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Abstract

In this thesis, we focus on the local and global theory of automorphic forms and
relative trace formulae. In the local aspect, I work on the GL(n) Bessel distributions
(functions) over non-archimedean local fields and the local Kloosterman-type orbital
integrals. We prove the local integrability of Bessel functions for GL(n) (p-adic case)
by using the relations between Bessel functions and local Kloosterman (orbital) inte-
grals proved in several papers of E. M. Baruch [Ba03] [Ba04] [Ba0O5], the theory of
the (relative) Shalika germs established by H. Jacquet and Y. Ye in [JY96] [JY99)
and G. Stevens’ approach [Ste87] on estimating certain GL(n) generalized Kloosterman
sums. For the global theory, I study the automorphic spectral reciprocity formulae
for certain L-functions. We prove a spectral reciprocity formula for the product of
GL(n + 1) x GL(n) and GL(n) x GL(n — 1) Rankin-Selberg L-functions (n > 3). This
generalizes the work of V. Blomer and R. Khan in [BK17] where the case of n = 2 was
established. We extend the method develooped by R. Nunes in [Nun20] from n = 2 to
general n > 3, by using the global zeta integrals for the GL(n + 1) x GL(n) Rankin-
Selberg L-functions, the spectral theory of square-integrable automorphic forms, the

language of automorphic representations and representation theoretic view.
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Chapter 1

Introduction

1.1 Relative Trace Formulae

The study of relative trace formulae has a long history. The mother of all trace formulae
is the Poisson summation formula. If f : R — C is a sufficiently nice function, say

Schwartz function (with rapid decay) for simplicity, then we have

Yo fm) =" fn) (1.1)

ne”Z nez

where

fly) = /_00 f(@)e(—zy)dz, e(z) = e

is the Fourier transform. Applying formally with f(x) = 279, one obtains the
functional equation of the Riemann zeta function. More generally, the Poisson summa-
tion formula implies the functional equations for all Dirichlet L-functions, and is in fact
essentially a re-statement of those.

Why is the Poisson summation formula a trace formula? Given a function f as

above, we consider the convolution operator
Ly: L*(R/Z) — L*(R/Z)
given by

Li(g)(x) = / F(@ — y)g(y) dy = / ko) dy



where

=3 fla—y+n). (1.2)

neL

The exponential functions e, (x) = e(nz) are an orthonormal basis of eigenfunctions:
Li(en) = f(n)e,. Computing the trace of Ly in two ways (geometric and spectral
expansion) we obtain

trLf:Zf(n):/ k(w,:c)dx:z:f(n)
nez R/Z nez
since vol(R/Z) = 1.

Now we start with an important and special class of relative trace formulae, which
is called the relative Kuznetsov trace formula.

Let G and G’ be two quasi-split algebraic reductive groups defined over a number
field F' and the corresponding adele ring Ap. Let N be a maximal unipotent subgroup
of G and 6 be a non-degenerate additive character of N(Ap) which is trivial on N(F').
Let N’ and ¢’ be similarly defined for G’. In addition, we let H be a subgroup of G’
defined over F' and x a multiplicative character of H(Ap) which is trivial on H(F). We
consider the kernel functions. We let f and f’ be smooth functions of compact support

on G(Ar) and G'(Ap) respectively. We set
> ),
YEG(F)

and

Kp(z,y)= Y. fla 'y

~' €G! (F)

Then the geometric side of the relative Kuznetsov trace formula reads as follows:

/ / K (ur, u2)B(un )0z duydus = / / K (h YY) ()dhde. (13

This identity is satisfied when f and f’ are related by a certain geometric correspon-

dence. The left hand side of (|1.3|) can be computed as a finite sum of orbital integrals
Z //f(U1§UQ)0(U1UQ)dU1dUQ
3

by the Bruhat decomposition. The sum is over all orbits (or double cosets) N (F)EN (F')
and the integral is over the quotient of the product N(Ar) x N(Afp) by the stabilizer



3
of . In order for the orbital integral to make sense (non-vanishing), we have to assume
that the additive character (ujug) is trivial on the stabilizer of £. Equivalently, we
have to assume that 6(ujuz) depends only on the product ui;éus. We shall say that &
(or its double coset) is relevant if this condition is satisfied. Therefore, the sum is over
the set of all relevant double cosets N (F)EN(F').

Similarly, the right hand side of can be computed as a sum of orbital integrals

of the form
//ﬂmwnwwwwmﬁ
The sum is over all relevant double cosets H(F)&'N'(F). One expects to have a bijection

N(F)N(F) + H(F)¢N'(F) between the set of relevant double cosets. The geometric

linear relation is that

//f(m&uz)@(umg)dmdm://f’(h&’u’)x(hw’(u’)dhdu’

for every N(F){N(F) < H(F)E'N'(F). More precisely, the functions f and f’ are
product of local functions f, and f]. For each place v, we have a set of equalities which

read as follows:

//fv(ulﬁvu2)9v(ulu2)du1du2
zw@&%//meMmm@wmm

The factor v,(&y, &) is a transfer factor, to be defined appropriately. We shall say that
the functions f, and f] match if this relation is satisfied for every N(F,)& N (Fy,) <
H(F,)¢ N'(F,). The following assertions have to be proved.

(1.4)

e Every f, matches a f, and conversely (smooth matching).

e At almost all finite places v, the characteristic function of the suitable maximal

compact subgroup K, and K/ match (fundamental lemma).

The product of the local transfer factors [],7v(&v,§,) is one when £ and { are
rational. One expects to have at almost all places an homomorphism between the Hecke
algebras H(G,, K,) and H(G,,, K)). Moreover, Hecke functions which correspond to one
another by this homomorphism match.

This setup is quite general. For instance, one expects such a relative trace formula

identity with a geometric correspondence to hold true each time H is the group of fixed
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points of an automorphism of order 2 of a group G’, with the group G and G’ being
appropriately defined.

Now let ¢ be an automorphic form on G and ¢’ be an automorphic form on G’. We

will set
W() == / o(w)B(u)du; (1.5)
N(F)\N(AFr)
W) = / &' ()P (u)du; (1.6)
N'(F)\N'(Ar)
and
P& = / ¢! (h)x(R)dh. (L.7)
H(F)\H(AFr)

We will say that an automorphic representation 7’ of G’ is distinguished by (H, x)
(or P) if P is not identically 0 on the space of 7’. Similarly, we will say that 7’ is
distinguished by 6’ if the restriction of W’ to the space of 7’ is non-zero. Similarly,
we shall say that an automorphic representation m of G is distinguished by 6 if the
restriction of W to the space of 7 is non-zero.

By the spectral decomposition of the kernel function Ky(x,y) and Ky (x,y), one
expects to be able to associate to every automorphic cuspidal representation 7’ of G’
distinguished by (H, x) and ¢ an automorphic representation 7 of G distinguished by

0 and conversely, such that (the spectral side of the relatvie Kuznetsov trace formula)
D WE(NeW(gi) =Y P (f)5)W' (). (1.8)
( J

In the left hand side, ¢; is an orthonormal basis of the space of m and f is a smooth
function of compact support on G(Ar). On the right hand side, qﬁg is an orthonormal
basis of the space of 7’ and f’ is a smooth function of compact support on G'(Ag). The
functions f and f’ are related by the geometric correspondence and the representations
7w and 7’ are related by the principle of functoriality.

Formally, the left hand side of computes a trace. Indeed, let A be the operator
such that

(Ag1, ¢2) = W(p1)W (¢2).

Then the left hand side is the trace of the operator Aw(f). In particular, the left and
right hand side does not depend on the choice of the basis. Therefore, the related



)
identities (|1.3)) and ([1.8]) in the relative Kuznetsov trace formula appear as an extension
of the duality between characters (spectral side) and conjugacy classes (geometric side)

which is at the heart of the Arthur-Selberg trace formula.

1.2 Bessel Distributions

In order to study the relative Kuznetsov trace formula, we need to have a better under-
standing of the geometric and spectral side of the relative trace formula globally.
After the milestone work of John Tate (Tate’s thesis) to reformulate the functional
equation of Hecke L-function in 1950, the local-global principle and the adelic languages
became more and more important in Number Theory. Therefore, it suffices to study
the geometric and spectral side of the relative trace formula locally for every local place
(non-archimedean and archimedean local places). In the first part of the thesis, we will
mainly work over the non-archimedean field /' = Q,, where p is a fixed prime number.
In particular, we consider G = GL(n). Moreover, we write G,, := GL,(F) =
GL,(Qp). Let B be the Borel subgroup of upper triangular matrices, A or T the sub-
group of diagonal matrices and N the subgroup of upper unipotent matrices. Let
K := GL,(Z,) be the maximal compact open subgroup of G,. Let ¢ be a non-

degenerate character of N, which is of the form

n—1
¥(n) =’ <Z ;- ni,i—i—l)
i=1

for n = (n;;) € N, ai,--- ,an—1 € F* and ¢/ is a smooth complex valued nontrivial
additive character of F. We further assume that o; = ay,—; for all 1 <7 < n — 1. For

G, we define the normalizer of T in G, to be
Ng, (T):={9€G,: ghg ' €T forall h € T}.

The Weyl group W, is defined as W, :== Ng,, (T')/T. The Weyl group is a finite group
and is isomorphic to symmetric group on n letters S,. Let wg, be the longest Weyl

element in the Weyl group Wg,,, which can be written as

0 1
wg, =1, wg, = o)
an—l
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i.e. the n x n permutation matrix whose anti-diagonal entries are 1. We fix the (nor-
malized) Haar measure with the volumes of K and N N K both equal to one.

We recall the definition of Whittaker functionals over a p-adic field. Let (7, V) be a
smooth irreducible representation of GG,,. A Whittaker functional L is a linear functional
on V such that L(w(n)v) = ¢(n)L(v) for alln € N and v € V. The following well-known
theorem of Whittaker functionals is proved by J. Shalika [Sha74].

Theorem 1.2.1 (Uniqueness of Whittaker functionals). Let (m,V') be an irreducible
smooth representation of G,. Then the space of Whittaker functionals L has dimension

at most equal to one.

In other words, the Whittaker functional L is unique up to scalar. If this Whittaker
functional L is non-zero, the representation 7 is called generic. For a non-zero Whittaker
functional L, we define that W, (g) := L(n(g)v), v € V, g € G, and let G,, act on the
space of these functions by right translations. That is, if g1 € G,, and W is a function
on G, then we define (p(g1)W)(g) = W(gq1) for g € G,. The map v — W, gives a
realization of 7w on a space of Whittaker functions which satisfy W(ng) = ¢ (n)W(g)
for all n € N and g € G,,. We denote this space by W(m, ) and call it the Whittaker
model of 7.

To study the spectral side of the relative Kuznetsov trace formula locally, it is
equivalent to study the local Bessel distributions, which is defined as follows:

Let 7 be a smooth irreducible generic representation of G,, = GL,(Q,) with con-
tragredient 7. We use 7* and 7* to denote the linear dual of m and 7 respectively. Let
f € C(Gy) be alocally constant function with compact support on G,,. We take [ € 7*
and I’ € T to be fixed nonzero Whittaker functionals with repect to the non-degenerate

additive character ¢ and ¢!, respectively. We define 7(f)I’ as
A= [ IR dg
or equivalently, for any v € 7, we have

@0y = [ flg)F(g)l,v)dg

Gn

= | fo) .7 (g~ ")(@))dg.

Gn
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Then 7(f)I' is a smooth linear functional on 7, hence can be identified with a vector

vf €.

Definition 1.2.2. We define Bessel distribution B(f) as

B(f) == U(vy).

E. M. Baruch obtained the first regularity result about the Bessel distribution B(f).
By Theorem 2.3 in [Ba0l], when restricted to the open Bruhat cell 2 = Bwg, B, this
Bessel distribution B(f) is given by integration against a locally constant kernel function

Jo,x(g) on €, which is called the relative Bessel function. More precisely,

Theorem 1.2.3. [Ba0l] Let Q@ = Bwg, B be the open Bruhat cell in Gy, and dx be
a Haar measure on Gy, restricted to ). Then there exists a locally constant function

Jo,x : &2 — C such that

for every f € C(Q).

We can extend this function jor(g) to the whole group G, by letting zero when
g € G, —Q = G, — Bwg,B. Note that the function jy r(g) is no longer a locally
constant function on the whole group G,,.

There is another way to define the Bessel function j(g) on the group G,,. The key
ingredients in the definition are the stable integral and the uniqueness of Whittaker
functionals and models.

We introduce the definition of the stable integral. Let Ny C No C N3 C --- be a
filtration of N with compact open subgroups N;,i = 1,2,--- such that N = U2, N;.
We denote this filtration by A/. Let f : N — C be a locally constant function.

Definition 1.2.4. We define the stable integral

/Nf(n)dn = lim / f(n)dn
N m—r+00 N,

if this limit exists. If the limit exists, we say that the stable integral is convergent.

The following theorem is proved in [Ba05].
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Theorem 1.2.5. [Ba05] Let N := {N;,i > 1} be a filtration of N for Gy, as above. Let
g € Bwg, B and W € W(w, ). Then the (stable) integral

N
/ W (gn)e (n)dn
N

is convergent. Moreover, the value for this integral is independent on the choice of
filtration N .

Let g € Bwg, B and we define the linear functional L, : V' — C by

N
Ly(v) ::/N Wv(gn)wfl(n)dn.

Since Ly(m(n)v) = (n)Lg(v) for all n € N, we see that L, is also a Whittaker func-
tional, hence it follows from Theorem that there exists a scalar jr (g) such that

Lg(v) = jmu(9)L(v)

for all v € V. We call jr = jr the Bessel function of m. The Bessel function j(g) is
independent on the choice of the Whittaker functional L which is unique up to scalar
multiplication (See Theorem [1.2.1)). We see that the Bessel function j is defined on
the open Bruhat cell Bwg, B of Gy,. Moreover we know that j.(g) satisfies

Jr(n1gnz) = (nin2)jx(g)

for all ny,n2 € N and g € Bwg, B. The value of j, is determined by its values on the
set wg, A = wg, T and the Bessel function j, is locally constant on the set Bwg,, B (See
[Ba05]). If g € G,, — Bwg,, B, it is defined that j.(g) = 0.

By Theorem 1.1 in [Chail9a] and Theorem 7.2 in [Chail7], we know that jo (g) =
J=(g) for all g € Q (See Theorem 1.1, 3.2 in [Chail9a] and Lemma 3.2 in [ChailT7]).

As in the theory of distribution characters of smooth irreducible admissible repre-
sentations of G, (See [HC70] and [HC99]), the Bessel function j, is expected to be

locally integrable on G,,. We prove this result for all n > 2, which states as follows:
Theorem 1.2.6. The Bessel function jr(g) is locally integrable on GL,(Q)).

Remark 1.2.7. The study of (classical) Bessel functions has a very long history and
can be traced back to the 19th century. Bessel functions are first defined by D. Bernoulli
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and then generalized by F. Bessel. The classical Bessel functions are canonical solutions

y =y(x) of Bessel’s differential equation

d’y  dy
2 2 2y, _
for an arbitrary complex number a, which is defined as the order of the Bessel function

[Wat95)].

Among all complex numbers, the most important cases are when « is an integer
or half-integer. Bessel functions for integers « are also known as cylinder functions
because they show up in the solution to Laplace’s equation in cylindrical coordinates.
Bessel functions for half-integers o appear in the solution to Helmholtz equation in
spherial coordinates [Wat95)]. This shows the natural relations between Bessel functions
and the solutions to PDEs.

In the 20th century, more connections and applications of the Bessel functions and
their generalizations were found in many other fields of mathematics, in particular,
analytic number theory, automorphic forms and the Langlands Program.

For example, classical Bessel functions appears natrually in Voronoi’s summation
formula as well as Petersson’s and Kuznetsov’s trace formula for GLa(R). These formu-
lae have become fundamental analytic tools in attacking some deep problems in analytic
number theory, most notably the subconvexity problem for automorphic L-functions. A
version of the Voronoi’s summation formula, which is not in its most general form,

roughly reads as follows:

> an 1 & an n

nz:l)\p(n)e <7> v(n) = . nz:l/\p(n)e (—?> r <c—2> .
In the above formula, a,a and c are integers such that (a,c) =1 and aa = 1( mod c¢),
Ap(n) are certain normalized Fourier coefficients of a Hecke-Maass cusp form F for
SLo(Z) (Here Hecke-Maass cusp forms can be defined as the eigenfunctions of a collec-
tion of differential and arithmetic operators, for example the Laplacian operator), v is
a smooth weight function compactly supported on (0,00) and ' is the Hankel transform

of v, -
M) = [ o)y, o £ 0.

Here the intgral kernel Jp of Hankel transform I has an expression in terms of classical

Bessel functions. Moreover, under the representation theoretical viewpoint, the Hankel
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transform associated to classical Bessel functions is closely related to the local functional
equation of the GL(2) x GL(1) Rankin-Selberg L-function in the real place.

The local integrability property is important to the understanding of general Bessel
functions over local fields. The local integrability of GL(2) Bessel functions over p-adic
fields is well-known by the analytic properties of GL(2) Whittaker functions (See [So8j)]
and [Ba97]). In [Ba0j)], E. M. Baruch proved that the Bessel functions for GL(3) over
p-adic fields are locally integrable. Howewver, the local integrability for Bessel functions
on GL(n) (n > 4) is still an open problem in the subject. We prove the well-expected
local integrability property for GL,(Qp) (n > 2).

An important corollary of the local integrability of GL,,(Q,) Bessel functions is the

so called regularity theorem.

Theorem 1.2.8. The Bessel distribution B(f) is given by integration against the Bessel
function j=(g) on Gy, that is, for any f € C°(G,), we have

B(f) = / i=(9)f(9)dg.

n

Remark 1.2.9. The regularity theorem (Theorem may have applications in the
study of relative trace formulae (especially the test vector problem in the Kuznetsov
trace formula). Moreover, Theorem tells us that all the information of local Bessel
distribution B(f) which is really hard to handle is contained in the Bessel function j.(g),
which s still very difficult to study but more accessible. This would make it possible to
generalize the results of Baruch and Mao [BMO03] [BM05] [BMU07] to higher rank groups.

Remark 1.2.10. The key ingredients in the proof of Theorem [1.2.0| and[1.2.8 are re-
duction steps to the careful study of the local orbital integrals (the geometric side of the

relative Kuznetsov trace formula), relative Shalika germ expansions of the local orbital
integrals, and a mon-trivial upper bound for the local Kloosterman integrals and sums.
Readers may see Chapter [3 for more details. The proof of Theorem [1.2.6 and [1.2-§

shows the power of the relative trace formulae. A better understanding of the geometric

side of the relative trace formulae can tell us a lot of further information on the spectral

stde of the relative trace formula.
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1.3 Automorphic Spectral Reciprocity Formulae

The spectral decomposition of the kernel function plays an important role in the study
of relative trace formulae. A careful study of the geometric side of the relative trace
formula can always lead to a better understanding of the spectral side of the relative
trace formula. Moreover, by finding the intrinsic symmetries in the geometric side of
the relative trace formula, we may avoid performing a dedicate study of the geometric
side and deduce some interesting spectral identites between moments of automorphic
L-functions from the spectral side, which is called automorphic spectral reciprocity
formulae.

The most famous reciprocity law in the number theory is the quadratic reciprocity
law first proved by F. Gauss. Let ¢ and ¢ be two distinct odd prime numbers. The
celebrated law of quadratic reciprocity expresses the quadratic Legendre symbol (g) in
terms of (%). This result is always viewed as the first result of algebraic number theory
and has more than one hundred different proofs nowadays. The quadratic reciprocity
law is very important since it connects the arithmetic properties of two unrelated finite
fields IF, and FF,.

Similar phenomenon will also appear in the theory of automorphic forms, which is
known as the (automorphic) spectral reciprocity formula. Motivated by the work of
Motohashi [Mot93], Michel-Venkatesh [MV10] and many other related works in lower
ranks (degree 2 or 4 L-functions), V. Blomer suggested to investigate spectral identities

of the following shape from the point of view of automorphic representations:

Y LmH(m) =Y LimH(r),

TeF a

where F and F are different families of automorphic representations, L(7) and Z(w)
are certain (may be different) (products of) L-functions corresponding to automorphic
representations. Moreover, % and H are some (global) weight functions related to au-
tomorphic representation w. The map from H to H is given by an explicit integral
transform. Such kind of automorphic spectral reciprocity formulae have recently at-
tracted a lot of attentions in analytic number theory (JAK1S8] [BK17] [BKI18] [BMLI19]
[Nel19] [Nun20] [Zac19] [Zac20] etc.).

Beyond the simplicity and beauty of spectral reciprocity formulae, these formulae
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are expected to have powerful applications to non-vanishing and subconvexity problems
for the associated L-functions, which are very important in analytic number theory.
This motivates an intension to understand the intrinsical symmetry behind such kind
of identities. In other word, it is highly desirable to ask whether there exists a mas-
ter formula of representation-theoretic nature to control all these reciprocity formulae
related to L-functions. Moreover, there are several works on automorphic L-functions
on which one can find such spectral reciprocity formulae hidden as the key ingredients
inside the proof (For example, see [KY21] [Kha21]).

These kind of spectral reciprocity formulae in higher rank (degree 8 L-function)
first appeared in a paper by Blomer, Miller and Li [BML19]. They established a spec-
tral reciprocity formula for GL(4) x GL(2) Rankin-Selberg L-functions in the GL(2)
archimedean (spectral) aspect. Later, Blomer and Khan’s work [BK17] shows another
kind of interesting and deep spectral reciprocity formula which contains the product of
GL(3) x GL(2) Rankin-Selberg L-functions and the standard GL(2) L-functions. This
is a degree 8 L-function case again. In [BK17], Blomer and Khan actually used powerful
analytic number theory tools to go further. They showed that if the input of GL(3)
automorphic form is an Eisenstein series (which is not of rapid decay) other than a cusp
form, the spectral reciprocity formula is still true. Therefore, they may successfully ap-
ply this kind of spectral reciprocity formula to study the GL(2) subconvexity problem in
level aspect. It is worthwhile to mention that such kind of spectral reciprocity identities
appeared at least since Motohashi’s formula [Mot93] which connects the fourth moment
of the Riemann zeta-function (GL(1) L-functions) to the cubic moment of standard
L-functions of cusp forms on GL(2).

To be more precise, we briefly recall the main result of Blomer and Khan’s paper
(IBK17]).

Let f1 be an automorphic form (cusp form or Eisenstein series) for the group SL3(Z).
In the following summations, we let f be a cusp form for a congruence subgroup of
SL2(Z) (f is ramifed at some finite places). They proved a spectral reciprocity formula of
the following shape (For simplicity, I do not write down the Eisenstein series contribution

from the spectral decomposition)

Yo Ll ix HL(w, HAG(0) e Y L(s', fr x L', f)As(a),

f of level ¢ f of level £
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where ¢ and £ are coprime integers and Ay is the corresponding Hecke eigenvalue for the
cusp form f and

s=31l4+w-s), w=2%iBs+w-1). (1.10)

Furthermore, if f; is an Eisenstein series, we will also see that

Do L2 N0 e Y IL(A/2, 1) A (a)-

f of level ¢ f of level £

Roughly speaking, this formula is a spectral reciprocity formula between the spectrum
of the Laplacian operator on two different arithmetic hyperbolic surfaces I'g(¢q)\ H and
[p(¢)\ H featuring a product of L-functions of total degree 8 (the product of degree 6
GL(3) x GL(2) Rankin-Selberg L-functions and degree 2 standard GL(2) L-functions).

In 2020, R. Nunes [Nun20| gave a new and nice proof of Blomer-Khan’s result [BK17]
and partially generalized their result to general number field instead of Q. Instead of
using tools in the analytic number theory (such as Kuznetsov trace formula, Voronoi
Summation formula etc.), R. Nunes used mainly the spectral decomposition formula
and the integral representation of Rankin-Selberg L-functions. The reciprocity of two
coprime ideal q and [ are given by the action of a Weyl element (1 = ) We extend the
method in [Nun20] and the setup applied by R. Nunes can be generalized from n = 2 to
general n > 3. This is given in [Miao21], where we find the following abstract reciprocity
formula.

Let F/Q be a fixed number field with ring of intergers O and discriminant Ap.
The adele ring of F' is denoted by Ap and its unit group is given by A% (idele group).
We also let AL := {z € AY : |z| =1}, where |- | : AX — Ry is the adelic norm map.
Note that A}; is exactly the kernel of the adelic norm map. We also call A}p norm one
ideles.

Suppose that ® € C*°(Z,,11(Ar)GLp41(F)\GLp+1(AF)) is a cuspidal automorphic
form (automorphic form with zero constant term). Therefore, it is of rapid decay.

Then, we can define the projection by

n hn —=
A®(hy) = ydethnﬁé-/ o ((Z (u) 1)) Jul "2 du. (1.11)
FX\AX

Since @ is of rapid decay, the above average projection map over the center A;®

is well-defined for every complex number s and is again of rapid decay in terms of



14
hn € GL(n). Moreover, we see that As® is invariant under the action of the center
Zn(AFR).

We also give the following definition of the period integral

Iw,00) = [

hp-1 w_l
o @(hn,1)|det hnfly 2dhy,_1,
GLyp—1(F)\GLp—1(Ar) 1

whenever it is converges. Here ¢ is a smooth function defined on GL,(F)\GLy(AFr)
and ¢ is a fixed everywhere unramified cuspidal automorphic form for GL,_1(Afp).
Moreover, we assume that ¢ is invariant under the center Z,(Ar), therefore its central

character is trivial. If n = 2, we see that ¢ = 1 which is the trivial character.

Theorem 1.3.1. [Abstract Reciprocity Formula]
Let ® € C®(Zy41(Ap)GLy 1 (F)\GLy11(Ap)) be a cusp form. Then, for every

s, w € C, we have the following abstract reciprocity equation

I(w, AS‘I’, (P) = I(wla As’(i)7 So)a

where s’ = 14_("%1)1“_5, w' = (nﬂ)s%_l, and ® is given by
In—l
O =TI (wy2) - P, wyp:= 1. (1.12)
1
Actually, we have the following diagram:
GL(n+1)
/ N
GL(n) w12GL(n)wyy (1.13)
N /!
GL(n—1)

Here the embedding of GL(n—1) in GL(n) is given by the embedding g,,—1 — <gn—1 1) )

Remark 1.3.2. More generally, we may view spectral reciprocity formulae as a strong

Gelfand formation, which is due to Reznikov (See [Rez08]). First, we say that a pair of
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reductive groups (G, H) over a number field is a strong Gelfand pair if for every place v
and every pair of irreducible (admissible) representations Il and o of G(F,) and H(F,),
respectively, we have that the space of H(F,)-invariant maps from Il to o is at most

one-dimensional. Now let G, Hy, Hy and J be reductive groups with natural embeddings

G
/! N
H; Hs. (1.14)
N /!
J
Then we say that (G, Hy, Ha,J) is a strong Gelfand formation if the pairs (G, H;) and
(H;, J) are strong Gelfand pairs, fori=1,2.
It is well-known that if (G, H) is a Gelfand pair, 11 and o are automorphic repre-
sentations of G and H, respectively, and ® € Il and & € o are automorphic forms than

the period

/ B(h)E(h)dh,
[H]

where [H] :== H(F)\H(AFr) and [J] := J(F)\J(AF) can often be linked to an L-function
(For simplicity, we assume that such quotients are compact). Therefore, in order to
obtain a reciprocity formula one might consider ® € Il and ¢ € w automorphic forms of

G and J, respectively, and consider the period f[J} ®(7)o(j)dj. Expanding the vector @

in the spaces of automorphic forms in Hy and Hs, one should get

> (/[Hl %> </m &d)) B </[H1 %> (/m m) |

&1 &2

where & runs through an orthonormal basis of automorphic forms for H; (i =1,2), and
in the above discussion we ignore all convergence issues or non-discrete spectrum.

