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THE DOUBLE POROSITY MODEL FOR SINGLE PHASE FLOW
IN NATURALLY FRACTURED RESERVOIRS

Todd Arbogast
Department of Mathematics Institute for Mathematics
University of Chicago and its Applications
Chicago, Illinois 60637 University of Minnesota

Minneapolis, Minnesota 55455

1. Introduction

As early as 1953, Pirson [6] gave a qualitative description of a fractured reser-
voir as a reservoir with two porous structures—matrix (porous rock) and fracture. It
was not until the early 1960's, however, that a quantitative description of this double
porosity concept appeared [3], [3]. Briefly, a fractured reservoir is a region of space
QCRY (d=2 or 3) which is partitioned by the thin fractures into disjoint, simply con-
nected matrix blocks Q,;CQ. The idea is to consider at each point of space Q not one

but two porosities (actually, two sets of reservoir properties), one associated with
the matrix, and the other associated with the fracture system. The matrix porosity,
denoted ¢i(g<_) for xeQ;, is the macroscopic matrix pore void space per unit bulk volume.

The fracture porosity, ¢(5) for xeQ, is the macroscopic fracture void space per unit
bulk volume.

Some of the fluid flows In the matrix, while the rest flows In the fracture
system. The matrix flow is certainly of Darcy type. We also assume a macroscopic
Darcy flow over the reservoir Q for the fracture system flow, even though it is
literally constrained to the physical fractures. This is a reasonable assumption for
reservoirs with thin, interconnected fractures and low fluid velocities. Consequently,
at each point of space we have tensors for both the matrix permeability ki(g), X€Q;,

and the fracture permeability k(x), xeQ.

Several authors have used the double porosity concept to model single phase flow
in a fractured reservoir, most notably Barenblatt, et al. [3], Warren and Root (9],
kazemi [S], and de Swaan O. [8]. Many other authors have considered double porosity
models for multi-phase, multi-component systems (for examples, see [7] and its
references).

The most important and difficult thing to model is the exchange of fluid between
the matrix and the fracture system. Generally, this exchange is assumed to be in a
quasi-steady state; that is, an ad hoc transfer function is introduced which does not



depend explicitly on time but rather depends on the difference between the matrix
fluid pressure and the fracture system fluid pressure. This assumption effectively
ignores the pattern of fiow in an Individual matrix block. Fluld exchange actually
takes place at the surfaces of the blocks. The rate of exchange depends upon the fluid
pressures, the geometry of the matrix blocks, and the past history of the matrix flow.

Two exceptions to the quasi-steady state approach are to be found in the papers
of Kazemi [S] and de Swaan O. [8]. In both of these papers, the fluid exchange is
related to the flow through the matrix blocks' surfaces. Unfortunatly, both papers also
constrain the fracture flow to the physical fractures, rather than considering it
macroscopically spread out over the entire reservoir. This places restrictions on the
geometry of the reservoir and otherwise severely complicates any field-scale numer-
ical solution procedure. These two models are not genuinely of the double porosity
type, at least not as it has been described above, as at each point of space there is
only a single porosity.

While the quasi-steady state assumption is often reasonable for single phase flow
when the matrix blocks are small [3], [3], [9], it is still valuable to properly model the
unsteady state nature of the fluid exchange without unnecessarily restricting the
geometry nor complicating the approximation process. Obviously, such a model is
needed for simulations where accuracy is quite important or where the quasi-steady
state assumption is invalid; moreover, this model should give us greater understanding
of the quasi-steady state assumption itself, and it should provide a stepping-stone to
properly modeling multi-phase, multi-component fractured reservoir flow.

Such a model has been described and analyzed by the author in [1]. The approach
taken there is being used by the author in modeling a completely miscible displacement
[2], and by Douglas, et al. [4] in modeling an immiscibie waterflood. Here, one of the
assumptions of the modeling process in [1] shall be relaxed, as described below.

Pressure must be a continuous variable; hence, the matrix pressure at the surface
of each block and the pressure of the fluid in the physical fractures around the block
must be equal. On each block, this fact gives rise to a boundary condition for the
matrix flow. Let p(x,t) denote the fracture system pressure. The pressure in a
physical fracture is not necessarily the value of p evaluated at the fracture location,
as p is a macroscopic variable with respect to the system of fractures. A reasonable
value for the pressure in a physical fracture is given by taking some local average of
p. It is appropriate to take the physical fracture pressure around 9Q, as some average

in the vicinity of the entire block, since the diameters of the matrix blocks are small
compared to the smallest dimension of the reservoir itself (i.e., the reservoir is
naturally fractured).

