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Abstract

Several Markov chain methods are available for sampling from a posterior distribution. Two impor-
tant examples are the Gibbs sampler and the Metropolis algorithm. In addition, several strategies
are available for constructing hybrid algorithms. This paper outlines some of the basic methods
and strategies. and discusses some related theoretical and practical issues. On the theoretical side,
results from the theory of general state space Markov chains can be used to obtain convergence
rates. laws of large numbers. and central limit theorems for estimates obtained from Markov chain
methods. These theoretical results can be used to guide the construction of more efficient algo-
rithms. For the practical use of Markov chain methods, standard simulation methodology provides
several variance reduction techniques, and also gives guidance on the choice of sample size and
allocation.



1 Introduction

Suppose we are given a posterior distribution 7 on a quantity § with values in a space E. Usually
E will be a subset of R* and = will have a density with respect to a o-finite measure g,

7(dz) = m(z)u(dz).

For simplicity. = will be used to denote both the distribution and the density. We may be inter-
ested in computing a particular numerical characteristic of 7, or more generally in developing an
understanding of what information # contains about 6.

Several methods for computing characteristics of posterior distributions are now available.
These include asymptotic approximations, numerical integration, and sampling or Monte Carlo
methods. Sampling methods for examining posterior distributions provide ways of generating sam-
ples with the property that the empirical distribution of the sample, or an appropriately weighted
empirical distribution. approximates the posterior distribution. Using such samples, it is easy to
estimate characteristics such as the mean or standard deviation of a function of §. Marginal dis-
tributions can be estimated using smoothing or, in some cases, variance reduction methods. In
addition. for equally weighted samples methods for viewing point clouds, such as rotating plots
and Grand Tours. can be used to examine the joint uncertainty about three or more components
or features of 4.

A number of different sampling methods are available. In rare cases it is possible to sample
directly from the posterior distribution and thus obtain an i.i.d. sample from 7. In most problems
this is not possible. Either the sample has to be dependent, or the distribution used to generate the
sample has to be different from 7. A method that uses independent samples from a distribution
similar to & is importance sampling. The sample is then weighted to make up for the difference
between 7= and the distribution used to generate the sample. Over the past decade, most work
on sampling methods for exploring posterior distributions has centered on importance sampling
(Geweke, 1989: Stewart, 1979; Zellner and Rossi, 1984; among others). More recently, results of
Gelfand and Smith (1990) on the Gibbs Sampler have rekindled interest in the use of dependent
samples generated using Markov chains with equilibrium distribution 7. Gelfand and Smith extend
the Gibbs sampling algorithm of Geman and Geman (1984), originally developed for Bayesian
image reconstruction. to continuous distributions and show how the algorithm can be used in a
wide variety of problems. Other methods of generating Markov chains with a specified equilibrium
distribution include the Metropolis algorithm (Metropolis et al., 1953) and some of its variants and
extensions.

This paper outlines a number of the basic Markov chain algorithms that are available, and
describes several ways in which the algorithms can be combined to form hybrid algorithms. Results
from the theory of general state space Markov chains (Nummelin, 1984; Revuz, 1975) are used to
derive properties of these algorithms and to suggest improvements to some algorithms. Finally,
some issues that arise in the implementation of Markov chain methods are discussed.

2 Some Markov Chains

2.1 Notation and Definitions

This subsection gives some informal definitions of concepts that are needed in the remainder of the
section. More careful definitions of some of these concepts are given in Section 3.



A time-homogeneous Markov chain with invariant distribution 7 is a sequence of E-valued
random variables {X,:n > 0} such that the transition kernel P defined by

P(Xn,A) = P{J n+l e AIXO,...,.Xn}

satisfies
w(A) = / x(dz)P(z, A)

for all measurable sets A. The distribution of X is the initial distribution of the chain. The
conditional distribution of X, given Xj is written as

P{X, € AXo} = P*(Xo, A)

where P" denotes the n-th iterate of the kernel P.
The invariant distribution 7 is an equilibrium distribution for the chain if for r-almost all =

lim P"(z, A) = n(A)

for all measurable sets A. For a chain to have an equilibrium distribution, the chain must be
irreducible and aperiodic. A Markov chain with invariant distribution 7 is irreducible if, for any
initial state. it has positive probability of entering any set to which = assigns positive probability. A
chain is periodic if there are portions of the state space it can only visit at certain regularly spaced
times: otherwise. the chain is aperiodic. If a chain has a proper invariant distribution 7 and it is
irreducible and aperiodic, then 7 is the unique invariant distribution and is also the equilibrium
distribution of the chain (see Theorem 1 in Section 3 below).