The reciprocity formula which we prove here can be seen as a special case of the
above discussion where take G = GL(n + 1), H; = GL(n), J = GL(n — 1), and Hy =

In— . . .
w12GL(n)w1_21, with wip = ( ' . 1>. For these groups, inclusion is given by h —

h
( 1) which is an embedding of GL(n) inside GL(n + 1).
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The period integral is closely related to the product of Rankin-Selberg L-functions.
Applying the integral representations of Rankin-Selberg L-functions, the spectral de-
composition of square-integrable automorphic representations and the local test-vectors
theory of Rankin-Selberg L-functions [BKL19] to the period integral, we can generalize
the spectral reciprocity formulae of Blomer-Khan and Nunes from n = 2 to general
n > 3. More precisely, we establish a spectral reciprocity formula for the product of
GL(n+1)x GL(n) and GL(n) x GL(n—1) (n > 2) Rankin-Selberg L-functions, which is
a degree 2n? L-functions. The reciprocity of two coprime ideal q and [ are given by the
action of a Weyl element wqo = (In_l 1 ) Note that if n = 2, the result has already
been established in [Nun20, Theorem 1.11, 1.2]. The spectral reciprocity formula we have

expresses the following reciprocity relation:

> L(s, I x @) L(w,m x m)H(w) e~s > L(s', T x 7)L(w', 7 x m1)H(r)
7 of level g 7 of level [
for different unramified prime ideal q and [, where 7 is the contragredient representation
of m. Here both IT and 7 are cuspidal automorphic forms on GL(n + 1) and GL(n — 1)
which are unramified everywhere and have trivial central character. Note that the
automorphic representation 7 on GL(n) also have trivial central character. Moreover,

we have

, 1+ (n—Dw-s , (n+1)s+w—1
s = , w = .
n n
To be more precise, the automorphic spectral reciprocity formula we achieve is as

follows:

Theorem 1.3.3. Let 1l and 71 be everywhere unramified tempered cuspidal automorphic
representation for GL(n+1) and GL(n —1) over F' with trivial central character. Let T

be the contragredient representation of w. Suppose that q and | are unramified, coprime

n+1

2. Then we will have the

ideals. Futhermore, we assume that 3 < Re(s),Re(w) <

following identity
M(H7 ™, S, w,(q, [) = N(H7 T, S, Ww,q, [) + D(H77T17 S, w,dq, [) + M<H7 1, S/a wl7 [7 q)7

where the complex parameters s',w’ satisfy the relation

, 1+ (n—1w-—s w,_(n—|—1)s+w—1

S

)
n n
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Here the definition of M1, 1, s,w,q,!), N(I, 71, s,w,q,l) and D(II, w1, s, w,q,[) are
given in (11.20]) (11.21)), (10.11)) and (11.22) respectively.

The spectral reciprocity formula as obtained in Theorem for general n > 3 is
expected to have interesting applications on the simultaneous non-vanishing problems
of relevant Rankin-Selberg L-functions as indicated in [Nun2(, Corollary 1.3]. In order
to carry out such deep applications, we have to bound all the terms in continuous
spectrum which contain the moment of higher-rank L-functions. We hope to discuss

those applications in our future work.

1.4 Organization of the Paper

The first part of my thesis (Chapter Chapter 7)) will contribute to the proof of the local
integrability of GL(n) Bessel functions (Theorem and and its applications.
In the second part of my thesis (Chapter Chapter, we will focus on the automorphic
spectral reciprocity formulae for general linear groups (Theorem and .

e Chapter We consider the Bessel functions in lower rank (GL(2)). We give
the definition and prove some basic properties of GL(2) Bessel functions, which
is a special case in Section Moreover, we give some applications of Bessel
functions, including gamma factors, stability and local converse theorem. Readers
may realize the importance and power of Bessel functions even in the small rank

case.

e Chapter[3} We start the reduction steps for the proof of Theorem Applying
the relations between Bessel functions and local Kloosterman (orbital) integrals
proved in several papers of E. M. Baruch [Ba03] [Ba04] [Ba05], the theory of the
(relative) Shalika germs established by H. Jacquet and Y. Ye in [JY96] [JY99], we
can reduce the proof to estimate certain local Kloosterman-type integral with a

special characteristic function, which is locally constant and compact support.

e Chapter We continue the reduction steps for the proof of Theorem It
is almost impossible to compute the GL(n) (n > 4) Kloosterman integral explic-
itly, which can be done in the case of GL(2) and GL(3) (See [JY96] and [JY99]).
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To overcome this difficulty, after writing Kloosterman integrals as generalized
Kloosterman sums, we apply and modify G. Stevens’ approach [Ste87] on esti-
mating certain GL(n) generalized Kloosterman sums. We need to estimate how
many orbits are contributing. G. Stevens’ approach gives an effective method to

yield a non-trivial upper bound for the generalized Kloosterman sums.

Chapter [5f We follow the method of G. Stevens (Chapter [4)) to estimate Klooster-
man sums for GL,,(Q,) and prove a non-triival upper bound (See Theorem [5.0.1)).

Chapter @ We complete the proof of the local integrability of GL(n) Bessel func-
tions (Theorem [1.2.6)).

Chapter [T} We give some applications of Theorem including the regularity
theorem (Theorem [1.2.8), the kernel formula (Corollary (7.1.5)) and the non-trivial

absolute convergence region for the Kloosterman zeta function (Section [7.2)).

Chapter We give some preliminaries of automorphic spectral reciprocity for-

mulae.

Chapter @ We recall some basic properties of global and local theory for GL(n +
1) x GL(n) Rankin-Selberg L-functions. Moreover, we consider the global zeta

integral regularization when the automorphic representation is not cuspidal.

Chapter We prove the abstract reciprocity formula (Theorem [1.3.1)) by com-
paring two periods with matrix computation. This is an identity between two

periods. Moreover, by spectral decomposition, we are able to give the abstract
pre-spectral reciprocity identity (Theorem [10.2.2]).

Chapter By careful choosing the local test vectors for both non-archimedean
and archimedean places, we are able to establish the explicit spectral reciprocity
formula. Moreover, in order to get the information for global L-functions at
the central value, we need a meromorphic continuation for certain moment of
L-functions. Finally, we reach the explicit automorphic spectral reciprocity for-
mula (Theorem [1.3.3).

Finally, in Appendix [A] after a slightly different and more careful approach in

counting via G. Stevens’ approach, we are able to give a better bound for the
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Kloosterman sums estimation on GL4(Q,) (Comparing Theorem with The-

orem [5.0-1).



Chapter 2

Bessel Functions on GL(2)

In the first part of my thesis, we will focus on the local integrability problem for GL(n)
Bessel functions and its applications (Theorem and . Readers may see Sec-
tion for introduction. Before we give the proof of the local integrability for Bessel
functions in arbitrary rank, we will focus on the Bessel functions in lower rank (GL(2))
and consider some applications in this Chapter [2l Readers may see the importance and

power of Bessel functions in the study of number theory and representation theory.

2.1 Definition and Properties of Bessel functions on GLy(F)

In this section, we will mainly give the definition and some properties of Bessel functions
on GLy(F'), where F' is a non-archimedean local field (See [Cogl4] and [So84]).

Before we give the precise definition of Bessel functions, let’s first recall the Whit-
taker model of an infinite dimensional irreducible admissible representation = on GLa(F').

Let F' be a non-Archimedean local field with characteristic 0, i.e. a finite extension of
a p-adic field Q,. Let Op and OF be the ring of p-adic integers and multiplicative group
of units respectively. Let p be the unique prime ideal in O and w be the corresponding
uniformizer. Let g be the order of the residue field of F, i.e. ¢ = |Or/pOp|. Moreover,
we fix a nontrivial additive character ¢ from F to S' whose conductor is exact Op.

Let By = ThUs be the standard Borel subgroup of GLa(F') consisting of upper

1 u
triangular matrices, with unipotent radical U := Us = < 112> and diagonal group

20
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T5. We can define a non-degenerate character ¥y of U as follows:

Yu(u) = (u2), ueU.

An infinite dimensional irreducible admissible representation (m, V) of GLy(F) is
generic if

Homgy, () (v, ndS"2 (" )¢U> £0.

From the uniqueness of Whittaker model, it is known that if representation 7 is generic,
then the above Hom-space is of dimension 1. Moreover, all infinite dimensional ir-
reducible admissible representations (w,V’) of GLg(F') are generic. Now let 7 be an
irreducible admissible generic representation of GLo(F'), fix a nonzero functional [ in
the above Hom-space, then the image of V under [ is called the Whittaker model of =,
denoted by W(m, ). It is known that W(m, 1)) is independent of the choice of [. For
each vector v € V, let W, :=[(v). Then for Yu € U, g € GLa(F), we have

Wy (ug) = P (u)We(9),
Wa(g) = 1(v)(g9) = Um(g)v)(I2) = Wr(g)o(I2).
In order to define Bessel functions for GLo(F'), we need the following lemma.

Lemma 2.1.1. Let w be an infinite dimensional irreducible admissible representation

of GLa(F), then the integral

= 0 =) (1 = “1(2)dz T x X
e [((2) ) (L)) w e e

converges (in the sense that the integral stabilizes for sufficiently large compact subgroups
of F).

Proof. From classical theory, it is known that 7 will have a Whittaker model W (m, )
and Kirillov model K(7,1). They are related by

ou(z) =W, <<$ O)) € K(m,v) forv € V.

01

w ((g ?)) € S(F™),

Assume first that
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where S(F*) is the space of Schwartz functions on F'* (Here we can make this as-

sumption because S(F*) C K(m,v¢)). Then we claim that for a fixed z € F*, the

()6 0)

Note that from the smoothness of Whittaker functions, let |z| sufficiently large we

know that

function

has a compact support in z.

()
T W =W W eW(r1).

Then we have

entv((2)

where w; is the central character of representation m. Now from our previous assump-

tion, if |z| is large enough (depending on ), we have

(i)
(00

has a compact support in z for a fixed x. So the integral converges under our assumption.
Now let W be any Whittaker function in the space W(m, ). We fix an integer
mg > 0. Let n > mg, then

0 =z 1 z 1
Lo () ) om
0 = 1 =z 1
Lo (5 3) 5 1))

This means that the function

(2.1)
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where

1 w
Wing(9) :==q~™° / w <g< )) o~ (u)du.
lu|<gmo 0 1
From the identity
y 0 I w\y (1 yu y 0
0 1/\0 1 0 1)\0 1)’

it is easy to check that the function

()

belongs to the space S(F*) from the orthogonality of characters. Moreover, from the

properties of Whittaker functions, it is known that for Vu € U, g € GLo(F),

Wing (UQ) =Yy (u)Wmo (9)7

and W, is a smooth function from the smoothness of Whittaker functions. Therefore,
the left hand side of the equation [3.4] stabilizes for n large enough. Lemma is proved.
O

By definition I, is a Whittaker functional of representation 7, that is

I, <7r ((é j))) W = (2) (W) zé€F

From the uniqueness of Whittaker model, it is known that such a Whittaker functional

is unique up to scalars. Thus, we can define Bessel functions j.(z) for GLy(F') as follows:

Definition 2.1.2. The Bessel function j.(x) is the constant of proportionality (a func-
tion of x as I;(W') varies), that is,

0 =z 1 =z 1 i -
[((5 ) 3) oo msiamas wewoo

Remark 2.1.3. From above lemma and the uniqueness of Whittaker model, we know
that our definition of Bessel functions is well-defined. We also note that Bessel function

j=(x) is independent on our choice of Whittaker function W in the space W(m, ).
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After the definition of Bessel function j.(z), we will give some properties of jr(x)

in the following propositions.

Proposition 2.1.4 (Weak kernel formula for GLo(F)). Let W € W(m, ) be such

that the function
0
w(? e S(FX),
0 1

0 x B _ . Yy 0 X
W((—l 0))—/wa#<y>gw<xy>w<(o 1>>d v
Proof. We let
(2) = W 0 =« 1 z
P -1 0)\o 1))’

Then from the definition of Fourier transform and Bessel functions, we have

then we have

Bwal(l) = /F ow a2 L (2)dz = (@)W (I).

Since the function ¢y, (2) is compactly supported, our Fourier transform is well-defined.

Now changing the varible, we have

Pwe(y) =yl ~'@ Lo (1)=|y_1w;1(y)jw($y)W<<z ?))
TI'( 1)W,xy

0 y~

and hence
0 i -~ R
W = owa(0) = Ow.(0) = [ Pwa(y)dy
-1 0 F
PN y 0
— [ e Wistanw &y,
Fx 0 1
Here the above second equation is correct because of Fourier inversion formula. ]

Remark 2.1.5. The above Proposition[2.1.4] is called the weak kernel formula for GL(2)
Bessel functions. It is a very important proposition of Bessel functions. We can view
Bessel function as a “kernel” of integral representations. In 2004, E. M. Baruch proved
the weak kernel formula for GL(3) Bessel functions [Ba04)]. In 2017, J. Chai proved the
weak kernel formula for GL(n) Bessel functions [Chail’l].
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We give more propositions of Bessel functions.

Proposition 2.1.6. 1. For any nonnegative integer ng, there exists a positive integer

N, depending on 7 and ng only such that if |x| > ¢*N, then

Jr(x) = /xz2—1ep—noo wr(—2)pt (g + z) dz.

2. Using the same notations as part one of the proposition, we have jr(xu) = j(x)
for |z] < ¢®N and Ju —1| < ¢ V.

Proof. 1. Take a Whittaker function W = Wj in the space W(m, ) such that the

function
y 0
Wo
0 1

is the characteristic function of 1 + p™°Op.

Let A be such that if || < A, then

10
™ Wo = W(].
t 1

From our proof in Lemma we have

From the identity

(G ) (G606 )

and using the local kernel formula in Proposition we have

0 =z 1 =z _ ) y 0 1 z y
(506 ) oo ()6 )
21
:/ w;l(w_ly)jw(y)¢(yx‘12)wo((y 0>)dxy.
Fx 0 1
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So for all |z] < A~L, there exists a positive constant Cy such that for all |z| > C,

()

Now the part one of proposition is proved.

we have

. In part two, we use the same notations as the above part one. Since the function

()

is the characteristic function of 1+ p™Op, so if |z| < ¢*V and |z| > ¢", we have

L0
Woll? = 0.
0 1
So for |z| < ¢*, we have

) B 0 = 1 =z 10\ ds
) = /z|§qNW°<<_1 0) (O 1>>w (2)d.

Now using the local kernel formula in Proposition [2.1.4] we have

) _ 0 =« 1 =z “1(\ds
) = /mgqNW“((—l O) <0 1>>w (2)d
= / / w;1<y>jﬂ(xy)w<z<y—1>>wo((y 0>>dzdxy (2:3)
Fx J]z|<qN 0 1
N

—y / iy dy.
ly—1|<g—N

Changing the varible, we know that for |z| < ¢*¥ and |u — 1] < ¢~V, we have
Jr(zu) = jz(x). This means that Bessel function j(z) is a locally constant

function on F'*.

O]
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2.2 Mellin transform of Bessel functions and Gamma fac-

tors

In this section, we will show that the Mellin transform of j.(z) is the (Rankin-Selberg)
gamma factor, which is defined by the local functional equation of local L-function for
GL3 or GLy x GL;.

Gamma factors of local GL, L-function

We will prove that the Mellin transform of jr(z) is the gamma factor (s, m, ),
which is given by the local functional equation of local L-function for GLs.

Before we prove the theorem, let’s firstly recall the local functional equation for local

GLy L-function in Jacquet-Langlands’ famous book Chapter 1 Section 3 [JL70].

Theorem 2.2.1 (Local Functional Equation for GL(2)). Let m be an infinite dimen-
sional irreducible admissible representation of GLo(F'). For every Whittaker function

W e W(m, ), we can define the local zeta integral as follows:

z 0 s—1 ax
Zw(g,m,s) = W g ||z 2d"x.
Fx 01

The above local zeta integral converges for Re(s) >> 0, and can be analytically contin-
ued to a meromorphic function on the whole complex plane C with at most two poles.
Furthermore, there exists a meromorphic function (s, 7, 1), which depends neither on
our choice of Whittaker function W € W(m, ) nor on element g € GLo(F'), and this

meromorphic function satisfies the following functional equation:

ZW(wguwﬂu 1- S) = ’Y(Su Tr?l/})ZW(g? T, S)

for all W e W(m,v) and g € GLa(F'), where

0
Zw (wg, wr, s) r—/ w5 wg | wit @)l 2 d e
FX 0 1
0 1
and w = .
-1 0

From above local functional equation for GL(2), we can do the calculation of local

gamma factor (s, 7, 1), using a special family of Whittaker functions since local gamma
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factor is independent on our choice of Whittaker functions W € W(m,v¢). Now we
have the following theorem which indicates that the gamma factor is exact the Mellin

transform of Bessel function.

Theorem 2.2.2. Assume that Re(s) << 0, then we have
Aomw) = [ wrt@hsla)laltda,
FX

Proof. Since the local gamma factor (s, m,) is independent on our choice of element
g € GLo(F), we just fix g = Io.

Now since S(F*) C K(m, 1), we can take a Whittaker function W = Wy in the
space W(m, 1) such that the function

w2 )

is the characteristic function of Oj. From our choice of Whittaker function Wy, we

know that

ZWO(IQ,W,S)—/ 1d "z =1.
OF

Since the local gamma factor (s, 7, 1) is independent on our choice of Whittaker func-

tion Wy € W(m, ), it is known that
7(37 7T7¢) = ZWo(w>w7T> 1—- S)

= 0 @ w= @) |z 25 d" &
—/FXW<<_1 O)) (@)l Fd

Now recall the weak kernel formula for GLg Bessel functions (Proposition [2.1.4]), we

have
0 T i w_l (2 Y 0 X
W<<1 0)) = [ e it y>w<<o 1>>d y "

— [ Whinan)ary.
O

F
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Since we assume that Re(s) << 0, so the local zeta integral Zy, (w,wy, 1 — s) is abso-

lutely convergent. From Fubini’s Theorem, we have

0
Zyw,(w,wr, 1 —8) = / W v w;l(x)\arﬁfsdxx
Fx -1 0

-/ ( L wﬁ(y)jw(xy)czxy) w7 @leld*a
= [, (L ewsetomatt-saa) avy

:/ |y\5_§dxy-/ w;l(z)jw(z)\z\%_sdxz (Changing Varible)
o) Fx

F

- / i\ @)ja (@)l F 0.
F><

(2.5)
In conclusion, we have
(s, ) = Zw,(w,wr, 1 —5) = / w;l(x)jﬁ(x)\xy%—sdxx
X
for Re(s) << 0. -

Gamma factors of local GL; x GL; L-function

We will relate Bessel functions jr(x) to the Rankin-Selberg convolution gamma
factor (s, m X x, 1), which is defined by the local functional equation of local L-function
for GLg x GL1.

Before we prove the theorem, let’s firstly recall the local functional equation for
local GLe x GL; L-function in Roger Godement’s notes on Jacquet-Langlands’ theory
Chapter 1 Section 12 [God1§].

Theorem 2.2.3 (Local Functional Equation for GL(2) x GL(1)). Let 7 be an infinite
dimensional irreducible admissible representation of GLa(F'). For every Whittaker func-
tion W € W(m, 1) and every multiplicative quasicharacter x of F*, we can define the

local zeta integral as follows:

0
Zw (9,7, X, 5) ;:/ w (" g ) x @)l rde
FX 01
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The above local zeta integral converges for Re(s) >> 0, and can be analytically contin-
ued to a meromorphic function on the whole complex plane C with at most two poles.
Furthermore, there exists a meromorphic function (s, m X x, %), which depends neither
on our choice of Whittaker function W € W(m, 1) nor on element g € GLa(F), and

this meromorphic function satisfies the following functional equation:
ZW(wgawﬂX_17 - 5) = 7(S> ™ X X, T,Z))ZW(Q, T Xs S)

for all W € W(m,v) and g € GLa(F), where

0
Zw (wg,wex 'y s) = / W ((E 1) wg> wy (@)X (@) |22 d* e
FX

0 1
and w = .

From above local functional equation for GL(2), we can do the calculation of local
gamma factor y(s,m X x, 1), using a special family of Whittaker functions since local
gamma factor is independent on our choice of Whittaker functions W € W(x, ). Now
we have the following theorem which indicates that the gamma factor is exact the Mellin

transform of Bessel function.

Theorem 2.2.4. Assume that Re(s) << 0, then we have
_ . 1
Asm o) = [ wr @izl —ae.

Proof. Since the local gamma factor v(s,m X x, ) is independent on our choice of
element g € GLy(F'), we just fix ¢ = I5. Let the conductor of quasicharacter x be
1+9p"OF, ie. X14pr0p = 1.

Now since S(F*) C K(m, 1), we can take a Whittaker function W = Wy in the
space W(m, 1) such that the function

y 0 n
Wo 01 =q" li4prop-

From our choice of Whittaker function W, we know that

ZWO(I2,7r,S):q"-/ ld*r=q"-q¢" =1
].-HJ”OF
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Since the local gamma factor v(s,m X x, ) is independent on our choice of Whittaker

function Wy € W(m, 1), it is known that

’Y(Saﬂ- X val/}) = ZWO(wvwaA, 1- S)

= 0 @ w=l (@) (@) |z|2 5 d% z
—/FXW((_1 O)) X (@)l

Now recall the weak kernel formula for GLy Bessel functions (Proposition [2.1.4]), we

have
O X . (,4}_1 . x ) 0 X
W((_l 0>> —/FX () y)W<<O 1>>d y )

g /1 e Wiy,
+p"OFf

Since we assume that Re(s) << 0, so the local zeta integral Zy, (w,w,x "', 1 — s) is

absolutely convergent. From Fubini’s Theorem, we have

Ziwy (w,wrx " 1= 8) = /F w <<_01 ﬁ)) wr (@)x(@) ]2~ d*x

_ . - 1-s
zq”'/ (/ Ww1(y)J7r(ﬂcy)de>‘“’ﬁ1(3«’)%(1’)!%\2 d*x
FX 1+p"Op
L 1,
o [ ([ i@l aty
14+p"Op X
B o1 _ . 1
Zq"'/ X @)yl dey./ Wit (2)dn(2)x(2)]2[2 " 2
1+pn0F Fx
. 1
=0 [ e @@ @l
X

wr (@) x (@) () |2] 7 d .
FX

In conclusion, we have

Yo ) = Zwp(wwon 1= 8) = [ wrt @)(@)is(@)fal s
X

for Re(s) << 0. O
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2.3 Applications of GL; Bessel functions

Using the results in the previous Section for the Mellin transform, we will discuss
some applications of Bessel functions for GLg(F') in this section.

Stability of Rankin-Selberg gamma factors for GLy x GL;

We will prove the stability of Rankin-Selberg gamma factors (s, 7 x x, ) for local

GL3y x GL; L-functions. The statement of the theorem is as follows:

Theorem 2.3.1 (Stability of Rankin-Selberg gamma factors for GLg x GLy ). Let w1, mo
be two infinite dimensional irreducible admissible representations of GLo(F'). Let x be
a multiplicative quasicharacter of F*. We further assume that wz, = wg,. Now if
character x is highly ramified (i.e. Let the conductor of x be 1+p"OF and let n >> 0),

then we have

7(577“ X X7w> = ’7(877‘—2 X Xﬂb)

Proof. Recall that from Theorem and Theorem it is known that

Asimxo00) = [ @@ @leld

Asimxo0w) = [ @@ @lel i,

for all Re(s) << 0.

In order to prove the stability of Rankin-Selberg gamma factors, we also need some
properties of Bessel functions j(x) we have already proved in Section Applying
Proposition 2.1.6] we know that

e For any nonnegative integer ng, there exists a positive integer N, depending on

71, T2 and ng only such that if |z| > ¢>V, then

. 1 (T
@=L et (D) s
and

. _ X
I (.ZU) = / wng(—z)¢ ! (7 + Z) dZ,
rz72-1€p~ "0 0p Z

e Using the same notations as above, we have jr, (zu) = jr,(z) (i = 1,2) for |z| <
¢V and ju— 1| < ¢ V.
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Now for i = 1,2, let’s write

. 1
(5,5 % X, 8) = / WM @)X (@) (2) 2] 50
0<|z|<g?N

1 (2.8)
w [ el d
|z|>¢2N
By Proposition and above discussion, for i = 1,2, we know that
L/ wr (@)X (@) g, () | 250
S (2.9)

-/ ./ wn (=2 (L4 2) x@) el
|z|>q2N Jzz=2—-1€p~00OF z

Since the central character is the same, i.e. wy, = wy,, this means that
_ . 1_ _ , 1_
[ eren@in@ilde= [ ol @@ @i,
|z[>q>N |z[>¢>N
Now for ¢ = 1,2, let’s consider the integral:
_ . 1_
| et @in @l
0<|z|<q?N

From absolute convergence of the above integral, we can write

_ _ 1
[ e @i @l
k=—o0 7 1TI=q

-1 i 1, >< oON
0<|z|<g2N wr, (@)X (@) i, (z)|2]2 r =
<|x q
2N

-3 qk@—s)./ wr (@)X (@), () A"z

k=—00 |z|=¢*

(2.10)

Suppose that the conductor of central character w,, (i = 1,2) is 1 + p'Op (t > 0),

and the conductor of the multiplicative quasicharacter y is 1 + p'Op. Since y is highly
ramified, we can choose [ > max{2N, 2t}.

Fix an element u € 1 +p'~1Op and u ¢ 1+ p'Op. Since the conductor of quasichar-

acter x is 1 + p'Op, we know that x(u) # 1. From our assumption our [, it is known

that uw € 1+ pNVOp and u € 1 + p'Op. Now changing the variable, we have

[ erten@im@ate = [ e e e a
|z|=q It|=q 2.11)
s [ e im0
ltl=q¢*
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Since x~!(u) # 1, we know that for i = 1,2,

/I =gk Wz (@)X (@) jr, (2)d*x = 0.

Therefore,
. 1
/ w%l(x)x(x)jm(:nﬂxh Sd*x = 0.
0<|z|<g?N

Now in conclusion, if quasicharacter x is highly ramified, we have

7(37 T X Xaw) = 7(877‘—2 X X?lp)
The stability of Rankin-Selberg gamma factors for GLe x GL; is proved. O

Jacquet’s local converse conjecture for GLa(F)

We will mainly use properties of Bessel functions j(x) (Section to prove
Jacquet’s local converse conjecture for GLa(F').

Before the proof, let’s firstly recall Jacquet’s general local converse conjecture for
GL,(F).