In [1], it was assumed that the variation of p over each Q; was so small as to be

negligible. A simple local average of p was taken, giving a constant (in space)
pressure (and density) over 8Q;. Consequently, fluid could only be absorbed or emitted

uniformly by each matrix block; fluid could not flow from one side to another through



any block.
In the model to be presented here, the variation of p near each Q; will influence

the matrix flow. At each time, the physical fracture fluid density around aQ, shall be

assumed to be the restriction of a giobally linear function. More generally, one could
take 2 higher degree polynomial; the mode! will generalize. However, if the spatial
variation over the blocks is so large as to require this generality, one can hardly claim
to have a double porosity reservoir.

An outline of the paper follows. In section 2 we will derive our model from
physical considerations by applying the double porosity concept to a naturally frac-
tured reservoir. The matrix/fracture fluid exchange will influence the matrix flow
through a boundary condition on each block as described above, and it will influence
the fracture system flow through a macroscopically distributed source. In the last
three sections, we will extend most of the results of [1] to the present model. We
will again make the (unphysical) assumption that f, is in L2(QxJ)=L%(J:iL(Q)); that is,
fo Will not be concentrated at points. This will ensure a smooth solution to the dif-
ferential problem. We will analyze the model in section 3 by showing that it is math-

ematically well posed. In section 4, we will describe a finite element method that is
easy to implement in field-scale simulation, and we will prove its convergence at the
optimal rate in section S.

2. Derivation of the Model

we will now apply the double porosity concept to a single phase fluid in a
naturally fractured reservoir. We will assume that the fluid is an ideal liquid; that is,
a fluid of constant viscosity p>0 and compressibility c>0:

p~'dp = cdp, o-'do = cdq, (2.1)

where p(x,t) and p(x,t) are the fracture system fluid density and pressure, respec-
tively, and o(x,t) and q(x,t) are the corresponding quantities for the matrix fluid.

First consider fluid flow in the matrix blocks. Since the blocks are small and
typically the fracture system has a higher flow capacity (permeability) than the
matrix, we make the following two assumptions:

1. An individual matrix block will interact only with the fractures
surrounding it; hence, matrix blocks do not interact directly with
each other, nor with external sources or sinks. (Kazemi's numer-
ical results [S] indicate that this is a good assumption.)

2. At any given time, the spatial variation of the fluid density in the
physical fractures around a block is sufficiently well taken into
account by a linear function.



Over the i {2 matrix block, assumption | and conservation of mass combined with
Darcy's law and (2.1) give us

$,0, - ¥(x;¥0 - 02[;) = 0, xbeQxJ, (2.2)

where the t subscript denotes partial differentiation in time, xi®=ki(1<)/pc (2
tensor), [;(x) is the gravitational constant times k (x)/p applied to the gradient of the

vertical coordinate, and J=(0,T] is the time interval of interest. It is sufficient in
reservoir simulation to linearize the quadratic term; hence, let og(x) be some refer-
ence density function and approximate

02=[(0 - gg) + 0g)2 * 2040 - 042. (2.3)
The i ¢ matrix block flow equation becomes

$.0,- ¥Ix,Y0 - 20 - 0p)%;120,  (xt)eQ;xJ, (2.4)

where ¥(x)=0g(x)L,(x).

By assumption 1, the boundary condition for (2.4) is given entirely by continuity
of pressure (equivalently, of density, by (2.1)) with the fracture flow. As explained in
the introduction, we should locally average the macroscopic fracture density to obtain
the fluid density in the physical fractures. For simplicity, let us assume that the
fractures are infinitely thin so that Q=u,Q;. Now, to make this local averaging

process explicit, let {X,(x)} be some partition of unity over Q such that each X, is or

is approximately the characteristic function of Q,; that is, 3;X;=1, X;20, the support

of X;*Q,, and jxidx=|Qi|=the measure of Q,. Later, the X; will be described further.
There are many ways to linearly approximate p near ;. Perhaps the best way to

approximate p by its local averages is to express it in terms of an orthonormal
expansion. Let {1,A; (X),....A; %)} be an orthonormal basis for the linear functions
with respect to the 'inner prod'uct given by integration against the weight IQJ™'X;.
(For example, perform Gram-Schmidt orthogonalization and normalization to {1,
Xy,.-.%g). 1T Q; is a rectangular parallelepiped and X; is its characteristic function,
then the A, . are just scaled Legendre polynomials.) Let Ai()g)=(/\i.l(3),...,/\i.d()g)), and

