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Abstract

Let S be a bounded linear transformation from a Hilhert space B
to a Hilbert space § . Su can be thought of as the solution of a linear
differential equation with right-hand side, initial data, or houndary data
U . fGiven the incomplete information Nu = v , ullg < 1 about the data
where N 1is a linear operator from R to a Euclidean space En and a
linear interpolation operator M from Em to X , one defines the optimal
approximation to Su to be the point Ma(v) in the range of M which is
the center of the smallest ball containing all points of the form Su with
Nu =v and tung < 1 and centered in M ,

A characterization is given for the optimal approximation Maf{v) . It
js shown to he unique and, in general, nonlinear.

Simpler approximations and relations with other concepts of optimality

are investigated,
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1. Introduction

Many linear problems of numerical analysis can be formulated in the
following way: One is given a set of n linear data Nu = v and a bound
for the norm hullg of an otherwise unknown element u of a Hilbert space
B. One wishes to find a best approximation to the element Su , where S
is a bounded linear operator from B to another Hilbert space J . Ffor
example, Su may be the solution of an ordinary or partial differential equation
with right-hand side, initial data, or boundary data wu .

The approximation is to involve finitely many computations.

When 7§ is one-dimensional, it was observed by Golomb and the author
[7] that the set of u in B which are compatible with the data is a
hypercircle, which is symmetric about its center g{v) . Hence the set of
possible values of Su 1is an interval centered at Sq(v) . Therefore the
hest approximation to Su is Sa{v} in the sense that the maximum
possible error |Su - c| among u which satisfy Nu =v , llul!B < 1(*) is
minimized by ¢ = Sq(v) . This best approximation Sq(v) depends linearly
upon the data v .

This reasoning works just as well when 7§ is higher-dimensional. The
mapping from v to the optimal approximation is always the linear map

Sq{v) . (See [10,Theo.3].)

*
(*) The apparently more general inequality uly < k 1is easily reduced to
this case, either by replacing u by u/k gnd v by v/k or by

redefining the norm on B ,




When ] s infinite-dimensional, one wishes to restrict oneself to
elements which can be defined by finitely many computations. This can be
done in two different ways.

Aubin [2], Babuska, Prager, and Vitasek [3], and Miranker [11] made
the computation finite by replacing the oeprator S by ¥S where ¢ is a
linear map from [ to the Euclidean space Em , {that is, a set of m
Tinear functionals) and found the above optimal approximation ySq(v) ,
which is linear. The connection with the method of [7] was pointed out hy
Micchelli and Miranker [9].

It appears more natural to me to define an interpolation operator M
from Em to } and to call an element Mg(v) of the range of M an

optimal approximation to Su 1if the maximum error
d{a;v) = sup {nSu - Mauz P Nu =y, Tugl < 1} .

is minimized when a =% . We shall characterize the optimal approximation
M3 in Section 3 and show that it is uniquely defined.

It is interesting to know whether the optimal approximation is again
Tinear. It is shown in Section 4 that in most cases Ma(v) coincides with
a linear transformation on v when v is small, but not when v is

large. Thus M?(u) is, in general, not linear in v .

A somewhat coarser error bound for an approximation scheme Ma(v} ,

where a(v) 1is any mapping from En to Em » 15 given by the functiona)

DCa(+)] = sup{iSu - Ma(Nu)uI Pulg < 1}

sup{d{a(v);v) : JuPNu =1y , fully < 13




Micchelli and Rivlin [10] call a mapping Ma for which D[a(+)] takes on
its minimum value an optimal recovery by a restricted algorithm,

It is clear that the optimal approximation M&(v) is such a restricted
optimal recovery and that Mg(v) is a restricted optimal recovery if and

only if
d(D(v);v) < d(F(v);v) < o[4]

for all v . Thus any restricted optimal recovery 3 must agree with 2
at those v at which d(&(v),v) attains its maximum, but there is leeway
in 3 at the other values of v . In general, Mg(v) gives a smaller

error bound than M¥(v) for most values of v .

It can be shown [14] that if one defines

1Sul

€ = SUp {TUH_BE : Nu = 0} (1.1)

and

*
1S &l
< = sup 5 8. My =0}, (1.2)
¢"E

then for a linear map Av
*
DLAY > max(«,x ) ,

and that there is an ‘K for which equality holds. Micchelli and Rivlin
(10, Theo. 1 and Then. H] have proved the inequality

*

Dla(v)] » max(k,« )

for any map. Consequently, a linear map K for which




3a

*

n[ﬁ] = max(x,c )

provides a restricted optimal recovery MK , and

D[K] =préy - max(x,x*) .