Conjecture 2.3.2 (Jacquet’s local converse conjecture for GL,(F)). Let 71, ms be two
infinite dimensional irreducible admissible generic representations of GLy,(F), and sup-

pose that they have the same central character, i.e. Wy, = Wx,. If

7(577(1 X T:w) = 7(877‘—2 X Tyw)v

as functions of the complex variable s, and for all infinite dimensional irreducible ad-

missible generic representations T of GL,(F) with 1 < r < [%] , then m = ma.

Remark 2.3.3. Jacquet’s local converse conjecture for GL, (F') was proved by Jacquet-
Liu [JL16] and Jingsong Chai [Chail9b] almost at the same time, using different meth-
ods. Jacquet-Liu’s paper mainly used Rankin-Selberg’s convolution, while Jingsong Chai’s

paper mainly used the properties of Bessel functions and Howe vectors.

For n = 2, we have the following version of Jacquet’s local converse theorem for
GLa(F).
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Theorem 2.3.4 (Jacquet’s local converse conjecture for GLa(F)). Let mp,ma be two
infinite dimensional irreducible admissible (generic) representations of GLo(F), and

suppose that they have the same central character, i.e. Wy, = Wy If

Y(s,m1 X X, %) = (s, m2 X X, ),

as functions of the complex variable s, and for all multiplicative quasicharacter x of F*,

then T = 9.

Proof. First note that we have the following important observation.

Claim: 7, = 7y if and only if for z € F*, we have jr, (z) = jr, (2).

Proof of Claim: If m; & 7o, then from the definition of Bessel functions it is known
that jr, () = jr,(z). Now we need to prove the ”only if” part. From the uniqueness of
Whittaker model, we know that 71 & 5 is equivalent to W(my,¢) ([ W(ma, ) # &, i.e.
there exists W (g) € W(m, ) (Y W(m2,7).

We choose vy € Vi, ,v9 € Vp,, such that

() ()

Since wg, (x) = wa,(x), we have

(0 2) (6 )

Now recall the weak kernel formula for GLy(F') Bessel functions (Proposition [1.2.8)),

since jq, () = jr, (), we have

v (0] (0)
— [ W) ((z ?)) &y,

Now from Bruhat decomposition, for g € GLy(F'), we have two cases.

(2.12)

1. If g € B, where B is the Borel subgroup of GLy(F'). We can write

()66
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for some suitable x,y € F*,z € F. Now from above discussion and properties of

Whittaker functions, we know that W, (¢) = W, (9).

-1
0

=l 6)C 66

for some suitable z,y,v € F* z,u € F. From above discussion, using the weak

0
2. If g € BwB, where w = (1 ) is the nontrivial element of GL(2). Now we

can write

kernel formula for GLgo(F') and properties of Whittaker functions, we know that
W, (g) = WUQ(Q)'
This means that W,, = W,,. Therefore, it is known that W(my,¢) (W(m2,¢) # @. So

w1 = my. We proved the claim.
Recall some properties of Bessel functions jr(x) we have already proved in Section

2. Applying Proposition we know that

e For any nonnegative integer ng, there exists a positive integer N, depending on

71,2 and ng only such that if |z| > ¢*N, then

. - _ 1 E
m@= [ e (Dre)as

and
. (T
(@) = wra (=200 (24 2) dz,
27 2—-1ep~ ™0 0p z

e Using the same notations as above, we have jr, (zu) = jr,(z) (i = 1,2) for |z| <
N and |u — 1] < ¢ V.

Since Wy, = Wn,, it is known that if |z| > ¢*V, jr, (z) = jm,(z) from above proposition
of Bessel functions. Now it remains to prove that j., () = j, () for all |z| < ¢*V.

For |z| < ¢?, it is known that for every quasicharacter x of F*, we have

7(87 T X X, ¢) = 7(57 T2 X X, 1/)) (213)
From previous Theorem and the proof of Theorem [2.3.1 we know that above
equation [2.13| of Rankin-Selberg gamma factors is equivalent to
_ . 1_ _ . 1
| e @in@l o ve = [ el @@ @)l
0<|z|<q?N 0<|z|<g?N
(2.14)
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for all quasicharacter y of F'*.

Note that from absolute convergence of the above integral, for i = 1,2, we can write

wflx gj'_xx%* Xp = '-1'x%75><x
L R X 0 S [ e el

k=—00
S . / e @ )
k=—00 =

(2.15)
This means that above equation is equivalent to
[ eren@in@da= [ wlen@in@de (210
[ol=q* || <q*
for all quasicharacter y and all integers k such that &k < 2N.
Since the central character is same, we write ¥ := Xw;il for ¢ = 1,2. Changing

the variable and let x = w™*

u, where w is the corresponding uniformizer of the unique
prime ideal p and |u| =1, i.e. u € OF.

Therefore, the above equation [2.16] is equivalent to
[, (im0 —inemw) K@au =0 (217)
ul=

for all quasicharacter Y and all integers k such that k£ < 2N.

We write jir, ry k(1) = jm (wW*u) — jr, (w™*u). From properties of Bessel functions
(Proposition , it is known that jr, r,r is a locally constant function defined on
O3. Moreover, for v € OF such that [v — 1| < ¢, we have jr, 5y k(W) = firy 70 6 (uv).

Since each characteristic function 144pn0, (n >0 and a € OF) can be written as a
finite sum of multiplicative character p of O} (For each multiplicative character p of F*,
we can restrict it on O), it is known that {u - 10; | multiplicative character} forms a
basis of Schwartz functions on OF, i.e. locally constant functions on O (S(F*)- 1(9;).

Now from above discussion, we know there exist ¢ € N*, multiplicative character [i;

and C; € C, where 1 < i <t such that

j7r1,7r27k;(u) = jﬂ'l( ku) - j71'2 Z Czﬂz (218)

for all u € OF (ie. |u| =1).
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From our condition [2.17] we know that

/| - (jm (W *u) = jm, (w—ku)) Et: Cifii(w)d*u =0 (2.19)
= =1

for all integers k such that & < 2N. From equation the above equation [2.19| is

equivalent to

/|u|1 (s @7F10) = Gy (@™ 0)) (G @ F0) = @ F) ) d¥u =0 (2.20)

for all integers k such that k < 2N.

The above equation [2.20]is equivalent to

/| Ui ) P =0 (2.21)

for all integers k£ such that k£ < 2N.

From above equation m it is known that jr, (w ¥ u) = jr, (W Fu) for all u € OF
and integer k < 2N. Therefore, we know that jr, (z) = jr,(x) for all z € F* such that
0 < |z| < ¢*V.

In conclusion, we proved that jr, (z) = jr,(x) for all z € F*. From our proof of
previous claim, we get m; = ma.

O]



Chapter 3

Reduction of Proof for Theorem
1.2.6

Now we go back from GL(2) Bessel functions to general GL(n) Bessel functions. In the
following Chapter [3] and [4] we will explain the idea of the proof for Theorem Our
setup is several reduction steps. By applying the results in [Ba05], [JY96] and [JY99],
we will reduce the proof of local integrability of Bessel functions to finding a non-trivial
upper bound for the generalized Kloosterman sums under certain test (characteristic)

functions in the case of GL,(Qy).

3.1 Reduction Step 1: Asymptotic behaviour of the local

orbital integrals

We recall our main theorem on the local integrability of GL(n) Bessel functions firstly.

Theorem 3.1.1 (Theorem [1.2.6). The Bessel function jr(g) is locally integrable on
GL,,(Qp).

Harish-Chandra’s proof of the local integrability of the distribution characters (See
[HC70] and [HC99]) depends on certain relations between the asymptotics of the char-
acter and certain orbital integrals. In the Bessel function case, we have a similar result

for such kind of relations.

39
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For ¢ € C°(G,) and g € Bwg,, B, we can define the local orbital integral as follows:

Jop(9) == /NxNQS(leMW1(n1n2)dn1dnz.

It follows from the results in [JY96] and [JY99] that the above orbital integral converges
absolutely and defines a locally constant function when ¢ € Bwg,B. If ¢ € G, —
Buwg, B, it is defined that Jy 4 (g) = 0.

Note that wg, Nwg, = N, where N means the opposite of the unipotent radical N.
We can consider a similar orbital integral.

Let f € C2°(G,) and g € N B, we define the orbital integral similarly:
Ity(g) = / f(ntgna)y =t (ning)dnydns.
NxN

Here n! means the transpose of the unipotent radical ny. From our assumptions on the
additive character 1, it is clear that 1(n) = ¥ (wg,n'wg, ) for all n € N. The above
integral converges absolutely and defines a locally constant function on N B. Moreover,
if g € G, — NB, it is defind that I7,(g) = 0 which is the same way as before. We note
that I7y(9) = Jsy(wa,9), where f(wg,g) = ¢(g) € C°(Gn) and f(g) € CZ°(Gy).

We may also consider the following local orbital integral.

Let f € C°(G,,) and g € NB. Let Z, be the center of G, and w be a quasicharacter
of Z,,. We define:

Trou(g) = / F(nt zgna)w (20~ (nyna)dr dzdns.
NXZp XN

The above integral converges absolutely and defines a locally constant function on
NB. Similarly, we extend the orbital integral I fw(g) to a function on G, by set-
ting I7,,4(9) =0 when g € G,, — NB.

Moreover, we define that

Jtwa(9) = / f(nlzgng)w_l (z)¢_1 (n1ng)dnidzdns.
NXZp XN

This orbital integral converges absolutely and defines a locally constant function when

g € Bwg,B. If g € G,, — Buwg, B, it is defined that Jf, ,(9) = 0. We note that

Iww(9) = Jpww(wa,g), where f(g) = ¢(wa,g) € C(Gr) and ¢(g) € C°(Gn).
The following theorem is proved in [Ba05].
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Theorem 3.1.2. Let w be an smooth irreducible representation of G,. Let x € G,

then there exists a neighbourhood U, of x in G,, and a function ¢ € C°(G,,) such that

jﬂ,w(g) = qu,wﬂ,l/)(g)
for all g € U,. Here wy is the central character of m.

From this theorem, we know that the Bessel function jr . (g) is a locally integrable
function on G, if the orbital integral Jy . (g) is locally integrable as a function on Gy,
for every ¢ € C°(Gy).

Similarly, we see that jr ,(g) is a locally integrable function on G,, if the local orbital
integral Iy, (g) is locally integrable as a function on G, for every f € C*(Gy,).

If for every f € C°(Gp), Ifw, »(g) is locally integrable as a function on G, then
the Bessel function j 4 is locally integrable in G,,. This is given by Theorem In
order to prove that Iy, (g) is locally integrable as a function on Gy, it is important
to study the asymptotic behaviour of the local orbital integral when g approaches to
the boundary of the domain. From Bruhat decomposition, we can further assume that
geA=T.

3.2 Reduction Step 2: An estimation and comparison

For g € Gy, := GL,(F), let A,(g), 1 <7 <n, be the determinant of the sub-matrix g,
of g € G,, formed with the first r rows and the first  columns of g. Hence A, (g) = det g.
We define A : G,, = R>q by

(A1(9))* - (A2(9))* - (An-1(9))?
(An(9))? '

It is known that ¢ ¢ NB (the open Bruhat cell) if and only if we have A(g) = 0.

Alg) = ]

Moreover

A(diag(ay,az, - ,ap)) = ’af(nﬁ) : ag(nfg) cea? o -an?.

Let 0 be the modulus character of B, we have

§(diag(ay,az, -+ ,an)) = |} -af - a
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Hence, we have
A(a) = 6(a) - larag -~ an|" "> = 6(a) - | Ap(a)" .

We first recall the main Theorem 0.3 proved by Dabrowski and Reeder [DRIS].
For i,j € {1,2,--- ,n},i # j, we let a;; : A — F* be the functions defined by

a; j(diag(ar, az, -+ ,an)) = Z—;.
Let ® = {a;;},1 < 4,5 < n be the root system of G,, and let d={a:acd} We
have ® = &+ | |®~, where ®+ = {a;; : 1 <i < j < n} is the set of positive roots and
¢~ = {a;j: 1 < j < i< n}isthe set of negative roots. Let A = {a ;41 :1 <9 <n—1}
be the set of simple roots. Similarly, we write ® = &+ | |®~.
Let f € C3°(G,) and let g € NB. We define the following orbital integral:

O¢(g) := /N Nf(n'igng)dnldng.

The convergence of this integral follows from [JY96] and [JY99]. In 1998, Dabrowski and
Reeder [DROS] studied this orbital integral when f = fj is the characteristic function
of the maximal compact subgroup K. We recall that the Haar measure is normalized
with the volume of K and N N K equals to one. For each a € A, there exists a unique
Ay € ® such that a = agAg(w), where ax € A := AN K and w is the uniformizer. The
following result is the main theorem which is proved by Dabrowski and Reeder [DR9S].

Theorem 3.2.1. [DRIS, Theorem 0.3] Let fo be the characteristic function of K. Then
Of(a) =0ifX=Xs & Z>o®", i.e., N is not a nonnegative integral linear combination
of positive coroots. If N\, is such a linear combination, we can write

Ay = Z mgfB = Z m; Qg g, (3.1)

Bed+ 1<i<j<n

for m;; > 0 and we also write m = (mﬁ)ﬁeé+ = (mij)i<i<j<n. Then we have

L k()
Ofy(a) = A72(a) x Y (1 - ;) , (3.2)

m
where k(M) is the number of strictly positive coordinates of m and M runs over all

possible decompositions for A,.
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Using an idea similar to that in [Ba04, Section 3], we can prove the following theorem

Theorem 3.2.2. A~3%¢ js locally integrable as a function on G, = GL,(F) for every
€ > 0.

Proof. If e > %, then A"2%€is a locally constant and smooth function on G,,. Therefore,
there is nothing to prove.

Ifo<e< %, then A~2%€ is not well-defined if g ¢ NB = NAN. However, since
NAN is Zariski open dense in G,,, the complement subset of NAN in G,, is closed and
of measure zero. So we can define A_%+E(g) :=0if g ¢ NAN. This will not affect the
local integrability of the function A~37¢ Note that if 0 < € < %, then A~27¢ is not a
locally constant and smooth function on G,,.

We note that it is sufficient to prove that

/G A™2%(g) f(g)dg < +00

for every characteristic function f of Kgg, where K = GL,,(Op) is the maximal compact
open subgroup of GG,, and some fixed point gy € G,,. From the Iwasawa decomposition,
we can write go = kobg for some by € B and ky € K. Hence it is enough to show that
e A72%(g) f(g)dg < 00 holds for f = p,(by") fo where p, is the right translation and
fo is the characteristic function of K.

By writing by = agng for ag € A and ng € N we have

A E ) g o) g = [ AH () pa(abg g
n Gn

- / A5 (gbo) fo(g)dg

Gn

= A2 (agng) / A7) fo(g)dg
Gn

= A5+E(ao)'/ A™5%(g) folg)dy.
Gn

Hence it is enough to prove that fGn A_%‘“(g)f(g)dg < 4o for f = fy. Now applying
the invariance properties of A and writing dg = d(a)dnidadny = A(a)dnidadns on
the Zariski open dense subset that consists of elements of the form g = n{any where

ni,ne € N and a € A (Note that since g = nlany € K, we have |det(a)| = |A,(a)| = 1,
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which gives that d(a) = A(a)), we can get the following

| s @ntods= [ A
n NxAxN
—/ A™ 2+€(n1an2)f0(nlang)A(a)dnldadng
NxAxXN

/A2+6 - Oy, (a)da,

where

Oy, (a) ::/N Nfo(nﬁang)dmdng.
X

Here we can change the order of integrations because A2+ >0 and fo > 0. The Haar
measures on G, N and A are all normalized such that the volumes of K and N N K
equal to one.

Now, we let X = X(A) = Hom(A, F'*) be the group of F-rational characters. Let
X = X(A) = Hom(F*, A) be the set of co-characters. For each a € A, there exists a
unique A\, € X such that a = a KAa(w) where ag € T := TNK and w is the uniformizer
of F. We can see that

/Az+€ - Oy, (a)da = Z/ 27¢(a) - Oy, (a)da

TNK)-

It is easy to see that

1 n
/ da:Vol(TﬁK):<1—> < 1.
TNK q
From Theorem ([DR9Y]), we know that the sum over A € X takes place for A of

the form
n—1
A= Zmz " Qi
i=1

where &; ;41 are positive simple coroots and m; are nonnegative integers. Moreover, we

have the following estimation:

1 w(m) -1
07, (Mw)) = A2 (Aw)) x Z (1 - 611) < ¢Zi5 ™ % R(a).
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Here A(a) = A(Ag(w)) = A(M(w)) = q*2'2?:_11 "™i and R(a) := R(\,) is the number of
possibilities of writing A, as in Equation (3.1)) (See Theorem. Welet 1 <i<n-—1,
the multiplicity of the simple coroot ¢; ;41 in the coroot ég; (1 < s <t < n) equals to

Now by direct estimation, we have

n—1
H 77%—1—1Z

1 (n—1)n?
2

We compute > i(n —i) < n x Zz 1= < ”—23, which gives that

n3

n—1 2
H +1 i(n— Z)<<Zmz+n> .

i=1

From above discussion, we see that

n?
2

n—1
O, (A(w)) < g=i=i ™ x (Z mi + ”)

i=1

Note that

therefore we have

Hence our integral is controlled by

3,

“+00 n ﬁ
1+Z Z Z g2 zl"“x(Zm,Jrn) < 1+Z(k‘+n) q>;d(€k+n)z

m1>0m2>0 My—1>0 k=1
(k+n)"
= 1+ Z Qek

which is finite when € > 0 (Note that here n is a fixed positive integer). This proves
that the function A~3+€ is locally integrable for every e > 0.
O
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According to the above Theorem [3.:2.2] and Theorem [3.1.2] the local integrability of
Bessel function (See Theorem [1.2.6)) can be reduced to prove the following conjecture.

Conjecture 3.2.3. Fix f € C>°(Gy,). Then |If,wmw(g)A%_5(g)| is bounded on compact

sets in Gy, for some given § > 0.

Remark 3.2.4. In GL(3) case, the Conjecture was proved in [Ba0j)] for § = % > 0.
Hence the local integrability for GL(3) Bessel functions is proved.

Similarly, we can establish the following conjecture:

Conjecture 3.2.5. Fiz f € CX°(Gy,). Then |If7¢(g)A%_5(g)| is bounded on compact

sets in Gy, for some given § > 0.
We have the following quick proposition.

Proposition 3.2.6. Assume that Conjecture[3.2.5 holds for general n, then Conjecture
also holds in general.

Proof. Since f € C2°(G,,), we let Q1 be the support of f. Since @ is compact, it follows
that |det(g)| have both lower and upper bounds for g € 1. Hence the support of the
orbital integral I (g) is also on a set on which the determinant is bounded.

Now let Q2 be a compact set in G,. We will have to show that ]If,wmzp(g)A%_‘s(g)]
is bounded on @5 in G,, for the fixed § > 0 in Conjecture Ifge @, z € Z, and
gz is in the support of the orbital integral I, (g), we have det(gz) = det(g) x det(z) is
in some fixed compact set in F'*. Hence we know that z is in a fixed compact set P in
Zy, which is independent on the choice of g € Q5.

We let Cy :=max.cp (|wr(z)"!|) > 0 and g € Q2. By Conjecture there exists
a constant Co > 0 such that

I7.5(92)] < Co - A™30(g2)

for all g € Q2 and z € P. Hence, if g € ()2, then we have

Lo ol9)] = \ [ Iratgaler Gla
= ‘/Plfw(gz)wgl(z)dz

< Ch1C0s x / ‘Aféﬂs(gz)‘ dz.
P
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Note that I, 4(g) = 0if g ¢ NB. Now we may write g = nfans for ny,ny € N anda €
A. Hence we have A_%M(gz) = A_%M(ntlangz) = A_%M(nﬁazng) = A_%+5(az) =
A_%M(a) X A_%J”S(z) = A_%J”S(g) X A_%‘Hs(z). Since P is compact, there exists C3 > 0
such that

/ )A_%J”S(z)’ dz < Cs.
P
Therefore we have
1
T l9)] < C1OC5 [A735(g)]

This is equivalent to
1
‘Ifywmw(g)ATé(g)‘ < C102C5,

which is exactly Conjecture [3.2.3

3.3 Reduction Step 3: (Relative) Shalika germs

In order to study the asymptotic behaviour of the orbital integrals, we need to introduce
the (relative) Shalika germs of Jacquet-Ye [JY96] [JY99].
We define the generalized orbital integrals of a function f € C2°(G,,), that is, the

functionals
I(g, f) = /f(nﬁgm)w_l(nmz)dmdnz

for g € Gj,. This is an extension of the previous orbital integral /¢, (g). The integration
domain is explicitly given as follows. By the Bruhat decomposition, we can write g = wa
where w € W and a € A. In order for the integral to make sense we must assume
that ¥ (ning) = 1 if nfwans = wa. However, this assumption is not always true for
all the Weyl elements. A Weyl element w is said to be relevant if this condition is
satisfied. The integral is then taken over the quotient of N x N by the subgroup
of elements (ny,n2) of N x N satisfying nfwans = wa. If w = I, € G,, we have
I(g, f) = I(wa, f) = I(a, f) = Ify(a) = Ify(g), where the orbital integral If, is
defined in Section 2. We let an element a € A operate on G,, by g — ga.

Let Wg,, be the Weyl group of G,, and Rg, be the subset of relevant elements of

Wg,,. For each positive integer r we denote by wg, the r X r permutation matrix whose
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anti-diagonal entries are 1. If w € R¢,, then w has the form

wa, 0 0
0 wg, O
w =
0 0 0 - wg,
for a suitable r-tuple of positive integers (ni,ng,---,n,) with > ;n; = n. This is

given in [JY96]. Hence, there are 2”1 relevant Weyl elements in GL(n) case (We may
label them as e = I,,, w1, wg, -+ -+ , Won_9, WG, )

A parabolic subgroup P, of G,, is called standard if it contains AN. Then P, =
M, U, where M, is the unique Levi subgroup of P, containing A and U, is the unipotent
radical of P,. A Levi subgroup of this type is said to be standard. It is said to be of

type (n1,n2,--- ,n,) where Y ;_, n; = n if it consists of matrices of the following form
mp 0 0 0
0 mg O 0
m =
0 0 0 my
with m; € GL(n;). If M, is the standard Levi subgroup of type (ni,ng,--- ,n,), we can

write M,, = M,, and w = wyy,,.

Example 3.3.1. In the special case n = 4, all the 24~ = 8 relevant Weyl elements can

be represented as follows:

€= I4a waGy,

1 0 wg, 0 wg, 0
w1 = , W2 = , W3 = )
0 wg, 0 wg, 0 1

1 1 WG,y

Wy

I
—
S
[=2)

I
—_

wG2 ) w5
1 WG, 1

Now we continue for the general case. Let M, be a standard Levi subgroup of G,,.
We set Wy, = Wg, N M, and Ry, = Rg, N M,. We let Ay, be the center of M,.
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If wis in Rg, then we set A,, = Apy,. Any relevant orbit of N x N contains a unique
representative of the form wa with w € Ry, and a € A,,.

If w; and wy are in Rg,,, we write wy — wy if M,,, € M,,. This is equivalent to
Ay, 2 Ay, and also to wy € R, -

We recall that A,(g) is the determinant of principal 7 x r minor of g for 1 <r <mn.
Let A(g) be the set of the functions A, on G,,. These functions are invariant under the
action of NV x N.

Suppose wy — w2, that is, w1 € Rpy,,. This implies that if A € A(G,) and
A(ws) # 0 then A(wia) # 0 as well for any a € A,,. We can therefore define the
subset A2 of a € Ay, such that

A(wia) = Aws)

for each A € A(G,,) such that A(ws) # 0.
Using above notations, we are able to state the follow lemma, which was proved in
[JY99].

Lemma 3.3.2. Suppose wy — wa and a € Ay, . Then there are only finitely many pairs
(b,c), be AY2, c € Ay, such that a = be.

w1’

From the above lemma, we can state the following definition. If f; and fy are any
complex valued and locally constant functions on Ay? and Ay, respectively, we can

define a new function f; x fo on A, by the formula

fix fala) =Y fi(b) falo),

where the sum is over all pairs (b,c), b € A}2, ¢ € Ay, such that a = bc. Moreover,
f1* fa(a) = 0 if there is no such pair. We can now state the main result in [JY96] and

[TY99].

Theorem 3.3.3. For each pair (w,w’) € Ra, X Rq, with w — w', there exist a family

of locally constant functions K{ﬁ/ defined on A‘w”/, satisfying the following properties.

o Ifw' = w then K}l‘j/ = Je the Dirac delta function on the finite set A.

e For each function f € CX(Gy,), there are functions w, € CZ°(Ay) which de-

pend on the choice of function f, w € Rg,, such that, for any w € Rg,, the
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corresponding generalized orbital integral satisfies

Iw,f)= Y K& xwy.

w'€Rg,,, w—w’

In this expression, locally constant functions Kfjjl are independent on the choice of the
test function f.

We recall that I(w-, f) is the generalized orbital integral defined from A, to C as

follows: For any a € A,,, we define

I(wa, f) := /f(ntlwang)qb_l(nlng)dnldng,

where the integral is taken over the quotient of N(F') x N(F') by the subgroup of pairs
(n1,n2) such that nfwany = wa.

In above Theorem K" are called the (relative) Shalika germs according to
Jacquet-Ye’s paper [JY96] and [JY99].

For the special case Gy = GL4(F), let K (i = 1,2,3,4,5,6) and K.% be the

relative Shalika germs. We can state a special case of above theorem as follows:

Example 3.3.4. In the GL(4) case, the generalized orbital integral I(w-, f) has the

following asymptotic behaviour if we fix w =e = Iy:

6
Iers ) = Lo = we b 3K ww, + Ko™ xug,, (3.4)

i=1
where we, Wwg, andwy, (i =1,2,3,4,5,6) are all locally constant and compact supported

functions which are dependent on the choice of f.

Remark 3.3.5. The above theorem actually gives the asymptotic behaviour of orbital
integrals at the boundary. Assume that C1,Co, C3, Cy are four fized positive real number

and € is a small enough positive real number, we have the following seven different cases.

(a) If |A1(a)| = C1, |Az2(a)| <€, |As(a)| < € and |Ag(a)| = Cy, then we can write

Ipp(a) = K& wwy, = ) KL (Dwa, (¢).

a=bc
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(b) If |A1(a)| <€, |Az(a)| = Ca, |Az(a)| < € and |A4(a)| = C4, then we can write

Itp(a) = K% % wy, = Z K22(b)wy, (c

a=bc

(c) If |A1(a)| <€, |Az(a)| <€, |As(a)] = Cs and |A4(a)| = C4, then we can write

Ity(a) = K % wy, = Z K22 (b)wuw, (¢

a=bc

(d) If |Ai(a)| = C1, |Az2(a)| <€, |Ag(a)| = Cs and |A4(a)| = Cy, then we can write

Ipp(a) = K& xww, = ) K (D)wa, (o).

a=bc

(e) If |Ai(a)| = Cy, |Az(a)| = Ca, |As(a)] < € and |Ay(a)| = C4, then we can write

Trgp(a) = K% xws = Y K2 (D)wwg(©).

a=bc

(f) If |A1(a)| <€, |Az(a)] = Oy, |As(a)] = Cs and |A4(a)| = C4, then we can write

Iy y(a) = K % wys = Z K% (b)wwg (¢

a=bc

(9) If |A1(a)| <€, |Az(a)] <€, |As(a)|] < € and |Ay(a)| = Cy, then we can write

Ifﬂl)(a) = K *wwc Z KwG4 ch4( c).
a=bc
Remark 3.3.6. An analogy of above theorem in GL(3) case can be found in [Ba04),
Theorem 4.2].

