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Abstract

The structure preserving rank reduction problem arises in many important applications.
The singular value decomposition (SVD), while giving the best low rank approximation to
a given matrix, may not be appropriate for these applications since it does not preserve the
given structure.

We present a new method for structure preserving low rank approximation of a matrix,
which is based on Structured Total Least Norm (STLN). The STLN is an efficient method for
obtaining an approximate solution to the overdetermined linear system AX = B preserving
the given linear structure in A or [4 | B], where errors can occur in both the right hand
side matrix B and the matrix A. The approximate solution can be obtained to minimize the
error in the L, norm, where p = 1,2, or co. An algorithm is described for Hankel structure
preserving low rank approximation using STLN with L, norm. Computational results are
presented, which compare performances of the STLN based method for L; and L; norms
and other existing methods for reduced rank approximation for Hankel matrices.

Keywords: overdetermined linear systems, rank deduction, Hankel structure, Toeplitz

structure, structured total least norm, total least squares, 1-norm, 2-norm, singular value
decomposition

1 Introduction

An important practical tool in many modern engineering and science is the singular value de-
composition (SVD) [12]. For any matrix Z € C™*™, there exist unitary matrices

U‘—‘[UI,...,um]emem and V=[U1,...,1Jn]€cﬂxn
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such that
Z=UzVH (1.1)

where ¥ = diag(0y,...,0,) € R™*?, where p = min(m,n), is a diagonal matrix and 07 2 -+- 2
on > 0. Throughout this paper, we will consider only the case when m > n, i.e., p = n. This
SVD can also be represented as

Z= zgfuw;q. (1.2)
i=1

It is well known that the SVD gives the best low rank approximation Z, to the given matrix Z,

which satisfies ) A
min ||Z — Z||p,, rank(Z) <k, (1.3)

for any number k < n, where p = 2 or F. The solution is given by taking only the first k terms
in (1.2) as

k
Z = ZJfUiU?'_H. (1.4)
=1

A problem which is closely related to (1.3) is the Total Least Squares (TLS) problems [22].

For an overdetermined system
Az = b (1.5)

where A € C™*! with m > 1 and b € C™*!, the TLS gives the solution that satisfies

rginl[{E alira such that (A+E)z=b+r. (1.6)
WL

The matrix [A + E b+ r] is rank deficient since b + 7 € Range(A + E), where (z -1 )7 s
the right singular vector corresponding to the smallest singular value of [A+ E b+7]. It is well
known that this minimum perturbation [E r] for [A b] can be represented as

[E 7"] = —[A b]U1+1U£_1 == _Ul+lu1+lvf|-1

when Z = [A b] has its SVD
i+1

Z= Z o,-u;—vﬁ.

=1

This shows the relation between low rank approximation and TLS solution since the rank
deficient matrix

!
[A+E b+r]=) oyuwl € e+
i=1

is same as the best low rank approximant Z in (1.3), with k = I, for the matrix [4 b]. Note that

I[E r]llF = o141 (1.7)



In many applications the data matrix Z has a special structure, such as Toeplitz, Hankel
or sparse. For these applications, the SVD based solution for low rank approximation may not
be appropriate, since it does not preserve the given structure. In fact, the solution (1.4) based
on the SVD will typically be dense with no special structure, even when A is sparse or has a
structure.

Recently, a new problem formulation, called Structured Total Least Norm (STLN), and al-
gorithm for computing the STLN solution have been developed [12, 13]. The STLN method
preserves any given linear structure in E or [F r| and can minimize these structured pertur-
bations in the discrete L, norm, where p = 1,2 or oo [13]. A theoretical justification and
computational testing of the STLN algorithm confirm that it is an efficient method for solving
structured problems or when errors can occur only in some of the elements of A or [4 b] [13].

In this paper, we present a new STLN based method for structure preserving rank reduc-
tion, formulating the structure preserving low rank approximation problem as an optimization
problem. The new method takes advantage of the relation between the low rank approximation
via SVD and the TLS solution for overdetermined systems, which is discussed above.

Other structure preserving methods for solving overdetermined systems such as STLS [8]
and CTLS (1] can also be applied to the structure preserving rank reduction problem. However,
these methods can produce solutions with p = 2 only (also see [5]) and reduce the rank of
the given matrix by one only. Another method which was developed specifically for structure
preserving low rank approximation is due to Cadzow [4]. The performance of Cadzow’s method
is compared to that of the STLN based method for a certain rank reduction problem in Section
4.

A classical problem where the new STLN based algorithm can have important impact is the
model reduction problem with Hankel structure. This problem arises in may areas of engineer-
ing, such as speech encoding, filter design and high-order linear state-space models of dynamic
systems, where reduced-order models can give significant improvement in solution techniques
(23, 14]. In model reduction, given a Hankel matrix H, a Hankel matrix H of given rank k is to
be found such that |[H — H |lp, for some matrix norm, is minimized. The STLN method for pre-
serving Hankel structure in [A b] can be easily modified to solve this problem for various norms.
Moreover, STLN can be further extended to compute approximant of any given rank k. In this
paper, we will concentrate on the Hankel structure. It is straightforward to apply the results
on Hankel matrices to Toeplitz matrices since the Toeplitz structure can be obtained simply by
permuting the rows or columns of the Hankel matrix. Our recent results on nonlinear extension
of STLN [17] can also be applied to obtain nonlinear structured low rank approximation as well.