The set of all linear maps X which provide restricted optimal
recoveries (there are, in general, many of them) was recently characterized
by Davis, Kahan, and the author [6]. Related results have been found by
M.G. Krein [8], Parrott [12], Arsene and Gheonda [17, Smul'jan and
Janovskaya [13], and Ravid [4,5].

Section 5 investigates some further properties of the optimal
approximation and derives some simpler approximations which are not quite
optimal. The application of the results to the numerical splution of

boundary value problems is indicated in Section 6.




2. FPFORMULATICN OF THE PROBLEM

We wish to approximate a bounded linear operator S from a Hilbert

space B to a Hilbert space £ in the following sense. We are given

a bound

full ;<1

and the set of linear egquations Nu=Vv , where N is a bounded linear
operator from B onto the Euclidean space En , but no other information.
We fix a linear injection M (an interpolation) from the Buclidean
space Em toc & . We wish to find an element a of Em such that

the maximum possible error
d(a;v) = suplilsv-dally [ww=v, [[vig<t (2.1)

which can be made when Su is approximated by Ma 1S minimized.
In other words, we seek the ball of smallest radius which contains

the set {Sv|Nv=v,||v|l <1} and whose center lies in the range of M .

We must of course, require that the set of admissible v is not
empty. That is, the linear data Nu=v and the bound ||ul| <1 must be

compatible. This compatibility condition is most easily stated by noting

that if
* * -1
Tv=v-N (NN ) "Nv (2.2)
is the orthogonal projection off v onto the null space of N , then
-1

a(v) =v-Tyv=n () N (2.3)

is the element of smallest norm in the plane {lev==v} » Consequently
b

the set of v in (2.1) is not empty if and only if




la I < 1 (2.4)

This is a quadratic inequality to be satisfied by v .
If Jfa(v){l =1 , then the set of admissible v consists of the

single point qg{v) , and the optimali a is immediately found to be
a=(M*M)-LM*Sq(V) , (2.5}
If we define the orthogonal Projection
Pw=w-M(M*M)_lM*w (2.6)

onto the orthogonal complement of the range of M , we see that the

a defined by (2.3) can also be defined by the eguation
Ma =5q(v) - PSq(Vv) . (2.7)

The identity

2 2 2 2

1 1 1
lsv - F ey +ap)l =3 flsv-vay] + fsv-vay] 1-] & mia-a)]

e

shows that the function [d(a,v)] is strictly convex in a . Since it
approaches infinity as |jaj] == , d(a,v) attains its minimum at a
unique point 2 s and we shall characterize this point.

suppose for the moment that when a 1is optimal, the supremum in {(2,1)
is attained at a unique value r of v . Then the Buler equation which
states that ||sr-Ma|| is a maximum among admissible v and & minimum

among admissible a gives the symmetric linear system

* * *
(A-g 8)r+s Ma+N b=0
* *
M 8r-M Ma =0 (2.8)

Nr =




and, if }\7'40 , the conditiocon

el =1 (2.9)

which states that the constraint ||v|l <1 is the active.

The system (2.8) can be written in the form

(A1 - TS* PSN) Tir = TS*PSq{v) (2.10)
(1 - Mr = qv) -
since {|s1|| = , || nsxpsuj] < 2.

Therefore when X > 2 the operator in (2,10) is invertible, so
that the system (2.8) is uniguely solvable. We denote the solution
by {r(r,v),a{i,v),b(A,v)} . This solution is clearly linear in v

and analytic in *» for & sn?o,

The following lemma describes the behavior of (2.8) when A.zng

LEMMA 2.1 The norm ||[r(X,v)]] of the solutions of (2.8) for

2
A >n" is nonincreasing in A . The system {(2.8) for A =nZ has a
sclution if and only if ||r(A,v)|] is uniformiy bounded for Rj>u2 .
If this is the case, then as X decreases to ng , the family

