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Abstract

In this thesis, we focus on the local and global theory of automorphic forms and

relative trace formulae. In the local aspect, I work on the GL(n) Bessel distributions

(functions) over non-archimedean local fields and the local Kloosterman-type orbital

integrals. We prove the local integrability of Bessel functions for GL(n) (p-adic case)

by using the relations between Bessel functions and local Kloosterman (orbital) inte-

grals proved in several papers of E. M. Baruch [Ba03] [Ba04] [Ba05], the theory of

the (relative) Shalika germs established by H. Jacquet and Y. Ye in [JY96] [JY99]

and G. Stevens’ approach [Ste87] on estimating certain GL(n) generalized Kloosterman

sums. For the global theory, I study the automorphic spectral reciprocity formulae

for certain L-functions. We prove a spectral reciprocity formula for the product of

GL(n+ 1)×GL(n) and GL(n)×GL(n− 1) Rankin-Selberg L-functions (n ≥ 3). This

generalizes the work of V. Blomer and R. Khan in [BK17] where the case of n = 2 was

established. We extend the method develooped by R. Nunes in [Nun20] from n = 2 to

general n ≥ 3, by using the global zeta integrals for the GL(n + 1) × GL(n) Rankin-

Selberg L-functions, the spectral theory of square-integrable automorphic forms, the

language of automorphic representations and representation theoretic view.
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Chapter 1

Introduction

1.1 Relative Trace Formulae

The study of relative trace formulae has a long history. The mother of all trace formulae

is the Poisson summation formula. If f : R → C is a sufficiently nice function, say

Schwartz function (with rapid decay) for simplicity, then we have∑
n∈Z

f(n) =
∑
n∈Z

f̂(n) (1.1)

where

f̂(y) =

∫ ∞
−∞

f(x)e(−xy) dx, e(x) = e2πix

is the Fourier transform. Applying (1.1) formally with f(x) = x−s, one obtains the

functional equation of the Riemann zeta function. More generally, the Poisson summa-

tion formula implies the functional equations for all Dirichlet L-functions, and is in fact

essentially a re-statement of those.

Why is the Poisson summation formula a trace formula? Given a function f as

above, we consider the convolution operator

Lf : L2(R/Z)→ L2(R/Z)

given by

Lf (g)(x) =

∫
R
f(x− y)g(y) dy =

∫
R/Z

k(x, y)g(y) dy

1
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where

k(x, y) =
∑
n∈Z

f(x− y + n). (1.2)

The exponential functions en(x) = e(nx) are an orthonormal basis of eigenfunctions:

Lf (en) = f̂(n)en. Computing the trace of Lf in two ways (geometric and spectral

expansion) we obtain

trLf =
∑
n∈Z

f̂(n) =

∫
R/Z

k(x, x) dx =
∑
n∈Z

f(n),

since vol(R/Z) = 1.

Now we start with an important and special class of relative trace formulae, which

is called the relative Kuznetsov trace formula.

Let G and G′ be two quasi-split algebraic reductive groups defined over a number

field F and the corresponding adele ring AF . Let N be a maximal unipotent subgroup

of G and θ be a non-degenerate additive character of N(AF ) which is trivial on N(F ).

Let N ′ and θ′ be similarly defined for G′. In addition, we let H be a subgroup of G′

defined over F and χ a multiplicative character of H(AF ) which is trivial on H(F ). We

consider the kernel functions. We let f and f ′ be smooth functions of compact support

on G(AF ) and G′(AF ) respectively. We set

Kf (x, y) :=
∑

γ∈G(F )

f(x−1γy),

and

Kf ′(x, y) =
∑

γ′∈G′(F )

f ′(x−1γ′y).

Then the geometric side of the relative Kuznetsov trace formula reads as follows:∫ ∫
Kf (u1, u2)θ(u1)θ(u2)du1du2 =

∫ ∫
Kf ′(h, u

′)χ(h)θ′(u′)dhdu′. (1.3)

This identity is satisfied when f and f ′ are related by a certain geometric correspon-

dence. The left hand side of (1.3) can be computed as a finite sum of orbital integrals∑
ξ

∫ ∫
f(u1ξu2)θ(u1u2)du1du2

by the Bruhat decomposition. The sum is over all orbits (or double cosets) N(F )ξN(F )

and the integral is over the quotient of the product N(AF ) × N(AF ) by the stabilizer
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of ξ. In order for the orbital integral to make sense (non-vanishing), we have to assume

that the additive character θ(u1u2) is trivial on the stabilizer of ξ. Equivalently, we

have to assume that θ(u1u2) depends only on the product u1ξu2. We shall say that ξ

(or its double coset) is relevant if this condition is satisfied. Therefore, the sum is over

the set of all relevant double cosets N(F )ξN(F ).

Similarly, the right hand side of (1.3) can be computed as a sum of orbital integrals

of the form ∫ ∫
f ′(hξ′u′)χ(h)θ′(u′)dhdu′.

The sum is over all relevant double cosets H(F )ξ′N ′(F ). One expects to have a bijection

N(F )ξN(F )↔ H(F )ξ′N ′(F ) between the set of relevant double cosets. The geometric

linear relation is that∫ ∫
f(u1ξu2)θ(u1u2)du1du2 =

∫ ∫
f ′(hξ′u′)χ(h)θ′(u′)dhdu′

for every N(F )ξN(F ) ↔ H(F )ξ′N ′(F ). More precisely, the functions f and f ′ are

product of local functions fv and f ′v. For each place v, we have a set of equalities which

read as follows: ∫ ∫
fv(u1ξvu2)θv(u1u2)du1du2

=γv(ξv, ξ
′
v) ·
∫ ∫

f ′v(hξ
′u′)χv(h)θ′v(u

′)dhdu′.

(1.4)

The factor γv(ξv, ξ
′
v) is a transfer factor, to be defined appropriately. We shall say that

the functions fv and f ′v match if this relation is satisfied for every N(Fv)ξvN(Fv) ↔
H(Fv)ξ

′
vN
′(Fv). The following assertions have to be proved.

• Every fv matches a f ′v and conversely (smooth matching).

• At almost all finite places v, the characteristic function of the suitable maximal

compact subgroup Kv and K ′v match (fundamental lemma).

The product of the local transfer factors
∏
v γv(ξv, ξ

′
v) is one when ξ and ξ′ are

rational. One expects to have at almost all places an homomorphism between the Hecke

algebras H(Gv,Kv) and H(G′v,K
′
v). Moreover, Hecke functions which correspond to one

another by this homomorphism match.

This setup is quite general. For instance, one expects such a relative trace formula

identity with a geometric correspondence to hold true each time H is the group of fixed
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points of an automorphism of order 2 of a group G′, with the group G and G′ being

appropriately defined.

Now let φ be an automorphic form on G and φ′ be an automorphic form on G′. We

will set

W(φ) :=

∫
N(F )\N(AF )

φ(u)θ(u)du; (1.5)

W ′(φ′) :=

∫
N ′(F )\N ′(AF )

φ′(u)θ′(u)du; (1.6)

and

P(φ′) :=

∫
H(F )\H(AF )

φ′(h)χ(h)dh. (1.7)

We will say that an automorphic representation π′ of G′ is distinguished by (H,χ)

(or P) if P is not identically 0 on the space of π′. Similarly, we will say that π′ is

distinguished by θ′ if the restriction of W ′ to the space of π′ is non-zero. Similarly,

we shall say that an automorphic representation π of G is distinguished by θ if the

restriction of W to the space of π is non-zero.

By the spectral decomposition of the kernel function Kf (x, y) and Kf ′(x, y), one

expects to be able to associate to every automorphic cuspidal representation π′ of G′

distinguished by (H,χ) and θ′ an automorphic representation π of G distinguished by

θ and conversely, such that (the spectral side of the relatvie Kuznetsov trace formula)∑
i

W(π(f)φi)W(φi) =
∑
j

P(π′(f ′)φ′j)W ′(φ′j). (1.8)

In the left hand side, φi is an orthonormal basis of the space of π and f is a smooth

function of compact support on G(AF ). On the right hand side, φ′j is an orthonormal

basis of the space of π′ and f ′ is a smooth function of compact support on G′(AF ). The

functions f and f ′ are related by the geometric correspondence and the representations

π and π′ are related by the principle of functoriality.

Formally, the left hand side of (1.8) computes a trace. Indeed, let A be the operator

such that

〈Aφ1, φ2〉 =W(φ1)W (φ2).

Then the left hand side is the trace of the operator Aπ(f). In particular, the left and

right hand side does not depend on the choice of the basis. Therefore, the related
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identities (1.3) and (1.8) in the relative Kuznetsov trace formula appear as an extension

of the duality between characters (spectral side) and conjugacy classes (geometric side)

which is at the heart of the Arthur-Selberg trace formula.

1.2 Bessel Distributions

In order to study the relative Kuznetsov trace formula, we need to have a better under-

standing of the geometric and spectral side of the relative trace formula globally.

After the milestone work of John Tate (Tate’s thesis) to reformulate the functional

equation of Hecke L-function in 1950, the local-global principle and the adelic languages

became more and more important in Number Theory. Therefore, it suffices to study

the geometric and spectral side of the relative trace formula locally for every local place

(non-archimedean and archimedean local places). In the first part of the thesis, we will

mainly work over the non-archimedean field F = Qp, where p is a fixed prime number.

In particular, we consider G = GL(n). Moreover, we write Gn := GLn(F ) =

GLn(Qp). Let B be the Borel subgroup of upper triangular matrices, A or T the sub-

group of diagonal matrices and N the subgroup of upper unipotent matrices. Let

K := GLn(Zp) be the maximal compact open subgroup of Gn. Let ψ be a non-

degenerate character of N , which is of the form

ψ(n) := ψ′

(
n−1∑
i=1

αi · ni,i+1

)

for n = (ni,j) ∈ N , α1, · · · , αn−1 ∈ F× and ψ′ is a smooth complex valued nontrivial

additive character of F . We further assume that αi = αn−i for all 1 ≤ i ≤ n − 1. For

Gn, we define the normalizer of T in Gn to be

NGn(T ) := {g ∈ Gn : ghg−1 ∈ T for all h ∈ T}.

The Weyl group WGn is defined as WGn := NGn(T )/T . The Weyl group is a finite group

and is isomorphic to symmetric group on n letters Sn. Let wGn be the longest Weyl

element in the Weyl group WGn , which can be written as

wG1 = 1, wGn =

(
0 1

wGn−1 0

)
,
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i.e. the n × n permutation matrix whose anti-diagonal entries are 1. We fix the (nor-

malized) Haar measure with the volumes of K and N ∩K both equal to one.

We recall the definition of Whittaker functionals over a p-adic field. Let (π, V ) be a

smooth irreducible representation of Gn. A Whittaker functional L is a linear functional

on V such that L(π(n)v) = ψ(n)L(v) for all n ∈ N and v ∈ V . The following well-known

theorem of Whittaker functionals is proved by J. Shalika [Sha74].

Theorem 1.2.1 (Uniqueness of Whittaker functionals). Let (π, V ) be an irreducible

smooth representation of Gn. Then the space of Whittaker functionals L has dimension

at most equal to one.

In other words, the Whittaker functional L is unique up to scalar. If this Whittaker

functional L is non-zero, the representation π is called generic. For a non-zero Whittaker

functional L, we define that Wv(g) := L(π(g)v), v ∈ V, g ∈ Gn and let Gn act on the

space of these functions by right translations. That is, if g1 ∈ Gn and W is a function

on Gn then we define (ρ(g1)W )(g) = W (gg1) for g ∈ Gn. The map v → Wv gives a

realization of π on a space of Whittaker functions which satisfy W (ng) = ψ(n)W (g)

for all n ∈ N and g ∈ Gn. We denote this space by W(π, ψ) and call it the Whittaker

model of π.

To study the spectral side of the relative Kuznetsov trace formula locally, it is

equivalent to study the local Bessel distributions, which is defined as follows:

Let π be a smooth irreducible generic representation of Gn = GLn(Qp) with con-

tragredient π̃. We use π∗ and π̃∗ to denote the linear dual of π and π̃ respectively. Let

f ∈ C∞c (Gn) be a locally constant function with compact support on Gn. We take l ∈ π∗

and l′ ∈ π̃∗ to be fixed nonzero Whittaker functionals with repect to the non-degenerate

additive character ψ and ψ−1, respectively. We define π̃(f)l′ as

π̃(f)l′ :=

∫
Gn

f(g)π̃(g)l′dg

or equivalently, for any ṽ ∈ π̃, we have

〈π̃(f)l′, ṽ〉 =

∫
Gn

f(g)〈π̃(g)l′, ṽ〉dg

=

∫
Gn

f(g)〈l′, π̃(g−1)(ṽ)〉dg.
(1.9)
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Then π̃(f)l′ is a smooth linear functional on π̃, hence can be identified with a vector

vf ∈ π.

Definition 1.2.2. We define Bessel distribution B(f) as

B(f) := l(vf ).

E. M. Baruch obtained the first regularity result about the Bessel distribution B(f).

By Theorem 2.3 in [Ba01], when restricted to the open Bruhat cell Ω = BwGnB, this

Bessel distribution B(f) is given by integration against a locally constant kernel function

j0,π(g) on Ω, which is called the relative Bessel function. More precisely,

Theorem 1.2.3. [Ba01] Let Ω = BwGnB be the open Bruhat cell in Gn and dx be

a Haar measure on Gn restricted to Ω. Then there exists a locally constant function

j0,π : Ω→ C such that

B(f) =

∫
Ω
j0,π(x)f(x)dx,

for every f ∈ C∞c (Ω).

We can extend this function j0,π(g) to the whole group Gn by letting zero when

g ∈ Gn − Ω = Gn − BwGnB. Note that the function j0,π(g) is no longer a locally

constant function on the whole group Gn.

There is another way to define the Bessel function jπ(g) on the group Gn. The key

ingredients in the definition are the stable integral and the uniqueness of Whittaker

functionals and models.

We introduce the definition of the stable integral. Let N1 ⊆ N2 ⊆ N3 ⊆ · · · be a

filtration of N with compact open subgroups Ni, i = 1, 2, · · · such that N = ∪∞i=1Ni.

We denote this filtration by N . Let f : N → C be a locally constant function.

Definition 1.2.4. We define the stable integral∫ N
N

f(n)dn := lim
m→+∞

∫
Nm

f(n)dn

if this limit exists. If the limit exists, we say that the stable integral is convergent.

The following theorem is proved in [Ba05].
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Theorem 1.2.5. [Ba05] Let N := {Ni, i ≥ 1} be a filtration of N for Gn as above. Let

g ∈ BwGnB and W ∈ W(π, ψ). Then the (stable) integral∫ N
N

W (gn)ψ−1(n)dn

is convergent. Moreover, the value for this integral is independent on the choice of

filtration N .

Let g ∈ BwGnB and we define the linear functional Lg : V → C by

Lg(v) :=

∫ N
N

Wv(gn)ψ−1(n)dn.

Since Lg(π(n)v) = ψ(n)Lg(v) for all n ∈ N , we see that Lg is also a Whittaker func-

tional, hence it follows from Theorem 1.2.1 that there exists a scalar jπ,ψ(g) such that

Lg(v) = jπ,ψ(g)L(v)

for all v ∈ V . We call jπ = jπ,ψ the Bessel function of π. The Bessel function jπ(g) is

independent on the choice of the Whittaker functional L which is unique up to scalar

multiplication (See Theorem 1.2.1). We see that the Bessel function jπ is defined on

the open Bruhat cell BwGnB of Gn. Moreover we know that jπ(g) satisfies

jπ(n1gn2) = ψ(n1n2)jπ(g)

for all n1, n2 ∈ N and g ∈ BwGnB. The value of jπ is determined by its values on the

set wGnA = wGnT and the Bessel function jπ is locally constant on the set BwGnB (See

[Ba05]). If g ∈ Gn −BwGnB, it is defined that jπ(g) ≡ 0.

By Theorem 1.1 in [Chai19a] and Theorem 7.2 in [Chai17], we know that j0,π(g) =

jπ(g) for all g ∈ Ω (See Theorem 1.1, 3.2 in [Chai19a] and Lemma 3.2 in [Chai17]).

As in the theory of distribution characters of smooth irreducible admissible repre-

sentations of Gn (See [HC70] and [HC99]), the Bessel function jπ is expected to be

locally integrable on Gn. We prove this result for all n ≥ 2, which states as follows:

Theorem 1.2.6. The Bessel function jπ(g) is locally integrable on GLn(Qp).

Remark 1.2.7. The study of (classical) Bessel functions has a very long history and

can be traced back to the 19th century. Bessel functions are first defined by D. Bernoulli
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and then generalized by F. Bessel. The classical Bessel functions are canonical solutions

y = y(x) of Bessel’s differential equation

x2 d
2y

dx2
+ x

dy

dx
+ (x2 − α2)y = 0

for an arbitrary complex number α, which is defined as the order of the Bessel function

[Wat95].

Among all complex numbers, the most important cases are when α is an integer

or half-integer. Bessel functions for integers α are also known as cylinder functions

because they show up in the solution to Laplace’s equation in cylindrical coordinates.

Bessel functions for half-integers α appear in the solution to Helmholtz equation in

spherial coordinates [Wat95]. This shows the natural relations between Bessel functions

and the solutions to PDEs.

In the 20th century, more connections and applications of the Bessel functions and

their generalizations were found in many other fields of mathematics, in particular,

analytic number theory, automorphic forms and the Langlands Program.

For example, classical Bessel functions appears natrually in Voronoi’s summation

formula as well as Petersson’s and Kuznetsov’s trace formula for GL2(R). These formu-

lae have become fundamental analytic tools in attacking some deep problems in analytic

number theory, most notably the subconvexity problem for automorphic L-functions. A

version of the Voronoi’s summation formula, which is not in its most general form,

roughly reads as follows:

∞∑
n=1

λF (n)e
(an
c

)
v(n) =

1

c
·
∞∑
n=1

λF (n)e
(
− ān
c

)
Γ
( n
c2

)
.

In the above formula, a, ā and c are integers such that (a, c) = 1 and aā ≡ 1( mod c),

λF (n) are certain normalized Fourier coefficients of a Hecke-Maass cusp form F for

SL2(Z) (Here Hecke-Maass cusp forms can be defined as the eigenfunctions of a collec-

tion of differential and arithmetic operators, for example the Laplacian operator), v is

a smooth weight function compactly supported on (0,∞) and Γ is the Hankel transform

of v,

Γ(x) =

∫ ∞
0

v(y)JF (xy)dy, x 6= 0.

Here the intgral kernel JF of Hankel transform Γ has an expression in terms of classical

Bessel functions. Moreover, under the representation theoretical viewpoint, the Hankel
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transform associated to classical Bessel functions is closely related to the local functional

equation of the GL(2)×GL(1) Rankin-Selberg L-function in the real place.

The local integrability property is important to the understanding of general Bessel

functions over local fields. The local integrability of GL(2) Bessel functions over p-adic

fields is well-known by the analytic properties of GL(2) Whittaker functions (See [So84]

and [Ba97]). In [Ba04], E. M. Baruch proved that the Bessel functions for GL(3) over

p-adic fields are locally integrable. However, the local integrability for Bessel functions

on GL(n) (n ≥ 4) is still an open problem in the subject. We prove the well-expected

local integrability property for GLn(Qp) (n ≥ 2).

An important corollary of the local integrability of GLn(Qp) Bessel functions is the

so called regularity theorem.

Theorem 1.2.8. The Bessel distribution B(f) is given by integration against the Bessel

function jπ(g) on Gn, that is, for any f ∈ C∞c (Gn), we have

B(f) =

∫
Gn

jπ(g)f(g)dg.

Remark 1.2.9. The regularity theorem (Theorem 1.2.8) may have applications in the

study of relative trace formulae (especially the test vector problem in the Kuznetsov

trace formula). Moreover, Theorem 1.2.8 tells us that all the information of local Bessel

distribution B(f) which is really hard to handle is contained in the Bessel function jπ(g),

which is still very difficult to study but more accessible. This would make it possible to

generalize the results of Baruch and Mao [BM03] [BM05] [BM07] to higher rank groups.

Remark 1.2.10. The key ingredients in the proof of Theorem 1.2.6 and 1.2.8 are re-

duction steps to the careful study of the local orbital integrals (the geometric side of the

relative Kuznetsov trace formula), relative Shalika germ expansions of the local orbital

integrals, and a non-trivial upper bound for the local Kloosterman integrals and sums.

Readers may see Chapter 3 for more details. The proof of Theorem 1.2.6 and 1.2.8

shows the power of the relative trace formulae. A better understanding of the geometric

side of the relative trace formulae can tell us a lot of further information on the spectral

side of the relative trace formula.
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1.3 Automorphic Spectral Reciprocity Formulae

The spectral decomposition of the kernel function plays an important role in the study

of relative trace formulae. A careful study of the geometric side of the relative trace

formula can always lead to a better understanding of the spectral side of the relative

trace formula. Moreover, by finding the intrinsic symmetries in the geometric side of

the relative trace formula, we may avoid performing a dedicate study of the geometric

side and deduce some interesting spectral identites between moments of automorphic

L-functions from the spectral side, which is called automorphic spectral reciprocity

formulae.

The most famous reciprocity law in the number theory is the quadratic reciprocity

law first proved by F. Gauss. Let q and ` be two distinct odd prime numbers. The

celebrated law of quadratic reciprocity expresses the quadratic Legendre symbol
(
`
q

)
in

terms of
( q
`

)
. This result is always viewed as the first result of algebraic number theory

and has more than one hundred different proofs nowadays. The quadratic reciprocity

law is very important since it connects the arithmetic properties of two unrelated finite

fields Fq and F`.
Similar phenomenon will also appear in the theory of automorphic forms, which is

known as the (automorphic) spectral reciprocity formula. Motivated by the work of

Motohashi [Mot93], Michel-Venkatesh [MV10] and many other related works in lower

ranks (degree 2 or 4 L-functions), V. Blomer suggested to investigate spectral identities

of the following shape from the point of view of automorphic representations:∑
π∈F
L(π)H(π) =

∑
π∈F̃

L̃(π)H̃(π),

where F and F̃ are different families of automorphic representations, L(π) and L̃(π)

are certain (may be different) (products of) L-functions corresponding to automorphic

representations. Moreover, H and H̃ are some (global) weight functions related to au-

tomorphic representation π. The map from H to H̃ is given by an explicit integral

transform. Such kind of automorphic spectral reciprocity formulae have recently at-

tracted a lot of attentions in analytic number theory ([AK18] [BK17] [BK18] [BML19]

[Nel19] [Nun20] [Zac19] [Zac20] etc.).

Beyond the simplicity and beauty of spectral reciprocity formulae, these formulae
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are expected to have powerful applications to non-vanishing and subconvexity problems

for the associated L-functions, which are very important in analytic number theory.

This motivates an intension to understand the intrinsical symmetry behind such kind

of identities. In other word, it is highly desirable to ask whether there exists a mas-

ter formula of representation-theoretic nature to control all these reciprocity formulae

related to L-functions. Moreover, there are several works on automorphic L-functions

on which one can find such spectral reciprocity formulae hidden as the key ingredients

inside the proof (For example, see [KY21] [Kha21]).

These kind of spectral reciprocity formulae in higher rank (degree 8 L-function)

first appeared in a paper by Blomer, Miller and Li [BML19]. They established a spec-

tral reciprocity formula for GL(4) × GL(2) Rankin-Selberg L-functions in the GL(2)

archimedean (spectral) aspect. Later, Blomer and Khan’s work [BK17] shows another

kind of interesting and deep spectral reciprocity formula which contains the product of

GL(3)×GL(2) Rankin-Selberg L-functions and the standard GL(2) L-functions. This

is a degree 8 L-function case again. In [BK17], Blomer and Khan actually used powerful

analytic number theory tools to go further. They showed that if the input of GL(3)

automorphic form is an Eisenstein series (which is not of rapid decay) other than a cusp

form, the spectral reciprocity formula is still true. Therefore, they may successfully ap-

ply this kind of spectral reciprocity formula to study the GL(2) subconvexity problem in

level aspect. It is worthwhile to mention that such kind of spectral reciprocity identities

appeared at least since Motohashi’s formula [Mot93] which connects the fourth moment

of the Riemann zeta-function (GL(1) L-functions) to the cubic moment of standard

L-functions of cusp forms on GL(2).

To be more precise, we briefly recall the main result of Blomer and Khan’s paper

([BK17]).

Let f1 be an automorphic form (cusp form or Eisenstein series) for the group SL3(Z).

In the following summations, we let f be a cusp form for a congruence subgroup of

SL2(Z) (f is ramifed at some finite places). They proved a spectral reciprocity formula of

the following shape (For simplicity, I do not write down the Eisenstein series contribution

from the spectral decomposition)∑
f of level q

L(s, f1 × f)L(w, f)λf (`)!
∑

f of level `

L(s′, f1 × f)L(w′, f)λf (q),
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where q and ` are coprime integers and λf is the corresponding Hecke eigenvalue for the

cusp form f and

s′ = 1
2(1 + w − s), w′ = 1

2(3s+ w − 1). (1.10)

Furthermore, if f1 is an Eisenstein series, we will also see that∑
f of level q

|L(1/2, f)|4λf (`)!
∑

f of level `

|L(1/2, f)|4λf (q).

Roughly speaking, this formula is a spectral reciprocity formula between the spectrum

of the Laplacian operator on two different arithmetic hyperbolic surfaces Γ0(q)\ H and

Γ0(`)\ H featuring a product of L-functions of total degree 8 (the product of degree 6

GL(3)×GL(2) Rankin-Selberg L-functions and degree 2 standard GL(2) L-functions).

In 2020, R. Nunes [Nun20] gave a new and nice proof of Blomer-Khan’s result [BK17]

and partially generalized their result to general number field instead of Q. Instead of

using tools in the analytic number theory (such as Kuznetsov trace formula, Voronoi

Summation formula etc.), R. Nunes used mainly the spectral decomposition formula

and the integral representation of Rankin-Selberg L-functions. The reciprocity of two

coprime ideal q and l are given by the action of a Weyl element
(

1
1

1

)
. We extend the

method in [Nun20] and the setup applied by R. Nunes can be generalized from n = 2 to

general n ≥ 3. This is given in [Miao21], where we find the following abstract reciprocity

formula.

Let F/Q be a fixed number field with ring of intergers OF and discriminant ∆F .

The adele ring of F is denoted by AF and its unit group is given by A×F (idele group).

We also let A1
F := {x ∈ A×F : |x| = 1}, where | · | : A×F → R>0 is the adelic norm map.

Note that A1
F is exactly the kernel of the adelic norm map. We also call A1

F norm one

ideles.

Suppose that Φ ∈ C∞(Zn+1(AF )GLn+1(F )\GLn+1(AF )) is a cuspidal automorphic

form (automorphic form with zero constant term). Therefore, it is of rapid decay.

Then, we can define the projection by

AsΦ(hn) := | dethn|s−
1
2 ·
∫
F×\A×F

Φ

((
zn(u)hn

1

))
|u|n(s− 1

2
)d×u. (1.11)

Since Φ is of rapid decay, the above average projection map over the center AsΦ
is well-defined for every complex number s and is again of rapid decay in terms of
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hn ∈ GL(n). Moreover, we see that AsΦ is invariant under the action of the center

Zn(AF ).

We also give the following definition of the period integral

I(w, φ, ϕ) :=

∫
GLn−1(F )\GLn−1(AF )

φ

(
hn−1

1

)
ϕ(hn−1)| dethn−1|w−

1
2dhn−1,

whenever it is converges. Here φ is a smooth function defined on GLn(F )\GLn(AF )

and ϕ is a fixed everywhere unramified cuspidal automorphic form for GLn−1(AF ).

Moreover, we assume that ϕ is invariant under the center Zn(AF ), therefore its central

character is trivial. If n = 2, we see that ϕ = 1 which is the trivial character.

Theorem 1.3.1. [Abstract Reciprocity Formula]

Let Φ ∈ C∞(Zn+1(AF )GLn+1(F )\GLn+1(AF )) be a cusp form. Then, for every

s, w ∈ C, we have the following abstract reciprocity equation

I(w,AsΦ, ϕ) = I(w′,As′Φ̌, ϕ),

where s′ = 1+(n−1)w−s
n , w′ = (n+1)s+w−1

n , and Φ̌ is given by

Φ̌ = Π (w12) · Φ, w12 :=


In−1

1

1

 . (1.12)

Actually, we have the following diagram:

GL(n+ 1)

↗ ↖
GL(n) w12GL(n)w−1

12

↖ ↗
GL(n− 1)

. (1.13)

Here the embedding of GL(n−1) in GL(n) is given by the embedding gn−1 →

(
gn−1

1

)
.

Remark 1.3.2. More generally, we may view spectral reciprocity formulae as a strong

Gelfand formation, which is due to Reznikov (See [Rez08]). First, we say that a pair of
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reductive groups (G,H) over a number field is a strong Gelfand pair if for every place v

and every pair of irreducible (admissible) representations Π and σ of G(Fv) and H(Fv),

respectively, we have that the space of H(Fv)-invariant maps from Π to σ is at most

one-dimensional. Now let G, H1, H2 and J be reductive groups with natural embeddings

G

↗ ↖
H1 H2

↖ ↗
J

. (1.14)

Then we say that (G,H1, H2, J) is a strong Gelfand formation if the pairs (G,Hi) and

(Hi, J) are strong Gelfand pairs, for i = 1, 2.

It is well-known that if (G,H) is a Gelfand pair, Π and σ are automorphic repre-

sentations of G and H, respectively, and Φ ∈ Π and ξ ∈ σ are automorphic forms than

the period ∫
[H]

Φ(h)ξ(h)dh,

where [H] := H(F )\H(AF ) and [J ] := J(F )\J(AF ) can often be linked to an L-function

(For simplicity, we assume that such quotients are compact). Therefore, in order to

obtain a reciprocity formula one might consider Φ ∈ Π and φ ∈ π automorphic forms of

G and J , respectively, and consider the period
∫

[J ] Φ(j)φ(j)dj. Expanding the vector Φ

in the spaces of automorphic forms in H1 and H2, one should get

∑
ξ1

(∫
[H1]

Φξ1

)(∫
[J ]
ξ1φ

)
=
∑
ξ2

(∫
[H2]

Φξ2

)(∫
[J ]
ξ2φ

)
,

where ξi runs through an orthonormal basis of automorphic forms for Hi (i = 1, 2), and

in the above discussion we ignore all convergence issues or non-discrete spectrum.

The reciprocity formula which we prove here can be seen as a special case of the

above discussion where take G = GL(n + 1), H1 = GL(n), J = GL(n − 1), and H2 =

w12GL(n)w−1
12 , with w12 =

(
In−1

1
1

)
. For these groups, inclusion is given by h ↪→(

h

1

)
which is an embedding of GL(n) inside GL(n+ 1).
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The period integral is closely related to the product of Rankin-Selberg L-functions.

Applying the integral representations of Rankin-Selberg L-functions, the spectral de-

composition of square-integrable automorphic representations and the local test-vectors

theory of Rankin-Selberg L-functions [BKL19] to the period integral, we can generalize

the spectral reciprocity formulae of Blomer-Khan and Nunes from n = 2 to general

n ≥ 3. More precisely, we establish a spectral reciprocity formula for the product of

GL(n+1)×GL(n) and GL(n)×GL(n−1) (n ≥ 2) Rankin-Selberg L-functions, which is

a degree 2n2 L-functions. The reciprocity of two coprime ideal q and l are given by the

action of a Weyl element w12 =
(
In−1

1
1

)
. Note that if n = 2, the result has already

been established in [Nun20, Theorem 1.1, 1.2]. The spectral reciprocity formula we have

expresses the following reciprocity relation:∑
π of level q

L(s,Π× π̃)L(w, π × π1)H(π)!
∑

π of level l

L(s′,Π× π̃)L(w′, π × π1)H̃(π)

for different unramified prime ideal q and l, where π̃ is the contragredient representation

of π. Here both Π and π1 are cuspidal automorphic forms on GL(n+ 1) and GL(n− 1)

which are unramified everywhere and have trivial central character. Note that the

automorphic representation π on GL(n) also have trivial central character. Moreover,

we have

s′ =
1 + (n− 1)w − s

n
, w′ =

(n+ 1)s+ w − 1

n
.