L]
let (-,-) be the L2(Q) or (L2(Q)) inner product. Then we have that

1
p= IQ_[(p. X+ (P, A XA 1+ Ol diam(Q)12), xt)eQxJ, (2.3)
i
and (by assumption 2) our boundary condition shall be

|
o= IT[(P- X))+ (p. A XA, (1) edQ;xJ. (2.6)
i



The initial condition for (2.4) must be given:

o(x,0) = 0%(x), X€Q,. 2.7

The fracture flow is governed by an equation analogous to (2.4), except that two
source terms appear. The effect of external sources (sinks) fax,t) has been reserved

for the fracture system (assumption 1). In addition, the fluid produced through the
matrix blocks' surfaces is another source. Denote by f i()s,t) the source from the i/

block. Then the entire matrix source is 2ifi- Hence,

$p - LIXYp - (2p-pdZl=1,+3f,  (xt)eQxJ, (2.8)
i

where X(x)=k(x)/pc (a tensor), po(x) is the fracture system’s reference density func-
tion, ¥(x)=pe(x)I(x), and [(x) is the gravitational constant times k(x)/p applied to the
gradient of the vertical coordinate.

we will now define the matrix source term. Wwe must be careful to model the
fluid exchange from the point of view of the fracture system in a manner that is
consistent with the boundary condition (2.6).

At each point xedQ;, the i #/7 block loses (or gains) an amount of fluid equal to
- Xigd - (20 - oo)li ]'2;. (2-9)

where p,(x) is the outer unit normal to 9Q,. This fluid should be macroscopically
spread out as f, over the domain Q near Q; in such a way that f, has the same

macroscopic effect. Since the block only detects the linear variation of the fracture
flow, f. and (2.9) should have the same effect on a linear fracture flow.

Since (2.9) is a distribution (supported on 3Q)), its effect is determined by
considering its action on a test function PeC*(Q):

| ag, | XiZ0 * (20 - 0L n g o
:J v-{[x,¥0 - (20 - 0p), 19} dx

—(Sleyo (20 - 6p)%; 1. 9), + (x,¥0 - (20 - 00)%;. ¥¥),
=($,0,, 9), + (x, Y0 - (20 - 0p)¥;. ¥9),. (2.10)

by the divergence theorem and (2.4). (Here, (-,-), is the inner product on L%(Q,) or
(LZ(Q,))“.) If we now restrict ¢ to lie in the set of linear functions, then

|
¢ = B—[@. YORACAD O (2.11)



and

IaQi [x,¥0 - (20 - 0g)%, 19,9 ds

!
] [ [(W’t- D (9. X0 ¢ (8100, 81 (9. A X))

v (x,¥0 - (20 - 09)%;, YA (9, mxi)]

]
= [m{(¢,ot. D+ [(§iop, &)y + (Y0 - (20 - 0p)%;, ZA) ]'AI}XIv <p].
i
(2.12)

(Note that Y A, is a tensor in the above expression.) Consequently,

1
fi= 'm{(¢i0t,l)i + [(%Ot-Ai)i + (Xiyo - (20'00)1i- ZAi)i]'Ai}Xi'
' GHeQxJ. (2.13)

Higher order variations in ¢ were ignored in defining f;, just as higher order

variations in p were ignored in defining the boundary condition (2.6). To put it another
way, the function f; is the best localized (by X;) linear approximation to the

distribution (2.9). Mass is conserved by f j- Moreover, f, takes into account the spatial
variation of the source (2.9), up to the linear order.

Note that X; defines and weights the region of space over which the i/ block
influences the fracture flow. Effectively, X; has related the scale of the matrix

macroscopic averaging (which is on the order of the size of the rock grains) to the
scale of the fracture system macroscopic averaging (which is on the order of the size
of the blocks).

As a boundary condition for (2.8), let us simply take the "no flow"™ Neumann
condition:

[x¥p - (2p - po)¥ 1 =0, (x.t)edQxJ, (2.14)
where p(x) is the outer unit normal to 3Q. Finally, give the initial condition as
p(x.0) = pO(x), X€Q. (2.15)

In summary, (2.4), (2.6), and (2.7) define the flow in the matrix blocks, while
(2.8) with (2.13), (2.14), and (2.15) define the fracture system flow.



3. Analysis of the Model

For the analysis below, we shall tacitly assume the following hypotheses. Q is a
simply connected, bounded domain with smooth boundary, and each Q; is a convex

domain. Each of the functions ¢, ¢, x, x,, [, [, and X, is bounded and sufficiently
smooth. Additionally, ¢ and the ¢, are bounded below by positive constants, and the
tensors x and x;, for all i, are symmetric and uniformly positive-definite.

Let WKQ) denote the usual Sobolev space of r>0 times differential functions in

LXQ), 1<p<ee. Let H(Q)=W'XQ), and let H(Q) be its dual. H'y(Q)={ueH"(Q)Iu=0 on
9Q). HYJU:H'(Q)), s a nonnegative integer, is the usual space having the norm
J 3lu2 1/2
u HI(O)) =
ol { 150 I attlyrq) }

Similarily, we have the space L™(J;H'(Q)). It will be convenient to define the space

the trace of v on 9Q is identical to the
restriction of a linear function to 9Q

H'AQ) = {veH‘(Q)

Of course, in each of these spaces, the domain Q may be changed to Q;, 8Q, 9Q;, or
even Q =U. Q..
C and € will always denote generic positive constants.

