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COMPLICATED DYNAMICS IN SCALAR SEMILINEAR
PARABOLIC EQUATIONS IN HIGHER SPACE DIMENSION

PETER POLACIK*

Abstract. We study the dynamics of the boundary value problem

(1) uy — Lu = g(z,u,Vu),z € Q,

(2) U|3n = 01

where L is a second order uniformly elliptic operator and Q C R¥ is diffeomorphic to the ball in RN N > 2.
The main result asserts that given any C¥-vector field V on RN+! with V(0) = 0 one can adjust coefficients
of L and the function g such that the corresponding problem (1),(2) has an N + 1-dimensional invariant
manifold through the equilibrium u = 0 and the Taylor expansion at u = 0 of the vector field representing
the flow on this manifold coincides (in appropriate coordinates) with the Taylor expansion of V, up to
k-th order terms. This result implies that a hyperbolic invariant N-torus can be found in (1),(2) (if L and

g are appropriately chosen). This result also indicates that “chaotic dynamics” is likely to occur for some
choices of L and g.

1. Introduction. In this paper we study the dynamics of the scalar semilinear
parabolic equation

(1.1) uy — Lu = g(z,u,Vu),t > 0,z € Q,

where @ C RN, N > 2, is a domain such that Q is (as a manifold with boundary) C*°
diffeomorphic so the unit ball in R, Here L stands for a second order elliptic operator of
the form

(1.2) Lu = iz=1 aixi (a,-j(x)c%) + a(z)u,

where the coefficients a;;,a are smooth on  and the matrix (a;;) is symmetric and uni-
formly positive definite. The function g(z,u,y): @ x R x RN — R is assumed continuous
together with all its partial derivatives

9g(z,u,y)
Okoudkry, ... OkNyN

with respect to u and y. (We separate a(z)u from ¢(z,u, Vu) for notational convenience.)
We subject (1.1) to Dirichlet boundary condition

(1.3) *lag = 0.
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This boundary value problem can be considered within the context of abstract semilinear
parabolic equations, as examined in [He 1]. By [He 1], (1.1), (1.3) defines a local semiflow
on an appropriate Sobolev-Slobodeckii space. (Details are given below.)

For various restricted classes of equations of the type (1.1), the dynamics has been well
described. For instance, if N = 1, then the dynamics is simple: each bounded solution
converges to an equilibrium [Ma 2/4,Ze]. A variety of other results giving more detailed
description of the dynamics are available if N = 1 (see [An, B-F 1,2, F-R, He 1,2, L-P-S-S,
C-L-S] and references given there).

If N > 1, we still observe a simple behaviour of solutions, provided g = g(z,u) does
not depend on Vu. In this case (1.1), (1.3) admits a global Lyapunov functional [Ma
1]. Hence all bounded solutions approach a set of equilibria. If all equilibria are isolated
which usually is, in a sense, a generic situation (see [B-C, B-P, He 2,4, Po, Ro] for various
results concerning generic hyperbolicity of equilibria), then again each bounded solution
is convergent. This convergence result remains valid if instead of the generic assumption
on the equilibria one assumes that ¢ is analytic in u [Si].

Now let us turn to the general case, when N > 1 and ¢ is allowed to depend on Vu.
The semiflow defined by (1.1), (1.3) is no longer gradient-like and in fact an oscillatory
behaviour of trajectories can occur (in [Hi 1], an equation of the type (1.1) which has a
periodic orbit is given). Still there is a special structure which has important dynamical
consequences. Namely, the problem (1.1), (1.3) falls into the class of so called strongly
monotone dynamical systems [Hi 2] (cf. [Ma 3]). The concept of such systems is an
abstraction of the strong comparison principle, which holds in (1.1), (1.3) as a consequence
of the maximum principle for linearized equations [P-W]. One of the most important
dynamical implications is that “almost all” bounded solutions of (1.1), (1.3) are convergent
[Po 2]. So the “typical” behaviour of trajectories is again very simple (see [Hi 2, Po 3,
S-T] for other typical properties of (1.1), (1.3)). However, no limitation emerges from
the monotonicity structure on the at-all possible (atypical) dynamical behaviour. As a
construction of Smale [Sm] shows, “any dynamics” can be found in strongly monotone
systems. The aim of this paper is to show that trajectories of (1.1), (1.3) can indeed
exhibit a complicated dynamical behaviour. As follows from our results, (1.1), (1.3) can
have a trajectory dense in a torus of arbitrarily high dimension if NV is sufficiently large, and
the functions a;;,a and g are appropriately chosen. Moreover, there is a strong indication
that, even if N = 2, a chaotic shift dynamics can be detected in (1.1), (1.3). (Of course,
by monotonicity, such dynamics must be unstable.)

So there is a big qualitative difference between the general equation (1.1) on one side
and the gradient independent equation or the equation on an interval on the other side.
The situation here is similar as when comparing equation (1.1) on an interval {2 with the
same equation, where we add a simple nonlocal term

/Q v(z)u(z, t)dz.
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As was shown in [F-P], in equations with such a term one can expect rather complicated
dynamics (as opposed to local one-dimensional equations (1.1)).

Our approach toward complicated dynamics in (1.1), (1.3) is similar to that of [F-P].
We prove that any finite jet can be realized in (1.1), (1.3). There is a difference, however,
in the way how this aim is achieved. Below we will outline the procedures used in both
papers. First we give a precise meaning to the phrase “realize a jet in (1.1), (1.3)”.

For this we write (1.1), (1.3) in the abstract form

(1.4) uy + Au = f(u).
Here A is the sectorial operator on X := L,(Q2) (we choose p > N) defined by L and

Dirichlet boundary condition and f is a Nemitskii operator defined by ¢. Specifically, we
define A with the domain

(1.5) D(A) := WHP(Q) [\ W, P(Q) = {u € W*P(Q)[ulag = 0}
by
(1.6) Au = —Lu.

For this sectorial operator, the fractional lower space X*,1/2 < a < 1, is the Sobolev-
Slobodecsii space W2*P(Q) N WP(Q) [Am, He 1]. Since p > N, we can choose a < 1
sufficiently close to 1 such that we achieve the continuous imbedding

(1.7) W2*P(Q) — CY(Q). [Ty]
Then defining f : X* — X by

fu())(z) = g(z,u(z), Vu(z)),

we clearly have f € C>®°(X®, X). Thus, by [He 1], (1.4) defines a local semiflow on X <.

Now assume that the differential operator L is chosen such that the corresponding
operator A admits a decomposition

X=X18X,

into close invariant subspaces, X; having finite dimension. Fix an integer £ > 0 and
consider the finite dimensional linear space J§¥(X;) of the k-jets on X; for which 0 is the
source and target (see [G-G]). Equivalently, any element in J§(X;) can be understood as
the Taylor expansion at 0 of a C¥-mapping h : X; — X; such that h(0) = 0. (The Taylor
expansion is taken up to the order k.)



We say that a jet j¥ € J¥(X;) can be realized in (1.1), (1.3), by adjusting the function
g, if there exists a function g with the above regularity such that the equation (1.4)
corresponding to (1.1), (1.3) has the following two properties:

P1) There exists a locally invariant manifold of (1.4) of the form
(18) W = {’U.] + a(ul)[ul € U},

where U is a neighbourhood of 0 in X3, and ¢ : U — X§ := X, N X% is a C*-mapping
with o(0) = 0.

P2) Consider the projected equation
(1.9) u; = —Aug + Pf(us + o(uy)),

representing the flow of (1.4) on W. Here P : X — X, is the continuous projection with
kernel Xy (hence P commutes with A). The second property requires that the k-jet at 0
of the right hand side of (1.9) is equal to the given jet j*.

Realization of finite jets of vector fields, in particular those with degenerate singular-
ities, is an important prerequisite to finding an interesting dynamical behaviour in par-
ticular problems. Local bifurcation theory then supplies results, which can be applied to
establish occurrence of interesting phenomena. As an example one can consider results of
Langford and Iooss on interactions of Hopf and steady-state bifurcations [La, L-I]. In [I-L],
they analyzed, via the normal form techniques, an unfolding of a vector field on R?® with
0, 2w degeneracy. Their analysis provides a bifurcation diagram, which is qualitatively
unaffected by the terms of order greater than 5 in the Taylor expansion of the vector field
at 0. The most interesting feature of this diagram is that it contains a parameter region,
where the corresponding vector field has an invariant 2-torus.

In order to apply this result in a particular problem, it suffices to prove that any 5-jet
on a three dimensional space can be realized. This is indeed the case with (1.1), (1.3) for
N = 2. So, by the results of [L-I], if N = 2 an operator L and a function ¢ can be found
such that (1.1), (1.3) has an invariant 2-torus.