To be more precise, the automorphic spectral reciprocity formula we achieve is as

follows:

Theorem 1.3.3. Let Π and π1 be everywhere unramified tempered cuspidal automorphic

representation for GL(n+ 1) and GL(n−1) over F with trivial central character. Let π̃

be the contragredient representation of π. Suppose that q and l are unramified, coprime

ideals. Futhermore, we assume that 1
2 ≤ Re(s),Re(w) < n+1

n+2 . Then we will have the

following identity

M(Π, π1, s, w, q, l) = N (Π, π1, s, w, q, l) +D(Π, π1, s, w, q, l) +M(Π, π1, s
′, w′, l, q),

where the complex parameters s′, w′ satisfy the relation

s′ =
1 + (n− 1)w − s

n
, w′ =

(n+ 1)s+ w − 1

n
.
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Here the definition of M(Π, π1, s, w, q, l), N (Π, π1, s, w, q, l) and D(Π, π1, s, w, q, l) are

given in (11.20) (11.21), (10.11) and (11.22) respectively.

The spectral reciprocity formula as obtained in Theorem 1.3.3 for general n ≥ 3 is

expected to have interesting applications on the simultaneous non-vanishing problems

of relevant Rankin-Selberg L-functions as indicated in [Nun20, Corollary 1.3]. In order

to carry out such deep applications, we have to bound all the terms in continuous

spectrum which contain the moment of higher-rank L-functions. We hope to discuss

those applications in our future work.

1.4 Organization of the Paper

The first part of my thesis (Chapter 2-Chapter 7) will contribute to the proof of the local

integrability of GL(n) Bessel functions (Theorem 1.2.6 and 1.2.8) and its applications.

In the second part of my thesis (Chapter 8-Chapter 11), we will focus on the automorphic

spectral reciprocity formulae for general linear groups (Theorem 1.3.1 and 1.3.3).

• Chapter 2: We consider the Bessel functions in lower rank (GL(2)). We give

the definition and prove some basic properties of GL(2) Bessel functions, which

is a special case in Section 1.2. Moreover, we give some applications of Bessel

functions, including gamma factors, stability and local converse theorem. Readers

may realize the importance and power of Bessel functions even in the small rank

case.

• Chapter 3: We start the reduction steps for the proof of Theorem 1.2.6. Applying

the relations between Bessel functions and local Kloosterman (orbital) integrals

proved in several papers of E. M. Baruch [Ba03] [Ba04] [Ba05], the theory of the

(relative) Shalika germs established by H. Jacquet and Y. Ye in [JY96] [JY99], we

can reduce the proof to estimate certain local Kloosterman-type integral with a

special characteristic function, which is locally constant and compact support.

• Chapter 4: We continue the reduction steps for the proof of Theorem 1.2.6. It

is almost impossible to compute the GL(n) (n ≥ 4) Kloosterman integral explic-

itly, which can be done in the case of GL(2) and GL(3) (See [JY96] and [JY99]).
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To overcome this difficulty, after writing Kloosterman integrals as generalized

Kloosterman sums, we apply and modify G. Stevens’ approach [Ste87] on esti-

mating certain GL(n) generalized Kloosterman sums. We need to estimate how

many orbits are contributing. G. Stevens’ approach gives an effective method to

yield a non-trivial upper bound for the generalized Kloosterman sums.

• Chapter 5: We follow the method of G. Stevens (Chapter 4) to estimate Klooster-

man sums for GLn(Qp) and prove a non-triival upper bound (See Theorem 5.0.1).

• Chapter 6: We complete the proof of the local integrability of GL(n) Bessel func-

tions (Theorem 1.2.6).

• Chapter 7: We give some applications of Theorem 1.2.6, including the regularity

theorem (Theorem 1.2.8), the kernel formula (Corollary 7.1.5) and the non-trivial

absolute convergence region for the Kloosterman zeta function (Section 7.2).

• Chapter 8: We give some preliminaries of automorphic spectral reciprocity for-

mulae.

• Chapter 9: We recall some basic properties of global and local theory for GL(n+

1) × GL(n) Rankin-Selberg L-functions. Moreover, we consider the global zeta

integral regularization when the automorphic representation is not cuspidal.

• Chapter 10: We prove the abstract reciprocity formula (Theorem 1.3.1) by com-

paring two periods with matrix computation. This is an identity between two

periods. Moreover, by spectral decomposition, we are able to give the abstract

pre-spectral reciprocity identity (Theorem 10.2.2).

• Chapter 11: By careful choosing the local test vectors for both non-archimedean

and archimedean places, we are able to establish the explicit spectral reciprocity

formula. Moreover, in order to get the information for global L-functions at

the central value, we need a meromorphic continuation for certain moment of

L-functions. Finally, we reach the explicit automorphic spectral reciprocity for-

mula (Theorem 1.3.3).

• Finally, in Appendix A, after a slightly different and more careful approach in

counting via G. Stevens’ approach, we are able to give a better bound for the
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Kloosterman sums estimation on GL4(Qp) (Comparing Theorem A.0.1 with The-

orem 5.0.1).



Chapter 2

Bessel Functions on GL(2)

In the first part of my thesis, we will focus on the local integrability problem for GL(n)

Bessel functions and its applications (Theorem 1.2.6 and 1.2.8). Readers may see Sec-

tion 1.2 for introduction. Before we give the proof of the local integrability for Bessel

functions in arbitrary rank, we will focus on the Bessel functions in lower rank (GL(2))

and consider some applications in this Chapter 2. Readers may see the importance and

power of Bessel functions in the study of number theory and representation theory.

2.1 Definition and Properties of Bessel functions on GL2(F )

In this section, we will mainly give the definition and some properties of Bessel functions

on GL2(F ), where F is a non-archimedean local field (See [Cog14] and [So84]).

Before we give the precise definition of Bessel functions, let’s first recall the Whit-

taker model of an infinite dimensional irreducible admissible representation π on GL2(F ).

Let F be a non-Archimedean local field with characteristic 0, i.e. a finite extension of

a p-adic field Qp. Let OF and O×F be the ring of p-adic integers and multiplicative group

of units respectively. Let p be the unique prime ideal in OF and ω be the corresponding

uniformizer. Let q be the order of the residue field of F , i.e. q = |OF /pOF |. Moreover,

we fix a nontrivial additive character ψ from F to S1 whose conductor is exact OF .

Let B2 = T2U2 be the standard Borel subgroup of GL2(F ) consisting of upper

triangular matrices, with unipotent radical U := U2 =

(
1 u12

1

)
and diagonal group

20
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T2. We can define a non-degenerate character ψU of U as follows:

ψU (u) := ψ (u12) , u ∈ U.

An infinite dimensional irreducible admissible representation (π, V ) of GL2(F ) is

generic if

HomGL2(F )

(
V, Ind

GL2(F )
U ψU

)
6= 0.

From the uniqueness of Whittaker model, it is known that if representation π is generic,

then the above Hom-space is of dimension 1. Moreover, all infinite dimensional ir-

reducible admissible representations (π, V ) of GL2(F ) are generic. Now let π be an

irreducible admissible generic representation of GL2(F ), fix a nonzero functional l in

the above Hom-space, then the image of V under l is called the Whittaker model of π,

denoted by W(π, ψ). It is known that W(π, ψ) is independent of the choice of l. For

each vector v ∈ V , let Wv := l(v). Then for ∀u ∈ U, g ∈ GL2(F ), we have

Wv(ug) = ψU (u)Wv(g),

Wv(g) = l(v)(g) = l(π(g)v)(I2) = Wπ(g)v(I2).

In order to define Bessel functions for GL2(F ), we need the following lemma.

Lemma 2.1.1. Let π be an infinite dimensional irreducible admissible representation

of GL2(F ), then the integral

Ix(W ) :=

∫
F
W

((
0 x

−1 0

)(
1 z

0 1

))
ψ−1(z)dz, W ∈ W(π, ψ), x ∈ F×

converges (in the sense that the integral stabilizes for sufficiently large compact subgroups

of F ).

Proof. From classical theory, it is known that π will have a Whittaker model W(π, ψ)

and Kirillov model K(π, ψ). They are related by

ϕv(x) = Wv

((
x 0

0 1

))
∈ K(π, ψ) for v ∈ Vπ.

Assume first that

W

((
x 0

0 1

))
∈ S(F×),
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where S(F×) is the space of Schwartz functions on F× (Here we can make this as-

sumption because S(F×) ⊆ K(π, ψ)). Then we claim that for a fixed x ∈ F×, the

function

W

((
0 x

−1 0

)(
1 z

0 1

))
has a compact support in z.

Note that from the smoothness of Whittaker functions, let |z| sufficiently large we

know that

π

(
1 0

−z−1 1

)
W = W W ∈ W(π, ψ).

Then we have

W

((
0 x

−1 0

)(
1 z

0 1

))
= W

((
0 x

−1 0

)(
1 z

0 1

)(
1 0

−z−1 1

))

= W

((
−xz−1 x

0 −z

))

= ωπ(−z)ψ
(
−x
z

)
W

((
x
z2

0

0 1

))
,

where ωπ is the central character of representation π. Now from our previous assump-

tion, if |z| is large enough (depending on x), we have

W

((
x
z2

0

0 1

))
= 0.

This means that the function

W

((
0 x

−1 0

)(
1 z

0 1

))
has a compact support in z for a fixed x. So the integral converges under our assumption.

Now let W be any Whittaker function in the space W(π, ψ). We fix an integer

m0 > 0. Let n ≥ m0, then∫
|z|≤qn

W

((
0 x

−1 0

)(
1 z

0 1

))
ψ−1(z)dz

=

∫
|z|≤qn

Wm0

((
0 x

−1 0

)(
1 z

0 1

))
ψ−1(z)dz,

(2.1)
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where

Wm0(g) := q−m0 ·
∫
|u|≤qm0

W

(
g

(
1 u

0 1

))
ψ−1(u)du.

From the identity (
y 0

0 1

)(
1 u

0 1

)
=

(
1 yu

0 1

)(
y 0

0 1

)
,

it is easy to check that the function

Wm0

((
y 0

0 1

))

belongs to the space S(F×) from the orthogonality of characters. Moreover, from the

properties of Whittaker functions, it is known that for ∀u ∈ U, g ∈ GL2(F ),

Wm0(ug) = ψU (u)Wm0(g),

and Wm0 is a smooth function from the smoothness of Whittaker functions. Therefore,

the left hand side of the equation 3.4 stabilizes for n large enough. Lemma is proved.

By definition Ix is a Whittaker functional of representation π, that is

Ix

(
π

((
1 z

0 1

)))
W = ψ(z)Ix(W ) z ∈ F.

From the uniqueness of Whittaker model, it is known that such a Whittaker functional

is unique up to scalars. Thus, we can define Bessel functions jπ(x) for GL2(F ) as follows:

Definition 2.1.2. The Bessel function jπ(x) is the constant of proportionality (a func-

tion of x as Ix(W ) varies), that is,∫
F
W

((
0 x

−1 0

)(
1 z

0 1

))
ψ−1(z)dz = jπ(x)W (I2) W ∈ W(π, ψ).

Remark 2.1.3. From above lemma and the uniqueness of Whittaker model, we know

that our definition of Bessel functions is well-defined. We also note that Bessel function

jπ(x) is independent on our choice of Whittaker function W in the space W(π, ψ).
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After the definition of Bessel function jπ(x), we will give some properties of jπ(x)

in the following propositions.

Proposition 2.1.4 (Weak kernel formula for GL2(F )). Let W ∈ W(π, ψ) be such

that the function

W

((
y 0

0 1

))
∈ S(F×),

then we have

W

((
0 x

−1 0

))
=

∫
F×

ω−1
π (y)jπ(xy)W

((
y 0

0 1

))
d×y.

Proof. We let

ϕW,x(z) := W

((
0 x

−1 0

)(
1 z

0 1

))
.

Then from the definition of Fourier transform and Bessel functions, we have

ϕ̂W,x(1) =

∫
F
ϕW,x(z)ψ−1(z)dz = jπ(x)W (I2).

Since the function ϕW,x(z) is compactly supported, our Fourier transform is well-defined.

Now changing the varible, we have

ϕ̂W,x(y) = |y|−1ϕ̂

π

1 0

0 y−1

W,xy
(1) = |y|−1ω−1

π (y)jπ(xy)W

((
y 0

0 1

))
,

and hence

W

((
0 x

−1 0

))
= ϕW,x(0) = ̂̂ϕW,x(0) =

∫
F
ϕ̂W,x(y)dy

=

∫
F×

ω−1
π (y)jπ(xy)W

((
y 0

0 1

))
d×y.

Here the above second equation is correct because of Fourier inversion formula.

Remark 2.1.5. The above Proposition 2.1.4 is called the weak kernel formula for GL(2)

Bessel functions. It is a very important proposition of Bessel functions. We can view

Bessel function as a ”kernel” of integral representations. In 2004, E. M. Baruch proved

the weak kernel formula for GL(3) Bessel functions [Ba04]. In 2017, J. Chai proved the

weak kernel formula for GL(n) Bessel functions [Chai17].
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We give more propositions of Bessel functions.

Proposition 2.1.6. 1. For any nonnegative integer n0, there exists a positive integer

N , depending on π and n0 only such that if |x| > q2N , then

jπ(x) =

∫
xz−2−1∈p−n0OF

ωπ(−z)ψ−1
(x
z

+ z
)
dz.

2. Using the same notations as part one of the proposition, we have jπ(xu) = jπ(x)

for |x| ≤ q2N and |u− 1| ≤ q−N .

Proof. 1. Take a Whittaker function W = W0 in the space W(π, ψ) such that the

function

W0

((
y 0

0 1

))
is the characteristic function of 1 + pn0OF .

Let A be such that if |t| ≤ A, then

π

(
1 0

t 1

)
W0 = W0.

From our proof in Lemma 2.1.1, we have

jπ(x) =

∫
|z|≤A−1

W0

((
0 x

−1 0

)(
1 z

0 1

))
ψ−1(z)dz

+

∫
|z|>A−1

ωπ(−z)ψ−1
(x
z

+ z
)
W0

((
x
z2

0

0 1

))
dz.

(2.2)

From the identity

W0

((
0 x

−1 0

)(
1 z

0 1

))
= W0

((
0 1

−1 0

)(
1 0

0 x

)(
1 z

0 1

))
,

and using the local kernel formula in Proposition 2.1.4, we have

W0

((
0 x

−1 0

)(
1 z

0 1

))
=

∫
F×

ω−1
π (y)jπ(y)W0

((
y 0

0 x

)(
1 z

0 1

))
d×y

=

∫
F×

ω−1
π (x−1y)jπ(y)ψ(yx−1z)W0

((
yx−1 0

0 1

))
d×y.
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So for all |z| ≤ A−1, there exists a positive constant Cπ such that for all |x| > Cπ,

we have

W0

((
0 x

−1 0

)(
1 z

0 1

))
= 0.

Now the part one of proposition is proved.

2. In part two, we use the same notations as the above part one. Since the function

W0

((
y 0

0 1

))

is the characteristic function of 1 + pn0OF , so if |x| ≤ q2N and |z| > qN , we have

W0

((
x
z2

0

0 1

))
= 0.

So for |x| ≤ q2N , we have

jπ(x) =

∫
|z|≤qN

W0

((
0 x

−1 0

)(
1 z

0 1

))
ψ−1(z)dz.

Now using the local kernel formula in Proposition 2.1.4, we have

jπ(x) =

∫
|z|≤qN

W0

((
0 x

−1 0

)(
1 z

0 1

))
ψ−1(z)dz

=

∫
F×

∫
|z|≤qN

ω−1
π (y)jπ(xy)ψ(z(y − 1))W0

((
y 0

0 1

))
dz d×y

= qN
∫
|y−1|≤q−N

jπ(xy)dy.

(2.3)

Changing the varible, we know that for |x| ≤ q2N and |u − 1| ≤ q−N , we have

jπ(xu) = jπ(x). This means that Bessel function jπ(x) is a locally constant

function on F×.
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2.2 Mellin transform of Bessel functions and Gamma fac-

tors

In this section, we will show that the Mellin transform of jπ(x) is the (Rankin-Selberg)

gamma factor, which is defined by the local functional equation of local L-function for

GL2 or GL2 ×GL1.

Gamma factors of local GL2 L-function

We will prove that the Mellin transform of jπ(x) is the gamma factor γ(s, π, ψ),

which is given by the local functional equation of local L-function for GL2.

Before we prove the theorem, let’s firstly recall the local functional equation for local

GL2 L-function in Jacquet-Langlands’ famous book Chapter 1 Section 3 [JL70].

Theorem 2.2.1 (Local Functional Equation for GL(2)). Let π be an infinite dimen-

sional irreducible admissible representation of GL2(F ). For every Whittaker function

W ∈ W(π, ψ), we can define the local zeta integral as follows:

ZW (g, π, s) :=

∫
F×

W

((
x 0

0 1

)
g

)
|x|s−

1
2d×x.

The above local zeta integral converges for Re(s) >> 0, and can be analytically contin-

ued to a meromorphic function on the whole complex plane C with at most two poles.

Furthermore, there exists a meromorphic function γ(s, π, ψ), which depends neither on

our choice of Whittaker function W ∈ W(π, ψ) nor on element g ∈ GL2(F ), and this

meromorphic function satisfies the following functional equation:

ZW (wg, ωπ, 1− s) = γ(s, π, ψ)ZW (g, π, s)

for all W ∈ W(π, ψ) and g ∈ GL2(F ), where

ZW (wg, ωπ, s) :=

∫
F×

W

((
x 0

0 1

)
wg

)
ω−1
π (x)|x|s−

1
2d×x

and w =

(
0 1

−1 0

)
.

From above local functional equation for GL(2), we can do the calculation of local

gamma factor γ(s, π, ψ), using a special family of Whittaker functions since local gamma
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factor is independent on our choice of Whittaker functions W ∈ W(π, ψ). Now we

have the following theorem which indicates that the gamma factor is exact the Mellin

transform of Bessel function.

Theorem 2.2.2. Assume that Re(s) << 0, then we have

γ(s, π, ψ) =

∫
F×

ω−1
π (x)jπ(x)|x|

1
2
−sd×x.

Proof. Since the local gamma factor γ(s, π, ψ) is independent on our choice of element

g ∈ GL2(F ), we just fix g = I2.

Now since S(F×) ⊆ K(π, ψ), we can take a Whittaker function W = W0 in the

space W(π, ψ) such that the function

W0

((
y 0

0 1

))

is the characteristic function of O×F . From our choice of Whittaker function W0, we

know that

ZW0(I2, π, s) =

∫
O×F

1 d×x = 1.

Since the local gamma factor γ(s, π, ψ) is independent on our choice of Whittaker func-

tion W0 ∈ W(π, ψ), it is known that

γ(s, π, ψ) = ZW0(w,ωπ, 1− s)

=

∫
F×

W

((
0 x

−1 0

))
ω−1
π (x)|x|

1
2
−sd×x.

Now recall the weak kernel formula for GL2 Bessel functions (Proposition 2.1.4), we

have

W

((
0 x

−1 0

))
=

∫
F×

ω−1
π (y)jπ(xy)W

((
y 0

0 1

))
d×y

=

∫
O×F

ω−1
π (y)jπ(xy)d×y.

(2.4)
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Since we assume that Re(s) << 0, so the local zeta integral ZW0(w,ωπ, 1 − s) is abso-

lutely convergent. From Fubini’s Theorem, we have

ZW0(w,ωπ, 1− s) =

∫
F×

W

((
0 x

−1 0

))
ω−1
π (x)|x|

1
2
−sd×x

=

∫
F×

(∫
O×F

ω−1
π (y)jπ(xy)d×y

)
ω−1
π (x)|x|

1
2
−sd×x

=

∫
O×F

(∫
F×

ω−1
π (xy)jπ(xy)|x|

1
2
−sd×x

)
d×y

=

∫
O×F
|y|s−

1
2d×y ·

∫
F×

ω−1
π (z)jπ(z)|z|

1
2
−sd×z (Changing Varible)

=

∫
F×

ω−1
π (x)jπ(x)|x|

1
2
−sd×x.

(2.5)

In conclusion, we have

γ(s, π, ψ) = ZW0(w,ωπ, 1− s) =

∫
F×

ω−1
π (x)jπ(x)|x|

1
2
−sd×x

for Re(s) << 0.

Gamma factors of local GL2 ×GL1 L-function

We will relate Bessel functions jπ(x) to the Rankin-Selberg convolution gamma

factor γ(s, π×χ, ψ), which is defined by the local functional equation of local L-function

for GL2 ×GL1.

Before we prove the theorem, let’s firstly recall the local functional equation for

local GL2 × GL1 L-function in Roger Godement’s notes on Jacquet-Langlands’ theory

Chapter 1 Section 12 [God18].

Theorem 2.2.3 (Local Functional Equation for GL(2) × GL(1)). Let π be an infinite

dimensional irreducible admissible representation of GL2(F ). For every Whittaker func-

tion W ∈ W(π, ψ) and every multiplicative quasicharacter χ of F×, we can define the

local zeta integral as follows:

ZW (g, π, χ, s) :=

∫
F×

W

((
x 0

0 1

)
g

)
χ−1(x)|x|s−

1
2d×x.
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The above local zeta integral converges for Re(s) >> 0, and can be analytically contin-

ued to a meromorphic function on the whole complex plane C with at most two poles.

Furthermore, there exists a meromorphic function γ(s, π×χ, ψ), which depends neither

on our choice of Whittaker function W ∈ W(π, ψ) nor on element g ∈ GL2(F ), and

this meromorphic function satisfies the following functional equation:

ZW (wg, ωπχ
−1, 1− s) = γ(s, π × χ, ψ)ZW (g, π, χ, s)

for all W ∈ W(π, ψ) and g ∈ GL2(F ), where

ZW (wg, ωπχ
−1, s) :=

∫
F×

W

((
x 0

0 1

)
wg

)
ω−1
π (x)χ(x)|x|s−

1
2d×x

and w =

(
0 1

−1 0

)
.

From above local functional equation for GL(2), we can do the calculation of local

gamma factor γ(s, π × χ, ψ), using a special family of Whittaker functions since local

gamma factor is independent on our choice of Whittaker functions W ∈ W(π, ψ). Now

we have the following theorem which indicates that the gamma factor is exact the Mellin

transform of Bessel function.

Theorem 2.2.4. Assume that Re(s) << 0, then we have

γ(s, π × χ, ψ) =

∫
F×

ω−1
π (x)χ(x)jπ(x)|x|

1
2
−sd×x.

Proof. Since the local gamma factor γ(s, π × χ, ψ) is independent on our choice of

element g ∈ GL2(F ), we just fix g = I2. Let the conductor of quasicharacter χ be

1 + pnOF , i.e. χ1+pnOF = 1.

Now since S(F×) ⊆ K(π, ψ), we can take a Whittaker function W = W0 in the

space W(π, ψ) such that the function

W0

((
y 0

0 1

))
= qn · 11+pnOF .

From our choice of Whittaker function W0, we know that

ZW0(I2, π, s) = qn ·
∫

1+pnOF
1 d×x = qn · q−n = 1.
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Since the local gamma factor γ(s, π × χ, ψ) is independent on our choice of Whittaker

function W0 ∈ W(π, ψ), it is known that

γ(s, π × χ, ψ) = ZW0(w,ωπχ
−1, 1− s)

=

∫
F×

W

((
0 x

−1 0

))
ω−1
π (x)χ(x)|x|

1
2
−sd×x.

Now recall the weak kernel formula for GL2 Bessel functions (Proposition 2.1.4), we

have

W

((
0 x

−1 0

))
=

∫
F×

ω−1
π (y)jπ(xy)W

((
y 0

0 1

))
d×y

= qn ·
∫

1+pnOF
ω−1
π (y)jπ(xy)d×y.

(2.6)

Since we assume that Re(s) << 0, so the local zeta integral ZW0(w,ωπχ
−1, 1 − s) is

absolutely convergent. From Fubini’s Theorem, we have

ZW0(w,ωπχ
−1, 1− s) =

∫
F×

W

((
0 x

−1 0

))
ω−1
π (x)χ(x)|x|

1
2
−sd×x

= qn ·
∫
F×

(∫
1+pnOF

ω−1
π (y)jπ(xy)d×y

)
ω−1
π (x)χ(x)|x|

1
2
−sd×x

= qn ·
∫

1+pnOF

(∫
F×

ω−1
π (xy)jπ(xy)χ(x)|x|

1
2
−sd×x

)
d×y

= qn ·
∫

1+pnOF
χ−1(y)|y|s−

1
2d×y ·

∫
F×

ω−1
π (z)jπ(z)χ(z)|z|

1
2
−sd×z

= qn · q−n ·
∫
F×

ω−1
π (x)χ(x)jπ(x)|x|

1
2
−sd×x

=

∫
F×

ω−1
π (x)χ(x)jπ(x)|x|

1
2
−sd×x.

(2.7)

In conclusion, we have

γ(s, π × χ, ψ) = ZW0(w,ωπχ
−1, 1− s) =

∫
F×

ω−1
π (x)χ(x)jπ(x)|x|

1
2
−sd×x

for Re(s) << 0.
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2.3 Applications of GL2 Bessel functions

Using the results in the previous Section 2.2 for the Mellin transform, we will discuss

some applications of Bessel functions for GL2(F ) in this section.

Stability of Rankin-Selberg gamma factors for GL2 ×GL1

We will prove the stability of Rankin-Selberg gamma factors γ(s, π × χ, ψ) for local

GL2 ×GL1 L-functions. The statement of the theorem is as follows:

Theorem 2.3.1 (Stability of Rankin-Selberg gamma factors for GL2×GL1). Let π1, π2

be two infinite dimensional irreducible admissible representations of GL2(F ). Let χ be

a multiplicative quasicharacter of F×. We further assume that ωπ1 = ωπ2. Now if

character χ is highly ramified (i.e. Let the conductor of χ be 1 +pnOF and let n >> 0),

then we have

γ(s, π1 × χ, ψ) = γ(s, π2 × χ, ψ).

Proof. Recall that from Theorem 2.2.2 and Theorem 2.2.4, it is known that

γ(s, π1 × χ, ψ) =

∫
F×

ω−1
π1 (x)χ(x)jπ1(x)|x|

1
2
−sd×x,

γ(s, π2 × χ, ψ) =

∫
F×

ω−1
π2 (x)χ(x)jπ2(x)|x|

1
2
−sd×x,

for all Re(s) << 0.

In order to prove the stability of Rankin-Selberg gamma factors, we also need some

properties of Bessel functions jπ(x) we have already proved in Section 2.1. Applying

Proposition 2.1.6, we know that

• For any nonnegative integer n0, there exists a positive integer N , depending on

π1, π2 and n0 only such that if |x| > q2N , then

jπ1(x) =

∫
xz−2−1∈p−n0OF

ωπ1(−z)ψ−1
(x
z

+ z
)
dz,

and

jπ2(x) =

∫
xz−2−1∈p−n0OF

ωπ2(−z)ψ−1
(x
z

+ z
)
dz,

• Using the same notations as above, we have jπi(xu) = jπi(x) (i = 1, 2) for |x| ≤
q2N and |u− 1| ≤ q−N .
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Now for i = 1, 2, let’s write

γ(s, πi × χ, ψ) =

∫
0<|x|≤q2N

ω−1
πi (x)χ(x)jπi(x)|x|

1
2
−sd×x

+

∫
|x|>q2N

ω−1
πi (x)χ(x)jπi(x)|x|

1
2
−sd×x.

(2.8)

By Proposition 2.1.6 and above discussion, for i = 1, 2, we know that∫
|x|>q2N

ω−1
πi (x)χ(x)jπi(x)|x|

1
2
−sd×x

=

∫
|x|>q2N

∫
xz−2−1∈p−n0OF

ωπi(−zx−1)ψ−1
(x
z

+ z
)
χ(x)|x|

1
2
−sd×x.

(2.9)

Since the central character is the same, i.e. ωπ1 = ωπ2 , this means that∫
|x|>q2N

ω−1
π1 (x)χ(x)jπ1(x)|x|

1
2
−sd×x =

∫
|x|>q2N

ω−1
π2 (x)χ(x)jπ2(x)|x|

1
2
−sd×x.

Now for i = 1, 2, let’s consider the integral:∫
0<|x|≤q2N

ω−1
πi (x)χ(x)jπi(x)|x|

1
2
−sd×x.

From absolute convergence of the above integral, we can write∫
0<|x|≤q2N

ω−1
πi (x)χ(x)jπi(x)|x|

1
2
−sd×x =

2N∑
k=−∞

∫
|x|=qk

ω−1
πi (x)χ(x)jπi(x)|x|

1
2
−sd×x

=

2N∑
k=−∞

qk( 1
2
−s) ·

∫
|x|=qk

ω−1
πi (x)χ(x)jπi(x)d×x.

(2.10)

Suppose that the conductor of central character ωπi (i = 1, 2) is 1 + ptOF (t ≥ 0),

and the conductor of the multiplicative quasicharacter χ is 1 + plOF . Since χ is highly

ramified, we can choose l > max{2N, 2t}.
Fix an element u ∈ 1 + pl−1OF and u /∈ 1 + plOF . Since the conductor of quasichar-

acter χ is 1 + plOF , we know that χ(u) 6= 1. From our assumption our l, it is known

that u ∈ 1 + pNOF and u ∈ 1 + ptOF . Now changing the variable, we have∫
|x|=qk

ω−1
πi (x)χ(x)jπi(x)d×x =

∫
|t|=qk

ω−1
πi (tu−1)χ(tu−1)jπi(tu

−1)d×t

= χ−1(u) ·
∫
|t|=qk

ω−1
πi (t)χ(t)jπi(t)d

×t.

(2.11)



34

Since χ−1(u) 6= 1, we know that for i = 1, 2,∫
|x|=qk

ω−1
πi (x)χ(x)jπi(x)d×x = 0.

Therefore, ∫
0<|x|≤q2N

ω−1
πi (x)χ(x)jπi(x)|x|

1
2
−sd×x = 0.

Now in conclusion, if quasicharacter χ is highly ramified, we have

γ(s, π1 × χ, ψ) = γ(s, π2 × χ, ψ).

The stability of Rankin-Selberg gamma factors for GL2 ×GL1 is proved.

Jacquet’s local converse conjecture for GL2(F )

We will mainly use properties of Bessel functions jπ(x) (Section 2.1) to prove

Jacquet’s local converse conjecture for GL2(F ).

Before the proof, let’s firstly recall Jacquet’s general local converse conjecture for

GLn(F ).

Conjecture 2.3.2 (Jacquet’s local converse conjecture for GLn(F )). Let π1, π2 be two

infinite dimensional irreducible admissible generic representations of GLn(F ), and sup-

pose that they have the same central character, i.e. ωπ1 = ωπ2. If

γ(s, π1 × τ, ψ) = γ(s, π2 × τ, ψ),

as functions of the complex variable s, and for all infinite dimensional irreducible ad-

missible generic representations τ of GLr(F ) with 1 ≤ r ≤
[
n
2

]
, then π1

∼= π2.

Remark 2.3.3. Jacquet’s local converse conjecture for GLn(F ) was proved by Jacquet-

Liu [JL16] and Jingsong Chai [Chai19b] almost at the same time, using different meth-

ods. Jacquet-Liu’s paper mainly used Rankin-Selberg’s convolution, while Jingsong Chai’s

paper mainly used the properties of Bessel functions and Howe vectors.

For n = 2, we have the following version of Jacquet’s local converse theorem for

GL2(F ).
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Theorem 2.3.4 (Jacquet’s local converse conjecture for GL2(F )). Let π1, π2 be two

infinite dimensional irreducible admissible (generic) representations of GL2(F ), and

suppose that they have the same central character, i.e. ωπ1 = ωπ2. If

γ(s, π1 × χ, ψ) = γ(s, π2 × χ, ψ),

as functions of the complex variable s, and for all multiplicative quasicharacter χ of F×,

then π1
∼= π2.

Proof. First note that we have the following important observation.

Claim: π1
∼= π2 if and only if for x ∈ F×, we have jπ1(x) = jπ2(x).

Proof of Claim: If π1
∼= π2, then from the definition of Bessel functions it is known

that jπ1(x) = jπ2(x). Now we need to prove the ”only if” part. From the uniqueness of

Whittaker model, we know that π1
∼= π2 is equivalent to W(π1, ψ)

⋂
W(π2, ψ) 6= ∅, i.e.

there exists W (g) ∈ W(π1, ψ)
⋂
W(π2, ψ).

We choose v1 ∈ Vπ1 , v2 ∈ Vπ2 , such that

Wv1

((
x 0

0 1

))
= Wv2

((
x 0

0 1

))
= 1O×F

.

Since ωπ1(x) = ωπ2(x), we have

Wv1

((
x 0

0 x

))
= Wv2

((
x 0

0 x

))
.

