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Abstract

Most mathematical models for interfaces and transition layers in materi-
als science exhibit sharply localized and rapidly decaying transition profiles.
We show that this behavior can largely change when non-local interactions
dominate and internal length scales fail to be determined by dimensional
analysis: we consider a reduced model for micromagnetic Néel walls which
are observed in suitable regime of thin films. The typical phenomenon as-
sociated with this wall type is the very long logarithmic tail of transition
profiles. Logarithmic upper bounds were recently derived by the author. In
the present article we prove that the latter result is indeed optimal. In par-
ticular, we show that Néel wall profiles are supported by explicitly known
comparison profiles that minimize relaxed variational principles and exhibit
logarithmic decay behavior. This lower bound is established by a compari-
son argument based on a global maximum principle for the non-local field
operator and the qualitative decay behavior of comparison profiles.

1 Introduction and statement of results

We are concerned with the following non-convex and non-local variational princi-
ple that emerges in the mathematical treatment of Néel walls, an important class of
micromagnetic domain walls in the regime of thin films:
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Here,
�

is supposed to be a small parameter related to the relative strength of
anisotropy that favors the end-states to be attained at

<?>
. A minimizer

�B�
de-

scribes an energetically optimal in-plane rotation of magnetization vectors. These,
so-called Néel walls, received remarkable attention in physics literature, see e.g.
[6], [12], [13]. As one of the most important features, logarithmic tails of tran-
sition profiles were predicted by formal arguments in order to explain long-range
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interactions between different Néel walls, when neighboring tails overlap.

The main analytical feature of (1) is that the energy only gives uniform control in� 4 � � ��1 � that just fails to control pointwise bounds and continuity. Thus the com-
bination of fading

� 4 -control with pointwise constraints is delicate and suggests a
logarithmic singularity at least in a renormalized setting.

Recently, logarithmic scaling for minimal energies of (1) in terms of the small
anisotropy parameter

�
was established using a perturbation argument, see [3]. A

refined version is announced in [4]:

&)(�� ���0	����	��
 � :
� � ��� 4�� : ��� � : ��� as
� # 6 ,

where the infimum taken over all fields which are admissible according to the con-
straints in (1). Similar scaling laws where derived in case of periodic arrays (where
the tails are confined by those of neighboring walls) that in particular serve to quan-
tify the repulsive force between Néel wall tails, see [5].

At the same time, a finer analysis for minimizers of (1) was conceived in order to
capture the logarithmic tails of profiles � � in a pointwise sense. In [8] we studied
the blow up of ��� -norms in terms of the minimal energy when � # >

. These esti-
mates imply in particular a pointwise logarithmic upper bound and allow to derive a
singular limit and to identify a somehow universal profile in a renormalized setting.

The intention of this note is twofold: firstly we intend to show the remarkable fact
that relaxation of (1) provides, in addition to the trivial energetic lower bound, a
pointwise lower bound for the profile. Secondly, since the relaxation can easily be
identified with a linear problem having an explicit solution that exhibits the typical
logarithmic behavior, we prove the optimality of the pointwise upper bound in [8].

To demonstrate the effect of the non-local contribution, we consider the local coun-
terpart, omitting the

� 4 � � -interaction, that formally agrees with the micromagnetic
Bloch wall, see e.g. [6]. The corresponding variational principle can be expressed
in terms of the second component function - .� � � - �
	���� � -�� � �:! - �#"%$ � � � :# - � � "&$ # $'& ( (2)

- / 1 #('  : , :*) with - �768�9	�6
and - �=<?>��
	 <A:,+

The latter variational principle is closely related to the (classical) transition prob-
lem that arises from the Modica-Mortola example, see [11], [1]. In fact, after scal-
ing, by a standard equipartition argument, it is easy to see that the optimal profile
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- for
� 	;:

is associated with the first order problem

- � 	+:# - � with - �768�9	�6 +
This Cauchy problem is solved by - � $ � 	 ��� (�� � $ � which approaches the end-
states - 	;<A:

exponentially fast as $ goes to
<?>

, respectively. We recover, after
rescaling, all solutions - � � $ �
	 ��� (�� � $ ��� � � for