For a general N > 2 we prove that any finite jet on an N + 1-dimensional space can
be realized in (1.1), (1.3). Thus for N > 2 a mode interaction can be used leading to
N-dimensional invariant tori [Bi, Ch-H].

It is likely that even more interesting invariant sets can be found in (1.1), (1.3). A
system, where any finite jet on at least three-dimensional space can be realized, are ex-
pected to admit existence of a transverse homoclinic orbit of some return map. See [Gu 2]
for a theoretical support of this expectation. Existence of such an orbit is known to be an
evidence of presence of a Cantor invariant set with chaotic shift dynamics [G-H, Pa).

As was already mentioned, our jet realization result is similar to a result obtained in
[F-P]. It was proved there, that any jet, the linear part of which has simple imaginary
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eigenvalues, can be realized in the nonlocal equation mentioned above. This result was
proved in two steps. First coefficients in the linear part of the nonlocal equation were
found such that the linear operators had a prescribed number of simple eigenvalues on the
imaginary axis. Then higher order terms in the equations were adjusted such that the
vector field on the corresponding center manifold of 0 had an arbitrarily prescribed jet
(satisfying the restriction on the linear part). A similar procedure was used in [Gu 1,2] for
realization of a 2-jet of a vector field on R? in the Brusselator diffusive system.

The second step in the method of [F-P] is rather implicit, since transversality was used
to prove that certain condition is generically satisfied.

The method we use here for realization of finite jets in (1.1), (1.3) is implicit already
on the linear level. Unlike [Gu 1,2, F-P], we are not able to explicitly solve the complex
inverse eigenvalue problem, i.e. to find a linear equation (1.1) with prescribed complex
eigenvalues. (Note, however, that an existence results, based on the implicit function
theorem, is presented in Section 2). Instead we start with an operator L which, subject to
Dirichlet boundary conditions, has a kernel X; of dimension N + 1. We then constitute a
mapping which to each “small” ¢ associates a k-jet on X;. This jet is given by a vector
field on an invariant manifold of (1.1), (1.3) close to X; (which exists for small g). The
image of this mapping consists of jets in J§(X;) which can be realized in (1.1), (1.3), by
adjusting the function ¢ (including linear terms). We use the implicit function theorem to
prove that this mapping is locally surjective near ¢ = 0. In this way we prove that any jet
in J¥(X;)(k > 1 — arbitrary ), sufficiently close to 0 can be realized in (1.1), (1.3). This
is quite sufficient, since any vector field can be obtained from an arbitrarily small one,
via time rescaling. When completing the manuscript, the author was informed by J. Hale
about his papers [Ha 1,2], where a similar result is proved for delay differential equations.
Though a stronger result is claimed in these papers (realization of any vector field on a
center manifold) the proof works only for the jet realization. We give more details about
this in Section 2.

We now state our main theorem precisely. In its formulation and in the whole paper,
if functions a;j, a are mentioned refering to coefficients of a differential operator (1.2), it is
always assumed that they are in C*°(). Similarly a function g(z,u,y) is always assumed
continuous on  x RV*! together with all its partial derivatives with respect to (u,y).

THEOREM 1. Let @ C RY be any domain such that Q is C*-diffeomorphic to the
unit ball in RN, Let n = N orn = N 4+ 1. Then there exists coefficients a;;,a such
that the operator A defined by L and Dirichlet boundary condition (see (1.2), (1.5), (1.6))
has an n-dimensional kernel X, and the following property holds. For any integer k > 0
there exists a neighbourhood B of 0 in J¥(X,) such that any jet in B can be realized in
(1.1), (1.3), by adjusting the function g. Moreover, in the case n = N, g can be chosen
independent of u.

Note that if A defined by (1.5), (1.6) has kernel X; then there exists a closed A-
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invariant subspace X, complementary to X;( i.e. X = X; @ X3, as required for realization
of jets on Xj).

The main reason why we have included the statement for n = N, though it gives us
a weaker result (for N = 2 we can realize only jets of planar vector fields), is that in this
case we can work with a more specific equation. If  is a ball in RV then the conclusion
of Theorem 1 for n = N holds for Lu = Au + pu, where A is the Laplacian and y is a
constant. Thus adjusting ¢ independent of u, we stay in the class of equations

(1.10) uy = Au + pu + g(z, Vu).

The paper is organized as follows.

Section 2 deals with the problem (1.1), (1.3) assuming that the operators L has an
n-dimensional (n = N or n = N + 1) kernel X;. An additional condition on L is derived,
which assures that the mapping taking ¢ onto a jet on X, as mentioned in the above
outline, is locally surjective.

An operator with an n-dimensional kernel satisfying this additional condition is found
in Section 3. In that section the proof of Theorem 1 is completed and a statement con-
cerning equation (1.10) is presented.

In Section 4 we address some open problems related to our results.

Acknowledgement. This work was completed while I was visiting the Institute for
Mathematics and its Applications. I would like to thank the organizers of the program
“Dynamical Systems and their Applications” and the staff of the IMA for the hospitality
and general support. I also thank Stephan Skogerboe for typing the manuscript.

2. Local surjectivity. As was mentioned in the introduction, a starting ingradient
of the proof of Theorem 1 is a differential operator L with an n-dimensional (n = N, N +1)
kernel X,. Such operator will be found in Section 3. In this section we derive an additional
condition on L under which any small jet on X; can be realized in (1.1), (1.3), by adjusting
function g.

Our method is based on two general theorems (center manifold theorem and a local
surjectivity criterion). In order to allow the method to be applicable in other situations
and to make the procedure more intelligible, we initially work in an abstract setting. We
obtain an abstract surjectivity condition, which, interpreted in terms of (1.1), (1.3), gives
us the sought additional condition on L.

For the abstract part of our investigation we assume that A is a sectorial operator
on a Banach space X which has 0 as an eigenvalue of the same algebraic and geometric
multiplicity n. We also assume that no other element of the spectrum of A lies on the
imaginary axis. Let A be another Banach space and let V be an open neighbourhood of 0
in A. Consider the parametrized equation

(2.1) us + Au = f(u, \),
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where f: X® x V — X is a C* function, and X%, a € (0,1), is some fractional power
space defined by A [He 1].

Introducing such a parametrized equation reflects our aim to investigate a problem
where certain data may be adjusted. (Later the role of the parameter will be played by

the function ¢g.) We shall be concerned with jets on X; which can be realized in (2.1),, by
adjusting the parameter.

Let X = X; & X, be the A-invariant spectral decomposition, where X; is the kernel

of A. Let P: X — X, be the spectral projection with kernel X, (see e.g. [Ka]). Assume
that

(2.2) £(0,A)=0 and
(2.3) F(u,0)=0.

By (2.3), the subspace X, is an invariant manifold (consisting of equilibria) for the equation
(2.1)9. We now seek a locally invariant manifold for (2.1)x of the form

(24) Wy = {ul + U(ul,/\)|u1 (S U},/\ € W,

where U is a neighbourhood of 0 in X;, W C V is a neighbourhood of 0 in A and o :
UxW - X§ = XN X, is a C¥*'-mapping. (Henceforth we fix an integer k¥ > 0.) For
this we assume that A admits a smooth cut off function, i.e. that the following property

holds:

(CO) There exists a C*°-function £ : A — R such that £ = 1 in a neighbourhood of 0
and £ = 0 outside the unit ball centered at 0 in A.

With this assumption one proves existence of the invariant manifold Wy in a standard
way using the extended equation
05) i Au = f(u, ),

A=0.

(See [Ch - L 2] for another possible approach.) Indeed, by (2.2), (2.3), the right-hand side
of (2.5) is of the second order for (u,A) — (0,0). The linear operator in (2.5), i.e. the
sectorial operator (u, A) — (Au,0) on X X A, has the same spectrum as A. The eigenspace
of this operator corresponding to the eigenvalue 0 is the space Y; := X; x A. Since X;
is finite dimensional, (CO) implies that Y7 admits a smooth cut off function. Therefore
we can apply the center manifold theory [He 1, Ch-L, M-M] to conclude that (2.5) has a
locally in variant C**!-manifold (a center manifold of the equilibrium (0,0)) of the form

W = {(u1,A) + (o(u1,A), A)|(u1, A) € U x W}.

Here U x W is a neighbourhood of (0,0) in X; x A and ¢ : U x W — X§ is C**+1. Clearly,
each A-section of this manifold is locally invariant manifold for (2.1), and it has the form
(2.4).