Now recall the weak kernel formula for GL2(F ) Bessel functions (Proposition 1.2.8),

since jπ1(x) = jπ2(x), we have

Wv1

((
0 −x
1 0

))
= Wv2

((
0 −x
1 0

))

=

∫
F×

ω−1
π (y)jπ(xy)W

((
y 0

0 1

))
d×y.

(2.12)

Now from Bruhat decomposition, for g ∈ GL2(F ), we have two cases.

1. If g ∈ B, where B is the Borel subgroup of GL2(F ). We can write

g =

(
x 0

0 x

)(
1 z

0 1

)(
y 0

0 1

)
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for some suitable x, y ∈ F×, z ∈ F . Now from above discussion and properties of

Whittaker functions, we know that Wv1(g) = Wv2(g).

2. If g ∈ BwB, where w =

(
0 −1

1 0

)
is the nontrivial element of GL(2). Now we

can write

g =

(
x 0

0 x

)(
1 z

0 1

)(
0 −y
1 0

)(
1 u

0 1

)(
v 0

0 1

)
for some suitable x, y, v ∈ F×, z, u ∈ F . From above discussion, using the weak

kernel formula for GL2(F ) and properties of Whittaker functions, we know that

Wv1(g) = Wv2(g).

This means that Wv1 = Wv2 . Therefore, it is known that W(π1, ψ)
⋂
W(π2, ψ) 6= ∅. So

π1
∼= π2. We proved the claim.

Recall some properties of Bessel functions jπ(x) we have already proved in Section

2. Applying Proposition 2.1.6, we know that

• For any nonnegative integer n0, there exists a positive integer N , depending on

π1, π2 and n0 only such that if |x| > q2N , then

jπ1(x) =

∫
xz−2−1∈p−n0OF

ωπ1(−z)ψ−1
(x
z

+ z
)
dz,

and

jπ2(x) =

∫
xz−2−1∈p−n0OF

ωπ2(−z)ψ−1
(x
z

+ z
)
dz,

• Using the same notations as above, we have jπi(xu) = jπi(x) (i = 1, 2) for |x| ≤
q2N and |u− 1| ≤ q−N .

Since ωπ1 = ωπ2 , it is known that if |x| > q2N , jπ1(x) = jπ2(x) from above proposition

of Bessel functions. Now it remains to prove that jπ1(x) = jπ2(x) for all |x| ≤ q2N .

For |x| ≤ q2N , it is known that for every quasicharacter χ of F×, we have

γ(s, π1 × χ, ψ) = γ(s, π2 × χ, ψ). (2.13)

From previous Theorem 2.2.4 and the proof of Theorem 2.3.1, we know that above

equation 2.13 of Rankin-Selberg gamma factors is equivalent to∫
0<|x|≤q2N

ω−1
π1 (x)χ(x)jπ1(x)|x|

1
2
−sd×x =

∫
0<|x|≤q2N

ω−1
π2 (x)χ(x)jπ2(x)|x|

1
2
−sd×x

(2.14)
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for all quasicharacter χ of F×.

Note that from absolute convergence of the above integral, for i = 1, 2, we can write

∫
0<|x|≤q2N

ω−1
πi (x)χ(x)jπi(x)|x|

1
2
−sd×x =

2N∑
k=−∞

∫
|x|=qk

ω−1
πi (x)χ(x)jπi(x)|x|

1
2
−sd×x

=
2N∑

k=−∞
qk( 1

2
−s) ·

∫
|x|=qk

ω−1
πi (x)χ(x)jπi(x)d×x.

(2.15)

This means that above equation 2.14 is equivalent to∫
|x|=qk

ω−1
π1 (x)χ(x)jπ1(x)d×x =

∫
|x|≤qk

ω−1
π2 (x)χ(x)jπ2(x)d×x (2.16)

for all quasicharacter χ and all integers k such that k ≤ 2N .

Since the central character is same, we write χ̃ := χω−1
πi for i = 1, 2. Changing

the variable and let x = ω−ku, where ω is the corresponding uniformizer of the unique

prime ideal p and |u| = 1, i.e. u ∈ O×F .

Therefore, the above equation 2.16 is equivalent to∫
|u|=1

(
jπ1(ω−ku)− jπ2(ω−ku)

)
χ̃(u)d×u = 0 (2.17)

for all quasicharacter χ̃ and all integers k such that k ≤ 2N .

We write jπ1,π2,k(u) := jπ1(ω−ku)− jπ2(ω−ku). From properties of Bessel functions

(Proposition 2.1.6), it is known that jπ1,π2,k is a locally constant function defined on

O×F . Moreover, for v ∈ O×F such that |v − 1| ≤ q−N , we have jπ1,π2,k(u) = jπ1,π2,k(uv).

Since each characteristic function 1a+pnOF (n ≥ 0 and a ∈ O×F ) can be written as a

finite sum of multiplicative character µ of O×F (For each multiplicative character µ of F×,

we can restrict it on O×F ), it is known that {µ · 1O×F |µ multiplicative character} forms a

basis of Schwartz functions on O×F , i.e. locally constant functions on O×F (S(F×) · 1O×F ).

Now from above discussion, we know there exist t ∈ N∗, multiplicative character µ̃i

and Ci ∈ C, where 1 ≤ i ≤ t such that

jπ1,π2,k(u) = jπ1(ω−ku)− jπ2(ω−ku) =
t∑
i=1

Ciµ̃i(u) (2.18)

for all u ∈ O×F (i.e. |u| = 1).
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From our condition 2.17, we know that∫
|u|=1

(
jπ1(ω−ku)− jπ2(ω−ku)

) t∑
i=1

Ciµ̃i(u)d×u = 0 (2.19)

for all integers k such that k ≤ 2N . From equation 2.18, the above equation 2.19 is

equivalent to∫
|u|=1

(
jπ1(ω−ku)− jπ2(ω−ku)

)(
jπ1(ω−ku)− jπ2(ω−ku)

)
d×u = 0 (2.20)

for all integers k such that k ≤ 2N .

The above equation 2.20 is equivalent to∫
|u|=1

|jπ1(ω−ku)− jπ2(ω−ku)|2d×u = 0 (2.21)

for all integers k such that k ≤ 2N .

From above equation 2.21, it is known that jπ1(ω−ku) = jπ2(ω−ku) for all u ∈ O×F
and integer k ≤ 2N . Therefore, we know that jπ1(x) = jπ2(x) for all x ∈ F× such that

0 < |x| ≤ q2N .

In conclusion, we proved that jπ1(x) = jπ2(x) for all x ∈ F×. From our proof of

previous claim, we get π1
∼= π2.



Chapter 3

Reduction of Proof for Theorem

1.2.6

Now we go back from GL(2) Bessel functions to general GL(n) Bessel functions. In the

following Chapter 3 and 4, we will explain the idea of the proof for Theorem 1.2.6. Our

setup is several reduction steps. By applying the results in [Ba05], [JY96] and [JY99],

we will reduce the proof of local integrability of Bessel functions to finding a non-trivial

upper bound for the generalized Kloosterman sums under certain test (characteristic)

functions in the case of GLn(Qp).

3.1 Reduction Step 1: Asymptotic behaviour of the local

orbital integrals

We recall our main theorem on the local integrability of GL(n) Bessel functions firstly.

Theorem 3.1.1 (Theorem 1.2.6). The Bessel function jπ(g) is locally integrable on

GLn(Qp).

Harish-Chandra’s proof of the local integrability of the distribution characters (See

[HC70] and [HC99]) depends on certain relations between the asymptotics of the char-

acter and certain orbital integrals. In the Bessel function case, we have a similar result

for such kind of relations.

39
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For φ ∈ C∞c (Gn) and g ∈ BwGnB, we can define the local orbital integral as follows:

Jφ,ψ(g) :=

∫
N×N

φ(n1gn2)ψ−1(n1n2)dn1dn2.

It follows from the results in [JY96] and [JY99] that the above orbital integral converges

absolutely and defines a locally constant function when g ∈ BwGnB. If g ∈ Gn −
BwGnB, it is defined that Jφ,ψ(g) = 0.

Note that wGnNwGn = N̄ , where N̄ means the opposite of the unipotent radical N .

We can consider a similar orbital integral.

Let f ∈ C∞c (Gn) and g ∈ N̄B, we define the orbital integral similarly:

If,ψ(g) :=

∫
N×N

f(nt1gn2)ψ−1(n1n2)dn1dn2.

Here nt1 means the transpose of the unipotent radical n1. From our assumptions on the

additive character ψ, it is clear that ψ(n) = ψ(wGnn
twGn) for all n ∈ N . The above

integral converges absolutely and defines a locally constant function on N̄B. Moreover,

if g ∈ Gn − N̄B, it is defind that If,ψ(g) = 0 which is the same way as before. We note

that If,ψ(g) = Jφ,ψ(wGng), where f(wGng) = φ(g) ∈ C∞c (Gn) and f(g) ∈ C∞c (Gn).

We may also consider the following local orbital integral.

Let f ∈ C∞c (Gn) and g ∈ N̄B. Let Zn be the center of Gn and ω be a quasicharacter

of Zn. We define:

If,ω,ψ(g) :=

∫
N×Zn×N

f(nt1zgn2)ω−1(z)ψ−1(n1n2)dn1dzdn2.

The above integral converges absolutely and defines a locally constant function on

N̄B. Similarly, we extend the orbital integral If,ω,ψ(g) to a function on Gn by set-

ting If,ω,ψ(g) = 0 when g ∈ Gn − N̄B.

Moreover, we define that

Jf,ω,ψ(g) :=

∫
N×Zn×N

f(n1zgn2)ω−1(z)ψ−1(n1n2)dn1dzdn2.

This orbital integral converges absolutely and defines a locally constant function when

g ∈ BwGnB. If g ∈ Gn − BwGnB, it is defined that Jf,ω,ψ(g) = 0. We note that

If,ω,ψ(g) = Jφ,ω,ψ(wGng), where f(g) = φ(wGng) ∈ C∞c (Gn) and φ(g) ∈ C∞c (Gn).

The following theorem is proved in [Ba05].
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Theorem 3.1.2. Let π be an smooth irreducible representation of Gn. Let x ∈ Gn,

then there exists a neighbourhood Ux of x in Gn and a function φ ∈ C∞c (Gn) such that

jπ,ψ(g) = Jφ,ωπ ,ψ(g)

for all g ∈ Ux. Here ωπ is the central character of π.

From this theorem, we know that the Bessel function jπ,ψ(g) is a locally integrable

function on Gn if the orbital integral Jφ,ωπ ,ψ(g) is locally integrable as a function on Gn

for every φ ∈ C∞c (Gn).

Similarly, we see that jπ,ψ(g) is a locally integrable function on Gn if the local orbital

integral If,ωπ ,ψ(g) is locally integrable as a function on Gn for every f ∈ C∞c (Gn).

If for every f ∈ C∞c (Gn), If,ωπ ,ψ(g) is locally integrable as a function on G, then

the Bessel function jπ,ψ is locally integrable in Gn. This is given by Theorem 3.1.2. In

order to prove that If,ωπ ,ψ(g) is locally integrable as a function on Gn, it is important

to study the asymptotic behaviour of the local orbital integral when g approaches to

the boundary of the domain. From Bruhat decomposition, we can further assume that

g ∈ A = T .

3.2 Reduction Step 2: An estimation and comparison

For g ∈ Gn := GLn(F ), let ∆r(g), 1 ≤ r ≤ n, be the determinant of the sub-matrix gr,r

of g ∈ Gn formed with the first r rows and the first r columns of g. Hence ∆n(g) = det g.

We define ∆ : Gn → R≥0 by

∆(g) :=

∣∣∣∣(∆1(g))2 · (∆2(g))2 · · · (∆n−1(g))2

(∆n(g))2

∣∣∣∣ .
It is known that g /∈ N̄B (the open Bruhat cell) if and only if we have ∆(g) = 0.

Moreover

∆(diag(a1, a2, · · · , an)) =
∣∣∣a2(n−2)

1 · a2(n−3)
2 · · · a2

n−2 · a−2
n

∣∣∣ .
Let δ be the modulus character of B, we have

δ(diag(a1, a2, · · · , an)) =
∣∣an−1

1 · an−3
2 · · · a3−n

n−1 · a
1−n
n

∣∣ .
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Hence, we have

∆(a) = δ(a) · |a1a2 · · · an|n−3 = δ(a) · |∆n(a)|n−3.

We first recall the main Theorem 0.3 proved by Dabrowski and Reeder [DR98].

For i, j ∈ {1, 2, · · · , n}, i 6= j, we let αi,j : A→ F× be the functions defined by

αi,j(diag(a1, a2, · · · , an)) :=
ai
aj
.

Let Φ = {αi,j}, 1 ≤ i, j ≤ n be the root system of Gn and let Φ̌ = {α̌ : α ∈ Φ}. We

have Φ = Φ+
⊔

Φ−, where Φ+ = {αi,j : 1 ≤ i < j ≤ n} is the set of positive roots and

Φ− = {αi,j : 1 ≤ j < i ≤ n} is the set of negative roots. Let ∆ = {αi,i+1 : 1 ≤ i ≤ n−1}
be the set of simple roots. Similarly, we write Φ̌ = Φ̌+

⊔
Φ̌−.

Let f ∈ C∞c (Gn) and let g ∈ N̄B. We define the following orbital integral:

Of (g) :=

∫
N×N

f(nt1gn2)dn1dn2.

The convergence of this integral follows from [JY96] and [JY99]. In 1998, Dabrowski and

Reeder [DR98] studied this orbital integral when f = f0 is the characteristic function

of the maximal compact subgroup K. We recall that the Haar measure is normalized

with the volume of K and N ∩K equals to one. For each a ∈ A, there exists a unique

λa ∈ Φ̌ such that a = aKλa(ω), where aK ∈ Ak := A∩K and ω is the uniformizer. The

following result is the main theorem which is proved by Dabrowski and Reeder [DR98].

Theorem 3.2.1. [DR98, Theorem 0.3] Let f0 be the characteristic function of K. Then

Of0(a) = 0 if λ = λa /∈ Z≥0Φ̌+, i.e., λa is not a nonnegative integral linear combination

of positive coroots. If λa is such a linear combination, we can write

λa =
∑
β∈Φ̌+

mββ =
∑

1≤i<j≤n
mi,jα̌i,j , (3.1)

for mi,j ≥ 0 and we also write m = (mβ)β∈Φ̌+ = (mi,j)1≤i<j≤n. Then we have

Of0(a) = ∆−
1
2 (a)×

∑
m

(
1− 1

q

)κ(m)

, (3.2)

where κ(m) is the number of strictly positive coordinates of m and m runs over all

possible decompositions for λa.



43

Using an idea similar to that in [Ba04, Section 3], we can prove the following theorem

Theorem 3.2.2. ∆−
1
2

+ε is locally integrable as a function on Gn = GLn(F ) for every

ε > 0.

Proof. If ε ≥ 1
2 , then ∆−

1
2

+ε is a locally constant and smooth function on Gn. Therefore,

there is nothing to prove.

If 0 < ε < 1
2 , then ∆−

1
2

+ε is not well-defined if g /∈ N̄B = N̄AN . However, since

N̄AN is Zariski open dense in Gn, the complement subset of N̄AN in Gn is closed and

of measure zero. So we can define ∆−
1
2

+ε(g) := 0 if g /∈ N̄AN . This will not affect the

local integrability of the function ∆−
1
2

+ε. Note that if 0 < ε < 1
2 , then ∆−

1
2

+ε is not a

locally constant and smooth function on Gn.

We note that it is sufficient to prove that∫
Gn

∆−
1
2

+ε(g)f(g)dg < +∞

for every characteristic function f of Kg0, where K = GLn(OF ) is the maximal compact

open subgroup of Gn and some fixed point g0 ∈ Gn. From the Iwasawa decomposition,

we can write g0 = k0b0 for some b0 ∈ B and k0 ∈ K. Hence it is enough to show that∫
G ∆−

1
2

+ε(g)f(g)dg < +∞ holds for f = ρr(b
−1
0 )f0 where ρr is the right translation and

f0 is the characteristic function of K.

By writing b0 = a0n0 for a0 ∈ A and n0 ∈ N we have∫
Gn

∆−
1
2

+ε(g)(ρr(b
−1
0 )f0)(g)dg =

∫
Gn

∆−
1
2

+ε(g)f0(gb−1
0 )dg

=

∫
Gn

∆−
1
2

+ε(gb0)f0(g)dg

= ∆−
1
2

+ε(a0n0) ·
∫
Gn

∆−
1
2

+ε(g)f0(g)dg

= ∆−
1
2

+ε(a0) ·
∫
Gn

∆−
1
2

+ε(g)f0(g)dg.

Hence it is enough to prove that
∫
Gn

∆−
1
2

+ε(g)f(g)dg < +∞ for f = f0. Now applying

the invariance properties of ∆ and writing dg = δ(a)dn1dadn2 = ∆(a)dn1dadn2 on

the Zariski open dense subset that consists of elements of the form g = nt1an2 where

n1, n2 ∈ N and a ∈ A (Note that since g = nt1an2 ∈ K, we have |det(a)| = |∆n(a)| = 1,
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which gives that δ(a) = ∆(a)), we can get the following∫
Gn

∆−
1
2

+ε(g)f0(g)dg =

∫
N̄×A×N

∆−
1
2

+ε(g)f0(g)dg

=

∫
N×A×N

∆−
1
2

+ε(nt1an2)f0(nt1an2)∆(a)dn1dadn2

=

∫
A

∆
1
2

+ε(a) ·Of0(a)da,

where

Of0(a) :=

∫
N×N

f0(nt1an2)dn1dn2.

Here we can change the order of integrations because ∆−
1
2

+ε ≥ 0 and f0 ≥ 0. The Haar

measures on Gn, N and A are all normalized such that the volumes of K and N ∩K
equal to one.

Now, we let X = X(A) = Hom(A,F×) be the group of F -rational characters. Let

X̌ = X̌(A) = Hom(F×, A) be the set of co-characters. For each a ∈ A, there exists a

unique λa ∈ X̌ such that a = aKλa(ω) where aK ∈ TK := T∩K and ω is the uniformizer

of F . We can see that∫
T

∆
1
2

+ε(a) ·Of0(a)da =
∑
λ∈X̌

∫
(T∩K)·λ(ω)

∆
1
2

+ε(a) ·Of0(a)da

=

(∫
T∩K

da

)
·

∑
λ∈X̌

∆
1
2

+ε(λ(ω)) ·Of0(λ(ω))

 .

It is easy to see that ∫
T∩K

da = V ol(T ∩K) =

(
1− 1

q

)n
< 1.

From Theorem 3.2.1 ([DR98]), we know that the sum over λ ∈ X̌ takes place for λ of

the form

λ =

n−1∑
i=1

mi · α̌i,i+1,

where α̌i,i+1 are positive simple coroots and mi are nonnegative integers. Moreover, we

have the following estimation:

Of0(λ(ω)) = ∆−
1
2 (λ(ω))×

∑
m

(
1− 1

q

)κ(m)

< q
∑n−1
i=1 mi ×R(a).
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Here ∆(a) = ∆(λa(ω)) = ∆(λ(ω)) = q−2·
∑n−1
i=1 mi and R(a) := R(λa) is the number of

possibilities of writing λa as in Equation (3.1) (See Theorem 3.2.1). We let 1 ≤ i ≤ n−1,

the multiplicity of the simple coroot α̌i,i+1 in the coroot α̌s,t (1 ≤ s < t ≤ n) equals to

i(n− i).
Now by direct estimation, we have

R(a) ≤
n−1∏
i=1

(mi + 1)i(n−i).

We compute
∑n−1

i=1 i(n− i) < n×
∑n−1

i=1 i = (n−1)n2

2 < n3

2 , which gives that

R(a) ≤
n−1∏
i=1

(mi + 1)i(n−i) <

(
n−1∑
i=1

mi + n

)n3

2

.

From above discussion, we see that

Of0(λ(ω)) < q
∑n−1
i=1 mi ×

(
n−1∑
i=1

mi + n

)n3

2

.

Note that

∆(a) = ∆(λa(ω)) = ∆(λ(ω)) = q−2·
∑n−1
i=1 mi ,

therefore we have
∆

1
2

+ε(λ(ω)) ·Of0(λ(ω))

<q−2ε·
∑n−1
i=1 mi ×

(
n−1∑
i=1

mi + n

)n3

2

.

Hence our integral is controlled by

1 +
∑
m1≥0

∑
m2≥0

· · ·
∑

mn−1≥0

q−2ε·
∑n−1
i=1 mi ×

(
n−1∑
i=1

mi + n

)n3

2

≤ 1 +

+∞∑
k=1

(k + n)n × (k + n)
n3

2

q2εk

≤ 1 +

+∞∑
k=1

(k + n)n
3

q2εk

which is finite when ε > 0 (Note that here n is a fixed positive integer). This proves

that the function ∆−
1
2

+ε is locally integrable for every ε > 0.
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According to the above Theorem 3.2.2 and Theorem 3.1.2, the local integrability of

Bessel function (See Theorem 1.2.6) can be reduced to prove the following conjecture.

Conjecture 3.2.3. Fix f ∈ C∞c (Gn). Then |If,ωπ ,ψ(g)∆
1
2
−δ(g)| is bounded on compact

sets in Gn for some given δ > 0.

Remark 3.2.4. In GL(3) case, the Conjecture 3.2.3 was proved in [Ba04] for δ = 1
8 > 0.

Hence the local integrability for GL(3) Bessel functions is proved.

Similarly, we can establish the following conjecture:

Conjecture 3.2.5. Fix f ∈ C∞c (Gn). Then |If,ψ(g)∆
1
2
−δ(g)| is bounded on compact

sets in Gn for some given δ > 0.

We have the following quick proposition.

Proposition 3.2.6. Assume that Conjecture 3.2.5 holds for general n, then Conjecture

3.2.3 also holds in general.

Proof. Since f ∈ C∞c (Gn), we let Q1 be the support of f . Since Q1 is compact, it follows

that |det(g)| have both lower and upper bounds for g ∈ Q1. Hence the support of the

orbital integral If,ψ(g) is also on a set on which the determinant is bounded.

Now let Q2 be a compact set in Gn. We will have to show that |If,ωπ ,ψ(g)∆
1
2
−δ(g)|

is bounded on Q2 in Gn for the fixed δ > 0 in Conjecture 3.2.5. If g ∈ Q2, z ∈ Zn and

gz is in the support of the orbital integral If,ψ(g), we have det(gz) = det(g)× det(z) is

in some fixed compact set in F×. Hence we know that z is in a fixed compact set P in

Zn which is independent on the choice of g ∈ Q2.

We let C1 := maxz∈P
(
|ωπ(z)−1|

)
> 0 and g ∈ Q2. By Conjecture 3.2.5, there exists

a constant C2 > 0 such that

|If,ψ(gz)| ≤ C2 ·∆−
1
2

+δ(gz)

for all g ∈ Q2 and z ∈ P . Hence, if g ∈ Q2, then we have

|If,ωπ ,ψ(g)| =
∣∣∣∣∫
Zn

If,ψ(gz)ω−1
π (z)dz

∣∣∣∣
=

∣∣∣∣∫
P
If,ψ(gz)ω−1

π (z)dz

∣∣∣∣
≤ C1C2 ×

∫
P

∣∣∣∆− 1
2

+δ(gz)
∣∣∣ dz.

(3.3)
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Note that If,ωπ ,ψ(g) = 0 if g /∈ N̄B. Now we may write g = nt1an2 for n1, n2 ∈ N and a ∈
A. Hence we have ∆−

1
2

+δ(gz) = ∆−
1
2

+δ(nt1an2z) = ∆−
1
2

+δ(nt1azn2) = ∆−
1
2

+δ(az) =

∆−
1
2

+δ(a)×∆−
1
2

+δ(z) = ∆−
1
2

+δ(g)×∆−
1
2

+δ(z). Since P is compact, there exists C3 > 0

such that ∫
P

∣∣∣∆− 1
2

+δ(z)
∣∣∣ dz < C3.

Therefore we have

|If,ωπ ,ψ(g)| < C1C2C3

∣∣∣∆− 1
2

+δ(g)
∣∣∣ .

This is equivalent to ∣∣∣If,ωπ ,ψ(g)∆
1
2
−δ(g)

∣∣∣ < C1C2C3,

which is exactly Conjecture 3.2.3.

3.3 Reduction Step 3: (Relative) Shalika germs

In order to study the asymptotic behaviour of the orbital integrals, we need to introduce

the (relative) Shalika germs of Jacquet-Ye [JY96] [JY99].

We define the generalized orbital integrals of a function f ∈ C∞c (Gn), that is, the

functionals

I(g, f) :=

∫
f(nt1gn2)ψ−1(n1n2)dn1dn2

for g ∈ Gn. This is an extension of the previous orbital integral If,ψ(g). The integration

domain is explicitly given as follows. By the Bruhat decomposition, we can write g = wa

where w ∈ W and a ∈ A. In order for the integral to make sense we must assume

that ψ(n1n2) = 1 if nt1wan2 = wa. However, this assumption is not always true for

all the Weyl elements. A Weyl element w is said to be relevant if this condition is

satisfied. The integral is then taken over the quotient of N × N by the subgroup

of elements (n1, n2) of N × N satisfying nt1wan2 = wa. If w = In ∈ Gn, we have

I(g, f) = I(wa, f) = I(a, f) = If,ψ(a) = If,ψ(g), where the orbital integral If,ψ is

defined in Section 2. We let an element a ∈ A operate on Gn by g → ga.

Let WGn be the Weyl group of Gn and RGn be the subset of relevant elements of

WGn . For each positive integer r we denote by wGr the r× r permutation matrix whose
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anti-diagonal entries are 1. If w ∈ RGn then w has the form

w =


wGn1 0 0 · · · 0

0 wGn2 0 · · · 0

· · · · · · · · · · · · · · ·
0 0 0 · · · wGnr


for a suitable r-tuple of positive integers (n1, n2, · · · , nr) with

∑r
i=1 ni = n. This is

given in [JY96]. Hence, there are 2n−1 relevant Weyl elements in GL(n) case (We may

label them as e = In, w1, w2, · · · · · · , w2n−2, wGn).

A parabolic subgroup Pn of Gn is called standard if it contains AN . Then Pn =

MnUn where Mn is the unique Levi subgroup of Pn containing A and Un is the unipotent

radical of Pn. A Levi subgroup of this type is said to be standard. It is said to be of

type (n1, n2, · · · , nr) where
∑r

i=1 ni = n if it consists of matrices of the following form

m =


m1 0 0 · · · 0

0 m2 0 · · · 0

· · · · · · · · · · · · · · ·
0 0 0 · · · mr


with mi ∈ GL(ni). If Mn is the standard Levi subgroup of type (n1, n2, · · · , nr), we can

write Mn = Mw and w = wMn .

Example 3.3.1. In the special case n = 4, all the 24−1 = 8 relevant Weyl elements can

be represented as follows:

e = I4, wG4 ,

w1 =

(
1 0

0 wG3

)
, w2 =

(
wG2 0

0 wG2

)
, w3 =

(
wG3 0

0 1

)
,

w4 =


1

wG2

1

 , w5 =


1

1

wG2

 , w6 =


wG2

1

1

 .

Now we continue for the general case. Let Mn be a standard Levi subgroup of Gn.

We set WMn := WGn ∩Mn and RMn = RGn ∩Mn. We let AMn be the center of Mn.
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If w is in RGn then we set Aw = AMw . Any relevant orbit of N ×N contains a unique

representative of the form wa with w ∈ RMn and a ∈ Aw.

If w1 and w2 are in RGn , we write w1 → w2 if Mw1 ⊆ Mw2 . This is equivalent to

Aw1 ⊇ Aw2 and also to w1 ∈ RMw2
.

We recall that ∆r(g) is the determinant of principal r× r minor of g for 1 ≤ r ≤ n.

Let ∆̃(g) be the set of the functions ∆r on Gn. These functions are invariant under the

action of N ×N .

Suppose w1 → w2, that is, w1 ∈ RMw2
. This implies that if ∆̃ ∈ ∆̃(Gn) and

∆̃(w2) 6= 0 then ∆̃(w1a) 6= 0 as well for any a ∈ Aw1 . We can therefore define the

subset Aw2
w1

of a ∈ Aw1 such that

∆̃(w1a) = ∆̃(w2)

for each ∆̃ ∈ ∆̃(Gn) such that ∆̃(w2) 6= 0.

Using above notations, we are able to state the follow lemma, which was proved in

[JY99].

Lemma 3.3.2. Suppose w1 → w2 and a ∈ Aw1. Then there are only finitely many pairs

(b, c), b ∈ Aw2
w1

, c ∈ Aw2 such that a = bc.

From the above lemma, we can state the following definition. If f1 and f2 are any

complex valued and locally constant functions on Aw2
w1

and Aw2 respectively, we can

define a new function f1 ? f2 on Aw1 by the formula

f1 ? f2(a) :=
∑

f1(b)f2(c),

where the sum is over all pairs (b, c), b ∈ Aw2
w1

, c ∈ Aw2 such that a = bc. Moreover,

f1 ? f2(a) = 0 if there is no such pair. We can now state the main result in [JY96] and

[JY99].

Theorem 3.3.3. For each pair (w,w′) ∈ RGn ×RGn with w → w′, there exist a family

of locally constant functions Kw′
w defined on Aw

′
w , satisfying the following properties.

• If w′ = w then Kw′
w = δe the Dirac delta function on the finite set Aww.

• For each function f ∈ C∞c (Gn), there are functions ωw ∈ C∞c (Aw) which de-

pend on the choice of function f , w ∈ RGn, such that, for any w ∈ RGn, the
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corresponding generalized orbital integral satisfies

I(w·, f) =
∑

w′∈RGn , w→w′
Kw′
w ? ωw′ .

In this expression, locally constant functions Kw′
w are independent on the choice of the

test function f .

We recall that I(w·, f) is the generalized orbital integral defined from Aw to C as

follows: For any a ∈ Aw, we define

I(wa, f) :=

∫
f(nt1wan2)ψ−1(n1n2)dn1dn2,

where the integral is taken over the quotient of N(F )×N(F ) by the subgroup of pairs

(n1, n2) such that nt1wan2 = wa.

In above Theorem 3.3.3, Kw′
w are called the (relative) Shalika germs according to

Jacquet-Ye’s paper [JY96] and [JY99].

For the special case G4 = GL4(F ), let Kwi
e (i = 1, 2, 3, 4, 5, 6) and K

wG4
e be the

relative Shalika germs. We can state a special case of above theorem as follows:

Example 3.3.4. In the GL(4) case, the generalized orbital integral I(w·, f) has the

following asymptotic behaviour if we fix w = e = I4:

I(e·, f) = If,ψ = ωe +
6∑
i=1

Kwi
e ? ωwi +K

wG4
e ? ωwG4

, (3.4)

where ωe, ωwG4
and ωwi (i = 1, 2, 3, 4, 5, 6) are all locally constant and compact supported

functions which are dependent on the choice of f .

Remark 3.3.5. The above theorem actually gives the asymptotic behaviour of orbital

integrals at the boundary. Assume that C1, C2, C3, C4 are four fixed positive real number

and ε is a small enough positive real number, we have the following seven different cases.

(a) If |∆1(a)| = C1, |∆2(a)| < ε, |∆3(a)| < ε and |∆4(a)| = C4, then we can write

If,ψ(a) = Kw1
e ? ωw1 =

∑
a=bc

Kw1
e (b)ωw1(c).
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(b) If |∆1(a)| < ε, |∆2(a)| = C2, |∆3(a)| < ε and |∆4(a)| = C4, then we can write

If,ψ(a) = Kw2
e ? ωw2 =

∑
a=bc

Kw2
e (b)ωw2(c).

(c) If |∆1(a)| < ε, |∆2(a)| < ε, |∆3(a)| = C3 and |∆4(a)| = C4, then we can write

If,ψ(a) = Kw3
e ? ωw3 =

∑
a=bc

Kw3
e (b)ωw3(c).

(d) If |∆1(a)| = C1, |∆2(a)| < ε, |∆3(a)| = C3 and |∆4(a)| = C4, then we can write

If,ψ(a) = Kw4
e ? ωw4 =

∑
a=bc

Kw4
e (b)ωw4(c).

(e) If |∆1(a)| = C1, |∆2(a)| = C2, |∆3(a)| < ε and |∆4(a)| = C4, then we can write

If,ψ(a) = Kw5
e ? ωw5 =

∑
a=bc

Kw5
e (b)ωw5(c).