Now we come back to the general case. In order to prove Conjecture from
above Theorem of Jacquet-Ye, it is sufficient to study the (relative) Shalika germs
K% (i=1,2,---,2" —3,2" — 2) and K. °".

In other words, Conjecture [3.2.3] can be reduced to the proof of following Conjecture

on the boundness of relative Shalika germs:

Conjecture 3.3.7. The absolute value ’K;”iA%_‘s

(i=1,2,---,2" —3,2" —2) and

‘K;UG”A%_(S’ are bounded on AV (respectively, Ae°") for some given § > 0.
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Conjecture 3.3.8. The absolute value ’K;UG"A%_‘S" is bounded on Ag°" for some

given 0, > 0.

Although Conjecture [3.3.8]is a part of Conjecture we will see that Conjecture
[3:3.8is exactly equivalent to Conjecture [3.3.

Theorem 3.3.9. Suppose that Conjecture [3.3.8 holds for general n, then Conjecture
[5.57 is true in general.

Proof. 1t is sufficient to prove the following result:

If ’K;”G"A%_(S" is bounded on Ag %" for some given &, > 0, then ’K;“A%_‘S’ (i =
1,2,---,2" —3,2" — 2) is bounded on AY¢ for some given § > 0.

From the discussion of Section 2 in [JY99], the system of (relative) Shalika germs

wl

¢, we can write a =

is inductive. More precisely, if w’ # wg, , then for every a in A
diag(ay,ag, - ,as) with a; € AZ};. Therefore, we have AY" = HAZ}; and the equation
of the (relative) Shalika germs is as follows: K¥'(a) = HK:;;(ai). Now we pick § :=
3 - min{ds, 3, -+ , 6, }. Hence by the equation KY (a) = HK:Z;(QZ') and Aéf‘s(a) =

II A%_é(ai), we prove the reduction. O

Remark 3.3.10. We give a remark for the above theorem in GL(4) case. Since w; #
wa, (1 =1,2,3,4,5,6), we can reduce the calculation of the (relative) Shalika germs
KX to the GL(3) or GL(2) case. Explicitly, we can reduce the (relative) Shalika germs
K*' and K¥3 to GL(3) (relative) Shalika germs. The (relative) Shalika germs KX
(i = 4,5,6) can be reduced to GL(2) (relative) Shalika germs. Finally, the (relative)
Shalika germ K2 can be reduced to the product of two GL(2) (relative) Shalika germs.
In conclusion, we can reduce these GL(4) (relative) Shalika germs to lower rank cases.
Therefore by the results in [Ba04] [JY96] [JY99], we can prove the first part of above

Congecture by setting § = %.

The proof of above Conjecture [3.3.8] is the key ingredient of the proof of local in-
tegrability of Bessel functions. We will prove above Conjecture [3.3.8] in the following
Chapter [5] and [6] by using G. Stevens’ idea to estimate the corresponding Kloosterman
integral (sum). In order to estimate the Kloosterman integral, we need to give a fine
stratification of Kloosterman sets and use the Weil bound to prove a nontrivial bound

for the Kloosterman sum attached to the longest Weyl element wg,,.



53
3.4 Reduction Step 4: An explicit formula for K. °"

By [JY99, Section 2], we give the explicit formula for K¢ “". The relation between
K¢ " and local Kloosterman sums for G, is given in the next section.

For the p-adic local field F, let O be the ring of integers and pOp be the (unique)
maximal ideal. Let ¢ be the cardinality of the residue field Or/pOp. Let K, be the

principal congruence subgroup of maximal compact open subgroup of K, i.e. we have
Km’ = In + Mnxn(pm OF>7

where M,,x, is the n-by-n matrix. We fix the positive integer m’. Here m’ should be
chosen large enough such that ¢« = 1 when ¢” = 1 and a € 1 + pm'Op. Moreover,

without loss of generality, we can further assume that m’ >> n.

(n+1)(n+2)
n )Q(n +1

For o = diag(a1, ag, - -+ ,a,) where [[ | a; = (—1) and |a;| < ¢7%, |ajas| <

q_ka'” y Ty ’a1a2"’ai| S q_kv'” P 7|a1a2"'an—1| S q_k for some large enough

positive integer k (k >> m'), we have

K (a) =I(a,®) = / ®(ntang) " (nyng)dnydny.
NxN

The measure here is the standard Haar measure such that the volume of the maximal
compact subgroup GL,(Of) and the subgroup N N GL,,(Or) = N(OF) both equal to

n(n—1)

/
_ m . -
one. Moreover, we have ®(x) = ¢~ 2 lwe, K, where 1y, , is the characteristic

function of the compact subset wg, K. It is easy to see that & € C°(G,,).



Chapter 4
Summary of Stevens’ Results

We continue our reduction steps in Chapter [3] for the proof of Theorem [1.2.6

4.1 Definition of GL(n) Kloosterman sums

We will mainly use the method in [Ste87] to estimate the Kloosterman integrals for
GL(n). In this section, we will briefly review the paper [Ste87].
The classical (GL(2)) Kloosterman sum is given by

S = 3 e <mdc+”d>

d,d mod ¢

where dd = 1 (mod c) and e(x) = €™ which arises when one computes the Fourier
expansion of the GL(2) Poincaré series.

Now we define the GL(n) Kloosterman sums. We first recall some notations which
are given in above Section 3. Let F' be a non-archimedean local field. From this section
to the end of our paper, we will further assume that F' = Q, where p is a prime number.
Let Z, be the ring of integers and pZ, be the (unique) maximal ideal. Let p be the
cardinality of the residue field Z,/pZ,. Let K, be the principal congruence subgroup
of maximal compact open subgroup of K = GL,(Z)).

We let 1), be a nontrivial additive character from N(Q,) to C* which is trivial on

N(p™Zp). Here m is a fixed large enough positive integer with m > 2m’ >> n. The

54
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character v, has the following form:

x1 - % *
0 1 zg .- * i
Uy :5(21/1@),
0 0 -+ 1 =z, =1
o - 0 1

where ¢ is the standard nontrivial additive character of Q, as in [Ste87, Section 1] and
vi,V2, ,Up—1 € p~"Zy — {0}. We also assume that v; = v,—; for all 1 <i <n—1.
Since the positive integer m is large enough, without loss of generality, we can further
assume that p~" < || < p™ for all 1 <i < n — 1. Similarly, we can define an additive
character from from N(Q,) to C* which is trivial on N(p™Z,) if we are given the
parameters vy, v, Vg, - -+ V) _1 € p- " ZLy—{0} withp™™ < || < p™foralll <i' <n-—1.

The definition is as follows:

I * *
0 1 x5 .- * 1
0 0 - 1 x4 =1
0 0 1

We set ¢ = diag(ay,as, - ,a,) € T. Now following [Ste87, Section 2|, we define

Clwg,c) == N(Qp)we,cN(Qp) N Ky,
and
X(wa,c) == N(p"Zp)\C(wg,c)/N(p"Lp).
By the Bruhat decomposition we have natural maps

u: X(wg,c) = N(p"Zp)\N(Qp), u': X(wa,c) = N(Qp)/N(p"Zy).

defined by the relation x = u(z)wg, cu/(z) for z € X (wg, c).
Now the local Kloosterman sum for GL,(Q)) is defined as follows:

Klp(p, tpicwg,) = Y plul)) - ¥ (u(2)).

zeX (wa,,c)
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Remark 4.1.1. Using the notation in Chapter @ If we further assume that 1), = 1/1;,

in this special case we have the following equation:

KLy o ewe,) = 0" (we,e) = gL )

By Section 3.4, we have the explicit formula as follows:

n(n—1)

K:j'i: (C) - p 2 - IlwcnKmﬂL’p (C)
Hence we see that
_nn=1) _ -~
K:Ti;z?(C):p 2 m'Klprlaw; 1;C;U}Gn)-

So the local Kloosterman sum is exact a special case of the orbital (Kloosterman) in-

tegral when the test function is the multiplication of the characteristic function for the

(n—1)

congruence subgroup K,, and a positive constant p"™ ™. Now in order to prove the

non-trivial bound for the relative Shalika germs and orbital integrals, it suffices to give

a non-trivial bound for the local Kloosterman sum.

4.2 Decomposition of GL(n) Kloosterman sums

We need an orbit decomposition of X (7) where 7 = wg, c. Let t' € T(1 + p™Z,) and
set s := 7 W71 € T(1+pmZy). If v € C(1), we can write v = u - 7 - v/ with u € N(Qp)
and v’ € N(Qp,). We also have

tys™h = (tut’™Y) 1 (su'sTh) € N(Qp)TN(Q,) N K, = C(7).
Since conjugation by ¢t and s preserves N(p™Z,), we know that the map
T(1+p"Zy) x C(1) — C(1), (t,y) = tys™*
descends to an action of T'(1 4+ p™Z,) on X () as follows
TA+p"Zy) x X(1) = X(7), t, v —=txx.

For characters 1, the decomposition of X (7) into T'(1 + p™Zy)-orbits leads to the

following decomposition of the Kloosterman sums:

Kly(vp, Y3 ¢ wa, ) = > Y dplula)) - Y (@)

€T (1+p™Zp)\X (1) T(14+p™Zp)xx
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Here T'(1+p™Z,)\X (7) is a set of representations = € X (7) for the T'(1+ p™Z,)-orbits
and T'(1 4 p™Z,) * z is the orbit through x.

Now we want to write down the above formula explicitly. We need the following

notations.
The roots of the standard torus 7' in GL(n) are the characters \;; : T" — GL(1)
given by

ty
ta
A =tit; !, 1<i,j<n, i#] (4.1)

tn—l
tn

For w € Wg,,, we recall that w(j), j € {1,2,3,--- ,n} is given by the formula
W ej = e,

where e, e9, €3, , ¢, is the standard basis of column vectors. Let A = {Ai,wl 1<

i <n — 1} be the root basis associated to the standard unipotent subgroup U. Let

Ay = {0 w4+ 1) <w(i)}. (4.2)
We write
1 w;  * * 1 u) *
1 us * 1 uy *
u(z) = , d(x) =
1 Un—1 1 U;171
1 1

For 1 <1i <n—1 we define k; : X(wg, c) = Q,/p"Z,, and if also w(i + 1) < w(i) then
we define &} : X (wg,c) = Qp/p™Z, by

For t € T(1+ p™Z,) we then have

Ri(tx @) = N ki), KH(E*2) = Ay (i) i () (4.4)
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Since

W(tsz)=s-u'(zx) s}

fort € T(1+p™Zy) and s = 71 € T(1+p™Z,), we see that the orbits in X (wg, c) =
X (1) correspond to T'(1 4 p™Z,)-conjugacy classes in N(Qy)/N (p™Zy,).
The following definition is an analogy of Definition 4.9 in [Ste87].

Definition 4.2.1. [Ste87, Definition 4.9]
(a) For £ >0 and w € W, we let

Aw(l) = (2" T)2 x (2 /p" T T) R

n—1 n—1
=[[@m 2y x I @m*m ).
=1 =1

w(i+1)<w(i)
A typical element of Ay, (€) will be denoted by

A X A/ = (Ai)i:1,2,3,-~-,n—1 X ()\;)1:1,_2,3,“-,71_71
w(i+1)<w(i)

If w = wg, which is the longest Weyl element, we will simply have Ay, (£) =
(Z/pf+mZ)2(n71)_

(b) Let
Vi () ::{g X X € Aw(l) : N € (Z/p"H™mT)*,
Ai=1 mod p™ and \, - H )\jzl}.
w(i+1)<j<w(i)

If w = wg,, which is the longest Weyl element, we will simply have

Vi

way,

(0):={Ax X € Ayg (0): X € (@/pF72),

Ni=1 mod p™ and N, X \y—; = 1}.

(¢) For a character 6 : Ay, (¢) — C*, we define

Sw(0:0) == > 0(v).

vEVy, (£)
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We fix
p*ug
P2 ug
¢ = , (4.5)
panfl_an72un71
pian_lun

. (n+1)(n+2)
where u; € Z, for i =1,2,3,--- ,n and ugugug - --up, = (=1) 2 +1. Moreover, a;
(i=1,2,--- ,n—1) are positive integers which are larger than m.

The following lemma is an analogy of Theorem 4.10 in [Ste87].

Lemma 4.2.2. [Ste87, Theorem 4.10]

Let £ be large enough so that the matriz entries of u(x), u'(z) lie in p~*Z,/p™Z, for
every x € X (wg, c) (For example, we can simply pick { := max{ai,as, -+ ,an—1}.). Let
ki(x), Ki(x) be as in and define the character 0, : Ay, (£) — C* by

n—1 n—1
(A x X) = [[¢Qwiri(z)) - [ €Nviri).
i=1 =1

w(i+1)<w(i)

Let N(z) denote the number of elements in the orbit through an element x € X (wg,,¢).
Then

Kly(Yp, 3 & 06,) = Vg, (0) - > N(x)Sug, (02 0)-
z€T(14p™Zp)\X (we,, €)
Here |Viy, (£)| is the cardinality of the set Vi, (£).

Proof. The proof is the same as Theorem 4.10 in [Ste87]. We can rewrite the Klooster-

man sum as follows:

Kly(tp, i c,w) = > S Yluly) - ()

€T (1+p™Zp)\X (1) yeT (14+p™ZLp)*x

n—1 n—1
= Z Z H E(viki(y)) - H E(viki(y))-
€T (1+pmZp)\X (1) y€T (1+p™ Lp) ¥z =1 w(i-‘:lz)iw(i)

We note that for every pair (A, \') € V4,(¢), we can find ¢t € T(1 + p™Z,) such that
ki(t * x) = Niki(z) and K)(t x ) = Nwj(z) for ¥ € X(7), where 1 < 4,j < n and



w(j+1) < w(j). Hence we have the following equation:

n—1 n—1
> [Tewniw) - TI  <Wixiw)

yeT (1+p™Zp)*z =1 w(i+11:)iw(i)

n—1 n—1
=Y [Téwmtsw) [ 0y

yET (14+p™Zp )z i=1 w(i+i1:)iw(i)
n—1 n—1

yET (14p™ZLp)*xx i=1 i=1

w(i+1l)<w(z)

Now we take the summation over the finite set V,,(¢). We have

Vi ()] x Klp(hp, 3 ¢, w)

- Y DS ngmw 11

€T (14+p™Zp)\X (1) yET (14+p™Zp ) %x AXN EVyyy (£) %

w(it+1)<w(i)
n—1 n—1
- Z N(z) - Z Hf()\wmi(y))' H ENiv]
€T (14+p™Zp)\X (1) AXN EVy (£) i=1 T
n—1
= Y Na Y H&Avm I <o
€T (1+p™Zp)\ X (7) AXN EVy (¢ w(i+i1:)iw(i)
= > N(x) - Su(0s: ).
€T (14+p™Zp)\X (1)

We divide both sides by the cardinality |V,,(¢)| to prove the statement.

§(

Ki(y

Ri(x

!/
)\le

)

)

ri(Y))
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In summary, we have the following equation:

2 D

€T (1+p™Zp)\X (7) yeT (14+p™ZLp)*x

Klp(¢p7 1/};’ c, w) =

n—1 n—1
S > ewmtn I &wis
2T (14p™Zp) \X (1) yeT (14+p™Zp)*a i=1 w(i+i1:)iw<i>

=V (O™

2 2.

€T (14+p™Zp)\X (7) yET (14+p™Zp ) kT AXN EVyyy (£

n—1
=|Va ()| > > > H& iviri(z)) [ €O
2€T(14pmZy)\X (1) y€T(14pMZy )kz AXN € Vi (£) 1= w(if)iw(i)
n—1
=[Vu(0)™! > N(z) H£ Cwiki(@) [ Qi)
€T (1+p™Zp)\ X (1) AXNEVy, (0) 1= w(iJer:)iw(i)
n—1 n—1
= V(O > N@) Y [[¢Quuni) J] €XNviri)
€T (1+p™Zp)\ X (wc) AXNEV,, (£) =1 w(i+i1:)iw(i)
=|Va (O] x > N () S (0 0).
€T (1+p™Zy)\ X (we)
Remark 4.2.3. In the above Lemma[].2.3, we have
(05:0) = H So(p'viri(), pvy ik _i(2); p°),
where \ Y
VA + 1V
52(V7 V,;pz) = Z é- < pg )
AN €(z/pttma),
A=1 mod p™, A-N =1
is the (restricted) GL(2) Kloosterman sum. Here we can write v = p~ ™0 and V'

p~ "0, where 0,V € Z, — {0}.

> stm

I e
i=1
w(i+1l)<w(z)

&(
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Z’L’L

ZZ’L

Remark 4.2.4. One may find the GL(2) Kloosterman sums we get above is a little bit
different from the classical GL(2) Kloosterman sums which we defined at the beginning

of the section. The GL(2) Kloosterman sums here have more restrictions. Note that by

Ki(y))

Ki(x))
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the orthogonality of multiplicative characters, such kind of restricted GL(2) Kloosterman
sums are closely related to so called twisted GL(2) Kloosterman sums. We have the

following identity:

vA+ VN
Sa(v, V,;pg) = Z £ <pg>

XN €z /pttmz),
A=1 mod p™, A-N =1

= > ¢(;m) X mé (W) x(A)

MNE(Z/pHmT) AN =1 X mo

:¢(;m) > 2 : (W) x)

x mod p™ A\ N €(Z/ptt™mZ) N =1

1 vA+ VN
> > ()

x mod p™ A\ Ne(Z/ptt™mZ) AN =1

(oW
bS]
—~
~
(=2}
~—

Therefore, by [KL13, Section 9] (Weil bounds for twisted GL(2) Kloosterman sums), we
can still have an analogy of Weil bounds for this kind of restricted Kloosterman sum,
which is enough for us to get the non-trivial bound of higher rank Kloosterman sums.

More precisely, we have the refined Weil bound as follows:
12, /5p")] < (€ m 4 1) - G- (ed (™l [/ ) /22,

where p™v,p™v' € Z, —{0}. Here Cy, is a positive explicit constant only depends on
p,m and is independent on the value of £. For example, we can pick Cp, = p™? in our
case. In the calculation of Section 5 and Appendiz, we will see that the constant C,, is

not sensitive.



Chapter 5

Estimation of Kloosterman sums

on GL(n)

In this chapter, we follow Stevens’ approach [Ste87] to bound the GL(n) Kloosterman
sums introduced in the previous Chapter
For w € Wg,,, we define w(j), j € {1,2,3,--- ,n} by the formula

w-e; = iew(j),
where eq, e, €3, , e, is the standard basis of column vectors.
/ / / / —
Let vi,va,v3, -+ ,Un_1, V], Vg, pty, -,V _1 € D" Zy, — {0}. Moreover, we further

assume that p™ < |y;| < p™ and p™™ < |vj| < p™ forall 1 <i,i' <n —1. We recall
that the non-degenerated character v, of N(Q),) which is trivial on N(p™Z,) is given

1 w; % *
1wy *
Uy = &(viug + vous +v3uz + -+ vp_qun_1).  (5.1)
1 up_q
1

The definition of additive character 1, is given in a similar way.

We fix

a2—ai

¢ = diag(p™v1,p Vg, -, pIm T TIN 2y, pT Iy, (5.2)

63
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In other word, we can write

a1

pu
pa27a1 ,U2
CcC = 3 (53)
pan—lfan—QUn_l
p_anil'vn
. (n+1)(n+2)

where v; € Zlf fori=1,2,3,--- ,n and vivouz - v, = (—1) 2 *1. Here a1, a2, a3,
, an, are all nonnegative integers. Moreover, we have a1, as,as, -+ ,a, > m, where m

is a fixed positive integer.
We will use the same notation as in Stevens [Ste87, Section 4]. And we need Defi-
nition [£.2.1] and Lemma [£.2.2] in above Chapter [4]

Theorem 5.0.1. Let Kly(1y, ¥y; ¢, wa,) be the local Kloosterman sum attached to the
long element we,, . Let 1 be as in (5.1)), £ = max(ay, a2, - ,an—1), 0 = max(an_1,a1),

o = min(a,_1,a1), and

2_q —~ _
C, = 2" p 2(n+3)(n H ’VjV;zijZm‘plvpeer)lﬂ

w

x(+m—m+1D)"D . (n=1)+n)7.

Then

n(n 1) n(n 1)

\Kl (%J/J e, wa, )| < Ch m1n(pa+a2+ +o/2+—5— 6/2+20+(n 3)o+ag+-tan_o—l+—F5—
p n

(5.4)

1

. 1————1 ). 3t tap_
In partzcular, we have |Klp(¢p7¢1/;§ c, an)’ < Cnp( 4n2718n+22) (a1+az+az+--+an—1)+

We first recall Lemma 5.2 of [Ste87].

Lemma 5.0.2. [Ste87, Lemma 5.2] Let r > 1 and for each k = 1,2,--- ,r let I, =
{r—k+1,---,r} be the final k-element subset of {1,---,r}. Let g,¢ € GL.(Qp).
Then ¢ € N(Qp)g if and only if for each k = 1,---,r and every k-element subset
I CA{1,---,r} we have g1, 1 = g’IkJ. In other word, this last equality asserts that the

bottom row of k x k subdeterminants of g agrees with that for ¢'.

n(n271) m

™).
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Note that from the definition of the set X (wg, c), we can assume that the element

1 z12 13 - 1p
I mo3 -+ Top
€ N(Qp)/N(p"Qp).
1 zp_1n
1

So we can let x;; = p*bijcij, for 1 <i < j < n, where b;; are all integers and they
satisfy b;; > —m. We also have ¢;; € Z; forall 1 <i<j<n.

Since X (wg, c) € K,,, we have to put some conditions on b;; and ¢;;. Thanks to
the Lemma 5.2 in [Ste87], we can have the conditions of b;; and ¢;; explicitly. The
conditions are restrictions of the subdeterminants of the unipotent radical subgroups.
For example, we have —m < b;; < q; for all 1 < ¢ < n — 1. In particular, we have
bin = ai.

Conversely, if we are given integers b;; (1 <i < j <n) with bj; > —m and ¢;; € Z)
satisfying all the conditions in Lemma 5.2 of [Ste87],then there exists an elememt xzzj €

X (wg, c) for which

1 pP2c 9 pPiseyy - p Meip
1 p ez o pTPPrea,
u’(xzzj) = e e e (mod N(p™Zy)). (5.5)
1 p e, 1,
1

Now let v, be the nontrivial character of N(Q,) which is trivial on N(p™Zp), i.e.
the nontrivial character of N(Q,)/N(p™Zp) which is defined in the previous section.

For b;;, and ¢;; satisfying the Propeties given in Lemma 5.2 in [Ste87], we define
X;:; (wg,c) =T+ p"Zy) * a:ZZ
be the orbit through xZZj’ and we also define

Sy (ps Ui € wa,,) = p(u(@)) ¥y, (v (2))

o
:cEXbZ (way, ©)
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be the Kloosterman sum restricted to the given orbit. Now for fixed b;;, ¢;; which satisfy

the previous Properties given in Lemma 5.2 of [Ste87], we let

o Cij
Xbi,z‘+1,ci,i+1 (anC) = U Xbij (anC)v
bij,cij,j—1>2
where b;; Tun over all integers bigger than —m, and ¢;; run over all the elements of Z

satisfying previous properties for j — i > 2. Let

Sbi,i+17ci,i+1 (wpaw;ﬁ & an) = Z ¢p(u(9€))%(ul($))

2€Xb; 110041401 (WG ©)

Lemma 5.0.3. We have X (wg,c) =1, ., ¢y Xb (wg, c), where b; ;i1 Tun

i,i4+15Ciyi41
over all integers bigger than —m and smaller than £, and c; ;11 run over all the elements
in the finite coset of Z) /(1 + p™Zy) satisfying previous properties in Lemma 5.2 of

[Ste87].

Proof. The proof is the same as Lemma 5.2 and 5.7 in [Ste87]. Note that K, =
N(p™Zy) - (B~ N Ky,) - N(p™Zy) is true for G,, = GL,(Q,), where B~ is the opposite

Borel subgroup. Therefore, the matrix u(z) is uniquely determined by the matrix u'(z).

O
Lemma 5.0.4. Let { = max(ai,az, - ,an-1), and b j1+m < a; (foralll <i<n-1)
be integers which are bigger than —m. Then
|Sbi,i+17ci,i+1 (djpv wzlﬁ c,wa, )|
< gn—1, p2(n—1)m . (’V1V2_1p2m|;1’pZ+m)1/2(’V2V;l_2p2m|;1’pé+m)1/2 .
bio+bog+-+bp_1pn
X (|Vn—1Vip2m’;17p£+m)l/2 : (ﬁ +m + 1)n71 P 2 : #(Xbi,i+170i,i+1 (anC))'

Proof. The involution map ¢ : g — ¢' := wg, - (¢")7" - wg, sends Xy, .. (wg,c) to
X

by (—vp—1, —Vn—2,--+ ,—v1) and (U}, vh,v5, -,V _1) by (=)_1, =V}, o, ,—1}). For

i (wa,c)'). Composing v, with ¢ has the effect of replacing (v1,v2,v3,- -+, vn-1)
g0 = uiwg,cuz € X(wg,c), we have gf € X((wg,c)') = X(wg, (wg,c'we,)) € Kn
by definition. Hence, applying ¢ to the element wg, ¢ reverses the roles of a,_; and a;.
Thus we may assume that a,_1 > a1 without loss of generality.