Following [1], we will use the method of continuity to show that the model is
well posed. We will present the argument in a more direct form here. This form of
the argument is completely analogous to that used in the error analysis below.

For each A€l0, 1], consider the problem defined by

$u, - T-(xTu - 2%u) = G(x.t) + AXF;, Rt eQxJ, (3.12)
i

(xYu - 2%u)» = ug(®, (x,t)edQxJ, (3.1b)
u(x,0) = ud(x), XeQ, (3.1¢)

and, for each i,
$,v, - 2(x;¥v - 2%,v) = G{(x.t), (x.t)eQ;xJ, (3.22)

|
v= l—Q—[(u. X+ A X)) (xt)edQxJ, (3.2b)

|

V(x.0) = VO(¥), X€Q..

|

(3.2¢)
and



Fi=- {(¢5Vtv Di+ [(dive. A+ (x2v - 2%;v, T A)); ]'Ai})(i'

|
| Qi
xt)eQxJ.  (3.3)
Note that ug is a function of x only.
The weak form of (3.2a) for a test function \PeH‘A(Qi) (where ¥ is identical to the

linear function §; on 3Q;) is,
(v, ¥); + (x,%v, UY), - (2%;v, V¥),
:(G‘ \P)‘ Ja (x|Vv 281\/) v,'{q ds
=(6,. ¥ - ‘P)-(F ¥,). (3.4)

A similar weak form of (3.1a,b) for a test function PeH'(Q) can be found. If we add
this weak form to A times the sum on i of (3.4), we get

($up, )+ A2 (d;v. ¥); + (x Ty, W)*kZ(x,Vv oY),
1
= (2%u, ¥¢) + xz'(zziv. YY), + (G, @)+ x'zi:(ei. Y-

+j80uo<p ds + le(F,,(p-E). (3.5)

A priori energy estimates can be derived from (3.5). It is necessary to take
¥,=1Q,07 (P, X)) + (9. AjX;)-A;) so that the last term above vanishes. This condition

is met for the usual choices 9=u, ¥=v and 9=u,, Y=v, because of the boundary condi-
tion (3.2b). We obtain

Bud? 250 29)) * 1ol * MIvba2e,) * ML= um ) ]
< c{l16l2 204, 2(q)) * lual?irr2(aq) * IW1%1(q)
I [ CERTE SR L CATI

+ (1ol 2(5m2(q)) * AMMAL200m20,0)) (3.6)

where C is independent of A, and € is as small as we like. The last two terms on the
right side above arise from bounding the terms containing ¥ and ¥, in such a way that

only the H'-norms of these quantities appear (see [1]). Consequently, C depends on ¥
and ¥, only through their H'-norms. This is important to notice, since ¥ and ¥, are

proportional to pg and Oy, respectively.
Energy estimates of (3.4) and (3.2b) with y=v and with Y=v, can be made directly.



Because v, appears explicitly in F;, an integration by parts in time argument is needed
when ¥=v (the same argument is needed to treat (Zl,v, YY), when 'JJ:vt). The final
result shows that

Vil 200,)) * IMPPL(UmQp)

< AZI6iP 220, * PPy * luddLzuize)) + ooy 2y}
|

+ €|v|2L2(J;H2(Qm))' (37)

where C and € are as above. Hence, we can omit the A's in (3.6).
Elliptic regularity and direct estimates of (3.1a) and (3.2a) finally show that

Il * 1ulizmz) * Mo, * IMumae,)
< clI6l (g 2(q)) * luolui2(a0) * 1)
* 2162z * Mlieg (3.8)
|
where C is as above.
This result and the method of continuity give us the -

Lemma:
If GEL2(JLA(Q)), ugeH' 2(3Q), u%eH'(Q), G,eLA(JiLA(Q,)), and vOeH'(Q,) (for each 1)
satisfy the compatibility relations

|
m[(uo, X+ WO, A XA 1=, x€3Q;, for each i, (3.9)
i

then the problem (3.1)-(3.3) with A=1 has a unique solution ueH'(J;L2(Q))NL2(J;HA(Q))
and veH'(JiLAQ))NL2(JHHQ,)) that satisfies (3.8) with the constant C depending on

¥ and ¥, only through their H'-norms.