From (2.2), (2.3) we further obtain
(2.6) o(u,0) =0 and
(2.7) o(0,A)=0

(because the center manifold W must contain the equilibria (u,0),(0,)). In a usual way,
we now represent the flow of (2.1) on Wy by an ordinary differential equation. Namely,
this flow is conjugate, via P|w,, so the flow of the equation

(2.8) u; = Pf(u; + o(uy, A),\)

(Recall A|x, =0).
Thus for each A € W we have defined a vector field

(2.9) h(u1,A) := Pf(uy + o(uy, A),A)
on U C X;. By (2.2), (2.6), (2.7), we have

(2.10) h(0,A) = 0 and
(2.11) h(x,0) = 0.

Now consider the k-jet
3o h(X) = (D} kw1, Mluy=0)r=o

at u; = 0 of the C*¥*-mapping u; — h(u;, ). We are interested in the set of k-jets
obtained in this way for all A € W. Our aim is to find a condition guaranteeing that this

set of jets contains a neighbourhood of 0 in J¥(X;). For this end we introduce a mapping
¢, which maps each A € W onto the k-jet of (-, A):

$(X) = jeh(-, N).

since h(u,\) is C*+1, ¢ : W — JF(X;) is C'. By (2.11), we have ¢(0) = 0. Therefore the
image of ¢ contains a neighbourhood of 0 in J¥(X}), provided ¢'(0) is a surjective linear
operator (see e.g. [Be]). We now calculate ¢'(0)v for a v € A. Using a change of the order
of differentiation, we first obtain

¢'(0)v = jg {ha(-, 0)v}.
Now, by (2.9), (2.3), (2.6),

ha(u1, 0)v = P fa(u1,0)v + P fu(u1,0)or(u1,0)v
= Pf/\(ulvo)’/'
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Thus ¢'(0)v is the k-jet of the mapping uq — Pfi(u1,0)v. It is now obvious that ¢'(0) is
surjective if the following property holds true

(SC) For any polynomial H : X; — X; of degree k, satisfying H(0) = 0, there exists
a v € A such that

(2.12) P f(u1,0)v = H(u;)

for all u; € X;.

Let us mention that if f(u, ) is linear in A (as will be the case in the forthcoming
application) then (2.12) reads

(2.13) Pf(uy,v) = H(uy).

With the surjectivity condition (SC) we have finished our abstract consideration. In
applications of this abstract condition one has to choose a suitable parameter space A,
admitting a cut off function, write a parametrized equation (2.1)) corresponding to a
particular problem, where the conditions (2.2), (2.3) are satisfied, and verify (SC). We
now carry out this program for the problem (1.1), (1.3).

Assume that a differential operator L of the form (1.2) is given and let A be the
operator on L,(§) defined by L and Dirichlet boundary conditions (see (1.5), (1.6)). As
in the introduction we choose p > N, but it is useful to note that the spectrum of A does
not depend on the choice of p > 1. Since for p = 2, L defines a self-adjoint operator with
compact resolvent, the spectrum of A (on L,(§2),p > N) consists of real eigenvalues with
the same algebraic and geometric multiplicities.

Take a € (0,1) as in (1.7) so that
X (CY(Q).

Consider the equation (1.9) corresponding to (1.7), (1.3). We stress the dependence of
the Nemitskii operator f on g,

fu())(z) = g(z,u(z), Vu(z)),
by writing f = f(u,g). We thus consider the equation
ug + Au = f(u’g)a

where ¢ is an element of some Banach space A. We postpone the specific choice of A
for a while. As this point we only need to know that A consists of functions g(z,u,y)
continuous on Q x RN+ together with all its partial derivatives with respect to (u,y)
(this is the regularity required in Theorem 1), and the topology on A is at least as strong
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as the topology of locally uniform convergence (on @ x RN*1) of all partial derivatives
with respect to (u,y). Then we clearly have f(u,g): X* x A — X of class C*°. Moreover
we shall assume that each function g € A satisfies g(z,0,0) = 0, hence

f(0,9) =0, for all g € A.
For ¢ = 0 we clearly have
f(u,0)=0.
So in our parametrized equation (g playing a role of the parameter) we have the conditions
(2.2), (2.3), with A replaced by g, satisfied.
We now reformulate the surjectivity condition (SC) for this particular equation parametrized
by g.

Assume that A has 0 as an eigenvalue of multiplicity n. Let

Xl = Span {9017"'19011}

be the corresponding eigenspace. we may assume the functions ¢1,..., ¢, to be orthogonal
in Ly(€). Then the spectral projection P : X — X is given by

(2.14) Pu = Zgoj/Qcpj(x)u(m)dm

(P is just the restriction to X = L,(Q2) of the spectral projection of the self adjoint operator
defined by L and (1.3) on L2(92)). Using (2.14) and recalling linearity of f(u,g) in g we
can write the surjectivity condition (SC) for our particular case as follows.

(SCP) For any polynomial H(u;) on X; of degree k satisfying H(0) = 0, there exists
a g € A such that

(2.15) Z% | ex@)(e (@), v, (@)de = )

for all u; € X;.
For the reader’s convenience we now summarize all the conclusions from the above
consideration which have to be remembered in the sequel.

Suppose we have a differential operator L with an n-dimensional kernel X; (assuming
Dirichlet boundary condition). Then any jet in J¥(X) sufficiently close to 0 can be realized
in (1.1), (1.3), by adjusting g, provided a Banach space A of functions g(z,u,y) can be
found such that the following properties are satisfied:

Pa) A admits a smooth cut off function.

Pb) The topology on A is at least as strong as the topology of locally uniform conver-
gence of all partial derivatives with respect to (u,j).

Pc) For each ¢g € A one has ¢g(z,0,0) = 0.
Pd) (SCP) holds true.

With this preparation we can prove the main result of this section.
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LEMMA 2.1. Let @ C RN be any bounded domain with smooth boundary. Let n = N
orn = N + 1. Assume that L is a differential operator of the form (1.2) which has the
following two properties:

1) L subject to Dirichlet boundary condition has an n-dimensional kernel
Xy = Span {‘Pla- .. ’Son}-

ii) The n X n matrix M(z) with the j-th row defined by

jle)ifn=N
(2.16) @={

(p3(x), Vipj(=) ifn = N +1

is regular (i.e. det M(z) # 0) at some point € Q. (This of course does not depend on
whether the basis ¢1,. ..,y is orthogonal or not.)

Then for any integer k > 0 there exists a neighbourhood B of 0 in J¥(X;) much that
any jet in B can be realized in (1.1), (1.3) by adjusting the function g. Moreover, in the
case n = N, g can be chosen independent of u.

Proof. Let the hypotheses be satisfied. Fix an integer k > 0. Lemma 2.1 will be proved
if we find a Banach space A satisfying all the properties Pa) - Pd).

To define A, choose an integer m > 1 + 2/N, so that the following imbedding takes
place:

(2.17) H™(Q) — C(Q)

(see e.g. [Tr]). Let A be the set of all functions g(z,u,y), which are polynomials of the
degree k in variables (u,y) with (z-dependent) coefficients in H™ (), and which satisfy

g(z,0,0) = 0.

In case n = N, we further require each ¢ € A to be independent of u. By (2.17), each
g € A has the required regularity. We now define the norm on A.

Any g € A can be naturally identified with the vector of its coefficients. This defines
a linear isomorphism between A and the space

(2.18) (H™()",

where d is the dimensions of the space of all real polynomials in n variables, for which the
origin is a zero point. We define the norm for A by requiring this isomorphism to be an
isometry.
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For such norm we clearly have the property Pb) satisfied. Further, since the space
(2.18), as a product of Hilbert spaces is itself a Hilbert space, Pa) is also satisfied. The
property Pc) was assumed in the definition of A. It only remains to verify Pd).

For this we first write (2.15) in real coordinates on Xj,u; = ryp; + -+ 4 ro¢,, where

we assume @1, ..., ¢, to be orthonormal in Ly(€2). Passing to this coordinates we see that
(2.15) is equivalent so a system of equalities

(2.19) /Q(pj(a:)g (x, Zr,'<pi(:c),Zr,~ch,~(w)> dz = Hj(r),

1=1

where Hj,j = 1,...,n, are real polynomials in r = (ry,...,r,). In a vector notation,
(2.19) can be written as

(2.20) | estelata,rM(@)da = ),

where M(z) is defined by (2.16). Note that this notation is in agreement with our require-
ment that for n = N, g does not depend on u.

Our task now stands as follows. Given any polynomial H(r) = (Hy(r),...,Hy(r)) of
degree k, satisfying H(0) = 0, we have to find a ¢ € A such that (2.20) holds for any
r € R™.

