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Abstract

Thecoupledatmosphere-oceansystemdefinestheenvironmentwe live. Theresearchof
this complex, nonlinearandmultiscalesystemis not only scientificallychallengingbut also
practicallyimportant.

We considera coupledatmosphere-oceanmodel, which involveshydrodynamics,ther-
modynamicsandnonautonomousinteractionat theair-seainterface.First, we show that the
coupledatmosphere-oceansystemis stableundertheexternalfluctuationin theatmospheric
energy balancerelation.Then,we estimatetheatmospherictemperaturefeedbackin termsof
the freshwaterflux, heatflux andthe externalfluctuationat the air-seainterface,aswell as
the earth’s longwave radiationcoefficient andthe shortwave solarradiationprofile. Finally,
we prove that thecoupledatmosphere-oceansystemhastime-periodic,quasiperiodicandal-
mostperiodicmotions,whenever theexternalfluctuationin theatmosphericenergy balance
relationis time-periodic,quasiperiodicandalmostperiodic,respectively.

MathematicsSubjectClassification:Primary35K35,60H15,76U05;Secondary86A05,
34D35

Keywords: Nonautonomousdynamicalsystems,feedbackdynamics,attractor, almost
periodicmotion,geophysicalflows,fluctuations

Abbreviated Title: CoupledAtmosphere-OceanDynamics
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1 Intr oduction: A coupledatmosphere-oceanmodel

Theglobaloceancirculationconsistsof thewind-drivenupperoceancirculationandameridional

overturningdeepoceancirculationcalledthe thermohalinecirculation. Theoceanthermohaline

circulationinvolveswatermassessinkingathighlatitudesandupwellingatlowerlatitudes.During

thethermohalinecirculation,watermassescarryheator coldaroundtheglobe.Thus,it is believed

thattheglobaloceanthermohalinecirculationplaysanimportantrole in theclimate[26].

Thethermohalinecirculationis maintainedby waterdensitycontrastsin theocean,which them-

selvesarecreatedby atmosphericforcing, namely, heatandfreshwaterexchangevia evaporation

andprecipitationattheair-seainterface.Thusthethermohalinecirculationis describedby coupled

atmosphere-oceanmodels[24, 26]. Suchcoupledmodelsalsodescribefeedbackof thethermoha-

line circulationon theatmosphericdynamics(e.g.,temperaturefeedback).

Mathematicalmodelsarea key componentof our understandingof climateandgeophysicalsys-

tems. The formulationandanalysisof mathematicalmodelsis centralto the progressof better

understandingof thethermohalinecirculationdynamicsandits impactonclimatechange.

We considera two-dimensionalcoupledatmosphere-oceanmodel, with atmosphericdynamics

highly simplified,i.e., theatmosphericdynamicsis describedby anenergy balancemodel.

This is a zonally averaged,coupledatmosphere-oceanmodelon the meridional,latitude-depth�������
	
-planeas usedby variousauthors[27, 32, 4, 8, 9]. It is composedof a one-dimensional

stochasticenergy balancemodelproposedby North andCahalan[22], for the latitudinal atmo-

spheresurfacetemperature� ������
�	 , togetherwith theBoussinesqequationsfor oceandynamicsin

termsof streamfunction � ����������
�	 , andtransportequationsfor theoceanicsalinity � ����������
�	 and

theoceanictemperature� ����������
�	 on thedomain����� ��������	������ �������"!$# :
�&%'�(�&)*),+ �.-0/ � 	1/ �32 ����	 +54 ����	76 �38 ����	9/ �:+5�<; />=?������
�	@�A���B���C!D� (1.1)E % /GFH� E � � 	 � I:JLK E / I:JNM -�� �3),+O��) 	@�1�������
	QP � � (1.2)�3% /GFH� � � � 	 � KR� � �������
	SP � � (1.3)�3% /GFH� � � � 	 � KT� � �������
	SP � � (1.4)

where E ����������
�	 �U+,KV� is the vorticity; velocity field is
��WX��YZ	 � � �?[ � +Q�\) 	 ; - is a positive

constantparameterizingtheeffect of theearth’s longwave radiative cooling; �32 ����	 and �38 ����	 are

empiricalfunctionsrepresentingthelatitudinaldependenceof theshortwave solarradiation;4 ����	
is thelatitudinalfractionof theearthcoveredby theoceanbasin;Pr is thePrandtlnumberandRa

is the Rayleighnumber. The first equationis the energy balancemodelproposedby North and

Cahalan[22]. Theforcing
=?������
�	

mayarisefrom, for example,eddytransportfluctuation,stormy

burstsof latentheat,andflickering cloudinessvariables.Moreover,
FH�^]X�*_�	 � ]$`L_ )R+ ] ) _�` is

the Jacobianoperatorand Ka�cb�)*) / b
[�[ is the Laplaceoperator. The effect of the rotationis

parameterizedin themagnitudeof theviscosityanddiffusivity termsasdiscussedin [30].
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Theno-fluxboundaryconditionis takenfor theatmospheretemperature� ������
�	
�&) �.�d��
�	 �(�&) �e!D��
�	 � �df (1.5)

Thefluid boundaryconditionis nonormalflow andfree-slipon thewholeboundary

� � �d� E � �df (1.6)

Theflux boundaryconditionsareassumedfor theoceantemperature� andsalinity � .

At top
� � ! , thefluxesarespecifiedas:

�g[<�C�38 ����	9/h� �0+i� 	kj [@l � � �3[S�(m ����	@� (1.7)

with m ����	 beingthegivenfreshwaterflux.

At bottom
� � � : �3[<�C�g[<� �Vf (1.8)

On thelateralboundary
� � �d�n! : ��):�C��)o� �df (1.9)

Wealsoassumethefollowing compatibilitycondition:

�qp8 �.��	 �C�qp8 �e!r	 �(m:p �.��	 �(m0p �e!r	 � �df (1.10)

Thenon-autonomouspartialdifferentialequation(1.1) is only definedon theair-seainterfaceand

it mayberegardedasa dynamicalboundarycondition. Theboundarycondition(1.7) involvesa

couplingbetweentheatmosphericandoceanictemperatureat theair-seainterface.

In thenext section,wediscussthewell-posednessof this coupledatmosphere-oceanmodel.Then

we investigatethe stability of this coupledsystemunderexternalfluctuationin s 3, atmospheric

temperaturefeedbackin s 4, time-periodic,quasiperiodicandalmostperiodiccoupledmotion ins 5, respectively. Finally, wesummarizetheseresultsin thefinal sections 6.

2 Mathematical Setup

In orderto usethestandardresultin [19] for thelocal existence,we homogenizeinhomogeneous

boundaryconditionsfor � � � on thetopboundary
� � ! asin [21].

First,weconstructtwo scalarfunctions:

�otu �wv�ot@x u �.�
	@� �?tu �av�ytzx u �.�
	@�?{3|SP}�.�d� !~ 	@�
where

v� t � 6 �g8 ����	g/ �D; �e! +}� ��� [ 	@�v� t � m ����	����x u �.�
	 P ������6 �d�n! ; 	 is givenby
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x u �.�
	 �
��� �� !D� ! + |<� �T�"!D�

increasing
��! + ~ |,� �T�C! + |k��d� ��� ���C! + ~ |kf

Then,set ��(���G+5� tu � ����"��+}� tu f
By (1.5) and (1.10), we seethat the boundaryconditions(1.7) for the new variables

�� and

��
arehomogenizedanddo not affect otherboundaryconditions.Thus(1.1)–(1.9)become(for the

simplicity, we still use� and � insteadof

�� and

�� )

�r%'�h�r)@),+ �.-0/ � 	g/ �g2 ����	 +54 ����	76 �38 ����	g/ �0+5�S; />=?������
�	@�y��� �T�"!D� (2.11)E % /GFH� E � � 	 �(I0JNK E / I0JDM -3� �3),+���) / � tu ) +O� tu ) 	@�1�������
	QP � � (2.12)

� % /GFH� � � � 	'/GFH� � tu � � 	 �hKR� /6����e! +}� ��� [ 	7�e! +54 ����	�	 +�� ��� [ 	 x u �.�
	9/h�e! +�� ��� [ 	 x�p pu �.��	9/ ~ � ��� [ x�pu �.�
	 +�� ��� [ x u ;��
+ �e! +}� ��� [ 	 x u �.�
	 4 ����	 � �����n!r	q/�]X�1�������
	QP � � (2.13)

� % /GFH� � � � 	'/GFH� �?tu � � 	 �CKT�/ m p p ����	�� x u �.�
	9/ m ����	7� ~ x pu �.�
	A/�� x p pu �.�
	�	@���������
	�P � � (2.14)

where ]�����������
�	 ��+ �e! +}� ��� [ 	 x u �.�
	 ��+ -�/ �g2 ����	 +54 ����	 �38 ����	9/ =?������
�	 +�� p p8 ����	*#/�6��e! +�� ��� [ 	 x p pu �.��	9/ ~ � ��� [ x pu �.�
	 +}� ��� [ x u ;��38 ����	@f
Thecorrespondingboundaryconditionsbecome:

Onthewholeboundary, thefluid flow satisfies

�>� �d� E � �df (2.15)

Theboundaryconditionsfor theatmospheretemperature� ������
�	 (definedonly ontheair-seainter-

face)are �&) �.�d��
�	 �(�&) �e!D��
�	 � �df (2.16)

Theboundaryconditionsfor theoceantemperature� andsalinity � become

At top
� � ! : �g[ / � j [*l � � �d� �3[<� �df (2.17)
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At bottom
� � � : �3[<�C�g[<� �Vf (2.18)

At thelateralboundary
� � �d�n! : ��):�C��)o� �df (2.19)

Theappropriateinitial data�&� � E � � �g� � �3� arealsoassumed.

Usingthetheoryin [19], we canobtainthefollowing local existencetheoremfor problem(2.1)–

(2.9)(thatis (1.1)–(1.9)).