The organization of the paper is as follows. In Section 2, a formulation and algorithm of
STLN for solving an overdetermined system (1.5) with Hankel structured [A b] and its extension
to multiple right hand side vectors is presented. For L; norm minimization, we show how
the formulation can be modified so that problems with complex data can be handled as linear
program as well [16. 17]. Then in Section 3, it is shown that the Hankel structure preserving
method presented in Section 2 can be used to find a lower rank Hankel structured approximant.
Computational test results, which compare the performance of the new STLN based method



Cadzow’s method, are in Section 4. Finally, difficulties involved with structure preserving low
rank approximation are discussed.

2 STLN for Overdetermined Systems with Hankel Structure

In STLN for solving the overdetermined system
AX =B (2.8)

where A € C™*! and B € C™*¢, and [A B] has Hankel structure, we are to find the minimum
Hankel structured perturbation [E F] so that B + F € Range(A + E).

First, we show that when all the antidiagonals in [A B] are allowed to be perturbed, it is
always possible to find a Hankel perturbation [E FJ, so that B + F € Range(A + E), therefore,
the solution to Eqn. (2.8) exists.

Theorem 2.1 For any given dimensions m, I, d, with m >l +d > 1, and for an integer j,
1 <3 <l+1, there exists a Hankel matriz H € Cmx(+d) sych that rank(H) =1, and from the
jth to the (j +d — 1)th columns of H are linearly dependent on the rest | columns of H.

Proof. The following simple example proves the theorem. Suppose the Hankel matrix H €
Cm*(1+d) js represented as

moo--- m M+ --- M+d
T2 .- M4 M+2 .-+ Tl4d+l

H = L]
MTm -+ M+m—=1 M4+m -+ M4d+m-1

Let

(2.9)

1 Hi=l4k(l-j+1), k>0,
=19 0 otherwise.

Then the following properties hold:

P1. The matrix P consisting of the first  rows and ! columns of H is of the form

0 B s B X
| . |
it § o
S LT -
B %



P2. For j <1, the (7 + i — 1)th column and (I + 7) column of H are identical, 1 = 1,...,d. If
j=1+1, (2.9) becomes n; = 1 and 7, = 0, for all k¥ # [. This implies that the last d
columns of H are all zeros.

By P1 and P2, the result follows.
(]
Corollary 2.2 If every anti-diagonal in a Hankel matriz [A B] € C™* (44 with m > 1 +d, is
allowed to be perturbed, then it is always possible to find a Hankel perturbation matriz [E F) €
Cmx(1+d) 5o that B + F € Range(A + E).

Remark 2.3 If some anti-diagonals in H should be fized, the above results may not be true.
Consider the example

H =

S =Oo o
o0 O -

0
1
0
0

Suppose the top three anti-diagonals are not to be perturbed, then it is not possible to perturb the
rest of H such that the third column lies in the range space of the first two columns. This example
shows that the ezistence of the solution depends on the structure and perturbation pattern.

The following discussion on the formulation on STLN explains how we determine the mini-
mum Hankel perturbation matrix [E F]. Also we show how the formulation changes when we
use L; norm to handle complex valued data, so that linear programming techniques can still be
used for L; norm minimization with complex data. One of the advantages of STLN formulation
is that structured problems can be solved using different norms. In particular, when L; norm
is used, then the method is more robust in the presence of outliers [16, 17]. For the general
discussion of Structured Total Least Norm (STLN) that preserves the given structure in F or
[E F], see [16, 23].

2.1 Single Right Hand Side Vector -

In this section, we present the STLN method for solving the overdetermined system
Az =~ b (2.10)

where A € C™*! and b € C™*!, and [A b] has Hankel structure, and all the anti-diagonals in
[A b] are subject to error. The STLN solution will find the minimum [E f] € C™*(+1) which

also has Hankel structure. so that
(A+ E)z=b+f (2:11)



for some vector z, i.e., b+ f € Range(A + E).

In solving the problem (2.8) using STLN, a vector n € C(m*D*1 is used to represent the
m + [ free elements (the anti-diagonals) in the Hankel perturbation matrix [E f]. Specifically,
when

m 2 cee M1
2 3 a2
12 T - ¢ el
Mm Tm+1 -+ T4m
the vector 1 is defined as .
n=(m m ... Tm)

Note that the perturbation E depends only on

as=(m M2 - Mam=1)’ (2.12)

and the perturbation on the right hand side is

T
F=(m+1 M2 - M4m )

The vectors o and f can be represented as a = Pyn and f = Pin, where
P = (I{I-\-m—l)x(Hm—l) O(H-m—l)xl ) € R(I+m—l)x(£+m}1 P = (Omxl Imxm) € Rmx(!+m)_

The vector o and the Hankel matrix E are equivalent in the sense that given «, E is known,
and vice versa.

Now, the structured residual 7 for the perturbation [E f] is defined as
f=7(n,z)=b+f—-(A+E)z.