We can now easily derive the theorem below as a corollary to the lemma. Wwe
need only set

1
G = V(poX) * f, - Z—Q—-(ool.. VA Qi X
! i

|
= V(po?L) * o~ 2 E—(oozn. YA)-AiXi. (3.102)
b 134

Up = -peX-2 = -poL'y, (3.10b)



u? = pf, (3.10¢)
G, = ¥(0o¥,) = ¥:(04?L). (3.10d)

Vo = 00 (3]09)
in (3.1)-(3.3) to obtain our model (2.4), (2.6)-(2.8), (2.13)-(2.15), where u=p and v=0.

heorem:
IT 16LA(ILHQ)), po2eH'(Q), 0g2eH'(Q,). pPeH'(Q), and a%H'(Q,) are such that

]
|T[(pﬂ, X+ (p% A X)-2] = 00, x€3Q;, for each i, (3.11)
[ |
then the double porosity model has a unique solution peH'(J:LA(Q))NL2(J;HZ(Q)) and
oeH'(J;L"’(Qm))an(J;Hz(Qm)) which varies continuously with the data:
Ipluiz)) + Ipliaumza)) * 1olize,) * 1912umza,)

< etz @) * 1ol * 196%liay,) * 19%Iice) * 19%0k1(Q ) b
(3.12)

where C depends on the H'-norms of pg and gy, and, for solutions (pj,d‘) arising from
data (fe,j-Po.],do.]»Poj»UO,)' j=1 and 2,
I - pelyicuiiza)) ¢ 1p1 - pedL2(uima(a))
o=y * 191- 92l o))
< e, - fo2li2u @) ¢ 1002 - Po.2?luiq) * 190,12~ G0, 22lniq, )
+ 1po,1 - po.2lyv(Q) * 190,1 - C’0.2|H‘(Q,,,)
*1p% - p%li1(q) + 19°1- 0%l ). (3.13)

where C depends on the H'-norms of pg , and Gy, as well as on the L2(H2)-norms of p,
and g;.

While higher order regularity for the solution has not been demonstrated, it is
trivial to at least see that the solution is smooth on the interior of its domain when
the model’s coefficients (including the X;) and data are smooth.



4. AFinite Element Method
For parameters h and h;, all i, in (0, 1], let #,CH'(Q) and, for each i, Nih,CH'o(Qi)

be standard Galerkin finite dimensional H'-approximation spaces of order R>2 in h and
S,22 in h;, respectively. Specifically, we need to be able to approximate ueH'(Q),

1<r<R, such that
inf - -1
PeM lu-?lyyq) < Clulyr)h . (4.1)
inf - -1
YeN, V-9l Q) £ CVlusq)m® ' (4.2)

(We have and will continue to suppress the h and h, parameters in the notation.) For

convenience, we will assume that # contains the constant functions. We will also
need the space

N* =N+ span{ 1A, (... Ayl

For any positive integer N, let At=T/N. For any function u, we will use the
following notation:

tn= nAt,

ul=u(t,),

un + un'l
u1/2 =

2
and

- uh - ym!
U = ——,
At

where n=0,1,...,N (except that n>1 in the last two expressions).

It will be useful to define the following elliptic projections. For ueH(Q), let u
denote the unique function in ™ for which

(x9(u-10), ¥9)=0, for all PeM, (4.3a)

jQ(u -U) dx = 0. (4.3b)



For veH',(Q,), let v denote the unique function in N;* for which

(x,¥(v-V), ¥y), =0, for all YeN,, (4.4a)

v(x) = v(x), x€3Q;. (4.4b)

If veH'(Q,)) is such that veH',(Q;), for all i (o is such a function), then v is defined
on all of Q. and it is doubly valued on the boundaries of the matrix blocks. Since we
will always consider v only on an Q,, its boundary values can always be considered to
be those of its trace from inside Q;, and, hence, no confusion should arise.

we shall now describe the finite element method. It will be a straightforward
modification of the method in [1]. At each time t , we will approximate p" by U"eM

and, on Q;, o" by VPeN.*. For convenience, start the method with

W= (4.5)
and

VO = gf, (4.6)

The equations for V", n>1, will amount to the following:

(¢iaVn, \y), M (xiSZV""/2, Z‘P)l - (zg_ivn-l/Q' SZ.“'),
= - (Ooli' Z’*’);. for all \Pfﬂi, (4-73)
|
Vh = I—é—[(u“, X))+ W, A L x€0Q;. (4.7b)
i

This calculation depends on U". In turn, the calculation for U" will depend on V"
through the matrix source term. We can decouple the two calculations by splitting the
boundary condition (4.7b) as

|
|

I ——'—[(U*'. Xi) + (U, Aol

Y [(n, X)) + (B, AyXy)-A 1At

x€dQ;,.  (4.8)
Then, for n=1,...,N,
1

Q]

where w"eNi" satisfies

V= whe —[(@Un, X)2Zp + (BN, A X2 ]At, (4.9)



[h_w._n:_w.:'_' 4:] + [KiZM. z\y] - [ZIIM z‘y]

At i 2 i 2 T,
= - (0oZ;. L), for all YeN,, (4.102)
wh = —[(u*‘ XD+ WL A x€0Q;, (4.100)

and where Z2=(Z,,...,Z,) and the ZJENI*, j=0,1,...,d, satisfy

o29) o 0] en )

At 2 |

=0, for all YeN,, (4.113)
Zp=1,  xedQ, (4.11bi)
2i= Ay x€dQy, =1, (4.11bii)

Over the time interval (t,_,.t,], W"accounts for the flow in the block arising from the
fluid present there at time t._, (which is V1) with no change in the boundary condi-
tion, while each 2j accounts for the flow arising in an empty block experiencing some
unit change over its boundary. The combination (4.9) is precisely the solution to (4.7).