(f) If |∆1(a)| < ε, |∆2(a)| = C2, |∆3(a)| = C3 and |∆4(a)| = C4, then we can write

If,ψ(a) = Kw6
e ? ωw6 =

∑
a=bc

Kw6
e (b)ωw6(c).

(g) If |∆1(a)| < ε, |∆2(a)| < ε, |∆3(a)| < ε and |∆4(a)| = C4, then we can write

If,ψ(a) = K
wG4
e ? ωwG4

=
∑
a=bc

K
wG4
e (b)ωwG4

(c).

Remark 3.3.6. An analogy of above theorem in GL(3) case can be found in [Ba04,

Theorem 4.2].

Now we come back to the general case. In order to prove Conjecture 3.2.3, from

above Theorem 3.3.3 of Jacquet-Ye, it is sufficient to study the (relative) Shalika germs

Kwi
e (i = 1, 2, · · · , 2n − 3, 2n − 2) and K

wGn
e .

In other words, Conjecture 3.2.3 can be reduced to the proof of following Conjecture

on the boundness of relative Shalika germs:

Conjecture 3.3.7. The absolute value
∣∣∣Kwi

e ∆
1
2
−δ
∣∣∣ (i = 1, 2, · · · , 2n − 3, 2n − 2) and∣∣∣KwGn

e ∆
1
2
−δ
∣∣∣ are bounded on Awie (respectively, A

wGn
e ) for some given δ > 0.
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Conjecture 3.3.8. The absolute value
∣∣∣KwGn

e ∆
1
2
−δn
∣∣∣ is bounded on A

wGn
e for some

given δn > 0.

Although Conjecture 3.3.8 is a part of Conjecture 3.3.7, we will see that Conjecture

3.3.8 is exactly equivalent to Conjecture 3.3.7.

Theorem 3.3.9. Suppose that Conjecture 3.3.8 holds for general n, then Conjecture

3.3.7 is true in general.

Proof. It is sufficient to prove the following result:

If
∣∣∣KwGn

e ∆
1
2
−δn
∣∣∣ is bounded on A

wGn
e for some given δn > 0, then

∣∣∣Kwi
e ∆

1
2
−δ
∣∣∣ (i =

1, 2, · · · , 2n − 3, 2n − 2) is bounded on Awie for some given δ > 0.

From the discussion of Section 2 in [JY99], the system of (relative) Shalika germs

is inductive. More precisely, if w′ 6= wGn , then for every a in Aw
′

e , we can write a =

diag(a1, a2, · · · , as) with ai ∈ A
w′i
e . Therefore, we have Aw

′
e =

∏
A
w′i
ei and the equation

of the (relative) Shalika germs is as follows: Kw′
e (a) =

∏
K
w′i
ei (ai). Now we pick δ :=

1
2 · min{δ2, δ3, · · · , δn}. Hence by the equation Kw′

e (a) =
∏
K
w′i
ei (ai) and ∆

1
2
−δ(a) =∏

∆
1
2
−δ(ai), we prove the reduction.

Remark 3.3.10. We give a remark for the above theorem in GL(4) case. Since wi 6=
wG4 (i = 1, 2, 3, 4, 5, 6), we can reduce the calculation of the (relative) Shalika germs

Kwi
e to the GL(3) or GL(2) case. Explicitly, we can reduce the (relative) Shalika germs

Kw1
e and Kw3

e to GL(3) (relative) Shalika germs. The (relative) Shalika germs Kwi
e

(i = 4, 5, 6) can be reduced to GL(2) (relative) Shalika germs. Finally, the (relative)

Shalika germ Kw2
e can be reduced to the product of two GL(2) (relative) Shalika germs.

In conclusion, we can reduce these GL(4) (relative) Shalika germs to lower rank cases.

Therefore by the results in [Ba04] [JY96] [JY99], we can prove the first part of above

Conjecture 3.3.7 by setting δ = 1
8 .

The proof of above Conjecture 3.3.8 is the key ingredient of the proof of local in-

tegrability of Bessel functions. We will prove above Conjecture 3.3.8 in the following

Chapter 5 and 6 by using G. Stevens’ idea to estimate the corresponding Kloosterman

integral (sum). In order to estimate the Kloosterman integral, we need to give a fine

stratification of Kloosterman sets and use the Weil bound to prove a nontrivial bound

for the Kloosterman sum attached to the longest Weyl element wGn .
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3.4 Reduction Step 4: An explicit formula for K
wGn
e

By [JY99, Section 2], we give the explicit formula for K
wGn
e . The relation between

K
wGn
e and local Kloosterman sums for Gn is given in the next section.

For the p-adic local field F , let OF be the ring of integers and pOF be the (unique)

maximal ideal. Let q be the cardinality of the residue field OF /pOF . Let Km′ be the

principal congruence subgroup of maximal compact open subgroup of K, i.e. we have

Km′ = In +Mn×n(pm
′OF ),

where Mn×n is the n-by-n matrix. We fix the positive integer m′. Here m′ should be

chosen large enough such that a = 1 when an = 1 and a ∈ 1 + pm
′OF . Moreover,

without loss of generality, we can further assume that m′ >> n.

For α = diag(a1, a2, · · · , an) where
∏n
i=1 ai = (−1)

(n+1)(n+2)
2

+1 and |a1| ≤ q−k, |a1a2| ≤
q−k, · · · , · · · , |a1a2 · · · ai| ≤ q−k, · · · , · · · , |a1a2 · · · an−1| ≤ q−k for some large enough

positive integer k (k >> m′), we have

K
wGn
e (α) = I(α,Φ) =

∫
N×N

Φ(nt1αn2)ψ−1(n1n2)dn1dn2.

The measure here is the standard Haar measure such that the volume of the maximal

compact subgroup GLn(OF ) and the subgroup N ∩GLn(OF ) = N(OF ) both equal to

one. Moreover, we have Φ(x) = q
n(n−1)

2
m′ ·1wGnKm′ , where 1wGnKm′ is the characteristic

function of the compact subset wGnKm′ . It is easy to see that Φ ∈ C∞c (Gn).



Chapter 4

Summary of Stevens’ Results

We continue our reduction steps in Chapter 3 for the proof of Theorem 1.2.6.

4.1 Definition of GL(n) Kloosterman sums

We will mainly use the method in [Ste87] to estimate the Kloosterman integrals for

GL(n). In this section, we will briefly review the paper [Ste87].

The classical (GL(2)) Kloosterman sum is given by

S(m,n; c) =
∑

d,d̄ mod c

e

(
md+ nd̄

c

)

where dd̄ ≡ 1 (mod c) and e(x) = e2πix, which arises when one computes the Fourier

expansion of the GL(2) Poincaré series.

Now we define the GL(n) Kloosterman sums. We first recall some notations which

are given in above Section 3. Let F be a non-archimedean local field. From this section

to the end of our paper, we will further assume that F = Qp where p is a prime number.

Let Zp be the ring of integers and pZp be the (unique) maximal ideal. Let p be the

cardinality of the residue field Zp/pZp. Let Km′ be the principal congruence subgroup

of maximal compact open subgroup of K = GLn(Zp).
We let ψp be a nontrivial additive character from N(Qp) to C× which is trivial on

N(pmZp). Here m is a fixed large enough positive integer with m > 2m′ >> n. The

54
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character ψp has the following form:

ψp





1 x1 · · · ∗ ∗
0 1 x2 · · · ∗
· · · · · · · · · · · · · · ·
0 0 · · · 1 xn−1

0 0 · · · 0 1




= ξ

(
n−1∑
i=1

νixi

)
,

where ξ is the standard nontrivial additive character of Qp as in [Ste87, Section 1] and

ν1, ν2, · · · , νn−1 ∈ p−mZp − {0}. We also assume that νi = νn−i for all 1 ≤ i ≤ n − 1.

Since the positive integer m is large enough, without loss of generality, we can further

assume that p−m ≤ |νi| ≤ pm for all 1 ≤ i ≤ n− 1. Similarly, we can define an additive

character from from N(Qp) to C× which is trivial on N(pmZp) if we are given the

parameters ν ′1, ν
′
2, ν
′
3, · · · , ν ′n−1 ∈ p−mZp−{0} with p−m ≤ |ν ′i| ≤ pm for all 1 ≤ i′ ≤ n−1.

The definition is as follows:

ψ′p





1 x1 · · · ∗ ∗
0 1 x2 · · · ∗
· · · · · · · · · · · · · · ·
0 0 · · · 1 xn−1

0 0 · · · 0 1




= ξ

(
n−1∑
i=1

ν ′ixi

)
.

We set c = diag(a1, a2, · · · , an) ∈ T . Now following [Ste87, Section 2], we define

C(wGnc) := N(Qp)wGncN(Qp) ∩Km,

and

X(wGnc) := N(pmZp)\C(wGnc)/N(pmZp).

By the Bruhat decomposition we have natural maps

u : X(wGnc)→ N(pmZp)\N(Qp), u′ : X(wGnc)→ N(Qp)/N(pmZp).

defined by the relation x = u(x)wGncu
′(x) for x ∈ X(wGnc).

Now the local Kloosterman sum for GLn(Qp) is defined as follows:

Klp(ψp, ψ
′
p; c, wGn) :=

∑
x∈X(wGnc)

ψp(u(x)) · ψ′p(u′(x)).
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Remark 4.1.1. Using the notation in Chapter 3. If we further assume that ψp = ψ′p,

in this special case we have the following equation:

Klp(ψ
−1
p , ψ′−1

p ; c, wGn) = pn(n−1)m · J1Km ,ψp
(wGnc) = pn(n−1)m · I1wGnKm

,ψp(c).

By Section 3.4, we have the explicit formula as follows:

K
wGn
e,ψp

(c) = p
n(n−1)

2
m · I1wGnKm

,ψp(c).

Hence we see that

K
wGn
e,ψp

(c) = p−
n(n−1)

2
m ·Klp(ψ−1

p , ψ′−1
p ; c, wGn).

So the local Kloosterman sum is exact a special case of the orbital (Kloosterman) in-

tegral when the test function is the multiplication of the characteristic function for the

congruence subgroup Km and a positive constant pn(n−1)m. Now in order to prove the

non-trivial bound for the relative Shalika germs and orbital integrals, it suffices to give

a non-trivial bound for the local Kloosterman sum.

4.2 Decomposition of GL(n) Kloosterman sums

We need an orbit decomposition of X(τ) where τ = wGnc. Let t′ ∈ T (1 + pmZp) and

set s := τ−1t′τ ∈ T (1 + pmZp). If γ ∈ C(τ), we can write γ = u · τ · u′ with u ∈ N(Qp)

and u′ ∈ N(Qp). We also have

t′γs−1 = (t′ut′−1) · τ · (su′s−1) ∈ N(Qp)τN(Qp) ∩Km = C(τ).

Since conjugation by t and s preserves N(pmZp), we know that the map

T (1 + pmZp)× C(τ)→ C(τ), (t, γ)→ tγs−1

descends to an action of T (1 + pmZp) on X(τ) as follows

T (1 + pmZp)×X(τ)→ X(τ), t, x→ t ∗ x.

For characters ψp, the decomposition of X(τ) into T (1 + pmZp)-orbits leads to the

following decomposition of the Kloosterman sums:

Klp(ψp, ψ
′
p; c, wGn) :=

∑
x∈T (1+pmZp)\X(τ)

∑
T (1+pmZp)∗x

ψp(u(x)) · ψ′p(u′(x)).
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Here T (1 + pmZp)\X(τ) is a set of representations x ∈ X(τ) for the T (1 + pmZp)-orbits

and T (1 + pmZp) ∗ x is the orbit through x.

Now we want to write down the above formula explicitly. We need the following

notations.

The roots of the standard torus T in GL(n) are the characters λij : T → GL(1)

given by

λij





t1

t2

· · ·
tn−1

tn




= tit

−1
j , 1 ≤ i, j ≤ n, i 6= j. (4.1)

For w ∈WGn , we recall that w(j), j ∈ {1, 2, 3, · · · , n} is given by the formula

w · ej = ew(j),

where e1, e2, e3, · · · , en is the standard basis of column vectors. Let ∆ = {λi,i+1 : 1 ≤
i ≤ n− 1} be the root basis associated to the standard unipotent subgroup U . Let

∆w := {λi,i+1 : w(i+ 1) < w(i)}. (4.2)

We write

u(x) =



1 u1 ∗ · · · ∗
1 u2 · · · ∗
· · · · · · · · ·

1 un−1

1


, u′(x) =



1 u′1 ∗ · · · ∗
1 u′2 · · · ∗
· · · · · · · · ·

1 u′n−1

1


.

For 1 ≤ i ≤ n− 1 we define κi : X(wGnc)→ Qp/p
mZp, and if also w(i+ 1) < w(i) then

we define κ′i : X(wGnc)→ Qp/p
mZp by

κi(x) = ui, κ′i(x) = u′i. (4.3)

For t ∈ T (1 + pmZp) we then have

κi(t ∗ x) = λi,i+1κi(x), κ′i(t ∗ x) = λw(i),w(i+1)κ
′
i(x). (4.4)
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Since

u′(t ∗ x) = s · u′(x) · s−1

for t ∈ T (1 +pmZp) and s = τ−1tτ ∈ T (1 +pmZp), we see that the orbits in X(wGnc) =

X(τ) correspond to T (1 + pmZp)-conjugacy classes in N(Qp)/N(pmZp).
The following definition is an analogy of Definition 4.9 in [Ste87].

Definition 4.2.1. [Ste87, Definition 4.9]

(a) For ` > 0 and w ∈W , we let

Aw(`) := (Z/p`+mZ)∆ × (Z/p`+mZ)∆w

=
n−1∏
i=1

(Z/p`+mZ)×
n−1∏
i=1

w(i+1)<w(i)

(Z/p`+mZ).

A typical element of AwGn (`) will be denoted by

λ× λ′ = (λi)i=1,2,3,··· ,n−1 × (λ′i) i=1,2,3,··· ,n−1
w(i+1)<w(i)

.

If w = wGn which is the longest Weyl element, we will simply have AwGn (`) =

(Z/p`+mZ)2(n−1).

(b) Let

Vw(`) :=
{
λ× λ′ ∈ Aw(`) : λi ∈ (Z/p`+mZ)×,

λi ≡ 1 mod pm and λ′i ·
∏

w(i+1)≤j<w(i)

λj = 1
}
.

If w = wGn which is the longest Weyl element, we will simply have

VwGn (`) :=
{
λ× λ′ ∈ AwGn (`) : λi ∈ (Z/p`+mZ)×,

λi ≡ 1 mod pm and λ′i × λn−i = 1
}
.

(c) For a character θ : Aw(`)→ C×, we define

Sw(θ; `) :=
∑

v∈Vw(`)

θ(v).
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We fix

c̃ =



pa1u1

pa2−a1u2

· · ·
pan−1−an−2un−1

p−an−1un


, (4.5)

where ui ∈ Z×p for i = 1, 2, 3, · · · , n and u1u2u3 · · ·un = (−1)
(n+1)(n+2)

2
+1. Moreover, ai

(i = 1, 2, · · · , n− 1) are positive integers which are larger than m.

The following lemma is an analogy of Theorem 4.10 in [Ste87].

Lemma 4.2.2. [Ste87, Theorem 4.10]

Let ` be large enough so that the matrix entries of u(x), u′(x) lie in p−`Zp/pmZp for

every x ∈ X(wGnc) (For example, we can simply pick ` := max{a1, a2, · · · , an−1}.). Let

κi(x), κ′i(x) be as in (4.3) and define the character θx : AwGn (`)→ C× by

θx(λ× λ′) =
n−1∏
i=1

ξ(λiνiκi(x)) ·
n−1∏
i=1

w(i+1)<w(i)

ξ(λ′iν
′
iκ
′
i(x)).

Let N(x) denote the number of elements in the orbit through an element x ∈ X(wGn c̃).

Then

Klp(ψp, ψ
′
p; c̃, wGn) = |VwGn (`)|−1 ·

∑
x∈T (1+pmZp)\X(wGnc)

N(x)SwGn (θx; `).

Here |VwGn (`)| is the cardinality of the set VwGn (`).

Proof. The proof is the same as Theorem 4.10 in [Ste87]. We can rewrite the Klooster-

man sum as follows:

Klp(ψp, ψ
′
p; c, w) =

∑
x∈T (1+pmZp)\X(τ)

∑
y∈T (1+pmZp)∗x

ψp(u(y)) · ψ′p(u′(y))

=
∑

x∈T (1+pmZp)\X(τ)

∑
y∈T (1+pmZp)∗x

n−1∏
i=1

ξ(νiκi(y)) ·
n−1∏
i=1

w(i+1)<w(i)

ξ(ν ′iκ
′
i(y)).

We note that for every pair (λ, λ′) ∈ Vw(`), we can find t ∈ T (1 + pmZp) such that

κi(t ∗ x) = λiκi(x) and κ′j(t ∗ x) = λ′iκ
′
j(x) for x ∈ X(τ), where 1 ≤ i, j ≤ n and
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w(j + 1) < w(j). Hence we have the following equation:

∑
y∈T (1+pmZp)∗x

n−1∏
i=1

ξ(νiκi(y)) ·
n−1∏
i=1

w(i+1)<w(i)

ξ(ν ′iκ
′
i(y))

=
∑

y∈T (1+pmZp)∗x

n−1∏
i=1

ξ(νiκi(t ∗ y)) ·
n−1∏
i=1

w(i+1)<w(i)

ξ(ν ′iκ
′
i(t ∗ y))

=
∑

y∈T (1+pmZp)∗x

n−1∏
i=1

ξ(λiνiκi(y)) ·
n−1∏
i=1

w(i+1)<w(i)

ξ(λ′iν
′
iκ
′
i(y)).

Now we take the summation over the finite set Vw(`). We have

|Vw(`)| ×Klp(ψp, ψ′p; c, w)

=
∑

x∈T (1+pmZp)\X(τ)

∑
y∈T (1+pmZp)∗x

∑
λ×λ′∈Vw(`)

n−1∏
i=1

ξ(λiνiκi(y)) ·
n−1∏
i=1

w(i+1)<w(i)

ξ(λ′iν
′
iκ
′
i(y))

=
∑

x∈T (1+pmZp)\X(τ)

N(x) ·
∑

λ×λ′∈Vw(`)

n−1∏
i=1

ξ(λiνiκi(y)) ·
n−1∏
i=1

w(i+1)<w(i)

ξ(λ′iν
′
iκ
′
i(y))

=
∑

x∈T (1+pmZp)\X(τ)

N(x) ·
∑

λ×λ′∈Vw(`)

n−1∏
i=1

ξ(λiνiκi(x)) ·
n−1∏
i=1

w(i+1)<w(i)

ξ(λ′iν
′
iκ
′
i(x))

=
∑

x∈T (1+pmZp)\X(τ)

N(x) · Sw(θx; `).

We divide both sides by the cardinality |Vw(`)| to prove the statement.



61

In summary, we have the following equation:

Klp(ψp, ψ
′
p; c, w) =

∑
x∈T (1+pmZp)\X(τ)

∑
y∈T (1+pmZp)∗x

ψp(u(y)) · ψ′p(u′(y))

=
∑

x∈T (1+pmZp)\X(τ)

∑
y∈T (1+pmZp)∗x

n−1∏
i=1

ξ(νiκi(y))
n−1∏
i=1

w(i+1)<w(i)

ξ(ν ′iκ
′
i(y))

=|Vw(`)|−1 ·
∑

x∈T (1+pmZp)\X(τ)

∑
y∈T (1+pmZp)∗x

∑
λ×λ′∈Vw(`)

n−1∏
i=1

ξ(λiνiκi(y))
n−1∏
i=1

w(i+1)<w(i)

ξ(λ′iν
′
iκ
′
i(y))

=|Vw(`)|−1 ·
∑

x∈T (1+pmZp)\X(τ)

∑
y∈T (1+pmZp)∗x

∑
λ×λ′∈Vw(`)

n−1∏
i=1

ξ(λiνiκi(x))
n−1∏
i=1

w(i+1)<w(i)

ξ(λ′iν
′
iκ
′
i(x))

=|Vw(`)|−1 ·
∑

x∈T (1+pmZp)\X(τ)

N(x)
∑

λ×λ′∈Vw(`)

n−1∏
i=1

ξ(λiνiκi(x))
n−1∏
i=1

w(i+1)<w(i)

ξ(λ′iν
′
iκ
′
i(x))

=|Vw(`)|−1 ·
∑

x∈T (1+pmZp)\X(wc)

N(x)
∑

λ×λ′∈Vw(`)

n−1∏
i=1

ξ(λiνiκi(x))
n−1∏
i=1

w(i+1)<w(i)

ξ(λ′iν
′
iκ
′
i(x))

=|Vw(`)|−1 ×
∑

x∈T (1+pmZp)\X(wc)

N(x)Sw(θx; `).

Remark 4.2.3. In the above Lemma 4.2.2, we have

SwGn (θx; `) =

n−1∏
i=1

S2(p`νiκi(x), p`ν ′n−iκ
′
n−i(x); p`),

where

S2(ν, ν ′; p`) :=
∑

λ,λ′∈(Z/p`+mZ),
λ≡1 mod pm, λ·λ′=1

ξ

(
νλ+ ν ′λ′

p`

)

is the (restricted) GL(2) Kloosterman sum. Here we can write ν = p−mν̃ and ν ′ =

p−mν̃ ′, where ν̃, ν̃ ′ ∈ Zp − {0}.

Remark 4.2.4. One may find the GL(2) Kloosterman sums we get above is a little bit

different from the classical GL(2) Kloosterman sums which we defined at the beginning

of the section. The GL(2) Kloosterman sums here have more restrictions. Note that by
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the orthogonality of multiplicative characters, such kind of restricted GL(2) Kloosterman

sums are closely related to so called twisted GL(2) Kloosterman sums. We have the

following identity:

S2(ν, ν ′; p`) :=
∑

λ,λ′∈(Z/p`+mZ),
λ≡1 mod pm, λ·λ′=1

ξ

(
νλ+ ν ′λ′

p`

)

=
∑

λ,λ′∈(Z/p`+mZ),λ·λ′=1

1

φ(pm)
×

∑
χ mod pm

ξ

(
νλ+ ν ′λ′

p`

)
χ(λ)

=
1

φ(pm)
×

∑
χ mod pm

∑
λ,λ′∈(Z/p`+mZ),λ·λ′=1

ξ

(
νλ+ ν ′λ′

p`

)
χ(λ)

=
1

pm−1(p− 1)
×

∑
χ mod pm

∑
λ,λ′∈(Z/p`+mZ),λ·λ′=1

ξ

(
νλ+ ν ′λ′

p`

)
χ(λ).

(4.6)

Therefore, by [KL13, Section 9] (Weil bounds for twisted GL(2) Kloosterman sums), we

can still have an analogy of Weil bounds for this kind of restricted Kloosterman sum,

which is enough for us to get the non-trivial bound of higher rank Kloosterman sums.

More precisely, we have the refined Weil bound as follows:

|S2(ν, ν ′; p`)| ≤ (`+m+ 1) · Cm · (gcd(|pmν|−1
p , |pmν ′|−1

p , p`+m))1/2p(`+m)/2,

where pmν, pmν ′ ∈ Zp − {0}. Here Cm is a positive explicit constant only depends on

p,m and is independent on the value of `. For example, we can pick Cm = pm/2 in our

case. In the calculation of Section 5 and Appendix, we will see that the constant Cm is

not sensitive.



Chapter 5

Estimation of Kloosterman sums

on GL(n)

In this chapter, we follow Stevens’ approach [Ste87] to bound the GL(n) Kloosterman

sums introduced in the previous Chapter 4.

For w ∈WGn , we define w(j), j ∈ {1, 2, 3, · · · , n} by the formula

w · ej = ±ew(j),

where e1, e2, e3, · · · , en is the standard basis of column vectors.

Let ν1, ν2, ν3, · · · , νn−1, ν
′
1, ν
′
2, µ
′
3, · · · , ν ′n−1 ∈ p−mZp − {0}. Moreover, we further

assume that p−m ≤ |νi| ≤ pm and p−m ≤ |ν ′i| ≤ pm for all 1 ≤ i, i′ ≤ n − 1. We recall

that the non-degenerated character ψp of N(Qp) which is trivial on N(pmZp) is given

by

ψp





1 u1 ∗ · · · ∗
1 u2 · · · ∗
· · · · · · · · ·

1 un−1

1




= ξ(ν1u1 + ν2u2 + ν3u3 + · · ·+ νn−1un−1). (5.1)

The definition of additive character ψ′p is given in a similar way.

We fix

c = diag(pa1v1, p
a2−a1v2, · · · , pan−1−an−2vn−1, p

−an−1vn). (5.2)

63
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In other word, we can write

c =



pa1v1

pa2−a1v2

· · ·
pan−1−an−2vn−1

p−an−1vn


, (5.3)

where vi ∈ Z×p for i = 1, 2, 3, · · · , n and v1v2v3 · · · vn = (−1)
(n+1)(n+2)

2
+1. Here a1, a2, a3,

· · · , an are all nonnegative integers. Moreover, we have a1, a2, a3, · · · , an ≥ m, where m

is a fixed positive integer.

We will use the same notation as in Stevens [Ste87, Section 4]. And we need Defi-

nition 4.2.1 and Lemma 4.2.2 in above Chapter 4.

Theorem 5.0.1. Let Klp(ψp, ψ
′
p; c, wGn) be the local Kloosterman sum attached to the

long element wGn. Let ψ be as in (5.1), ` = max(a1, a2, · · · , an−1), % = max(an−1, a1),

σ = min(an−1, a1), and

Cn := 2n
2−1 · p2(n+3)(n−1)m ·

n−1∏
j=1

(|νjν ′n−jp2m|−1
p , p`+m)1/2


×(`+ (n− 1)m+ 1)(n2−1) · ((n− 1)`+ n)

n3

2 .

Then

|Klp(ψp, ψ′p; c, wGn)| ≤ Cn min(pσ+a2+···+%/2+
n(n−1)

2
m, p`/2+2σ+(n−3)%+a2+···+an−2−`+n(n−1)

2
m).

(5.4)

In particular, we have |Klp(ψp, ψ′p; c, wGn)| ≤ Cnp
(1− 1

4n2−18n+22
)·(a1+a2+a3+···+an−1)+

n(n−1)
2

m
.

We first recall Lemma 5.2 of [Ste87].

Lemma 5.0.2. [Ste87, Lemma 5.2] Let r ≥ 1 and for each k = 1, 2, · · · , r let Ik =

{r − k + 1, · · · , r} be the final k-element subset of {1, · · · , r}. Let g, g′ ∈ GLr(Qp).

Then g′ ∈ N(Qp)g if and only if for each k = 1, · · · , r and every k-element subset

I ⊆ {1, · · · , r} we have gIk,I = g′Ik,I . In other word, this last equality asserts that the

bottom row of k × k subdeterminants of g agrees with that for g′.
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Note that from the definition of the set X(wGnc), we can assume that the element

1 x12 x13 · · · x1n

1 x23 · · · x2n

· · · · · · · · ·
1 xn−1,n

1


∈ N(Qp)/N(pmQp).

So we can let xij = p−bijcij , for 1 ≤ i < j ≤ n, where bij are all integers and they

satisfy bij ≥ −m. We also have cij ∈ Z×p for all 1 ≤ i < j ≤ n.

Since X(wGnc) ∈ Km, we have to put some conditions on bij and cij . Thanks to

the Lemma 5.2 in [Ste87], we can have the conditions of bij and cij explicitly. The

conditions are restrictions of the subdeterminants of the unipotent radical subgroups.

For example, we have −m ≤ bij ≤ ai for all 1 ≤ i ≤ n − 1. In particular, we have

b1,n = a1.

Conversely, if we are given integers bij (1 ≤ i < j ≤ n) with bij ≥ −m and cij ∈ Z×p
satisfying all the conditions in Lemma 5.2 of [Ste87],then there exists an elememt x

cij
bij
∈

X(wGnc) for which

u′(x
cij
bij

) =



1 p−b1,2c1,2 p−b1,3c1,3 · · · p−a1c1,n

1 p−b2,3c2,3 · · · p−b2,nc2,n

· · · · · · · · ·
1 p−bn−1,ncn−1,n

1


(mod N(pmZp)). (5.5)

Now let ψp be the nontrivial character of N(Qp) which is trivial on N(pmZp), i.e.

the nontrivial character of N(Qp)/N(pmZp) which is defined in the previous section.

For bij , and cij satisfying the Propeties given in Lemma 5.2 in [Ste87], we define

X
cij
bij

(wGnc) := T (1 + pmZp) ∗ x
cij
bij

be the orbit through x
cij
bij

, and we also define

S
cij
bij

(ψp, ψ
′
p; c, wGn) :=

∑
x∈X

cij
bij

(wGnc)

ψp(u(x))ψ′p(u
′(x))
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be the Kloosterman sum restricted to the given orbit. Now for fixed bij , cij which satisfy

the previous Properties given in Lemma 5.2 of [Ste87], we let

Xbi,i+1,ci,i+1
(wGnc) :=

⋃
bij ,cij ,j−i≥2

X
cij
bij

(wGnc),

where bij run over all integers bigger than −m, and cij run over all the elements of Z×p
satisfying previous properties for j − i ≥ 2. Let

Sbi,i+1,ci,i+1
(ψp, ψ

′
p; c, wGn) :=

∑
x∈Xbi,i+1,ci,i+1

(wGnc)

ψp(u(x))ψ′p(u
′(x)).

Lemma 5.0.3. We have X(wGnc) =
∐
bi,i+1,ci,i+1

Xbi,i+1,ci,i+1
(wGnc), where bi,i+1 run

over all integers bigger than −m and smaller than `, and ci,i+1 run over all the elements

in the finite coset of Z×p /(1 + pmZp) satisfying previous properties in Lemma 5.2 of

[Ste87].

Proof. The proof is the same as Lemma 5.2 and 5.7 in [Ste87]. Note that Km =

N(pmZp) · (B− ∩Km) ·N(pmZp) is true for Gn = GLn(Qp), where B− is the opposite

Borel subgroup. Therefore, the matrix u(x) is uniquely determined by the matrix u′(x).

Lemma 5.0.4. Let ` = max(a1, a2, · · · , an−1), and bi,i+1+m ≤ ai (for all 1 ≤ i ≤ n−1)

be integers which are bigger than −m. Then

|Sbi,i+1,ci,i+1
(ψp, ψ

′
p; c, wGn)|

≤ 2n−1 · p2(n−1)m · (|ν1ν
′
n−1p

2m|−1
p , p`+m)1/2(|ν2ν

′
n−2p

2m|−1
p , p`+m)1/2 · · ·

× (|νn−1ν
′
1p

2m|−1
p , p`+m)1/2 · (`+m+ 1)n−1 · p−

b12+b23+···+bn−1,n
2 ·#(Xbi,i+1,ci,i+1

(wGnc)).

Proof. The involution map ι : g → gι := wGn · (gt)−1 · wGn sends Xbij ,cij (wGnc) to

Xbij ,cij ((wGnc)
ι). Composing ψp with ι has the effect of replacing (ν1, ν2, ν3, · · · , νn−1)

by (−νn−1,−νn−2, · · · ,−ν1) and (ν ′1, ν
′
2, ν
′
3, · · · , ν ′n−1) by (−ν ′n−1,−ν ′n−2, · · · ,−ν ′1). For

g0 = u1wGncu2 ∈ X(wGnc), we have gι0 ∈ X((wGnc)
ι) = X(wGn(wGnc

−1wGn)) ⊆ Km

by definition. Hence, applying ι to the element wGnc reverses the roles of an−1 and a1.

Thus we may assume that an−1 ≥ a1 without loss of generality.

Recall that ` = max(a1, a2, · · · , an−1) = max(a2, · · · , an−1). Then Properties in

Lemma 5.2 of [Ste87] imply that the matrix entries of u(x) and u′(x) lie in p−`Zp/pmZp
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for every x ∈ X(wGnc). Indeed, by Lemma 5.0.3, it is enough to verify this for x =

x
cij
bij

(wGnc). By definition, it is easy to verify that the matrix entries of u′(x) lies in

p−`Zp/pmZp. Moreover, for Gn = GLn(Qp), we have the following decomposition

Km = N(pmZp) · (B− ∩Km) ·N(pmZp),

where B− is the opposite Borel subgroup. Hnece the matrix u(x) is uniquely determined

by the matrix u′(x). By the uniqueness of the Bruhat decomposition, Proposition

3.1 and Lemma 3.4 in [KN22], we see that the matrix entrices of u(x) also lies in

p−`Zp/pmZp.