Theorem 2.1 (Local Well-Posedness) Let � � PO� � �.�d�n!r	 , E � P�� �� � � 	 , � � � � � PO� � � � 	 , =BP� � �.�d�@��� � � �.�d�n!r	�	
. Assumethat thephysicaldatasatisfy 4 ����	0P � � �.�d�n!r	 , and �38 ����	@� m ����	:P� � �.�d�n!r	

andaslo assumethat thecompatibilitycondition(1.10)be satisfied.Thenthecoupled

atmosphere-oceansystem(2.11)–(2.19)(that is (1.1)–(1.9)) hasa unique(Theuniquenessof � is

up to a constant)local solutionsatisfying

� P � � �.�d���3��� � �.�d�n!r	�	q� � � �.�d���3��� � �.�d�n!r	�	@�
E P � � �.�d���3��� �� � � 	�	9� � � �.�d���3��� � � � 	g��� �� � � 	�	@�

� � � P � � �.�d���3��� � � � 	���� � � � 	�	9� � � �.�d���3��� � � � 	 �¡� � � � 	�	@�
where

�
dependson initial dataandphysicaldata �g2 ����	@� �g8 ����	@� m ����	 and

=?������
�	
.

Since +,KV�"� E P}� �� , we get � P�� �� � � 	q�¡�i¢D� � 	 . HencetheJacobian
FH��£��k£¤	

is continuous

from
� � � � 	���� ¢ � � 	y¥ � � � � 	 � � � � � 	 .

In orderto obtaintheglobalexistence,weneedapriori estimates.First,wegiveapriori estimates

for (1.1)–(1.9)in
� �

. In thesequel,¦ £ ¦ and ¦ £ ¦ � denotethenormof
� �

and
� �

respectively.

Multiplying (1.1)by � andperformingtheintegrationby parts,we concludethat!~�§§ 
 ¦*�3¦
� ��+V¦*�&)�¦ � +h¦*�3¦ �

+ -�¨ �� � § �Z/ ¨
�
� �32n� § � + ¨

�
� J ����	76 �g8 / �:+5�S;�� § �:/ ¨

�
� = � § ��� (2.20)

By theCauchy-Schwarz inequality, wearrive at!~ §§ 
 ¦*�3¦
� � +V¦*�r)�¦ � />� � ¦*�3¦ � />| � ¦�� �����n!r	 ¦ � /�© � � (2.21)

whereconstant
© � dependson ¦z� 2 j�j¤� ¦z� 8 ¦ ��- and ª*«�¬�z­ %.® � ¦ = ¦ , constant

� � dependson ¦�4¯¦*°�± and| �S² � , | �<² � will bechosenlater.
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Multiplying (1.2)by E , performingtheintegrationby partsandusingthepropertyof Jacobianand

(1.6),we have !~ §§ 
 ¦
E ¦ � �³+SI:J�¦@´ E ¦ � / I:JNM -Q¨Dµo� �3),+O��) 	 E f (2.22)

Similarly, from (2.13)and(2.14),we have!~ §§ 
 ¦���¦
� �³+V¦@´R��¦ � / ¨ �� 6 �38 / �:+5� �����n!r	 ;�� �����n!r	 § ��� (2.23)

and !~ §§ 
 ¦z�o¦
� ��+V¦@´T�,¦ � /B¨ �� m ����	 � �����n!r	 § ��f (2.24)

Notethat I0JDM -Q¨$¶H� �3),+��3) 	 E � I:J~L· � ¦ E ¦ � / I0JDM -
� · �~ � ¦��3)X¦ � / ¦z��)�¦ � 	

� I:J~ ¦@´ E ¦ � / I0JDM - � · � � ¦@´R�T¦ � / ¦@´T�,¦ � 	@�
where

· � is aconstantin theinequality ¦ W ¦ � � · � ¦@´ W ¦ ��W�P�� �� . Thus(2.22)canberewrittenas!~ §§ 
 ¦ E ¦
� � + I:J~ ¦@´ E ¦ � / I:JNM - � · � � ¦@´R��¦ � / ¦@´¸�,¦ � 	@f (2.25)

Multiplying (2.23)by
~ I:JNM - � · � and(2.24)by

~ I:JNM - � · � , andaddingto (2.25),we get!~ §§ 

� ¦ E ¦ � / ~ I0JDM - � · � � ¦��T¦ � / ¦z�,¦ � 	�	

� + I:J~ ¦@´ E ¦ � +�I:JNM - � · � � ¦@´R��¦ � / ¦@´¸�,¦ � 	
/ ~ I:JNM - � · � ¨ �� 6 �g8 / �:+5� �����n!r	 ;�� �����n!r	 § �R/ ~ I:JNM - � · � ¨

�
� m ����	 � �����n!r	 § ��f (2.26)

By theCauchy-Schwarz inequalityandthetraceinequality([12]), we have!~ §§ 

� ¦ E ¦ � / ~ I:JNM - � · � ¦��T¦ � / ~ I:JNM - � · � ¦z�,¦ � 	

� + I:J~ ¦@´ E ¦ � +�I:JNM - � · � � ¦@´R��¦ � / ¦@´¸�,¦ � 	
/�� � ¦*�g¦ � + !~ ¦�� �����n!r	 ¦ � />| � � ¦@´¸�,¦ � / ¦z�,¦ � 	9/ © � � (2.27)

where
� � dependson I:J � M - and

· � , and
© � dependson I:J � M -�� · � � ¦z�38
¦ and ¦*m�¦ . Choosing| �S¹ �� and

| �:¹»º3¼�½ 2@¾e¿DÀ� , combining(2.21)with (2.27),we obtain!~ §§ 

� ¦*�3¦ � / ¦ E ¦ � / ~ I:JNM - � · � ¦���¦ � / ~ I:JNM - � · � ¦z�o¦ � 	

� +<Á � ¦@´��3¦ � / ¦@´ E ¦ � / ¦@´V��¦ � / ¦@´T�,¦ � 	g/B� ¢ � ¦*�g¦ � / ¦z�,¦ � 	g/>© ¢ � (2.28)
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where
� ¢ dependson

� � and
� � , © ¢ dependson

© � and
© � , and Á is a positive constant

dependingon I:J � M - and
· � . By theGronwall inequality, we have

¦*�3¦ � / ¦ E ¦ � / ¦���¦ � / ¦z�,¦ �/}¨�Â� � ¦@´��3¦ � / ¦@´ E ¦ � / ¦@´R��¦ � / ¦@´¸�,¦ � 	 § 
Q�G� � �ÄÃk	@� (2.29)

for any givenfuturetime
ÃD�.� ¹ Ã ¹ ����� ¹ 
o�(Ãk	 andsomepositive constant

� � �ÄÃk	 depending

on
Ã&�@� ¢ and

© ¢ . By a similar argumentin [14] (herewe needto obtaintheestimatesin
� � �� � �:� � �:� � �:� �

for systemof (2.11)-(2.14)in orderto avoid thetroubleof non-homogeneous

boundaryconditions,we omit thedetailsheresincewewill giveasimilar proof in s 4), we have

¦@´��3¦ � / ¦@´ E ¦ � / ¦@´R��¦ � / ¦@´T�o¦ � /¨¡Â� � ¦@K��3¦ � / ¦@K E ¦ � / ¦@KR�T¦ � / ¦@KT�,¦ � 	 § 
���� � �ÄÃk	@� (2.30)

for any given
ÃD�.� ¹ Ã ¹ �B	 andsomepositive constant

� � �ÄÃk	 dependingon ¦z� 8 ¦@Å ¾ , ¦*m�¦@Å ¾ , Ã
and
� � �ÄÃ7	 .

Remark 2.2 In fact, the estimatewe get in (2.30) is for

�� and

�� , from which we can get the

estimatefor oringinal � and � usingtheestimatefor � .
Remark 2.3 Sincethe equivalence¦���¦ � / ¦@KR��¦ � with ¦���¦ �Å ¾ and the samefor � , together

with (2.29),wecanreplaceÆ Â� � ¦@K��g¦ � / ¦@K E ¦ � / ¦@KR��¦ � / ¦@KT�,¦ � 	 § 
 by Æ Â� � ¦*�3¦ �Å ¾ / ¦ E ¦ � Å ¾ /¦���¦ �Å ¾ / ¦z�,¦ �Å ¾ 	 § 
 in theestimate(2.30).

With theseglobal estimates,we have the following global existencetheoremfor the coupled

atmosphere-oceansystem:

Theorem 2.4 (Global Well-Posedness) Let � � P�� � �.�d�n!r	 , E � P5� �� � � 	 , � � � � � P�� � � � 	 , =}P�¯� �.�d�@��� � � �.�d�n!r	�	
. Assumethat thephysicaldatasatisfy 4 ����	0P �¯� �.�d�n!r	 , and �38 ����	@� m ����	:P� � �.�d�n!r	

andasloassumethat thecompatibilitycondition(1.10)besatisfied.Thenfor anygivenÃD�.� ¹ Ã ¹ � 	 , the coupledatmosphere-oceansystem(2.11)–(2.19)(that is (1.1)–(1.9))hasa

unique(Theuniquenessof � is up to a constant)global solutionsatisfying

� P � ���.�d�*Ãr��� � �.�d�n!r	�	q� � � �.�d�*Ã&��� � �.�d�n!r	�	@�E P � � �.�d�*Ã&��� �� � � 	�	9� � � �.�d�*Ã&��� � � � 	g��� �� � � 	�	@�� � � P � � �.�d�*Ãr��� � � � 	���� � � � 	�	9� � � �.�d�*Ã&��� � � � 	 ��� � � � 	�	@f
In therestof this paper, we assumetheconditionsin this theoremaresatisfied,sothatwe always

have globaluniquesolutions.