Let
2
oot a1,

and Qf(Qi', 'Qi,d)' The matrix source term should be approximated as follows:

[[#iEL.Ai] ' [x&—?— -2, 74| ]-Aj}x,.}

| At |
j=0,1,...d, (4.12)

1
(/2 I__I{ 8V, 1); + [($;3v™, A,
|

+ (xiyvn-lﬂ - (2V""‘/2 - Go)ﬁi, Eﬁi)i ]‘Ai}Xi

= __1_{[¢iw"—v"‘" ‘] * [[%wﬂ-w"ﬁi]

| Q] At i At i

wh+ v |
+ [X;Sl . (Whs V- g0)¥;, _V_A;]i]'Ai}Xi

|
yr '{(am XD0jp* (AR, AX)-Q; } At. (4.13)



The equations for U", n > 1, can now be expressed as

(dar, 9) z|——{(am X0, 9)¢ (AN, AX))-(Q;, 9} At
+ (x@U™'72, 99) - (230772, 9)

= -(po¥, ¥9)+ (1,712, 9)
|
'|Q|{[¢. ]gxi.«v>+[[¢
v

+ [x'y 5

wh- V! ]

—— 'Asi

'(W"*W"Uo)li.EAi] ]'(A;Xi.‘P)}.
i

for all PeM. (4.14)

This has completed the method. In summary, (4.5) and (4.6) give the values of O
and V0. A single factorization (for each i) can be used to obtain the Z; from (4.11),

and then the Q; 5 and Q, can be calculated from (4.12). Now, successively for n=1,...,N,
solve (4.10) for W", (4.14) for U", and then define V" by (4.9).

Note that only the block problems (4.10), (4.11) that sit over the quadrature
points of the fracture calculation (4.14) need be computed. The block problems are
independent of each other, so they can be solved in parallel. Hence, as in [1], this is a
field-scale method.

Before going on to an analysis of the convergence of the method, we should remark
that the linear systems that arise in (4.3), (4.4), (4.10), (4.11), and (4.14) are not
singular. This is known for the first four systems, provided only that At is not too
large. Since uniqueness implies existence, for (4.14) it is sufficient to verify that

[b=9) 3 i l|{(u X0, 9 (U, AX(Q;. D))

+ (k¥ v9) - (2U, 29)
= 0, for all PeM, (4.15)

has U=0 as its only solution in*. If we set ¢=U in (4.15), then for At not too large,
the first and last two terms on the left side above taken together are positive-
definite. For similar reasons, the other term is at least positive-semidefinite. (This
reflects the stabilizing effect of the matrix which is more fully explored in [1] for its
simpler model.) We can easily see this fact by writing the term out via (4.12). With
Aig*l



3 ‘I{(U Xi)(Qi 0. U (U, AiX)-(Q. U)}

'Izg(u AijiXi) i[[&. [ .2_1 2,1..2/\;&]‘}
"(/\ikXi-U)}
:I_flﬂ?% i(u A,,x)[ [ .2—1 2%, 92| ](u AigXi),
il )0 ‘ (4.16)

by (4.11). Now, the expression in square brackets on the far right side of (4.16) is a
(d+1)x(d+1)-tensor which is the sum of 1+2d terms. 1+d of these terms are outer
products of (d+1)-vectors (and so are positive-semidefinite), while the other d terms
are dominated by these, so long as At is not too large. Hence, (4.16) is nonnegative,
and U=0 is the only solution to (4.15).

5. Convergence of the Method

Following [10], for n=0,1,...,N, consider each approximation error as the sum of
two pieces: p"-U=(p"-pM + (p"-UM and a"-V"=(o"-6M+(G"-VM. It is known that

3¥(p - o

l ® P)l I ’: hr-1, k=0,1;8=0and £=-1if R>3;
3tk H"'(Q) ot Hr(Q) 1<r<R, (5.1a)

19 -Plizq) <lplw@h™".  12r<R, (5.1b)

(0 -0) kg

| | | nd. k=0.1;1<s,<s; (all ),  (5.2a)
otk L2(Q,,,) otx IH3(Q,)

and
1%(0- L 2q, ) < ; Iolus(o,)hi® . 1<5;<S; (all i). (5.2b)