Many approaches are available for constructing Markov chains with a specified invariant distri-
butions. Several strategies are outlined in the following subsections.

2.2 Conditioning and the Gibbs Sampler

One approach to constructing a Markov chain with invariant distribution 7 is to use conditioning.
Suppose X has distribution 7, f is a function defined on F, and Y = f(X). If

Q(y, A) = P{X € AlY =y},

then P(z.A) = Q(f(z),A) is a transition kernel with invariant distribution x. Since P(z,-) puts
all its mass on the set f~!({z}), P will typically not be irreducible. But choosing several func-
tions f1,...,fm, constructing the corresponding conditioning kernels Py, ..., P, and using these
kernels in order produces another kernel P = P, P, ... P, with invariant distribution 7 that may
be irreducible. This is the strategy used in the Gibbs sampler of Gelfand and Smith (1990). If E is
a subset of a product space and z € E can be written as z = (21,...,Zm), then the Gibbs sampler
uses the functions

fi(z) = fl@1y. 1 Tm) = (Z1y0 0 0 Tic1, Tigly oo 3 Tm)

fori=1,...,m.

The kernel obtained by conditioning on Y has the property that it is invariant to the conditional
distributions X|Y = y for all y. Any kernel with this property will have invariant distribution 7. In
particular, a kernel that applies one of the methods described below to the conditional distributions
X|Y = y produces a kernel with invariant distribution . Again, a single kernel of this type is
usually not irreducible, but several can be used in series to produce an irreducible kernel.



2.3 The Metropolis Algorithm

The-Metropolis algorithm was originally introduced by Metropolis et al. (1953) for computing
properties of substances composed of interacting individual molecules. This algorithm has been
used extensively in statistical physics (Hammersley and Handscomb, 1964, Section 9.3). A variation
on this algorithm was proposed by Barker (1965). A generalization was introduced by Hastings
{1970) and studied further by Peskun (1973). Another generalization is known as the hit-and-
run algorithm (Smith. 1984: Schmeiser and Chen, 1991). The Metropolis algorithm forms the
basis of the simulated annealing algorithm (Kirkpatrick et al., 1983). In the discrete Bayesian
image reconstruction problems considered by Geman and Geman (1984), the Gibbs sampler can
be viewed as a special case of Barker’s version of the Metropolis algorithm.

The General Algorithm

To define Hastings' version of the algorithm, suppose that 7 has a density with respect to u and
let Q be a Markov transition kernel of the form

Q(z,dy) = q(z,y)u(dy)-

To avoid some trivial special cases. let E* = {z : #(z) > 0} and assume that Q(z,E+) = 1 for
r € E*, Also assume that = is not concentrated on a single point. Then define

in { F(Wa(y, z) ,
a(z,y) = { e {F%x_)lqém 1} if 7(2)q(z,y) > 0

if 7(z)q(z,y) = 0.

If the chain is currently at a point X, = z, then it generates a candidate value Y for the next
location X4 from the distribution Q(z,+). With probability a(z,y) this candidate is accepted and
the chain moves to Xp41 = y. Otherwise, the step is rejected and the chain remains at X,4; = z.

This algorithm only depends on 7 through ratios fo the form 7(y)/7(z); thus = only needs to
be known up to a normalizing constant.

If x(z)g(z.y) > 0. then a(z,y) = 0 if 7(y) = 0. Thus the chain almost surely does not leave
the set E* once it is entered. The restrictions imposed on @ insure that E* will be entered after
at most one step. In practice. the initial state will always be chosen to be in E*. The formal
specification of P is extended to the complement of E* for mathematical completeness.