In thenext section,we considerthestability of theabove coupledatmosphere-oceansystemwith

respectto theexternalfluctuation
=?������
�	

in theatmosphericenergy balancedynamics(1.1).
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3 Stability under External Fluctuation

Paleo-evidenceontheinstabilityof thethermohalinecirculationis now abundant.Numericalwork

suggestedthatasufficiently largeexternalforcing(suchasexternalfluctuationsin theatmospheric

energy balancemodelandthefreshwaterflux attheair-seainterface)coulddestabilizeor shutdown

the thermohalinecirculation[25]. This indicatesthat currentcapacityof carryingheatpoleward

by the thermohalinecirculation may changewhen the freshwater budget is altered. Sincethe

thermohalinecirculation’s importantrole in redistributing theheataroundtheglobe,abreakdown

or instability of the currentthermohalinecirculationmay leadto dramaticclimatechange[26].

Becauseof thisrelationbetweenthethermohalinecirculationandclimatechange,thereis growing

interestin its stability or instability. This makesthestability issueof thethermohalinecirculation

notonly of scientificbut alsoof greatpracticalimportance.

In this section,we prove thestability of thecoupledatmosphere-oceansystemwith respectto the

externalfluctuation
=?������
�	

in theatmosphericenergy balancedynamics(1.1), i.e., thecontinuous

dependenceof solutionon
=?������
�	

in thespace
� �

.

Assumethat �r� � � E � � � � � � � # and �r� � � E � � � � � � � # aresolutionswith respectto
= � ������
�	 and

= � ������
�	 .
Let Ç���(� � +�� � � ÇE � E � + E � � Ç�h�G� � +i� � � Ç���"� � +�� � � Ç= � = � + = � �
then

Ç� � ÇE � Ç� and

Ç� satisfy Ç�&%'� Ç�r)@),+ Ç� + 4 ����	76 Ç��+ Ç�Q; / Ç=q������
�	@� ���B�T�C!D�
(3.1)ÇE % /�Fy� E � � � � 	 + Fy� E � � � � 	 � I:JLK ÇE / I:JNM -�� Ç� ) + Ç� ) 	 �<�������
	QP � � (3.2)Ç��% /�Fy� � � � � � 	 + FH� � � � � � 	 � K Ç� �G�������
	QP � � (3.3)Ç��% /GFH� � � � � � 	 + Fy� � � � � � 	 � K Ç� �G�������
	QP � � (3.4)

Thecorrespondingboundaryconditionsareasfollows.

On thewholeboundary: Ç� � �d� ÇKV�>� ÇE � �df (3.5)

Ç�&) �.�d��
�	 � Ç�&) �e!D��
�	 � �df (3.6)

At top
� � ! : Ç� [ / Ç� j [*l � � Ç� � Ç� [ � �df (3.7)

At bottom
� � � : Ç� [ � Ç� [ � �Vf (3.8)

At thelateralboundary
� � �d�n! : Ç� ) � Ç� ) � �df (3.9)
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Similar to thediscussionin s 2 above,wehave!~ §§ 
 ¦
Ç��¦ � ��+V¦ Ç�&)�¦ � +h¦ Ç��¦ �

+ ¨ �� J ����	kj
Ç� j � § �0/ ¨

�
� 4 ����	 � �����n!r	

Ç� § �0/ ¨
�
�
Ç= Ç� § ��� (3.10)!~�§§ 
 ¦

ÇE ¦ � />¨LµZ�ÈFH� E � � � � 	 + FH� E � � � � 	�	 ÇE ��+SI:J�¦@´ ÇE ¦ � / I0JDM -Q¨$¶y� Ç�3),+ Ç��) 	 ÇE � (3.11)!~ §§ 
 ¦
Ç��¦ � / ¨NµZ�ÈFH� � � � � � 	 + Fy� � � � � � 	�	 Ç�h��+�¦@´ Ç��¦ � />¨ �� 6

Ç�0+ Ç� �����n!r	 ; Ç� �����n!r	 § ��� (3.12)

!~ §§ 
 ¦
Ç�,¦ � />¨�µZ�ÈFy� � � � � � 	 + Fy� � � � � � 	�	 Ç����+V¦@´ Ç�o¦ � f (3.13)

In order to estimatethe terms Æ µ �ÈFH� E � � � � 	 + Fy� E � � � � 	�	 ÇE � Æ µ �ÈFH� � � � � � 	 + Fy� � � � � � 	�	 Ç� andÆ µ �ÈFy� � � � � � 	 + Fy� � � � � � 	�	 Ç� , we needthefollowing lemma:

Lemma 3.1 ThenonlinearJacobianoperaror
Fy��É'��Wd	

hasthefollowingproperty

¦ FH��É � ��É � 	 + FH��W � ��W � 	�	 ¦ �� ¦@´ É � ¦ / ¦@´ É � ¦ / ¦@´ W � ¦ / ¦@´ W � ¦ 	7� ¦@´ ��É � + W � 	 ¦ / ¦@´ ��É � + W � 	 ¦ 	@� (3.14)

for every
É�ÊÈ��WDÊ?P�� � � � 	 (i = 1, 2).

Theproofof this lemmais in [15].

By Lemma 3.1, we have

¨ µ �ÈFH� E � � � � 	 + FH� E � � � � 	�	 ÇE �"�e!¯/ · � 	 � � ¦@´ E � ¦ / ¦@´ E � ¦ 	 ¦@´ ÇE ¦N¦ ÇE ¦ �
¨ µ �ÈFH� � � � � � 	 + FH� � � � � � 	�	 Ç��"� ¦@´R� � ¦ / ¦@´R� � ¦ / · � � ¦@´ E � ¦ / ¦@´ E � ¦ 	�	7� ¦@´ Ç�T¦ / · � ¦@´ ÇE ¦ 	 ¦ Ç�¸¦ �

and ¨ µ �ÈFH� � � � � � 	 + FH� � � � � � 	�	 Ç��"� ¦@´¸� � ¦ / ¦@´T� � ¦ / · � � ¦@´ E � ¦ / ¦@´ E � ¦ 	�	7� ¦@´ Ç�:¦ / · � ¦@´ ÇE ¦ 	 ¦ Ç�o¦ f
Notethat I0JDM -Q¨ ¶ � Ç�3)o+ Ç��) 	 ÇE � I:J~L· � ¦ ÇE ¦ � / I0JDM - � · � � ¦ Ç�3)X¦ � / ¦ Ç��)�¦ � 	� I:J~ ¦@´ ÇE ¦ � / I0JDM - � · � � ¦@´ Ç�T¦ � / ¦@´ Ç�o¦ � 	@f
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Thenby asimilarargumentasin s 2 andusingtheCauchy-Schwarzinequality, we concludethat!~ §§ 

� ¦ Ç�3¦ � / ¦ ÇE ¦ � / ~ I:JNM - � · � ¦ Ç��¦ � / ~ I:JNM - � · � ¦ Ç�Z¦ � 	�G�¯Ë�� ¦ Ç�3¦ � / ¦ ÇE ¦ � / ~ I:JNM - � · � ¦ Ç��¦ � / ~ I:JNM - � · � ¦ Ç�o¦ � 	g/ ¦ Ç= ¦ � � (3.15)

where
�¯Ë

dependson I0J � M - , · � , ¦�4H¦ °d± aswell asthe
� � + normof E � � and � . By theGronwall

inequality, we furtherhave

¦ Ç��¦ � / ¦ ÇE ¦ � / ¦ Ç�T¦ � / ¦ Ç�,¦ � �B�T�ÄÃ7	 ¦ Ç= ¦ � � (3.16)

for any given
ÃÌ�.� ¹ Ã ¹ ����� ¹ 
V�ÍÃk	 andsomepositive constant

���ÄÃk	
dependingon

Ã
and�¯Ë

. Furthermore,we canobtainthesimilar estimatesfor thegradientof �r� � E � � � � # , we omit the

proofhere,asthesimilarderivationwill bedonein s 5. Thusthesolutiondifferences

Ç� � ÇE � Ç� � Ç� andÇ=
areboundedwhentheexternalfluctuationdifference

Ç=
is bounded.So we have the following

stability theorem.

Theorem 3.2 (Stability under the external fluctuation) Thecoupledatmosphere-oceansystem

(2.11)–(2.14)(thatis (1.1)–(1.4))is stableundertheexternalfluctuationin theatmosphericenergy

balancemodel. Namely, thesolutionof thecoupledsystemdependcontinuouslyon theexternal

fluctuation
=

in
� �

.

4 Dissipativity and Atmospheric TemperatureFeedback

Theoceanandtheatmosphereareconstantlyinteractingthroughtheair-seaexchangeprocess.It

is expectedthatthethermohalinecirculationcouldprovidefeedbackto theair temperature.This is

adirectimpactof thethermohalinecirculationon theclimate.It is desirableto predictor estimate

this feedback.

To this end,let usestimatetheair temperature� in themean-squarenorm,in termsof thefresh-

waterflux m ����	 , externalfluctuation
=?������
�	

in the energy balancemodel, the earth’s longwave

radiative coolingcoefficient
-
, andtheempiricalfunctions �32 ����	 and �38 ����	 representingthelati-

tudinaldependenceof theshortwave solarradiation,aswell asphysicalparametersI0J and M - .
We will alsoshow that the systemgeneratedby (1.1)–(1.9)is a dissipative systemin the sense

of [18] or [28] undersomeconditions,that is all solutions �r� � E � � � � # approacha boundedset

(so-calledabsorbingset) in
� � �.�d�n!r	S��� �� � � 	 ��� � � � 	 ��� � � � 	 astime goesto

/0�
. Since

§§ 

¨D¶ � § � § � � ¨

�
� m ����	 § � � constant

f
For simplicity, we assumethat ¨ �� m ����	 § � � �d�O¨ µ � § � § � � � (4.1)
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and � ¹ 4 ����	��C! or
��� 4 ����	 ¹ !Df (4.2)

First,wederive auniformestimatefor �r� � E � � � � # in
� � �.�d�n!r	Q� � � � � 	 � � � � � 	 � � � � � 	 .