At first glance, it may appear that the linear functions o; where 6-G€H'o(Q;) must

be included in the bounding norms of (S.2). However, |16i|2L2(Q') < IZGI"’Lz(Q.). SO
Poincare's inequality shows that this is not necessary.
It remains to estimate the errors

"=p"-UeM

EN=o"- VVeNX (all i),



which satisfy an equation that is similar to (3.5). We will derive it in stages below.
For n=1,...,N, let us first combine the weak form of the average of the equations
for p at times t and t_, ((2.8), (2.13), and (2.14)) with the defining relation for p

(4.3a). After some manipulation, this equation is

($3p™, 9) + (x¥p™'/2, ¥9)
=((2§'*"2-po)zz g9) + (17172, 9)

i — {1y (e, o)

+ (xiyan—IIZ - (26h—l/2 - 00)1i- ZA;)i ]A'}x‘ ' q)]
(¢ n—|/2_a§n)’ (P)+ (Z(Pn-‘!/Q_ “'n-l/2)l, Y_(P)

;i—'—'[{(eb (0y2-33m, 1) + (b0 1/2- 33, Ay),

- (ovn-l/2 - 60-1/2' Z'xizﬁi)i

- (2(o™172 - 5n-1/2)§i' zAi)i]'A.j}Xi. 9
for all Pett, (5.3)

where (4.4b) has been used in integrating (xiy_(d“‘" 2_gm1/ 2),_V_Ai)i by parts.

Next, we can find a weak form for the average of the equation for o (2.4) at
times t and t_,. We will take a test function YeN* for which E is the linear

function associated to it (i.e., integrate against Y-,eN,CH'o(Q,)). Combined with the
defining relation (4.4a), after some manipulation, we see that

(haan’ q’)l + (XiEG""/Z. Y."y)'
= (2(6™"2- 0p)%;. LY);

[{cem - tehioen. s,

+ (x,¥6™ 12 - (26™ /2 - g)¥, m,),l-a‘}x,. ¢.]
- (¢-(o w1/2-3G"), y), + (2(c™'/2-6™1/2)y,, 9¥),
[{(h(or"? aa™), 1) + [($i(o™1/2-36M, A

1
+
||

-(g™V/2 . gmi/2 y.x‘ym)‘

-(2(o™'2 - c}n—l/?)li' YAJ)I ]Ai}Xi' %}'
for all ¥eN* ~ (5.4)



where we recall that

- | _
¥, = l_Q"l@p X))+ (¥, A|X|)A;] (5.5)
i

We can write the defining equation for V" (4.73) in a similar manner:
40V, ¥); + (x, ZV™'72, uy),
: ((ZV'*""’-c )%;, I¥);

[{@law ')i [(@,BV“ Al)l

"Tal
+ (KiEV'HIZ - (2ym1/2 - 00)Y;, YAi)i ]'Ai}xi. E} .
for all YeN;™. (5.6)

We are now ready to derive the equation for " and &", n=1,..,N. Add the
difference of (5.3) and (4.14) (with (4.13)) to the sum on i of the difference of (5.4)
and (5.6). The result is

($oL", @) + z(¢ aL", ¥), + (xZL™ /2, vg) + Z(x 1&*"2 vY),

= (2t™V2%, ¥9) + 3 (282, vy),
!
1
3o {atnne o
+ (xiyarH/? - 250—\/21‘,' yAi)i ]'Ai}Xi' q)-%]
- (¢(ptn-l/2_ 85"), (p) - z (¢i(dtn-'/2_ agM), \y)i
!

+ (Z(Pn-llz - 5&1/2)1' Z‘P) + Z (2(0'""/2 - 6n-l/2)§i, vy )i

3 1o {(har -0« [(htor2-26m. a0
I

- (oh‘l/2 - dn—l/2' Z'X‘EA|)|

- (2(o™ V2 - g™1/2)y;, za,-)il-ai}xi. ‘P-E}.
for all et and YeN™ (all i), n=1,..,N.  (57)

(Remember that ¥, is the linear function associated to ¥ | Q;")

It will be convenient to write down the boundary and initial conditions. In light
of (4.4b), the difference of (2.6) and (4.7b) yields the boundary condition



&n-on vn

= |——|[(C" X+ @ Aol
Q

The initial conditions are
Lo =0, xEQ, (5.9)

T Il(p ™ Xi) + (pP- N A XA ]
x€9Q;, n=1,...,N. (5.8)

and

g0=o0, XEQ, (5.10)

by (4.5) and (4.6).