If we define the off-diagonal density of a Metropolis kernel as

p(z,y) = { q(z, y)oa(m’ y) :I:: 7=£ z

and set
r(z)=1- f p(z,y)u(dy),

then the Metropolis kernel P can be written as

P(z,dy) = p(z, y)p(dy) + r(z)6z(dy)

where 6, denotes point mass at z. The value r(z) is the probability that the algorithm remains at
z. Since p satisfies the reversibility condition

m(z)p(z,y) = 7(y)p(y, )
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it follows that = is an invariant distribution for P: For any measurable set 4,
[Padmdn) = [[[ peundn] n@ue) + [ r@banEnds)

[ | pewr@nta)| wdn) + [ r(e)m(e)ncda)

L[ pwarm@mtan)| wan + [ r@m(mz)

J @ =@ @@+ [ rEmEmud)

= [ #(y)u(dy).
A

For P to be irreducible. it is necessary that @ be irreducible, but this is not sufficient: irre-
ducibility of P depends on both @ and #. If P is irreducible and #({z : r(z) > 0}) > 0 then, by
the results of Nummelin (1984. Section 2.4), the Metropolis kernel is aperiodic.

The original Metropolis algorithm assumes ¢(z,y) = ¢(y,z). In this case the acceptance prob-

ability simplifies to W)
. Ty
a(z,y) = min {m)-, 1} .

Barker (1965) and Hastings (1970) consider several alternative forms of the acceptance probability,
but results of Peskun (1973) show that the form given here is optimal among a fairly wide range
of choices. The main reason is that this form rejects candidate steps less often than other forms.
Hastings suggests monitoring rejections. Other forms of the acceptance probability may be useful
in kernels used for conditioning as discussed in Section 4.3 below.

The Metropolis algorithm is very general, allowing a variety of useful special cases based on
different choices of the transition kernel . The following subsections give a few examples of
Metropolis kernels that are useful for examining posterior distributions.

Random Walk Chains

Suppose E = R¥, 4 is Lebesgue measure, and f is a density on E. If Y is generated by drawing Z
independently from f and setting Y = z 4+ Z, then ¢(z,y) = f(y — z). Thus the kernel @ driving
the Metropolis chain is a random walk. Natural choices for the increment distribution include
a uniform distribution on a disk, a normal distribution, or perhaps a multivariate ¢ distribution.
Split-t distributions (Geweke, 1989) may also be useful. The scale matrix for f can be taken as
a constant ¢ times the inverse information at the posterior mode. Good choices for the step size
constant ¢ are still an open problem, but c =1 and ¢ = -15 seem to work reasonably well in a number
of examples.

If the increment density f is symmetric about the origin, then ¢ is symmetric and the simpler
form of the acceptance probability can be used. The algorithm given by Miiller (1991) corresponds
to a random walk Metropolis chain with an increment density f that is symmetric about the origin.
The hit-and-run algorithm (Smith, 1984; Schmeiser and Chen, 1991) with a uniform direction
choice and step size chosen by the Metropolis method corresponds to a random walk chain with a
spherically symmetric increment density.

If the density f is strictly positive on all of R, then the random walk Metropolis kernel is
irreducible and aperiodic. If f is not strictly positive everywhere, but is strictly positive on a
neighborhood of the origin, then a sufficient condition for the Metropolis kernel to be irreducible
and aperiodic is that E* be open and connected.
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Independence Chains

Candidate steps Y can also be chosen from a fixed density f. This option is discussed in Hastings
(1970. Section 2.5). In this case, ¢(z,¥) = f(y) and the acceptance probability a(z,y) can be

written as (
a(z,y) = min {z(—:;, 1}

where w(z) = 7(z)/f(z). This function w is the importance weight function that would be used
in importance sampling if observations were generated from the density f.