Recall that ¢ = max(aj,as, - ,an—1) = max(ag,---,ap—1). Then Properties in

Lemma 5.2 of [Ste87] imply that the matrix entries of u(z) and /(z) lie in p~*Z,/p™Z,
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for every z € X(wg, c). Indeed, by Lemma m it is enough to verify this for z =
:EIC)Z (wg, c). By definition, it is easy to verify that the matrix entries of u/(z) lies in

p*ZZp /p™Zy. Moreover, for Gy, = GL,(Q)), we have the following decomposition
Ky =N@"Zy) - (B~ NKy,) - N(p"Zy),

where B~ is the opposite Borel subgroup. Hnece the matrix u(z) is uniquely determined
by the matrix «/(z). By the uniqueness of the Bruhat decomposition, Proposition
3.1 and Lemma 3.4 in [KN22], we see that the matrix entrices of u(x) also lies in
P~ Ly /" L
. (zDn=2) g (=D (n=2)
Now let S be a finite subset of Z, x(Zy) > such that Xy, .., ¢, .1 (W, €)
is the disjoint union of the Xg;_ (wg, c) with (bi;,cij,j —i>2) € S. Then as in Lemma

J
J
[4.2.2] we have

Sbi,i+1,ci,i+1 (¢p: "%)a c, an) < p_("_l)z(l — p_l)_(n_l)-
S #HX(ewe,)Sug, 070, OO

(bij,cij,j—1>2)€S
where Sy, is defined in Definition and QZZ : Aw () = C* is the character

defined in the previous section by

Qgij (A x X)) = e(riug Ay + vousda + -+ + Vp_1Un_1An1

g ST

b

! —b / /. —b / / —bn— /
T A Frep ey + v g p T T e A1)

By Remark (See also Example 4.12 in Stevens [Ste87]), we have
S, (05250) = Sa(viwp’, vy, _yen1,0p"n1m3 ")
- So(vauap®, vy _oCp_2p1p 2t phy (5.7)
- So(Vn-ttn-1p", ic1ap "2 p"),
where S is the restricted GL(2)-Kloosterman sum defined in Remark [4.2.3] By refined
Weil’s bound established in Remark we have the inequality
[S2 (v /5 )| < (€4 m 4+ D)p™ 2 (ged(|p™ v, [p™V |, p )22 (5.8)

for v, € p~™Z, — {0} (See also Section 9 in [KL13]).
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In order to apply the refined Weil’s bound, we note that

€+m) (+m—bio
)

ged(|vn—1tn—1p™ L [ipT TR 0 p) < ged (v ™ p T )p

€+m) €+m7b23
)

ged([Un—gun—op™ |t [pap™ 0 L pP Y < ged(|vn—arhp®™ |, PP

ng(|1/1U1pé+m’I;1, ’1/7/1_ p€+m—bn71,n|;17p€+m) < ng(|I/11/,/.L_1p2m l’pé-i—m)pﬂ—km—bn,l,n‘

since ged(a, b) < min(a,b). Hence we have

n—1
S, (652301 < (€ m -+ 11200 [ T] (vl Py, 42
j=1
.p(n—l)f— 12+ 23+2 tbn—1,
This inequality, together with (5.6)), gives
‘Sbi,i+lyci,i+1 <wp7 wzlw c, 'U)Gn)‘
n—1 L
< n—1 . o) 2m 1 E—‘,—m 1/2 . 2(77,—1)771—*2” 1 bJ j+1
— (€+m+1) jl;[1(|y]yn—]p 7p ) p J (59)

(A=pT)TT T #(XG (wg,0).
(bij,cij,J—i>2)€S
The sum appearing on the right hand side is equal to #(Xs, .., ¢, ;1 (wa,c)). Since p > 2
we have (1 —p~1)~(»=1) < 27=1 by (5.9). This completes the proof of the lemma. [

Proof of Theorem[5.0.1 By the involution map ¢, we can assume that a,_1 > a3 with-

out loss of generality. Let

n—1
2_ _ _
C = o 1, p2(n+3)(n 1)m H(|VJ'V7/1—jp2m|p 17p€+m)1/2
j=1

n3

x (L+(n—Dm+1D"" . (n=1)0+n)=.

We define

Xbi,i+1 wG C H sz i+1,Ci,i+1 anC)
Ci i1
and
Sbi,i+1 (¢p> wzlw G, an) = H Sbi,i+l7ci,i+1 (wlh wzlov Cy an)'

Cii+1
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At first, we deal with the case a,—1 = max(aj,ag, - ,ap_1).
biot+boz+-+bn_1n ap—1

If big + baz + -+ + by—1,n > an—1, we have p~ 2 < p "2 . Recall
Theorem and the proof of Theorem [3.2.2] we know that

X (wg,¢) < """ x Oy ()

< pn(nfl)m % pa1+a2+-~-+an_1 X |k ()|
3
< pr(n=hm o partarttan i o (g 4ogg 4o+ apog + 1) T

w

n

< pn(nfl)m % pa1+a2+--~+an71 % ((n — 1)5 + n)? .
Hence by Lemma we have

|Sbi,i+1(¢pijlu;caan)’Scxpal+a2+ Fon-2b T TR

Applying the above Lemma [5.0.3] we have

An—1 (n—1)
|Klp(¢p,¢;; c, an)’ < (), X pa1+a2+».-+an72+ —1 g nin

Hence we prove the Theorem for the case bia + bag + -+ 4+ bp—1,n > ap—1.
Now we assume that big +bo3 + - +by—1n < ap_1.
If
big + b+ +bp2n < an-9;

big +bos + -+ +bp—3n < ap_3;

(5.10)

bin—1+bapn < ag;
(n=2)(n—1) o
then we have #(b;;) < ({ +m + 1) 2 and #(cij) < prisi<isn Vi

+ (n72)2(n—1) m

for j — ¢ > 2. Therefore, we obtain that

(n=2)(n—1) o n(n=1)
(X0 (WG,0) S (CFmA 1) 2 - phasicisn bt
(n—=2)(n—1)

< (g +m+ l)f 'pa1+a2+~'~+an_2+(b12+523+“'+bn—1,n)+@

m

Hence by Lemma we have

an—1 _ n(n=1)
|5bi,i+1(7l}p,¢;;c> an)| < C .pa1+a2+ +an—2+ ”2 +—5 m
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Applying the above Lemma [5.0.3] we have

An—1 (n—1)
|Klp(1[)p, ’QD;), c, an)| < Cn . pa1+a2+-..+an72+ 5 4 n2

If there exists k (2 < k < n — 1) such that by + b g1+ -+ bn—krin > An—ky1,
we will show that

n—k+1

H #(Q’,H—k—l) < 2]4:71 . (f + (n . 1)m + 1)k . pan,k+1+(nfk+1)m.
=1

We will consider the following n — 1 submatrices:

M = (p~"rern);

by b1
ptrlei o1 P e
M2 = )

— b
D PnTleg 1 P PMCon

by by b
phn2Cip—2 PP -1 PN CLp
N IR O o —b )
Mz = | p™®n=2cy ;0 p 27 leg o1 P Pmeop |
b

ey g pTPrlez iy pTPres,

—b —b _
p~ei2 pBas e p"ein
—b —b
p 23623 e . e p 2,”027n
Mn,1 = 0 1 p7534034 . p7637n037n ,
0 0 t 1 p_bn_l’ncnfl,n

where bm’ = O,Ciﬂ' =1 and Cij = 0if 7> j.
Applying Lemma 5.2 in [Ste87] to the submatrix My, Ma, -, M,_1, we see that

p M| € 14+ p" 2Ly, p? | M| € 1+ p" Ly, - -, p*" Mp_1| € 1+ p"Zp.
For certain k (2 < k <n — 1), we further consider the submatrix:

—b1n— —b1,n— —b
p 1,n k+1cl,nfk+l . p 1,n lcl,n—l p 17’”61,71

—b —k+ —b — —b
p Zn—k 162,7l—]€+1 Tt p 2 162,“71 p 2””62,“
Mk =

—bhm R —b
PR G kg1 o PR T Cp—1 PP Cln
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where b;; = 0,¢;; = 1 and ¢; ; = 0 if 7 > j. For the matrix M}, we consider its k — 1

submatrices:

My = (p~ " mepp);

b1 by
(p k=ln=lcp 1p—1 P K 1'"Ck—1,n>.
M

M2 k=
—bkn-1p —bkn
p kn—1 p k,n

b b9 —bj_
pTURTENT20p o 9 PRIl 91 DT URTENCE_9 g
S O . by .
Mz = | p7O1n=2¢y_1 9 p R tnlcp 1 po1 P A ICE_1p |
—bp e by —b
p k,n 20[{}77’1—2 p k,n lck,n—l p k,anJL
p_bQ,n—k+QC .. —ban-1, —b2,n
2,n—k+2 b 2,n—1 P 2,n

—b3 —b3 n— —b,
) p 3,n—k+2 CS,n—k—i—Q e p 3,n 163,71—1 p 3,n C3,n .
Mk_l’k = I

—bg n— —bg —b
p k,n k+26k§,’l’b—k+2 . p k,n lckl,’l’b—l p leCk?,’I’L
th = Mk,

where bm’ = O,Ciﬂ' =1 and Cij = 0if 7> j.
Applying Lemma 5.2 in [Ste87] to the submatrices My, Mo g, - -+ , My—1 i, My, we

see that
p™ [ My| € 1+ p"Zy, p™*|Mi x| € p"Zyp, p**|May| € p"'Zp, -+, p"*|My_1| € p""Zp.
Hence we know that there exist t1,t9, -+ ,tp_1 € ZZ,(n,l)m, where t; < a; < /£ for all

1 <i <k —1 such that
ptllMl,k| € Z;a ptz‘MQ,k| € Z;;a R ptk_1|M1,k—l‘ € Z;;

Furthermore, without loss of generality, we can assume that ¢; = b;, > —m and
t; <tiy1+mfor all 1 <i<k—1, where t; :== ap. Therefore, we have t; > —i x m for
all 1 <i<k—1<n-—1. Otherwise, we may substitute the element xzz € C(wg,,c) by
mzzj v € C(wg,c), where ¢’ is an element in N(p™Zy,) C N(Zp). For example, if to <
t1 —m, we may focus on the matrix Mj j, and substitute the element p‘bk—l,"—lck_lyn_l

by p~P-—1n-1¢g_q 1 + p™. This is given by the right multiplication of v’ = (u; ;) with
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uii=1(1<i<n), ug_1,—1 = p™ and all the other entrices equal to zero. Note that
:L‘ZZ and :L';Z u’ represent the same element in X (wg, ¢). These right multiplications of
u' will give at most 2=1 ({0, p™}*~1) different cases. Therefore by induction, we see

that

#(Ci,i-‘rn—k) < pt1+ma

— -

#(Ciirn_k) < 2-pl2t2m,

N

i=k—1

]

#(Ci,i+n_k) < ok—2 .ptk—1+(k—l)m’

k=1 toth -1 k
H#(Ciipn—g) < 2871 phethm = oh=l. pakthm,

k
11
=2

k
11
i=1

We also note that

k
[T#(t) < (¢ + (n—Dym + 1),
=1
which will give that
n—k+1
H #(ciirn1) <2V (0 (n— )m + 1)k pon-riat=htlm
i=1

for2<k<n-1.

For the general case, using the same argument as above discussions, we write

biz+boy+ - +by2pn=an 2+ dy 2,
bia +bos + - +bp—3n = an—3 + dp_3,

big+bogr1+ + b kiin = A1+ dp_gi1, (5.11)
bip—2 +bop_1+ b3, = az+ ds,
bin—1+ b2 pn = az + da.
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We can obtain an upper bound as follows:

n—2)(n— n—2)(n— (n—2)(n—1) n—1
#(cij) < ot L+ (n—1)m+ 1)% plisi<isn bt mm2ljo, max(0.d;)

)

where j — 7 > 2 and by Lemma we have
|Sbi i+1(7w[}p’ wz/), c, an)| < C - pa1+a2+...+an72+an2_1 +n(n2—1)m
Applying the above Lemma [5.0.3] we have

An—1 (n—1)
|Klp(1/)p,’l,b;; c, an)| <C, ‘pa1+a2+-.~+an,2+4 =1 n(n m

Note that in this case, since a,—1 = max(ay,az, -+ ,a,—1), we always have

an—1

art+ag+--+ap—2+ </l/2+42a1+ (n—3)an—1+az+az+---+an2— L.

Thus Theorem 5.0.1|follows from the equality K1, (¢p, ;5 c,wa,) = 32 Sb,oyy (Yp, Vs € wa, )-

biit1
If we have a,_1 # max(ay,ag, -+ ,an—1), by a similar argument as above, we obtain
. < artaztotan_ot 2ol M= gy
|Sbi,i+1(7w[}pa'¢pacv an)| = C'p 2 2

Applying the above Lemma [5.0.3] we will have
an—1 , n(n—1)
|Klp(1/)p,’l/);; c, an)| <C, ‘pa1+a2+-..+an72+ 5t 5 —m
Note that if a,,—1 << max(aj, a9, - ,an—1), in other word a,_1 is small, this bound is
not good enough. So we have to bound this Kloosterman sum in other way.
Now we assume that ay := max(aj,ag, -+ ,ap—1). Since we assume that a,—1 > a1,

we have 2 < k < n — 2. Moreover, we will consider extra n — 1 submatrices as follows:

Uy = (p_bn_l’ncn—l,n);

—bp—2,n— —bp—
) p n—2,n—1 CTL*Q,TL*:[ p n—2,n Cn72,n )
Up = B 7

1 p nil’ncn—l,n
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p*bzs 93 pib24024 L. e p*bz,n Con
1 p ey e o preg,
Un—o:= 0 1 p7b45c45 e p*b4,nc4,n ,
0 T 0 1 p_bn_l’ncnfl,n
where b;; = 0,¢;; = 1 and ¢;; = 0 if i« > j. Applying Lemma 5.2 in [Ste87] to the
submatrices Uy, Us, - -+ , U, _9, we see that
p UL € p"'Zp, P HUs| € D" Ly, - -+, U Un—2| € p"Zy.
By our assumption, we have ay = max(ay,az, - ,a,—1). We will focus on the following

k — 1 elements:

—b S by
D " Chpm, PRIk 1, s PRy .

We have the following cases:

If by, < an—1, then we have #(c ) < p*-1tm.

If by, > an—1, since p®=1|U,_x| € p™Z, and the coefficient of p~%n¢y, , is given by
(1) F+L Uy = (=1)" k1. (1) = (=1)""**1 then we have

#(Ck,n) < pbk,n_(bk,n_an—1)+m < pan—1+m'

Following above idea, we continue our induction steps. If by_;,—; < a,—1, then we
have #(cx—jn—j) < p™ T for 0 < j <k —2.

Ifby—jn—j > an_1, since p*~*|U,_p4;| € p™Zyp and the coeflicient of p~bk—im—j Ch—jm—j
is given by above matrix (—1)""**1.|U;|. Note that without loss of generality, we
can assume that the norm of the determinant of U; satisfies |U;| > p~ (=™, Oth-
erwise, we may again substitute the element :UZZ € C(wg,c) by :L“ZZ v e Clwg,c),
where v is an element in N(p™Z,) C N(Z,). For example, if the norm of U, sat-
isfies |Us| < p~ (D™ we may focus on the matrix Us and substitute the element
p_b"—Q’"—lcn,gm,l by p_b”—Q’"—lcn,Qm,l + p™. This is given by the right multiplication
of ' = (u;;) with u;; =1 (1 <i<n), up—2,-1 = p™ and all the other entrices equal
to zero. Note that xZZ and xgz v/ represent the same element in X (wg, ¢). These right

multiplications of «/ will give at most 272 different cases. Therefore we have

#(Ck;—jﬂz—j) S pbk_j,n_j—(bk_jyn_]-—anfl)—i-(n—l)m S panfl—&-(n—l)m.
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Now we vary j from 0 < j < k — 2, we will have

gn—2 (k—1)ap—1+(n—1)(k—1)m

F#(Con—k+2:C3n—k+3> "+ Ch—lmn—1,Chn) < X p

It remains to bound the remaining #(c;;) for j —i > 2.

If bio+boz+- - -+bp—1,n > ar > an—1, then using the similar argument as above (when
bia+boz+tbn_1n _ay
ap—1 = max(ay,as, - ,an—1)), we have p~ 2 < p~ 2. Recall Theorem

and the proof of Theorem [3.2.2] we know that

X (wg,¢) < """ x Oy ()

< pr(nmhm o prterttancy o ()|

n3

< pn(n—l)m % pa1+a2+v.-+an—l X (Gl + as 4+ 4 An—1 + 7'1,)7

w

n

< pn(nfl)m « pa1+a2+'“+an—1 X ((n _ 1)6 + n)T .

Hence by Lemma [5.0.4] we have

|Sbi i1 (Ups 0 cowe, )| < € x ptrtazttan-atan- 1,
i,it1 » Ppr & n/l =
5.12
— O x pitazteter 1t Ftorpate gt +2 0 m (5:12)
Applying the above Lemma [5.0.3] we have
|Kl (wp 1/) c,Wa )| < C Xpa1+a2+ Fan—2+an—1— k+"(" Do
) p? n
5.13
— Cn Xpal+ll2+ tag_— 1+ +llk+1+ Fanp—2+an— 1—0—”(" Yo ( )
Hence we prove the Theorem for the case bia +baz + -+ bp_1,n > ai.

If big + b2z + -+ + bp—1,n, < ap, then using the similar argument as above, we
will obtain the bound as follows (note that #(c2n—k+2, C3n—k+3, " > Ch—lmn—1,Chn) <
on—2 p(kfl)an_lJr(nfl)(kfl)m):

(n— 2)(n 1)
#(cij) < X+ (n—1)m+1) (5.14)
% p2a1+a2+~--+ak_1+ak+1+~--+an72+(k—1)an71+(k—1)(n—1)m+%m '
for j —i > 2. Since 2 < k <n — 2, we will have
#(ci) X (L4 (n—1m+1) "7
cii) < n—1)m
Y (5.15)

% p2al+(l2+'"+ak71+ak+1+"’+an72+(n_3)an71+(n_3)(n—1)m+%m
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where j — ¢ > 2. Hence by Lemma [5.0.4] we have

1S, ., (bp, 0w, )| < C x pk/2H201tazt ey tagp o tan o+ (n—3)an— 1+ 2y
ii+1 » Ppr &

Applying the above Lemma [5.0.3] we have

‘Kl (wp 1/} c,wa,)| < Ch Xpak/2+2a1+a2+ Aag_1+agt1ttan—2+(n—3)an— 1+"(” Do
) p7 n

This proves the main inequality in our Theorem [5.0.1
For the second claim, we recall that ax = max(ai,ag, -+ ,ap,-1) > apn—1 > a1. We

note that if ax < (2n — 5)a,—1, the following inequality holds:
Ay
ai+ag+-- -—}—an,g—{—% < ag/242a1+(n—3)ap—1+as+asz+- - -+agp_1+agr1+- - +an—o.

Therefore we will have

an_1< 1 0.5
2 (2n —5)(n—2)+1

ai+az + -+ ap—2+ )-(a1+a2+---+an_2—|—an_1)

1
<(1-— = . _ ).
_< 4n2—18n+22> (a1 +ag+ -+ an—2+ap-1)
If a, > (2n — 5)an—1, we will also have (Note that n > 3)
n—2 0.5 n—1
£/2 42 —3)an— i<|(1- : ;
/2 +2a1 + (n — 3)a, 1+j22j:¢kag _( (2n—5)(n—13) 12 jz:aj

0.5
S(L_@n—SXn—%+J

N———
< 3
I{Ngk
Q
<

<(1- =
—< An? — 18n + 22

This proves the second claim and therefore Theorem [5.0.1

Remark 5.0.5. Note that the trivial bound for the local Kloosterman sum (integral)
(see [DRIS]) is the following:

!Klp(ww%; c, an)‘ < Ae _p(1+e)(a1+a2+a3+...+an_1)’ e>0

where A. is a positive constant independent on the choice of c. Since 1— <1,

1
4nZ-18n+22
so applying Steven’s method, we get a nontrivial bound for the local Kloosterman sum

(integral).
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Remark 5.0.6. The result is not optimal when n > 4. When n = 2 and n = 3,
the constant 3 and 1 are sharp (See [Ba97] and [DF97]). To improve the bound in
other cases, one may use the stationary phase formulas as Dabrowski and Fisher did for
GL(3) ([DF97]). It is also a very interesting question to ask whether we can improve
the exponent 1 — m to some 1 — 9, where 0 < § < 1 and § is independent on

the choice of the positive integer n (See [Ste87] for the conjecture: § = ).



Chapter 6

Proof of Local Integrability for

GL(n) Bessel functions

In this chapter, we use the results in the previous chapters to prove the local integrability
of Bessel functions for GL(n) (n > 4). The local integrability of Bessel functions has
only been proved for GL(2) [So84] [Ba97] and GL(3) [Ba04]. The main ingredients
of their proofs are some basic analytic properties of the Bessel functions and orbital
integrals. Moreover, an explicit expression for the GL(3) (or GL(2)) relative Shalika
germ K. %% (or K¢ ) (See [IY96] [7Y99]) and the p-adic stationary phase methods
are also needed in [Ba04]. However, an explicit expression for the (relative) Shalika
germs is invalid for GL(n) (n > 4) and the p-adic stationary phase calculations become
very complicated. In order to overcome these obstacles, we apply Stevens’ method in
[Ste87] to bound the (relative) Shalika germs K, “*. The key ingredient of our proof
is a nontrivial bound for the local Kloosterman sum (integral) attached to the longest
Weyl element which we have already established in Theorem [5.0.1}
First, let’s recall the Conjecture in Chapter

Conjecture 6.0.1 (Conjecture . Fiz f € CX(Gy). Then |If7¢(g)A%_5”(g)| is

bounded on compact sets in Gy, for some given o, > 0.

According to the discussion in Chapter 3], we know that Conjecture is equivalent
to the local integrability of Bessel functions for GL(n). Applying Jacquet-Ye’s theory of
the relative Shalkia germs (Theorem and [JY96],[JY99]), we can reduce Conjecture

78
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[3:2.3] to Conjecture [3.3.8] from the discussion in Chapter 3] Now it suffices to prove
Conjecture [3.3.8
We will give the proof of Conjecture(3.3.8] Therefore, we prove the local integrability
of Bessel functions for GL,(Q,). We state the following theorem.

Theorem 6.0.2. The absolute value )K;?UG"A%% is uniformly bounded on the set Ag °"

for any 6 satisfying 0 < § <

1
8n2—36n+44 "

Proof. According to the definition of (relative) Shalika germ K. " in [TY96] and [JY99],
for any element ¢ in the set Ae ", without loss of generality, we can assume that
|Ai(g)] < €, where 1 < i < n — 1 and € is any arbitrary small positive real num-
ber. Here A; is the determinant of principal ¢ X ¢ minor of g which we have al-
ready defined in Section 3. Moreover, as in Section 4 and 5, we further assume that
An(g) = (=1) ZFF* 241 Hence, we have |An(g)| = 1.

Note that |A;(g)] < e for all 1 < i < n — 1, we can write g = ¢ € T. From above

assumption, we let

p™u
prrT My
c:= )
panfl_an72/un_1
p_an_lvn
where v; € Z, for i =1,2,3,--- ,n. Here a1, a,--- ,a,-1 are all large enough positive
integers. Moreover, we have a1, a9, -+ ,a,—1 >> m if we let positive real number € to

be small enough, where m is a fixed positive integer in Section 4.

By direct calculation, we have

A i | AL (B (Bucs @R[ _ starsassasssans
(An(c))?
So we have A%_‘S(g) = A%_‘S(C) = p~(1=20)(artaztaztotan—1)
Now applying Theorem we further assume that aq,ag,- - ,a,—1 >> m (For
example, a; > 100000(n — 1)m for j =1,2,--- ,n— 1) and vy, 1], v,V -+ ,Un_1,Vh_4

satisfy p™™ < || < p™ and p=™ < |vj| < p™ for all 1 < i,i < n — 1. Therefore, we
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have
|KZQC;:(C)| < |Klp(¢p_1;¢;,_1;c, wa,,)|

<27 (0 (= Dm0l sttt

n3 n(n—
% pQ(n—l)m+2(n+3)(n—1)m > ((n _ 1)£ + n)7 % p%m

<2 (0 (n - Dm0 U e e ete) (6

n3

« p2(n—1)m+3(n+3)(n—1)m « ((n - 1)6 + n)T

<2V (04 (n— m+1)"D p T Iz rseya (@t ezt tan)

% p3(n+4)(n—1)m % ((TL o 1>€+ TL)TLS,

where ¢ = max(ay,az,a3, - ,ap_1).

. w
In conclusion, for any g € Ae “, we have

w 1 w 1
| K& (9)A27°(g)] = [ K& (€)AZ 70 (0)]
< 2n2—1 _p3(n+4)(n—1)m . (ﬁ + (n - l)m + 1)(712—1) . ((n N l)g + n)n3
« p—(m—25)(a1+02+a3+"‘+an—1)‘

(6.2)

— 926 < ——L— This means

. 1 1
Now since 0 < § < S —36nrady Ve have 0 < T8 vy e B

that the positive real number

2n2_1-pg("+4)("_1)m'(ﬁ—i-(n—l)m—i—l)("Ll)-((n—1)£+n)”3 'pf(m726)(a1+a2+a3+...+an_1)

approaches to 0 when aq, ao, - -+ , a,—1 tends to infinity. Hence, it is bounded uniformly

in terms of a1, as, -+ ,an_1. This finishes the proof.
O



Chapter 7

Applications

7.1 Applications of Theorem [1.2.6

In this section, we will give some applications of our main Theorem We first recall
the definition of Bessel distribution. We will follow the notations in Chapter and

We recall some notations in Section [L.2]

Let 7 be a smooth irreducible generic representation of G,, = GL,(Q,) with con-
tragredient 7. We use 7* and 7* to denote the linear dual of 7 and 7 respectively. Let
f € C(Gy) be alocally constant function with compact support on G,,. We take [ € 7*
and I’ € T to be fixed nonzero Whittaker functionals with repect to the non-degenerate
additive character ¢ and ¢!, respectively. We define 7(f)I’ as

T = . flg)m(g)l'dg

or equivalently, for any v € 7, we have

F,T) = /G F(9)F (o) B)dg
" (7.1)
- /G F@) 7 (g™ (@) dg.

Then 7(f)I' is a smooth linear functional on 7, hence can be identified with a vector

vf €.

Definition 7.1.1. We define Bessel distribution B(f) as
B(f) = l(vy).
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E. M. Baruch obtained the first regularity result about the Bessel distribution B(f).

By Theorem 2.3 in [Ba0l], when restricted to the open Bruhat cell @ = Buwg, B,
this Bessel distribution B(f) is given by integration against a locally constant kernel
function jo »(g) on €2, which is called the relative Bessel function. In other words, for

any f € C(Q), we have
B(f) = [ el l0)ds

We can extend this function jo »(g) to the whole group G,, by letting zero when g €
G, — Q = G, — Bwg, B. By Theorem 1.1 in [Chail9a] and Theorem 7.2 in [Chail7],
we know that jo »(g) = jx(g) for all g € Q after certain normalizations on [ or I’ (See
Theorem 1.1, 3.2 in [Chail9a] and Lemma 3.2 in [Chail7]).

We recall the following regularity theorem introduced in Section which naturally
connects the Bessel function jr(g) to the above Bessel distribution B(f).

Theorem 7.1.2 (Theorem [1.2.8]). The Bessel distribution B(f) is given by integration
against the Bessel function jz(g) on Gy, that is, for any f € C°(G,,), we have

B = [ irto)fa)ds.
Proof. For f € C°(G,,), we define the following distribution

By(f) = / J(9)£(9)dg.

n

Note that the Bessel function jr(g) is local integrable on G, (Theorem [1.2.6)), this
distribution is well defined. Now we consider the distribution B(f) := B(f) — Bi(f).
By Theorem 2.3 in [Ba0Ol], Theorem 1.1 in [Chail9a] and Theorem 7.2 in [Chail7],
the restriction of this distribution B(f) to the open Bruhat cell @ = Bwg, B is zero.
Therefore, this distribution is supported on G,, — 2 = G}, — Bwg,, B. Now by Theorem
A in [AGST5)], the wave-front set of the distribution B = B — B is contained in (G,, —
Q) x N, where N is the set of nilpotent elements (cone) in the dual of Lie algebra of
G,. Hence, by Corollary B and C in [AGKI5], we have B = B — By =0, which gives
that B = Bj. This finishes the proof. O

Remark 7.1.3. The regularity theorem (Theorem may have applications in the

study of relative trace formulae (especially Kuznetsov trace formula).
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We will give an application of above Theorem [I.2.8]

Corollary 7.1.4. Let w1 and mwo be two generic smooth irreducible representations of
G, with the corresponding Bessel functions jr, (g) and jr,(g). If there exists a non-zero

constant ¢, such that for any g € Gy, we have jr,(9) = cjr,(g). Then m = .