As shown in Theorem 2.1, when [A b] has Hankel structure, it is always possible to find the
perturbation [E f] with Hankel structure such that b+ f € Range(A + E). Therefore, we can
force 7 to be zero to obtain Hankel structured solution [A+ E b+ f]. Accordingly, the problem
is formulated as the following constraint minimization problem [2, 24],

min  [|Dn|, (2.13)

7,T
st. =0

where D is a diagonal matrix of positive weights that accounts for the repetition of each n;.
There are many ways to solve this minimization problem. We solve it by using the weighting
method [2], which transforms (2.13) into
wr (1, z)
Dn

: (2.14)
p

min
.z




where w is a large penalty value.

Then it is solved by using a linear approximation to #(n,z). Let An and Az represent a
small change in 7 and z, respectively, and AF represent the corresponding change in E. Then
the first order approximation to 7#(n + An,z + Az) is

fln+An,z+Az) = b+ Pi(n+An)—(A+ E+ AE)(z + Az) (2.15)
~ b+Pn—-(A+E)z+ P An— (A+ E)Az — AEx.

Introducing a matrix Y € C™*(m+=1) that satisfies
Ez=Ya=YPn, (2.16)

(2.14) becomes

: w(YP—P) w(A+E) An —wf
28 ( D 0 az )*\ pn )|, (2.17)
For details on how the matrix Y is formed, see [16]. The (1,1) block of the matrix
= YPo—-hH A+E € C2m+)x(2+m)
D 0
has Toeplitz structure as shown in the following example.
Example 2.4 Suppose
m M2 M M4
E = M2 M3 ™4 ) and f s 75
73 T4 75 6
Na 75 Te 7
Then
i T2 T3 0 0 0
: S (W S S §
- 2 1 T2 I3
D* = diag(1.2,3,4,3,2,1), L WY
0 0 0 & 32 23
and Y Py = (Y 0) € C™*(m+)) 5 also Toeplitz.
&

The above discussions are summarized in Algorithm H-STLN for Hankel structure preserving
solution for (2.8). For a fast algorithm that takes advantage of the structure of the matrix M.

see [15].

For p=1and p = oc. Eqn (2.17) can be solved as a linear program when the matrix A and
the vector b are real [16. 17]. However, when the data has complex values, then we cannot use a

7



linear program since the absolute value of a complex number involves computation of squares.
Accordingly, we modify the formulation (2.14) into

WrR (na .'-'U)
min whil,2) , (2.18)
NRMILIRTI Dnr
Dy

p

where the subscripts R and I denote real and pure imaginary parts, respectively, e.g., z =
zr + vV—1z;. In fact, for p = 2, (2.18) is the same as (2.14) since

WrR
w(fp + \/—_lﬂ) - wrr (2.19)
D(nr+v=1m1) /||, Dngr || - '
Dnr /|,

After linearization, (2.18) becomes:

w(YrPy - P) w(-YiP) w(Ar+ Egr) -w(4r+Ej)

w(YiP)  w(YrPo—P) w(Ar+Er) w(Ar+ ER) ﬁ??f s o
min +
Aer Azy, D 0 0 0 Azg DnR
Angr, Ang 0 D 0 0 Azg Dy ’
(2.20)

The matrices Yg and Y; can be chosen as in (2.16) to satisfy
Erzr = Yrar, Erzr = Yroy, Epzr =Yiogr, Ejzr =Yiog.

With this formulation, since every entry is real, p = 1 and p = oo cases can be solved as linear
programs. For problems with real data, (2.20) becomes (2.17).

2.2 Multiple Right Hand Side Vectors

The STLN method presented in Section 2.1 for a single right hand side vector can be extended
to handle multiple right hand side (RHS) vectors [23]. Suppose the following overdetermined
system with d RHS is given:

AX =~ B, (2.21)

where [A B] has Hankel structure, A € C™*! and denoting the ith column of B as B,
B=[B, ... B4 € C™% The problem is to find the minimum [E F] € Cmx(i+d) which also
has Hankel structure. so that (4 + E)X = B + F for some matrix X = [X.; ... X.4] € C"™¢,



Algorithm H-STLN

Input — A vector b and a matrix A with Hankel structure in [A }], and tolerance tol. E =
0,f=0.

Output — Hankel matrix [E f], structured residual 7, and vector z such that (A + E)z
E + f + 7. In ideal situation, 7 = 0.

1. Compute z from min ||Az — b||,. Form Y from z. Set 7# = b — Az.

(w(yﬁ,—a) w(A + E) ) ( An ) 7. ( —wf )
D 0 Az Dn

(b) Set z:=z+ Az, n:=n+ An.
(c) Form F and f from n, foom Y romz, 7 =b+ f — (A + E)z.