Fix any such polynomial H. We define a function g(z,u,y). By ii) the matrix M (z) is
regular at some point z € Q. Since by elliptic regularity [Fr], the eigenfunctions ¢1,...,¢n
are smooth on Q (recall that L has smooth coefficients), M(z) is regular for z in some
subdomain Q' C Q. Let M ~!(z) denote the inverse matrix. Put

Z?zl bi(z)H;(:M~Y(z)), for z € ',z € R™,

2.21 ) =
( ) 9(@,2) { 0, for z € Q\Q', 2 € R™,

where

Z_{ (yl"",yN)ifu:N
(uyy1,...,yn) fu=N+1,

and b;(z) are some C*°-functions, with compact support in €', to be determined.

We claim that g € A. Indeed, g is a polynomial in z of degree k and g(z,0) = 0. The
coefficients of this polynomial are functions of z which vanish outside '. On Q' each of
these coefficients is a product of a function b;(z) with several elements of M ~!(z). Clearly,
these products have compact support in 2’ and their regularly in X is determined by the
regularity of ¢1,...,¢,. The latter being C*, we conclude that the coefficients of g(z, 2)
are in C*°(2), hence they are certainly in H™(Q) (with m as in (2.17)). Finally we observe
that ¢ is independent of u if n = N. This shows that indeed g € A.
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Now we determine by,...,b, € C§°()') such that (2.20) holds for all » € R™ and
J =1,...,n. For g defined by (2.21), equality (2.20) reads as follows

> Hy(r) /Q @;(x)bi(z)de = Hj(r).
i=1
So in order to complete the proof it suffices to find b; € C§°(2') such that
(2.22) / @j(z)bi(z)dx = 6;;( the Kronecker symbol ).
Q

To prove that such b; exist, we first claim that the functions ¢y,...,p, are linearly
independent on ©'. This follows easily from the unique continuation theorem [Mi]. Indeed,
any notrivial linear combination of ¢y,..., ¢, is again an eigenfunction of L and, as such,
it cannot vanish on Q' identically (for otherwise it must vanish on § contradicting linear
independence of ¢4,...,p, or Q).

Using the linear independence of ¢1,...,¢,, it is easy to see that the linear mapping
(byy...,by) — (/Q wj(m)bi(x)d:c)zjzl

is surjective from {L2(2')}" onto R™. Actually this mapping is surjective from the smaller
space span {¢i1]a’,.-.,¢nlq}; this follows from the fact that the Gram matrix

([ eirestorie) :

is regular. Now, since C§°(') is dense in L,(Q') and the image of this continuous linear
mapping is finite dimensional, the restriction of this mapping to the space C§°(Q') must
be surjective, as well. This shows that (2.22) holds for some functions b; € C§°(2'). This
shows that also the last property Pd) is satisfied. The proof is complete.

Some remarks are in order. First one concerns the property ii) of Lemma 2.1. It is
not clear to us whether this property has to be assumed or it holds automatically. If
for example n = N = 2, the latter is the case. Note that if n = N then ii) is equiva-
lent to functional independence of the eigenfunctions ¢,...,¢,. Important here is that
these eigenfunctions correspond to one eigenvalue (otherwise they certainly need not be
functionally independent). We will return to this problem in Section 4.

Now we discuss the possibility of proving a stronger result: realization of vector fields,
rather than just finite jets. It would be nicer if we could prove that for g varying in
some space of functions, the set of corresponding reduced vector fields P f(u; +o(u1,9),9)
covers a neighbourhood of zero in a space of vector fields on X;. An idea would be to
apply the implicit function theorem to the mapping g — P f(u; + o(u1,9),9). One can
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indeed prove that the derivative of this mapping at ¢ = 0 is surjective, provided the spaces
are chosen suitably (C* — C* : C¥-norm for g, C¥-norm for fector fields). In [Ha 1,2], a
similar observation led the author to the conclusion that an analogous nonlinear mapping
in delay diffeential equations is locally surjective. There is a typical difficulty, however.
This nonlinear mapping involves the composition of g with o depending on g (f is the
Nemitskii operator of g). Thus with the choice of spaces C* — C*, this mapping is not C*.
It is C? with the choice C*¥ — C*~! but this time the derivative of our mapping at g = 0
is not surjective. The range of this derivative consists of C* vector fields, thus forms a
proper dense subspace in C*~1. Introducing a finite dimensional space (e.g. the space of
k-jets as taken here) as the target space for our nonlinear mapping remedies the difficulty
(a dense subspace in a finite dimensional space is the whole space).

Next remark is a preparation for the last result of this section. The proof of Lemma 2.1
shows that in order to realize any k-jet on X; (the kernel of L), it is sufficient to consider
functions g¢(z,u,y) which are polynomials in (u,y) of degree k. For k = 1 this has an

interesting consequence, proving solvability of a linear inverse eigenvalue problem.

PROPOSITION 2.2. Letn = N orn = N+1 and let L satisfy the hypotheses of Lemma
2.1. Then there exists a neighbourhood D of 0 in the complex plane with the following
property: For any n-tuple py,...,p, € D, satisfying the relations

(223) U2 = [l1y..., 2] = H2]—1 and

(224) H2l41y -+ Pn € R7

there exist functions ag,a1,...,an € C(Q) such that the differential operator
N

Lu:=Lu+ agu + Zaiu,i

i=1
subject to Dirichlet boundary conditions has py,..., @, as eigenvalues.

Proof. The proof is a bend of some simple observations. First, as was remarked above,
any jet in J{(X;) can be realized in (1.1), (1.3), by adjusting a linear (in (u,y)) function
g(z,u,y).

Next we return to the abstract equation (2.1). We observe that if f(u, ) is linear in
u, then the mapping o(uy, \), defining for A near 0 an invariant manifold Wy for (2.1)x
(see (2.4)), may be chosen linear in u;. Indeed, the manifold W) can be chosen as an
invariant subspace, close to X, of the linear operator

ANw := Aw — fu, (A v)w.

(Recall that X, is an eigenspace of the unperturbed operator A = A(0)). It is a standard
result that for A near 0 such an invariant space exists [Ka, Theorems 2.14, 3.16 in Chapter
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IV] and depends smoothly (if f is linear in A, even analytically) on \ [Ka, Section VIL.1].
Now, if o(u;,A) is linear in uj, then so is the function h(uq, ), representing the flow on
Wi (see (2.8), (2.9)). Therefore realization of the 1-jets of this function (by adjusting A)
actually means that the function h(uy,A) itself can be realized (note that this property
breaks down for k-jets, k > 1).

Finally, we observe that the restriction A(A)|W) to the invariant space W) has the
same spectrum as the linear operator u; — h(uy,A) (because these two operators define
linearly conjugate flows).

Using these observations in conjunction with Lemma 2.1 we conclude that there is a
neighbourhood D of 0 in C such that for any pi,...,p. € D, satisfying (2.23), (2.24), we
can adjust coefficients ao, ...,any € C(Q) such that the operator L subject to (1.3) has an
invariant n-dimensional space X; and the spectrum of

is given by the eigenvalues pq,..., ,. Proposition 2.2 is proved. [J

3. Multiple eigenvalues. In this section we find a linear operator which satisfies
the hypotheses of Lemma 2.1.

LEMMA 3.1. Let Q@ C RN be any smooth domain, such that Q is C*-diffeomorphic to
the unit ball in RN. Let u = N orn = N + 1. Then there exist smooth coefficients aij, a
such that the differential operator L given by (1.2) has the properties i), ii) of Lemma 2.1.

Lemma 3.1, in conjunction with Lemma 2.1, implies the assertion of Theorem 1. Later
we will prove another more specific consequence for n = N.
In order to prove Lemma 3.1, we may without loss of generality assume that 2 is the
unit ball
=B :={z €R"||z| =1}.

Indeed, if we find an operator L having the property i), ii) for 2 = B then we can pass to a
general domain Q using a change of coordinates y = h(z) : (h is a C* diffeomorphism B —
Q). After such change of coordinates we obtain a differential operator Lgq on Q which clearly
has an n-dimensional kernel (assuming Dirichlet boundary condition). The corresponding

eigenspace is spanned by the functions

¥;i(y) == @i(h"'(¥), i =1,...,n,

where ¢1,...,p, span the kernel of L. It is easy to see that if M(z) is the matrix defined
by (2.23) and if M(y) is defined in an analogous way for 1;(y),...,%¥.(y) then

det M(y) = c(y)M (™ (v)),
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where ¢ !(y) is the Jacobian of h~*(y). (This is obvious for n = N, for n = N 4 1 expand
det M(y) with respect to the first column). Thus if M(z) is regular somewhere, then M(y)
is regular at some y. Finally we observe that the operator

Lg :=c(y)Lg

with Dirichlet boundary condition defines a self-adjoint operator on Ly({2) (just make a
transformation in the scalar product integral). Hence Lq can be written in the divergence
form (1.2). This follows from the explicit expression for the adjoint operator [Fr, Hel| and
from the fact that if two differential operators are equal (i.e., take the same values on their
domain H2(2)N H(N)) then the coefficients of their differential expressions are equal [Fr,
Section 12]. Since Lg has the same kernel as Lg, all requirements of Lemma 3.1 are met

for Lg.