The independence Metropolis chain is closely related to the corresponding importance sampling
process. Candidate steps with low weights are rarely accepted. On the other hand, candidates
with high weights are usually accepted, and the process will usually remain at these points for
several steps. thus using repetition to build up weight on these points within the sample. If some
points have very high weight values, then the process may “get stuck” at these points for a long
time. Thus. as for importance sampling, it is useful to choose f to produce a weight function
that is bounded. and as close to constant as possible. If the weight function is constant, then the
Metropolis algorithm will never reject candidate steps, and the chain produces an i.i.d. sample from
7. Again. the best choice of f for an independence Metropolis kernel is still open to question, but,
because of the close relation to importance sampling, it is reasonable to conjecture that multivariate
t distributions with low degrees of freedom, split-¢ distributions, and other distributions that have
been found to be useful as importance sampling densities will be good choices in this context as
well.

An independence Metropolis kernel is irreducible and aperiodic if and only if f is positive
p-almost everywhere on Et.

Rejection Sampling Chains

An interesting special case of the independence Metropolis kernel occurs if sampling from f uses
rejection sampling. Rejection sampling (see, for example, Ripley, 1987, Section 3.2) is the basis
for several algorithms for generating variates from standard univariate distributions. This method
has also been suggested by Zeger and Karim (1991) and by Carlin and Gelfand (1990) for use with
the Gibbs sampler in cases where it is not possible to sample directly from certain conditional
distributions.

In attempting to use rejection sampling to sample directly from 7, we use a density 4 and a
constant ¢ such that, hopefully, 7(z) < ch(z) for all z. Pairs (Z,U) are generated by generating
Z from h and U uniformly on the interval [0, c 2(Z)] until a pair satisfying U < 7(Z) is obtained.
The final Z then has density

f(z) x w(z) A eh(z).

If we do indeed have r(z) < ch(z), then f is proportional to = and we obtain an i.i.d. sample from
=. But it is very difficult to insure that c is large enough for ¢ h to dominate = without choosing ¢
excessively large, leading to an inefficient algorithm with many rejections. And even then without
extensive analysis of the tails of » and # we cannot be certain that ¢ A does dominate 7.
Fortunately, using this rejection scheme to drive an independence Metropolis chain provides a



simple remedy. If we define C = {z : =(z) < ch(z)}, then the Metropolis acceptance probability is

1 forzeC
m(z)
O(.’t,y)= W forz¢C,y€C
m(y)h(z)
W forz¢C,y¢C.

Thus the algorithm will occasionally reject candidate steps when the chain is at a point z ¢ C.
This repeats the point z within the sample path, and thus compensates for the deficiency in the
envelope at r. Dependence is introduced to make up for this deficiency and insure that = is the
invariant distribution of the Markov chain. If the envelope is in fact adequate, then no candidates
are rejected. and the chain produces an i.i.d. sequence from =.

Autoregressive Chains

If E = R*. u is Lebesgue measure, and f is a density on E with respect to p, then an intermediate
strategy between a random walk and an independence kernel is obtained by generating Z from f
and defining candidate steps by Y = a + b(z — a) + Z. Here a € R* is a fixed vector and b is either
a real constant or a fixed & x k& matrix. Thus ¢(z,y) = f(y — a — b(z — a)). For b = 1 this reduces
to the random walk kernel. For ¢ = 0 and & = 0 it produces an independence kernel. If 0 < b < 1,
then this strategy shrinks the current state towards the point a before adding the increment Z.

In this autoregressive strategy, it is also possible to take b < 0. If b = —1, then the current
state is reflected about the point a before adding the increment Z. This is used by Hastings (1970,
Example 2) to induce negative correlations between successive states in the chain. This will often
reduce the variance of estimates of expectations of linear functions. It can be viewed as a method
of producing antithetic variates (Ripley, 1987, Section 5.3).

The reflection strategy can be taken to a limit by using a degenerate increment density concen-
trated at the origin. This corresponds to generating a candidate step by just reflecting the current
state z about the point a to produce y = 2a — z. This candidate is then accepted with probability

7(2a - z) 1} .

a(z,y) = min {T(z)_——’

Since the candidate generation density is not absolutely continuous with respect to Lebesgue mea-
sure., the dominating measure for 7, this limiting kernel does not satisfy the definition of a Metropolis
kernel given above. Nevertheless, it does have invariant distribution . It is obviously periodic and
not irreducible, and therefore cannot be used alone. But it can be useful in mixtures or cycles with
other kernels as discussed below.