2. repeat

(a) minimize
Az, An

P

until (|Az] < tol and ||An| < tol)

Assume the Hankel matrix [E F] is represented as

m ... i M+1 - Mi+d

m2 -0 M4l M+2 -+ Mitd+l
[E F]=

Mm -+« TM4+m-1 MN+m -+ Ti4d+m-1

As in the case of d = 1, a vector

=N e Gmilad-i )T e Clm+i+d-1)x1

is used to represent m + [ +d — 1 free elements in the Hankel perturbation matrix [E F]. Then
the perturbation on F depends only on « as defined in (2.12). In addition, the ith column F;
of F=[F; --- Fglis

Fi= (M4 Mbit1ers Mimsicr)

Therefore,

a= Py where Po = (Igtm-1)x(+m-1) Ou+m-1)xd) € RiFtm-ilimid=4)

and each vectors F';. 1 <1 < d can be represented as

Fi=Pm whete Pi=(Oncgsicij Imwm Opmx(oy) € RPFEPMREL)

9



The structured residual matrix R is defined as

R(n,X)=B+F-(A+E)X.

For any matrix X = [X; X5 -+ X 4], define
Xq
X2
vee(X) = :
X.d
by stacking the columns of X into a long vector. The key idea in formulating the multiple

RHS problem as STLN lies in the fact that (2.21) can be written as the following equivalent
structured overdetermined system with a single right hand side vector,

A0 s 0 Xa B,

g A o @ X9 B,
diag(A, ..., Avec(X) = | . " s £ ; =vec(B). (2.22)

G o @ A by X B4

When A is perturbed to A+ E and B is perturbed to B+ F we want (A+E B+ F) to be
Hankel. Also the diagonal blocks in (2.22) can only be perturbed to be the same matrix. When
(2.22) is solved, the solution matrix X will be found in the vectorized form z = vec(X). As in
the case of d = 1, which is shown in Section 2.1, the problem is now formulated as the following
minimization problem,

— ( wvec(gy(???,x)) ) Ip- (2.23)

In order to compute the STLN solution z = vec(X ), we need to construct an md x (m+1—1)
matrix Y € R (m+=1) guch that

diag(E,...,E)z =Ya. (2.24)
Letting Y = [Y Y¥ ...Y]]T, where each ¥; € C™*(m+-1)_ (2.24) gives
EX; =Ya,

for 1 < i < d. Because Y is completely determined by the structure of E, and FE is independent
of the column index i of X ;, all ¥;'s have the same structure. The only difference is the values of
the matrix elements in Y;: Y; consists of the n elements of X ;, 1 <1 < d. For example, consider
Example 2.4 in Section 2.1 and assume that there are two right hand side vectors. Then, we

10



have

[Tu Zn 7z 0 0

0 z1 zn zzn O

0 0 =z za zxn

V= (Y]) e 0 0 0 Ty o1 X

Zyz 22 332 0 0

0 z2 220 z32 0
0 0 212 zos z320 O

\ 0 0 0 z12 x99 :1:32)

o oo

[4%]
—

Ti1 ZTi12
where X = [le X‘2] = | T21 T22 |-
T3 32

o o

(2.25)
Now, the vectorized form of the structured residual R is

#(n, X) = vec(R(n, X)) = vec(B + F) — diag(A+ E, ..., A+ E)vec(X).

For small changes An and vec(AX) in n and X, respectively, the first order approximation to
7(n, X) is

P
fn+An, X +AX) = wec(B)+ | : | (n+ An)
Py
—diag(A+ E+ AE,...,A+ E + AE)vec(X + AX)
Py
= 7(n,X)+| : |An—diag(A+E,..., A+ E)vec(X).
Fy

Since
diag(AE,...,AE)vec(X) = YAa = YPAn,

with the linearization, the problem (2.23) becomes

Py
wdiag(A+E,...,A+E) w(¥F-| : |) (Az)+(wf) (2.26)
Py 3 2

minimize
Az,A7 An Dn

0
P

As shown in Section 2.1 for d = 1, the formulation (2.23) needs to be modified if we want
to solve it as a linear program when [A B] is complex. We skip the details here since the
reformulation is analogous to what is shown in section 2.1.

3 Hankel Structure Preserving Rank Reduction

In this section. we show how the results presented in Section 2 can be applied to find the Hankel
structure preserving low rank approximation.

11



Assume that a Hankel matrix H € C™*", m > n, with rank(H) = n, is given and we want
to find another Hankel matrix H € C™*™ such that

min|H — H|, and rank(H) <k <n. (3.27)

It is easy to show that when the optimal solutions for problem (3.27) are Hy and Hy_, with the
requirements rank(Hy) < k and rank(Hy_;) < k — 1, respectively, the inequality

IH — Hillp < [|H = Hi-llp

should hold. Therefore. the solution H for (3.27) will satisfy rank(H) = k in general. For
simplicity of discussion, we first assume that k = n — 1. Suppose the matrix H is partitioned as

H=[A} (3.28)

where A consists of the first n — 1 columns of H and b is the last column of H. If we solve the
overdetermined system

Az =b (3.29)

using STLN method for Hankel structured [A b] presented in Section 2.1, then we will obtain a
minimum Hankel perturbation [E f] such that

b+ f € Range(A + FE).

Therefore, [A+E b+ f] is a solution that has Hankel structure and the property that rank([A+
Eb+f))<n-1.