{r(A,v),a(x,v),b(A,v)] converges strongly to that solution
2 2

2 .
le(x7,v),a(x",v),b(x",v)} for which ||r|| has the smallest value.
2
Proof. We choose 112>K22>H » subtract the first equation of (2.8)
for A =R2 from that for Rl and take the scalar product with

r(kl,v) —r(lg,v) to find that




5 0= ) Ule 0w |2 - [z 0,,0) 21 +

1 P2
t 3 (?\l+?\2)[[r()\l,v) -r(A,,v)]]7 - (2.11)
2

- lle Lehpov) - 20T + (ula(d ,v) - a(h,, ]2 = ¢

Since = (A, +A.) >’
ince 3 (A, 2):>u » we conclude that
2 2
”r(ll,\))H 5”1‘(7\2,\))” for ?\l>?\2>ne, {2.12)
2

Therefore as Axn™ , [|r(X,v)| either goes to += or remains bounded.,

In the latter case, there is a sequence hp decreasing to ng such
that the sequence [r(hp,v),a(hp,v),b(hp,v)} converges weakly to a solution
) 2
of (2.8) with A=x" | which we denote by {r(kg,v),a(nz,v),b(ng,v)} .

The derivation of (2.12) is still valid when Ay =u® . Thus

I|r(n2,v)“.21jﬂﬂlr(K,v)“ » Which implies that the convergence is strong,
and that
2
He ()|l = 2im [z (0,00 - (2.13)
2
Ay n

The ineguality (2.12) with X2 =n® still applies when r(H2,v) is
replaced by any solution of (2.8) with A =uE . Consequently the limit

2 2 }

2 2
solution {r(x,v),a(®",v),b(x",v)

is the solution of (2.8) with X\ =x
which has the smallest value of Hr H . This solution is unigque even if

(2.8) has other solutions. Hence the whole family {r{A,v),a(r,v),b(x,v)}

2 } as A decreases to u2

2
converges to lr{x ,v),a(ug,v)Jb(n ,v)
The inequality (2.12) with 12 - and r(kg,v) replaced by any
solution of (2.8) also shows that if there is a solution of (2.8), then

2
[le(A,v)|| for A>n" is bounded. Thus the Lemma is proved.




3. The main theoremn.
We are now ready to state and prove ocur principal result.

THECREM 3.1 Suppose that |la(v)|| <1 and let % ve the norm of
the restriction of S to the null space of N .
If the system
o * * *
W r-gsr+3 Ma+tNbL=0
* *
M Sr -M Ma =0 (3.1)

Nr =\

has a sclution with Hr” <1, define A(v) = n? . If this system has

no solution with [{r] <1, then there is a unique value A(v) of

7\>’4f2 such that the solution of the system (2.8) satisfies ||r{A(v) V)| =k
Tn either case the optimal approximation is given by a(v) =

a(A(v),v) where fr(x,v),a(},v), b(A,v)} is the solution of (2.8), and

the corresponding optimal error bound is
d(a(A{(v ), vjVvy) =X (v) + vebA(v) . (3-2)

2
Proof: Suppose that for some A>n  the solution {r,a,b} of the first

and third equaticns in (2.8) has ||r|}=1. Then if Nv=v we have

l|sv- w2 = ||8(v-r)|[2+2(5(v-2),8r - a) + [|5r - Ma]|®
<®|lv-rlZ+2(v-r,hr + N0} + [[sr- ma||®
Alv- P42 Mv-r,r) + ||sr- val|?

SA(vlP - 1)+ lse - ma]l®




We see that the maximum of this expression on the set lwr = v, flv| <1}

is attained at v=r , so that if d(a) is defined by (2.1)

d(azv) =llsr-val . (3.3)

Suppose first that for some admissible v the system (3.1) has a
solution {r(ue,v),a(ng,v),b(ue,v)} with Hr(ng,v)”_f 1., also suppose that
0’ is the largest eigenvalue of the projection WS*STT of §'8 on the
null space of N . Then there is a solution {:?,1’3\} of the eigenvalue

equation

2

with r#0 . For any constant o , {r(x ,V) +af a(ng,\)), b(n2,\))+o{8}

is a solution of the first and third equations of (2.8). If ||r(n2,v)|| <1,

the quadratic eguation
(4, vy +aB]®= 1

. 2
has two solutions @ and @  with & <C . If Jx(x=, )] =1,

we set Cx+=Cf =0 .