Proof. By Lemma 2.2 part (2) in [FLO12|, the Bessel distributions are linear indepen-
dent for two inequivalent smooth irreducible generic representations. This Corollary

now follows directly from above Theorem [1.2.8 O

We recall that N = N,, is the standard unipotent radical subgroup of G,, and wg,, is
the longest Weyl element in G,,. We embed G,,—1 into GG, on the upper and left corner
In—1

1) . We have the following kernel formula.

by the map ¢,_1 — (

Corollary 7.1.5. Let w be a generic smooth irreducible representation of G, with the
corresponding Bessel function j.(g). If Wy, (g) is a Whittaker function in the Whittaker
model W(m, 1), then for any diagonal matriz b = diag(by,--- ,b,) € A, C Gy and

h
W ( 1) € C°(Np—1\Gn-1,7), we have

, ht h
Wy(bwg, ) = / Jr | bwg,, W, dh.
Np—1\Gn_1 1 1

Proof. By applying the local integrability of the Bessel function j(g) and using the
same method in Lemma 5.3 of [Ba04], we can show that the right hand side of above
integral is absolutely convergent. This corollary now follows directly from Theorem 4.2
(the weak kernel formula) in |[ChailT7]. O

Remark 7.1.6. The kernel formula in the above Corollary actually gives the
action of the longest Weyl element wg, on the Kirillov model of w. A special case of

the kernel formula in GL(2) case is proved in Proposition (Chapter[d).

7.2 Kloosterman Zeta Functions

Non-trivial bounds on certain Kloosterman sums will give the non-trivial absolute con-

vergence region for the Kloosterman zeta functions.
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Let M, N € Z and s € C. The Kloosterman zeta function for GL(2) is defined to be

Z(M,N;s) 2:ZS(M,N;C)C_28, (7.2)
c=1
where c
S(M, N; C) — Z 627rz'(zzM—|—EN)/c
a=1,(a,c)=1

for aa = 1 mod ¢, is the classical Kloosterman sum. The Weil bound S(M, N;c) =
Oe(c%“) [Weid8] shows that the Kloosterman zeta function converges absolutely
for Re(s) > 2.

The function was first introduced by A. Selberg [Sel65] who obtained its mero-
morphic continuation to the whole complex s-plane. In |GS83], Goldfeld and Sarnak
have shown that

Z(M,N3s) = Oc(|s|27)

for Re(s) > % + € and |Im(s)| > e. This bound leads to the following Kuznetsov’s
Theorem [Kuz80]
S(M, N,
Z ( ’ 70) — Oe($é+€)~

C
c<x

In order to define the Kloosterman zeta function for GL(n), we recall a slightly
different and general definition of local Kloosterman sums on GL,(Q,) in Chapter
We let 1), be a nontrivial additive character from N(Q,) to C* which is trivial on

N(Zy). The character 1, has the following form:

T *
0 1 x9 - % el
Py :f(wai),
0 0 - 1 =z, =1
o --- 0 1

where ¢ is the standard nontrivial additive character of Q, as in [Ste87, Section 1] and
vi,v2, - ,Un—1 € Ly, —{0}. We also assume that v; = v,,—; for all 1 < i < n—1.

Similarly, we can define an additive character from from N(Q,) to C* which is trivial



85

on N(Zy) if we are given the parameters vy, vy, Vs, - -+ ,v),_; € Zp — {0}. The definition

is as follows:

—_
8

i
*
*

aw]
—
=
[N}
*

_—
i=1

o O
[a)
[
8
= 3
—

We set ¢ = diag(1/cp—1,¢n—1/Cn—2, -+ ,c2/c1,¢c1) € T(Qp). Following [Ste87, Sec-

tion 2], for every w € Wg,,, we define
C(we) := N(Qp)weNy(Qp) N GL,(Zy,),

and
X(we) := N(Zp)\C(we) [Nuw(Zy),
where N, := N N (wc)"*Nwc and N is the opposite unipotent radical subgroup.

By the Bruhat decomposition we have natural maps
u: X(we) = N(Zp)\N(Qp), v :X(we) = Nu(Qp)/Nuw(Zp).

defined by the relation x = u(z) - we - v/ (z) for x € X (wc).
Now the local Kloosterman sum for GL,,(Q)) is defined as follows:
Ky (i, piciw) = Y wp(ul®))  9(u(2).
zeX (we)
Note that the local Kloosterman sum will vanish automatically unless w is a relevant
Weyl element and ¢; € Z;, for all 1 <i < n — 1 (See Chapter [3| and {4| for more details).
For the global Kloosterman sum on GL(n), we let ¢ = diag(1l/cp—1,cn—1/cn—2,
“yexfer,e) € T(Q). Let ¢ = [, ¥p and ¢ = ], ¢}, be additive charac-
ters of N(Ag) (respectively N, (Ag)), which is trivial on []
[I,<oo Nuw(Zp)). The global Kloosterman sum associated to this data is

p<oo N(Zp) (respectively

KU, 05 e,w) o= [T Klp(tp, s cpw).

p<oo

Note that the global Kloosterman sum will vanish automatically unless ¢; € Z for all
1<i<n—1.
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Now we are ready to define the Kloosterman zeta function for GL(n).
Let ¢ = diag(1/¢pn—1,¢n-1/Cn-2,"-+ ,c2/c1,c1) € T(Q) and s = (81,82, -+ ,8p—1) €
C"~!. The Kloosterman zeta function associated to the relevant Weyl element w is
defined to be

= Y K@ e w)e e (7.3)

c1=1 cp—1=1

The global Kloosterman zeta function for GL(n) is defined to be

Z(W,Pss) =Y Zu(h,);s). (7.4)
WEWGn
Note that the trivial bound for the local Kloosterman sum (integral) (See [DR98])

is the following:
1+€

, €>0, (7.5)

n—1

Lo

=1

‘Klp(wpaw;;cyw)’ S AE .

where A, is a positive constant independent on the choice of ¢. By this "trivial” es-
timation, we have the following absolute convergence region for the Kloosterman zeta

function.

Theorem 7.2.1. The global Kloosterman zeta function Z(1,1'; s) converges absolutely
for Re(s;) > =2, where 1 <i<n—1.

n)

The non-trivial upper bound for the local Kloosterman sum is

1—0,+e€
| Ky (1, 10 0, w)| < A

M-

for some §, > 0, and A, is a positive constant independent on the choice of c.

L €e>0, (7.6)

Non-trivial bounds on certain Kloosterman sums will give the non-trivial absolute

convergence region for the Kloosterman zeta function Z(1,'; s).

Theorem 7.2.2. Assume that the local Kloosterman sum has the above mon-trivial
upper bound (7.6), then the global Kloosterman zeta function Z(1,1)';s) converges ab-
solutely for Re(s;) > 2_n5", where 1 <3 <n—1.
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Remark 7.2.3. If w = wg,,, which is the longest Weyl element, we have the non-trivial
upper bound for the local Kloosterman sum. From Theorem and we can

; _ 1 — -1
pick 6, = Tn?—isngaz- Moreover, for n =4, we have a stronger bound d4 = 3.

For other relevant Weyl elements, we only have some partial results in the small

rank GL(n) (n < 4) case. For n = 2, the celebrated Weil bound [Wei8] tells that

1
4

bound for all the relevant Weyl elements. For n = 4, we know the existence of 64 > 0
in [BM23].

09 = % For n =3, by the careful analysis in [DF97], we have 05 = %, which is a sharp

An ambitious conjecture of G. Stevens reads as follows:

Conjecture 7.2.4. [Ste87] The global Kloosterman zeta function Z(,';s) converges
absolutely for Re(s;) > %, foralln>3 and1<i<n-—1.

Remark 7.2.5. The conjecture [7.2.7] is only known for n = 3 and is widely open for
n > 4.

We may also expect the following result:

Conjecture 7.2.6. The global Kloosterman zeta function Z(1,'; s) has a meromorphic

continuation to the whole complex s-plane.



Chapter 8

Automorphic Spectral
Reciprocity Formula:

Preliminaries

In the second part of my thesis, we will focus on automorphic spectral reciprocity for-

mulae. Readers may see Section [1.3|for introduction. We start with some preliminaries.

8.1 Number Fields and Local Fields

Let F/Q be a fixed number field with ring of intergers Op and discriminant Ap.

For a place v of F, we let F, be a local field which is the completion of F' at the
place v. If v is non-Archimedean, we write o, for the ring of integers in F, with maximal
ideal m,, and uniformizer w,. The cardinality of the residue field is p, := |o,/m,|. For
s € C, we define the local zeta function (g, (s) to be (1 — p;*)~! if v is a finite place;
Cr,(s) = n%/2T(s/2) if v is real and (p, (s) = 2(27)*T(s) if v is complex.

The adele ring of F' is denoted by Ap and its unit group is given by A% (idele group).
We also let AL := {z € AY : |z| =1}, where |- | : AX — Ry is the adelic norm map.
Note that A}v is exactly the kernel of the adelic norm map. We also call A}v norm one
ideles.

We fix ¢ = [[, ¥, be the additive character with the form as ¢goTrp /0> where Trpq
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is the trace map and v is the standard additive character on Q\ Ag. For v < oo, we let
d, be the conductor of additive character 1, which is the smallest non-negative integer
such that v, is trivial on m . In this case, we will have Ap =[], <oo q% . We may also

set d, = 0 when v is Archimedean.

8.2 Subgroups of GL(n) and Measure

Now we consider some subgroups of GL(n).
Let G = GL(n). If R is a field, by definition, G(R) is the group of n X n matrices
with coefficients in R and determinant in R—{0}. We also define the following standard

and also important subgroups

u
Zn(R) = " L wue RS,
u
1 z2 13 -+  Tia
1 x93 -+ @man
N,(R) := i €ER 1<i<ji<ny,
1 zp_in
1
Yn—1"""Y1
Yn—2"" Y1
An(R) = L pER,1<i<n—1%,
Y1
1

\
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We let W be the Weyl group of G. We write

be the longest Weyl element.
Moreover, for any place v, we let K, be the maximal compact subgroup of G(F,)

which is defined by
G(oy) if wv is finite

Ky =< O,(R) if wvisreal (8.1)

U,(C) if v is complex.
We also let K := [[,K,. If v < oo and n > 0, we define the congruence subgroup
[JPS81] by (This will be used in the computation of local vectors and is useful in the

local new-vector theory)

kii kig2 - kin
Ky o(wl) = L P kpieml, 1<i<n-—1
kni kno o knn
If a is an ideal of O with prime decomposition a =[], p{”(a) where p,, is the unique

prime (also maximal) ideal corresponding to the finite place v, then we define

Ko(a) = [ Koo(@f*™) C K C GLn(Ap).
v<oo
Now we have to normalize the measures we need.
At each place v, dx, denotes a self-dual measure on F;,, with respect to the standard
additive character v,. If v < 00, dz,, gives a Haar measure on F; which gives the volume

—dy/2
v

q to the integer ring o0,. If v is real, the measure dx, is the standard Lebesgue

measure on R. If v is complex, the measure dz, is the multiplication of two and the
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standard Lebesgue measure on C. We define dz := [[, dx, on Ap. Moreover, we will

take d*z, := (g, (1 )d‘“ as the Haar measure on the multiplicative group F,* and we let
d*z =[], d*x, be the Haar measure on the idele group Aj.
We equip K, with the probability Haar measure dk,. In other word, the volume of
K, equals to one.
Using the Iwasawa decomposition on G(F,) which gives G(F,) = Zy, (Fy)Np (Fy) An (Fy) Ky,
a Haar measure on G(F,) can be given by

n 1d><y
dgy=d*u [ dui “ )dev, (8.2)

1<i<j<n

where 0(A,) = d(y1,y2,-+ ,Yn—1) is the modular character defined on A, (F,). The
measure on the adelic points of the subgroups in GL(n) are just the product of the local

measures defined above. We also denote by dg the quotient measure on the space
X :=Zn(Ap)G(F)\G(AF),

with total volume vol(X) < co.

8.3 Whittaker functions

We recall some basic background of Whittaker functions.

We start from the generic representations. Let 7 be a global genreic automorphic
representation of GL,(Ar) and let ¢ € 7 be a generic automorphic form. Let W, :
GL,(Ar) — C be the Whittaker function of ¢ which is given by

Ws(g :—/
#l9) N (F)\Nn(Ap)

¢ (ng) ¥y " (n)dn. (8.3)
We will give the definition of the additive character 1 later.

Since 7 is generic, the Whittaker function does not vanish. The integral defined
above is absolute convergent since the integral domain N,,(F)\N,,(Ag) is compact
and the integral is moreover uniformly comvergent on any compact subsets in GL,, (A ).

By changing variables, we note that Wy(ng) = ¥1(n)Wy(g) for all n € N,(Ap),
where 11 is a nontrivial standard additive character from N,,(F)\N,(Ar) to C. In our
paper, we will choose that 11 (n) := (Z?;ll xi7i+1>, where n = (z; ;) € Ny(Ap). Here
1 is a standard additive character from Ap/F to C which is defined in Section 2.1.
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We also have the following Fourier series expansion (see [Cog07, Theorem 1.1]) when
we further assume that ¢ is a cusp form. Therefore, a cusp form is automatically generic

by the following equation.

?(g) = > Wy ((7 ) g) : (8.4)
€Ny 1 (F)\GLa_1 (F) 1

We can also define local Whittaker functions for smooth generic admissible repre-
sentations of GL,, over local fields F,,. We have the following well known decomposition
theorem. If 7 is a generic smooth irreducible admissible representation of GL,(Ar),
then we know that 7 factors as a restricted tensor product by = ~ ®/ ,. For each v, m,
is a local generic smmoth irreducible admissible representation of GL,(F,). For each
local place v, we can define local Whittaker functions. For every ¢ € m, if we write

¢ = ®/,¢y, then we have the decomposition

We(9) = [ [ We. (90), where g = (gu)0 € GLn(Ap). (85)

In fact, we know that the map ¢ — Wy intertwines the space of 7 and the space

W(m, 1) = {Wy; ¢ € 7},

which is called the Whittaker model of 7. We can similarly define the local Whittaker
models W(my, ¥1.4).

It is also important to consider Whittaker functions with respect to the character
Y} = ;" since it will appear in the integral representations for GL(n + 1) x GL(n)
Rankin-Selberg L-functions (see Section 3.2). It also has a close relation with the
Whittaker model of the contragredient representation m when the representation 7 is
unitarizable (see [FLO12, Appendix A]). Locally, we can define W(;v by simply replacing
Vi by ¥, =97, L. Globally, we can define W, by replacing ¢1 by ;. Moreover, we

have the following equation

W(;—v = Wy, for all places v of F. (8.6)

For W € W(my,41,), the corresponding Whittaker model W(,, ;. 11}) for contra-
gredient representation is given by W(g) := W (wo(g") 1), where wp is the longest Weyl
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element in GL(n) and (g*)~! means the transpose inverse, therefore it is an involution
in GL(n). The global Whittaker model W(T, ¢y 1) is defined in the same way. If a local
generic smooth irreducible admissible representation , is unramified, this is equivalent
to say that there exists a vector which is right invariant by the action of the maximal
compact subgroup of G(F) in the space of m. We call such a vector spherical vector
and spherical vectors are unique up to multiplication by scalars. We say that a vec-
tor ¢, € m, is normalized spherical if it is spherical. Moreover, its related Whittaker

function Wy, satisfies Wy, (Inxn) = 1.

8.4 Spectral Decomposition

Now we consider the L? space L?(X) which is the Hilbert space of complex valued square

integrable functions with the domain X. The L?-norm is defined by
el = [ leto)Pds. (8.7)

For any ¢1, 2 € L?(X), we have

(¢1,92) 12(x) 1=/X<,01(9)802(9)d9-

An important closed subspace of L?(X) is the closed subspace of cusp forms. We let
L2,,(X) be the closed subspace of cusp forms. A cusp form is the function ¢ € L?(X)

cusp

with the following additional equation

/ o(ng)dn =0,
Nn(F)\Nn(AF)

for almost all g € GL,(Ar).

The group G(Ar) acts by right translations on both spaces L*(X) and L2, (X)
and the corresponding representation is unitary with respect to the norm in . The
decomposition theorem of automorphic representations is well known, which states that
each irreducible component 7 factors as a restricted tensor product = = ®/ m, for all
places k, where 7, are irreducible and unitary representations of the local groups G(F,).
The Langlands theorem on the spectral decomposition as in [MW95] gives the following:

L2(X) = L2, (X) @ L2, (X) @ L2, (X). (8.8)

cusp
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(X) decomposes as a direct sum of irreducible G(Af)-
X) is
called the residue spectrum which is the direct sum of all residue automorphic represen-

2
cont

2
cusp

Here the closed subspace L

representations which are called the cuspidal automorphic representations. L2.(

tations of L?(X). Finally, the continuous part L2, (X) is a direct integral of irreducible
G(AF)-representations and it is expressed by the meromorphic continuation of Eisen-
stein series.

For any ideal a of OF, we let L*(X, a) := L?(X)¥0(®) be the closed subspace of level
a automorphic forms. This is the closed subspace of L? functions that are invariant
under the subgroup Ko(a).

We now have the following spectral orthogonal decomposition with the level restric-
tion:

L*(X,a) = L (X,0) @ L2.(X,a) @ L2

cusp cont

(X, a). (8.9)

8.5 Automorphic Representations

Now we consider automorphic representations. Let X be the isomorphism class of uni-
tary irreducible automorphic representations which will appear in the spectral decompo-
sition of L?(X). Since we will later use the integral representation of GL(n+1) x GL(n)
Rankin-Selberg L-functions, we will only focus on the unitary irreducible generic auto-
morphic representations. We will consider Xgen be the subset of X which is the isomor-
phism class of generic representations in X, which is the unitary irreducible automor-
phic representation class that have (unique) Whittaker models. We fix an automorphic
Plancherel measure dpia, on X which is compatible with the Haar measure on X.

Fortunately, we have the Langlands classification for Xgen (see [CPS94] and [MW95]).
We take a partition n = ry +--- + ;. Let m; be a unitary cuspidal automorphic rep-
resentation for GL, (Ar) (If r; = 1, we simply take 7; to be a unitary Hecke char-
acter). We now consider the unitary induced representation II from the Levi sub-
group GL(r1) x - -+ x GL(r,) € GL(n) to GL(n) with the tensor product representation
m ® - ® . There exists a unique irreducible constituent of II which we denote by
the isobaric sum 7 B - - - H 7. Then, Langlands classification says that every element
in Xgen is isomorphic to such an isobaric sum.

Moreover, we know that all residual automorphic representations in L2 (X) is not
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generic (see [JL13|] Proposition 2.1).

Now we note that all the unitary generic Eisenstein series will have the form of the

isobaric sum ||t B - - - B 7g|-|", where t1,t2,--- ,tp € R. We will write
T =m(my, e Tty k) =7T1Hit1 E[g...ggﬁk‘.’itk
with parameters tq,--- ,t; (k> 2).

8.6 Spectral Decomposition Formula

We have the following abstract spectral decomposition formula in GL(n) case (see
IMV10L Section 2.2]). The discrete part is generated by cusp forms and residue rep-
resentations. The continuous spectrum part which is expressed by Eisenstein series is
complicated. However, we know that it depends on the partition of the positive integer

n.

Proposition 8.6.1. Suppose that X := Z,(Ap)GLy,(F)\GL,(Ar). Let FF € C* (X/Ko(a))

and of rapid decay, then we have the following equation:

Fo) = [ S (F.0)0(9) | dptas (),

neX
cond(w)|a \¢€B(m,a)

:/ Z (F,0)(9) | dpaus(m),

7 automorphic
cond(7)|a PeB(m,a)

(8.10)
= > D (FEae@+ D, D (Fé)dy)
7 cuspidal p€B(m,a) m residue peB(w,a)
cond(r)|a cond(7)|a

7 continuous Z <F’ ¢>¢(9) dﬂaut(w).

cond(m)|a PpeB(m,a)

Remark 8.6.2. Above Proposition 18 a smooth version of the spectral decomposi-
tion [8.9.



Chapter 9

Rankin-Selberg L-functions

9.1 Rankin-Selberg L-functions

We need to recall integral representations of GL(n + 1) x GL(n) (n > 3) L-functions.
The theory is quite similar to the adelic Hecke-Jacquet-Langlands’ theory [God18] of
twisted L-functions for GLy x GLy. We let II be irreducible automorphic representations
of GLy+1(Ap). Let ® € IT be an automorphic form. Let 7 be irreducible automorphic
representations of GL,(Ar) and let ¢ € m be an automorphic form. We first assume
that ® is a cusp form and is of rapid decay. Therefore, for every s € C, we can consider

the following period integral

h 1
I(s,®,6) = / o o(h)| det h|* 3 dh,
GLn (F)\GLn(AF) 1

which defines an entire function of s and is bounded on vertical strips.
From the Whittaker-Fourier expansion of cusp forms (8.4) [Cog07, Theorem 1.1], if

® is a cusp form, we will have (for Re(s) large enough)
I(5,,6) = W(s, Wa, W), (Re(s) > 1), (9.1)

where the global zeta integral is given by

h
U(s, Wa, W) ::/ Wq>< 1> W (h)| det h|*~ 3 dh. (9.2)

Nn(Ap)\GLn (AF)

The following result can be found in [Cog07] [JPS79] [JPS83| [JS90] [Jac09)].
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Proposition 9.1.1. Let ® = @/ ®, € II and ¢ = &, ¢, € 7 be factorizable automorphic
forms on GLy41(AF) and GL,(AF). Let Wy, and W(;v be the corresponding Whittaker
functions defined in Section 2.3. Then, for Re(s) large enough, the global zeta integral
O(s, Wo, W(;) converges and we have the following factorization (Euler product)

U(s, We, W)) = [[ ¥ols, W, W},),
v

where the local zeta integral is given by

W, (s, War,, W) ::/

hv / s—1
W, W% (hy)| det hy|*~2dhy,. (9.3)
Np(Fy)\GLn(Fy) 1

Moreover, if both Il, and m, are unramified and ®, and ¢, are normalized spherical
vectors, we will have
\IJU(S,W%,WQ;U) = L(s,I1, x m,).

One of the key ingredients in our paper is the following generalization of integral
representation on Rankin-Selberg L-functions for GL(n + 1) x GL(n) given by Ichino
and Yamana [IY15].

Proposition 9.1.2. Let ® € II and ¢ € 7 be automorphic forms on GLy4+1(Ap) and
GL,(AR). Assume that the following period integral

h 1
I(s,, 6) = / o (h)| det h|*~3dh
GLn(F)\GLy (A) 1

is absolute convergent, we will still have the following equation for Re(s) large enough:
I(s7q)a¢) = \I/(S,ch,W(;), (RG(S) > 1)7 (94)

where

U(s, Wa, W)) ::/

h
Wo WS (h)| det h|*~ 2 dh. (9.5)
No(hr)\CLn (A ) 1

Proof. This is a combination of Corollary 3.10 and Main Theorem (Theorem 1.1) of
Ichino and Yamana’s paper [[Y15]. O
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9.2 Regularization

Given an automorphic form ¢ in a generic representation 7 of GL,,(A), we can write its

Fourier expansion using Wy. For example, if ¢ is cuspidal then we can write

P(g) = > We ((7 ) g)
ENn_1(F)\GLa_1(F) 1

by |Cog07, Theorem 1.1]. The above Fourier expansions converge absolutely and uni-
formly on compact subsets.

If ¢ is not cuspidal then the Fourier expansion of ¢ is more complicated. Readers
may find [[Y15, Proposition 4.2] as a good reference. We do not need full Fourier
expansion for non-cuspidal automorphic forms. However, we only need a partial Fourier
expansion with respect to the unipotent subgroup U,,, where U,, is the unipotent radical
of the parabolic subgroup in GL(n) with respect to the partition n = (n — 1) + 1.

From abelian Fourier theory we have

(6 — ¢u,)(9) = > Wy ((7 1) g) : (9.6)
)

'YGPn_l(F)\GLn_l(F

Here P, is the standard mirabolic subgroup of GL(n) defined by GL(n — 1) x Uy. In
other words, P, is the stabilizer of (0,0,---,0,1) of the right action of GL(n) on the
row vectors, thus consists of matrices in GL(n) with last row being (0,0,---,0,1). ¢y,

is the constant term of ¢ along U,, defined by

bu,(g) == / d(ug)du
Un(F)\Un(AF)

and Wg " is a partial Whittaker function defined by

P(ug)y(u)du =

Wi (g) = (9(ug) —du, (ug))(w)du, (9.7)

/Un(F)\Un(AF) /Un(F)\Un(AF)

which follows as ¢y, is left U, (Ap)-invariant.
Now we are ready to formulate the regularization of the global L-functions of o x 7
on GL(n) x GL(n — 1) while ¢ is not a cuspidal representation. In this case, the usual

zeta integral which is divergent. We have the following proposition.
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Proposition 9.2.1. [JN21, Proposition 4.1]
Let ¢ be a generic automorphic form on GLy,(Ag) and ¢ be a cusp form on GL,—1(Ap)

with trivial central character. Then for s € C with Re(s) large enough

TN O Q) BN Q) SRt
GLy—1 (F)\GLp_1(Ap) 1 1

is absolutely convergent and equals to W(s, W, Wy).



Chapter 10

Abstract Spectral Reciprocity

Formula: Theorem 1.3.1 and
10.2.2

10.1 Abstract Spectral Identity

We can briefly summarize the proof of Theorem now. The proof of Theorem
is a combination of above decomposition formula [8.6.1] and an identity between
two periods (Abstract Reciprocity Formula, Theorem . Later, we will relate the
period to moments of certain L-functions. The proof of an identity between two periods
is a rather simple matrix computation and is really important to abstract pre-spectral
reciprocity formula.

Suppose that ® € C*°(Z,,11(Ar)GLp41(F)\GLp+1(AF)) is a cuspidal automorphic
form. Therefore, it is of rapid decay.

Then, we can define the projection by

n hn T
AD(hn) = ydethn|s—é./ o <<Z () 1)) Jul "2 du. (10.1)
FX\AX

Since ® is of rapid decay, the above average projection map over the center AP
is well-defined for every complex number s and is again of rapid decay in terms of

hyn € GL(n). Moreover, we may easily check that A;® is invariant under the action of

100
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the center Z,(Ar).
We also give the following definition of the period integral

Iw,00) = [

hp—1 w_l
(b So(hn—l)| det hn—l’ 2dhn—h
GLp—1(F)\GL,,—1(AF) 1

whenever it is converges. Here ¢ is a smooth function defined on GL,(F)\GL,(AFr)
and ¢ is a fixed everywhere unramified cuspidal automorphic form for GL,,_1(Af).
Moreover, we assume that ¢ is invariant under the center Z,(Ar), therefore its central
character is trivial. If n = 2, we see that ¢ = 1 which is the trivial character. We can

now state the abstract spectral reciprocity formula.