����6
and corresponding profiles

� � � $ �
	 sech � $ ��� � � .
In contrast, due to the presence of three energy components with different scaling
behavior, the internal length scales of the Néel wall problem are more complex and
cannot be determined by dimensional analysis. Our argument shows for optimal
profiles the existence of a uniform logarithmic tail beyond a core region of order

�
close to the origin:

Theorem 1. Let � � be a minimizing profile for the variational principle (1). Then
� � exhibits a logarithmic tail in the sense that

� � � $ �
	
�	��
 � :
� $ ��	��
 � :
� � � for all

��� $ � :
��

and

6������ :
����+
The upper bound can be derived by arguments as conceived in [8] in the context of
finite films, i.e. the intermediate regime of finite thickness, but the arguments carry
over in a simplified manner. We will give a brief review in section 5. The main
result of the present article is the lower bound. It is based on comparison with the
solution of the following variational principle which turn out to be the relaxation
for (1):
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(3)

The idea is to derive suitable pseudo-differential inequalities for the profiles to be
compared. The essential ingredient is the convexity of comparison profiles away
from zero. Then as a consequence of a global maximum principle for the non-local
field operator

�� ���� 4 � � we obtain our main result.

Theorem 2. Let � � be a minimizing profile for the variational principle (1). Then
the unique solution �� � of the relaxed variational principle (3) is a pointwise lower
bound.

Then the lower bound in Theorem 1 is a direct consequence of the well-known
logarithmic decay behavior of the solutions and the energetics of the linear problem
(3), see [3], [4], and [13], that can be stated the following way:
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Proposition 1. The unique solutions �� � of the relaxed variational principles (3)
exhibit logarithmic tails in the sense that for

6 ����� :
���
�� � � $ �9	

� �7� �� � �	��
 � :
� $ � ��� � � $ ��� for
��� $ � : ,

where the functions � � � $ � are uniformly bounded in the above regime. The factor� �7� �
agrees with the minimal energy and has the asymptotic behavior

� �7� �
	�� � : ��� � : ��� �	��
 � :
� � ��� 4 as
� # 6 +

Moreover the profiles �� � have quadratic decay for large $
�� � � $ �
	

� �7� �� � $ � � ��� � � $ ��� as � $ � # > ,

where � � ��� $ � �	��
 � $ � �	� for some universal constant 
 independent of
�
.

This behavior can be shown by elaborate expansions, see [3]; for convenience we
will give a brief motivation from the Fourier picture in Section 4.

2 Relaxation and Euler-Lagrange equations

The variational principles (1) is non-convex through the pointwise constraint � � � 	:
and non-local through the presence of the energy contribution


 � 
 � �� ����� 	
:
�%� � � � � � $ �  � ��� � � �� $  �� � � " � "&$

or in Fourier representation

 � 
 � ������ � 	�� � � � ���� � � � � � " � . This energy contribution

induces the non-local field operator
�� ���� 4 � � � 	���� � ���# � � ���� � � ��� , where

���
denotes the inverse Fourier transform.

Relaxation amounts to convexifying the constraint � � � 	;:
. But when substituting

the saturation constraint � � � 	 :
in (1) by the convex constraint � � ��� :

, the sec-
ond component of a minimizer necessarily vanishes. Thus the relaxed variational
principle is essentially scalar.

Definition. For ��� � 4 ��1 � , let
��� � � �0/ 	 ��� ����� � >

where
�*	+� � , 68� .