Strategies that use reflection about a point a are most effective when the density = is approx-
imately symmetric about a. Other symmetries, such as axial symmetries, can be exploited along
similar lines.

Grid-Based Chains

Ritter and Tanner (1991) propose a method called the Griddy Gibbs Sampler for Gibbs sampling in
problems where conditionals cannot be sampled directly. This method is also described in Tanner
(1991). The idea is to evaluate the conditional density on a grid and use an approximate cumulative
distribution function based on these grid values to generate variables with approximately the right
conditional distribution.



Using this algorithm in its pure form may require quite a fine grid and thus a very large number
of posterior density evaluations to control the error in the approximation. Fortunately, as in the
case of rejection sampling,. it is possible to embed this algorithm in a Metropolis chain to insure
that the equilibrium distribution is exactly = even for a coarse grid. To simplify the discussion,
suppose that £ = IR, u is Lebesgue measure, and f is a density on E with respect to x. In higher-
dimensional problems. the one-dimensional algorithm can be applied to each coordinate in turn, as
in the Gibbs sampler. or along randomly chosen directions, as in the hit-and-run algorithm. Let
I1.....Im be a fixed set of points. To generate a candidate step Y, first select a point z; from
Iye.... I, according to a distribution that is proportional to the density values 7(z),...,7(zm)
at these points. Then generate an increment Z from f and add this increment to z; to obtain

"= ri 4+ Z. Thus the density of the candidate generation kernel is

_ 2 m(z)f(y — =)
Q(z7 y) - Z 71'(33,')

and the probability of accepting a candidate is

_ . [my) Ea(z)f(z - i)
a(z.y) = min {ﬂ_(z) S (@) (7 —20)’ 1} .

If the tails of the density f are thick enough, then the acceptance probability will be bounded away
from zero.

For equally spaced points the density g(z,y) is a kernel-smoothed approximation to n(z). If
this approximation is good, then the acceptance probability will be close to one, and the chain will
produce approximately i.i.d. variables from . If the approximation is not particularly good, the
Metropolis chain will reject frequently to compensate for deficiencies in the approximation, but the
equilibrium distribution will still be exactly equal to .

Several variations on this approach are possible. The points can be equally spaced or unequally
spaced. and different probabilities can be used. For example, the points might be obtained as a
sample from a density that approximates = and the probabilities taken to be proportional to the
corresponding importance weights. This approach could be applied directly in higher dimensions.
It may also be useful in some cases to use different densities f at each point.

Another variation is to use a sliding lattice centered at the current location z of the chain. Thus
the grid points would be of the form z & iA for 0 < ¢ < m for some fixed increment A. This changes
the candidate generation density to

_ Tr(e£ih)f(y—z Fih)
9(z,y) = Y. w(z £1ih)

and the acceptance probability to

[t Tr(y£ik)f(z - y F ih) (= £ ih)
a(z,y) = min {w(z) S(z Lih)f(y—z Fih) S w(y £ ih)’ 1}

This approach is particularly useful if there is too much uncertainty about the range of the distri-
bution to permit using a fixed grid.

For a sliding lattice grid it is possible to consider the limiting case where the increment dis-
tribution is point mass at the origin. In this case candidates are chosen from the lattice with
probabilities proportional to w(z % th) and are accepted with probability

a(z,y) = min {%z;—m, 1} .

7



If the support of ¥ is bounded and the lattice is wide enough to cover the support from any starting
point in the support. then a(z.y) =1 for all z and y in the support. As in the reflection scheme
discussed above. this limiting case has invariant distribution = but is not irreducible. Again it
can be used in combination with other kernels. It also has the advantage that the conditional
expectation E[X,41|X ] is very easy to compute; this is useful for variance reduction.