The formuwla (3.3) now shows that

a(at®,v)) = {805, + o f) <m0l v ||

Mereover, for any m-vector c

d(a(ne,\))+c)22 ||S(r(u2,v) +a+?) - M(a(ng,v) +c)||2=

d(a(ng,v) )2 +2(8(r +c;x+1'~\) - Ma, Mc) +|IM<: “2
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+2q, (8F,Mc) +||Mcl|2

because of the second equation in (2.8). Because O <0 , at least
cne of the quantities a+(Sf,Mc) is nonnegative, so that
d(a(ne,v)-+c):>d(a(%2,v)3 for ¢#0 . We conclude that when
]]r(ng,v)“.E 1, the vector a(ug,v) gives the optimal approximation,
as the Theorem states.

We take the scalar product of r-+20#r with the first equation of

(3.1) to find the corresponding optimal error bound

a(a(x®,v))2 = |[s(r +a,r) - Ma|

which is (3.2) for this case.
* 2
If 8 8 is not compact, ® may nct be an eigenvalue. In this

case for each 8>(0 there are elements % and %6 such that

o
[N
Nfa =0,
T.I,'EA * oA + * A
7%, -8 8r +N b6|| <5 .
Computations like the above show that
aa(x”,v)° < [|s(x +o, (B)r ) - Ma|[F+ ks

and

ate) > s +o,(o)r,) - vall® + uc]]? .
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By letting 870 , we again find that a(ng,v) is optimal and that the
error bound (3.2) is valid.

The above arguments with (3.1) replaced by (2.8), n° by A >ut

3
and 0% by O show that if |[r(x,v){| =1, then the optimal approximation
is given by a(XA,v) and the optimal error is given by (3.2).

It remains to be shown that if there is exactly one such A if
either {3.1) has no sclution or if ]|r(n2,v)|[>>1 + By Lemma 2.1 this

condition is equivalent to the conditicn ||r(u2+-o,v)u >H .

Tn terms of the projections T and P defined by (2.2) and (2.6),

respectively, the system (2.8) can be written as

AT 2 -Ts pTr =718 PSa(v) . (3.4)
Clearly [lﬂrH approaches zero as A increases to infinity. Since
Hr||2=|[ﬂr“2+ Hq(\))”2 , it follows that

lin [[r(A,v) ] = [la(v)][ < 1.

A+ ®
Thus if Hr(%24-0,v)H > 1, continuity shows that there is at least one
value of A <#® for which l|lr(A,v)|| =1 so that a{i,v) is optimal.
To prove that this value of A is unique we recall that [|r(A,v)]|
is nonincreasing by (2.12), which follows frem (2.11). We see from (2.11)
that equality for some A, >X, holds if and only if r(Rl,v)=1(R2,v} and

a(hl,v) =a{A_,v) . The difference of the eguations for A :hl , and

23

*
A =R2 then shows that r(ll,v)==r(K2,v)==q(v) . Then 8 PSg(v) lies

*
in the range of N and it follows that r{A,v) =q(v) for all X . 1In
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particular, || r(*,W)|| = ljq()!| <1 . We conclude that if
I rinf+0,0| 1, |l r(>,v)|l is strictly increasing so that the
value of X} where ]]r(),v)||= 1 is unique. We call this value X(v)

We have shown that when lh(uQ,v)I[ > 1 , the optimal approximation
is again given by a(i(v),v) and the optimal error bound by (3.2).

Thus Theorem 3.1 is proved.




i, Properties of the optimal approximation operator

In this section we examine the question of whether the optimal

approximation % ( V) is given by a linear transformation on the

13

2
data. When |[r(n",v)]i<1, a is given by solving (3.1), so that it

deces depend linearly on v .

On the other hand, when Hr(fiv)“>>1, B¢ v)=a(A(v),¥)

Since A{v) depends upon v , one cannot always expect this %3

to be a linear function of v . However, the following example shows that

the optimal approximation 3( v) =a(A(v),v ) may be linear in

all v even though A{v ) wvaries. We present an extreme case where

A(v) >£ for all v#0 .

EXAMPIE 4.1 17

v for

12 0
s=( ),M=( ) > N=(0 1), we find that x=1 , and the

0 3 1

solution of (2.8) is

v /(A -1) 2
r=( L N a=3vl ) b=:%—t-§-)lv
Y1

go that

~ 2.-1/2
AMv) = 1+2|vl[( 1=v.") .