Next we show that relaxation of the variational principle leads to linear Euler-
Lagrange equations. This is accomplished by a symmetrization argument. Recall
that, for a non-negative

� 4 -function � , symmetric rearrangement � �# � � (see [7]
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Chapter 3) preserves the � � -norm and decreases the Dirichlet energy. The non-
local energy component has a strict rearrangement property, see e.g. [7] Lemma
7.17, 
 � � 
 �� ����� � 
 � 
 �� �����
with equality if and only if � � is a translation of � . Thus we have the following
strict rearrangement property of the entire energy:

Lemma 2.1. Let � � � 4 ��1 � be non-negative and let � � be its symmetrically
decreasing rearrangement, then

� � � � � � � � � � � � ,
and the inequality is strict unless � is a translation of � � .
Since � �# � � � decreases energy, one easily infers (arguing by contradiction)
that minimizing profiles for the relaxed variational principle are necessarily non-
negative and symmetrically decreasing. Hence the residual side condition � � � � :
is automatically fulfilled, and relaxation of the variational principle (1) can be writ-
ten as

� � � � �
	�� 

�� 

 �������� 

�� 

 ���� ��� � � 

�� 

 �! ��#%$'& ( in
� � �768�9	;:��%+

(4)

By uniform convexity of the functional restricted to the affine space
� � �768� 	;:����� 4 ��1 � there is a unique minimizer �� � for each

� � 6
. Moreover we have the

following linear Euler-Lagrange equation
� �� �� � ��'� �� ���� 4 � � ��A� �� 	 � �7� ����� in 	 � ��1 � (5)

with Lagrange multiplier
� �7� �9	 & (�� � ����� � � ,.� �768�0	;: �

.

Let us return to the original situation. The variational principle (1) gives rise to the
following Euler-Lagrange system

" ��� �����
	 " ��������� ��
 ��+
(6)

Regarding our comparison argument it is crucial to consider a scalar version that
is more comparable with (5), instead of the Euler-Lagrange system (6) that we
extensively used in [8]. Such equations can be derived using admissible variations
of a minimizing profile � , i.e. variations of the form �
� 	 � � ��� , where � is
compactly supported in the open set

� � � � � :��
and � is sufficiently small. For a

variation field
� � /21 #%3 4 with

� ����� 4
	 ��� we have

� � � � � � � "&$ 	 � � � � � � �:# � � � "&$
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Carrying out the differentiation with respect to � we obtain the equation� � � � � � �� �� � 4 � � �'� � 	�6
in � � � � � :��

(7)

with the nonlinear singular perturbation� � � � �
	����  ""%$�� � �:! � �	� � � � �:# � �	� � ��
 + (8)

For a sufficiently smooth profile � , we can carry out the differentiation in (8) and
get � ��� � �
	����  � � �:# � �  � � �:# � � � � ��
 + (9)

Surprisingly, the only knowledge about the full profile that we need to establish a
lower bound is the following monotonicity property which can be deduced from a
slight generalization of the strict rearrangement inequality in Lemma 2.1, see [8].

Proposition 2. Minimizing profiles for the variational principle (1) are smooth and
symmetrically decreasing.

3 Maximum principle for 
������������
From the micromagnetic model we have a representation of

�� �� � 4 � � as a limit
of zero order operators ��� , called reduced stray-field operator. The parameter

�
corresponds to the relative thickness of the magnetic layer. The operator ��� is
defined by the following tangential average of the (physical) magnetostatic field��� � 	 :

�  � �
� � � �"! � � �
 4 "�# (10)

where � �"! �
denotes the 3D-Helmholtz projection of the physical magnetization

field ! � $ , � , # �
	+� � � $ � ,.- � $ � , 68��$�% � �'& �)( � # � ,
the re-embedding of

� 	 � ��,.- � /91 # 3 4 into the 3D context. One finds by
a standard calculation, see e.g. [3], [8], that in frequency space the operator �*� is
given by the self-similarly rescaled multiplier +�� � � �9	 4� + � � � � , where the function+ / 1 # 1

reads like+ � � �9	 :  :! -,�.0/ �� �1 � � � �1 � � � 2 � � � � for small �:
for large � +
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This symbol is regular in the sense that it is the composition of the modulus with a
real analytic function, and it exhibits the following growth property