2.4 Combining Strategies

The methods outlined above can be used in a pure form, or they can be combined into hybrid strate-
gies. One way to form a hybrid strategy is to use conditioning, as described above, and then apply
a more basic strategy to the conditional distributions. Two other basic forms of hybrid strategies
are mixtures and cycles. Suppose P,..., P, are Markov kernels with invariant distribution #. In
a mixture. positive probabilities aj,...,an, are specified, and at each step one of the kernels is
selected according to these probabilities. In a cycle, each kernel is used in turn, and when the last
one is used the cycle is restarted.

Mixtures and cycles can be used in several ways. For example, a Gibbs sampler can be combined
with occasional steps from an independence chain in a mixture or a cycle to “restart” the Gibbs
sampler and thus reduce correlations while preserving the equilibrium distribution. As another
example. suppose ¢ can be split into two components (6,,6;), and direct sampling from 6,0, is
possible but direct sampling from #;|6; is not possible. Such a situation is considered by Zeger and
Karim (1991). Then “Gibbs steps” for 6,|6; can be combined with Metropolis steps for 83|6; in a
mixture or a cycle.

If one of the kernels in a mixture is irreducible and aperiodic, then it is easy to see that the
mixture kernel is irreducible and aperiodic as well. If one of the kernels is irreducible and aperiodic,
then the cycle kernel is often also irreducible and aperiodic, but there are simple counterexamples
that show that no general statement to this effect can be made. In general, irreducibility and
aperiodicity of a cycle need to be verified for each case unless one of the kernels has some special
structure (see Proposition 4 below).

Mixtures can also be constructed by selecting according to a fixed distribution from a family
of transition functions indexed by a general parameter. Hit-and-run algorithms with a uniform
direction distribution (Smith, 1984; Schmeiser and Chen, 1991) can thus also be viewed as mixtures.

3 Some Theoretical Results

This section presents some results from the theory of general state space Markov chains in a form
that is useful for establishing properties of Markov chains constructed to have a specified invariant
distribution. The development in this section is based primarily on Nummelin (1984).

To start off, we need some more notation and definitions. Let £ be a countably generated
o-algebra on E. A (Markoy) transition kernel on (E,£)is amap P: E x £ — [0,1] such that

(i) for any fixed A € &, the function P(-, A) is measurable
(ii) for any fixed z € E, the function P(z,-) is a probability measure on (E,£).

Probabilities for a Markov chain with transition kernel P started at z are denoted by F.
If v is a probability, P is a transition function on (E,£), and & is a real-valued, £-measurable
function, then vP, Ph and vh are defined by

(vP)(A) = / P(z, A)v(dz)
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(Ph)@) = [ h(y)P(z.dy)

and

vh= [ hyw(dy)

for all r € E and 4 € £. A nonnegative real-valued function A is called harmonic for P if h = Ph.
Following Nummelin. the total variation norm of a bounded signed measure A on (E,£) is
defined as
I All= sup A(4) = inf A(4).

The total variation distance between two such measures A; and Az is || A; — Az ||. Other definitions
of the total variation distance may differ by a factor of two.

The notation {4, i.0.} means that the sequence A, occurs infinitely often, i.e. that 3~ 14, = oo.

For general state spaces. irreducibility is defined with respect to a o-finite measure ¢. A
transition kernel P on (E. &) is ¢-irreducible if ¢(E) > 0 and for each z € E and each A € £ with
#(4) > 0 there exists an integer n = n(z,A) > 1 such that P*(z, A) > 0. For our purposes, it is
natural to take > = 7. The usual notion of irreducibility for a discrete state space corresponds to
irreducibility with respect to counting measure.

A =-irreducible transition kernel P is periodic if there exists an integer d > 2 and a sequence
{E¢. Ei..... E;_1} of d non-empty disjoint sets in £ such that forall¢ =0,...,d—1,and all z € E;

P(z,E;)=1 forj=i+1 (mod d).

Otherwise. the kernel is aperiodic.

3.1 Convergence of Distributions

A crucial concept in the theory of discrete state space Markov chains is recurrence. This concept
is also crucial in the convergence theory of general state space chains. A general definition of
recurrence is given in Nummelin (1984, Definition 3.5). A definition that is sufficient for the
present context is as follows. A #-irreducible chain X, with invariant distribution = is recurrent if
for each B with x(B) > 0

P.{X,€Bio}>0 foralz
P.{X, € Bio}=1 forr-almost all z.