Note that a(A,v) does not depend on A in this example. Hence

a=3

\Jl_,

which is linear in v, for all admissible v, (that is, for ]\)ll <1) ,

1

even though A{ % ) wvaries with vl « This states that Su is to be

approximated by
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o 0O u
IMNu = +
O 3 U,

The following theorem gives a necessary and sufficient condition

for the optimal approximation 3( v) to be linear for all admissible Vv .

[ TR

We recall the definitions {(2.2) and (2.6) of the projections T onte
the null space of N and F ontc the orthogonal complement of the range
of M.

THEOREM 4.1 The mapping v - 8(v ) to the optimal approximation
ig linear if and only if there is a linear subspace J of the null space
of N which is invariant under the operator S*PS and which contains the

range of T3 M .
Proof: Suppose that
a(v) = Iv

where L is a linear transformaticn. If r(x,v) # q(v) for
2
seme X >x , then A=hi(v/k) if we define k==||r(K,v)“ . Since

a(vx) :a(h(v/k),v ) = a(x,v)/k , we have

a(h,v) = Lv

i To evaluate Lv we recall the second equation of (2.8) and the fact

that r(w,v)} = q(v) = (I - Mr(h,v) .
. * *
Thus we find that M Ma(h,v) =M Sg(v) , so that

METe (A, v) =0 . (4.21)
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If r{A,v) =gq(v) , this equation is still valid. Thus the linearity of

a(v )  implies (k.1). Conversely, if (4.1) is valid,
a(v )y = (M*M)'lM*Sq(v) (k.2)

which 1s linear in v,

' * *
We write the first two equations of (2.8) in the form Ar-8 PSr=-N b

to see that (4.1) is equivalent to
* * o1
M ST(AI-8 Ps) a0 .

If one prescribes b and solves the first two equations of (2.8), the
third equation determines v . Therefore the mapping Vv2b{i,v) is

onto Erl » Consequently, §(v,k) is linear if and only if
* * - R.3
M ST{AI -8 ps) =0 for A >u° . (h.3)

We take the adjoint of this equation and expand the inverse in a

power series in k-l to obtain the statement of the thecrem.

We remark that the direct sum ¥ of the range of M and 8J is
an invariant space of SﬂS* which contains the range of M and lies in
the null space of NS*P , and that J=:S*WK . Thus the existence of the
lavariant subspace K is alsc cquivalent to the linearity of & .

The infinite set of equations N(S*PS)LHS*M=:O » £=1,2,... which
is eguivalent to the existence of 4, 1s not likely to be satisfied.

There are some simpler sufficient conditions. TFor example, the
condition NS*P5W==O » Which states that the null space of N is an

*
invariant subspace of S PS , is equivalent to r{A,v) =q(v}) for all v .
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The condition ESHS%M==O , which states that the range of M 1is an
invariant set of SﬂS* , is satisfied when the interpolating functions
m, are eigenvectors of SﬂS* . This condition is satisfied in Example 4.1,
in which the single interpolating vector lies in the null space of SUS* .
Thecrem 4.1 shows that 8(k,v) is usually not linear in v for all
admissible v .
On the other hand, as long as |]r(n2,v)ﬂ <1 ¢the mapping v E{v)

. a
agrees with the linear transformation ap ~,v) .

Thus

2
ay = alv) for VEG = (uir6Cmf< 1

We see from (3.4) that the set § 1is a neighborhood of the origin

if and only if the operator
* - * *
(AT -Ts pstl) s "psn (4. k)

remains bounded as A decreases to KE . This is certainly true if A
ig in the resolvent set of WS*PSW . If 5 1is compact, it is sufficient to
assume that the null space of kQI-WS%PSﬂ is contained in the null space
of W1-2"P8 .

The set of vectors b on which the operator (4.4) remains bounded
as AN Mg is a linear space. Hence if the operator (k.L) is unbounded,
the set of v such that R(x/k)I>H2 is dense. Consequently, in this

case & is linear for {v| small only if the conditions of Theorem L.l are

valid. We have proved the following theorem.
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THECREM 4.2. The optimal approximation operator v'*a(v)
coincides with a linear operator, namely (4.2), for all v in a
neighborhood of the origin if and only if either the operator (b.4) is

2
uniformly bounded for A>n or the conditions of Thecrem 4.1 are

satisfied.
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5. Error bounds for non-cptimal approximations.