� ���� + � � � � ��
 ��� � �.: � � � � � � � for all � � 1�� � 6 � and
����6 +

(11)

It is easy to see that + � � � � � � � � and + � � � � # � � � pointwise as
� # 6

, see [8]. Thus,
by dominated convergence and Plancherel we observe that � � converges towards�� �� � 4 � � in the sense that for every � � � 4 ��1 ���� � # �� �� � 4 � � � strongly in � � ��1 � + (12)

Computation of the inverse Fourier transform of +�� yields the convolution kernel
representation of the operator � ���� � 	 :

� � �  
	 ��� � � + (13)

Explicitly we have the following (strictly) symmetrically decreasing kernel func-
tion of unit integral, which can be found e.g. in [3] and [13]

	'� $ � 	
:
�%� �	��
 � : �

�

$ � � , 	 � � $ �
	 :
� 	�
 $ ��� +

We observe that for fixed
� � 6

the reduced stray field operator � � is bounded
on the space of bounded continuous functions. Since trivially a global maximum
always dominates the average, we deduce from (13) the following maximum prin-
ciple.

Lemma 3.1. Let � /�1 # 1
be bounded and continuous, and suppose that �

attains a global maximum at $ � � 1 . Then � � � is continuous and
� ��� � ��� $ ������6

.
Moreover the inequality is strict unless � is constant.

A maximum principle for the operator
�� � � 4 � � can be derived from the maximum

principle of the convolution operator � � by means of a regularity argument.

Lemma 3.2. Suppose that the function � � � 4 ��1 � is locally
� � -regular in

1�� � 6 �
.

Then as
�

tends to zero��� � � $ � # �� �� � 4 � � � � $ � locally uniformly in
1�� � 6 � ,

in particular, the function
�� � � 4 � � � is continuous in

1�� � 6 �
.
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Proof. Let � be any smooth cutoff function with compact support outside the ori-
gin. Then by (12) the functions � ��� � converges to � �� ���� 4 � � � in � � ��1 � . We
show that � � � � is uniformly bounded in

� 4 ��1 � , which proves that � ��� � con-
verges uniformly. Using the bounds on the operator � � and the commutator esti-
mate below we get



 � ��� � 

 �� � � 

 ��� � � � � 

 �� � � 

 ' � � , ��� ) � 

 ! � � 

 ' �9, ��� ) � � 

 ! �
� 
 � � 
 ��0� � 
 
 � � � 
 ! � 
 � 
 !"� � 
 
 � � 
 ! � 
 � 
 ���� ��
 ,

which proves the desired
� 4 -bound providing uniform convergence.

Proposition 3. Suppose that the function � � � 4 ��1 � is locally
� � -regular in1 � � 6 �

and that � attains a global maximum at $ ���	 6
. Then

�� �� � 4 � � � is
continuous in a neighborhood of $ � and

�� �� � 4 � � � � $ � ����6
.

The main ingredient in our regularity argument is the following commutator lemma
(proved in [9]) which, in analogy to to the classical commutator lemma for

�� �� � 4 � � ,
is a consequence of the uniform bounds of � � in the class of first order differential
operators, see [10] pp. 89-93.

Lemma 3.3. There is a universal constant 
 ��6
(independent of

�
) such that



 '�� , ��� ) � 

 ! � ��
 
 � � 
 ! � 
 � 
 ! � +
4 Properties of comparison profiles

Recall that the solution of the relaxed variational principle (3) is given by the
unique solution of the pseudo-differential equation

�0�� �� � ��'� �� �� � 4 � � ��'� �� 	 � �7� ����� ,
where the Lagrange multiplier

� �7� ���+6
agrees with the minimal energy. Hence

we have the relation �� � 	 � �7� ��� �
, where

� �
is the fundamental solution for the

operator
� �� � � � �� ���� 4 � � � :