Now let S be a finite subset of Z
(n−1)(n−2)

2
−1

≥−m ×(Z×p )
(n−1)(n−2)

2 such thatXbi,i+1,ci,i+1
(wGnc)

is the disjoint union of the X
cij
bij

(wGnc) with (bij , cij , j − i ≥ 2) ∈ S. Then as in Lemma

4.2.2 we have

Sbi,i+1,ci,i+1
(ψp, ψ

′
p; c, wGn) < p−(n−1)`(1− p−1)−(n−1)·

·
∑

(bij ,cij ,j−i≥2)∈S

#(X
cij
bij

(cwGn))SwGn (θ
cij
bij

; `), (5.6)

where SwGn is defined in Definition 4.2.1, and θ
cij
bij

: AwG(`) → C× is the character

defined in the previous section by

θ
cij
bij

(λ× λ′) = e(ν1u1λ1 + ν2u2λ2 + · · ·+ νn−1un−1λn−1

+ ν ′1p
−b12c12λ

′
1 + ν ′2p

−b23c23λ
′
2 + · · ·+ ν ′n−1p

−bn−1,ncn−1,nλ
′
n−1).

By Remark 4.2.3 (See also Example 4.12 in Stevens [Ste87]), we have

SwGn (θ
cij
bij

; `) = S2(ν1u1p
`, ν ′n−1cn−1,np

`−bn−1,n ; p`)

· S2(ν2u2p
`, ν ′n−2cn−2,n−1p

`−bn−2,n−1 ; p`) · · ·

· S2(νn−1un−1p
`, ν ′1c12p

`−b12 ; p`),

(5.7)

where S2 is the restricted GL(2)-Kloosterman sum defined in Remark 4.2.3. By refined

Weil’s bound established in Remark 4.2.4, we have the inequality

|S2(ν, ν ′; p`)| ≤ (`+m+ 1)pm/2(gcd(|pmν|−1
p , |pmν ′|−1

p , p`+m))1/2p(`+m)/2, (5.8)

for ν, ν ′ ∈ p−mZp − {0} (See also Section 9 in [KL13]).
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In order to apply the refined Weil’s bound, we note that

gcd(|νn−1un−1p
`+m|−1

p , |ν ′1p`+m−b12 |−1
p , p`+m) ≤ gcd(|νn−1ν

′
1p

2m|−1
p , p`+m)p`+m−b12 ,

gcd(|νn−2un−2p
`+m|−1

p , |ν ′2p`+m−b23 |−1
p , p`+m) ≤ gcd(|νn−2ν

′
2p

2m|−1
p , p`+m)p`+m−b23 ,

· · · · · ·

gcd(|ν1u1p
`+m|−1

p , |ν ′n−1p
`+m−bn−1,n |−1

p , p`+m) ≤ gcd(|ν1ν
′
n−1p

2m|−1
p , p`+m)p`+m−bn−1,n .

since gcd(a, b) ≤ min(a, b). Hence we have

|SwGn (θ
cij
bij

; `)| ≤ (`+m+ 1)n−1p2(n−1)m ·

n−1∏
j=1

(|νjν ′n−jp2m|−1
p , p`+m)1/2


· p(n−1)`−

b12+b23+···+bn−1,n
2 .

This inequality, together with (5.6), gives

|Sbi,i+1,ci,i+1
(ψp, ψ

′
p; c, wGn)|

≤ (`+m+ 1)n−1 ·

n−1∏
j=1

(|νjν ′n−jp2m|−1
p , p`+m)1/2

 · p2(n−1)m− 1
2

∑n−1
j=1 bj,j+1

· (1− p−1)−(n−1) ·
∑

(bij ,cij ,j−i≥2)∈S

#(X
cij
bij

(wGnc)).

(5.9)

The sum appearing on the right hand side is equal to #(Xbi,i+1,ci,i+1
(wGnc)). Since p ≥ 2

we have (1− p−1)−(n−1) ≤ 2n−1, by (5.9). This completes the proof of the lemma.

Proof of Theorem 5.0.1. By the involution map ι, we can assume that an−1 ≥ a1 with-

out loss of generality. Let

C = 2n
2−1 · p2(n+3)(n−1)m ·

n−1∏
j=1

(|νjν ′n−jp2m|−1
p , p`+m)1/2


× (`+ (n− 1)m+ 1)(n2−n) · ((n− 1)`+ n)

n3

2 .

We define

Xbi,i+1
(wGnc) :=

∐
ci,i+1

Xbi,i+1,ci,i+1
(wGnc)

and

Sbi,i+1
(ψp, ψ

′
p; c, wGn) :=

∐
ci,i+1

Sbi,i+1,ci,i+1
(ψp, ψ

′
p; c, wGn).
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At first, we deal with the case an−1 = max(a1, a2, · · · , an−1).

If b12 + b23 + · · · + bn−1,n > an−1, we have p−
b12+b23+···+bn−1,n

2 < p−
an−1

2 . Recall

Theorem 3.2.1 and the proof of Theorem 3.2.2, we know that

X(wGnc) ≤ pn(n−1)m ×Of0(c)

≤ pn(n−1)m × pa1+a2+···+an−1 × |κ(m)|

≤ pn(n−1)m × pa1+a2+···+an−1 × (a1 + a2 + · · ·+ an−1 + n)
n3

2

≤ pn(n−1)m × pa1+a2+···+an−1 × ((n− 1)`+ n)
n3

2 .

Hence by Lemma 5.0.4, we have

|Sbi,i+1
(ψp, ψ

′
p; c, wGn)| ≤ C × pa1+a2+···+an−2+

an−1
2

+
n(n−1)

2
m.

Applying the above Lemma 5.0.3, we have

|Klp(ψp, ψ′p; c, wGn)| ≤ Cn × pa1+a2+···+an−2+
an−1

2
+
n(n−1)

2
m.

Hence we prove the Theorem 5.0.1 for the case b12 + b23 + · · ·+ bn−1,n > an−1.

Now we assume that b12 + b23 + · · ·+ bn−1,n ≤ an−1.

If
b13 + b24 + · · ·+ bn−2,n ≤ an−2;

b14 + b25 + · · ·+ bn−3,n ≤ an−3;

· · · · · · · · ·

b1,k + b2,k+1 + · · ·+ bn−k+1,n ≤ an−k+1;

· · · · · · · · ·

b1,n−1 + b2,n ≤ a2;

(5.10)

then we have #(bij) ≤ (` + m + 1)
(n−2)(n−1)

2 and #(cij) ≤ p
∑

1≤i<j≤n bij+
(n−2)(n−1)

2
m

for j − i ≥ 2. Therefore, we obtain that

#(Xbi,i+1
(wGnc) ≤ (`+m+ 1)

(n−2)(n−1)
2 · p

∑
1≤i<j≤n bij+

n(n−1)
2

m

≤ (`+m+ 1)
(n−2)(n−1)

2 · pa1+a2+···+an−2+(b12+b23+···+bn−1,n)+
n(n−1)

2
m.

Hence by Lemma 5.0.4, we have

|Sbi,i+1
(ψp, ψ

′
p; c, wGn)| ≤ C · pa1+a2+···+an−2+

an−1
2

+
n(n−1)

2
m.
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Applying the above Lemma 5.0.3, we have

|Klp(ψp, ψ′p; c, wGn)| ≤ Cn · pa1+a2+···+an−2+
an−1

2
+
n(n−1)

2
m.

If there exists k (2 ≤ k ≤ n − 1) such that b1,k + b2,k+1 + · · · + bn−k+1,n > an−k+1,

we will show that

n−k+1∏
i=1

#(ci,i+k−1) ≤ 2k−1 · (`+ (n− 1)m+ 1)k · pan−k+1+(n−k+1)m.

We will consider the following n− 1 submatrices:

M1 := (p−b1,nc1,n);

M2 :=

(
p−b1,n−1c1,n−1 p−b1,nc1,n

p−b2,n−1c2,n−1 p−b2,nc2,n

)
;

M3 :=


p−b1,n−2c1,n−2 p−b1,n−1c1,n−1 p−b1,nc1,n

p−b2,n−2c2,n−2 p−b2,n−1c2,n−1 p−b2,nc2,n

p−b3,n−2c3,n−2 p−b3,n−1c3,n−1 p−b3,nc3,n

 ;

· · · · · · ;

Mn−1 :=



p−b12c12 p−b13c13 · · · · · · p−a1c1,n

1 p−b23c23 · · · · · · p−b2,nc2,n

0 1 p−b34c34 · · · p−b3,nc3,n

· · · · · · · · · · · · · · ·
0 0 · · · 1 p−bn−1,ncn−1,n


,

where bi,i = 0, ci,i = 1 and ci,j = 0 if i > j.

Applying Lemma 5.2 in [Ste87] to the submatrix M1,M2, · · · ,Mn−1, we see that

pa1 |M1| ∈ 1 + pmZp, pa2 |M2| ∈ 1 + pmZp, · · · , pan−1 |Mn−1| ∈ 1 + pmZp.

For certain k (2 ≤ k ≤ n− 1), we further consider the submatrix:

Mk :=


p−b1,n−k+1c1,n−k+1 · · · p−b1,n−1c1,n−1 p−b1,nc1,n

p−b2,n−k+1c2,n−k+1 · · · p−b2,n−1c2,n−1 p−b2,nc2,n

· · · · · · · · · · · ·
p−bk,n−k+1ck,n−k+1 · · · p−bk,n−1ck,n−1 p−bk,nck,n

 ,
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where bi,i = 0, ci,i = 1 and ci,j = 0 if i > j. For the matrix Mk, we consider its k − 1

submatrices:

M1,k := (p−bk,nck,n);

M2,k :=

(
p−bk−1,n−1ck−1,n−1 p−bk−1,nck−1,n

p−bk,n−1ck,n−1 p−bk,nck,n

)
;

M3,k :=


p−bk−2,n−2ck−2,n−2 p−bk−2,n−1ck−2,n−1 p−bk−2,nck−2,n

p−bk−1,n−2ck−1,n−2 p−bk−1,n−1ck−1,n−1 p−bk−1,nck−1,n

p−bk,n−2ck,n−2 p−bk,n−1ck,n−1 p−bk,nck,n

 ;

· · · · · · ;

Mk−1,k :=


p−b2,n−k+2c2,n−k+2 · · · p−b2,n−1c2,n−1 p−b2,nc2,n

p−b3,n−k+2c3,n−k+2 · · · p−b3,n−1c3,n−1 p−b3,nc3,n

· · · · · · · · · · · ·
p−bk,n−k+2ck,n−k+2 · · · p−bk,n−1ck,n−1 p−bk,nck,n

 ;

Mk,k := Mk,

where bi,i = 0, ci,i = 1 and ci,j = 0 if i > j.

Applying Lemma 5.2 in [Ste87] to the submatrices M1,k,M2,k, · · · ,Mk−1,k,Mk, we

see that

pak |Mk| ∈ 1 + pmZp, pak |M1,k| ∈ pmZp, pak |M2,k| ∈ pmZp, · · · , pak |Mk−1,k| ∈ pmZp.

Hence we know that there exist t1, t2, · · · , tk−1 ∈ Z≥−(n−1)m, where ti ≤ ak ≤ ` for all

1 ≤ i ≤ k − 1 such that

pt1 |M1,k| ∈ Z×p , pt2 |M2,k| ∈ Z×p , · · · , ptk−1 |M1,k−1| ∈ Z×p .

Furthermore, without loss of generality, we can assume that t1 = bk,n ≥ −m and

ti ≤ ti+1 +m for all 1 ≤ i ≤ k − 1, where tk := ak. Therefore, we have ti ≥ −i×m for

all 1 ≤ i ≤ k− 1 ≤ n− 1. Otherwise, we may substitute the element x
cij
bij
∈ C(wGnc) by

x
cij
bij
u′ ∈ C(wGnc), where u′ is an element in N(pmZp) ⊆ N(Zp). For example, if t2 <

t1−m, we may focus on the matrix M2,k and substitute the element p−bk−1,n−1ck−1,n−1

by p−bk−1,n−1ck−1,n−1 + pm. This is given by the right multiplication of u′ = (ui,j) with
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ui,i = 1 (1 ≤ i ≤ n), uk−1,n−1 = pm and all the other entrices equal to zero. Note that

x
cij
bij

and x
cij
bij
u′ represent the same element in X(wGnc). These right multiplications of

u′ will give at most 2k−1 ({0, pm}k−1) different cases. Therefore by induction, we see

that

k∏
i=k

#(ci,i+n−k) ≤ pt1+m,

k∏
i=k−1

#(ci,i+n−k) ≤ 2 · pt2+2m,

· · · ,
k∏
i=2

#(ci,i+n−k) ≤ 2k−2 · ptk−1+(k−1)m,

k∏
i=1

#(ci,i+n−k) ≤ 2k−1 · ptk+km = 2k−1 · pak+km.

We also note that
k∏
i=1

#(ti) ≤ (`+ (n− 1)m+ 1)k,

which will give that

n−k+1∏
i=1

#(ci,i+k−1) ≤ 2k−1 · (`+ (n− 1)m+ 1)k · pan−k+1+(n−k+1)m

for 2 ≤ k ≤ n− 1.

For the general case, using the same argument as above discussions, we write

b13 + b24 + · · ·+ bn−2,n = an−2 + dn−2,

b14 + b25 + · · ·+ bn−3,n = an−3 + dn−3,

· · · · · · ,

b1,k + b2,k+1 + · · ·+ bn−k+1,n = an−k+1 + dn−k+1,

· · · · · · ,

b1,n−2 + b2,n−1 + b3,n = a3 + d3,

b1,n−1 + b2,n = a2 + d2.

(5.11)



73

We can obtain an upper bound as follows:

#(cij) ≤ 2
(n−2)(n−1)

2 · (`+(n−1)m+1)
(n−2)(n−1)

2 ·p
∑

1≤i<j≤n bij+
(n−2)(n−1)

2
m−

∑n−1
j=2 max(0,dj),

where j − i ≥ 2 and by Lemma 5.0.4, we have

|Sbi,i+1
(ψp, ψ

′
p; c, wGn)| ≤ C · pa1+a2+···+an−2+

an−1
2

+
n(n−1)

2
m.

Applying the above Lemma 5.0.3, we have

|Klp(ψp, ψ′p; c, wGn)| ≤ Cn · pa1+a2+···+an−2+
an−1

2
+
n(n−1)

2
m.

Note that in this case, since an−1 = max(a1, a2, · · · , an−1), we always have

a1 + a2 + · · ·+ an−2 +
an−1

2
≤ `/2 + 2a1 + (n− 3)an−1 + a2 + a3 + · · ·+ an−2 − `.

Thus Theorem 5.0.1 follows from the equalityKlp(ψp, ψ
′
p; c, wGn) =

∑
bi,i+1

Sbi,i+1
(ψp, ψ

′
p; c, wGn).

If we have an−1 6= max(a1, a2, · · · , an−1), by a similar argument as above, we obtain

|Sbi,i+1
(ψp, ψ

′
p; c, wGn)| ≤ C · pa1+a2+···+an−2+

an−1
2

+
n(n−1)

2
m.

Applying the above Lemma 5.0.3, we will have

|Klp(ψp, ψ′p; c, wGn)| ≤ Cn · pa1+a2+···+an−2+
an−1

2
+
n(n−1)

2
m.

Note that if an−1 << max(a1, a2, · · · , an−1), in other word an−1 is small, this bound is

not good enough. So we have to bound this Kloosterman sum in other way.

Now we assume that ak := max(a1, a2, · · · , an−1). Since we assume that an−1 ≥ a1,

we have 2 ≤ k ≤ n− 2. Moreover, we will consider extra n− 1 submatrices as follows:

U0 := (1);

U1 := (p−bn−1,ncn−1,n);

U2 :=

(
p−bn−2,n−1cn−2,n−1 p−bn−2,ncn−2,n

1 p−bn−1,ncn−1,n

)
;

· · · · · · ;
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Un−2 :=



p−b23c23 p−b24c24 · · · · · · p−b2,nc2,n

1 p−b34c34 · · · · · · p−b3,nc3,n

0 1 p−b45c45 · · · p−b4,nc4,n

· · · · · · · · · · · · · · ·
0 · · · 0 1 p−bn−1,ncn−1,n


,

where bi,i = 0, ci,i = 1 and ci,j = 0 if i > j. Applying Lemma 5.2 in [Ste87] to the

submatrices U1, U2, · · · , Un−2, we see that

pan−1 |U1| ∈ pmZp, pan−1 |U2| ∈ pmZp, · · · , pan−1 |Un−2| ∈ pmZp.

By our assumption, we have ak = max(a1, a2, · · · , an−1). We will focus on the following

k − 1 elements:

p−bk,nck,n, p
−bk−1,n−1ck−1,n−1, · · · , p−b2,n−k+2c2,n−k+2.

We have the following cases:

If bk,n ≤ an−1, then we have #(ck,n) ≤ pan−1+m.

If bk,n > an−1, since pan−1 |Un−k| ∈ pmZp and the coefficient of p−bk,nck,n is given by

(−1)n−k+1 · U0 = (−1)n−k+1 · (1) = (−1)n−k+1, then we have

#(ck,n) ≤ pbk,n−(bk,n−an−1)+m ≤ pan−1+m.

Following above idea, we continue our induction steps. If bk−j,n−j ≤ an−1, then we

have #(ck−j,n−j) ≤ pan−1+m for 0 ≤ j ≤ k − 2.

If bk−j,n−j > an−1, since pan−1 |Un−k+j | ∈ pmZp and the coefficient of p−bk−j,n−jck−j,n−j

is given by above matrix (−1)n−k+1 · |Uj |. Note that without loss of generality, we

can assume that the norm of the determinant of Uj satisfies |Uj | ≥ p−(n−1)m. Oth-

erwise, we may again substitute the element x
cij
bij
∈ C(wGnc) by x

cij
bij
u′ ∈ C(wGnc),

where u′ is an element in N(pmZp) ⊆ N(Zp). For example, if the norm of U2 sat-

isfies |U2| < p−(n−1)m, we may focus on the matrix U2 and substitute the element

p−bn−2,n−1cn−2,n−1 by p−bn−2,n−1cn−2,n−1 + pm. This is given by the right multiplication

of u′ = (ui,j) with ui,i = 1 (1 ≤ i ≤ n), un−2,n−1 = pm and all the other entrices equal

to zero. Note that x
cij
bij

and x
cij
bij
u′ represent the same element in X(wGnc). These right

multiplications of u′ will give at most 2n−2 different cases. Therefore we have

#(ck−j,n−j) ≤ pbk−j,n−j−(bk−j,n−j−an−1)+(n−1)m ≤ pan−1+(n−1)m.
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Now we vary j from 0 ≤ j ≤ k − 2, we will have

#(c2,n−k+2, c3,n−k+3, · · · , ck−1,n−1, ck,n) ≤ 2n−2 × p(k−1)an−1+(n−1)(k−1)m.

It remains to bound the remaining #(cij) for j − i ≥ 2.

If b12+b23+· · ·+bn−1,n > ak > an−1, then using the similar argument as above (when

an−1 = max(a1, a2, · · · , an−1)), we have p−
b12+b23+···+bn−1,n

2 < p−
ak
2 . Recall Theorem

3.2.1 and the proof of Theorem 3.2.2, we know that

X(wGnc) ≤ pn(n−1)m ×Of0(c)

≤ pn(n−1)m × pa1+a2+···+an−1 × |κ(m)|

≤ pn(n−1)m × pa1+a2+···+an−1 × (a1 + a2 + · · ·+ an−1 + n)
n3

2

≤ pn(n−1)m × pa1+a2+···+an−1 × ((n− 1)`+ n)
n3

2 .

Hence by Lemma 5.0.4, we have

|Sbi,i+1
(ψp, ψ

′
p; c, wGn)| ≤ C × pa1+a2+···+an−2+an−1−

ak
2

+
n(n−1)

2
m

= C × pa1+a2+···+ak−1+
ak
2

+ak+1+···+an−2+an−1+
n(n−1)

2
m.

(5.12)

Applying the above Lemma 5.0.3, we have

|Klp(ψp, ψ′p; c, wGn)| ≤ Cn × pa1+a2+···+an−2+an−1−
ak
2

+
n(n−1)

2
m

= Cn × pa1+a2+···+ak−1+
ak
2

+ak+1+···+an−2+an−1+
n(n−1)

2
m.

(5.13)

Hence we prove the Theorem 5.0.1 for the case b12 + b23 + · · ·+ bn−1,n > ak.

If b12 + b23 + · · · + bn−1,n ≤ ak, then using the similar argument as above, we

will obtain the bound as follows (note that #(c2,n−k+2, c3,n−k+3, · · · , ck−1,n−1, ck,n) ≤
2n−2 · p(k−1)an−1+(n−1)(k−1)m):

#(cij) ≤2
n(n−1)

2 × (`+ (n− 1)m+ 1)
(n−2)(n−1)

2

× p2a1+a2+···+ak−1+ak+1+···+an−2+(k−1)an−1+(k−1)(n−1)m+
(n−2)(n−1)

2
m

(5.14)

for j − i ≥ 2. Since 2 ≤ k ≤ n− 2, we will have

#(cij) ≤2
n(n−1)

2 × (`+ (n− 1)m+ 1)
(n−2)(n−1)

2

× p2a1+a2+···+ak−1+ak+1+···+an−2+(n−3)an−1+(n−3)(n−1)m+
(n−2)(n−1)

2
m

(5.15)
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where j − i ≥ 2. Hence by Lemma 5.0.4, we have

|Sbi,i+1
(ψp, ψ

′
p; c, wGn)| ≤ C × pak/2+2a1+a2+···+ak−1+ak+1+···+an−2+(n−3)an−1+

n(n−1)
2

m.

Applying the above Lemma 5.0.3, we have

|Klp(ψp, ψ′p; c, wGn)| ≤ Cn × pak/2+2a1+a2+···+ak−1+ak+1+···+an−2+(n−3)an−1+
n(n−1)

2
m.

This proves the main inequality in our Theorem 5.0.1.

For the second claim, we recall that ak = max(a1, a2, · · · , an−1) ≥ an−1 ≥ a1. We

note that if ak ≤ (2n− 5)an−1, the following inequality holds:

a1+a2+· · ·+an−2+
an−1

2
≤ ak/2+2a1+(n−3)an−1+a2+a3+· · ·+ak−1+ak+1+· · ·+an−2.

Therefore we will have

a1 + a2 + · · ·+ an−2 +
an−1

2
≤
(

1− 0.5

(2n− 5)(n− 2) + 1

)
· (a1 + a2 + · · ·+ an−2 + an−1)

≤
(

1− 1

4n2 − 18n+ 22

)
· (a1 + a2 + · · ·+ an−2 + an−1).

If ak ≥ (2n− 5)an−1, we will also have (Note that n ≥ 3)

`/2 + 2a1 + (n− 3)an−1 +
n−2∑

j=2,j 6=k
aj ≤

(
1− 0.5

(2n− 5)(n− 3) + 2

) n−1∑
j=1

aj

≤
(

1− 0.5

(2n− 5)(n− 2) + 1

) n−1∑
j=1

aj

≤
(

1− 1

4n2 − 18n+ 22

) n−1∑
j=1

aj .

This proves the second claim and therefore Theorem 5.0.1.

Remark 5.0.5. Note that the trivial bound for the local Kloosterman sum (integral)

(see [DR98]) is the following:

|Klp(ψp, ψ′p; c, wGn)| ≤ Aε · p(1+ε)(a1+a2+a3+···+an−1), ε > 0

where Aε is a positive constant independent on the choice of c. Since 1− 1
4n2−18n+22

< 1,

so applying Steven’s method, we get a nontrivial bound for the local Kloosterman sum

(integral).
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Remark 5.0.6. The result is not optimal when n ≥ 4. When n = 2 and n = 3,

the constant 1
2 and 1

4 are sharp (See [Ba97] and [DF97]). To improve the bound in

other cases, one may use the stationary phase formulas as Dabrowski and Fisher did for

GL(3) ([DF97]). It is also a very interesting question to ask whether we can improve

the exponent 1 − 1
4n2−18n+22

to some 1 − δ, where 0 < δ < 1 and δ is independent on

the choice of the positive integer n (See [Ste87] for the conjecture: δ = 1
4).



Chapter 6

Proof of Local Integrability for

GL(n) Bessel functions

In this chapter, we use the results in the previous chapters to prove the local integrability

of Bessel functions for GL(n) (n ≥ 4). The local integrability of Bessel functions has

only been proved for GL(2) [So84] [Ba97] and GL(3) [Ba04]. The main ingredients

of their proofs are some basic analytic properties of the Bessel functions and orbital

integrals. Moreover, an explicit expression for the GL(3) (or GL(2)) relative Shalika

germ K
wG3
e (or K

wG2
e ) (See [JY96] [JY99]) and the p-adic stationary phase methods

are also needed in [Ba04]. However, an explicit expression for the (relative) Shalika

germs is invalid for GL(n) (n ≥ 4) and the p-adic stationary phase calculations become

very complicated. In order to overcome these obstacles, we apply Stevens’ method in

[Ste87] to bound the (relative) Shalika germs K
wGn
e . The key ingredient of our proof

is a nontrivial bound for the local Kloosterman sum (integral) attached to the longest

Weyl element which we have already established in Theorem 5.0.1.

First, let’s recall the Conjecture 3.2.3 in Chapter 3.

Conjecture 6.0.1 (Conjecture 3.2.3). Fix f ∈ C∞c (Gn). Then |If,ψ(g)∆
1
2
−δn(g)| is

bounded on compact sets in Gn for some given δn > 0.

According to the discussion in Chapter 3, we know that Conjecture 3.2.3 is equivalent

to the local integrability of Bessel functions for GL(n). Applying Jacquet-Ye’s theory of

the relative Shalkia germs (Theorem 3.3.3 and [JY96],[JY99]), we can reduce Conjecture
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3.2.3 to Conjecture 3.3.8 from the discussion in Chapter 3. Now it suffices to prove

Conjecture 3.3.8.

We will give the proof of Conjecture 3.3.8. Therefore, we prove the local integrability

of Bessel functions for GLn(Qp). We state the following theorem.

Theorem 6.0.2. The absolute value
∣∣∣KwGn

e ∆
1
2
−δ
∣∣∣ is uniformly bounded on the set A

wGn
e

for any δ satisfying 0 < δ < 1
8n2−36n+44

.

Proof. According to the definition of (relative) Shalika germ K
wGn
e in [JY96] and [JY99],

for any element g in the set A
wGn
e , without loss of generality, we can assume that

|∆i(g)| < ε, where 1 ≤ i ≤ n − 1 and ε is any arbitrary small positive real num-

ber. Here ∆i is the determinant of principal i × i minor of g which we have al-

ready defined in Section 3. Moreover, as in Section 4 and 5, we further assume that

∆n(g) = (−1)
(n+1)(n+2)

2
+1. Hence, we have |∆n(g)| = 1.

Note that |∆i(g)| < ε for all 1 ≤ i ≤ n − 1, we can write g = c ∈ T . From above

assumption, we let

c :=



pa1v1

pa2−a1v2

· · ·
pan−1−an−2vn−1

p−an−1vn


,

where vi ∈ Z×p for i = 1, 2, 3, · · · , n. Here a1, a2, · · · , an−1 are all large enough positive

integers. Moreover, we have a1, a2, · · · , an−1 >> m if we let positive real number ε to

be small enough, where m is a fixed positive integer in Section 4.

By direct calculation, we have

∆(c) :=

∣∣∣∣(∆1(c))2 · (∆2(c))2 · · · (∆n−1(c))2

(∆n(c))2

∣∣∣∣ = p−2(a1+a2+a3+···+an−1).

So we have ∆
1
2
−δ(g) = ∆

1
2
−δ(c) = p−(1−2δ)(a1+a2+a3+···+an−1).

Now applying Theorem 5.0.1, we further assume that a1, a2, · · · , an−1 >> m (For

example, aj > 100000(n− 1)m for j = 1, 2, · · · , n− 1) and ν1, ν
′
1, ν2, ν

′
2, · · · , νn−1, ν

′
n−1

satisfy p−m ≤ |νi| ≤ pm and p−m ≤ |ν ′i| ≤ pm for all 1 ≤ i, i′ ≤ n − 1. Therefore, we
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have
|KwGn

e,ψp
(c)| < |Klp(ψ−1

p , ψ′−1
p ; c, wGn)|

≤ 2n
2−1 · (`+ (n− 1)m+ 1)(n2−1) · p(1− 1

4n2−18n+22
)·(a1+a2+···+an−1)

× p2(n−1)m+2(n+3)(n−1)m × ((n− 1)`+ n)
n3

2 × p
n(n−1)

2
m

< 2n
2−1 · (`+ (n− 1)m+ 1)(n2−1) · p(1− 1

4n2−18n+22
)·(a1+a2+···+an−1)

× p2(n−1)m+3(n+3)(n−1)m × ((n− 1)`+ n)
n3

2

< 2n
2−1 · (`+ (n− 1)m+ 1)(n2−1) · p(1− 1

4n2−18n+22
)·(a1+a2+···+an−1)

× p3(n+4)(n−1)m × ((n− 1)`+ n)n
3
,

(6.1)

where ` = max(a1, a2, a3, · · · , an−1).

In conclusion, for any g ∈ AwGne , we have

|KwGn
e (g)∆

1
2
−δ(g)| = |KwGn

e (c)∆
1
2
−δ(c)|

≤ 2n
2−1 · p3(n+4)(n−1)m · (`+ (n− 1)m+ 1)(n2−1) · ((n− 1)`+ n)n

3

× p−( 1
4n2−18n+22

−2δ)(a1+a2+a3+···+an−1)
.

(6.2)

Now since 0 < δ < 1
8n2−36n+44

, we have 0 < 1
4n2−18n+22

− 2δ < 1
4n2−18n+22

. This means

that the positive real number

2n
2−1·p3(n+4)(n−1)m·(`+(n−1)m+1)(n2−1)·((n−1)`+n)n

3 ·p−( 1
4n2−18n+22

−2δ)(a1+a2+a3+···+an−1)

approaches to 0 when a1, a2, · · · , an−1 tends to infinity. Hence, it is bounded uniformly

in terms of a1, a2, · · · , an−1. This finishes the proof.



Chapter 7

Applications

7.1 Applications of Theorem 1.2.6

In this section, we will give some applications of our main Theorem 1.2.6. We first recall

the definition of Bessel distribution. We will follow the notations in Chapter 3, 4 and 5.

We recall some notations in Section 1.2.

Let π be a smooth irreducible generic representation of Gn = GLn(Qp) with con-

tragredient π̃. We use π∗ and π̃∗ to denote the linear dual of π and π̃ respectively. Let

f ∈ C∞c (Gn) be a locally constant function with compact support on Gn. We take l ∈ π∗

and l′ ∈ π̃∗ to be fixed nonzero Whittaker functionals with repect to the non-degenerate

additive character ψ and ψ−1, respectively. We define π̃(f)l′ as

π̃(f)l′ :=

∫
Gn

f(g)π̃(g)l′dg

or equivalently, for any ṽ ∈ π̃, we have

〈π̃(f)l′, ṽ〉 =

∫
Gn

f(g)〈π̃(g)l′, ṽ〉dg

=

∫
Gn

f(g)〈l′, π̃(g−1)(ṽ)〉dg.
(7.1)

Then π̃(f)l′ is a smooth linear functional on π̃, hence can be identified with a vector

vf ∈ π.

Definition 7.1.1. We define Bessel distribution B(f) as

B(f) := l(vf ).
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E. M. Baruch obtained the first regularity result about the Bessel distribution B(f).

By Theorem 2.3 in [Ba01], when restricted to the open Bruhat cell Ω = BwGnB,

this Bessel distribution B(f) is given by integration against a locally constant kernel

function j0,π(g) on Ω, which is called the relative Bessel function. In other words, for

any f ∈ C∞c (Ω), we have

B(f) =

∫
Ω
j0,π(g)f(g)dg.

We can extend this function j0,π(g) to the whole group Gn by letting zero when g ∈
Gn − Ω = Gn − BwGnB. By Theorem 1.1 in [Chai19a] and Theorem 7.2 in [Chai17],

we know that j0,π(g) = jπ(g) for all g ∈ Ω after certain normalizations on l or l′ (See

Theorem 1.1, 3.2 in [Chai19a] and Lemma 3.2 in [Chai17]).

We recall the following regularity theorem introduced in Section 1.2, which naturally

connects the Bessel function jπ(g) to the above Bessel distribution B(f).