Usingthestandardenergy estimateasgivenin s 2, we get!~ §§ 
 ¦*�3¦
� ��+V¦*�&)�¦ � +h¦*�3¦ �

+ -Q¨ �� � § �:/ ¨
�
� �32r� § � + ¨

�
� J ����	76 �38 / �0+5� �����n!r	 ;�� § �0/ ¨

�
� = � § �� +V¦*�r)�¦ � + �e! + |z	 ¦*�3¦ � + Î�Ï�Ð)nÑ�Ò �zÓ �ÄÔ 4 ����	 ¦*�3¦ �/ !| 6 - � / ¦z�38�¦ � / ¦z�32�¦ � / ¦ = ¦ � ; / ¦�J ����	 ¦ ° ± ¨ �� j � j�j � �����n!r	kj § ��f (4.3)

!~�§§ 

� ¦ E ¦ � / ~ I:JNM - � · � � ¦���¦ � / ¦z�,¦ � 	�	��

+ I:J~ ¦@´ E ¦ � +�I:JNI - � · � � ¦@´V��¦ � / ¦@´T�,¦ � 	
/ ~ I:JNM - � · � ¨ �� 6 � 8 / ��+5� �����n!r	 ;�� �����n!r	 § �R/ ~ I:JNM - � · � ¨

�
� m ����	 � �����n!r	 § ��f� + I0J~ ¦@´ E ¦ � +}I:JNI - � · � � ¦@´R��¦ � / ¦@´T�o¦ � 	 + ~ I:JNM - � · � �e! + |z	�¨ �� j � �����n!r	kj � § �/ ~ I:JNM - � · � ¨ �� j � j�j � �����n!r	kj § �Õ/ I:JNM

- � · �| ¦z�38�¦ � / I:J � M -
Ë · � �| � ¦*m�¦ � />| � ¦z� �����n!r	 ¦ � � (4.4)

here
| ² � and

| �<² � will bechosenlater. By thetraceinequlity, we have

¦z� �����n!r	 ¦ � �G�T� ¦@´T�,¦ � / ¦z�,¦ � 	 �G���e!¯/ Ç· � 	 ¦@´T�,¦ � �
where

Ç· � is theconstantin thefollowing Poincaŕe inequality(notethat Æ µ � § � § � � � )¦z�,¦ � � Ç· � ¦@´T�,¦ � f (4.5)

Choosing
| � � º3¼�½ 2 ¾ ¿ À�zÖ��È×\Ø¿ À�Ù^Ú , then(4.4)canbewritten as!~ §§ 


� ¦ E ¦ � / ~ I:JNM - � · � � ¦���¦ � / ¦z�,¦ � 	�	��
+ I0J~ ¦@´ E ¦ � +�I0JDI - � · � � ¦@´V��¦ � / !~ ¦@´T�o¦ � 	 + ~ I:JNM - � · � �e! + |z	�¨ �� j � �����n!r	kj � § �/ ~ I:JNM - � · � ¨ �� j � j�j � �����n!r	kj § �0/ I:JNM

- � · �| ¦z�38L¦ � / ~ I:JNM - � · � �e!¯/ Ç· � 	�� ¦*m�¦ � f (4.6)
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Then,multiplying (4.3)by
~ I:JNM - � · � andaddingto (4.6),we get!~ §§ 

� ¦ E ¦ � / ~ I:JNM - � · � � ¦*�3¦ � / ¦��T¦ � / ¦z�,¦ � 	�	��

+ ~ I:JNM - � · � ¦*�&)�¦ � + I:J~ ¦@´ E ¦ � +�I:JNI - � · � � ¦@´V��¦ � / !~ ¦@´T�,¦ � 	
+ ~ I:JNM - � · � ���e! + |z	 ¦*�3¦ � +wÎ�Ï�Ð)rÑ
Ò �zÓ �ÄÔ 4 ����	 ¦*�3¦ � + �e!r/ ¦�4¯¦ ° ± 	�¨

�
� j � �����n!r	kj�j � j § ��/��e! + |@	�¨

�
� j � �����n!r	kj � § ��	/ I:JNM - � · �~ | 6 - � /³ÛÜ�¦z�38
¦ � / / ¦z�32d¦ � / ¦ = ¦ � ; / ~ I0JDM - � · � �e! / Ç· � 	�� ¦*m�¦ � f (4.7)

By (4.2),when
��� 4 ¹ ! , wecouldchoose

|
suchthat(since Î�Ï�Ð)nÑ�Ò �zÓ �ÄÔ 4 ����	 � � now)

Ü �e! + |z	 � ² �e!¯/ ¦�4¯¦ ° ± 	 � � i.e.
| ¹ ! +h¦�4H¦*°d±!H/ ¦�4H¦ °d± � �hÁ � f

For example,we choose
| �ÞÝNß� , then

+ ~ I:JNM - � · � ���e! + |@	 ¦*�g¦¯+ �e!¯/ ¦�4¯¦ °�± 	�¨ �� j � �����n!r	kj�j � j § �Õ/(�e! + |@	�¨
�
� j � �����n!r	kj � § ��	

¹ + I0JDM - � · � Á �~ � ¦*�3¦ � / ¦�� �����n!r	 ¦ � 	@f
If
� ¹ 4 ����	��C! asin (4.2),we denote ÎàÏ�Ð)nÑ�Ò �zÓ �ÄÔ 4 ����	 ��á � . Thenwe take

| �ãâ ßä to obtain

+ ~ I0JDM - � · � ���e! + |'/ á � 	 ¦*�3¦¯+ �e!¯/ ¦�4¯¦ ° ± 	�¨ �� j � �����n!r	kj�j � j § �0/C�e! + |@	�¨
�
� j � �����n!r	kj � § ��	

¹ + I:JNM - � · � á �å � ¦*�3¦ � / ¦�� �����n!r	 ¦ � 	@f
So,in thecaseof

��� 4 ����	 ¹ ! , (4.7)canbewrittenas!~ §§ 

� ¦ E ¦ � / ~ I:JNM - � · � � ¦*�3¦ � / ¦��T¦ � / ¦z�,¦ � 	�	��

+ ~ I:JNM - � · � ¦*�&)�¦ � + I:J~ ¦@´ E ¦ � +�I0JDM - � · � � ¦@´R�T¦ � / !~ ¦@´T�,¦ � 	
+ I0JDM - � · � Á'�~ � ¦*�3¦ � / ¦�� �����n!r	 ¦ � 	

/ I:JNM - � · �Á � 6 - � / ÛÜ ¦z�g8L¦ � / ¦z�g2�¦ � / ¦ = ¦ � ; / ~ I0JDM - � · � �e! / Ç· � 	�� ¦*m�¦ � f (4.8)

For
� ¹ 4 ����	 ¹ ! , wewill have similarestimate.Since

� � �������
	 +5� � �����n!r	 � ~ ¨ [� �S�3[ § ���
12



wefurtherhave

¦���¦ � � ~ ¨ �� j � �����n!r	kj � § �0/ Ü ¦@´R�T¦ � f (4.9)

UsingthePoincaŕe inequlityagainfor E andletting Á � �hæ�ÎàÏ�� º3¼ ¿DÀË � ÝNßç � �ç � Ø¿DÀç # andái�(æ�ÎàÏ�� º3¼ ¿DÀË �º3¼�½ 2 ¾ ¿DÀ ÝNßË � º3¼�½ 2 ¾ ¿DÀË #
, theestimate(4.8)becomes!~ §§ 


� ¦ E ¦ � / ~ I:JNM - � · � � ¦*�3¦ � / ¦��T¦ � / ¦z�,¦ � 	�	��
+<Á � � ¦ E ¦ � / ~ I:JNM - � · � � ¦*�3¦ � / ¦���¦ � / ¦z�o¦ � 	

+Qá � � ¦*� ) ¦ � / ¦@´ E ¦ � / ¦@´R��¦ � / ¦@´¸�,¦ � / ¦�� �����n!r	 ¦ � 	/ I:JNM - � · �Á � 6 - � / ÛÜ ¦z�38
¦ � / ¦ = ¦ � ; / ~ I:JNM - � · � �e! / Ç· � 	�� ¦*m�¦ � f (4.10)

UsingtheGronwall inequality, we finally obtainthemean-squarenormestimatefor thesolution

of thecoupledatmosphere-oceanmodel:

¦ E ¦ � / ~ I:JNM - � · � � ¦*�3¦ � / ¦���¦ � / ¦z�o¦ � 	��
� � Ý À % � ¦ E � ¦ � / ~ I:JNM - � · � � ¦*� � ¦ � / ¦�� � ¦ � / ¦z� � ¦ � 	�	/ I:JNM - � · �Á � 6 !Á � �.- � / ÛÜ ¦z� 8 ¦ � / ¦z� 2 ¦ � / ¦ = ¦ � 	9/ ~ �e!¯/

Ç· � 	�� ¦*m�¦ � ; (4.11)

In particular, we getthemean-squarenormestimatefor theatmospherictemperaturefeedback

¦*�g¦ � � � � Ý Àè% � !~ I:JNM - � · � ¦ E � ¦ � / ¦*� � ¦ � / ¦�� � ¦ � / ¦z� � ¦ � 	
/ !~ Á � 6

!
Á � �.- � / ÛÜ ¦z� 8 ¦ � / ¦z� 2 ¦ � / ¦ = ¦ � 	9/ ~ �e!�/

Ç· � 	�� ¦*m�¦ � ; f (4.12)

This atmospherictemperaturefeedbackestimateis in termsof physicalquantitiessuchas the

freshwaterflux m ����	 , externalfluctuation
=?������
�	

in the energy balancemodel,the earth’s long-

waveradiativecoolingcoefficient
-
, andtheempiricalfunctions�32 ����	 and �38 ����	 representingthe

latitudinal dependenceof the shortwave solar radiation,aswell asphysicalparametersI:J andM - . Here
· � and

Ç· � aretheconstantsin thePoincaŕe inequalityon thedomain � in thecasesof

zeroDirichlet boundaryconditionandzeromeanvalue,respectively. Moreover,
�

is a constant

dependingonly on thedomain� , Á � � ���9é.êLéìë ±�È×qé.êLéìë ± , and Á � �(æ�Î�ÏX� º3¼ ¿ ÀË � Ý ßç � �ç � Ø¿ Àç # .
Wecanfurthermorederive solutionestimatein

� �
norm.To doso,we first getfrom (4.10)