When rank(H) = n, any of the n columns of H can be chosen to be the right hand side
vector b in obtaining the reduced rank approximant H by solving an overdetermined system with
a structure preserving method such as STLN. Therefore, one main difference between STLN for
solving the overdetermined system Az = b where [A b] is Hankel, and using it for structure
preserving low rank approximation is that in the latter case, there are n choices for the right
hand side vector b. If the structure is not imposed on H , i.e., when the problem is solved as a
TLS problem with the partitioning shown as (3.28), it is clear that the choice of column from
H to be the right hand side vector does not affect the solution. This is due to the fact that the
SVD of [A; b A] gives the same expression (1.4) regardless of the value of j.

For the structure preserving rank reduction, the choice of the column to be the right hand
side also should not make difference. Assume that the jth column of H is chosen to be the right

hand side vector b, i.e.,
H=[AbA))]

where 4, € Cm*U-1) p e Cm*! and A; € Cmx(n-j) 1 < j < n. Also assume that the actual
solution for the problem (3.27) is H. Then the perturbation [E; f E,] with the Hankel structure,
which we obtain from solving the overdetermined system

[A; Ao)z =~ b, (3.30)

12



should satisfy [A; + E; b+ f As + Ep] = H when the solution H is unique, regardless of the
location of b. Even if the solution is not unique, the solution of (3.30) should satisfy

IH - Hllp = |H — [A1+ B1 b+ f Az + Es]p.

However, the computed solution obtained from the STLN (2.14) may be different depending
on the choice of the right hand side vector b since this amounts to different initial value for the
perturbation E and f.

For multiple rank reduction, say rank reduction by n—k > 1, we can apply similar procedure
as for the case of rank 1 reduction (k = n — 1), which is described above. Suppose the matrix

H is partitioned as
H=[A B]

where A consists of the first & columns of H and B of the last n — k columns of H. If we solve

the overdetermined system
AX =B

using STLN method for Hankel structured [A B] presented in Section 2.2, then we will obtain
a minimum Hankel perturbation [E F] such that

B + F € Range(A+ E).

Therefore, [A + E B + F| is a solution that has Hankel structure and rank([A+ EB+ F|) <k
where £ < n — 1. As in the case of £k = n — 1, the choice of the right hand side will affect the
solution obtained by the STLN based method. For more discussion on the choice of the columns
of A to be the right hand side vectors, see Section 4.3.

4 Computational Results

The STLN based Hankel structure preserving rank reduction algorithm has been implemented
in MATLAB in order to investigate its computational performance. Specifically, we present the
computational results that illustrate the behavior of STLN algorithm with L; and L, norms
for producing the rank reduced Hankel matrix and compare the results to those of Cadzow’s
algorithm [4]. The test is performed for single rank reduction as well as rank reduction by 2.

For each of our tests, we constructed an m x n Hankel matrix H, with rank(H,) =k < n
for a specific value of k. Then the matrix H, was perturbed to another Hankel matrix H so that
rank(H) = n, which is used as the given data. In Section 4.1, we present two methods that
can be used for constructing the Hankel matrix H. with any given rank. The computational
results are presented in Section 4.2. Finally, we present difficulties in structure preserving rank
reduction, as well as in Cadzow'’s and STLN based algorithms, and discuss some ways to improve

them.
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4.1 Generating a Hankel Matrix of Given Rank

Unlike the unstructured cases, constructing a Hankel structured matrix of the given dimension
and rank is not trivial. In this section, we present two methods for generating a Hankel matrix
of any dimension m x n with m > n and of a given rank k¥ < n. These results are used in
generating the test matrices in our computational tests.

The first method for generating a Hankel matrix of the given rank is well known and it is
based on problems that occur in linear prediction [20, 19]. Suppose each of m + n — 1 data
samples 7; can be represented as a sum of £ < n terms as

k L3
ni=Y B4, for j=1,2,.,m+n=~1, (4.31)
i=T

where §; # 0, 2z #0, l = 1,...,k, and 2, # 2, for p # g. If we arrange these data in a Hankel
matrix H € C™*" as

m 2 e Tn
2 3 e Mn+1

= 5
Mm Mm+1l -+ Tm4n-1

then rank(H) = k. Also the jth column of H is a linear combination of the (j — 1)th, (7 — 2)th,
...y (§ — k)th columns of H, j = k + 1,...,n. [20, 19]. Notice that the rank of H is the same as
the number of terms in the summation in (4.31). By using this method, we can construct either
complex or real Hankel matrix of a given rank.

The second method is new and it is based on certain properties of circulant matrices [6].
Consider the ¢ x t discrete Fourier transformation (DFT) matrix F [25],

R 1 1
: 1M 48 w? il w1
2 4 2(t—1
F=[f1"'ft]=$ 1l w w W
1 @i=1 2D | 1')(t—1)

where w = ezp(27i/t). It is well known that the matrix F' can diagonalize any circulant matrix
of order . In other words, any circulant matrix C € C'*? can be represented as

t
C=FAF =3 MRS (4.32)
=1

where );, 1 < i <t are the eigenvalues of C and A = diag(A; Ag--- Ay).