Theorem 7.1.2 (Theorem 1.2.8). The Bessel distribution B(f) is given by integration

against the Bessel function jπ(g) on Gn, that is, for any f ∈ C∞c (Gn), we have

B(f) =

∫
Gn

jπ(g)f(g)dg.

Proof. For f ∈ C∞c (Gn), we define the following distribution

B1(f) :=

∫
Gn

jπ(g)f(g)dg.

Note that the Bessel function jπ(g) is local integrable on Gn (Theorem 1.2.6), this

distribution is well defined. Now we consider the distribution B̃(f) := B(f) − B1(f).

By Theorem 2.3 in [Ba01], Theorem 1.1 in [Chai19a] and Theorem 7.2 in [Chai17],

the restriction of this distribution B̃(f) to the open Bruhat cell Ω = BwGnB is zero.

Therefore, this distribution is supported on Gn −Ω = Gn −BwGnB. Now by Theorem

A in [AGS15], the wave-front set of the distribution B̃ = B −B1 is contained in (Gn −
Ω) × N , where N is the set of nilpotent elements (cone) in the dual of Lie algebra of

Gn. Hence, by Corollary B and C in [AGK15], we have B̃ ≡ B − B1 ≡ 0, which gives

that B ≡ B1. This finishes the proof.

Remark 7.1.3. The regularity theorem (Theorem 1.2.8) may have applications in the

study of relative trace formulae (especially Kuznetsov trace formula).



83

We will give an application of above Theorem 1.2.8.

Corollary 7.1.4. Let π1 and π2 be two generic smooth irreducible representations of

Gn, with the corresponding Bessel functions jπ1(g) and jπ2(g). If there exists a non-zero

constant c, such that for any g ∈ Gn, we have jπ1(g) = cjπ2(g). Then π1
∼= π2.

Proof. By Lemma 2.2 part (2) in [FLO12], the Bessel distributions are linear indepen-

dent for two inequivalent smooth irreducible generic representations. This Corollary

now follows directly from above Theorem 1.2.8.

We recall that N = Nn is the standard unipotent radical subgroup of Gn and wGn is

the longest Weyl element in Gn. We embed Gn−1 into Gn on the upper and left corner

by the map gn−1 →

(
gn−1

1

)
. We have the following kernel formula.

Corollary 7.1.5. Let π be a generic smooth irreducible representation of Gn with the

corresponding Bessel function jπ(g). If Wv(g) is a Whittaker function in the Whittaker

model W(π, ψ), then for any diagonal matrix b = diag(b1, · · · , bn) ∈ An ⊆ Gn and

Wv

(
h

1

)
∈ C∞c (Nn−1\Gn−1, ψ), we have

Wv(bwGn) =

∫
Nn−1\Gn−1

jπ

(
bwGn

(
h−1

1

))
Wv

(
h

1

)
dh.

Proof. By applying the local integrability of the Bessel function jπ(g) and using the

same method in Lemma 5.3 of [Ba04], we can show that the right hand side of above

integral is absolutely convergent. This corollary now follows directly from Theorem 4.2

(the weak kernel formula) in [Chai17].

Remark 7.1.6. The kernel formula in the above Corollary 7.1.5 actually gives the

action of the longest Weyl element wGn on the Kirillov model of π. A special case of

the kernel formula in GL(2) case is proved in Proposition 2.1.4 (Chapter 2).

7.2 Kloosterman Zeta Functions

Non-trivial bounds on certain Kloosterman sums will give the non-trivial absolute con-

vergence region for the Kloosterman zeta functions.
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Let M,N ∈ Z and s ∈ C. The Kloosterman zeta function for GL(2) is defined to be

Z(M,N ; s) :=
∞∑
c=1

S(M,N ; c)c−2s, (7.2)

where

S(M,N ; c) =
c∑

a=1,(a,c)=1

e2πi(aM+aN)/c

for aa ≡ 1 mod c, is the classical Kloosterman sum. The Weil bound S(M,N ; c) =

Oε(c
1
2

+ε) [Wei48] shows that the Kloosterman zeta function (7.2) converges absolutely

for Re(s) > 3
4 .

The function (7.2) was first introduced by A. Selberg [Sel65] who obtained its mero-

morphic continuation to the whole complex s-plane. In [GS83], Goldfeld and Sarnak

have shown that

Z(M,N ; s) = Oε(|s|
1
2

+ε)

for Re(s) > 1
2 + ε and |Im(s)| > ε. This bound leads to the following Kuznetsov’s

Theorem [Kuz80] ∑
c≤x

S(M,N ; c)

c
= Oε(x

1
6

+ε).

In order to define the Kloosterman zeta function for GL(n), we recall a slightly

different and general definition of local Kloosterman sums on GLn(Qp) in Chapter 4.

We let ψp be a nontrivial additive character from N(Qp) to C× which is trivial on

N(Zp). The character ψp has the following form:

ψp





1 x1 · · · ∗ ∗
0 1 x2 · · · ∗
· · · · · · · · · · · · · · ·
0 0 · · · 1 xn−1

0 0 · · · 0 1




= ξ

(
n−1∑
i=1

νixi

)
,

where ξ is the standard nontrivial additive character of Qp as in [Ste87, Section 1] and

ν1, ν2, · · · , νn−1 ∈ Zp − {0}. We also assume that νi = νn−i for all 1 ≤ i ≤ n − 1.

Similarly, we can define an additive character from from N(Qp) to C× which is trivial
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on N(Zp) if we are given the parameters ν ′1, ν
′
2, ν
′
3, · · · , ν ′n−1 ∈ Zp − {0}. The definition

is as follows:

ψ′p





1 x1 · · · ∗ ∗
0 1 x2 · · · ∗
· · · · · · · · · · · · · · ·
0 0 · · · 1 xn−1

0 0 · · · 0 1




= ξ

(
n−1∑
i=1

ν ′ixi

)
.

We set c = diag(1/cn−1, cn−1/cn−2, · · · , c2/c1, c1) ∈ T (Qp). Following [Ste87, Sec-

tion 2], for every w ∈WGn , we define

C(wc) := N(Qp)wcNw(Qp) ∩GLn(Zp),

and

X(wc) := N(Zp)\C(wc)/Nw(Zp),

where Nw := N ∩ (wc)−1Nwc and N is the opposite unipotent radical subgroup.

By the Bruhat decomposition we have natural maps

u : X(wc)→ N(Zp)\N(Qp), u′ : X(wc)→ Nw(Qp)/Nw(Zp).

defined by the relation x = u(x) · wc · u′(x) for x ∈ X(wc).

Now the local Kloosterman sum for GLn(Qp) is defined as follows:

Klp(ψp, ψ
′
p; c, w) :=

∑
x∈X(wc)

ψp(u(x)) · ψ′p(u′(x)).

Note that the local Kloosterman sum will vanish automatically unless w is a relevant

Weyl element and ci ∈ Zp for all 1 ≤ i ≤ n− 1 (See Chapter 3 and 4 for more details).

For the global Kloosterman sum on GL(n), we let c = diag(1/cn−1, cn−1/cn−2,

· · · , c2/c1, c1) ∈ T (Q). Let ψ =
∏
p<∞ ψp and ψ′ =

∏
p<∞ ψ

′
p be additive charac-

ters of N(AQ) (respectively Nw(AQ)), which is trivial on
∏
p<∞N(Zp) (respectively∏

p<∞Nw(Zp)). The global Kloosterman sum associated to this data is

Kl(ψ,ψ′; c, w) :=
∏
p<∞

Klp(ψp, ψ
′
p; cp, w).

Note that the global Kloosterman sum will vanish automatically unless ci ∈ Z for all

1 ≤ i ≤ n− 1.
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Now we are ready to define the Kloosterman zeta function for GL(n).

Let c = diag(1/cn−1, cn−1/cn−2, · · · , c2/c1, c1) ∈ T (Q) and s = (s1, s2, · · · , sn−1) ∈
Cn−1. The Kloosterman zeta function associated to the relevant Weyl element w is

defined to be

Zw(ψ,ψ′; s) :=
∞∑
c1=1

· · ·
∞∑

cn−1=1

Kl(ψ,ψ′; c, w)c−ns11 · · · c−nsn−1

n−1 . (7.3)

The global Kloosterman zeta function for GL(n) is defined to be

Z(ψ,ψ′; s) :=
∑

w∈WGn

Zw(ψ,ψ′; s). (7.4)

Note that the trivial bound for the local Kloosterman sum (integral) (See [DR98])

is the following: ∣∣Klp(ψp, ψ′p; c, w)
∣∣ ≤ Aε ·

∣∣∣∣∣
n−1∏
i=1

ci

∣∣∣∣∣
1+ε

, ε > 0, (7.5)

where Aε is a positive constant independent on the choice of c. By this ”trivial” es-

timation, we have the following absolute convergence region for the Kloosterman zeta

function.

Theorem 7.2.1. The global Kloosterman zeta function Z(ψ,ψ′; s) converges absolutely

for Re(si) >
2
n , where 1 ≤ i ≤ n− 1.

The non-trivial upper bound for the local Kloosterman sum is

∣∣Klp(ψp, ψ′p; c, w)
∣∣ ≤ Aε ·

∣∣∣∣∣
n−1∏
i=1

ci

∣∣∣∣∣
1−δn+ε

, ε > 0, (7.6)

for some δn > 0, and Aε is a positive constant independent on the choice of c.

Non-trivial bounds on certain Kloosterman sums will give the non-trivial absolute

convergence region for the Kloosterman zeta function Z(ψ,ψ′; s).

Theorem 7.2.2. Assume that the local Kloosterman sum has the above non-trivial

upper bound (7.6), then the global Kloosterman zeta function Z(ψ,ψ′; s) converges ab-

solutely for Re(si) >
2−δn
n , where 1 ≤ i ≤ n− 1.
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Remark 7.2.3. If w = wGn, which is the longest Weyl element, we have the non-trivial

upper bound for the local Kloosterman sum. From Theorem 5.0.1 and A.0.1, we can

pick δn = 1
4n2−18n+22

. Moreover, for n = 4, we have a stronger bound δ4 = 1
8 .

For other relevant Weyl elements, we only have some partial results in the small

rank GL(n) (n ≤ 4) case. For n = 2, the celebrated Weil bound [Wei48] tells that

δ2 = 1
2 . For n = 3, by the careful analysis in [DF97], we have δ3 = 1

4 , which is a sharp

bound for all the relevant Weyl elements. For n = 4, we know the existence of δ4 > 0

in [BM22].

An ambitious conjecture of G. Stevens reads as follows:

Conjecture 7.2.4. [Ste87] The global Kloosterman zeta function Z(ψ,ψ′; s) converges

absolutely for Re(si) >
7

4n , for all n ≥ 3 and 1 ≤ i ≤ n− 1.

Remark 7.2.5. The conjecture 7.2.4 is only known for n = 3 and is widely open for

n ≥ 4.

We may also expect the following result:

Conjecture 7.2.6. The global Kloosterman zeta function Z(ψ,ψ′; s) has a meromorphic

continuation to the whole complex s-plane.



Chapter 8

Automorphic Spectral

Reciprocity Formula:

Preliminaries

In the second part of my thesis, we will focus on automorphic spectral reciprocity for-

mulae. Readers may see Section 1.3 for introduction. We start with some preliminaries.

8.1 Number Fields and Local Fields

Let F/Q be a fixed number field with ring of intergers OF and discriminant ∆F .

For a place v of F , we let Fv be a local field which is the completion of F at the

place v. If v is non-Archimedean, we write ov for the ring of integers in Fv with maximal

ideal mv and uniformizer $v. The cardinality of the residue field is pv := |ov/mv|. For

s ∈ C, we define the local zeta function ζFv(s) to be (1 − p−sv )−1 if v is a finite place;

ζFv(s) = π−s/2Γ(s/2) if v is real and ζFv(s) = 2(2π)−sΓ(s) if v is complex.

The adele ring of F is denoted by AF and its unit group is given by A×F (idele group).

We also let A1
F := {x ∈ A×F : |x| = 1}, where | · | : A×F → R>0 is the adelic norm map.

Note that A1
F is exactly the kernel of the adelic norm map. We also call A1

F norm one

ideles.

We fix ψ =
∏
v ψv be the additive character with the form as ψQ◦TrF/Q, where TrF/Q
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is the trace map and ψQ is the standard additive character on Q\AQ. For v <∞, we let

dv be the conductor of additive character ψv, which is the smallest non-negative integer

such that ψv is trivial on mdv
v . In this case, we will have ∆F =

∏
v<∞ q

dv
v . We may also

set dv = 0 when v is Archimedean.

8.2 Subgroups of GL(n) and Measure

Now we consider some subgroups of GL(n).

Let G = GL(n). If R is a field, by definition, G(R) is the group of n × n matrices

with coefficients in R and determinant in R−{0}. We also define the following standard

and also important subgroups

Zn(R) :=




u

u

· · ·
u

 , u ∈ R∗


,

Nn(R) :=





1 x1,2 x1,3 · · · x1,n

1 x2,3 · · · x2,n

· · · · · · · · ·
1 xn−1,n

1


, xi,j ∈ R, 1 ≤ i < j ≤ n


,

An(R) :=





yn−1 · · · y1

yn−2 · · · y1

· · ·
y1

1


, yi ∈ R∗, 1 ≤ i ≤ n− 1


,

and the Borel subgroup

Bn(R) := Zn(R)Nn(R)An(R).
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We let W be the Weyl group of G. We write

w0 :=



1

1

· · ·
1

1


be the longest Weyl element.

Moreover, for any place v, we let Kv be the maximal compact subgroup of G(Fv)

which is defined by

Kv =



G(ov) if v is finite

On(R) if v is real

Un(C) if v is complex.

(8.1)

We also let K :=
∏
v Kv. If v < ∞ and n > 0, we define the congruence subgroup

[JPS81] by (This will be used in the computation of local vectors and is useful in the

local new-vector theory)

Kv,0($n
v ) =




k1,1 k1,2 · · · k1,n

k2,1 k2,2 · · · k2,n

· · · · · · · · · · · ·
kn,1 kn,2 · · · kn,n

 ∈ Kv, kn,i ∈ mn
v , 1 ≤ i ≤ n− 1


.

If a is an ideal of OF with prime decomposition a =
∏
v<∞ p

fv(a)
v where pv is the unique

prime (also maximal) ideal corresponding to the finite place v, then we define

K0(a) :=
∏
v<∞

Kv,0($fv(a)
v ) ⊆ K ⊆ GLn(AF ).

Now we have to normalize the measures we need.

At each place v, dxv denotes a self-dual measure on Fv with respect to the standard

additive character ψv. If v <∞, dxv gives a Haar measure on Fv which gives the volume

q
−dv/2
v to the integer ring ov. If v is real, the measure dxv is the standard Lebesgue

measure on R. If v is complex, the measure dxv is the multiplication of two and the
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standard Lebesgue measure on C. We define dx :=
∏
v dxv on AF . Moreover, we will

take d×xv := ζFv(1) dxv|xv | as the Haar measure on the multiplicative group F×v and we let

d×x :=
∏
v d
×xv be the Haar measure on the idele group A×F .

We equip Kv with the probability Haar measure dkv. In other word, the volume of

Kv equals to one.

Using the Iwasawa decomposition on G(Fv) which gives G(Fv) = Zn(Fv)Nn(Fv)An(Fv)Kv,

a Haar measure on G(Fv) can be given by

dgv = d×u
∏

1≤i<j≤n
dxi,j

∏n−1
i=1 d

×yi
δ(An)

dkv, (8.2)

where δ(An) = δ(y1, y2, · · · , yn−1) is the modular character defined on An(Fv). The

measure on the adelic points of the subgroups in GL(n) are just the product of the local

measures defined above. We also denote by dg the quotient measure on the space

X := Zn(AF )G(F )\G(AF ),

with total volume vol(X) <∞.

8.3 Whittaker functions

We recall some basic background of Whittaker functions.

We start from the generic representations. Let π be a global genreic automorphic

representation of GLn(AF ) and let φ ∈ π be a generic automorphic form. Let Wφ :

GLn(AF )→ C be the Whittaker function of φ which is given by

Wφ(g) :=

∫
Nn(F )\Nn(AF )

φ (ng)ψ−1
1 (n)dn. (8.3)

We will give the definition of the additive character ψ1 later.

Since π is generic, the Whittaker function does not vanish. The integral defined

above (8.3) is absolute convergent since the integral domain Nn(F )\Nn(AF ) is compact

and the integral is moreover uniformly comvergent on any compact subsets in GLn(AF ).

By changing variables, we note that Wφ(ng) = ψ1(n)Wφ(g) for all n ∈ Nn(AF ),

where ψ1 is a nontrivial standard additive character from Nn(F )\Nn(AF ) to C. In our

paper, we will choose that ψ1(n) := ψ
(∑n−1

i=1 xi,i+1

)
, where n = (xi,j) ∈ Nn(AF ). Here

ψ is a standard additive character from AF /F to C which is defined in Section 2.1.
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We also have the following Fourier series expansion (see [Cog07, Theorem 1.1]) when

we further assume that φ is a cusp form. Therefore, a cusp form is automatically generic

by the following equation.

φ(g) =
∑

γ∈Nn−1(F )\GLn−1(F )

Wφ

((
γ

1

)
g

)
. (8.4)

We can also define local Whittaker functions for smooth generic admissible repre-

sentations of GLn over local fields Fv. We have the following well known decomposition

theorem. If π is a generic smooth irreducible admissible representation of GLn(AF ),

then we know that π factors as a restricted tensor product by π ' ⊗′vπv. For each v, πv

is a local generic smmoth irreducible admissible representation of GLn(Fv). For each

local place v, we can define local Whittaker functions. For every φ ∈ π, if we write

φ = ⊗′vφv, then we have the decomposition

Wφ(g) =
∏
v

Wφv(gv), where g = (gv)v ∈ GLn(AF ). (8.5)

In fact, we know that the map φ 7→Wφ intertwines the space of π and the space

W(π, ψ1) := {Wφ; φ ∈ π},

which is called the Whittaker model of π. We can similarly define the local Whittaker

models W(πv, ψ1,v).

It is also important to consider Whittaker functions with respect to the character

ψ′1 = ψ−1
1 since it will appear in the integral representations for GL(n + 1) × GL(n)

Rankin-Selberg L-functions (see Section 3.2). It also has a close relation with the

Whittaker model of the contragredient representation π̃ when the representation π is

unitarizable (see [FLO12, Appendix A]). Locally, we can define W ′φv by simply replacing

ψ1,v by ψ′1,v = ψ−1
1,v . Globally, we can define W ′φ by replacing ψ1 by ψ′1. Moreover, we

have the following equation

W ′
φv

= Wφv for all places v of F . (8.6)

For W ∈ W(πv, ψ1,v), the corresponding Whittaker model W(π̃v, ψ
−1
1,v) for contra-

gredient representation is given by W̃ (g) := W
(
w0(gt)−1

)
, where w0 is the longest Weyl
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element in GL(n) and (gt)−1 means the transpose inverse, therefore it is an involution

in GL(n). The global Whittaker modelW(π̃, ψ−1
1 ) is defined in the same way. If a local

generic smooth irreducible admissible representation πv is unramified, this is equivalent

to say that there exists a vector which is right invariant by the action of the maximal

compact subgroup of G(Fv) in the space of π. We call such a vector spherical vector

and spherical vectors are unique up to multiplication by scalars. We say that a vec-

tor φv ∈ πv is normalized spherical if it is spherical. Moreover, its related Whittaker

function Wφv satisfies Wφv(In×n) = 1.

8.4 Spectral Decomposition

Now we consider the L2 space L2(X) which is the Hilbert space of complex valued square

integrable functions with the domain X. The L2-norm is defined by

||ϕ||2L2(X) :=

∫
X
|ϕ(g)|2dg. (8.7)

For any ϕ1, ϕ2 ∈ L2(X), we have

(ϕ1, ϕ2)L2(X) :=

∫
X
ϕ1(g)ϕ2(g)dg.

An important closed subspace of L2(X) is the closed subspace of cusp forms. We let

L2
cusp(X) be the closed subspace of cusp forms. A cusp form is the function ϕ ∈ L2(X)

with the following additional equation∫
Nn(F )\Nn(AF )

ϕ(ng)dn = 0,

for almost all g ∈ GLn(AF ).

The group G(AF ) acts by right translations on both spaces L2(X) and L2
cusp(X)

and the corresponding representation is unitary with respect to the norm in (8.7). The

decomposition theorem of automorphic representations is well known, which states that

each irreducible component π factors as a restricted tensor product π = ⊗′vπv for all

places k, where πv are irreducible and unitary representations of the local groups G(Fv).

The Langlands theorem on the spectral decomposition as in [MW95] gives the following:

L2(X) = L2
cusp(X)⊕ L2

res(X)⊕ L2
cont(X). (8.8)
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Here the closed subspace L2
cusp(X) decomposes as a direct sum of irreducible G(AF )-

representations which are called the cuspidal automorphic representations. L2
res(X) is

called the residue spectrum which is the direct sum of all residue automorphic represen-

tations of L2(X). Finally, the continuous part L2
cont(X) is a direct integral of irreducible

G(AF )-representations and it is expressed by the meromorphic continuation of Eisen-

stein series.

For any ideal a of OF , we let L2(X, a) := L2(X)K0(a) be the closed subspace of level

a automorphic forms. This is the closed subspace of L2 functions that are invariant

under the subgroup K0(a).

We now have the following spectral orthogonal decomposition with the level restric-

tion:

L2(X, a) = L2
cusp(X, a)⊕ L2

res(X, a)⊕ L2
cont(X, a). (8.9)

8.5 Automorphic Representations

Now we consider automorphic representations. Let X̂ be the isomorphism class of uni-

tary irreducible automorphic representations which will appear in the spectral decompo-

sition of L2(X). Since we will later use the integral representation of GL(n+1)×GL(n)

Rankin-Selberg L-functions, we will only focus on the unitary irreducible generic auto-

morphic representations. We will consider X̂gen be the subset of X̂ which is the isomor-

phism class of generic representations in X̂, which is the unitary irreducible automor-

phic representation class that have (unique) Whittaker models. We fix an automorphic

Plancherel measure dµaut on X̂ which is compatible with the Haar measure on X.

Fortunately, we have the Langlands classification for X̂gen (see [CPS94] and [MW95]).

We take a partition n = r1 + · · · + rk. Let πj be a unitary cuspidal automorphic rep-

resentation for GLrj (AF ) (If rj = 1, we simply take πj to be a unitary Hecke char-

acter). We now consider the unitary induced representation Π from the Levi sub-

group GL(r1)× · · ·×GL(rk) ⊆ GL(n) to GL(n) with the tensor product representation

π1 ⊗ · · · ⊗ πk. There exists a unique irreducible constituent of Π which we denote by

the isobaric sum π1 � · · ·� πk. Then, Langlands classification says that every element

in X̂gen is isomorphic to such an isobaric sum.

Moreover, we know that all residual automorphic representations in L2
res(X) is not
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generic (see [JL13] Proposition 2.1).

Now we note that all the unitary generic Eisenstein series will have the form of the

isobaric sum π1|·|it1 � · · ·� πk|·|itk , where t1, t2, · · · , tk ∈ R. We will write

π = π(π1, · · · , πk, t1, · · · , tk) = π1|·|it1 � · · ·� πk|·|itk

with parameters t1, · · · , tk (k ≥ 2).

8.6 Spectral Decomposition Formula

We have the following abstract spectral decomposition formula in GL(n) case (see

[MV10, Section 2.2]). The discrete part is generated by cusp forms and residue rep-

resentations. The continuous spectrum part which is expressed by Eisenstein series is

complicated. However, we know that it depends on the partition of the positive integer

n.

Proposition 8.6.1. Suppose that X := Zn(AF )GLn(F )\GLn(AF ). Let F ∈ C∞ (X/K0(a))

and of rapid decay, then we have the following equation:

F (g) =

∫
π∈X̂

cond(π)|a

 ∑
φ∈B(π,a)

〈F, φ〉φ(g)

 dµaut(π),

=

∫
π automorphic

cond(π)|a

 ∑
φ∈B(π,a)

〈F, φ〉φ(g)

 dµaut(π),

=
∑

π cuspidal
cond(π)|a

∑
φ∈B(π,a)

〈F, φ〉φ(g) +
∑

π residue
cond(π)|a

∑
φ∈B(π,a)

〈F, φ〉φ(g)

+

∫
π continuous

cond(π)|a

 ∑
φ∈B(π,a)

〈F, φ〉φ(g)

 dµaut(π).

(8.10)

Remark 8.6.2. Above Proposition 8.6.1 is a smooth version of the spectral decomposi-

tion 8.9.



Chapter 9

Rankin-Selberg L-functions

9.1 Rankin-Selberg L-functions

We need to recall integral representations of GL(n+ 1)×GL(n) (n ≥ 3) L-functions.

The theory is quite similar to the adelic Hecke-Jacquet-Langlands’ theory [God18] of

twisted L-functions for GL2×GL1. We let Π be irreducible automorphic representations

of GLn+1(AF ). Let Φ ∈ Π be an automorphic form. Let π be irreducible automorphic

representations of GLn(AF ) and let φ ∈ π be an automorphic form. We first assume

that Φ is a cusp form and is of rapid decay. Therefore, for every s ∈ C, we can consider

the following period integral

I(s,Φ, φ) :=

∫
GLn(F )\GLn(AF )

Φ

(
h

1

)
φ(h)| deth|s−

1
2dh,

which defines an entire function of s and is bounded on vertical strips.

From the Whittaker-Fourier expansion of cusp forms (8.4) [Cog07, Theorem 1.1], if

Φ is a cusp form, we will have (for Re(s) large enough)

I(s,Φ, φ) = Ψ(s,WΦ,W
′
φ), (Re(s)� 1), (9.1)

where the global zeta integral is given by

Ψ(s,WΦ,W
′
φ) :=

∫
Nn(AF )\GLn(AF )

WΦ

(
h

1

)
W ′φ(h)| deth|s−

1
2dh. (9.2)

The following result can be found in [Cog07] [JPS79] [JPS83] [JS90] [Jac09].

96
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Proposition 9.1.1. Let Φ = ⊗′vΦv ∈ Π and φ = ⊗′vφv ∈ π be factorizable automorphic

forms on GLn+1(AF ) and GLn(AF ). Let WΦv and W ′φv be the corresponding Whittaker

functions defined in Section 2.3. Then, for Re(s) large enough, the global zeta integral

Φ(s,WΦ,W
′
φ) converges and we have the following factorization (Euler product)

Ψ(s,WΦ,W
′
φ) =

∏
v

Ψv(s,WΦv ,W
′
φv),

where the local zeta integral is given by

Ψv(s,WΦv ,W
′
φv) :=

∫
Nn(Fv)\GLn(Fv)

WΦv

(
hv

1

)
W ′φv(hv)| dethv|s−

1
2dhv. (9.3)

Moreover, if both Πv and πv are unramified and Φv and φv are normalized spherical

vectors, we will have

Ψv(s,WΦv ,W
′
φv) = L(s,Πv × πv).

One of the key ingredients in our paper is the following generalization of integral

representation on Rankin-Selberg L-functions for GL(n + 1) × GL(n) given by Ichino

and Yamana [IY15].

Proposition 9.1.2. Let Φ ∈ Π and φ ∈ π be automorphic forms on GLn+1(AF ) and

GLn(AF ). Assume that the following period integral

I(s,Φ, φ) :=

∫
GLn(F )\GLn(A)

Φ

(
h

1

)
φ(h)|deth|s−

1
2dh

is absolute convergent, we will still have the following equation for Re(s) large enough:

I(s,Φ, φ) = Ψ(s,WΦ,W
′
φ), (Re(s)� 1), (9.4)

where

Ψ(s,WΦ,W
′
φ) :=

∫
Nn(AF )\GLn(AF )

WΦ

(
h

1

)
W ′φ(h)| deth|s−

1
2dh. (9.5)

Proof. This is a combination of Corollary 3.10 and Main Theorem (Theorem 1.1) of

Ichino and Yamana’s paper [IY15].
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9.2 Regularization

Given an automorphic form φ in a generic representation π of GLn(A), we can write its

Fourier expansion using Wφ. For example, if φ is cuspidal then we can write

φ(g) =
∑

γ∈Nn−1(F )\GLn−1(F )

Wφ

((
γ

1

)
g

)

by [Cog07, Theorem 1.1]. The above Fourier expansions converge absolutely and uni-

formly on compact subsets.

If φ is not cuspidal then the Fourier expansion of φ is more complicated. Readers

may find [IY15, Proposition 4.2] as a good reference. We do not need full Fourier

expansion for non-cuspidal automorphic forms. However, we only need a partial Fourier

expansion with respect to the unipotent subgroup Un, where Un is the unipotent radical

of the parabolic subgroup in GL(n) with respect to the partition n = (n− 1) + 1.

From abelian Fourier theory we have

(φ− φUn)(g) =
∑

γ∈Pn−1(F )\GLn−1(F )

WUn
φ

((
γ

1

)
g

)
. (9.6)

Here Pn is the standard mirabolic subgroup of GL(n) defined by GL(n − 1) o Un. In

other words, Pn is the stabilizer of (0, 0, · · · , 0, 1) of the right action of GL(n) on the

row vectors, thus consists of matrices in GL(n) with last row being (0, 0, · · · , 0, 1). φUn

is the constant term of φ along Un defined by

φUn(g) :=

∫
Un(F )\Un(AF )

φ(ug)du

and WUn
φ is a partial Whittaker function defined by

WUn
φ (g) :=

∫
Un(F )\Un(AF )

φ(ug)ψ(u)du =

∫
Un(F )\Un(AF )

(φ(ug)−φUn(ug))ψ(u)du, (9.7)

which follows as φUn is left Un(AF )-invariant.

Now we are ready to formulate the regularization of the global L-functions of σ× π
on GL(n)×GL(n− 1) while σ is not a cuspidal representation. In this case, the usual

zeta integral which is divergent. We have the following proposition.
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Proposition 9.2.1. [JN21, Proposition 4.1]

Let ϕ be a generic automorphic form on GLn(AF ) and φ be a cusp form on GLn−1(AF )

with trivial central character. Then for s ∈ C with Re(s) large enough∫
GLn−1(F )\GLn−1(AF )

(
ϕ

((
g

1

))
− ϕUn

((
g

1

)))
φ(g) · | det(g)|s−

1
2dg

is absolutely convergent and equals to Ψ(s,Wϕ,Wφ).



Chapter 10

Abstract Spectral Reciprocity

Formula: Theorem 1.3.1 and

10.2.2

10.1 Abstract Spectral Identity

We can briefly summarize the proof of Theorem 10.2.2 now. The proof of Theorem

10.2.2 is a combination of above decomposition formula 8.6.1 and an identity between

two periods (Abstract Reciprocity Formula, Theorem 1.3.1). Later, we will relate the

period to moments of certain L-functions. The proof of an identity between two periods

is a rather simple matrix computation and is really important to abstract pre-spectral

reciprocity formula.

Suppose that Φ ∈ C∞(Zn+1(AF )GLn+1(F )\GLn+1(AF )) is a cuspidal automorphic

form. Therefore, it is of rapid decay.

Then, we can define the projection by

AsΦ(hn) := |dethn|s−
1
2 ·
∫
F×\A×F

Φ

((
zn(u)hn

1

))
|u|n(s− 1

2
)d×u. (10.1)

Since Φ is of rapid decay, the above average projection map over the center AsΦ
is well-defined for every complex number s and is again of rapid decay in terms of

hn ∈ GL(n). Moreover, we may easily check that AsΦ is invariant under the action of

100
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the center Zn(AF ).

We also give the following definition of the period integral

I(w, φ, ϕ) :=

∫
GLn−1(F )\GLn−1(AF )

φ

(
hn−1

1

)
ϕ(hn−1)| dethn−1|w−

1
2dhn−1,

whenever it is converges. Here φ is a smooth function defined on GLn(F )\GLn(AF )

and ϕ is a fixed everywhere unramified cuspidal automorphic form for GLn−1(AF ).

Moreover, we assume that ϕ is invariant under the center Zn(AF ), therefore its central

character is trivial. If n = 2, we see that ϕ = 1 which is the trivial character. We can

now state the abstract spectral reciprocity formula.