¨ % ×'�% � ¦*� ) ¦ � / ¦@´ E ¦ � / ¦@´V��¦ � / ¦@´T�,¦ � / ¦�� �����n!r	 ¦ � 	 �
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!
á � � � ÝNß % � ¦ E � ¦ � / ~ I:JNM - � · � � ¦*� � ¦ � / ¦�� � ¦ � / ¦z� � ¦ � 	�	/ ~ I:JNM - � · �Á � á � � !Á � �.- � /³ÛÜ�¦z�38
¦ � / ¦z�32�¦ � / ¦ = ¦ � 	9/ ~ �e!¯/

Ç· � 	�� ¦*m�¦ � 	@f (4.13)

So,let ¦ E � ¦ � / ~ I:JNM - � · � � ¦*� � ¦ � / ¦�� � ¦ � / ¦z� � ¦ � 	 beboundedby some(big) upperbound M �
anddenote

© � � º3¼�½ 2 ¾ ¿DÀÝ À � �ÝNß �.- � /³íË ¦z� 8 ¦ � / ¦z� 2 ¦ � / ¦ = ¦ � 	A/ ~ �e! /
Ç· � 	�� ¦*m�¦ � 	 . Thenthere

is a time

 tZî �Ý ÀAï Ï ½ð suchthat

¦ E ¦ � / ~ I:JNM - � · � � ¦*�3¦ � / ¦���¦ � / ¦z�o¦ � 	�� ~ © � �?
 î 
 t (4.14)

and ¨ % ×'�% � ¦*� ) ¦ � / ¦@´ E ¦ � / ¦@´V��¦ � / ¦@´T�,¦ � / ¦�� �����n!r	 ¦ � 	 �òñá � © � �y
 î 
 t f (4.15)

Next, we derive a uniform estimateof gradientof �r� � E � � � � # in
� � �.�d�n!r	o� � � � � 	,� � � � � 	<�� � � � 	 . In orderto avoid thedifficulty causedby thenon-homogeneousboundaryconditions,we

useequations(2.11)–(2.19)insteadof (1.1)–(1.9).

Multiplying (2.11)–(2.14)by +S�&)*) � +<K E � +,KR� and +,KT� respectively, integratingover
�.�d�n!r	

and� , notingthat � t P�� � � � 	 is known and � t is only dependenton � , weget!~ §§ 
 ¦*�&)�¦
� �³+V¦*�r)@)�¦ � +(¦*�&)�¦ �

/Z-Q¨ �� �&)*) § � + ¨
�
� �32r�r)@) § ��/ ¨

�
� J ����	76 �38 / �:+5� �����n!r	 ;��&)*) § � + ¨

�
� = �r)@) § ��� (4.16)!~ §§ 
 ¦@´ E ¦

� �³+SI:J�¦@K E ¦ � / ¨Nµ¡FH� E � � 	 K E + ¨Lµ I0JDM -3� �3),+���) / �ot) +��?t) 	 K E � (4.17)!~ §§ 

� ¦@´R��¦ � / ¦�� �����n!r	 ¦ � 	 ��+V¦@KR��¦ � /B¨ µ Fy� � / �ot � � 	 KR�

+ ¨NµZ6����e! +�� ��� [ 	7�e! +�4 ����	�	 +}� ��� [ 	 x u �.�
	'/(�e! +}� ��� [ 	 x p pu �.�
	9/ ~ � ��� [ x pu �.��	 +}� ��� [ x u ;���KV�
/}¨ µ �e! +}� ��� [ 	 x u �.�
	 4 ����	 � �����n!r	 KR�h+ ¨ µ ] KR� � (4.18)!~ §§ 
 ¦@´¸�,¦

� ��+V¦@KT�o¦ � / ¨Nµ¡FH� � / � t � � 	 KT�
+ ¨ µ m:p p ����	�� x u �.��	 KT��+ ¨ µ m ����	7� ~ x�pu /�� x u p p �.�
	�	 KT� f (4.19)

Notethat -Q¨ �� �r)@) § � + ¨
�
� �32n�&)*) § �:/B¨

�
� J ����	76 �g8 / �:+5� �����n!r	 ;��r)@) § � + ¨

�
� = �&)*) § �
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� ñ |~ ¦*�&)*)X¦ � / !Ü | 6 - � / ¦z�32�¦ � / ¦z�38�¦ � / ¦ = ¦ � / ¦*�3¦ � / ¦�� �����n!r	 ¦ � ; � (4.20)

+ ¨Lµ I0JDM -3� �3),+}��) / � t) +�� t) 	 K E �
I:J~ ¦@K E ¦ � / Û I:JNM - �~ � ¦@´V��¦ � / ¦@´T�o¦ � / ¦*�r)�¦ � 	9/ Û I:JNM - �~ � ¦z� p8 ¦ � / ¦*m p ¦ � 	@� (4.21)

+ ¨NµZ6����e! +�� ��� [ 	7�e! +�4 ����	�	 +}� ��� [ 	 x u �.�
	'/(�e! +}� ��� [ 	 x p pu �.�
	9/ ~ � ��� [ x pu �.��	 +}� ��� [ x u ;���KV�
/�¨ µ �e! +�� ��� [ 	 x u �.�
	 4 ����	 � �����n!r	 KR�h+ ¨ µ ] KR�

� !~ ¦@KR��¦ � / �T�.- � / ¦z�32�¦ � / ¦z�38�¦ �Å ¾ / ¦ = ¦ � / ¦*�3¦ � / ¦�� �����n!r	 ¦ � 	@f (4.22)

+ ¨Dµ m p p ����	�� x u �.�
	 KT��+ ¨Nµ m ����	7� ~ x pu /�� x u p p �.�
	�	 K¸� � !~ ¦@KT�o¦ � / � ¦*m�¦ �Å ¾ f (4.23)

About theestimatesof Æ µ FH� E � � 	 K E � Æ µ FH� � / � t � � 	 KR� and Æ µ FH� � / � t � � 	 KT� , similar to

[14], we have ¨Lµ�FH� E � � 	 K E �G� ¦@K��0¦N¦@´ E ¦N¦@K E ¦Q� � ¦ E ¦N¦@´ E ¦N¦@K E ¦ � (4.24)

¨ µ FH� � / �ot � � 	 KR� �G� ¦ E ¦ � ¦@KR��¦ / ¦@´R��¦ / ¦���¦ 	 ¦@´R��¦ / ¦ E ¦ � ¦*�&)9¦ / ¦z� p8 ¦ 	 ¦@KR��¦ � (4.25)

¨ µ Fy� � / � t � � 	 K¸� �G� ¦ E ¦ � ¦@KT�,¦ / ¦@´¸�,¦ / ¦z�,¦ 	 ¦@´¸�,¦ / ¦ E ¦N¦*m:p�¦N¦@KT�o¦ f (4.26)

UsingtheCauchy-Schwarz inequality, (4.20)–(4.26)and(4.14),when

 î 
 t , weget!~ §§ 


� ¦*� ) ¦ � / ¦@´ E ¦ � / ñ I:JNM - � · � � ¦@´R�T¦ � / ¦�� �����n!r	 ¦ � / ¦@´T�o¦ � 	�	�G�T� ¦*�r)X¦ � / ¦@´ E ¦ � / ñ I:JNM - � · � � ¦@´R��¦ � / ¦�� �����n!r	 ¦ � / ¦@´T�,¦ � 	/0�T�.- � / ¦z�32�¦ � / ¦z�38�¦ �Å ¾ / ¦ = ¦ � / ¦*m�¦ �Å ¾ 	@f (4.27)

By (4.15)andauniformGronwall lemma([28]), we obtain

¦*�&)�¦ � / ¦@´ E ¦ � / ñ I:JNM - � · � � ¦@´R��¦ � / ¦�� �����n!r	 ¦ � / ¦@´T�,¦ � 	�����.- � / ¦z�32�¦ � / ¦z�g8�¦ �Å ¾ / ¦ = ¦ � / ¦*m�¦ �Å ¾ 	@f (4.28)

By (4.14)and(4.28),weknow thereexistsanabsorbingsetsó in
� � �.�d�n!r	y��� �� � � 	\�T� � � � 	\�� � � � 	 for thesolutionof (1.1)–(1.9):

óO�ô�L�r� � E � � � � #�� ¦*�3¦ � � / ¦ E ¦ � � / ¦��T¦ � � / ¦z�,¦ � � �G�T�.- � / ¦z�32d¦ � / ¦z�38L¦ �Å ¾ / ¦ = ¦ � / ¦*m�¦ �Å ¾ 	*#
�
(4.29)

that is, for every boundedsetin
� � �.�d�n!r	o��� � � � 	o�5� � � � 	,��� � � � 	 , when


 î 
 t /ô! , the

solutionof (1.1)–(1.9)will enterinto the ó .

Wesummarizeour resultsin sectionin thefollowing theorem.
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Theorem 4.1 (Atmospheric temperature feedbackand dissipativity) Assumethat thefreshwa-

ter flux m ����	 haszero meanasin (4.1)andtheoceanbasin’s latitudinal fractionfunction 4 ����	 is

boundedasin (4.2). Thenthecoupledatmosphere-oceansystem(1.1)–(1.4)hasan absorbingset

in
� � �.�d�n!r	S��� �� � � 	���� � � � 	Q��� � � � 	 asgivenin (4.29).More importantly, theatmospheric

temperature feedback � ������
�	 is boundedin mean-square normin termsof physicalquantitiessuch

asthe freshwaterflux m ����	 , externalfluctuation
=?������
�	

in theenergy balancemodel,theearth’s

longwaveradiativecoolingcoefficient
-
, andtheempirical functions�32 ����	 and �38 ����	 represent-

ing thelatitudinal dependenceof theshortwavesolar radiation,aswell asthePrandtlnumberI:J
andtheRayleighnumberM - asin (4.12).