We are now ready to derive our error estimates. First, take ¢=t"1/2 and y=§m1/2
in (5.7). In this case,

_.:l___[(cn-t/2 X) (Cn-|/2 A.]X)Al]
l

|Q| n—|/2-Pn-I/2 X) (Pn-|/2-pn-l/2 AX)A|]

2| |l(p XD+ (0= P AV L (5.11)
i

where 8 , is the Kronecker delta symbol. The terms in (5.7) containing the expression
‘P-% do not vanish; however, the effect of ‘P=C""/2 cancels with the effect of the
first term on the right side of (5.11). Hence, (5.7) becomes

|

_ n rny - oty . Bnorm. - (b.Pl Py,
2At[(ft»( L) - (pet e ] 2At2i:[(¢'£ RAEN( TALE LN

+ (xl("‘"z, ch-llz) + Z (X;_V_i“"/z. _V_‘;:n-I/Z)i

1
= (2(""/21. ch-llz) + z (2{""/21&. 2&n—l/2)i
1
|
+ ;m‘ [{(4’.’3{".1)] + [(%ain.ﬁi)i
¢ (R 2 - gpeif2y, YA')i]'A;}Xi

IQ l[(;,n—l/?.Pn-I/? Xi) (Pn—|/2_pn-|/2 AQX)AJ

IGO0 )+ (P axn)|
'(*(pt""/z apn) Cn—l/2) %(# (c, n~1/2 . 80") &n-l/?)



" (z(pn-‘/Q- “'n-l/2)1' 2(0"/2) + Z (2(00-'/2-604/2)1“ 2&““/2)i
i

: ;I—éﬁ ({(bitormir2-am, 1)+ 1o v2-a6m, o)
S (o™1/2- 512 gy g ),

- (2(™ V2 - g2y, g ]'As}Xi

[(pn-l/2 -ph‘l/? Xi) (Ph"l/Z _pn-I/2 A X )A']

L {(0- 30, 1) + (o0 BP, A 1]

|l

ZIQI

<cllp™"2-8p"%-1(g) * loy™2-86"y-1(q,,)
* 8o 01+ (A0 - P17 z(q)

+ lpn-1/2_'§n-l/2|2L2(Q) +

R (¢Cn-ll2' Cn-llz),_ z‘:(¢izn-|/2' zn-l/Q)i}

+ l/z{(xzcn-l/Z' ECR'I/Z) . z (xizan-llz' -V_En'l/Z)i}
i

n1/2 _ An-1/2y2
IO' o I LZ(Qm)

nl
8At|

L)

[{w a0 1)+ (bt A A,

(pn-!lz-pn-llz' Xi) + (pn—ll2-Pn-|/2-' A‘Xi)'Ai . (5.12)

I Q|2

Now, sum on n from 1 to m. After some manipulation, we see that

(LM, tm) + Zi(¢i£"‘. &M);
*Efxﬂ'*""’- gL 12) At 421 3 (k2 172, Zaif2), ot
S {3 1o 172571 Bt + § o™ /2- 330y 11g ) At
- PP 2(Q)) * 1o - 5120y 2(q, )
3 (2, i) o + 3 T2 i) a)
+ ‘/4§i:(¢i£‘ 2N



+2
17|

I3

2 [{(%a{n. ! )i + (¢i3£n' A4)1 ’Ai }Xi )

(p™1/2-F1/2 )+ (pFM2-G1/2 Xi)'Al] At

(5.13)
The last term above can be summed by parts. The result is

| ~ ~
25Tl L™ D (™ A0 At (7= 1)+ ™ ™. A )
i

!
2

-2
17| Q]2

VM3

({212,103 (212, Ay 4 ).
(3-8, X) + (8- 3", A X)) At
< c{lp-PlA(uazia) * 2 109" 3311y At
+3 TG, ey o)
: v.;(mm. Em);, (5.14)

where X;eH'(Q), for all i, has been used to obtain the optimal bound on opn-9p".

Finally, if At is not too large, the discrete Gronwall inequality can be applied to
(5.13), (5.14) to yield the estimates
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It is also valuable to take the test functions 9=9¢" and ¥=3E" in (5.7). Then
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i
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Atmil[(p X0+ (- B0 A (S.16)

The terms in (5.7) containing <P—Wi estimate directly , since we now have (5.15). 1t is

known how to treat all the other terms; In particular, the four gravitational terms

containing the expressions Yo" and ¥OEM can be treated by a summation by parts
argument analogous to the one given above. The final result is
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The following theorem is a combination of the estimates (5.1), (5.2), (5.15), and
(5.17).

Theorem:

If the data and solution of the double porosity model are sufficiently smooth, and
if At is not too large, then the solution of the finite element method approximates the
solution of the model as follows:
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where 1<r<R, 1<s,<S, (all i), k=1 (except k=0 if R=2), and HL=fmax(1, 1)

Note that the error estimates are optimal with respect to the discretization
parameters. The regularity required of p and g is also optimal, except in (5.18),
where o (and p if R=2) must be slightly smoother.
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