Theorem 10.1.1 (Theorem 1.3.1). [Abstract Reciprocity Formula]

Let Φ ∈ C∞(Zn+1(AF )GLn+1(F )\GLn+1(AF )) be a cusp form. Then, for every

s, w ∈ C, we have the following abstract reciprocity equation

I(w,AsΦ, ϕ) = I(w′,As′Φ̌, ϕ),

where s′ = 1+(n−1)w−s
n , w′ = (n+1)s+w−1

n , and Φ̌ is given by

Φ̌ = Π (w12) · Φ, w12 :=


In−1

1

1

 . (10.2)

Proof. From the definition, we may write

I(w,AsΦ, ϕ) =

∫
F×\A×

∫
GLn−1(F )\GLn−1(AF )

Φ



zn−1(u)hn−1

u

1


ϕ(hn−1)

· |u|n(s− 1
2

)|dethn−1|s+w−1dhn−1d
×u

=

∫
F×\A×

∫
GLn−1(F )\GLn−1(AF )

Φ



zn−1(u)hn−1

u

1


ϕ(hn−1)

· |u|n(s− 1
2

)|dethn−1|s+w−1dhn−1d
×u.

(10.3)
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Since Φ is a cusp form, our integral is well-defined for all complex parameters s and

w. Now, since Φ is left invariant by Zn+1(A)GLn+1(F ), we see that for every u, hn−1,

we have (Note that w12 · w12 = In+1)

Φ



zn−1(u)hn−1

u

1




=Φ



zn−1(u)

u

u



hn−1

1

u−1




=Φ



zn−1(u)

u

u

w12


hn−1

u−1

1

w12



=Φ



hn−1

u−1

1

w12



=Φ̌



hn−1

u−1

1


 .

(10.4)

This gives that

I(w,AsΦ, ϕ) =

∫
F×\A×

∫
GLn−1(F )\GLn−1(AF )

Φ



zn−1(u)hn−1

u

1


ϕ(hn−1)

· |u|n(s− 1
2

)|dethn−1|s+w−1dhn−1d
×u

=

∫
F×\A×

∫
GLn−1(F )\GLn−1(AF )

Φ̌



hn−1

u−1

1


ϕ(hn−1)

· |u|n(s− 1
2

)|dethn−1|s+w−1dhn−1d
×u.

(10.5)
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Applying this to (10.3) and using the change of variables which is given by (u, hn−1) =

(u′−1, zn−1(u′)h′n−1). We will see that the following equations hold:

n(s′ − 1

2
) = n(

1

2
− s) + (n− 1)(s+ w − 1)

and

s′ + w′ − 1 = s+ w − 1,

which gives the result by solving two linear equations.

10.2 Pre-spectral Reciprocity Formula

Now we will give a spectral decomposition of the period I(w,AsΦ, ϕ) which we consider

in Theorem 1.3.1.

Let Π be an automorphic (everywhere unramified) cuspidal representation for GLn+1(AF )

with trivial central character and let Φ = ⊗′vΦv ∈ Π be a cusp form. Let π1 be an au-

tomorphic (everywhere unramified) cuspidal representation for GLn−1(AF ) with trivial

central character and let ϕ = ⊗′vϕv ∈ π1 be a cusp form. We note that since Φ is a

cusp form, therefore AsΦ is of rapid decay. Hence, we can apply the abstract spectral

decomposition formula in Proposition 8.6.1 as follows:

AsΦ(h) =
∑

π∈C(S)

∑
φ∈Bcusp(π)

〈AsΦ, φ〉φ(h) +
∑

π∈R(S)

∑
φ∈Bres(π)

〈AsΦ, φ〉φ(h)

+

∫
π∈E(S)

∑
φ∈Bcont(π)

〈AsΦ, φ〉φ(h)dµaut(π).
(10.6)

Here S is any finite set of places that contain all the archimedean places and those

finite places for which πv is ramified. Moreover, we let C(S) be the collection of cuspidal

automorphic representations of GL(n) which are unramified everywhere outside S. We

let E(S) be the collection of Eisenstein series of GL(n) which are unramified everywhere

outside S. And R(S) is the collection of residual automorphic representations of GL(n)

that are unramified everywhere outside S.



104

Now we take the integration on both sides of above equation (10.6) against a standard

additive character ψ1 which is defined in Section 2.3 for Whittaker models and over the

compact set Nn(F )\Nn(A), we get the following equation for Whittaker functions:

WAsΦ(h) =
∑

π∈C(S)

∑
φ∈Bcusp(π)

〈AsΦ, φ〉Wφ(h) +

∫
π∈E(S)

∑
φ∈Beisen(π)

〈AsΦ, φ〉Wφ(h)dµaut(π).

We note that since the residue spectrum for GL(n) are not generic ([JL13] Proposi-

tion 2.1), they do not contribute to the above expression and therefore vanish. We recall

that not all Eisenstein series from continuous spectrum are generic. They are generic if

and only if they are induced from the cuspidal data. For example, in the case of GL(3),

it only contains two parts, which are minimal and maximal cuspidal Eisenstein series

with the corresponding partition 3 = 1 + 1 + 1 and 3 = 2 + 1. Now, if we let Re(w) be

large enough, we see that

Ψ(w,WAsΦ,W
′
ϕ) =

∑
π∈C(S)

∑
φ∈Bcusp(π)

〈AsΦ, φ〉Ψ(w,Wφ,W
′
ϕ)

+

∫
π∈E(S)

∑
φ∈Beisen(π)

〈AsΦ, φ〉Ψ(w,Wφ,W
′
ϕ)dµaut(π).

(10.7)

We note that in fact the terms related to inner product and zeta integral 〈AsΦ, φ〉
and Ψ(w,Wφ,W

′
ϕ) are a product of local (zeta) integrals when Re(w) is large enough

since

Ψ
(
w,Wφ,W

′
ϕ

)
=
∏
v

Ψv(w,Wφv ,W
′
ϕv).

Moreover, by changing variables, we note that

〈AsΦ, φ〉 =

∫
X
| deth|s−

1
2

(∫
F×\A×

Φ

(
zn(u)hn

1

)
|u|n(s− 1

2
)du

)
φ(hn)dhn

=

∫
GLn(F )\GLn(AF )

Φ

(
hn

1

)
φ(hn)| dethn|s−

1
2dhn = I(s,Φ, φ),

(10.8)

since φ is invariant under the center Zn(A).
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By the Rankin-Selberg theory for GL(n + 1) × GL(n), we can also write I(s,Φ, φ)

as a product of local zeta integrals (see Section 3.2). For large enough Re(s), we have

I(s,Φ, φ) = Ψ(s,WΦ,Wφ) = Ψ(s,WΦ,W
′
φ
) =

∏
v

Ψv(s,WΨv ,W
′
φv

) =
∏
v

Ψv(s,WΨv ,Wφv).

Note that if φ is not generic, then the inner product 〈AsΦ, φ〉 will vanish since Wφ ≡ 0

by definition when we unfold the period integral.

By Proposition 9.2.1, we know that when Re(w) is large enough,

I(w, φ− φUn , ϕ) = Ψ(w,Wφ,W
′
ϕ).

Let Ũn be the image of Un under the embedding GL(n)→ GL(n+ 1) by g →

(
g

1

)
and Φ

Ũn
is the constant term along Ũn, that is

Φ
Ũn

(g) :=

∫
Un(F )\Un(AF )

Φ

((
u

1

)
g

)
,

for every g ∈ GLn+1(AF ).

The above integral does not vanish identically. Since Un(F )\Un(AF ) is compact, we

have the spectral decomposition of AsΦŨn
similarly.

We note again that the residue spectrum for GL(n) are not generic ([JL13] Propo-

sition 2.1). Hence the inner product 〈AsΦ, φ〉 in the residue spectrum will vanish (See

(10.6)). By definition, we have

I(w,AsΦ−AsΦŨn
, ϕ) =

∑
π∈C(S)

∑
φ∈Bcusp(π)

〈AsΦ, φ〉I(w, φ− φUn , ϕ)

+

∫
π∈E(S)

∑
φ∈Beisen(π)

〈AsΦ, φ〉I(w, φ− φUn , ϕ)dµaut(π),
(10.9)

for every w with Re(w) large enough.

By Proposition 9.2.1, for Re(w) large enough, we have

I(w, φ− φUn , ϕ) = Ψ(w,Wφ,W
′
ϕ).
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Therefore, we see that

Ψ(w,WAsΦ,W
′
ϕ) =

∫
Nn−1(AF )\GLn−1(AF )

WAsΦ

((
hn−1

1

))
W ′ϕ(hn−1)|dethn−1|w−

1
2dhn−1

= I
(
w,AsΦ−AsΦŨn

, ϕ
)

= I (w,AsΦ, ϕ)− I
(
w,AsΦŨn

, ϕ
)

(10.10)

for Re(w) large enough.

Now, we define the degenerate term by

D(s, w,Φ, ϕ) := I
(
w,AsΦŨn

, ϕ
)

=

∫
F×\A×F

∫
GLn−1(F )\GLn−1(AF )

Φ
Ũn



zh

z

1


ϕ(h) · | det(h)|s+w−1 · |z|n(s− 1

2
)dhdz.

(10.11)

Since Φ is a cusp form, the rapid decay of Φ ensures that the above integral of the

degenerate term (10.11) converges absolutely for any s, w ∈ C.

Combining above discussions together, we have the following Proposition:

Proposition 10.2.1. Let Π be a cuspidal tempered automorphic (everywhere unram-

ified) representation with trivial central character and let Φ = ⊗′vΦv ∈ Π be a cusp

form for GL(n + 1) over F . Let π1 be a cuspidal tempered automorphic (everywhere

unramified) representation for GL(n − 1) over F with trivial central character and let

ϕ = ⊗′vϕv ∈ π1 be an automorphic form. Let π̃ be the contragredient representation of

π. Then, we have

∆
1/2
F I

(
w,AsΦ−AsΦŨn

, ϕ
)

=
∑

π∈C(S), π cusp

Λ(s,Π× π̃)Λ(w, π × π1)

Λ(1,Adπ)
H(π)

+

∫
π∈E(S), π eisen

Λ(s,Π× π̃)Λ(w, π × π1)

Λ∗(1,Adπ)
H(π)dµaut(π),

(10.12)

where H(π) =
∏
vHv(πv) is the global weight function. We note that Hv depends on
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the choice of Φv and ϕv, s and w, which is given by

Hv(πv) :=
∑

W∈BW (πv)

Ψv(s,WΦv ,W )Ψv(w,W,W
′
ϕv)

Lv(s,Πv × π̃v)Lv(w, πv × π1,v)
. (10.13)

Here for each (generic) automorphic representation π of GL(n), we will consider the

following completed L-functions

Λ(s,Ad, π), Λ(s,Π× π) and Λ(s, π × π1).

They are, the Adjoint L-function of π, the Rankin-Selberg L-function of Π × π and

π × π1, respectively.

Moreover, Λ∗(1,Adπ) in the denominator means the non-zero residue of the com-

pleted adjoint L-functions. If π is cuspdial, we know that Λ∗(1,Adπ) = Λ(1,Adπ) 6= 0.

We actually have the following:

Let F be a number field, with ring of integers OF . Let Π be a cuspidal automorphic

representation of GL(n+ 1) over F with trivial central character. Let π1 be a cuspidal

automorphic representation of GL(n− 1) over F with trivial central character.

Let H be a global weight function which is defined above. We consider the following

sums:

C(H) := C(s, w,Φ, ϕ) =
∑

π∈C(S)

Λ(s,Π× π̃)Λ(w, π × π1)

Λ(1,Ad, π)
H(π),

which is the cuspidal contribution.

We should also consider the following continuous (Eisenstein) contribution

E(H) := E(s, w,Φ, ϕ) =

∫
π∈E(S)

Λ(s,Π× π̃)Λ(w, π × π1)

Λ∗(1,Ad, π)
H(π)dµaut(π), (10.14)

where S is any finite set of places that contain all the archimedean places and those

finite places for which πv is ramified. Moreover, we let C(S) be the collection of cuspidal

automorphic representations of GL(n) which are unramified everywhere outside S. We

let E(S) be the collection of Eisenstein series of GL(n) which are unramified everywhere

outside S.

By definition, we may writeH(π) = H(s, w, π1,Φ). We define Ȟ(π) := H(s′, w′, π1, Φ̌),

where s, w′ and Φ̌ is defined in the proof of abstract reciprocity formula (Theorem 1.3.1).
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We want to understand the following first moment of generic spectrum X̂gen which

is the summation of the cuspidal contribution, the Eisenstein contribution and the

degenerate term:

M(H) := C(H) + E(H) +D(s, w,Φ, ϕ).

We end this subsection with the following result which can be seen as a pre-spectral

reciprocity formula.

Theorem 10.2.2. Let s, w ∈ C and define

(s′, w′) :=

(
1 + (n− 1)w − s

n
,
(n+ 1)s+ w − 1

n

)
. (10.15)

Let S be a finite set of places which contain all the archimedean places and those

finite places for which πv is ramified. Suppose that the real parts of four parameters

s, w, s′, w′ are all sufficiently large. Then we have the following identity

M(H) =M(Ȟ).

Proof. This is a direct corollary from Theorem 1.3.1 and Proposition 10.2.1.



Chapter 11

Explicit Spectral Reciprocity

Formula: Theorem 1.3.3

11.1 Local Vectors and Computations

Now in order to give the explicit spectral reciprocity formula (Theorem 1.3.3), we have

to pick local vectors. We follow the method in [Nun20, Section 7]. We will show how to

choose local vectors on some special non-archmediean places and archmediean places.

We also give some very basic local estimations on these places for local weight functions

Hv. Our local estmations are enough for us to establish the spectral reciprocity formula.

We recall that π1 is an automorphic cuspidal (everywhere unramified) representation

for GL(n − 1) with trivial central character. Let ϕ = ⊗′vϕv ∈ π1 be a cusp form.

Moreover, for every place v, we simply fix ϕv := ϕ0
v be the normalized spherical vector

in the Whittaker model.

Let Π be an unramified (everywhere) cuspidal automorphic representation of GL(n+

1) with trivial central character. For all the place v, we let Φ0
v be the normalized spherical

vector in the Whittaker model. Let q and l be two fixed (may not unramified) coprime

integral ideals of F . We will write Φq,l = ⊗′vΦ
q,l
v ∈ Π be a cusp form. For all v - ql, we

109
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will simply pick Φq,l
v = Φ0

v. For v | l, we will pick

Φq,l
v (g) :=

1

p
(n−1)k
v

∑
βi ∈m−kv /ov , i=1,2,··· ,n−1

Φ0
v


g



1 β1

1 β2

· · ·
1 βn−1

1

1




, (11.1)

where k = v(l). Finally, for v | q, we will pick

Φq,l
v (g) :=

1

p
(n−1)m
v

∑
βi ∈m−mv /ov , i=1,2,··· ,n−1

Φ0
v


g



1 β1

1 β2

· · ·
1 βn−1

1 0

1




, (11.2)

with m = v(q).

The choice for the local vector here for v|q is compatible with the local new-vector

computation made in [BKL19].

Remark 11.1.1. In order to design a spectral reciprocity formula, we do not have much

freedom when choosing the local vectors. For the reciprocal relation of two unramified

coprime ideals q and l, we only have the freedom for one finite place. For example, after

we pick the local vector for the place v|q, the local vector for the place v|l is automatically

fixed. They are related by the following simple matrix identity:

1 β1

1 β2

· · ·
1 βn−1

1 0

1


=


In−1

1

1





1 β1

1 β2

· · ·
1 βn−1

1

1




In−1

1

1

 .

We let S be a finite set with the definition S = {v | q} ∪ {v | l} ∪ {v | ∞}. We have

the following local properties for several different cases (The computation will be given

later).
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• If v /∈ S, we know that πv is unramified and Φq,l
v = Φ0

v is spherical. And we also

have Hv(πv) = 1 in this case with only one term survives in the summation of Hv.

This is a direct corolloary from the discussion in Section 3.2.

• If v | q, let Φv = Φq,l
v be as in (11.2) and let t = v(q). Then we have

(1) Hv(πv) vanishes if cond(πv) > t.

(2) Hv(πv) = p−(n−1)t if cond(πv) = t.

• If v | ∞ which is the Archimedean place, we have the following Proposition

Proposition 11.1.2. Let v be an Archimedean place of F . Let Πv be an irre-

ducible admissible generic representation for GLn+1(Fv), then there exists a Whit-

taker function WΠv ∈ W(Πv, ψv) such that for every irreducible admissible generic

representation for GLn(Fv), we have

Hv(πv) =

1, if πv is unramified,

0, otherwise.

Proof. This Proposition is proved in [Nun20] Section 7.4 by applying Stade’s for-

mula (Theorem 3.4 in [Sta01]) for Archimedean GL(n+1)×GL(n) Rankin-Selberg

L-functions.

11.2 Local computations for two fixed finite places

For v | l, we pick

Φq,l
v (g) :=

1

p
(n−1)k
v

∑
βi ∈m−kv /ov , i=1,2,··· ,n−1

Φ0
v


g



1 β1

1 β2

· · ·
1 βn−1

1

1




, (11.3)
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where k = v(l).

For v | q, we will pick

Φq,l
v (g) :=

1

p
(n−1)m
v

∑
βi ∈m−mv /ov , i=1,2,··· ,n−1

Φ0
v


g



1 β1

1 β2

· · ·
1 βn−1

1 0

1




, (11.4)

with m = v(q).

For v | l, we recall that

Hv(πv) =
∑

W∈BW (πv)

Ψv(s,WΦq,l
v
,W )Ψv(w,W,W

′
ϕv)

Lv(s,Πv × π̃v)Lv(w, πv × π1,v)
,

where

Φq,l
v (g) :=

1

p
(n−1)k
v

∑
βi ∈m−kv /ov , i=1,2,··· ,n−1

Φ0
v


g



1 β1

1 β2

· · ·
1 βn−1

1

1




,

with k = v(l).

Following the same method line by line in [Nun20, Section 7], we will see that Hv

vanishes unless πv is unramified. By right GLn(Fv)-invariance of the Haar measure, for

any fixed element h ∈ GLn(Fv), we see that

Ψ

(
s,Πv

(
h

1

)
WΦv ,W

)
= Ψ

(
s,WΦv , πv(h)W

)
.

Now we note that given a basis BW (πv) of W(πv, ψv), we may create a different one

by considering the set {
πv(h) ·W, W ∈ BW (πv)

}
,

for some fixed element h ∈ GLn(Fv).
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Applying this idea to the element h =



1 β1

1 β2

· · ·
1 βn−1

1


for βi ∈ m−kv /ov, i =

1, 2, · · · , n− 1, we deduce that

Hv(πv) =
∑

W∈BW (πv)

Ψv(s,WΦ0
v
,W )Ψv(w,W

(m),W ′ϕv)

Lv(s,Πv × π̃v)Lv(w, πv × π1,v)
,

where

W (m)(h′) : =
∑

β∈m−kv /ov

W


h′



1 β1

1 β2

· · ·
1 βn−1

1



−1


=
∑

β∈m−kv /ov

W


h′



1 −β1

1 −β2

· · ·
1 −βn−1

1




.

(11.5)

Since W 7→ Ψv(s,WΦ0
v
,W ) is a right Kv invariant linear functional, it vanishes if πv is

not unramified. This kind of idea will also be used in the calculation of another local

vector when v|q. Moreover, this linear functional is invariant by orthogonal projection

into the space W(πv, ψv)
Kv of right Kv-invariant vectors of W(πv, ψv). Since Kv is

the maximal open compact subgroup, we know that the space W(πv, ψv)
Kv is a one-

dimensional space that is spanned by the normalized spherical vector. Therefore, we

may restrict the sum defining Hv to a sum over a basis ofW(πv, ψv)
Kv . Hence, only one

term survives in the sum defining Hv over the basis. Now, by the unramified calculation,

we have Ψ(s,WΦ0
v
,Wπv) = Lv(s,Πv × π̃v)

By above discussion, we see that

Hv(πv) =
Ψv(w,W

(m),W ′ϕv)

Lv(w, πv × π1,v)
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if πv is unramified.

We will write Hv(πv) explicitly. From the definition of W (m)(h), we see that

W (m)

(
hn−1

1

)
=

∑
βi ∈m−mv /ov ,i=1,2,··· ,n−1

ψ

(
−
n−1∑
i=1

βihn−1,i

)
·Wπv

(
hn−1

1

)

= p(n−2)m
v × δv(hn,i)≥m,m=1,2,··· ,n−1 ·Wπv

(
hn−1

1

)
.

(11.6)

We need to continuous our local computation by applying Iwasawa decomposition

to hn−1. We write hn−1 = z(h)n(h)a(h)k(h). Since the valuation v(hn−1,i) ≥ m for all

i = 1, 2, · · · , n− 1, we see that v(zkn−1,i) ≥ m for all i = 1, 2, · · · , n− 1.

From above discussion, we may have the decomposition:

Ψv(w,W
(m),W ′ϕv) =

∞∑
ν=m

p
−(n−1)ν(s− 1

2
)

v · p(n−2)m
v ·Ψν(Wπv), (11.7)

where

Ψν(Wπv) =

∫
An−1(F×v )

∫
Kv

Wπv (z($ν
v )a)W ′ϕv(ak) · |a|s−

n
2 dAn−1(F×v ) dk

=

∫
An−1(F×v )

Wπv (z($ν
v )a)Wϕv(a) · |a|s−

n
2 dAn−1(F×v ).

(11.8)

Here we use the fact that both the Whittaker function Wπv and W ′ϕv are unramified.

Hence they are invariant under the maximal compact subgroup Kv and we also note

that the total mass for Kv is one. Here the local weight function Hv should be related

to the local Hecke eigenvalue λπv .

For v | q, we recall that

Hv(πv) =
∑

W∈BW (πv)

Ψv(s,WΦq,l
v
,W )Ψv(w,W,W

′
ϕv)

Lv(s,Πv × π̃v)Lv(w, πv × π1,v)
,
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where

Φq,l
v (g) :=

1

p
(n−1)m
v

∑
βi ∈m−mv /ov , i=1,2,··· ,n−1

Φ0
v


g



1 β1

1 β2

· · ·
1 βn−1

1 0

1




,

with m = v(q). This means that

W
Φq,l
v

(g) :=
1

p
(n−1)m
v

∑
βi ∈m−mv /ov , i=1,2,··· ,n−1

WΦ0
v


g



1 β1

1 β2

· · ·
1 βn−1

1 0

1




,

with m = v(q). Here WΦ0
v

is the normalized spherical vector in the Whittaker space. By

the theory of newvectors [JPS81], we will see that Hv(πv) vanishes unless cond(πv) ≤
m. If cond(πv) = m, Hv(πv) = p

−(n−1)m
v . We expect that in general, Hv(πv) �ε

p
(n−1)m(θ−1+ε)
v , where θ is a positive constant satisfying 0 ≤ θ < 1

2 towards the Ramanujan-

Petersson’s Conjecture.

The computation in this part follows the method developed in [BKL19] and [Nun20,

Section 7].

By definition and some matrix computations, we note that

W
Φq,l
v

(
hn

1

)
=

1

p
(n−1)m
v

×
∑

βi ∈m−mv /ov ,i=1,2,··· ,n−1

ψ

(
n−1∑
i=1

βihn,i

)
·WΦ0

v

(
hn

1

)

= δv(hn,i)≥m,m=1,2,··· ,n−1 ·WΦ0
v

(
hn

1

)
.

(11.9)

We need to continuous our local computation by applying Iwasawa decomposition

to hn. We write hn = z(h)n(h)a(h)k(h). Since the valuation v(hn,i) ≥ m for all

i = 1, 2, · · · , n − 1, we see that v(zkn,i) ≥ m for all i = 1, 2, · · · , n − 1. We set a1 :=
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min(m, v(z)) and a2 := m−a1, we can see that this is equivalent to say that k belonging

to the congruence subgroup Kv,0($a2
v ) (See the definition in Section 2.2). We will simply

write this congruence subgroup as Kv[a2]. Here we must have v(z) ≥ 0. Otherwise, the

spherical Whittaker function will vanish. Therefore we have 0 ≤ a1, a2 ≤ m.

Now we may choose an orthonormal basis for W(πv, ψv). From the local new-vector

theory for GL(n) [JPS81], if we let W0 = Wπv be the new vector and for each j ≥ 0, we

define

Wj := πv


1

1

· · ·
$j
v

W0.

Therefore, we see that {W0, W1,W2, . . .} is a basis for W(πv, ψv). Moreover, we know

that for each j ≥ 0, {W0, W1, . . . ,Wj} is a basis for the Kv[n0 + j]-invariant vec-

tors in W(πv, ψv), where n0 = cond(πv). Applying Gram-Schmidt method to the basis

{W0, W1,W2, . . .}, we obtain an orthonormal basis ofW(πv, ψv) with {W̃0, W̃1, W̃2, . . .}.
We choose the basis as BW (πv) = {W̃0, W̃1, W̃2, . . .} and continue to do some computa-

tion on Hv(πv).

From above discussion, we have the following decomposition:

Ψv(s,WΦq,l
v
,W ) =

∑
a1+a2=m

∑
min(ν,m)=a1

p
−nν(s− 1

2
)

v Ψν,a2(W ), (11.10)

where

Ψν,a2(W ) =

∫
An(F×v )

∫
Kv [a2]

WΦ0
v

(z($ν
v )a)W (ak) · |a|s−

n+1
2 dAn(F×v ) dk

=

∫
An(F×v )

WΦ0
v

(z($ν
v )a)

∫
Kv [a2]

W (ak) · |a|s−
n+1
2 dAn(F×v ) dk.

(11.11)

Here we use the fact that Whiitaker function WΦ0
v

is normalized spherical and W is

also invariant by the center. Now, if W = W̃j is an element of in our orthonormal basis

{W̃0, W̃1, W̃2, . . .}, then it follows that

∫
Kv [f ]

W̃j(hk)dk =

vol(Kv[f ])W̃j(h), if j + n0 ≤ f,

0, otherwise.
(11.12)
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from the orthogonality of the elements in the given orthonormal basis (See the discussion

in [Nun20] for more details).

Now applying (11.10) and (11.12) to the definition of the local weight function

Hv(πv). We will have the following equation:

Hv(πv) =
1

Lv(s,Πv × π̃v)Lv(w, πv × π1,v)

∑
a1+a2=m

∑
j≤a2−n0

vol(Kv[j])
∑

min(ν,m)=a1

p−nν(s−1/2)

×
∫
An(F×v )

WΦ0
v

(
z($ν

v )a

1

)
W̃j(a))|a|s−(n+1)/2dAn(F×v )Ψv(w, W̃j ,W

′
ϕv).

(11.13)

Note that the above equation is actually a finite sum. If cond(πv) > m, this gives that

n0 > m. We see that 0 ≤ j ≤ a2 − n0 ≤ m− n0 < 0. Contradiction! Therefore, Hv(πv)

vanishes in this case.

If cond(πv) = m, we see that only one term survive. Moreover, we have a2 = m,

and j = a1 = 0. We see that Hv(πv) = vol(Kv[a2])−1 = vol(Kv[m])−1 = p
−(n−1)m
v in

this case.

Note that since 0 ≤ j ≤ a2 − n0 ≤ a2 ≤ m, the local weight function Hv is a finite

sum in terms of the element W̃j in the orthonormal basis.

For two places l and q, we see that the local weight function Hv is a finite sum with

the elements in the orthonormal basis W(πv, ψv) for both two cases.

Remark 11.2.1. In order to find applications for the spectral reciprocity formula, we

have to find a good estimation for the local weight function Hv(πv).

11.3 Meromorphic Continuation

Let v be a non-archimedean place of F . We consider the local weight function Hv(πv).

It is known that for all the finite place v 6= q, l, we have Hv(πv) = 1.

Assume that πv is a local component of the unitary generic Eisenstein series π =

π(π1, π2, · · · , πk, t1, · · · , tk) = π1|·|it1� · · ·�πk|·|itk . We fix the cuspidal data π1, · · · , πk
and vary the remaining parameters (t1, t2, · · · , tk) ∈ Ck (k ≥ 2).

The following Proposition is a direct Corollary of Proposition 4.1, Proposition 4.2

and Theorem 4.1 in [CPS17].
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Proposition 11.3.1. The following two ratios

Ψv(s,WΦv ,W )

Lv(s,Πv × π̃v)

and
Ψv(w,W,W

′
ϕv)

Lv(w, πv × π1,v)

for any W ∈ W(πv, ψv) have no poles and hence define entire rational functions in

terms of their complex parameters. In other word, we have

Ψv(s,WΦv ,W )

Lv(s,Πv × π̃v)
∈ C[psv, p

−s
v , pt1v , p

−t1
v , · · · , ptkv , p−tkv ],

and
Ψv(w,W,W

′
ϕv)

Lv(w, πv × π1,v)
∈ C[pwv , p

−w
v , pt1v , p

−t1
v , · · · , ptkv , p−tkv ].

Since the local weight function Hv is a finite sum with the elements in the orthonor-

mal basis W(πv, ψv), we have the following Proposition.

Proposition 11.3.2. The local weight function Hv(πv) has no poles and hence define

entire rational functions in terms of their complex parameters. In other word, we have

Hv(πv) ∈ C[psv, p
−s
v , pwv , p

−w
v , pt1v , p

−t1
v , · · · , ptkv , p−tkv ].

From our choice of local vectors in the previous subsection and the definition of

global and local weight function, we know that

H(π) =
∏
v

Hv(πv) = Hq(πq)×Hl(πl),

since Hv(πv) = 1 if v - ql.
Therefore, we have the following proposition:

Proposition 11.3.3. The global weight function H(π) has no poles and hence define

entire rational functions in terms of their complex parameters.

We are going to deduce the meromorphic continuation of the term E(H) which is

the continuous contribution of Eisenstein series in the spectral decomposition.
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Proposition 11.3.4. Let Π and π1 be everywhere unramified cuspidal automorphic

representation of GL(n + 1) and GL(n − 1) which have trivial central character. Let

E(H) (10.14) be given previously, defined initially for the absolute convergence domain

Re(s),Re(w) > 1. It admits a meromorphic continuation to Re(s),Re(w) ≥ 1
2 . If

1
2 ≤ Re(s),Re(w) < 1, its analytic continuation is given by E(H) +R(H), where

R(H) : =
∑

ω∈ ̂F×U∞\A1
F

Res
t1=(1−w)/i

(2πi)×

Λ(s− it1,Π× π1)Λ(s− it2,Π× ω−1)Λ(w + it1, π̃1 × π1)Λ(w + it2, π1 × ω)

Λ∗(1,Ad, π)
H(π).

(11.14)

Note that the summation over the unitary Hecke character ω which is only ramified

at two finite places q and l is a finite sum. We write U∞ :=
∏
v|∞{y ∈ F ∗v ; |yv| = 1}

and recall that A1
F is the norm one ideles. Here we pick π to be the maximal cuspidal

Eisenstein series given by π = π(π̃1, ω, t1, t2) = π̃1|·|it1 � ω|·|it2, where π̃1 is the contri-

gredient representation of π1. Hence it is a cuspdial representation of GL(n − 1) with

trivial central character. We have the following decomposition of completed L-functions:

Λ(s,Π× π̃) = Λ(s− it1,Π× π1)Λ(s− it2,Π× ω−1),

and

Λ(w, π × π1) = Λ(w + it1, π̃1 × π1)Λ(w + it2, π1 × ω).

Moreover, for general π = π(σ1, σ2, t1, t2), we see that t1 + t2 = A, where A is a complex

constant only depends on the central characters of the cuspidal data σ1 and σ2 since π

has trivial central character.

Proof. The meromorphic continuation part of E(H) is given by the meromorphic con-

tinuation of Rankin-Selberg L-functions and the entireness of the global weight function

H(π) (see Proposition 11.3.3). Since H(π) has no poles and define entire rational func-

tions in terms of their parameters (Proposition 11.3.3), by the contour and residue

theorem in complex analysis, we see that the term R(H) will vanish unless the ratio of

completed L-functions
Λ(s,Π× π̃)Λ(w, π × π1)

Λ∗(1,Ad, π)
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have poles. Note that the denominator Λ∗(1,Ad, π) is always finite and non-zero, by

the locations of possible poles of Rankin-Selberg L-functions, we must have

π = π(π̃1, ω, t1, t2) = π̃1|·|it1 � ω|·|it2 ,

where π̃1 is the contrigredient representation of π1 and ω is a unitary Hecke character.

Hence we have the decomposition of completed L-functions:

Λ(s,Π× π̃) = Λ(s− it1,Π× π1)Λ(s− it2,Π× ω−1),

and

Λ(w, π × π1) = Λ(w + it1, π̃1 × π1)Λ(w + it2, π1 × ω).