In the remaining part of this section we assume that {2 = B is the unit ball.

We prove Lemma 3.1 for n = N and for n = N + 1 separately.

Proof forn = N. We prove that for some eigenvalue —p of the Laplace operator A, the
operator Lu := Au + pu has the required properties. This is the content of the following
lemma.

LEMMA 3.2. Let p be the least multiple eigenvalue of the eigenvalue problem

(3.1) Au+ pu =0 on Q,
(3.2) ulag = 0.

Then the differential operator
Lu := Au + pu

has the properties i), ii) of Lemma 2.1.

Proof. In the proof we need some properties of eigenvalues and eigenfunctions of the
Laplacian. For the reader convenience we start by recalling these properties. We introduce
the spherical coordinates

c=rw, re(0,1), wesV1,

(SN-1 is the unit sphere). In this coordinates, the problem (3.1), (3.2) takes the form

(3.3) Upr +
(34) ulr_l = 0
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where A, is the spherical Laplacian [C-H, He 3]. It is a standard result [C-H] that the
eigenvalues of (3.3), (3.4) form a sequence

tmi, m=01,...,1=1,2,.

and for g = i, the corresponding eigenspace is spanned by the functions
(3.5) Tmi(r)o(w), v(w) € Y,

where J,,; is a nontrivial solution of

N-1 N -
(3.6) Ter + =T + (u _mm+ 2)) J=0,

r2

(3.7) J(1) =0,J — regular at r = 0,

and Y, is the space of spherical harmonics of order m in N variables. By definition, Y,
consists of the restrictions to SN~1 of all harmonic polynomials on RN of the degree m.
Any elements of Y;,,\{0} is an eigenfunction of A; with the eigenvalue —m(m + N — 2) (
that’s how the equation (3.6) comes out). [St].

Thus for a fixed m, the sequence

(3.8) Umi1 < fme < ...

is the sequence of the eigenvalues of the one dimensional problem (3.6), (3.7). Equivalently,
/Pmysr/HBm, --- 18 the sequence of all positive zeroes of a nontrivial solution of

_ -2
Jrr+]—v——1J,+(1—m(m+N ))Jzo,
T

r2

J regular at 0.

Solutions of this equation (which is obtained from (3.6) via the transformation r — |/ur)
can be handled similarly as the Bessel functions of integer order (i.e., the solutions in the
case N = 2). Expanding the solutions in potential series and passing to functions Jn; via
a corresponding inverse transformation r — u‘lir, we find the values

(3.9) Jm1(0) =0, form =1,2,..., and
(3.10) J1(0) # 0, Joi(0) # 0, J5,(0) = 0, for [ =1,2,....

Since the first eigenfunction J,,; of (3.6), (3.7) has no zero in (0,1), using (3.9), and
comparison arguments, we obtain

(311) Hor < p11 < po1 < ....
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We also need the relation

(3.12) pi1 # por for 1 =1,2,....

To prove (3.10) one can use the following standard argument (for N = 2, (3.12) can be
found in textbooks on Bessel functions) : If u1; = pg;, then one proves, by differentiating
(3.6), that Ji;(r) and Jg;(r) solve the same equation. Since they are both regular at
0, J11(r) = ¢Jg1(r) for some constant g. From this and (3.7) we see that Jy; has a double
zero at r = 1, hence Jy; = 0, contradicting the fact that Jy; is an eigenfunction.

Now we can complete the proof Lemma 3.2. From (3.8), (3.11), (3.12) it follows that
p11 has multiplicity N (the dimension of the space of spherical harmonics of the first
order). The corresponding eigenfunctions (in Cartesian coordinates) are

(3.13) 0i(2) = Ju(r) 2 r=|z],j=1,...,N.
Tr

In fact g1, is the least multiple eigenvalue (the radial eigenvalues po1, po2, ... are simple).
So the operator A + p;; has the property i). It remains to be proved that the Jacobian
Ip1(z),...,pn(z)) does not vanish identically. In order to calculate this Jacobian we first
change the coordinates:

5(‘Pl (‘T)a s a‘PN(x)) = rl—Ng(‘Pl (Ta w)’ cee a‘PN(T’ w)),

where r = rw and the latter Jacobian is with respect to spherical coordinates. Taking into
account the specific form (3.13) of ¢4,...,¢nN, we find

N-1
Ipr1(r,w),...,on(r,w)) = Ji () (JUT(T)) Iz1(r,w),...,eN(r,w))

where

3(.’1:1(7‘, w), - ,CCN(T,w)) — rN_l

is the Jacobian of the transformation from spherical to Cartesian coordinates. Matching
these equalities together, we obtain

Ju(r)>N_1’

r

(3.14) H1(2),- s on(@)) = Th(r) (

which is certainly nonzero somewhere (Jy; is not a constant). This completes the proof of
Lemma 3.2 and the proof of Lemma 3.1 for n = N. [

From Lemmas 2.1, 3.2 it follows that if Q is the ball then any small finite jets on
N-dimensional space can be realized in an equation of the following special form

(3.15) uy = Au + pu + g(z, Vu),z € .
We formulate this immediate consequence as
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COROLLARY 3.3. Let Q be the unit ball in RN. Then there exists a constant y such
that the operator A+ p has an N-dimensional kernel X, and the following property holds.
For any integer k > 0 there exists a neighbourhood B of 0 in J§(X;) such that any jet in
B can be realized in (3.15), (1.3) by adjusting the function g = g(z, V).

We now proceed in the proof of Lemma 3.1.

Proof for n = N + 1. In seeking for an operator with N + 1 dimensional kernel we use
the following idea. Consider a differential operator on € which in spherical coordinates
has the form

(3.16) Lu =u, + uur + 7(2) JANRTR
r r
where v(r) is a smooth function on (0,+c0) such that ¥ = 1 near 0. This operator

subject to Dirichlet boundary condition has the same radial eigenvalues as the Laplacian.
Nonradial eigenvalues, however, are affected by the choice of v(-). Our goal is to find (+)
such that the first nonradial eigenvalue coincides with a radial eigenvalue. This gives us an
eigenvalue of multiplicity N + 1. This goal is achieved in two steps. First we find «(-) such
that the first non radial eigenvalue is sufficiently large. In the next step we choose a path
in space of admissible functions joining 7(-) to the constant function ¥ = 1 (for which L
is the Laplacian). Arguing by continuity we conclude that the first nonradial eigenvalue,
which changes along the path, must meet some radial eigenvalue (which does not change
with ).

First observe that L defines a self-adjoint operator on Ly(2) (transform the coordinates
in the scalar product integral). Thus in Cartesian coordinates, L takes the form (2.1). Also
observe that L coincides with the Laplacian near the origin in RN (because v = 1 near
r =0).

In order to find the eigenvalues and the eigenfunctions of L one can use spherical
harmonics in the same way as for the Laplacian. The eigenvalues form a sequence

fmt,m =0,1,....01=1,2,..

and for g = p,; the eigenfunctions have the form (3.5). The equation for J,,;(r) now reads

— N -2
(3.17) T+ _N_r_lJr n (N _ ’Y(r)m(”’:j )) J=0
(3.18) J(1) =0,J — regular at 0.

Since ¥ = 1 near r = 0 (hence the transformation r + ,/ur in (3.6) and (3.17) gives
equations which are identical near 0), the evaluations (3.9), (3.10) remain valid. Hence, by
comparison arguments, also (3.11) holds true. It follows that the eigenvalue x1; has either
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multiplicity N (if 11 # pos for I = 1,2,...) or it has multiplicity N 4+ 1 (if 13 = po; for
some [). The latter is what we want to achieve.

Below we use the notation y11(7y) to emphasize the dependence of y;; on 7.

We know that for v = 1 (L is the Laplacian ) p;;(1) has multiplicity N. Let [ be the
least integer such that

(3.19) ﬂ]](l) < Wol.

such [ certainly exists because po; — +00 as | — oo.