The chain is Harris recurrent if P.{X, € B i.0.} =1 for all z.

If a chain is x-irreducible but not recurrent, then Theorem 3.6 and Proposition 3.9 of Nummelin
(1984) show that there exists a set B with w(B) > 0 such that P*(z,B) — 0 for all z. For a
chain that has an invariant probability distribution, this leads to a contradiction. Thus if P is
w-irreducible and has 7 as an invariant distribution, then P must be recurrent. By Corollary 5.2
of Nummelin (1984), a #-irreducible recurrent chain has an invariant measure that is unique up to
a multiplicative constant. The chain is called positive recurrent if the total mass of this measure
is finite; otherwise it is null recurrent. Thus if P is 7-irreducible and « is an invariant probability
distribution for P, then P must be positive recurrent, and = is its unique invariant distribution.
If P is also aperiodic, then the transition probabilities converge to x. This is summarized in the
following theorem (based on Nummelin, 1984, Theorem 3.7 and Proposition 6.3).



Theorem 1 Suppose P is w-irreducible and nP = n. Then P is positive recurrent and « is the
unique invariant distribution of P. If P is also aperiodic, then for w-almost all z

| P*(z,-) =7 [ =0

with || - || denoting the total variation distance. If P is Harris recurrent, then the convergence
occurs for all z.

While this result does not provide any information on the rate of convergence, its assumptions
are quite minimal. In fact, the assumptions are essentially necessary and sufficient: If

I P*(z,) = 7 [l 0

for all z, then, by Proposition 6.3 of Nummelin (1984), the chain is 7-irreducible, aperiodic, positive
Harris recurrent, and has invariant distribution 7.

The exceptional null set for non-Harris recurrent chains is a nuisance. Fortunately, in our
applications it is usually not hard to verify that a chain is Harris recurrent. The basic result is the
following theorem (Nummelin, 1984, Theorem 3.8):

Theorem 2 If P is recurrent, then it is Harris recurrent if and only if every bounded harmonic
function is a constant.

A condition that is satisfied by most irreducible Gibbs samplers is given by the following corollary.

Corollary 1 Suppose P is w-irreducible and #P = n. If P(z,) is absolutely continuous with
respect to w for all z, then P is Harris recurrent.

Proof Let h be a bounded harmonic function for P. The assumptions imply that P is recurrent;
hence by Proposition 3.13 of Nummelin (1984) A = wh w-almost everywhere. Absolute continuity
then implies that (Ph)(z) = wh for all z. Thus h = 7h,i.e. h is a constant. a

For general Metropolis kernels as defined above, no additional conditions are needed:

Corollary 2 Suppose P is a w-irreducible Metropolis kernel. Then P is Harris recurrent.

Proof Let & be a bounded harmonic function for P. Since the assumptions imply that P is
recurrent, b = wh w-almost everywhere as in the preceding proof. Suppose z € E*, let p(z,y)
denote the off-diagonal density of the Metropolis kernel, and let r(z) be the probability that a
chain starting at z remains at z. Now [, m(y)u(dy) = 0 implies [, p(z, ¥)u(dy) = 0 for z € E*.

Therefore
[ 2@ k@) = (1= r())wh

and thus
[ P@.dnh(s) = (1 - r(@))wh + r(2)h(z) = h(z).
This in turn implies
(1~ r(2))(h(z) - 7h) = 0

for every z € Et. Since 7 is not concentrated on a single point, w-irreducibility implies that
r(z) < 1 for all z. Thus h(z) = wh for all z € E*. Finally, if z ¢ E*, then, by the restrictions
imposed on Q and the definition of a(z,y), we have Q(z, E*) = 1 and a(z,y) = 1, and therefore
h(z) = (Ph)(z) = wh. Thus h = wh, i.e. h is a constant. o

10



3.2 Rates of Convergence

A Markov chain is called ergodic if it is positive Harris recurrent and aperiodic. Several stronger
forms of ergodicity that provide information on the rate of convergence in Theorem 1 are available.