We note that Λ(s,Π×π̃) is entire for all s, t1, t2 ∈ C since Π is a cuspidal automorphic

representation for GL(n+1). The completed L-function Λ(w, π×π1) will have a simple

pole if and only if w + it1 = 1. The correponding residue is

Λ∗(w, π × π1) = Λ(1,Ad, π1)Λ(w + it2, π1 × ω).

Now applying the coutour and residue theorem in complex analysis, the remaining part

of the proof is the same as the proof in [Nun20, Proposition 8.1], [BK17, Lemma 16]

and [BK18, Lemma 3].

11.4 The Degenerate Term

We consider some properites of the degenerate term.

Proposition 11.4.1. Let Φ and ϕ be given as in the previous section. We have

D
((

1

2
,
1

2

)
,Φ, ϕ

)
= D∞ ×Dl ×

∏
v 6=l, vfinite

Lv(1,Π× π̃1)Lv(
n
2 , Π̃)

Lv(1 + n
2 , π̃1)

, (11.15)

where D∞ � 1 and Dl � 1.

Proof. This is almost Proposition 10.1 of [JN21]. For any Φ ∈ Π and ϕ ∈ π1, we have

D (s, w,Φ, ϕ) =
∏
v

Ωv (s, w,WΦv ,Wϕv)
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for Re(s) and Re(w) large enough. Here we define Ωv (s, w,WΦv ,Wϕv) by

∫
Nn−1(Fv)\GLn−1(Fv)

∫
F×v

WΦv



zh

z

1


Wϕv(h) · | det(h)|s+w−1 · |z|n(s− 1

2
)d×zdh.

The integral defined above is absolutely convergent for sufficiently large Re(s) and

Re(w).

We also define

D∞ = D∞(s, w) :=
∏
v|∞

Ωv (s, w,WΦv ,Wϕv) .

By Lemma 10.2 of [JN21], we have

Ωv (s, w,WΦv ,Wϕv) =
Lv(s+ w,Π× π̃1)Lv(ns, Π̃)

Lv((n+ 1)s+ w, π̃1)

for all finite place v 6= l.

For the finite place v = l, by our choice of the local test vectors and Iwasawa

decomposition, we have

Ωl (s, w,WΦv ,Wϕv) = Ωl

(
s, w,WΠv ,Wπ1,v

)
=

∑
m1≥···≥mn−1≥m, `≥0

λΠ(m1 + `, · · · ,mn−1 + `, `, 0)λπ̃1(m1,m2, · · · ,mn−1)

p(s+w)
∑n−1
i=1 mi+n`s

.
(11.16)

Since the cuspidal automorphic representations Π and π1 are tempered, we have

λΠ(m1 + `, · · · ,mn−1 + `, `, 0) � 1

and

λπ̃1(m1,m2, · · · ,mn−1) � 1.

Hence, for Re(s),Re(w) > 0, we have

Dl := Ωl (s, w,WΦv ,Wϕv) � 1.

Similarly, on the dual side, we have
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Proposition 11.4.2. Let Φ and ϕ be given as in the previous section. We have

D
((

1

2
,
1

2

)
, Φ̌, ϕ

)
= D∞ ×Dq ×

∏
v 6=q, vfinite

Lv(1,Π× π̃1)Lv(
n
2 , Π̃)

Lv(1 + n
2 , π̃1)

, (11.17)

where D∞ � 1 and Dq � 1.

11.5 Explicit Spectral Reciprocity Formula

Now we can give the statement of spectral reciprocity formula.

Let Π and π1 be everywhere unramified cuspidal automorphic representation for

GL(n + 1) and GL(n − 1) over F with trivial central character. Let s, w ∈ C, q and l

be unramified coprime ideals.

Let H be the global weight function with kernel function Φ = Φq,l which we pick in

the previous subsection by local new-vectors.

Note that we have

H(π) =
∏
v

Hv(πv),

where Hv is given by local Rankin-Selberg integral as follows:

Hv(πv) :=
∑

W∈BW (πv)

Ψv(s,WΦv ,W )Ψv(w,W,W
′
ϕv)

Lv(s,Πv × π̃v)Lv(w, πv × π1,v)
, (11.18)

where Φ = ⊗Φv ∈ Π is a cusp form and s, w ∈ C.

We may write

H(π) = H(Π, π, π1, s, w; q, l).

Using the notations in Chapter 10, we have

M(H) =M(Π, π1, s, w, q, l), (11.19)

where

M(Π, π1, s, w, q, l) := C(Π, π1, s, w, q, l) + E(Π, π1, s, w, q, l), (11.20)

with
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C(Π, π1, s, w, q, l) = C(H) =
∑

π cusp0

cond(π)|q

Λ(s,Π× π̃)Λ(w, π × π1)

Λ(1,Ad, π)
H(Π, π, π1, s, w; q, l),

which is the cuspidal contribution.

And

E(Π, π1, s, w, q, l) = E(H) =

∫
π eisen0

cond(π)|q

Λ(s,Π× π̃)Λ(w, π × π1)

Λ∗(1,Ad, π)
H(Π, π, π1, s, w; q, l)dµaut(π)

which is the continuous (Eisenstein) contribution.

The notation cusp0 and eisen0 means that we are restricting to irreducible generic

automorphic forms which are unramified at every archimedean place. We can define

N (Π, π1, s, w, q, l) := R(Ȟ)−R(H) (11.21)

and

D(Π, π1, s, w, q, l) := D
(
s′, w′, Φ̌, ϕ

)
−D (s, w,Φ, ϕ) . (11.22)

From the above discussion in Section 3, we can give the statement of our main

theorem finally.

Theorem 11.5.1 (Theorem 1.3.3). Let Π and π1 be everywhere unramified tempered

cuspidal automorphic representation for GL(n + 1) and GL(n − 1) over F with trivial

central character. Let π̃ be the contragredient representation of π. Suppose that q and l

are unramified, coprime ideals. Futhermore, we assume that 1
2 ≤ Re(s),Re(w) < n+1

n+2 .

Then we will have the following identity

M(Π, π1, s, w, q, l) = N (Π, π1, s, w, q, l) +D(Π, π1, s, w, q, l) +M(Π, π1, s
′, w′, l, q),

where the complex parameters s′, w′ satisfy the relation

s′ =
1 + (n− 1)w − s

n
, w′ =

(n+ 1)s+ w − 1

n
.
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Appendix A

GL(4) Kloosterman Sums

In this appendix, we follow [Ste87] to bound the GL(4) Kloosterman sums introduced in

the previous section. The bound we get in Theorem A.0.1 for GL(4) is slightly stronger

than that in Theorem 5.0.1 (Chapter 5). We recall and apply the results in Chapter 4

for n = 4.

For w ∈WG4 , we recall that w(j), j ∈ {1, 2, 3, 4} is given by the formula

w · ej = ew(j),

where e1, e2, e3, e4 is the standard basis of column vectors. Fix six numbers ν1, ν
′
1, ν2, ν

′
2, ν3, ν

′
3 ∈

p−mZp−{0}. Moreover, without loss of generality, we further assume that p−m ≤ |νi| ≤
pm and p−m ≤ |ν ′i| ≤ pm for all 1 ≤ i, i′ ≤ 3. Recall the definition of additive character

ψp on N(Qp) which is trivial on N(pmZp)

ψp




1 u1 ∗ ∗

1 u2 ∗
1 u3

1



 = ξ(ν1u1 + ν2u2 + ν3u3). (A.1)

The definition of additive character ψ′p is given in a similar way.

Fix

c̃ = diag(psv4, p
r−sv3, p

t−rv2, p
−tv1), (A.2)

where vi ∈ Z×p for i = 1, 2, 3, 4 and v1v2v3v4 = 1. Moreover, we further assume that

t, r, s ≥ m, where m is a fixed positive integer.
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Theorem A.0.1. Let Klp(ψp, ψ
′
p; c, wG4) be the local Kloosterman sum attached to the

longest Weyl element wG4. Let ψp be as in (A.1), ` = max(r, s, t), % = max(t, s),

σ = min(t, s), and

C8 = 8p9m(|ν1ν
′
3p

2m|−1
p , p`+m)1/2(|ν2ν

′
2p

2m|−1
p , p`+m)1/2(|ν3ν

′
1p

2m|−1
p , p`+m)1/2

· (`+m+ 1)3(%+m+ 1)(r +m+ 1)2(σ +m+ 1)2.

Then

|Klp(ψp, ψ′p; c̃, wG4)| ≤ C8 min(pr+σ+%/2+3m, p%+3σ/2+r/2+3m). (A.3)

In particular, we have |Klp(ψp, ψ′p; c̃, wG4)| ≤ C8p
7(t+r+s)/8+3m.

We have the following observation of the matrix identity

g0 :=


−a1

xyz−xv−uz+w
a2(yz−v)
uv−wy

a2(xyz−xv−uz+w)
uv−wy

−a3v
w

a3(w−xv)
w

a3(wy−uv)
w

a4 a4x a4u a4w



=


1 u1 u4 u6

1 u2 u5

1 u3

1

 ·


1

1

1

1

 ·

a4

a3

a2

a1

 ·


1 x u w

1 y v

1 z

1

 ,

(A.4)

where

u1 =
a1(u− xy)

a2(xyz − xv − uz + w)
, u2 =

a2(w − uz)
a3(uv − wy)

,

u3 = − a3v

a4w
, u4 =

a1x

a3(xyz − xv − uz + w)
,

and

u5 =
a2(yz − v)

a4(uv − wy)
, u6 = − a1

a4(xyz − xv − uz + w)
.

Now, using the notation above, we let
a4

a3

a2

a1

 = c̃ =


psv4

pr−sv3

pt−rv2

p−tv1

 ,
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i.e. a1 = p−tv1, a2 = pt−rv2, a3 = pr−sv3, a4v = psv4. Note that v1v2v3v4 = 1 and

vi ∈ Z×p for 1 ≤ i ≤ 4.

From the definition of the set X(wG4 c̃), we can assume that the element
1 x u w

1 y v

1 z

1

 ∈ N(Qp)/N(pmZp).

So we can put x = p−ax′, y = p−by′, z = p−cz′, u = p−du′, v = p−fv′ and

w = p−sw′, where x′, y′, z′, u′, v′, w′ ∈ Z×p . Moreover, a, b, c, d, f are all integers and

they satisfy a, b, c, d, f ≥ −m.

From the above matrix identities in (A.4), assuming that the element g0 ∈ X(wG4 c̃) ⊆
Km, we can deduce that

(1) − a1
xyz−xv−uz+w ∈ 1 + pmZp, i.e.

µ := ptv−1
1 (p−a−fx′v′ + p−c−du′z′ − p−a−b−cx′y′z′ − p−sw′) ∈ 1 + pmZp.

(2) a2(xyz−xv−uz+w)
uv−wy ∈ 1 + pmZp, i.e.

λ := pr(v1v2)−1(p−b−sw′y′ − p−d−fu′v′) ∈ 1 + pmZp.

(3) a4w ∈ 1 + pmZp, i.e. v4w
′ ∈ 1 + pmZp.

(4) a4x, a4u ∈ pmZp, i.e. |a4x| ≤ p−m and |a4u| ≤ p−m. This means that a + m ≤ s

and d+m ≤ s.

(5) −a3v
w ∈ p

mZp, i.e.r − f ≥ m, so f +m ≤ r.

(6) a3(w−xv)
w ∈ pmZp, i.e.

m̃ := pr(p−a−fx′v′ − p−sw′) ∈ pmZp.

Therefore, we have a+ f ≤ max (r, s).

(7) a2(yz−v)
uv−wy ∈ p

mZp, i.e.

ñ := pt(p−b−cy′z′ − p−fv′) ∈ pmZp.

Hence we have b+ c ≤ max (t, f).
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Applying Lemma 5.2 in [Ste87], we have more properties on the relevant data:

(8) a3a4y ∈ pmZp, i.e. k := prv3v4p
−by′ ∈ pmZp. Therefore, we have b+m ≤ r.

(9) a3a4(xy − u) ∈ pmZp, i.e.

prv3v4(p−a−bx′y′ − p−du′) ∈ pmZp, t̃ := pr−a−bx′y′ − pr−du′ ∈ pmZp.

Therefore, we have a+ b ≤ max (r, d).

(10) a2a3a4z ∈ pmZp, i.e. ptv2v3v4p
−cz′ ∈ pmZp. Hence we have c+m ≤ t.

Remark A.0.2. The above properties (8)—(10) on a, b, c, d, f, x′, y′, z′, u′, v′, w′ can

also be deduced from the following:

By the matrix identities in (A.4), we have g0 = uwG4 c̃u
′. We set gι0 := wG4 · (gt)−1 ·

wG4. Since g0 ∈ X(wG4 c̃), we have gι0 ∈ X((wG4 c̃)
ι) = X(wG4(wG4 c̃

−1wG4)) ⊆ Km.

We can deduce above properties (8)—(10) from the definition of Km. Actually, all the

properties (1)—(10) can be achieved from Lemma 5.0.2 (See also Lemma 5.2 in [Ste87]).

Conversely, if we are given integers a, b, c, d, f with a, b, c, d, f ≥ −m and x′, y′, z′,

u′, v′, w′ ∈ Z×p satisfying the above properties (1)—(10), there exists an elememt xx
′,y′,z′,u′,v′,w′

a,b,c,d,f

∈ X(wG4 c̃) (Lemma 5.0.2) for which

u′(xx
′,y′,z′,u′,v′,w′

a,b,c,d,f ) =


1 p−ax′ p−du′ p−sw′

1 p−by′ p−fv′

1 p−cz′

1

 (mod N(pmZp)). (A.5)

Applying the matrix identities in (A.4). Since all the above properties (1)—(10) are

satisfied, we see that the element g0 ∈ X(wG4 c̃) from Lemma 5.0.2. Hence we can pick

xx
′,y′,z′,u′,v′,w′

a,b,c,d,f = g0.
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Using above notations, we can rewrite ui, 1 ≤ i ≤ 6 as follows:

u1 = µ−1pr−tv−1
2 (p−a−bx′y′ − p−du′);

u2 = λ−1pt−r(v1v3)−1(ps−c−du′z′ − w′);

u3 = −v3v
′(v4w

′)−1pr−s−f ;

u4 = −µ−1v−1
3 x′ps−r−a;

u5 = λ−1(v1v4)−1pt−s(p−fv′ − p−b−cy′z′);

u6 = µ−1v−1
4 p−s.

Recall that ψp is the nontrivial additive character of N(Qp) which is trivial on

N(pmZp). For a, b, c, d, f , and x′, y′, z′, u′, v′, w′ satisfying the above Property (1)—(10),

let

Xd,f,u′,v′,w′

a,b,c,x′,y′,z′(wG4 c̃) := T (1 + pmZp) ∗ xd,f,u
′,v′,w′

a,b,c,x′,y′,z′

be the orbit through xd,f,u
′,v′,w′

a,b,c,x′,y′,z′ , and let

Sd,f,u
′,v′,w′

a,b,c,x′,y′,z′(ψp, ψ
′
p; c̃, wG4) :=

∑
x∈Xd,f,u′,v′,w′

a,b,c,x′,y′,z′ (wG4
c̃)

ψp(u(x))ψ′p(u
′(x))

be the Kloosterman sum restricted to the given orbit. Now for a, b, c, x′, y′, z′ satisfying

the previous Property (1)—(10), we let

Xa,b,c,x′,y′,z′(wG4 c̃) :=
⋃

d,f,u′,v′,w′

Xd,f,u′,v′,w′

a,b,c,x′,y′,z′(wG4 c̃),

where d, f run over all integers bigger than −m, and u′, v′, w′ run over all the elements

of Z×p satisfying Property (1)—(10). Let

Sa,b,c,x′,y′,z′(ψp, ψ
′
p; c̃, wG4) :=

∑
x∈Xa,b,c,x′,y′,z′ (wG4

c̃)

ψp(u(x))ψ′p(u
′(x)).

Lemma A.0.3. We have X(wG4 c̃) =
∐
a,b,c,x′,y′,z′ Xa,b,c,x′,y′,z′(wG4 c̃), where a, b, c run

over all integers bigger than −m, and x′, y′, z′ run over all the elements in the finite

coset of Z×p /(1 + pmZp) satisfying Property (1)—(10).

Proof. The proof is the sams as Lemma 5.2 and 5.7 in [Ste87]. Note that for Gn =

GLn(Qp), we have the decomposition

Km = N(pmZp) · (B− ∩Km) ·N(pmZp),
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where B− is the opposite Borel subgroup. Hence the matrix u(x) is uniquely determined

by the matrix u′(x).

Lemma A.0.4. Let ` = max(s, r, t), and a ≤ s−m, b ≤ r −m, c ≤ t−m be integers

which are larger than −m. Then we have the inequality

|Sa,b,c,x′,y′,z′(ψp, ψ′p; c̃, wG4)| ≤ 8 · p6m · (|ν1ν
′
3p

2m|−1
p , p`+m)1/2(|ν2ν

′
2p

2m|−1
p , p`+m)1/2

× (|ν3ν
′
1p

2m|−1
p , p`+m)1/2 · (`+m+ 1)3 · p−

a+b+c
2 ·#(Xa,b,c,x′,y′,z′(wG4 c̃)).

Proof. The order two involution map ι : g → gι := wG4 ·(gt)−1·wG4 sendsXa,b,c,x′,y′,z′(wG4 c̃)

to Xc,b,a,z′,y′,x′((wG4 c̃)
ι). Composing ψp with ι has the effect of replacing (ν1, ν2, ν3) by

(−ν3,−ν2,−ν1) and (ν ′1, ν
′
2, ν
′
3) by (−ν ′3,−ν ′2,−ν ′1). For g0 = u1wG4 c̃u2 ∈ X(wG4 c̃), we

have gι0 ∈ X((wG4 c̃)
ι) = X(wG4(wG4 c̃

−1wG4)) ⊆ Km by definition. Hence, applying ι

to the element wG4 c̃ reverses the roles of t and s. Therefore we may assume that t ≥ s
without loss of generality.

Note that ` = max(r, t). Property (1)—(10) imply that the matrix entries of u(x)

and u′(x) lie in p−`Zp/pmZp for every x ∈ X(wG4 c̃). Indeed, by Lemma A.0.3, it is

enough to verify this for x = xd,f,u
′,v′,w′

a,b,c,x′,y′,z′(wG4 c̃). Appiying the Property (1)—(10).

Since
µ = p−sptv−1

1 (ps−d−cu′z′ − w′) + p−aptv−1
1 (p−fv′ − p−b−cy′z′)

= p−sλv3u2p
r + p−av−1

1 ñ ∈ 1 + pmZp,

and

u1 = µ−1p−tv−1
2 t̃, u5 = −λ−1(v1v4)−1p−sñ

for ñ, t̃ ∈ pmZp, we have

u1 ∈ p−t+mZp ⊆ p−`+mZp, u2 ∈ p−r+mZp ⊆ p−`+mZp

and

u5 ∈ p−s+mZp ⊆ p−`+mZp.

Moreover, u3 ∈ p−s+mZp ⊆ p−`+mZp, u4 ∈ p−r+mZp ⊆ p−`+mZp and u6 ∈ p−`Z×p are

directly from the properties. The claim is now easily verified.
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Now let S be a finite subset of Z2
≥−m × (Z×p )3 such that Xa,b,c,x′,y′,z′(wGnc) is the

disjoint union of the Xd,f,u′,v′,w′

a,b,c,x′,y′,z′(wGnc) with (d, f, u′, v′, w′) ∈ S. Then as in Lemma

4.2.2 [Ste87, Th. 4.10], we have

Sa,b,c,x′,y′,z′(ψp, ψ
′
p; c̃, wG4) < p−3`(1− p−1)−3×∑

(d,f,u′,v′,w′)∈S

#(Xd,f,u′,v′,w′

a,b,c,x′,y′,z′(wG4 c̃))SwG4
(θd,f,u

′,v′,w′

a,b,c,x′,y′,z′ ; `),

(A.6)

where SwG4
is defined in Definition 4.2.1 [Ste87, Def. 4.9] and θd,f,u

′,v′,w′

a,b,c,x′,y′,z′ : AwG4
(`) →

C× is also the character defined in Definition 4.2.1 [Ste87, Def. 4.9] by

θd,f,u
′,v′,w′

a,b,c,x′,y′,z′(λ× λ
′) : = ξ

(
ν1u1λ1 + ν2u2λ2 + ν3u3λ3 + ν ′1p

−ax′λ′1 + ν ′2p
−by′λ′2 + ν ′3p

−cz′λ′3

)
= ξ

(
(ν1µ

−1v−1
2 p`+r−t(p−a−bx′y′ − p−du′))λ1

p`

+
ν2λ
−1(v1v3)−1p`+t−r(ps−c−du′z′ − w′))λ2

p`

+
(ν3v3v

′(v4w
′)−1p`+r−s−f )λ3

p`

+
ν ′1p

`−ax′λ′1 + ν ′2p
`−by′λ′2 + ν ′3p

`−cz′λ′3
p`

)
.

By Remark 4.2.3 and Example 4.12 in [Ste87], we have

SwG4
(θd,f,u

′,v′,w′

a,b,c,x′,y′,z′ ; `) = S2(ν1µ
−1v−1

2 p`+r−t(p−a−bx′y′ − p−du′), ν ′3z′p`−c; p`)

· S2(ν2λ
−1(v1v3)−1p`+t−r(ps−c−du′z′ − w′), ν ′2y′p`−b; p`)

· S2(ν3v3v
′(v4w

′)−1p`+r−s−f , ν ′1x
′p`−a; p`),

(A.7)

where S2 is the restricted GL(2)-Kloosterman sum defined in Remark 4.2.3.

By the refined Weil’s bound in Remark 4.2.4, we have the inequality

|S2(ν, ν ′; p`)| ≤ (`+m+ 1) ·Bm · (gcd(|νpm|−1
p , |ν ′pm|−1

p , p`+m))1/2p(`+m)/2, (A.8)

for ν, ν ′ ∈ p−mZp − {0} (Here we may let Bm = pm/2. See Section 9 in [KL13]).

In order to apply the refined Weil’s bound, we note that

gcd(|ν3p
`+m+r−s−f |−1

p , |ν ′1p`+m−a|−1
p , p`+m) ≤ gcd(|ν3ν

′
1p

2m|−1
p , p`+m)p`+m−a,

gcd(|ν2p
`+m+t−r(ps−c−du′z′ − w′)|−1

p , |ν ′2p`+m−b|−1
p , p`+m) ≤ gcd(|ν2ν

′
2p

2m|−1
p , p`+m)p`+m−b,

gcd(|ν1p
`+m+r−t(p−a−bx′y′ − p−du′)|−1

p , |ν ′3p`+m−c|−1
p , p`+m) ≤ gcd(|ν1ν

′
3p

2m|−1
p , p`+m)p`+m−c,
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since gcd(a, b) ≤ min(a, b). Hence we have

|SwG4
(θd,f,u

′,v′,w′

a,b,c,x′,y′,z′ ; `)| ≤ (`+m+ 1)3 × (|ν1ν
′
3p

2m|−1
p , p`+m)1/2(|ν2ν

′
2p

2m|−1
p , p`+m)1/2

· (|ν3ν
′
1p

2m|−1
p , p`+m)1/2 · p3`+6m−a+b+c

2 .

This inequality, together with (A.6), gives

|Sa,b,c,x′,y′,z′(ψp, ψ′p; c̃, wG4)| ≤ (|ν1ν
′
3p

2m|−1
p , p`+m)1/2(|ν2ν

′
2p

2m|−1
p , p`+m)1/2

× (|ν3ν
′
1p

2m|−1
p , p`+m)1/2 · (`+m+ 1)3 · (1− p−1)−3 · p6m−a+b+c

2

×
∑

(d,f,u′,v′,w′)∈S

#(Xd,f,u′,v′,w′

a,b,c,x′,y′,z′(wG4 c̃)).

(A.9)

The sum appearing on the right hand side is equal to #(Xa,b,c,x′,y′,z′(wG4 c̃)). Since

p ≥ 2, we have (1− p−1)−3 ≤ 8, by (A.9). This completes the proof of the lemma.

Proof of Theorem A.0.1. By the involution map ι, we can assume that t ≥ s without

loss of generality. Let

C = 8p9m(|ν1ν
′
3p

2m|−1
p , p`+m)1/2(|ν2ν

′
2p

2m|−1
p , p`+m)1/2(|ν3ν

′
1p

2m|−1
p , p`+m)1/2

× (`+m+ 1)3(r +m+ 1)(s+m+ 1).
(A.10)

We define

Xa,b,c(wG4 c̃) :=
∐

x′,y′,z′

Xa,b,c,x′,y′,z′(wG4 c̃)

and

Sa,b,c(ψp, ψ
′
p; c̃, wG4) :=

∐
x′,y′,z′

Sa,b,c,x′,y′,z′(ψp, ψ
′
p; c̃, wG4).

At first, we deal with the case t ≥ r.

• If a+ b+ c ≤ t and d+ f ≤ r, then we have

#(d, f) ≤ (s+m+ 1)(r +m+ 1),

#(u′, v′, w′) ≤ pd+s+f+3m.

So we have

#(Xa,b,c(wG4 c̃)) ≤ (r +m+ 1)(s+m+ 1)pa+b+c+3m+d+f+s+3m

≤ (r +m+ 1)(s+m+ 1)pr+s+a+b+c+6m.
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Hence by Lemma A.0.4, we have

|Sa,b,c(ψp, ψ′p; c̃, wG4)| ≤ Cpr+s+t/2+3m.

Applying the above Lemma A.0.3, we have

|Klp(ψp, ψ′p; c̃, wG4)| ≤ C(r +m+ 1)(s+m+ 1)(t+m+ 1)pr+s+t/2+3m

= C8p
r+s+t/2+3m.

• If a + b + c ≤ t and d + f > r, then we assume that d + f = r + k, where

k ≥ 1. Note that d + m ≤ s, f + m ≤ r, which implies that k ≤ s − 2m. By

Property (1)—(10), we have b+ s = d+ f = r + k. Since λ ∈ 1 + pmZp, we have

#{(u′, v′, w′)} ≤ pd+f+(s−k)+3m = pr+s+3m. Hence

|Sa,b,c(ψp, ψ′p; c̃, wG4)| ≤ Cpr+s+
a+b+c

2
+3m ≤ Cpr+s+t/2+3m.

• If a+ b+ c > t and d+ f ≤ r, then by Property (1)—(10) and a similar argument

as above, we can assume that a + b + c = t + h, where h ≥ 1. We also see that

h ≤ d or h ≤ f . Now since µ ∈ 1+pmZp, we have #{(u′, v′, w′)} ≤ p(d−h)+f+s+3m.

Hence we get that

|Sa,b,c(ψp, ψ′p; c̃, wG4)| ≤ Cpd−h+f+s+a+b+c
2

+3m

= Cpd+f+s+(t−h)/2+3m ≤ Cpr+s+t/2+3m.

• If a+ b+ c > t and d+ f > r, then using the similar argument as above we have

#{(u′, v′, w′)} ≤ p(d−h)+f+(s−k)+3m. Hence

|Sa,b,c(ψp, ψ′p; c̃, wG4)| ≤ Cpd−h+f+s−k+a+b+c
2

+3m

= Cpd+f+s+(t−h)/2+3m ≤ Cpr+s+t/2+3m.

Note that in this case, we always have r+ s+ t/2 ≤ t+ 3s/2 + r/2. Theorem A.0.1 now

follows from the equality

Klp(ψp, ψ
′
p; c̃, wG4) =

∑
−m≤a≤s,−m≤b≤r,−m≤c≤t

Sa,b,c(ψp, ψ
′
p; c̃, wG4).

Now we handle the case r > t. By a similar argument as above, we obtain

|Sa,b,c(ψp, ψ′p; c̃, wG4)| ≤ Cpr+s+t/2+3m.
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Note that if t is small, this bound is not good enough to get a nontrivial upper bound

for Kloosterman sums. So we have to bound this in another way.

• Assume that f > t, then by previous Property (1)—(10), we have b + c = f ,

and a + f ≤ r. By Property (1)—(10), we have #(u′, v′) ≤ pd+f−(a+f−t)+2m. If

d+ f ≤ r, we see that

|Sa,b,c(ψp, ψ′p; c̃, wG4)| ≤ Cpd+f−(a+f−t)+s+a+b+c
2

+3m ≤ Cpt+s+d+ b+c
2

+3m

≤ Cpt+s+
d
2

+ d+f
2

+3m ≤ Cpt+3s/2+r/2+3m.

• Assume that f > t and d+ f > r, by writing d+ f = r + k, 1 ≤ k ≤ s+ 2m, we

have

|Sa,b,c(ψp, ψ′p; c̃, wG4)| ≤ Cpd+f−(a+f−t)+s−k+a+b+c
2

+3m

≤ Cpt+s+
d
2

+ d+f
2
−k+3m ≤ Cpt+3s/2+r/2+3m.

since µ, λ ∈ 1 + pmZp.

• Assume that f ≤ t and a + b + c > r > t. Since µ ∈ 1 + pmZp, we have

#(u′, v′) ≤ pd+f−(a+b+c−t)+2m. Hence by the same argument on the size of d+ f ,

we have

|Sa,b,c(ψp, ψ′p; c̃, wG4)| ≤ Cpr+t+s−
a+b+c

2
+3m ≤ Cpt+s+r/2+3m.

• Assume that f ≤ t, and a+ b+ c ≤ r. If a+ b+ c ≤ t, then we have

|Sa,b,c(ψp; c̃, wG4)| ≤ Cpd+f+s+a+b+c
2

+3m ≤ Cpt+2s+t/2+3m.

If t < a+b+c ≤ r, we write a+b+c = t+h, where 1 ≤ h ≤ r−t. Since µ ∈ 1+pmZp
and h ≤ d or h ≤ f , we have #(u′, v′, w′) ≤ p(d+f−h)+s+3m. Therefore we sill have

|Sa,b,c(ψp, ψ′p; c̃, wG4)| ≤ Cpd+f−h+s+a+b+c
2

+3m ≤ Cpd+f+s−a+b+c
2

+t+3m

≤ Cpd+f+s+t/2+3m ≤ Cpt+2s+t/2+3m.

So in this case, we have

|Sa,b,c(ψp, ψ′p; c̃, wG4)| ≤ Cpd+f+s+a+b+c
2

+3m ≤ Cpt+2s+t/2+3m.
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Note that t+2s+t/2 ≤ t+3s/2+r/2 if and only if s+t ≤ r, t+2s+t/2 ≤ r+s+t/2

if and only if s+ t ≤ r, and t+ 3s/2 + r/2 ≤ r + s+ t/2 if and only if s+ t ≤ r.

Hence we have the following inequality:

|Sa,b,c(ψp, ψ′p; c̃, wG4)| ≤ C min(pr+s+t/2+3m, pt+3s/2+r/2+3m).

This proves (A.3).

We now give a proof of the second claim. If r+σ+%/2 ≤ %+3σ/2+r/2, i.e., r ≤ %+σ,

then σ + r ≤ 3%, so r + σ + %/2 ≤ 7(% + r + σ)/8. If r + σ + %/2 > % + 3σ/2 + r/2,

i.e., r > % + σ, then 4σ < 2r and % + 5σ < 3r, so we still have % + 3σ/2 + r/2 <

7(% + r + σ)/8. This proves that min(pr+σ+%/2, p%+3σ/2+r/2) ≤ p7(t+r+s)/8, as claimed,

and hence Theorem A.0.1.

Remark A.0.5. Note that the trivial bound for the local Kloosterman sum in [DR98]

is the following:

|Klp(ψp, ψ′p; c̃, wG4)| = Oε(p
(1+ε)(t+r+s)).

Since 7
8 < 1, we get a nontrivial bound for the local Kloosterman sum (integral) by

applying Stevens’ method.

Remark A.0.6. The bound in the appendix is better than the bound in Section 5. The

bound in Section 5 is 1− 1
4×42−18×4+22

= 1− 1
14 = 13

14 , which is larger than 1− 1
8 = 7

8 .

Applying a similar method (Stevens’ approach [Ste87]), such kind of non-trivial bound

for GL(4) Kloosterman sums attached to the longest Weyl element wG4 is also achieved

by Bingrong Huang with the exponent 9
10 < 1 in the appendix of [GSW21]. After a more

careful estimation for the case r > t, we can slightly improve the bound in [GSW21] by

moving the exponent from 1− 1
10 = 9

10 to 1− 1
8 = 7

8 .

Remark A.0.7. The result is not optimal. To improve the bound in some cases, one

may use the stationary phase formulas as Dabrowski and Fisher did for GL(3) (See

[DF97]).
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