Theorem 10.1.1 (Theorem [1.3.1). [Abstract Reciprocity Formula]
Let @ € C®°(Zp41(Ap)GLyp11(F)\GLy+1(AR)) be a cusp form. Then, for every

s, w € C, we have the following abstract reciprocity equation

I(w7 As@v 90) = I(wI7 As’(i)a 90)7

1+(n—1)w—s W — (n+1)s+w—1

where s’ = , , and ® is given by
n n

Infl
(i) =11 (w12) . ‘1), w12 ‘= 11- (102)

Proof. From the definition, we may write

Zn—1 (U)hn—l

I<w7“48¢)7(p) _/ / P u (P(hn_l)
FX\AX JGLp—1(F)\GLn—1(AF)

. |u|n(s—%)| det hn,1|s+w_1dhn,1dxu

Zn—1 (u)hn*1
- / / ) U ©(hn-1)
FX\AX JGLp—1 (F)\GLp—1(AF)

) |u|n(8*%)| det hn1[*F ¥ L dhy1d" u.
(10.3)
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Since ® is a cusp form, our integral is well-defined for all complex parameters s and
w. Now, since ® is left invariant by Z,4+1(A)GL,11(F), we see that for every u, hy_1,

we have (Note that wig - wia = In41)

zn—l(“)hn—l

o u
1
anl(u) hp—1
—P u 1
u u_l
anl(u) hn,1
=® u w12 ut w12 (10.4)
u 1
hn—l
=d U_l w12
1
hn—l
=P u—l
1
This gives that
Zn—l(u)hn—l
I(U),Asq),@) = / / (I) U @(hn—l)
FX\AX JGLyp—1(F)\GLp—1(AF) .
a2 det By PH Ry 1w
hn 1
B / / ® u™! ¢(hn-1)
FX\A*X JGLyp—1(F)\GLp—1(AF)

Ju["67D| det hyy—1 [ dhy 1 d% .
(10.5)
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Applying this to ((10.3) and using the change of variables which is given by (u, hp,—1) =
(w1, zn—1(u')h!,_;). We will see that the following equations hold:

nis—=z)=n(z—-—s5)+n-1)(s+w-1)

and

s+w —1=s4+w-—1,

which gives the result by solving two linear equations.

10.2 Pre-spectral Reciprocity Formula

Now we will give a spectral decomposition of the period I(w, As®, ¢) which we consider
in Theorem [[.3.1]

Let II be an automorphic (everywhere unramified) cuspidal representation for GLy41(Afr)
with trivial central character and let ® = ®/ ®, € II be a cusp form. Let 7 be an au-
tomorphic (everywhere unramified) cuspidal representation for GL,_1(Ar) with trivial
central character and let ¢ = ®/p, € m be a cusp form. We note that since @ is a
cusp form, therefore A;® is of rapid decay. Hence, we can apply the abstract spectral

decomposition formula in Proposition as follows:

S OY e Y Y (Ao

WEC(S) ¢EBCUSP( ) WGR )d’EBres( )

- L s > (A, ) p(h)dpans (7).

s ¢€Bcont (71')

(10.6)

Here S is any finite set of places that contain all the archimedean places and those
finite places for which m, is ramified. Moreover, we let C(S) be the collection of cuspidal
automorphic representations of GL(n) which are unramified everywhere outside S. We
let E(S) be the collection of Eisenstein series of GL(n) which are unramified everywhere
outside S. And R(S) is the collection of residual automorphic representations of GL(n)

that are unramified everywhere outside S.
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Now we take the integration on both sides of above equation ((10.6)) against a standard

additive character 1)1 which is defined in Section 2.3 for Whittaker models and over the
compact set N, (F)\N,(A), we get the following equation for Whittaker functions:

Waal)= Y 3 (Adowun+ [ S (A, Wy (h)dpan (r).
TEC(S) EBeuep () TEE(S) $€Beieen ()

We note that since the residue spectrum for GL(n) are not generic (|JL13] Proposi-
tion 2.1), they do not contribute to the above expression and therefore vanish. We recall
that not all Eisenstein series from continuous spectrum are generic. They are generic if
and only if they are induced from the cuspidal data. For example, in the case of GL(3),
it only contains two parts, which are minimal and maximal cuspidal Eisenstein series
with the corresponding partition 3 =1+ 1+ 1 and 3 =2+ 1. Now, if we let Re(w) be

large enough, we see that

U(w, Wae, W)= Y Y (A:®, ) ¥(w, Wy, W)

weC(S) ¢€Bcusp ()

+ / Z <-AS<I>’ ¢>\I/(’U), W¢7 Wg’p)dﬂaut(ﬂ—)'
WGE(S) ¢€Beisen(ﬂ')

(10.7)

We note that in fact the terms related to inner product and zeta integral (AP, ¢)
and W(w, Wy, W,,) are a product of local (zeta) integrals when Re(w) is large enough

since

U (w, Wy, W) = H Uy (w, W, W, ).

Moreover, by changing variables, we note that

(A,®, ) = /X | deth|*3 ( /F e <Z"(“)h” 1) |ur”<8-5>du) (hn)dh,

I, — 1 —
:/ d ¢(hy)| det hy,|*~2dhy, = I(s, P, §),
GLyn (F)\GLn(Ap) 1

since ¢ is invariant under the center Z, (A).

(10.8)
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By the Rankin-Selberg theory for GL(n + 1) x GL(n), we can also write I(s, ®, $)

as a product of local zeta integrals (see Section 3.2). For large enough Re(s), we have

I(s,®,0) = U(s, W, Wy) = U(s, Wa, W- H\If (5, W, W) = ¥u(s, W, Ws,).

Note that if ¢ is not generic, then the inner product (A4;®, ¢) will vanish since Wy = 0
by definition when we unfold the period integral.
By Proposition we know that when Re(w) is large enough,

I(w7 (rb - ¢Un7 (/0) = \Il(w7 W¢7 Wg/o)

Let U, be the image of U,, under the embedding GL(n) — GL(n + 1) by g — (g 1)

and ® is the constant term along (7”, that is

o (9) / ("
0, (9) == gl
Un Un(F)\Un(Ap) 1

for every g € GLy1+1(AF).

The above integral does not vanish identically. Since U, (F)\U,(AFr) is compact, we
have the spectral decomposition of Aséﬁn similarly.

We note again that the residue spectrum for GL(n) are not generic ([JL13] Propo-
sition 2.1). Hence the inner product (A4;®, ¢) in the residue spectrum will vanish (See
(10.6)). By definition, we have

I(w, A® — ADg o) = > > (A, ¢)(w,¢— ¢u,, )

weC(S) $EBeusp ()

+/7FEE() Z (As®, o) I (w, ¢ — v, , ©)dptant (),

o ¢€Beisen (7‘-)

(10.9)

for every w with Re(w) large enough.
By Proposition for Re(w) large enough, we have

I(w, ¢ — ¢u,,p) = ¥(w, Wy, W).
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Therefore, we see that

U(w, Wa, s, WJD) = /
Nn—1(Ap)\GLn—1(AF)

B
Wao (( ! 1>>W;(hn1)dethm|w—%dhn1

—7 (w, A® — Adp <p)

=1 (w, AP, ) — I (%AS‘I’I%’ ‘p>

(10.10)
for Re(w) large enough.
Now, we define the degenerate term by
D(s,w,®,p):=1 (w,AS@ﬁn,gp>
zh
= / / Dy z o(h) - [det(R)|TH* L - 2"~ 2) dhde.
FX\AX JGLyp—1(F)\GLp—1(Ap) " 1
(10.11)

Since @ is a cusp form, the rapid decay of ® ensures that the above integral of the
degenerate term (|10.11]) converges absolutely for any s, w € C.

Combining above discussions together, we have the following Proposition:

Proposition 10.2.1. Let IT be a cuspidal tempered automorphic (everywhere unram-
ified) representation with trivial central character and let ® = ®®, € II be a cusp
form for GL(n + 1) over F. Let m be a cuspidal tempered automorphic (everywhere
unramified) representation for GL(n — 1) over F' with trivial central character and let
© = R, € m be an automorphic form. Let 7 be the contragredient representation of

w. Then, we have

A(s, II x T)A(w, 7 x 71)
Al/QI o — d~ _ , ’ .
F (’(U,_AS As Un7g0> ec(; A(l,Adﬂ') (ﬂ—>
T , T cusp
A(s, IT x m)A(w, m X 1)
+/ H(7)dpan (7),
rEB(S), m cisen A*(1, Ad ) (m)dptaus (7)
(10.12)

where H(m) = [[, Hy(my) is the global weight function. We note that H, depends on
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the choice of ®, and ¢,, s and w, which is given by

Uy (s, We,, W)W, (w, W, W, )

Ly(8,I1, X ) Lyy(w, Ty X 71,0)

Hy(my) := Z

WGBW (ﬂ"u)

(10.13)

Here for each (generic) automorphic representation m of GL(n), we will consider the

following completed L-functions
A(s,Ad, ), A(s,II x ) and A(s,m x 7).

They are, the Adjoint L-function of w, the Rankin-Selberg L-function of Il X © and
m X 71, respectively.

Moreover, A*(1,Ad~) in the denominator means the non-zero residue of the com-

pleted adjoint L-functions. If 7 is cuspdial, we know that A*(1,Ad ) = A(1,Adn) # 0.

We actually have the following:

Let F be a number field, with ring of integers Op. Let 1I be a cuspidal automorphic
representation of GL(n + 1) over F' with trivial central character. Let 71 be a cuspidal
automorphic representation of GL(n — 1) over F' with trivial central character.

Let H be a global weight function which is defined above. We consider the following

sums:

A(s, IT x T)A(w, ™ X 1)
A(1,Ad, )

C(H):=C(s,w,®,0) = > H(n),
weC(S)
which is the cuspidal contribution.

We should also consider the following continuous (Eisenstein) contribution

E(H) = E(s,w, P, ) = /TreE(S) Als, HAig)’i:(ditj;g - ﬂ-l)H(Tr)duaut(Tr)’ (10.14)

where S is any finite set of places that contain all the archimedean places and those
finite places for which 7, is ramified. Moreover, we let C'(S) be the collection of cuspidal
automorphic representations of GL(n) which are unramified everywhere outside S. We
let E(S) be the collection of Eisenstein series of GL(n) which are unramified everywhere
outside S.

By definition, we may write H(r) = H (s, w, 1, ®). We define H(7) := H(s',w', 71, ),
where s, w’ and ® is defined in the proof of abstract reciprocity formula (Theorem.
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We want to understand the following first moment of generic spectrum Xgen which
is the summation of the cuspidal contribution, the Eisenstein contribution and the
degenerate term:
M(H):=C(H)+EH)+D(s,w, D, ).

We end this subsection with the following result which can be seen as a pre-spectral

reciprocity formula.

Theorem 10.2.2. Let s,w € C and define

(10.15)

I

(s, ') == <1+ (n —nl)w—s (”+1)8n+w— 1> '

Let S be a finite set of places which contain all the archimedean places and those
finite places for which m, is ramified. Suppose that the real parts of four parameters

s,w, s’ ,w' are all sufficiently large. Then we have the following identity

M(H) = M(H).

Proof. This is a direct corollary from Theorem and Proposition [10.2.1 O



Chapter 11

Explicit Spectral Reciprocity

Formula: Theorem 1.3.3

11.1 Local Vectors and Computations

Now in order to give the explicit spectral reciprocity formula (Theorem , we have
to pick local vectors. We follow the method in [Nun20, Section 7]. We will show how to
choose local vectors on some special non-archmediean places and archmediean places.
We also give some very basic local estimations on these places for local weight functions
H,,. Our local estmations are enough for us to establish the spectral reciprocity formula.

We recall that 7 is an automorphic cuspidal (everywhere unramified) representation
for GL(n — 1) with trivial central character. Let ¢ = ®! ¢, € m be a cusp form.
Moreover, for every place v, we simply fix ¢, := ¢ be the normalized spherical vector
in the Whittaker model.

Let IT be an unramified (everywhere) cuspidal automorphic representation of GL(n+
1) with trivial central character. For all the place v, we let ®0 be the normalized spherical
vector in the Whittaker model. Let q and [ be two fixed (may not unramified) coprime

integral ideals of F. We will write ®%' = ®;<I>g’[ € II be a cusp form. For all v 1 ql, we

109



will simply pick Y = ®Y. For v | [, we will pick
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p
B2
1
ol'(g) = T > 30| g s ., (11.1)
Pu Bi Em;k/au,i:I,Q,m,n—l n—1
1
1
where k = v(l). Finally, for v | q, we will pick
o)1
B2
1
219 = i 2. ) [ g ' . (11.2)
v Biemy™ [0y, i=1,2, n—1 Pr—1
1 0

with m = v(q).

The choice for the local vector here for v|q is compatible with the local new-vector

computation made in [BKL19].

Remark 11.1.1. In order to design a spectral reciprocity formula, we do not have much
freedom when choosing the local vectors. For the reciprocal relation of two unramified
coprime ideals q and [, we only have the freedom for one finite place. For example, after
we pick the local vector for the place v|q, the local vector for the place v|l is automatically

fized. They are related by the following simple matrix identity:

1 B1 1 b1
1 B2 B
In—l In—l
= 1 1
1 Bn—1 1 1 Bn-1 1
1 0 1

1
We let S be a finite set with the definition S = {v | q} U{v | [} U{v | co}. We have

the following local properties for several different cases (The computation will be given

later).
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o If v ¢ S, we know that 7, is unramified and T = @Y is spherical. And we also
have H,(m,) = 1 in this case with only one term survives in the summation of H,.

This is a direct corolloary from the discussion in Section 3.2.

o If v q,let ®, = V' be as in (T1.2) and let ¢ = v(q). Then we have
(1) Hy(m,) vanishes if cond(m,) > t.
(2) Hy(m,) = p~ ™Vt if cond(m,) = t.

e If v | oo which is the Archimedean place, we have the following Proposition

Proposition 11.1.2. Let v be an Archimedean place of F. Let II, be an irre-
ducible admissible generic representation for GL,11(Fy), then there exists a Whit-
taker function Wi, € W(Il,, ¥y) such that for every irreducible admissible generic

representation for GLy(F),), we have

1, if m, is unramified,
Hy(my,) =
0, otherwise.

Proof. This Proposition is proved in [Nun20| Section 7.4 by applying Stade’s for-
mula (Theorem 3.4 in [Sta01]) for Archimedean GL(n+1) x GL(n) Rankin-Selberg

L-functions.

O
11.2 Local computations for two fixed finite places
For v | I, we pick
1 &3}
1 Ba
1 ..
Loy 0
bv Biemy®/0y,i=1,2,- ;n—1 n—1

1




where k = v(l).

For v | g, we will pick

1
CDZ’[(Q) = (n—1)m Z (1)2
b Bi €my ™ [0y, i=1,2, n—1
with m = v(q).

For v | [, we recall that

\PU(S, Wq)q,l, W)\Ilv(wa VV7 WL;)U)

WeBW (m,)
where
q,l 1 0]
®39) = i Z <,
Po Bicmy* /o,,i=1,2 n—1
with k& = v(l).

Ly(8,I1, X Ty) Ly(w, Ty X 710)

1 ﬁn—l
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. (11.4)

Following the same method line by line in [Nun20, Section 7], we will see that H,

vanishes unless 7, is unramified. By right GL,, (F})-invariance of the Haar measure, for

any fixed element h € GL,(F),), we see that

v <3,HU <h 1) W%,W) — v (s,Wq)U,W) .

Now we note that given a basis B (7,) of W(my, 1), we may create a different one

by considering the set

{mo(h) - W, W € BY ()},

for some fixed element h € GL,,(F},).



Applying this idea to the element h =

1,2,--- ,n—1, we deduce that

b1
B2
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for g; € my*/o,, i =

1 Bn—l

1

Wy (s, Wao, W)Wy (w, WM W/ )

where

W (n') : =

> ow

Bemy* /o,

:ZW

Bemy* /o,

h/

h/

b1
B2

1 ﬁnfl
1

—b1
—f2

1 *ﬁnfl
1

Ly(s, 11, X Ty) Ly (w, my X 71 4)

(11.5)

Since W — U, (s, W(}(U),W) is a right K, invariant linear functional, it vanishes if 7, is

not unramified. This kind of idea will also be used in the calculation of another local

vector when v|q. Moreover, this linear functional is invariant by orthogonal projection

into the space W(my, 1) %% of right K,-invariant vectors of W(m,,1,). Since K, is

the maximal open compact subgroup, we know that the space W(m,, wU)K“ is a one-

dimensional space that is spanned by the normalized spherical vector. Therefore, we

may restrict the sum defining H, to a sum over a basis of W(m,, 1,)%*. Hence, only one

term survives in the sum defining H, over the basis. Now, by the unramified calculation,

we have W(s, Wgo, W, ) = Ly(s, L, X 7y)

By above discussion, we see that

Wy, (w, WO,

Hv(ﬁv) =

Ly(w, my X 1)



114
if 7, is unramified.

We will write H,(m,) explicitly. From the definition of W™ (h), we see that

R, n-t h,,_
(m) n—1 . . ] ) . n—1
W ( 1) - E 71}( E Bzhnl,z> ”ﬂv < 1)
Bi€my ™ foy,i=1,2,+ n—1 i=1

n—2)m hn—l
= I%(; 2) X 5v(hn7i)2m,m:1,2,---,n71 : Wﬂ'v ( 1> :

(11.6)

We need to continuous our local computation by applying Iwasawa decomposition

to hy—1. We write h,—1 = z(h)n(h)a(h)k(h). Since the valuation v(hy,—1;) > m for all
i=1,2,---,n—1, we see that v(zkp—1;) >mforalli=1,2,--- ,n—1.

From above discussion, we may have the decomposition:
o~ —(n-1)u(s— )
Uy (w, W W, )= py 2 =2y (W), (11.7)
v=m

where

(W, ) = / W, (2(w?)a) WY, (ak) - [af*~5 dAn_1 (F) dk
An-1(FS) S Ko (11.8)
— / Wi, (2(@2)a) Wi (a) - [al*~ 5 d Ay (FX).
An—l(FvX)

Here we use the fact that both the Whittaker function Wy, and W/, are unramified.
Hence they are invariant under the maximal compact subgroup K, and we also note
that the total mass for K, is one. Here the local weight function H, should be related

to the local Hecke eigenvalue A, .

For v | g, we recall that

H, \I’v(svww,hw)‘:[jv(w’mWév)
o(my) = Z Ly(s,IL, X 7y) Ly (w, my X 7r17v),
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where
! B
! 5
1 ...
29 = > o) | g 1 |
Po T piemy™ oy, i=12, me1 B
1 0
with m = v(q). This means that
1 B
1 B2
1 “ e
Wei(9) = —ym > Wag | L |
pv ﬁiem;m/o'L“i:vav'“yn_l n—1
1 0

with m = v(q). Here Wgo is the normalized spherical vector in the Whittaker space. By
the theory of newvectors [JPS8&1], we will see that H,(m,) vanishes unless cond(m,) <
m. If cond(m,) = m, Hy(m,) = p;(nfl)m. We expect that in general, H,(m,) <.
pqgn_l)m(e_lJre), where 6 is a positive constant satisfying 0 < 0 < % towards the Ramanujan-
Petersson’s Conjecture.

The computation in this part follows the method developed in [BKL19] and [Nun20),
Section 7].

By definition and some matrix computations, we note that

hin 1 i, han
W<I>3’[ 1 - p(nfl)m x Z ¥ Zﬂihnvi -Wq>g 1
v 1 i=1

Bi€my ™ foy,i=1,2, ;n—

b,
= 6v(hn7i)2m, m=1,2,-n—1" W@g ( 1) .

(11.9)
We need to continuous our local computation by applying Iwasawa decomposition
to h,. We write h, = z(h)n(h)a(h)k(h). Since the valuation v(h,;) > m for all

i=1,2,---,n—1, we see that v(zky;) > m for alli =1,2,--- ,n—1. We set a1 :=
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min(m,v(z)) and ag := m—a1, we can see that this is equivalent to say that k belonging
to the congruence subgroup K, o(@wi?) (See the definition in Section 2.2). We will simply
write this congruence subgroup as K, [as]. Here we must have v(z) > 0. Otherwise, the
spherical Whittaker function will vanish. Therefore we have 0 < ay,a2 < m.

Now we may choose an orthonormal basis for W(m,, 1,). From the local new-vector
theory for GL(n) [JPS81], if we let Wy = Wy, be the new vector and for each j > 0, we
define

W; i=m, Wo.
@}
Therefore, we see that {Wpy, Wi, Wa, ...} is a basis for W(my, 1,). Moreover, we know
that for each j > 0, {Wy, Wq,...,W;} is a basis for the K,[ng + jl-invariant vec-
tors in W(my, ¥, ), where ng = cond(m,). Applying Gram-Schmidt method to the basis
{Woy, Wy, Wa, ...}, we obtain an orthonormal basis of W(m,, 1) with {WA//O, V[A//l, VT//Q, S
We choose the basis as BY (7,) = {WA//O, Wi, W, .. .} and continue to do some computa-

tion on Hy (7).
From above discussion, we have the following decomposition:

= —nu(s—1i
Uy (s, Weat, W) = Y S " ), (11.10)

a1+a2=m min(v,m)=a1
where

Uy 0y (W) = / / Wao (2(w")a) W(ak) - |al*~"5 dA, (FX) dk

An(F) JKolaz] (11.11)

= / Wao (z(wZ)a)/ W(ak) - \a|5*nT+ldAn(FvX) dk.
An(FS) v Kylas)

Here we use the fact that Whiitaker function Wgg is normalized spherical and W' is
also invariant by the center. Now, if W = VVJ is an element of in our orthonormal basis
{I/IA/:), I/IAfl, V[N/Q, ...}, then it follows that

I/I/‘/j](hk;)dk _ VOI(KU [fDW](h), ifj + no S f, (11‘12)

Ky[f] 0, otherwise.
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from the orthogonality of the elements in the given orthonormal basis (See the discussion

in [Nun20] for more details).

Now applying (11.10) and (11.12) to the definition of the local weight function
H,(my). We will have the following equation:

1
— . —nv(s—1/2)
Hy(m) Ly(s,IL, X Ty) Ly (w, my X 71 4) Z Z vol(Ku|j]) Z P

a1+a2=m j<as—ng min(v,m)=a1

X/A (FX)W‘I’S (Z(wu)a 1) Wj(a))’a‘sf(nﬂ)/?dAn(FvX)\IJU(w,VIZ,WS’DU),

(11.13)
Note that the above equation is actually a finite sum. If cond(m,) > m, this gives that
ng > m. We see that 0 < j < ag —ng < m —ng < 0. Contradiction! Therefore, H,(m,)
vanishes in this case.

If cond(m,) = m, we see that only one term survive. Moreover, we have as = m,
and j = a; = 0. We see that H,(my) = vol(Ky[az]) ™! = vol(K,[m])~! = py "™ in
this case.

Note that since 0 < j < as — ng < ag < m, the local weight function H, is a finite
sum in terms of the element Wj in the orthonormal basis.

For two places [ and q, we see that the local weight function H, is a finite sum with

the elements in the orthonormal basis W(m,, ) for both two cases.

Remark 11.2.1. In order to find applications for the spectral reciprocity formula, we

have to find a good estimation for the local weight function H,(my).

11.3 Meromorphic Continuation

Let v be a non-archimedean place of .. We consider the local weight function H,(m,).
It is known that for all the finite place v # q, [, we have H,(m,) = 1.

Assume that 7, is a local component of the unitary generic Eisenstein series w =
(w1, Moy Tyt tg) = wo|- [T B - -Bag|-|. We fix the cuspidal data 7y, - - , 7
and vary the remaining parameters (t1,to, - ,t) € C* (k > 2).

The following Proposition is a direct Corollary of Proposition 4.1, Proposition 4.2
and Theorem 4.1 in [CPS17].
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Proposition 11.3.1. The following two ratios

\I/U(S, chv, W)

L,(s, 11, x 70,)
and

Uy (w, W, W7, )

Ly(w,my X 71 0)

for any W € W(my,1,) have no poles and hence define entire rational functions in

terms of their complex parameters. In other word, we have

\I/U(S, chv, W)

— 3 —t 3 —t
Ly (s, 11, x %,U) < C[pf}7pv57pv17pv LDy Py k]?

and
Uy (w, W, W, )

Ly(w, Ty X T

) S C[pywap;vafjlap;tlf” 7pf)k7p;tk]'

Since the local weight function H,, is a finite sum with the elements in the orthonor-

mal basis W(my, 1), we have the following Proposition.

Proposition 11.3.2. The local weight function H,(m,) has no poles and hence define

entire rational functions in terms of their complex parameters. In other word, we have

Hv(TrU) S C[pf;7p;s7pywap;w7pf)lap;tl7"' 7pf)k7p;tk]'

From our choice of local vectors in the previous subsection and the definition of

global and local weight function, we know that
H(m) = HHU(WU) = Hg(mq) x Hy(m),
v

since Hy(m,) = 1if v {ql.

Therefore, we have the following proposition:

Proposition 11.3.3. The global weight function H(w) has no poles and hence define

entire rational functions in terms of their complex parameters.

We are going to deduce the meromorphic continuation of the term £(H) which is

the continuous contribution of Eisenstein series in the spectral decomposition.



119
Proposition 11.3.4. Let II and m be everywhere unramified cuspidal automorphic
representation of GL(n + 1) and GL(n — 1) which have trivial central character. Let
E(H) be given previously, defined initially for the absolute convergence domain
Re(s),Re(w) > 1. It admits a meromorphic continuation to Re(s),Re(w) > 3 . If
2 < Re(s), Re(w) < 1, its analytic continuation is given by E(H) + R(H), where

R(H) : = zgé‘ n:ggiw}QWDX
WEFXUso\AL
A(S — it I X 7['1)[\(8 — ito, I X w‘l)A(w + it1, T X 771)A(w + itg, T X w)H( )
A*(1,Ad, ) i
(11.14)

Note that the summation over the unitary Hecke character w which is only ramified
at two finite places q and is a finite sum. We write Uss := [[,.{y € FJ;|p| = 1}
and recall that A}; 1s the norm one ideles. Here we pick w to be the maximal cuspidal
Eisenstein series given by m = (71, w, t1,ta) = 71| Bw|-|*2, where 1 is the contri-
gredient representation of w1. Hence it is a cuspdial representation of GL(n — 1) with

trivial central character. We have the following decomposition of completed L-functions:
A(s,TT x T) = A(s —ity, IT x m1)A(s — ite, T x w™ 1),

and

Aw,m x m) = AMw +it1, 71 X 7)) AMw + ite, 71 X w).

Moreover, for general m = w(01,09,t1,t2), we see that t; +ty = A, where A is a complex
constant only depends on the central characters of the cuspidal data o1 and oo since w

has trivial central character.

Proof. The meromorphic continuation part of £(H) is given by the meromorphic con-
tinuation of Rankin-Selberg L-functions and the entireness of the global weight function
H(m) (see Proposition [11.3.3)). Since H(7) has no poles and define entire rational func-
tions in terms of their parameters (Proposition , by the contour and residue
theorem in complex analysis, we see that the term R(H) will vanish unless the ratio of

completed L-functions
A(s, TI x T)A(w, 7 X 1)

A*(1,Ad, )
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have poles. Note that the denominator A*(1, Ad, ) is always finite and non-zero, by

the locations of possible poles of Rankin-Selberg L-functions, we must have
™ =7 (F1,w, b1, tg) = T Bl

where 71 is the contrigredient representation of 71 and w is a unitary Hecke character.

