term f.
(This dependences in factcontinuoussee§3). The cogycle propertyherefollows from the fact
that S/, @ = 5,9/ , @ for all ¢ > to, to € R, G € X andf € P.

Following Theoremb5.3 andthe dissipatvity and strongcontractionpropertiesshavn in the last
two sections,we concludethat the coupledatmosphere-oceasystem(1.1)—(1.4)hasa unique
pullbackattractor consistsof the singletonvaluedcomponenta* (p)} € A andthemappingp —
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a*(p) is continuouson P. As in DuanandKloeden[10] or Gao,DuanandFu [16], we now shawv
thatthis singletonattractora*(p) definesanalmostperiodicsolution.

In fact, the mappingp — a*(p) is uniformly continuouson P becauseP is compactsubsetof
L? (IR, X)) dueto the assumedilmostperiodicity Thatis, for everye > 0 thereexistsa §(e)
> 0 suchthat||@*(p) — @*(q)|| < e whene&erdp(p,q) < d. Now let thepointp (= f, thegiven
temporalforcing function) be almostperiodicandfor § = d(¢) > 0 denoteby M; therelatively
densesubsetof R suchthatdp(6;1,p,0:p) < ¢ for all 7 € Ms andt € IR. Fromthis andthe
uniform continuitywe have

1@ (0¢++p) — @ (0:p)]| < €

forall ¢ € IR andr € Ms,). Hencet — {0%,¢*,T*,S*}(t) := a*(6:p) is almostperiodic,andit
is asolutionof the coupledatmosphere-oceanodel. It is uniqueasthe single-trajectorypullback
attractoris the only trajectorythat exists andis boundedfor the entiretime line. Therefore we
have the following result.

Theorem 5.4 (Periodic, quasiperiodicand almostperiodic motion) Assumehatthefreshwater
flux F(y) haszeio meanasin (4.1) and the oceanbasins latitudinal fraction function~y(y) is

boundedasin (4.2). Leta® + [|Sa* + [|So]132 + IIf[I* + |F||3» be smallenough. Thenthe

coupledatmosphes-ocearsysten(1.1)—(1.4)hasuniquetime-periodicqguasiperiodicandalmost
periodic motions,whenthe external fluctuation f in the atmosphericenegy balancemodelis

time-periodic,quasiperiodicandalmostperiodic,respectively

6 Summary

We have investigatedhe dynamicalbehaior of a coupledatmosphere-oceaystem.

First, we shav thatthe coupledatmosphere-oceaystemis stableunderthe externalfluctuation
in the atmosphericenegy balancerelation (Theorem3.2). Then, we estimatethe atmospheric
temperaturdeedbackin termsof the freshwater flux, heatflux and the external fluctuationat
the air-seainterface,aswell asthe earths longwave radiationandthe shortwave solarradiation
(Theorem4.l1). Finally, we prove thatthe coupledatmosphere-oceasystemhastime-periodic,
guasiperiodicand almostperiodic motions(undersuitableconditionson the physicalquantities
suchasfreshwaterflux, the earths longwave radiative cooling coeficient andthe shortwave solar
radiationprofile), whentheexternalfluctuationin theatmospheri@negy balanceelationis time-
periodic,quasiperiodi@ndalmostperiodic,respectiely (Theoremb.4).

Acknowledgement. A part of this work was doneat the Oberwolfach MathematicalResearch
Institute, Germary. This work waspartly supportedoy the NSF GrantDMS-9973204the Grant
100010180f the NNSF of China,andthe GrantBK20011080of the NSF of JiangsuProvince, as
well asthe Scientific Research-oundationfor ReturnedOverseasChineseScholarsof Jiangsu

24



EducationCommission. And a part of this work was donewhile H. Gaowas visiting lllinois
Instituteof Technologyandthe Institutefor Mathematicsandlts Applications,USA.

References

[1] A. Besicwith, AlmostPeriodic Functions New York, Dover Publications,1954.

[2] D. N. ChebanGlobalattractorsof infinite-dimensionahonautonomoudynamicalsystems,
IzvestiyaAkadNaukRM. Mathematika?5(1997) 42-57.

[3] D. Cheban,P. E. Kloedenand B. Schmalfuss,Pullback attractorsin dissipatve nonau-
tonomoudifferentialequationsinderdiscretization,). Dyn. Diff. Eqns.,13(2001),185-213.

[4] F. ChenandM. Ghil, InterdecadaVariability in a hybrid coupledocean-atmospheraodel,
J. Phys.Oceangraphy26 (1996),1561-1578.