We now find a 7, such that

(3.20) p11(71) > por

(Let us recall again that uo; is independent of 7). We claim that (3.20) holds if the
inequality

N -1

r2

(3.21) fror — n(r) <0

is satisfied for all r € (0,1). Indeed, if this is the case then the assumption pg; > p11(71)
would imply
N-1
2

For Jy;(r), as a solution of (3.17), (3.18) with u = p11(y1) and m = 1, this would clearly
mean that it cannot achieve its positive maximum in (0,1). But since Jy; can be assumed
positive in (0,1) and since J1;(0) = Jy;(1) = 0 (see (3.9), (3.18)), Jy; has to achieve its
positive maximum in (0,1). This shows that (3.21) indeed implies (3.20).

It is obvious that there exists a smooth function ~;(r) such that (3.21) holds and
v1(r) = 1 near 0. Fix such a v;(r). Consider the homotopy

pa1(7) — T (r) <O.

yi(r) ==t + (1 — t)y1(r).

For each t € (0,1) we have 74 = 1 near 0 and 7 = 1 on (0, 1). Hence

p11(0) < Yor < p(1)-

Using the continuous dependence of u11(:) on t we conclude that for some function v =
v¢,t € (0,1), we have

p11(y) = por.

As we have already mentioned, for such v, the eigenvalue p1; := p11(y) has multiplicity
N + 1. The corresponding eigenfunctions in the Cartesian coordinates are

T; .
(3.22) e1(z) = Jo(r), pr+j(z) := Jn(r)-TJ,r =|zl,7=1,...,N.
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We now calculate the determinant of the corresponding matrix M(z). Again the first step
in the calculation is the change of coordinates

pi(rw)  Vewpi(r,w)
(3.23) M(z) =N det :

9

PN+1 (’I", w) v1"w‘PN+1 (’I‘, w)

where z = rw and V., is the gradient with respect tot eh spherical coordinates. ((3.23)
is obtained by expanding M(z) with respect to the first column and by the change of
coordinates in the resulting Jacobians). Now, since ¢;(r,w) = Jy(r) is independent of w,
we have

Joi(r) a(r) 0
(3.24) M(z) =r'=N det :

oni(rw) M

where M is the (N x N) Jacobi matrix of @a(r,w),...,on41(r,w). We can now use the
calculations from the proof for n = N to obtain

N-1
det B = §(pa(r,w), .., prva1(r,w)) = vV 71T (1) (J_())

Thus after expanding the determinant in (3.24) with respect to the first row we have
J N-1
(3.25) M) = )70 (22 - gy,

where D stands for certain determinant. Using J11(0) = 0 (see (3.9)) we see that D is of
the class 0(rV~1!) as r — 0. Since we also have Jj,(0) = 0 (see (3.10)), letting r — 0 in
(3.25) we find

M(0) = Jor(0)(J1:(0))"

Finally, referring to (3.10) again, we obtain
M(0) # 0.

We see that the operator L with a properly chosen v has an N + 1 dimensional eigenvalue
1 and the matrix M(z) for the corresponding eigenfunctions is not identically zero. Thus
taking

L=L-pu

we obtain an operator with the required properties i), ii). The proof of Lemma 3.1 is
complete. [
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4. Problems. In this section we address some questions of interest which we cannot
answer. First we return to the discussion of the hypothesis ii) of Lemma 2.1. We prove
that if u = N = 2 then ii) is automatically satisfied. The arguments used breaks down for
N > 3. We illustrate this on an example but leave unsolved the question whether ii) is
always satisfied. Then we deal with some special cases of equation (1.1). We address a jet
realization problem for such equations.

In Section 2 we have remarked that if n = N = 2 then any operator L, which has a
two-dimensional kernel span {p1,¢2}, has automatically the property ii) of Lemma 2.1,
i.e., the Jacobian J(¢1(z),p2(z)) does not vanish identically. This is a consequence of the
following more general statement.

PROPOSITION 4.1. Let Q C R? be a bounded domain and let S C Q be a C?-curve.

Let
2

Lu = E QjjUz;z; T Q1Uz, + QoUsz, + Qpu
t,j=1

be any strongly elliptic operator with C'( on Q) coefficients. Assume that the functions
©1,92 € C*(Q) are linearly independent on Q and such that

(4.1) Ly; =0o0n$, and

(4.2) @jls =0, forj =1,2.

Then J(p1(z), p2(z)) does not vanish identically on §2.

Proof. Suppose that J(¢1(z),@2(z)) = 0 on Q (hence on Q). Then for each = € Q we
have

We distinguish two possibilities:
a) p(z) =0forall z € S.
b) p(z¢) = 1 for some z( € S.
In both cases we find a contradiction. If a) holds then V(¢i(z) =0 on S. Hence

(4.3) %—f}l =0on S,
where 7 is any vector field on S. By (4.1) - (4.3) and uniqueness for the Cauchy prob-
lem [Mi], ¢; = 0 in a neighbourhood of S. Consequently ¢; = 0 on 2, by the unique
continuation theorem [Mi]. This contradicts linear independence of ¢y, .

Now assume that b) holds. Then p(z) = 1 for z in some neighbourhood of zo in .
Let e.g. V1(zo) # 0. A corollary to the implicit function theorem now tells us that there
exists a Cl-function F : R — R such that

pa2(z) = F(p1(z))
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for z in a neighbourhood U of z¢ in ©. This in conjunction with (4.2) implies
Vea(z) = F'(0)vei(z), forallz e UNS.

It follows that the function
@ 1=y — F'(0)¢s

satisfies

vi(z) =0on UNS.

Since ) also solves (4.1), (4.2), by the arguments from a), we obtain
¥ =0o0n

contradicting linear independence of ¢, p,.

Thus both cases a) and b) lead to a contradiction, which shows that J(¢1(z),p2(z))
cannot vanish identically. []

In the above proof, it was important that if rank of the Jacobi matrix of ¢;, 2 equal
1 at some point z¢o € S then this rank is constant in vicinity of . This property does
not hold if we have N functions on an N-dimensional domain Q, N > 2. For in this case
the Dirichlet boundary condition forces the rank on S to be at most 1, while vanishing
Jacobian on  only implies that the rank on  is at most N — 1 > 2. It is not difficult to
find a counter example disproving Lemma 4.1 in dimension N > 2. Just take an operator L
on the unit disk B which has a 3-dimensional kernel span {¢1, ¢2, 93} (such operator exists
by Lemma 3.1) and define an operator L on the 3-dimensional domain Q := B x (—1,1)
by

~ 02
L:=L+ —.
+ dz?

Clearly

Lo; =0o0n
¢j =0o0n 0B x(-1,1),5 =1,2,3.

However, the Jacobian of ¢1, 2, 3 vanish identically because these three functions depend
only on two variables 1, z,.

This example shows that if the property of identically vanishing Jacobian is to be
excluded, local arguments, as those in the proof of Proposition 4.7, are not sufficient, and
one has to use the fact that the eigenfunctions are zero on the whole boundary of Q.

The next comments concern the linear operator L. Our method requires that L has
an n-dimensional kernel (n = N orn = N 4+ 1). For n = N, we have proved that on

a general domain  such operator can be found by transforming the Laplacian on the
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ball. The transformation gives us an operator L of the divergence form with some smooth
coefficients. It would be of more interest to prove that this inverse eigenvalue problem
(finding an operator with an eigenvalue of multiplicity n) can be solved in a more special
class of operators. For example, one could think of the class

Lu = Au + a(z)u,

where only potential a(-) is allowed to vary. If such an operator L existed and if it also
had the property ii) of Lemma 2.1, then in realization of finite jets on R™ one could stay
within the class of equations

(4.4) ut = Au + g(z,u, Vu),z €
(4.5) ulag = 0.

Even more interesting is the question what kind of dynamics can be detected in (4.4), (4.5)
if g = g(u, Vu) does not depend explicitly on the spatial variable . While we have shown
that in spatially dependent problem (4.4), (4.5) complicated dynamics can occur, at least
if Q is the ball in RN, N > 2, we have nothing to support our expectation that (4.4), (4.5)
with ¢ = g(u, Vu) can also provide dynamically interesting phenomena.