In the derivation of (3.3) we have used the assumption that I]r“ =1,

If we drop this assumption, we obtain the inequality
2 z2 2
a(a(h,v)" <llsr-wafl” +2{ 1 - ||| (5.1)

when {r,a,b} satisfies the first and third equations of (2.8).
Bquality holds if and only if Hr“ =1 , but the error bound is valid more
generally. If one assumes that the second equation of (2.8) is also

satisfied, one obtains, as in the derivation of (3.2},
d(a(h\));v)2 <AV b(A,v) (5.2)

2
for any v and A>n .

If we use the first equation of (2.8) and its derivative, we find that

a

S D+ vep(vI= - e (v ||°
Thus the right-hand side of (5.2) increases for A > X€v) and decreases
for A < A(V) ., Its minimum thus occurs, as it should, at the optimal
value A (v ) where the inequality also becomes an equality.

This suggests a good strategy tc use if #  is not known, but one has
an upper bound #' feor it; If Hr(Hﬁg,\J)“_S 1, use the approximation
a(n‘g,v) . Otherwise find A{v}) » wts and use the optimal approximation
a{A(v),v) .

Because M*(Sr(K, v)-Ma(h, v)) =0, we see that if w” is the norm

* *
(1.2) of the restriction of S  to the null space of M ,




-2
(B Y A Y
-2
= | |7

-2

=n [KEHrH2-+2h(v-'b)+||N*b”2 o

In deriving (5.2) we used the identity
2
llse- 1] =2 [|z]|Z+v. b .
Substituting this in (5.3), we see that

2
* 2 * o2
Vebgo e -l ® () )
2h-u
7%2
provided 2A>% . We now see from (5.2) that

2
d(a{A,v);v)” < i for Kzug
where
#*
u=max{?€,% 1.

In particular, we have the bound

ala(k®,v)v) <.

This is the best bound which can be found by choosing an

which depends linearly on v. . (lNote that

19

(5.3)

(5.4)

(5.6)

fixed nuaber .) The transformation \)-'Ma(u-g,v) is, in fact, the

center of the set of optimal operators of this kind obtained

by Davis, Kahan, and the author [6].

We see from (5.14) that the error bound
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a(a@®,v)v) Tane v < b, v) (5.7)

2
for approximation by the linear operator a(¥ ,v) which comes from

(5.2), is never worse that (5.6). It is, in fact, better unless

* *
w > and V=NS w for some eigenvector w corresponding to the
2
# *
eligenvalue A of the orthogonal projection of 56 onto the null space

¥
of M
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6. Examples.

In this section we shall indicate how our results can be used to
approximate the solution of boundary value problems.
Consider the problem
Iw=-~w"+q{x)w=u in  (0,1)
(6.1)
w(0) =w(1l) =0
where q 1s a given bounded nonnegative function, and define the solution

operator
Su=w . (6.2)

For the sake of simplicity we assume that u(0)=u(l) =0 , and we
suppose that we are given the values u(ES) at O<§l<§2<... <§n<l R
and a bound

1

f u'gdx;S 1.
O

We define the Hilbert space B to be the closure of the set
1

vechvio) =v(z) =0 , f vZax< =)
0

in the norm
2 1
2
||v||B=j‘O vieax .

Then
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and

where
1
G(x,6) = Z(x+€- [x-f]-2x8) .
We shall give two examples of approximation in different spaces X .

EXAMPIE 6.1. Let &£ be the closure of the set
1

fw e ,w(0) =w(1) =0, (L) dx < ©)
0

in the norm
1
2 2
Jwlls=J (we)ax .
O

We choose m interpcolating functions w -,Wﬁ which vanish at ¢©

10

and 1 and such that w; is square integrable. For example, we may
1

choose splines which are C and pilecewise 02 .

We observe that

1 1

(su,h)g =) ulhdx= (u,S*h)B=—_r a(s ) ax .
0 0

*
Thus S h dis the solution of the problem

—(S*h)” =Lh

§'h(0) =5 k(1) =0 .