14



On the other hand, any matrix C that can be represented as

t
C=FAF* =Y aifif} e C* (4.33)
i=1
for any o; € C, for 1 i<t where A = diag(ay oz oy) is a circulg.nt matrix. If exactly & of
a;’s are non-zero, then C has rank k. Moreover, the first & columns of C' are linearly independent.
To show this, let P be the permutation matrix such that

ein_ (A1 O
PAP—(O 0),

where A; € C¥** and rank(A;) = k. Let F = FP. Then Eqn. (4.33) becomes

C = FPP*APP*F*=F (%1 g)

It’s sufficient to show that the submatrix G consisting of the first k rows and k columns of F
has full rank. The result follows since

1 1 1
wil wig - wg‘k
F(I W % k) =G = w2 w2z Py w2tk
w:‘;(}:—l) wsz(}c—l) & ws,,(}c—n

where 0 <1; <t-1, j=1,..,k and iy, # ¢; when p # g. Therefore, when ¢ =m +n —1 for
any positive integers m and n with m > n and k£ < n, the m x n submatrix T of C, which is
defined as

k
r= Zagf,-(l :m)fi(1:n) e C™*"
i=1
is Toeplitz and rank(T) = k. Moreover, the first k column of T are linearly independent. By
permuting the rows of T by applying the anti-diagonal matrix I2 of order m from its left, we
obtain the Hankel matrix
H=I2T (4.34)
with the property that H € C™*", rank(H) = rank(H(:,1:k)) =k < n.

In general, the Hankel matrix generated by the above method will have complex elements.
However, using some properties of circulant matrices, we can generate a real Hankel matrix of a
given rank. This is based on the fact that if @;’s in (4.33) are chosen such that

a) €R, Qit1 = Qt—i+1, 1= 1,..,t—1, : (435)

then C is real. In fact. the (7, 7)th element of C is
1 t—'l g :
1=0
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Note that w(i=9! and w(*=7)(=) are conjugate to each other and when (4.35) holds, the (4,7)th
element of C is real. Consequently, the Hankel matrix generated by the above method is also
real.

4.2 Performance of the STLN based Rank Reduction Method

The STLN based rank reduction algorithm has been implemented in MATLAB in order to
investigate its computational performance. We also compared our STLN based algorithm to the
Cadzow’s algorithm. To our knowledge, the Cadzow’s method and our STLN based method
are the only two existing methods that can be used for reducing rank of a matrix by any given
number while preserving the structure. We denote by STLNI and STLN2, the STLN based
algorithms with p = 1 and p = 2, respectively. In general, the STLN based rank reduction
algorithms will converge to the desired Hankel structured low rank approximation if there is an
exact solution close by, i.e., the given Hankel data matrix H of full rank is already close to the
optimal Hankel matrix of desired lower rank. However, the practical question of how large the
perturbation can be for convergence can only be answered by computational testing. For the
STLN based methods, the last column of the matrix H was used as the right hand side vector
b, and the penalty value of w = 108 was used.

For each test, a Hankel matrix H, € R"™® with rank(H,) = k where k = 3 or k = 4
was generated by using either the linear prediction method or the circulant matrix method as
described in Section 4.1. Then random perturbation vector § € R'1*!, where the components
of § are uniformly distributed random variables in [0, 1], was arranged to give a Hankel matrix
A € R™3, The perturbed Hankel matrix was generated as

H=H.+7x+A,

where 7 is a constant which determined the level of perturbation in the given data matrix H.
Then only the Hankel matrix H is assumed to be known. The objective is to compare the
accuracy and speed of the three methods, STLN1 and STLN 2 based methods and Cadzow’s
method, in recovering the actual solution H,. by reducing the rank of H preserving the Hankel
structure.

For the purpose of comparing the speed, all three methods were iterated until the absolute
value of the smallest singular value of the computed matrix H is less than 10~ for rank 1
reduction. In each table, we show the total number of iterations for the STLN based and
Cadzow’s methods. Note that the major computational complexity of one iteration in the
STLN1 and STLN2 based methods and the Cadzow’s method requires a linear program, a QR
decomposition, and a SVD, respectively. The maximum iteration of each method was set to
be 20 linear programs (LP), 100 QR decompositions (QRD), and 100 SVD’s, respectively. The
structured perturbation size |[H — H||r after the termination is also shown.

In Table 1, we present the test results of the following problem. In the test, the data
generated from 11 samples 7);, was arranged in an 7 x 5 Hankel matrix H.. Each data sample
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# of iterations |H - H||p
T STLNI | STLN2 | Cadzow STLN1 STLN2 Cadzow
(LP) | (QRD) | (SVD)

10°° 1 3 52 4002 x10°° | 4180 x10°° | 4.189 x 10~ °
1077 2 2 78 3141 x 1077 | 3.103 x 1077 | 3.103 x 10~7
10¢ 2 2 88 3.631 x 107 | 3.768 x 107° | 3.768 x 10™°
10~% 2 3 100" 3.016 x 107° | 2.670 x 10™° | 2.670 x 10™%
104 3 4 100" 3.557 x 107* | 3.407 x 10™* | 3.407 x 10™*
1672 4 7 100" 2.812 x 1073 | 2.840 x 10™° | 2.840 x 10™3
1072 6 18 100" 2.942 x 10~2 | 3.000 x 10~% | 3.000 x 10~2
1072 4 31 100" 4213 x 107! | 4.027 x 10~ | 4.016 x 107!