REFERENCES

[Am] H. AMANN, On abstract parabolic fundamental solutions, J. Math. Soc. Japan 39 (1987), pp. 93-116.
[An] S.B. ANGENENT, The Morse-Smale property for a semilinear parabolic equation, J. Diff. Eq. 62
(1986), pp. 427-442.
[B-V] A.V. BaBIN AND M.I. VIsHIK, Regular attractors of semigroups and evolution equations, J. Math.
Pures et Appl. 62 (1983), pp. 441-491.
[Be] M.S. BERGER, Nonlinearity and Functional Analysis, Academic Press, New York 1977.
[Bi] Y.N. BiBikov, Bifurcation of invariant tori for systems with degeneracy(Russian), in “Questions
of the Qualitative Theory of Differential Equations”, V.M. Matrosov and L.Y. Anapolskii (eds.),
Nauka, Novosibirsk (1988), pp. 4-8.
[B-C] P. BRUNOVSKY AND S.N. CHOW, Generic properties of stationary state solutions of reaction-diffusion
equations, J. Diff. Eq., 53 (1984), pp. 1-23.
[B-F 1] P. BrRUNOVSKY AND B. FIEDLER, Connecting orbits in scalar diffusion equation, in “Dynamics Re-
ported”, vol 1, V. Kirchgraber and H.O. Walther (eds.), Wiley & Sons (1988), pp. 57-89.
[B-F 2] P. BRUNOVSKY AND B. FIEDLER, Connecting orbits in scalar reaction-diffusion equations II: The
complete solution, J. Diff. Eq., 81 (1989), pp. 106-136.
[B-P] P. BRUNOVSKY AND P. POLACIK, Generic hyperbolicity for reaction diffusion equations on symmetric
domains, J. Applied Math. Physics (ZAMP), 38 (1987), pp. 172-182.
[C-L-S] T.F. CHEN, H.A. SEVINE AND P.E. Sacks, Analysis of a convective reaction diffusion equation, J.
Nonlinear Analysis, 11 (1987), pp. 593-597.
[Ch-H] S.N. CHow AND J.K. HALE, Methods of Bifurcation Theory, Springer-Verlag, New York 1982.
[Ch-L] S.N. CHow AND K. Lu, Invariant manifolds for flows in Banach spaces, J. Diff. Eq., 81 (1988), pp.
285-317.
[Ch-L 2] S.N. CHow AND K.Lu, Smooth invariant foliations for flows in Banach spaces, in preparation.
[Co-H] R. COURANT AND D. HILBERT, Methods of Mathematical Physics, Interscience, New York 1953.
[F-P] P. FiEDLER AND P. PoLACIK, Complicated dynamics of scalar reaction diffusion equations with a
nonlocal term, preprint.

24



[Gu 2]
(G-H]

[Ha 1]
[Ha 2]
[He 1]
[He 2]
[He 3]
[He 4]
[Hi 1]
[Hi 2]

[Kal
(La]

[L-1)

[L-P-S-8]
[M-M]
[Ma 1]
[Ma 2]
[Ma 3]
[Ma 4]

[Mi]
(Pa]
[Po 1]

[Po 2]

A. FRIEDMAN, Partial Differential Equations, Holh, Rinehart & Winston, New York 1969.

G. Fusco AND C. RocHA, A permutation related to the dynamics of a scalar parabolic P.D.E.,
preprint.

M. GoLUBITSKY AND V. GUILLEMIN, Stable mappings and their Singularities, Springer-Verlag, New
York (1973).

J. GUCKENHEIMER, On a codimension two bifurcation, in “Dynamical Systems and Turbulence”,
D.A. Rand and L.S. Young (eds.), Lecture Notes in Mathematics 898, Springer-Verlag, New York
(1987), pp. 99-142.

J. GUCKENHEIMER, Multiple bifurcation problems of codimension two.

J. GUCKENHEIMER AND P. HoLMES, Nonlinear Oscillations, Dynamical Systems, and Bifurcations of
Vector Fields, Springer-Verlag, New York 1983.

J.K. HaLE, Flows on centre manifolds for scalar functional differential equations, Pro. Royal Soc.
Edinburgh, 101A (1985), pp. 193-201.

J.K. HALE, Local flows for functional differential equations, Contemporary Math. vol 56, Amer.
Math. Soc, Providence (1986), pp. 185-192.

D. HENRY, Geometric Theory of Semilinear Parabolic Equations, Lecture Notes in Mathematics 840,
Springer-Verlag, New York 1981.

D.B. HENRY, Some infinite-dimensional Morse-Smale systems defined by parabolic equations, J. Dift.
Eq., 59 (1985), pp. 165-205.

D.B. HENRY, Topics in Nonlinear Analysis, Travalho de Matematica 192, Univ. Brasilia 1982.

D.B. HENRY, Generic properties of equilibrium solutions by perturbation of the boundary, in “Dy-
namics of Infinite Dimensional Systems”, S.N. Chow and J.K. Hale (eds.), Springer-Verlag, Berlin
Heidelberg 1987.

M.W. HirscH, Differential equations and convergence almost everywhere in strongly monotone semi-
flows, in Contemporary Math. vol 17, Amer. Math. Soc., Providence (1983), pp. 267-295.

M.W. HirscH, Stability and convergence in strongly monotone dynamical systems, J. Reine Angew.
Math., 383 (1988), pp. 1-53.

T. KaTo, Perturbation Theory for Linear Operators, Springer-Verlag, Berlin 1966.

W.F. LANGFORD, Periodic and steady state mode interaction lead to hori, SIAM J. Appl. Math., 37
(1979), pp. 22-48.

W.F. LANGFORD AND G. looss, Interactions of Hopf and pitchfork bifurcations, in “Bifurcation
Problems and their Numerical Solution”, H.D. Mithelman and H. Weber (eds.), Birkhauser Verlag
Basel 1980.

H.A. LEVINE AND L.E. PAYNE AND P.E. SACKs AND B. STRANGHAM, Analysis of a convective reac-
tion-diffusion equation I, SIAM Math. Analysis, 20 (1989), pp. 133-147.

J.E. MARSDEN AND M. McCRACKEN, The Hopf Bifurcation and its Applications, Springer-Verlag,
New York 1976.

H. MATANO, Asymptotic behaviour and stability of solutions of semilinear diffusion equations, Publ.
Res. Inst. Math. Sci., 15 (1979), pp. 401-454.

H. MaTANO, Convergence of solutions of one-dimensional semilinear parabolic equations, J. Math.
Kyoto Univ, 18 (1978), pp. 221-227.

H. MaTaNoO, Existence of nontrivial unstable sets for equilibriums of strongly order-preserving sys-
tems, J. Fac. Sci. Univ. Tokyo, 30 (1984), pp. 645-673.

H. MATANO, Asymptotic behaviour of solutions of semilinear heat equations on S!, in “Nonlinear
Diffusion Equations and their Equilibrium States, B Peletier and J. Serrin (eds.), Springer-Verlag,
New York (1988), pp. 139-162.

C. MIRANDA, Partial Differential Equations of Elliptic type, springer-Verlag, Berlin, Heidelberg 1970.
K.J. PALMER, Exponential dichotomies, the shadowing lemma and transversal homoclinic joints, in
“Dynamics Reported”, vol 1, V. Kirchgraber and M.O. Walther (eds.), Willey & Sons (1988), pp.
265-306.

P. PoLACIK, Generic hyperbolicity in one-dimensional reaction diffusion equations with general
boundary conditions, J. Nonlinear Analysis, 11 (1987), pp. 593-597.

P. PoLACIK, Convergence in smooth strongly monotone flows defined by semilinear parabolic equa-
tions, J. Diff. Eq., 79 (1989), pp. 89-110.

25



[Po 3]

[P-W]
[Ro]
[si)

[Sm]
(St]

(Tr]

(Ze]

P. PoLACIK, Generic properties of strongly monotone semiflows defined by ordinary and parabolic
differential equations, in “ Proceedings of the Third Colloquium on the Qualitative Theory of Dif-
ferential Equations”, L. Halvani (ed.), to appear.

M.H. PROTTER AND H.F. WEINBERGER, Maximum Principles in Differential Equations, Prentice
Hall, Englewood Cliffs, NJ (1967).

C. RocHA, Generic properties of equilibria of reaction-diffusion equations with variable diffusion,
Proc. Royal Soc. Edinburgh, 101A (1985), pp. 45-55.

L. SIMON, Asymptotics for a class of nonlinear evolution equations, with applications to geometric
problems, Annals of Math., 118 (1983), pp. 525-571.

S. SMALE, On the differential equations of species in competition, J. Math. Biol, 3 (1976), pp. 5-7.

E.M. STEIN, Singular Integrals and Differentiability Properties of Functions, Princeton University
Press, Princeton 1970.

H. TRIEBEL, Interpolation Theory, Function Spaces, Differential Operators, North-Holland, Amster-
dam 1978.

T.J. ZELENYAK, Stabilization of solutions of boundary value problems for a second order parabolic
equations with one space variable, Diff. Eq., 4 (1968), pp. 17-22.