, which can be computed explicitly via Fourier
transform: an expansion of the inverse multiplier into partial fractions shows that
the fundamental solution is given by the function

� � � $ �
	 
 �7� � � � ��� �7� � $ �  	� ��
 �7� � $ � � (14)

where
� � � � ��1 � denotes the fundamental solution of the operator

�� � � 4 � � � :
,

i.e. in frequency space �� � � �0	 � � � � � : � � 4 . The explicit real space representation
of
�

is given by the symmetric extension of

� � $ �9	�� ��
 $� ���
�

� ��
��� " � �

 & ( $� ���

�

 & ( �� " � , for $ ��6 +

(15)
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For
6 ����� :
���

the positive scaling numbers � �7� � and 
 �7� � are given by

� �7� �9	
:
�
� :1  �� :

�  ��� 2 :
and 
 �7� �
	

:
�
� :1 � � :

�  ��� 2 :
� ,

and the factor 
 �7� � is given by


 �7� � 	
�� � 
 �7� �  � �7� ��� � 4 	 :� � :# �2� 2 :�

as
6 � � � :
���

tends to zero. The function
�

is well known as a Fourier integral,
see e.g. [2]. It is smooth away from the origin, symmetrically decreasing and has
the following expansion:

� � $ �
	
:� � � ��
 � :
� � $ � �  �� ��� � $ � as � $ � # 6

$ � � �	� � $ �	� � as � $ � # > ,
where

�
denotes Euler’s constant. On the basis of this expansion and in combina-

tion with the following energy asymptotic

� �7� �
	 & ( � � ����� � � ,.� �768�9	;: � 	����	��
 � :
� � � � 4 � : ��� � : �.� as
� # 6

(16)

the rather precise asymptotic for the �� � that we stated in Proposition 1 can be
derived from the representation �� ��	 � �7� ��� � � $ � through (14), see [3] for details.
This in particular shows the existence of a logarithmic tail in the context of the
relaxed problem. We need the following property of

�
.

Lemma 4.1. The function
�

satisfies
1 � ��� � � � � � ��� � ��6

for all
� �	 6

.

Proof. We have the trivial identity that
1 � ��� � � � � � ��� �
	 �'��� � � " � " � � � � ��� � � ,and an easy computation in frequency space shows that the Fourier transform is

given by � �� � � ��� � . Thus, since
� � $ � �@6

, the expression, as a convolution of two
positive functions, is in turn positive.

The lemma will guarantee that
� � �� � $ � � 6

for $ �	+6
and for all

6 � � � :
���
, as

we will show below. The next proposition collects the properties of the profiles �� �
that enter the comparison argument.

Proposition 4. For every
6 �%� � :
���

, the solution �� � of the relaxed varia-
tional principle is symmetrically decreasing and smooth and convex on the half-
lines

� $ � 6 �
and

� $ ��6 �
, respectively.
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Proof. In view of Lemma 2.1, we only need to show the statement about convexity.
Since �� � � � 	 � �7� ��� � , it is enough to show that

� � �� � $ ��� 6
for all $ �	 6

.
� � �� can

be expressed in terms of the function
�

and the numbers � �7� � , 
 �7� � , and 
 �7� � : For
the equation

�� � � 4 � � � � � 	 ���
we deduce

�� �� � � � $ �
	+�� �� � 4 � � � ���# � � � $ �
	+�� � � 4 � � � ��� ��� $ � � � � $ � in
1�� � 6 �%+

But away from zero we have
�� �� � 4 � � � ��� ��� $ �'	  $ � � � � . In view of (14) this

contribution cancels for
� � �� , and we obtain

" � � �"%$ �
� $ � 	 
 �7� � � 
 �7� � � � � 
 �7� � $ �  � �7� � � � � � �7� � $ � � in

1�� � 6 �%+
Recall that 
 �7� � � � �7� � � 6

. Hence the argument is complete when we show
that for each $ �	*6

the function � �# � � � � � 	 � � � � � $ � is non-decreasing for
� �*6

. But we observe that, according to Lemma 4.1,
� �� � � � 	 � � 1 �'� � $ � �� � $ ��� � � � $ � � is positive.