[5] P.ConstantirandC. Foias,NavierStolesEquationsUniv. of ChicagoPressChicago,1988.

[6] H. Crauel,A. DetusscheandF. Flandoli, Randomattractors,J. Dyn. Diff. Eqns.,9(1997),
307-341.

[7] H. CrauelandF. Flandoli, Attractorsfor randomdynamicalsystemsProbab TheoryRelat.
Fields,100(1994)1095-1113.

[8] H. A. DijkstraandJ. D. Neelin, Imperfectionsof the thermohalinecirculation: Latitudinal
asymmetryandpreferrednorthernsinking,J. Climate13 (2000),366-382.

[9] H. A. Dijkstra, Nonlinear Physical Oceangraphy, Kluwer AcademicPublishers,Boston,
2000.

[10] J. DuanandP. E. Kloeden, Dissipatve quasigeostrophienotion undertemporallyalmost
periodicforcing, J. Math. Anal. Appl. 2361999),74-85.

[11] J.DuanandB. Schmalful3The3D QuasigeostrophiEluid DynamicsunderRandoniorcing
on Boundary submitted 2000.

[12] L. C. Evans,Partial Differential Equations Amer. Math. Soc.,Providence, 1998.

[13] F. FlandoliandB. SchmalfussWeaksolutionsandattractorsof the 3D Navier-Stokesequa-
tion with nonreyularforce, Stochasti@andStochastidReports 59(1996),21-45.

[14] H.J.GaoandJ.Duan,Dynamicsof thethermohalineirculationunderwind forcing, Discrite
and ContinuousDynamicalSystenB, in press2002.

25



[15] H. J.GaoandJ.Duan,Dynamicsof quasi-geostrophifiuid motionswith rapidly oscillating
Coriolisforce,NonlinearAnalysisB, in press2002.

[16] H. J.Gao,J.DuanandX. Fu, Almostperiodicpassie tracerdispersion,). Math. Anal. Appl.
247(2000),300-308.

[17] A. E.Gill, Atmosphes-OceanDynamics AcademicPressNew York, 1982.
[18] J.K. Hale,AsymptotidBehaviorof DissipativeSystemsAmericanMath. Sco.,1988.

[19] D. Henry, GeometricTheoryof SemilinearParabolic Equations LecturesNotesin Mathe-
matics,Vol 840, SpringefVerlag,New York, 1983.

[20] P. E. KloedenandB. SchmalfussNonautonomousystemsgcogycle attractorsandvariable
time-stepdiscretizationNumer Algorithms14(1997),141-152.

[21] J.L. Lions,R. TemamandS. Wang,On the equationf the large-scaleocean Nonlinearity
5(1992),1007-1053.

[22] G.R.NorthandR.F. CahalanPredictabilityin asolvablestochasticlimatemodel,J. Atmos.
Sci.38(1981),504-513.

[23] J.Pedlosl, GeophysicaFluid Dynamics SpringerVerlag,New-York, Berlin, 1987.
[24] J.P PeixotoandA. H. Oort, Physicsof Climate Springer New York, 1992.

[25] S. Rahmstorf,The thermohalineoceancirculation: A systemwith dangeroughresholds,
Climatic Change 46 (2000),247-256.

[26] G. Siedler J. ChurchandJ. Gould, OceanCirculation and Climate: Observingand Mod-
elling the Global Ocean AcademicPressSanDiego, USA, 2001.

[27] T.F. Stocler, D. G. WrightandL. A. Mysak,A zonallyaveragedcoupledocean-atmosphere
modelfor paleoclimatestudies . Climate5 (1992),773-797.

[28] R. Temam,Infinite DimensionalDynamical Systenin Medhanicsand Physics Springer
Verlag,New-York, 2nd Edition, 1997.

[29] G. R. Sell, Lectueson Topolgyical Dynamicsand Differential Equations Van Nostrand-
Reinbold,London,1971.

[30] O. ThualandJ. C. McWilliams, The catastrophetructureof thermohalinecorvectionin a
two-dimensionafluid modelanda comparisorwith low-orderbox model, GeophysAstio-
phys.Fluid Dynamics64 (1992),67-95.

26



[31] W. M. WashingtorandC. L. Parkinson AnIntroductionto Three-DimensionaClimateMod-
eling, Oxford Univ. Press;1986.

[32] D. G. Wright andT. F. Stocler, A zonally averagedoceanmodelfor the thermohalinecir-
culation.Part I: Model developmentandflow dynamicsJ. Phys.Oceangraphy21 (1991),
1713-1724.

27