Table 1: Rank 1 reduction of a Hankel matrix

# of iterations |H - H||r

T STLN1 | STLN2 | Cadzow STLN1 STLN2 Cadzow
(LP) | (QRD) | (SVD)

10~ 8 100° a5 3.130 x 107> | 1.806 x 10~° | 1.744 x 10~*
1077 8 100° 100" 4.052 x 10”7 | 1.806 x 1072 | 1.744 x 10~2
10~° 8 100* 90 4.864 x 10°° | 1.806 x 10™2 | 1.745 x 10™2
1075 8 100" 95 3.764 x 107° | 1.807 x 1072 | 1.745 x 102
1074 8 100" 99 2.742 x 10~* | 1.819 x 10~2 | 1.756 x 10~2
1073 6 100" 100° 3.104 x 10~ | 1.952 x 10~ | 1.893 x 10~2
1072 20 100" 100° 4637 x 1072 | 3.597 x 10~2% | 3.502 x 102
107! 10 100" 100" 4972 x 107" | 4.180 x 10~" | 3.804 x 107!

Table 2: Rank 1 reduction of a Hankel matrix with an outlier 0.01 at the 8th anti-diagonal

n; is represented as a sum of 4 exponential terms as in (4.31) where

-0.1 -0.3

zmfe 0V g=OE 1m0 gE0day)

B=(10, 20,0515  and

Therefore, rank(H.) = 4. Note that for all values of 7, the smallest singular value became
smaller than 10~ in only several iterations in the STLN based algorithms when 7 is less than
1073, The STLN1 based algorithm converged particularly fast. For 7 > 1075, the Cadzow’s
method did not satisfy the stopping criterion even after 100 iterations. However, the smallest
singular values were 2.267 x 10~ and 1.925 x 10~ for 7 = 1075 and 7 = 10™#, respectively, at
the termination after 100 iterations. In Cadzow’s algorithm, the smallest singular value became
less than the value of 7 after about 5 iterations. However, the convergence speed after the first
several iterations was extremely slow, reducing the smallest singular value by a factor of 10~}
in every 10 to 15 more iterations.

The results presented in Table 2 are obtained with the identical Hankel matrix H, € R™*?
as in the previous test. Then H, was perturbed by a random Hankel matrix A, which is also
generated as before, except that now an outlier of size 0.01 was added to 7z in each case. It
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is seen that for the STLN2 based algorithm and Cadzow’s algorithm, the outlier dominated
the convergence speed and the error in recovering Hc. In contrast, the STLN1 based algorithm
produced a solution, which ignores the outlier and the accuracy of solution was influenced only
by the size of 7. In particular, the error ||H — H||r with STLN1 is essentially proportional to 7
only. This shows that the STLN1 based algorithm can be very robust in the presence of a large
error in the data. '

In the second test, we used the Hankel matrix H,. generated by the circulant matrix based
method as described in Section 4.1 and solve the problem to reduce the rank by 2. The elements
of the circulant matrix were randomly chosen from interval [0, 1]. The Hankel matrix H, € R"*?,
with rank(H.) = 3, was then perturbed similarly to generate the full rank data matrix H as
in the first test. Again three methods were compared in terms of accuracy and speed. The
convergence criterion was that the 2 norm of the vector consisting of the smallest 2 singular
values of the computed matrix H should be less than 107!, The results are shown in Table
3 and Table 4. The results presented in Table 3 show that all three methods produced good
answers in this test. However, even in the best case of Cadzow’s with 7 = 10~8, it required
28 SVD’s, which is prohibitively expensive. Table 4 shows the results obtained with the same
Hankel matrix H, as those in Table 3 except that now a large error of size 0.01 was added
to m9. The solutions produced by all three methods were apparently influenced by the largest
perturbation, which is the outlier. The STLN1 based method converged extremely fast especially
when the noise level 7 is low. However, the solutions produced by STLN1 are also affected by
the outlier unlike the results presented in Table 2. This can be explained using our theoretical
analysis: L; norm minimization is robust in the presence of outliers, but the solution may be
affected by the outliers depending on the locations of the outliers [18].

We have conducted many other tests using different data matrix of various sizes, and the
similar results were obtained. Based on these implementation results, we conclude that the STLN
based method is very efficient for obtaining low rank approximation with Hankel structure. The
Cadzow’s method often has difficulties with convergence and its computational complexity is
high even when it converges. In all our implementations, E and f were initially set to be zero.
For improving the speed and convergence of the STLN based methods, it will be important to
find a good initial guess for them. The results from Cadzow’s method can, in fact, give an initial
guess. However, using the Cadzow’s result after several iterations as the initial guess for the
STLN based method did not necessarily improve the solution. Also Cadzow’s method is too
expensive even for providing initial guess since each iteration involves on SVD.