Motivation of Proposition 1. It is enough to consider functions
� �

. The fact that� �
decays only quadratically can easily be motivated: From the definition of the

Fourier transform we have


��	/ � $ � � � � � $ � � 
 


�� �� �� � 


�� , (17)

where 	 	 	 ��1 �
denotes the space of finite Radon measures on

1
. Now the

limited regularity of the Fourier representation �� � � � � 	 
 � � � � � � � � � � � : � � 4
implies a (uniform) decay estimate through (17) for 
 not bigger than

1
. Note that

there is no
�
-uniform estimate for 
 	@6

, since
� �� � � � � " � blows up logarithmically

as
�

tends to zero.

5 The comparison argument

Proof of Theorem 2. Fix some
6 � � � :
���

. Let � 	 � � be a minimizing profile
of the variational principle (1) and �� 	 �� � the minimizing profile of its relaxation
(3). With the positive coefficient � � $ � 	%�0� :  � � � $ �.� � 4 and the fact that by
Proposition 4 we have that

�� � � �� � 6
in
1�� � 6 �

, these profiles solve by (7) and
(5) the following pseudo-differential inequalities

� � $ � �� ���� �'� �� � � 4 � � �A� � 	 � � $ � � � � � � � :  � � ��� 4 ��6
in

� � � :�� ,
� � $ � �� �� � ��'� �� ���� 4 � � �� � �� 	 � � $ � � � �� � � �� � 6 in

� � � :�� ,
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respectively. We consider � 	 ��  ��� � 4 ��1 � . From Proposition 2 and Proposi-
tion 4 we deduce that � � � ������ ��1�� � 6 � � . From the above differential inequalities
we infer that

� � $ ���� ���� � � �� �� � 4 � � � � � � 6 in
� � � :��

and � � 6 in
� � 	;:��%+

Thus the maximum principle for
�� ���� 4 � � , see Proposition 3, implies that � cannot

attain a global positive maximum. But by Proposition 2 and Proposition 4 and
since � � � $ � � � � � � $ � � � � �� � $ � � , � decays to zero as � $ � # >

. This proves that
necessarily � � $ � � 6 for all $ in

1
, i.e. � is bounded from below by �� .

Proof of Theorem 1. From Theorem 2 that we just proved and Proposition 1 we
immediately get the logarithmic lower bound in the statement of the theorem. Let
us briefly review the argument for the upper bound as given in [8]. Projection of
(6) onto the first component equation gives by a decomposition of the non-linearity

� �� � � � � �� �� � 4 � � �A� � 	 
 � ' � ) � ��� ' � ) (18)

where

�� ' � ) is the energy density and � ' � ) is a defect distribution arising from

the non-local contribution. The operator on the left hand side is uniformly first-
order elliptic and the right hand side is essentially � 4 -bounded by the energy. The
uniform bounds for � ' � ) are slightly weaker than � 4 , but in view of asymptotic
versions of critical Sobolev embedding still sufficient to imply the existence of a
universal constant 
 � 6

that for a minimizer
����	+� � � ,.- ��� we have


 � � 
 !�� ��
 � ��� ��� ��� for all � � :,+
(19)

This linear blow up implies by monotonicity, see Proposition 2, that for $ ��6

� � � $ � �  � �� � ����� � " � � �  �
�
� � � � ��� � � � " � � 4 � � � �

$ 4 � �
��� ��� � �

(20)

and thus with the optimal choice of � 	 �	��
 � :
� $ � a logarithmic upper bound. For
the right outer scaling one might use the energy asymptotic, see [3], [4]

��� ��� ���
	�� � : ��� � : ��� � ��
 � :
� � ��� 4 + (21)
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