We note that when Nv =0 ,
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||Sv[|§ =jl vgdxs %EIV'Ed.x
where

max i€
l<s<n

£ ] .

s+1 “s

x
il
=2 (=

(We have put §O=O and gn-l-l:l .) Equality holds when v is

sin n(x - ES)/(5-5+1— §S) on the longest interval and zero elsewhere, sc that
this # 1is the norm of S on the null space of N .
We differentiate the first equation of (2.8) twice to cbtain the

differential equation
*
Ar"+r= IMa- (N b)" . (6.3)

If we consider this equation on the whole interval (Q,l) , we must treat
(N*b)" as a distribution. More importantly, the inverse of the differential
operator on the left has poles at A =l/p2:n2 for p=1,2,..., and some of
these pcints lie above H-2 . Consequently we prefer to use the equatiocn

Nr =v and to solve the equation (6.3) in each interval (§S,§S } « Since

+1
*
(N )" =0 in these intervals, we find that

Vg sin (§S+l—x)/ﬁ +\)S+lsin(x- ES)/\/E
r(x) = (6.4)
sin(E, , 1 - £/ V3

-J F(xy) 2 Imj(y)ajdy for §_ <x<E

where




2k

{cos(x+y-gs-§s+l)/ﬂ - cos(|x-y| _§s+l+§s)/‘/x}
Eﬁ sin(gs_*_l-gs)/ﬂ

I (xy) =

The second equaticn in {2.8) becomes
1
j‘ [r(x) -2 Im, (x)a,]lm. (x)dx =0 for j=1,...,m .
i i3
O
We substitute (6.4) to obtain m equations for the m-vector a .
il
The solution (6.4) is well-defined for A>n . When A =1° we
must adjoin the orthogonality condition

g

s+ 1

(5 ,1-50 sinn(y-8)/(5,, - 5T n(y)a, dy =0

s+l s

on each interval of longest length., A linear combination of the eigenfunction
corresponding to thege longest intervals is added to the resulting limit

N (6.4) so that one still has a square matrix to invert.

EXAMPIE 6.2 We now suppose that qECl and let I be closure of
] l 2
fwlwee”,w(o) =w(l) =Iw(0) =1w{1) =0 , [ (Iw)""dx< =]}

0

in the norm
1
el 2
“W“g :I (W) dx .
0

*
Then $ is an isometry from B to Z , so that 8 §=I . Hence
* *
S h=th and #=xn =1.

We take interpolating functions m, which are in 02 with my =m;._' =0

at the ends. If egplines are used, care must be taken to satisfy this
R
boundary condition. The first eguation in (2.8) becomes
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(A-l)r+LMa+N*b=o (6.5)

2
If we take A =# =1 , and assume that the functions Lmi and nj
are linearly independent, the eguation statez that a=b=0 . The other

two equations then are

*
MSr=0,

Nr=v .

The solution of this system with the smallest value of [lr” is obtalined

by taking r of the form
* *
r=5 Ma'+N b' .

*
The first of the equations then states that Ma'=-(I-P)SN b' so that

*  *
r=5 PSN ' . The gecond equation becomes

* *
NS PSN b'=v

1°

o * *
and ||r(»x",v)||" =Db' - NS PSN b' .

Whether this is larger or smaller than 1| depends on the interpolating

Tunctions m, . If all the functions Dni vanish at the points §S , then
* * *
N3 P=NS , so that N Nb'=v , and r=q(v) . In this case
2
[| (x| =lla(v)]|| < 1, so that the optimal approximation is a=0 with

2
the trivial optimal error bound |[[su” < 1
On the other hand, if the functicns W, are chosen sc that each cemponent

*
G(§S,x) of N is so well approximated by a vector of the form IMc that

*
s |f < |v] |
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then by Schwarz's inequality

[v[Z=v.us psN b
*
< |l psuovff [[x]]

< Lol

That is, Hr(ng,v)” > 1. In this case, then, one obtains a better bound by
taking A>1 .
When A>1 , we solve (6.5) for r and substitute in the second

equation to find that

: l: ¥ * 1 * *
r=- ¥ 8 (I-P)SNb- =78 PN D
so that the conditions Nr=v and “r" =k beccme
¥* * x* x*
[(A-21)NS (I-P)SN +ANS PSN b= -A(XA-1)v

o
200 - 1%

b [(A- l)gNs*(I _pyeN + AENS*PSN*]b =
The above examples can be carried cver to higher dimensions. In corder
to keep the pointwise evaluation operator N bounded, one must use a
norm with higher derivatives in B .
If one wishes to use a norm with derivatives higher than cne in I
one must find elements my which satisfy Imi =0 as well as Wi==O on

the boundary, which is usually difficult.
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