Hence we have the decomposition of completed L-functions:
A(s, I x ) = A(s — it1, I x 1) A(s — itg, IT x wil),

and

Aw, 7 x m) = AMw +ity, 71 X 71)AM(w + ite, 71 X w).

We note that A(s, IIx7) is entire for all s, ¢1,ts € C since Il is a cuspidal automorphic
representation for GL(n+1). The completed L-function A(w,m x 71) will have a simple

pole if and only if w + ¢t; = 1. The correponding residue is
A*(’U),W X 7T1) = A(l, Ad,m)A(w + itg, T X w).

Now applying the coutour and residue theorem in complex analysis, the remaining part
of the proof is the same as the proof in [Nun20, Proposition 8.1], [BK17, Lemma 16]
and [BK18| Lemma 3]. O

11.4 The Degenerate Term

We consider some properites of the degenerate term.

Proposition 11.4.1. Let ® and ¢ be given as in the previous section. We have

11 Ly(1, T x 77) Ly (2, 10)
D(<,>,¢>,<p> = Do X Dy X H 20 (11.15)
22 vl vfinite LU(l + 5’71-1)

where Dyo <1 and Dy < 1.

Proof. This is almost Proposition 10.1 of [JN21]. For any ® € II and ¢ € 7, we have

D(s,w,®,p) = HQ” (s,w, Wo,,W,)
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for Re(s) and Re(w) large enough. Here we define €, (s, w, Ws,, W,,,) by

zh

j/ j/ Wa, z W, (1) - | det(h)[*T*~1 - |2|"5~2)d% zdh.
Nn—l(Fv)\GLn—l(F'u) FX 1

The integral defined above is absolutely convergent for sufficiently large Re(s) and
Re(w).
We also define

Doo = Do (s, w) := H Qy (s, w, We,, W) .
v]oo
By Lemma 10.2 of [JN21], we have

Ly(s +w, 1T x 77) Ly (ns, 1)

Q'U ) 7W ?W = —
(0. W Wo) = =7 ot s + w, m0)

for all finite place v # [.

For the finite place v = [, by our choice of the local test vectors and Iwasawa

decomposition, we have

Q[ (3, w, W(I)v, WCPv) - Q[ (S7w7 WHy? Wﬂ'l,v)

. Z )\H(ml 4+ 4, M1 —I—K,E,O))\;;(ml,mQ,--- ,mn_l) (11.16)
o p(erw) S mabnds )

m1>-->mp_1>m, £>0

Since the cuspidal automorphic representations Il and 7 are tempered, we have
An(my + 4, ymp—1 +£4,£,0) <1

and

Aar(ma,ma, -+ ymp_q) < 1.

Hence, for Re(s), Re(w) > 0, we have

D[ = Q[ (s,w, Wq;v, Wwv) = 1.

Similarly, on the dual side, we have
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Proposition 11.4.2. Let ® and ¢ be given as in the previous section. We have

11\ . Lo(1, T x 77) Ly (2, 1)

D((2,2),d,0) =Dy xD RAV i 11.17

<<272>7 7§0> <>o>< q>< H ' Lv(l—F%,T(l) ( )
v#£q, vfinite

where Do < 1 and Dy < 1.

11.5 Explicit Spectral Reciprocity Formula

Now we can give the statement of spectral reciprocity formula.

Let IT and 7 be everywhere unramified cuspidal automorphic representation for
GL(n 4+ 1) and GL(n — 1) over F' with trivial central character. Let s,w € C, q and [
be unramified coprime ideals.

Let H be the global weight function with kernel function ® = ®%' which we pick in
the previous subsection by local new-vectors.

Note that we have

H(m) = [ Holm),

where H, is given by local Rankin-Selberg integral as follows:

Uy (s, We,, W)U, (w, W, W, )

H,(m,) = — , 11.18
o(m) WGBZW:(M) Ly(s,I1, X ) Ly (w, my X 71 4) ( )
where & = ®,, € Il is a cusp form and s, w € C.
We may write
H(m) = H(IL 7, m1, 5, w; 9, ).
Using the notations in Chapter [10} we have
M(H) = M1, 7, s,w,q,1), (11.19)
where
M1, 7y, s,w,q,1) := C(IL, w1, s,w, q,[) + E(II, 71, s, w, q, 1), (11.20)

with
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Z A(s, TI x T)A(w, 7 X 1)

C(IL,m, s,w,q,0) = C(H) = A(L,Ad, )

H(Hﬂr)ﬂ-la S, w; q, [)7
m cusp?

cond()|q

which is the cuspidal contribution.
And

A(s, I x T)A(w, 7w X 7
E(Haﬂ-lasawaqa[) = E(H) = - eisen? ( A*(1>A(d 7T) I)H(Haﬂ-aﬂ—lasaw;qa[)d:uaut(ﬂ-)
cond(m)lq ’ ’

which is the continuous (Eisenstein) contribution.

0

The notation cusp® and eisen’ means that we are restricting to irreducible generic

automorphic forms which are unramified at every archimedean place. We can define
NI, 7y, s,w,q,1) == R(H) — R(H) (11.21)

and

D(IL, 71, 8, w, q,0) :==D (s, 0, @, ) — D (s,w, D, ). (11.22)

From the above discussion in Section 3, we can give the statement of our main

theorem finally.

Theorem 11.5.1 (Theorem [1.3.3). Let II and m be everywhere unramified tempered
cuspidal automorphic representation for GL(n + 1) and GL(n — 1) over F with trivial
central character. Let T be the contragredient representation of w. Suppose that q and |
are unramified, coprime ideals. Puthermore, we assume that 3 < Re(s), Re(w) < Z—i%
Then we will have the following identity

M(Ha ™, S, w,(q, [) :N(Haﬂ-lasawaq) [) +D(Ha771>5awaq> [) +M(H7 Wlaslawla [aq)a

where the complex parameters s',w’ satisfy the relation

, 1l+n—1Nw-—s , (n+l)s+w-—1
s = , w = .
n n
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Appendix A

GL(4) Kloosterman Sums

In this appendix, we follow [Ste87] to bound the GL(4) Kloosterman sums introduced in
the previous section. The bound we get in Theorem for GL(4) is slightly stronger
than that in Theorem (Chapter [5). We recall and apply the results in Chapter
for n = 4.

For w € Wg,, we recall that w(j), j € {1,2,3,4} is given by the formula

w-€e; = ew(j),

where e, eg, e3, ey is the standard basis of column vectors. Fix six numbers vy, ], v, V), v3, V5 €

p~"™Z,—{0}. Moreover, without loss of generality, we further assume that p=™ < |1;| <
p™ and p~™ < V]| < p™ for all 1 < i,i" < 3. Recall the definition of additive character
1, on N(Qp) which is trivial on N(p™Zp)

1 wuy %

Yy = {(v1ur + voug + vaus). (A1)
1 uj
1

The definition of additive character 1/1; is given in a similar way.
Fix

t

c= diag(psv47prisv3ap 7r1)27p7tf01>7 <A2)

where v; € Z; for : = 1,2,3,4 and vivouzvy = 1. Moreover, we further assume that

t,r,s > m, where m is a fixed positive integer.
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Theorem A.0.1. Let Kly(typ,y; c,wa,) be the local Kloosterman sum attached to the
longest Weyl element we,. Let ¢, be as in (Ad]), ¢ = max(r,s,t), o = max(t,s),
o = min(t, s), and
fHmyL/2(

Z+m)1/2( Z+m)1/2

Cs = 8p™™ (|[rivap™™ [, p [vavp®™ [, p s, p

l+m+120+m+Dr+m+1) (o +m+1)>2%
Then

| K1, (1, %; & wa,)| < Cs min(pT+U+9/2+3m’p0+30/2+r/2+3m). (A.3)
In particular, we have |Kly(yp, ¥y; ¢, wa,)| < Cgp?(ttr+s)/8+3m

We have the following observation of the matrix identity

—ai

TYZ—TV—UZ+W
a2 (yz—v) a2 (ryz—xv—uztw)
go = UV—WY UV—WY
0- —agv az(w—zv) as(wy—uv)
w w w
aq aqsx aqsu ajsw
1wy wug ug 1 aq 1 2 v w
1 u wus 1 as 1 vy v
= . ) . ,
1 wusg 1 ao 1 =z
1 1 ai
(A.4)
where
ai(u — zy) az(w — uz)
Uy = y U2 = —F————=,
as(ryz — xv — uz + w) as(uv — wy)
asv ajx
Uz =———, Uy = )
aqw az(zyz — xv —uz + w)
and
az(yz —v) ay

as(uv —wy)’ as(xyz — v —uz +w)’

Now, using the notation above, we let
a4 P vy
as p
a2 p 2

t
ai p n
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ie. ay = p~tvy, as = p' "9, a3 = p"Sv3, agv = p°vs. Note that vivevzvy = 1 and
’UZ'EZ;; for 1 <4 <4.

From the definition of the set X (w¢,¢), we can assume that the element

1 z v w

PV e N@y) NG,

So we can put x = p %/, y = p Py, 2 = p ¢, v = p %, v = p /v and
w = p~*w', where 2,9/, 2/, v/, v, w" € Z). Moreover, a,b,c,d, f are all integers and
they satisfy a, b, c,d, f > —m.

From the above matrix identities in , assuming that the element gy € X (wg,¢) C

K., we can deduce that

(1) ——U e 1+4p"Z,, ie.

TYZ—TU—UZ+wW

W= ptvl—l(pfaffx/v/ _i_pfcfdu/z/ _ pfafbfcxlylzl _pfsw/) c1 +mep-

(2) az(zyz—zv—uztw) c 1+mep7 ie.

UV—wWY

A= p (vw) Hp Wy — p Y € 14 p™ 2,
P
(3) aaw € 14+ p™Z,, ie. vaw' € 14 p"Zy.

4) aqx,aqu € Py, ie. |agx| < p7™ and |aqu| < p~™. This means that a + m < s
p
and d +m < s.

(5) =Y € p"Zyp,ier — f>m,s0 f+m <.

(6) Bl—t) ¢ pym7, e

w

m=p (p T2 —pSu) € " L.
Therefore, we have a + f < max (r, s).

(7) 2=t e g, e,
~ —b—c, /1

n = pt(p Yz p*fv’) € p"'Zy.

Hence we have b+ ¢ < max (¢, f).
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Applying Lemma 5.2 in [Ste87], we have more properties on the relevant data:

(8) asasy € p™Zy, i.e. k= p vgvp~Py’ € p™Z,. Therefore, we have b+ m < r.
(9) asas(zy —u) € p"Zy, i.e.

pTU3U4(piaib{L‘/y/ _ pfdu/) c mep’ E:: prfafbx/y/ _ prfdu/ c mep‘

Therefore, we have a + b < max (r, d).

(10) agasasz € p™Zy, i.e. plvgvgvap~ 2’ € p"Z,. Hence we have ¢ +m < t.

Remark A.0.2. The above properties (8)—(10) on a,b,c,d, f, 2",y 2/, v/, v/, w' can
also be deduced from the following:

By the matriz identities in , we have go = uwg,éu’. We set gy = wg, - (¢") -
wg,. Since go € X(wg, &), we have g5 € X ((wg,é)') = X(wg, (we,é twg,)) € K.
We can deduce above properties (8)—(10) from the definition of K,,. Actually, all the
properties (1)—(10) can be achieved from Lemmal[5.0.9 (See also Lemma 5.2 in [Ste87]).

Conversely, if we are given integers a,b,c,d, f with a,b,c,d, f > —m and 2/,y/, 2/,
u', v, w' € ) satisfying the above properties (1)—(10), there exists an elememt :zz:l;%'cl:i}“/’v/’wl

€ X(wg,¢) (Lemma [5.0.2) for which

1 pfal,/ pfdu/ pfsw/

A A A N A 1 p_by, p_fU/
W) = U med ez (as)
1 p‘z
1

Applying the matrix identities in (A.4). Since all the above properties (1)—(10) are
satisfied, we see that the element gy € X (wg,¢) from Lemma Hence we can pick

VA A )
T,y ,2,u,v,w

Labe,d,f = Yo-
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Using above notations, we can rewrite u;, 1 <7 < 6 as follows:

up = uflprftvgl(pfafbx/y/ - pidul);
Uy = )\flptfr(vl,vg)fl(psfcfdulzl . U)/);
uz = —vzv' (vgw') " tp 5

Uy = _M—lv?)—lxlps—r—a;

us = A" (0100) TP (p T — pTt oY)
Ug = ,u_lvéflp_s.

Recall that 1, is the nontrivial additive character of N(Q,) which is trivial on
N(p™Zp). For a,b,c,d, f,and 2, ¢/, 2/, v/, v', w' satisfying the above Property (1)—(10),
let

ZZ{:;,”;,Q”;, (wa,€) =T+ p"Zy) xx

e /
d?fvu , U, W

1,0 /
dafyu U, W

i
a,b,c,x Y2

be the orbit through To'plear a2 and let
Sd,ﬁu’,v’,w' /.~ L I
ayb,cyx/7y’7z’ (wpv ¢p’ C’ wG4) T Z wp(u(x))wp(u (.’1:))
pexX B (we, o)

be the Kloosterman sum restricted to the given orbit. Now for a,b,c,2’,1/, 2’ satisfying

the previous Property (1)—(10), we let
AR d,f,u’ﬂ/,u/ ~
Xapeary 2 (06,€) = U Xa,b,c,x/7y’,z’(wG4c)a
d7f7ul7v,7w/

where d, f run over all integers bigger than —m, and v, v’, w’ run over all the elements
of Z satisfying Property (1)—(10). Let
Sa,b,c,ac’,y’,z’ (¢p7 1/11/,, 6; wG4) = Z 1/)p(u(x))¢;(ul(x))
meXa,b,c,z’,y/,z’ ('LUG4 E)

Lemma A.0.3. We have X (wg,¢) = Ha7b7c7x,7y,7zl abea y 2 (Wa,€), where a,b,c run
over all integers bigger than —m, and x',y', 2" run over all the elements in the finite
coset of Zy /(1 + p™Zy) satisfying Property (1)—(10).

Proof. The proof is the sams as Lemma 5.2 and 5.7 in [Ste87]. Note that for G, =
GL,(Qp), we have the decomposition

K = N(p"Zp) - (B N Kp) - N(p™Zy),
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where B~ is the opposite Borel subgroup. Hence the matrix u(z) is uniquely determined
by the matrix u/(x).

O

Lemma A.0.4. Let ¢ = max(s,r,t), anda < s—m, b <r—m, ¢ <t—m be integers

which are larger than —m. Then we have the inequality

Z+m)1/2( 2m|;17p£+m)1/2

’Sa7b7c7$/7ylazl(/l/]p7w;);é7wG4)| S 8 'p6m ’ (‘Vlyép2m|;17p ‘VQVép
a+b+c

% (|V3Vip2m’;1’p€+m)l/2 . (g+ m+ 1)3 pT 2 '#(Xa,b,c,m/,y',z'(’wG45))-

Proof. The order two involution map ¢ : g — ¢* := wg,-(¢") '-wg, sends Xapea y (WG, C)
to Xep.a,2 o2 (WG, €)"). Composing v, with ¢ has the effect of replacing (1,12, v3) by
(—vs, —vo, —11) and (vq, V4, v5) by (—vh, —vh, —14). For gy = ujwg,éus € X(wg,¢), we
have g € X((wg,¢)") = X(wg, (we,¢  wa,)) C Ky, by definition. Hence, applying ¢
to the element wg, ¢ reverses the roles of ¢ and s. Therefore we may assume that ¢ > s
without loss of generality.

Note that ¢ = max(r,t). Property (1)——(10) imply that the matrix entries of u(x)
and u/(z) lie in p~*Z,/p™Z, for every x € X(wg,é). Indeed, by Lemma it is

1ol ot
d,fu' v’ w

enough to verify this for x = Ty et gt o (wg,¢). Appiying the Property (1)—(10).

Since
p=p oy (PP — ') + pTptor (p T = p oY)
= p*Avgugp” +p %yt € 1+ p"Zy,
and
up = ptp g M, us = = AT H(wwg) TR

for n,t € p"Zy, we have
uy € p7t+mZp C pff+mZp7 Uy € pfr+mZp - p72+mZp

and
us € p—s-i-mZp C p—f-‘rmZp_

Moreover, uz € p~*t™Z, C p~ ™7, w4 € p7"tMZ, C p~™Z, and ug € p%Z; are

directly from the properties. The claim is now easily verified.
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Now let S be a finite subset of Zszm x (Z5)? such that Xqpcq 2 (wg,c) is the
... . d,fou v w'
disjoint union of the Xa,b,c,z’,y’,z’

[Ste87, Th. 4.10], we have

(wg, c) with (d, f,u/,v",w") € S. Then as in Lemma

—36(1 _ p—l)—SX

d7f7u/»/ul7wl -~ d:f’ulyvl7w/ .
Z #(Xa7b7cyx,7y/7zl (wG4 C))SwG4 (0a7b7C7$'79'72’ ) g)’
(d7f7u/,,vl7w/)es

Sa,b,c,a:’,y/,z’ (wpv %7 ¢, ’LUG4) <p

where Sy, is defined in Definition {4.2.1] [Ste87, Def. 4.9] and phsw v Awg, () =

I S
(l,b,C,l‘ Y ,®

C* is also the character defined in Definition m [Ste87, Def. 4.9] by

1 /
d:f’u U ,Ww

O bear gz (A X N)y:i=¢ (V1U1>\1 + voug o + vauzs + vip @' Ny + vhp by Ny + Vép_cz’Ag)

3 ((Vllflvz_ Lttt (pmatbaly — pmdu/)) N

pZ
VQ)\—I(vlvg)—1p€+t—r(ps—c—dulzl o w/)))\2
pé
(1/31)31)/(v4w/)_1p€+r_s_f))\3
pé
V/pZ—a$//\/ + V/pe—by/)\/ + v Z—cZ/X
! 1 2 2 3P 3)
p* '
By Remark and Example 4.12 in [Ste87], we have
d /’ /7 / _ _ _ o _ _
Sue, Cheaar e ) = Sa(vip™ oy =4 p= Pty — p=tu) vy )

. SQ(I/Q)\_l(’Uﬂ}zg)_lpé—H_r (ps—c—dulz/ o w/), Véy/pﬁ—b;pﬁ)
- Sa(vgvsv’ (vaw’) " p T 4 ),
(A.7)
where S is the restricted GL(2)-Kloosterman sum defined in Remark

By the refined Weil’s bound in Remark we have the inequality
|Sa (v, /5 p)| < (L+m + 1) - By - (ged(lvp™ ], [V/p™ ], p ) 2pEt ™ (AL8)

for v,v' € p~™Z, — {0} (Here we may let B,, = p™/2. See Section 9 in [KLI3]).
In order to apply the refined Weil’s bound, we note that
ged(|ugp TS L ptt e L pttmy < ged(Jusvp®™ )yt ptT ) p Y,

gcd(|V2p€+m+t—r(ps—c—du/z/ _ ’LU/) 1’ |I/épe+m_b|;1 pé—l—m) < ng(|l/2Vép2m ;l,pé—&—m)pf-i-m—b

ged(jnp™m T (pT ey — pm )| [T pT) < ged(|rsp™ |, ptp

)

b
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since ged(a, b) < min(a,b). Hence we have

(S, (B syt oo O < (4 m 4+ 1) 5 (g™, 1 p ™) 2 (Juarhp™™ [ )2

tHmy1/2, 30+6m—atEe

(lvsrip®™ p

This inequality, together with (A.6)), gives

€+m)1/2( 2m| 1 Z+m)1/2

‘Sabca: Y,z (¢pv¢pac wG4)| < (|V1V3p2m’p vy |V2V D
_ 1\ — _atbtc
x (s p™™ [ p Y (4 m 1P (L —p ) i (A.9)
d7 ) /7 /7 ! ~
x> #XN ) (we,d),

(d7f7u, ?v/7w/) ES

The sum appearing on the right hand side is equal to #(Xgpca (WG, €)). Since
p > 2, we have (1 —p~1)73 < 8, by (A.9). This completes the proof of the lemma. [

Proof of Theorem [A.0.1. By the involution map ¢, we can assume that ¢ > s without
loss of generality. Let

C:8p9m(‘l/11/3p2m 17p8+m)1/2(|y2y2p2m 1,p£+m)1/2(|l/31/p2m‘ 1 é+m)1/2

(A.10)
x ((4+m+1>r+m+1)(s+m+1).
We define
Xa,b,c(wG46) = H Xa,b,c,z/,y’,z’(wG4 6)
1'/7:[//,21
and

abc(wpawpac wG4 . H Sabcz R4 (¢p;¢pac wG4)

'y 2!

At first, we deal with the case t > r.

e Ifat+b+c<tandd+ f<r, then we have

#(d, f) < (s+m+1D(r+m+1),
P

#(u/7v/7w ) d+s+f+3m

So we have

#(Xa,b,c(wG’4 5)) < (T +m+ 1)(5 +m+ 1)pa+b+c+3m+d+f+s+3m

< (T‘ +m+ 1)(5 +m+ 1)pr+s+a+b+c+6m‘
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Hence by Lemma [A20.4] we have

’Sa,b,C(@ZJpa %/7; ¢,wa,)| < Cpr+s+t/2+3m-
Applying the above Lemma we have

| KLy (Yp, ) 6, we, )| < C(r+m+1)(s +m + 1)(t +m + 1)p" TF/2H3m
— 08pr+s+t/2+3m.

elfa+b+c <tandd+ f > r, then we assume that d + f = r + k, where
k > 1. Note that d+m < s, f +m < r, which implies that k¥ < s — 2m. By
Property (1)—(10), we have b+ s =d+ f =r + k. Since A € 1 + p"Z,, we have
#{(u’,v', w/)} < pd+f+(s—k)+3m _ pr+s+3m. Hence

- a+b+c
|Sabe(Wp, U; 6w, )| < Cpr ot H8m < gprsti/atim,

o Ifa+b+c>tandd+ f <r, then by Property (1)—(10) and a similar argument
as above, we can assume that a + b+ c =t + h, where h > 1. We also see that
h<dorh < f. Now since y € 1+p"Z,, we have #{(«/, v, w')} < pld=h)+f+s+3m
Hence we get that

[Sape(Wps s €, g, )| < Cpft=htSHat ST A

_ de+f+s+(tfh)/2+3m < Cpr+s+t/2+3m'
e Ifa+b+c>tand d+ f > r, then using the similar argument as above we have
#{(’U/,U,, w/)} < p(d—h)+f+(s—k)+3m‘ Hence
~ _ _ a+b+c
|Sabe (Vs Ui &, )| < Cpdhtl skt 5= 43m

_ de+f+s+(t—h)/2+3m < Cpr+s+t/2+3m'

Note that in this case, we always have r +s+1¢/2 < t+3s/2+r/2. Theorem now

follows from the equality

Klp(¢ﬁv ¢1/9a ¢, wG4) = Z Sa,b,c(wpv ¢II)’ C, wG4)'

—m<a<s,—m<b<r,—m<c<t

Now we handle the case r > t. By a similar argument as above, we obtain

|Sa,b7c(¢pa ¢I/7’ 6, wG4 )| S CpT—I—s-}—t/Q_i_gm'
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Note that if ¢ is small, this bound is not good enough to get a nontrivial upper bound

for Kloosterman sums. So we have to bound this in another way.

e Assume that f > t, then by previous Property (1)—(10), we have b+ ¢ = f,
and a + f < r. By Property (1)—(10), we have #(u/,v") < phtf—(atf—t)+2m g
d+ f <r, we see that

~ dtf— —t atbie 3 {ts4d4-2Ee 43
!Sa,b,c(wp,i/};;C,w@ﬂ <Cp +f—(at+f—t)+s+ 5 4+3m < Cp +s+d+>55+3m

d d+f
< Cpt+s+§+T+3m < Cpt+3s/2+r/2+3m.

e Assume that f >tand d+ f > r, by writingd+ f =r+k, 1 <k < s+ 2m, we

have

- _ _ _ atbtc
|Sa (U, U & we, )| < CptH =l =t s—hr 557 3m

d_ d+f
< Cpt+s+§+77k+3m < Cpt+35/2+r/2+3m_

since p, A € 1+ p™Z,,.

e Assume that f < tand a+b+c > r > t. Since p € 14 p™Z,, we have
#(u' v < pttf—(atbte=t+2m  Hence by the same argument on the size of d + f,

we have

- _atbte
|5a,b,c(¢p,%;0, me < Cpr+t+s 5= +3m < Cpt+s+r/2+3m.

e Assume that f <t¢,anda+b+c<r. If a+b+ c<t, then we have

~ d atbte 2 2
1Sub.e(thp; & wa, )| < CptH HsHE=48m < optt2stt/243m,

Ift <a+b+c <r, wewrite a+b+c = t+h, where 1 < h < r—t. Since € 14+p"7Z,

and h < d or h < f, we have #(u/, v, w’) < pld+/=h)+s+3m Therefore we sill have

- d+f—h atbte g d _atbte 4 g
S (Up, Vi & we, )| < CptH st Zgm=adm < Cpdt s =S titdm

< de+f+s+t/2+3m < Cpt+25+t/2+3m‘

So in this case, we have

~ d atbte g t+25+t/2+3
|Sa,b,C(¢pa¢;§C, wG4)| <Cp Tl st S A3m <Cp +2s4t/2+ .
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Note that t+2s+t/2 < t+3s/2+r/2 if and only if s+t < r, t+2s5+t/2 < r4+s+t/2
if and only if s+¢ <r,and t+3s/2+7/2<r+s+t/2if and only if s +¢ < 7.

Hence we have the following inequality:

|Sa,b,c(wpa w;” 5, wG4)‘ < C min(pr+s+t/2+3m’ pt+33/2+r/2+3m)‘

This proves .

We now give a proof of the second claim. If r+o+9/2 < p+30/247r/2,i.e.,7 < p+o0,
then o +7r <3p,s0r+0+9/2<T(o+71r+0)/8 lfr+0+0/2>p0+30/2+71/2,
ie, r > o+ o, then 40 < 2r and ¢ + 50 < 3r, so we still have o + 30/2 +1/2 <
7(0 + r + 0)/8. This proves that min(p’+o+e/2, petdo/2+r/2)y < pTt+r+s)/8 a5 claimed,
and hence Theorem [A.0.1] O

Remark A.0.5. Note that the trivial bound for the local Kloosterman sum in [DRIS]
is the following:
K1 (hp, 7/1;;; ¢,wg,)| = Oe(p(1+5)(t+r+s))'

Since % < 1, we get a nontrivial bound for the local Kloosterman sum (integral) by

applying Stevens’ method.

Remark A.0.6. The bound in the appendiz is better than the bound in Section 5. The
bound in Section 5 is 1 — m =1- ﬁ = %, which s larger than 1 — % = %.
Applying a similar method (Stevens’ approach [Ste87]), such kind of non-trivial bound
for GL(4) Kloosterman sums attached to the longest Weyl element wg, is also achieved
by Bingrong Huang with the exponent 1% < 1 in the appendiz of [GSW21]. After a more
careful estimation for the case r > t, we can slightly improve the bound in [GSW21|] by

moving the exponent from 1 — %0 = 1% to1— % = %.

Remark A.0.7. The result is not optimal. To improve the bound in some cases, one
may use the stationary phase formulas as Dabrowski and Fisher did for GL(3) (See
|DF97]).
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