26



Recent IMA Preprints
# Author/s Title

547 M. Slemrod, Dynamics of Measured Valued Solutions to a Backward-Forward Heat Equation

548 Avner Friedman and Jiirgen Sprekels, Steady States of Austenitic-Martensitic—-Domains
in the Ginzburg-Landau Theory of Shape Memory Alloys

549 Avner Friedman and Bei Hu, Degenerate Hamilton-Jacobi-Bellman Equations in a
Bounded Domain

550 E.G. Kalnins, Willard Miller, Jr., and M.V. Tratnik, Families of Orthogonal and Biorthogonal
Polynomials on the N-Sphere

551 Heinrich Freistiihler, On Compact Linear Degeneracy

552 Matthew Witten, Quantifying the Concepts of Rate and Acceleration/Deceleration of Aging

553 J.P. Albert and J.L. Bona, Total Positivity and the Stability of Internal Waves in Stratified
Fluids of Finite Depth

554 Brian Coomes and Victor Zurkowski, Linearization of Polynomial Flows and Spectra of Derivations

555 Yuriko Renardy, A Couette-Poiseuille Flow of Two Fluids in a Channel

556 Michael Renardy, Short wave instabilities resulting from memory slip

557 Daniel D. Joseph and Michael Renardy, Stokes’ first problem for linear viscoelastic fluids with
finite memory

558 Xiaxi Ding, Superlinear Conservation Law with Viscosity

559 J.L. Ericksen, Liquid Crystals with Variable Degree of Orientation

560 F. Robert Ore, Jr. and Xinfu Chen, Electro-Optic Modulation in an Arbitrary Cross-Section
Waveguide

561 M.V. Tratnik, Multivariable biorthogonal continuous-discrete Wilson and Racah polynomials

562 Yisong Yang, Existence of Solutions for a Generalized Yang-Mills Theory

563 Peter Gritzmann, Laurent Habsieger and Victor Klee, Good and Bad Radii of Convex Polygons

564 Martin Golubitsky, Martin Krupa and Chjan. C. Lim, Time-Reversibility and Particle Sedimentation

565 G. Yin, Recent Progress in Parallel Stochastic Approximations

566 G. Yin, On H-Valued SA: Finite Dimensional Approximations

567 Chien-Cheng Chang, Accurate Evaluation of the Effect of Diffusion and Conductivity in Certain
Equations

568 Chien-Cheng Chang and Ruey-Ling Chern, The Effect of Viscous Diffusion in Discrete Vortex
Dynamics for Slightly Viscous Flows

569 Li Ta-Tsien (Li Da-gian) and Zhao Yan-Chun, Global Existence of Classical Solutions to the
Typical Free Boundary Problem for General Quasilinear Hyperbolic Systems and its Applications

570 Thierry Cazenave and Fred B. Weissler, The Structure of Solutions to the Pseudo-Conformally
Invariant Nonlinear Schrodinger Equation

571 Marshall Slemrod and Athanasios E. Tzavaras, A Limiting Viscosity Approach for the Riemann
Problem in Isentropic Gas Dynamics

572 Richard D. James and Scott J. Spector, The Formation of Filamentary Voids in Solids

573 P.J. Vassiliou, On the Geometry of Semi-Linear Hyperbolic Partial Differential Equations in
the Plane Integrable by the Method of Darboux

574 Jerome V. Moloney and Alan C. Newell, Nonlinear Optics

575 Keti Tenenblat, A Note on Solutions for the Intrinsic Generalized Wave and Sme Gordon Equations

576 P. Szmolyan, Heteroclinic Orbits in Singularly Perturbed Diflerential Equations

577 Wenxiong Liu, A Parabolic System Arising In Film Development

578 Daniel B. Dix, Temporal Asymptotic Behavior of Solutions of the Benjamin-Ono-Burgers Equation

579 Michael Renardy and Yuriko Renardy, On the nature of boundary conditions for flows with
moving free surfaces

580 Werner A. Stahel, Robust Statistics: From an Intellectual Game to a Consumer Product

581 Avner Friedman and Fernando Reitich, The Stefan Problem with Small Surface Tension

582 E.G. Kalnins and W. Miller, Jr., Separation of Variables Methods for Systems of Differential
Equations in Mathematical Physics

583 Mitchell Luskin and George R. Sell, The Construction of Inertial Manifolds for Reaction-Diffusion
Equations by Elliptic Regularization

584 Konstantin Mischaikow, Dynamic Phase Transitions: A Connection Matrix Approach

585 Philippe Le Floch and Li Tatsien, A Global Asymptotic Expansion for the Solution to the Generalized
Riemann Problem

586 Matthew Witten, Ph.D., Computational Biology: An Overview

587 Matthew Witten, Ph.D., Peering Inside Living Systems: Physiology in a Supercomputer



588

589

590
591

592
593
594
595
596
597
598
599
600
601
602
603
604
605
606
607

608
609

610
611

612
613
614
615
616
617

618
619

620
621

622
623

624

Recent IMA Preprints (Continued)
Author/s Title

Michael Renardy, An existence theorem for model equations resulting {from kinetic theories of
polymer solutions

Daniel D. Joseph and Luigi Preziosi, Reviews of Modern Physics: Addendum to the Paper
“Heat Waves”

Luigi Preziosi, An Invariance Property for the Propagation of Heat and Shear Waves

Gregory M. Constantine and John Bryant, Sequencing of Experiments for Linear and Quadratic
Time Effects

Prabir Daripa, On the Computation of the Beltrami Equation in the Complex Plane

Philippe Le Floch, Shock Waves for Nonlinear Hyperbolic Systems in Nonconservative Form

A.L. Gorin, D.B. Roe and A.G. Greenberg, On the Complexity of Pattern Recognition
Algorithms On a Tree-Structured Parallel Computer

Mark J. Friedman and Eusebius J. Doedel, Numerical computation and continuation of invariant
manifolds connecting fixed points

Scott J. Spector, Linear Deformations as Global Minimizers in Nonlinear Elasticity

Denis Serre, Richness and the classification of quasilinear hyperbolic systems

L. Preziosi and F. Rosso, On the stability of the shearing flow between pipes

Avner Friediman and Wenxiong Liu, A system of partial differential equations arising in
electrophotography

Jonathan Bell, Avner Friedman, and Andrew A. Lacey, On solutions to a quasilinear diffusion
problem from the study of soft tissue

David G. Schaeffer and Michael Shearer, Loss of hyperbolicity in yield vertex plasticity
models under nonproportional loading

Herbert C. Kranzer and Barbara Lee Keyfitz, A strictly hyperbolic system of conservation
laws admitting singular shocks

S. Laederich and M. Levi, Qualitative dynamics of planar chains

Milan Miklavéi&, A sharp condition for existence of an inertial manifold

Charles Collins, David Kinderlelirer, and Mitchell Luskin, Nurnerical approximation of the
solution of a variational problem with a double well potential

Todd Arbogast, Two-phase incompressible flow in a porous medium with various nonhomogeneous
boundary conditions

Peter Polaéik, Complicated dynamics in scalar semilinear parabolic equations-in higher
space dimension

Bei Hu, Diffusion of penetrant in a polymer: a free boundary problem

Mohamed Sami ElBialy, On the smoothness of the linearization of vector fields near resonant
hyperbolic rest points

Max Jodeit, Jr. and Peter J. Olver, On the equation grad f = M grad ¢

Shui-Nee Chow, Kening Lu, and Yun-Qiu Shen, Normal form and linearization for quasiperiodic
systems

Prabir Daripa, Theory of one dimensional adaptive grid generation

Michael C. Mackey and John G. Milton, Feedback, delays and the origin of blood cell dynamics

D.G. Aronson and S. Kamin, Disappearance of phase in the Stefan problem: one space
dimension

Martin Krupa, Bifurcations of relative equilibria

D.D. Joseph, P. Singh, and K. Chen, Couette flows, rollers, emulsions, tall Taylor cells,
phase separation and inversion, and a chaotic bubble in Taylor-Couette flow of two immiscible
liquids

Artemio Gonzéilez-Lépez, Niky Kamran, and Peter J. Olver, Lie algebras of differential
operators in two complex variables

L.E. Fraenkel, On a linear, partly hyperbolic model of viscoelastic flow past a plate

Stephen Schecter and Michael Shearer, Undercompressive shocks for nonstrictly hyperbolic
conservation laws

Xinfu Chen, Axially symmetric jets of compressible fluid

J. David Logan, Wave propagation in a qualitative model of combustion under equilibrium
conditions

M.L. Zeeman, Hopf bifurcations in competitive three-dimensional Lotka-Volterra Systems

Allan P. Fordy, Isospectral flows: their Hamiltonian structures, Miura maps and
master symmetries

Daniel D. Joseph, John Nelson, Michael Renardy, and Yuriko Renardy, Two-Dimensional

cusped interfaces