Remark 4.2 Due to õõ % Æ
µ Ç�ö� � , and Æ µ Ç� � � � , we obtain Æ µ Ç�÷� � . So, as seenin the

discussionof this section,weknowthat thestability (provedin s 3) undertheexernalfluctuation

is uniformin time



when
� ¹ 4 ����	��C! or

��� 4 ����	 ¹ ! .
5 Strong Contraction and Almost Periodic Atmosphere-OceanDy-

namics

In this section,we study the coupledatmosphere-oceandynamicalresponseto almostperiodic

(in particular, periodicandquasi-periodic)externalfluctuation
=?������
�	

in theatmosphericenergy

balancemodel(1.1). A centralquestionis: Doesthecoupledatmosphere-oceansystemrespond

almostperiodicallyto almostperiodicexternalfluctuation
=?������
�	

?

To answerthis question,we needto understandthe strongcontractionpropertyof the coupled

atmosphere-oceansystemin the absorbingset ó definedin (4.29). Let �r� Ê � E Ê � � Ê � � Ê # be two

trajectoriescorrespondingto initial values �r� Ê� � E Ê� � � Ê� � � Ê� #(P ó for ø�� !D� ~ . Note that these

trajectoriesremaininside ó as ù is a forwardinvariantset.Their differenceú �R�(� � +�� � � ú E � E � + E � � ú �h��� � +5� � � ú ���h� � +O� �
satisfythefollowing equations:ú �r%'� ú �&)*)Z+ ú � + 4 ����	76 ú �Õ+ ú �S; � ��� �T�"!D�

(5.1)ú E % /GFH� E � � � � 	 + FH� E � � � � 	 � I:JLK ú E / I:JNM -�� ú � ) + ú � ) 	¯�,��������	�P � � (5.2)ú �3% /GFH� � � � � � 	 + FH� � � � � � 	 � K ú � �,�������
	�P � � (5.3)ú �3% /GFH� � � � � � 	 + FH� � � � � � 	 � K ú � �,�������
	�P � � (5.4)

Thecorrespondingboundaryconditionsare:ú �&) �.�d��
�	 � ú �r) �e!D��
�	 � �df (5.5)
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Onthewholeboundary: ú �B� �d� ú E � �df (5.6)

At top
� � ! : ú �3[ / ú � j [*l � � ú � � ú �3[<� �df (5.7)

At bottom
� � � : ú �g[,� ú �3[<� �df (5.8)

At thelateralboundary
� � �d�n! : ú ��)0� ú ��)Z� �df (5.9)

Theinitial conditionsare:ú �$�<�(� �� +�� �� � ú E �,� E �� + E �� � ú �3�o�G� �� +5� �� � ú �3�<�C� �� +}� �� � (5.10)

where
ú � � � ú � ��������	@� ú E � � ú E ������������	@� ú � � � ú � ������������	 and

ú � � � ú � ������������	 .
Usingenergy estimatesasin s 3, we have!~ §§ 
 ¦

ú �3¦ � ��+V¦ ú �r)X¦ � +(¦ ú �g¦ � + ¨ µ 4 ����	kj ú � j � § � + ¨ µ 4 ����	 ú � ú � �����n!r	 § ��� (5.11)

!~ §§ 
 ¦
ú E ¦ � ��+<I:J�¦@´ ú E ¦ � + ¨ µ �ÈFH� E � � � � 	 + FH� E � � � � 	�	 ú E + ¨ µ I:JNM -�� ú � ) + ú � ) 	 ú E � (5.12)!~ §§ 
 ¦

ú ��¦ � ��+V¦@´ ú ��¦ �
/�¨ �� 6 ú �0+ ú � �����n!r	 ; ú � �����n!r	 § � + ¨NµZ�ÈFH� � � � � � 	 + FH� � � � � � 	�	 ú � � (5.13)!~�§§ 
 ¦

ú �,¦ � ��+V¦@´ ú �,¦ � + ¨�µZ�ÈFy� � � � � � 	 + FH� � � � � � 	�	 ú � f (5.14)

UsingLemma 3.1, we imply

+ ¨NµZ�ÈFH� E � � � � 	 + FH� E � � � � 	�	 ú E � ¦ FH� E � � � � 	 + Fy� E � � � � 	 ¦N¦ ú E ¦ �
� ¦@´ E � ¦ / ¦@´ E � ¦ / ¦@´V� � ¦ / ¦@´V� � ¦ 	7� ¦@´ ú E ¦ / ¦@´ ú �0¦ 	 ¦ ú E ¦�"�e! / · � 	 �Dû · � � ¦ E � ¦ / ¦ E � ¦ 	 ¦@´ ú E ¦ � �

+ ¨ µ �ÈFH� � � � � � 	 + FH� � � � � � 	�	 ú � � ¦ FH� � � � � � 	 + Fy� � � � � � 	 ¦N¦ ú ��¦�"� ¦@´R� � ¦ / ¦@´R� � ¦ / ¦@´�� � ¦ / ¦@´�� � ¦ 	7� ¦@´ ú ��¦ / ¦@´ ú �0¦ 	 ¦ ú ��¦�"� ¦@´R� � ¦ / ¦@´R� � ¦ / · � � ¦@´ E � ¦ / ¦@´ E � ¦ 	�	7��� ¦@´ ú ��¦ / · � ¦@´ ú E ¦ 	 ¦ ú ��¦ �
+ ¨ µ �ÈFH� � � � � � 	 + FH� � � � � � 	�	 ú � � ¦ FH� � � � � � 	 + Fy� � � � � � 	 ¦N¦ ú �,¦

17



�"� ¦@´T� � ¦ / ¦@´T� � ¦ / ¦@´�� � ¦ / ¦@´�� � ¦ 	7� ¦@´ ú �,¦ / ¦@´ ú �0¦ 	 ¦ ú �,¦�"� ¦@´T� � ¦ / ¦@´T� � ¦ / · � � ¦@´ E � ¦ / ¦@´ E � ¦ 	�	7��� ¦@´ ú �,¦ / · � ¦@´ ú E ¦ 	 ¦ ú �,¦ f
Othertermsin (5.11)–(5.14)canbeestimatedasin theproof of theexistenceof theabsorbingset

in thelastsection.Sowe have!~¡§§ 

� ¦ ú E ¦ � / ~ I0JDM - � · � � ¦ ú �3¦ � / ¦ ú ��¦ � / ¦ ú �o¦ � 	�	��

+<Á � � ¦ ú E ¦ � / ~ I:JNM - � · � � ¦ ú �3¦ � / ¦ ú ��¦ � / ¦ ú �,¦ � 	�	
+Qá � � ¦ ú �r)�¦ � / ¦@´ ú E ¦ � / ¦@´ ú ��¦ � / !~ ¦@´ ú �,¦ � / ¦ ú � �����n!r	 ¦ � 	/��e! / · � 	 � û · � � ¦ E � ¦ / ¦ E � ¦ 	 ¦@´ ú E ¦ � /~ I:JNM - � · � � ¦@´R� � ¦ / ¦@´R� � ¦ / · � � ¦@´ E � ¦ / ¦@´ E � ¦ 	�	7��� ¦@´ ú ��¦ / · � ¦@´ ú E ¦ 	 ¦ ú ��¦/ ~ I:JNM - � · � � ¦@´¸� � ¦ / ¦@´T� � ¦ / · � � ¦@´ E � ¦ / ¦@´ E � ¦ 	�	7��� ¦@´ ú �o¦ / · � ¦@´ ú E ¦ 	 ¦ ú �,¦ f

Now we assumethat
���.- � / ¦z� 2 ¦ � / ¦z� 8 ¦ � Å ¾ / ¦ = ¦ � / ¦*m�¦ �Å ¾ 	 is small enough. This is a

conditionimposedonthephysicalquantitiessuchasthefreshwaterflux m ����	 , externalfluctuation=?������
�	
in theenergy balancemodel,theearth’s longwave radiative coolingcoefficient

-
, andthe

empirical functions �g2 ����	 and �38 ����	 representingthe latitudinal dependenceof the shortwave

solarradiation.

By theCauchy-Schwarz inequality, (4.5),(4.9)and(4.29),we get!~ §§ 

� ¦ ú E ¦ � / ~ I0JDM - � · � � ¦ ú �3¦ � / ¦ ú ��¦ � / ¦ ú �o¦ � 	�	��

+<Á � � ¦ ú E ¦ � / ~ I:JNM - � · � � ¦ ú �3¦ � / ¦ ú ��¦ � / ¦ ú �,¦ � 	�	
+ á �~ � ¦ ú � ) ¦ � / ¦@´ ú E ¦ � / ¦@´ ú ��¦ � / !~ ¦@´ ú �,¦ � / ¦ ú � �����n!r	 ¦ � 	@f (5.15)

By theGronwall’s inequality, we obtainthestrongcontractionin
� � �.�d�n!r	o� � � � � 	S� � � � � 	S�� � � � 	 for thesolutionof thecoupledatmosphere-oceansystem(1.1)–(1.9),thatis

¦ ú E ¦ � / ~ I:JNM - � · � � ¦ ú �g¦ � / ¦ ú ��¦ � / ¦ ú �,¦ � 	��
� � Ý Àè% � ¦ ú E � ¦ � / ~ I0JDM - � · � � ¦ ú � � ¦ � / ¦ ú � � ¦ � / ¦ ú � � ¦ � 	�	@f (5.16)

Next, wecanshow thestrongcontractionof gradientin
� � �.�d�n!r	'� � � � � 	'� � � � � 	'� � � � � 	 . We

alsoneedto estimateit using(2.11)–(2.19).Noticing that � t is independenton �r� � E � � � � # and� t is only dependenton � , we getú �r%\� ú �&)*)o+ ú �0+54 ����	76 ú ��+ ú � �����n!r	 ; � ���B���C!D� (5.17)
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ú E %'�(I:JLK ú E
+ FH� E � � � � 	9/�Fy� E � � � � 	g/ I:JNM -�� ú �3),+ ú ��) 	A/ ú � �e! +}� ��� [ 	 x u �.�
	�	@�Z�������
	SP � � (5.18)ú ��%\�hK ú �G+ FH� � � � � � 	A/GFH� � � � � � 	
+ Fy���e! +}� ��� [ 	 x u �.�
	 � � � � � 	9/GFH���e! +}� ��� [ 	 x u �.��	 � � � � � 	 + FH���e! +}� ��� [ 	 x u �.�
	 �38 ����	@� ú � 	6����e! +}� ��� [ 	7�e! +54 ����	�	 +}� ��� [ 	 x u �.�
	A/h�e! +}� ��� [ 	 x p pu �.�
	9/ ~ � ��� [ x pu �.�
	 +�� ��� [ x u ; ú �

+ �e! +�� ��� [ 	 x u �.��	 4 ����	 ú � �����n!r	@�0��������	QP � � (5.19)ú ��%q�hK ú ��+ Fy� � � � � � 	g/GFH� � � � � � 	9/GFH� �?tu � ú � 	@�:�������
	QP � f (5.20)

Thecorrespondingboundaryconditionsare:ú �&) �.�d��
�	 � ú �r) �e!D��
�	 � �df (5.21)

On thewholeboundary: ú � � �d� ú K��>� ú E � �df (5.22)

At top
� � ! : ú �3[ / ú � j [@l � � �d� ú �3[<� �df (5.23)

At bottom
� � � : ú �g[,� ú �3[,� ��f (5.24)

At thelateralboundary
� � �d�n! : ú ��)0� ú ��)Z� �df (5.25)

Theinitial conditionsare:ú � � �(� �� +5� �� � ú E � � E �� + E �� � ú � � �G� �� +ü� �� /G�e! +�� ��� [ 	 x u �.�
	 ú � � � ú � � �C� �� +�� �� � (5.26)

where
ú � � � ú � ��������	@� ú E � � ú E ������������	@� ú � � � ú � ������������	 and

ú � � � ú � ������������	 .
Multiplying (5.17)–(5.20)by + ú �&)*) � +,K ú E � +<K ú � and +<K ú � respectively, integratingover

�.�d�n!r	
and � , we get!~ §§ 
 ¦

ú � ) ¦ � ��+V¦ ú � )@) ¦ � +h¦ ú � ) ¦ � / ¨ �� J ����	76 ú �0+ ú � �����n!r	 ; ú � )*) § ��� (5.27)

!~ §§ 
 ¦@´
ú E ¦ � �³+SI:J�¦@K ú E ¦ � /B¨ µ �ÈFy� E � � � � 	 + FH� E � � � � 	�	 K ú E

+SI:JNM -Q¨ µ � ú �3)Z+ ú �3) 	 K ú E + ¨ µ �e! +�� ��� [ 	 x u �.��	�	 ú ��K ú E � (5.28)!~ §§ 

� ¦@´ ú �T¦ � / ¦ ú � �����n!r	 ¦ � 	 ��+V¦@K ú ��¦ � /B¨NµZ�ÈFy� � � � � � 	 + FH� � � � � � 	�	 K ú �
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/�¨NµZ�ÈFH���e! +}� ��� [ 	 x u �.��	 � � � � � 	 + FH���e! +�� ��� [ 	 x u �.�
	 � � � � � 	�	 K ú �
+ ¨ µ 6����e! +}� ��� [ 	7�e! +54 ����	�	 +}� ��� [ 	 x u �.��	9/h�e! +}� ��� [ 	 x p pu �.�
	9/ ~ � ��� [ x pu �.�
	 +}� ��� [ x u ; ú ��K ú �

/�¨Lµo�e! +}� ��� [ 	 x u �.�
	 4 ����	 ú � �����n!r	 K ú �
/�¨Lµ�FH���e! +}� ��� [ 	 x u �.�
	 �38 ����	@� ú � 	 K ú � �:�������
	�P � � (5.29)

!~ §§ 
 ¦@´
ú �,¦ � ��+V¦@K ú �,¦ �

/}¨NµZ�ÈFy� � � � � � 	 + FH� � � � � � 	�	 K ú � / ¨Lµ�FH� �?tu � ú � 	 K ú � �0�������
	�P � f (5.30)

Notethat¨ �� J ����	76 ú �0+ ú � �����n!r	 ; ú �&)*) § ���
!~ ¦ ú �r)@)X¦ � / ¦�4 ����	 ¦ ° ±Ì¦ � � ¦ ú �3¦ � / ¦ ú � �����n!r	 ¦ � 	@�

+SI:JNM -Q¨ µ � ú � ) + ú � ) 	 K ú E � I:JÜ�¦@K ú E ¦ � / ~ I0JDM - � � ¦@´ ú ��¦ � / ¦@´ ú �,¦ � 	@�
+ ¨ µ �e! +}� ��� [ 	 x u �.�
	�	 ú ��K ú E � I0JÜ ¦@K ú E ¦ � / !

I:J ¦ ú �3¦ � �
+ ¨ µ 6����e! +}� ��� [ 	7�e! +54 ����	�	 +}� ��� [ 	 x u �.��	9/h�e! +}� ��� [ 	 x
p pu �.�
	9/ ~ � ��� [ x�pu �.�
	 +}� ��� [ x u ; ú ��K ú �

� !å ¦@K ú ��¦ � / � ¦ ú �g¦ � �
¨NµZ�e! +}� ��� [ 	 x u �.��	 4 ����	 ú � �����n!r	 K ú � � !å ¦@K ú ��¦ � / ñ~ ¦ ú � �����n!r	 ¦ � �

¨Lµ¡FH���e! +}� ��� [ 	 x u �.�
	 �38 ����	@� ú � 	 K ú � � !å ¦@K ú ��¦ � /B� · � � ¦z�g8�¦ � / ¦z� p8 ¦ � 	 ¦ E ¦ � �
¨Nµ¡FH� � tu � ú � 	 K ú � � !~ ¦@K ú �,¦ � / � · � � ¦*m�¦ � / ¦*m p ¦ � 	 ¦ E ¦ � f

Now by Lemma 3.1, we get

¨NµZ�ÈFH� E � � � � 	 + FH� E � � � � 	�	 K ú E � ¦@K ú E ¦N¦ FH� E � � � � 	 + Fy� E � � � � 	 ¦
� !~ ¦@K ú E ¦ � />���e!¯/ · � 	 � ¦@´ ú E ¦ � �

¨NµZ�ÈFy� � � � � � 	 + FH� � � � � � 	�	 K ú � � ¦@K ú ��¦N¦ FH� � � � � � 	 + FH� � � � � � 	 ¦
� !ÜQ¦@K ú ��¦ � / �T� ¦@´ ú E ¦ � /"j ´ ú �T¦ � 	@�
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¨NµZ�ÈFH���e! +�� ��� [ 	 x u �.�
	 � � � � � 	 + FH���e! +}� ��� [ 	 x u �.�
	 � � � � � 	�	 K ú �
� !Ü ¦@K ú ��¦ � / �T� ¦@´ ú E ¦ � / ¦@´ ú �g¦ � 	@�

¨�µo�ÈFH� � � � � � 	 + FH� � � � � � 	�	 K ú � � !~ ¦@K ú �,¦ � /B��� ¦@´ ú E ¦ � /Cj ´ ú �,¦ � 	@f
Puttingtheabove estimtatestogether, we conclude!~ §§ 


� ¦ ú � ) ¦ � / ¦@´ ú E ¦ � / ¦ ú � �����n!r	 ¦ � / ¦@´ ú ��¦ � / ¦@´ ú �,¦ � 	�G�T� ¦ ú �3¦ � / ¦ ú � �����n!r	 ¦ � / ¦@´ ú E ¦ � / ¦@´ ú ��¦ � / ¦@´ ú �,¦ � 	@f (5.31)

Taking ý large enough,multiplying (5.15)by ý andthenaddingto (5.31),we imply that there

existsapositive constantÁ � suchthat!~ §§ 

� ýB¦ ú E ¦ � / ~ ýiI:JNM - � · � � ¦ ú �3¦ � / ¦ ú ��¦ � / ¦ ú �o¦ � 	�	

/ !~ §§ 

� ¦ ú � ) ¦ � / ¦@´ ú E ¦ � / ¦ ú � �����n!r	 ¦ � / ¦@´ ú ��¦ � / ¦@´ ú �,¦ � 	� +<Á � � ýB¦ ú E ¦ � / ~ ýüI0JDM - � · � � ¦ ú �3¦ � / ¦ ú ��¦ � / ¦ ú �o¦ � 	�	

+<Á � � ¦ ú � ) ¦ � / ¦@´ ú E ¦ � / ¦@´ ú ��¦ � / !~ ¦@´ ú �o¦ � / ¦ ú � �����n!r	 ¦ � 	@f (5.32)

By theGronwall inequality, wehave

ýB¦ ú E ¦ � / ~ ýiI:JNM - � · � � ¦ ú �3¦ � / ¦ ú ��¦ � / ¦ ú �,¦ � 	/ ¦ ú �&)�¦ � / ¦@´ ú E ¦ � / ¦ ú � �����n!r	 ¦ � / ¦@´ ú �T¦ � / ¦@´ ú �,¦ �� � � Ý ¾ % � ýB¦ ú E ��¦ � / ~ ýiI:JNM - � · � � ¦ ú �$�d¦ � / ¦ ú �3��¦ � / ¦ ú �g��¦ � 	
� � Ý ¾ % � ¦ ú � � )X¦ � / ¦@´ ú E � ¦ � / ¦ ú � � �����n!r	 ¦ � / ¦@´ ú � � ¦ � / ¦@´ ú � � ¦ � 	@f (5.33)

This estimatetells us that any two solution trajectoriesinside the absorbingset approacheach

otherastimegoeson. This is thesocalledstrongcontractionpreperty.

Remark 5.1 In fact, here we get the estimateis for ¦@´�þú ��¦ � and ¦@´iþú �o¦ � � ¦@´ ú �,¦ � . But¦@´ þú ��¦ � ��¦@´ � ú � /ô�e! +>� ��� [ 	 x u �.�
	 ú � 	 ¦ � , ¦@´ þú �o¦ � ��¦@´ ú �,¦ � andwehavetheestimatefor¦ ú �3¦ � . Hencewecanobtainthesimilar estimatefor theoriginal
ú � .