4.3 Discussions

In this section, we discuss some difficulties involved with the problem of finding a structured low
rank approximant and also involved with the algorithms we discussed in this paper for solving
the problem. As shown in Section 2, the structured low rank approximation problem may not
even have a solution. The existence of the solution depends on the structure which is imposed
on the solution. For the Hankel structured problem where every anti-diagonal of the matrix is
allowed to be perturbed, a solution always exists as shown in Theorem 2.1. On the other hand,
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# of iterations |\H - H||r
r STLN1 | STLN2 | Cadzow STLN1 STLN2 Cadzow
(LP) | (QRD) | (SVD)

10°°F i 1 26 2845 x 105 | 2.366 x 107° | 2.318 x 107°
1077 3 3 33 4.126 x 1077 | 3.904 x 1077 | 3.904 x 10~7
10~° 3 3 35 3.645 x 107° | 3.955 x 107°® | 3.954 x 1078
107° 5 5 37 3.091 x 1075 | 2.994 x 10~ | 2.994 x 10~5
1074 6 6 49 2.494 x 1074 | 2.498 x 10™* | 2.947 x 1074
103 6 6 38 3.026 x 10~2 | 3.136 x 102 | 3.136 x 1073
1072 14 10 43 3.469 x 10~2 | 3.568 x 1072 | 3.568 x 1077
107! 15 66 61 4714 x 107! | 5.598 x 10™* | 3.645 x 107!

Table 3: Rank 2 reduction of a Hankel matrix

# of iterations |H — H||p

T STLN1 | STLN2 [ Cadzow STLN1 STLN2 Cadzow
(LP) | (QRD) | (SVD)

107 3 12 91 2127 x 102 | 1.236 x 10~ % | 1.234 x 1077
1077 3 12 9] 2128 x 102 | 1.236 x 1072 | 1.234 x 1072
T8 3 11 91 2132 x 1072 | 1.236 x 10~2 | 1.234 x 1072
107° 3 14 91 2073 x 1072 | 1.236 x 1072 | 1.235 x 1072
18 e 9 13 91 4615 x 1074 | 1.248 x 1072 | 1.247 x 1072
1072 9 19 91 4110 x 1072 | 1.293 x 102 | 1.292 x 1072
102 20 52 90 8.121 x 10~! | 3.904 x 1072 | 3.903 x 10~2

Table 4: Rank 2 reduction of a Hankel matrix with an outlier 0.01 at the 9th anti-diagonal

the difficulty with Hankel structured problem involves the fact that there may be infinitely many
global solutions as illustrated in the following simple 2 X 2 example.

Consider the 2 x 2 anti-diagonal matrix
0 1
A
#=(1 o)

min||Iff - T|lp, T €R¥™?, rank(T)=1

and the problem
(4.36)

where the solution T is required to have Toeplitz structure. It can be shown that (4.36) has
infinitely many global solutions: the matrix

2
o (o8 )
el s

is a solution for (4.36) for any p € R and ||T — If||p = 1.
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The next example shows that the choice of column which is to be the right hand side vector
in the STLN based algorithm is not trivial. The example also illustrates that the permutation
affects the solution in Cadzow’s algorithm. Suppose the optimal Hankel approximant H. with
rank(H,) < k, for a Hankel matrix H has the minimum distance 8 = ||[H — H||r. Then the
distance between the permuted Hankel matrix JAHT A and its best structure preserving reduced
rank approximant should also have the same distance 8 since

IAHIA - IAH I = 6.

However, the follbwing example shows that this is not necessarily true in both STLN based
algorithm and Cadzow’s algorithm. Consider the rank 1 reduction problem for the Hankel

matrix
010
H=(1 0 0) (4.37)

0 0 1
and its optimal Hankel approximant H, with rank(H.) < 2. The Cadzow’s method gives the

solution
: 4 CLR
gl 1% 0)
@0 0

after one iteration and further iteration does not change this solution. The STLN2 based method
also gives the same solution in one iteration. It is easy to see that the computed solution H is an
optimal solution since H is also the solution obtained by SVD without preserving the structure.

However, when these methods are applied to the permuted Hankel matrix

100
Ig*m;:(o 0 1), (4.38)
B peil ipeil]

they produce poor results. In Cadzow’s method, after the ith iteration of SVD and averaging

along antidiagonals, we obtain
1 0 O
ﬁrfﬂ:(o : 2)
g ¥+

Therefore, the computed answer converges to the matrix

1 00
(000, (4.39)
000

reducing the rank of H by 2 instead of 1, with ||H — I:I||p = /2. The same problem is observed
when our STLN based method was used: the computed solution was very close to the matrix
(4.39) from the first iteration. In case of STLN based algorithms, the permutation in (4.38)
amounts to choosing the first column, instead of the last column, of H in (4.37) to be the right
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hand side vector b. However, all three columns of H are orthogonal to each other and it is not
clear how to determine the column which would be the best candidate to be the right hand sice
vector b. Moreover, the situation is reversed if we want rank 2 reduction. For rank 2 reduction,
all three methods produced the correct answer H of (4.39) in one step when we start with the
permuted matrix (4.38), while all methods had difficulty with the matrix H of Eqn. (4.37),
producing a zero matrix, which is the result of rank 3 reduction. However, in case of STLN
based method, we have some preliminary results which indicate that incorporating regularization
can solve the above difficulty.

Although the STLN based algorithm seems far superior to other existing methods as shown
in this paper, in order to more fully develop the STLN based algorithm for structured low rank
approximation problems, a number of areas need further study. Future work will include finding
a good initial guess for STLN, choice of the column to be the right hand side vector, and applying
regularization. '
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