Thereforewehave thefollowing theorem.

Theorem 5.2 (Strongcontraction preperty) Assumethatthefreshwaterflux m ����	 haszero mean

as in (4.1) and the oceanbasin’s latitudinal fraction function 4 ����	 is boundedas in (4.2). Let- � / ¦z�32�¦ � / ¦z�38
¦ �Å ¾ / ¦ = ¦ � / ¦*m�¦ �Å ¾ besmallenough.Thenthecoupledatmosphere-ocean

system(1.1)–(1.4)hasthestrongcontractionproperty.
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Now wecomebackto theissueof thetime-almostperiodic(in particular, time-periodicandtime-

quasi-periodic)motion in the coupledatmosphere-oceansystem. First, we give the definitions

aboutalmostperiodicfunctionandpullbackattractor.

A function ÿ ��� M ¥��
, where

���¡� § � 	 is ametricspace,is calledalmostperiodic [1] and[29] if

for every � ² � thereexistsa relatively densesubset
©��

of
� M suchthat

§ � � ÿ ��
9/��X	@� ÿ ��
�	�	 ¹ �
for all


'P	� M and
�VP¡©��

. A subset
©�
�� M is calledrelativelydensein

� M if thereexistsapositive

number
 P�� M suchthatfor every
-VP�� M theinterval

6 -���-¯/ 
^;�� � M of length 
 containsanelement

of
©

, i.e.
© � 6 -X��-0/ 
^;����� for every

-�P�� M .

In order to study the temporallyalmostperiodicsolutionsof (1.1)–(1.9),we needsomeresults

from thetheoryof nonautonomousdynamicalsystems.Considerfirst anautonomousdynamical

systemona metricspaceI describedby agroup �G�h�r�r% # %.Ñ�� ½ of mappingsof I into itself.

Let
�

beacompletemetricspaceandconsideracontinuousmapping� ��� M × � I ��� ¥��
satisfyingtheproperties� �.�d���A�k£¤	 �(Î�� � � � �.�Õ/�
@���'�! 3	 � � �.�d� � % �A� � ��
@���A�! g	�	
for all



,
��P"� M × ,

�üP I and
 üP#�

. Themapping
�

is calleda cocycle on
�

with respectto �
on I .

The appropriateconceptof an attractorfor a nonautonomouscocycle systemsis the pullback

attractor. In contrastto autonomousattractorsit consistsof a family subsetsof theoriginal state

space
�

thatareindexedby thecocycle parameterset.

A family $% ��� %'& # & Ñ º of nonemptycompactsetsof
�

is calledapullbackattractorof thecocycle�
on
�

with respectto �&% on I if it is
�

–invariant,i.e.� ��
@���A� % & 	 � %)(+* � for all

 P�� M × ���5P I �

andpullbackattracting,i.e.

ï Î�æ%�, � � t� � � ��
z� � � % �A� � 	@� %'& 	 � � for all � P"-�����	@�.�üP I �
where

-�����	
is the spaceof all nonemptycompactsubsetsof the metric space

���ü� § � 	 . Here� t� is theHausdorff semi–metricbetweennonemptycompactsubsetsof
�

, i.e.
� t� � % � ù 	,� �æ�/�0�2kÑ�12��Îàª43 �.-�� ù 	 � æ�/�0�2kÑ�1ÕæTÎàÏ Â Ñ�5 § � � % �*Ãk	 for

%
, ù P�->���5	 .

Thefollowing theoremcombinesseveralknown results.SeeCrauelandFlandoli[7], Flandoliand

Schmalfuß[13], andCheban[2] aswell as[20, 6, 3] for thisandvariousrelatedproofs.
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Theorem 5.3 Let
�

be a continuouscocycleon a metric space
�

with respectto a group � of

continuousmappingsona metricspaceI . In addition,supposethat there is a nonemptycompact

subsetù of
�

andthat for every � P"->����	 there existsa � � � 	¯P#� M × , which is independentof��P I , such that � ��
@���A� � 	76 ù for all

 ² � � � 	@f (5.34)

Thenthere existsa uniquepullback attractor $% �h� %8& # & Ñ º of thecocycle
�

on
�

, where%'& � 9: Ñ�� ½<; =*?>�@*�ACB D ;
� ��
z� � � % �A� ù 	@f (5.35)

Moreover, if thecocycle
�

is stronglycontracting insidetheabsorbingset ù . Thenthepullback

attractor consistsof singletonvaluedsets,i.e.
% & �Þ� - t �E�3	*# , and the mapping

�GF¥ - t �E�3	 is

continuous.

Thesolutionoperators��% Ó % ß for (1.1)–(1.9)form acocyclemappingon
� � � � �.�d�n!r	9�Õ� �� � � 	g�� � � � 	\�¸� � � � 	 with parameterset Ih� � M , where

� � 
 � , theinitial time,and � % 
 �¯� 
 � /i
 , the

left shift by time


. However, thespaceIC� � M is not compacthere.Thoughmorecomplicated,it

is moreusefulto considerI to betheclosureof thesubset�r�&% =���
QPH� M # , i.e. thehull of
=

, in the

metricspace
� �I 8+J ��� M �!�5	�	 of locally

� � ��� M 	 –functions
=���� M ¥K�

with themetric

§ º �Ä=��e]d	�� �
�LM l � ~ � M æ�Î�Ï

�� � !D�ON ¨ M� M j ¦ =?��
�	 + ]���
�	 ¦ j � § 
QP RS
with � % definedto be the left shift operator, i.e. � % =?��£¤	¡� � =?��£�/h
�	 , where

j ¦ £ ¦ j denotesthe

normin
�

. By aclassicalresult[1, 29], a function
=

in theabove metricspaceis almostperiodic

if andonly if the thehull of
=

is compactandminimal. Hereminimal meansnonempty, closed

andinvariantwith respectto theautonomousdynamicalsystemgeneratedby theshift operators�&% suchthatwith no propersubsethastheseproperties.Thecocycle mappingis definedto bethe

solution TU ��
�	 � �r� � E � � � � # of (1.1)–(1.9)startingat TU � � �r� � � E � � � � � � � #�PV� at time

 � � �

for agivenforcing mapping
=�P I , i.e.� ��
@�*=�� U � 	 � �C��W% Ó � U � �

wherewe have includeda superscript
=

on � to denotethe dependenceon the forcing term
=

.

(This dependenceis in factcontinuous,see s 3). Thecocycle propertyherefollows from thefact

that � W% Ó % ß TU � �(� ( * ß W% � % ß Ó � TU � for all

 î 
 � , 
 � P�� M , TU � P"� and

=�P I .

Following Theorem5.3 andthe dissipativity andstrongcontractionpropertiesshown in the last

two sections,we concludethat the coupledatmosphere-oceansystem(1.1)–(1.4)hasa unique

pullbackattractor, consistsof thesingletonvaluedcomponent�XT- t �E�3	*#ÕP �% andthemapping
��F¥
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T- t �E�g	 is continuouson I . As in DuanandKloeden[10] or Gao,DuanandFu [16], we now show

thatthis singletonattractor T- t �E�g	 definesanalmostperiodicsolution.

In fact, the mapping
��F¥ T- t �E�3	 is uniformly continuouson I becauseI is compactsubsetof� �I 8YJ �Z� M �!�5	�	 dueto theassumedalmostperiodicity. That is, for every � ² � thereexistsa

ú � � 	² � suchthat ¦�T- t �E�3	 +[T- t � E 	 ¦ ¹ � whenever § º �E�A� E 	 ¹ ú . Now let thepoint
Ç�

( � = , thegiven

temporalforcing function)bealmostperiodicandfor
ú � ú � � 	 ² � denoteby

©]\
the relatively

densesubsetof
� M suchthat § º � �r% × : Ç�A� �&% Ç�3	 ¹ ú for all

�5P}©]\
and

oP�� M . From this andthe

uniformcontinuitywehave ¦�T- t � �r% × : Ç��	 +^T- t � �r% Ç�g	 ¦ ¹ �
for all


HP"� M and
��P�© \ Ö � Ù . Hence


_F¥ �r� t � E t � � t � � t #
��
�	¯� �`T- t � � % Ç��	 is almostperiodic,andit

is asolutionof thecoupledatmosphere-oceanmodel.It is uniqueasthesingle-trajectorypullback

attractoris the only trajectorythat exists andis boundedfor the entiretime line. Therefore,we

have thefollowing result.

Theorem 5.4 (Periodic, quasiperiodicand almostperiodic motion) Assumethat thefreshwater

flux m ����	 haszero meanas in (4.1) and the oceanbasin’s latitudinal fraction function 4 ����	 is

boundedas in (4.2). Let
- � / ¦z�32�¦ � / ¦z�g8L¦ �Å ¾ / ¦ = ¦ � / ¦*m�¦ �Å ¾ be small enough. Thenthe

coupledatmosphere-oceansystem(1.1)–(1.4)hasuniquetime-periodic,quasiperiodicandalmost

periodic motions,whenthe external fluctuation
=

in the atmosphericenergy balancemodelis

time-periodic,quasiperiodicandalmostperiodic,respectively.

6 Summary

Wehave investigatedthedynamicalbehavior of acoupledatmosphere-oceansystem.

First, we show that thecoupledatmosphere-oceansystemis stableundertheexternalfluctuation

in the atmosphericenergy balancerelation (Theorem3.2). Then,we estimatethe atmospheric

temperaturefeedbackin termsof the freshwater flux, heatflux and the external fluctuationat

the air-seainterface,aswell asthe earth’s longwave radiationandthe shortwave solarradiation

(Theorem4.1). Finally, we prove that the coupledatmosphere-oceansystemhastime-periodic,

quasiperiodicandalmostperiodicmotions(undersuitableconditionson the physicalquantities

suchasfreshwaterflux, theearth’s longwave radiative coolingcoefficient andtheshortwave solar

radiationprofile),whentheexternalfluctuationin theatmosphericenergy balancerelationis time-

periodic,quasiperiodicandalmostperiodic,respectively (Theorem5.4).
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