A rather weak form of ergodicity stronger than simple ergodicity is called ergodicity of degree
2. If Sp denotes the hitting time for the set B, then an ergodic chain with invariant distribution
7 is ergodic of degree 2 if

Lr(dz)Ex[Sgl < o0
for all B € £ with #(B) > 0 (Nummelin, 1984, Definition 5.5). For such a chain
nl|| P*(z,:) -7 ||—0

for w-almost all z (Nummelin, 1984, Corollary 6.9).

Two stronger forms of ergodicity are called geometric and uniform ergodicity. An ergodic
Markov chain with invariant distribution 7 is geometrically ergodic if there exists a nonnegative
real-valued function Af with #|M| < oo and a positive constant < 1 such that

| Pz, ) - 7 [I< M(z)r"

for all z. The chain is uniformly ergodic if there is a positive constant M and a positive constant
r < 1 such that

sup || P(z, ) — 7 [|< M.

z€E

Uniform ergodicity implies geometric ergodicity, and geometric ergodicity implies ergodicity of
degree 2.

To give more easily verified sufficient conditions for geometric and uniform ergodicity, we need
the notions of a minorization condition and a small set. A w-irreducible kernel P satisfies a
minorization condition M(m,f,C,v) for an integer m > 1, a constant § > 0, aset C € £, and a
probability measure v on £ if #(C) > 0 and

Bv(-) < P™(z,) forall z € C.

A set C is a small set for P if P satisfies a minorization condition M(m, 8, C,v) for some m, 3, and
v. In the general theory, small sets play similar roles to individual states in discrete chain theory.

The following drift condition is sufficient to insure geometric ergodicity (Nummelin, 1984,
Proposition 5.21):

Proposition 1 Suppose X, is ergodic and there ezist a nonnegative real-valued £-measurable func-
tion g, a small set C, and a constant v > 1 such that

sup E[rg(Xn+1) — 9(X5)|Xn =z} =sup(rPg—g) <0
z€C*e Ce

and
S‘elg E[g(Xnt+1); Xn41 € CO| X = 2] = sup P(1ceg) < co.

Then X, is geometrically ergodic.
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Proposition 4 Suppose P, and P; have invariant distribution m and assume that P, satisfies the
minorization condition M (1,8, E,v) for some 3 and v. Then Py P; and P, P, are uniformly ergodic.

Proof Since Py(z,-) > Bv(-) for all z,

(PAP)(z,°) 2 B(vP)(-)-
So P, P, satisfies the minorization condition M(1,8, E,vP;) and is therefore uniformly ergodic.
Similarly,
(PP )(z,-) 2 Br(-)
and P, P, satisfies the minorization condition M(1, 8, E,v). (|

Since an independence kernel with bounded weight function w = x/f satisfies a minorization
condition M(1,8, E,v), any mixture or cycle containing such a kernel is uniformly ergodic. Thus
any strategy can be made uniformly ergodic by inserting periodic or random “restart steps” using
a restart distribution f with sufficiently thick tails.

3.3 Limiting Behavior of Averages

Suppose we use a single long run to estimate the expectation 7 f of a real-valued =-integrable
function f by the sample average

- 13
f n= ; E f (X i)‘
=1
The limiting behavior of this average is described by a law of large numbers and a central limit
theorem.

A law of large numbers can be obtained from the ergodic theorem or the Chacon-Ornstein
theorem. The following theorem is a corollary to Theorem 3.6 in Chapter 4 of Revuz (1975):

Theorem 3 Suppose X, is ergodic with equilibrium distribution =, and suppose f is real-valued
and 7| f| < 0o. Then for any initial distribution, f,, — nf almost surely.

The law of large numbers holds for any ergodic chain; it does not require any conditions on the
rate of convergence to the stationary distribution. The central limit theorems that are available do
require some assumptions on the rate of convergence. The following central limit theorem is given
in Corollary 7.3 of Nummelin (1984).

Theorem 4 Suppose X,, is ergodic of degree 2 with equilibrium distribution x, and suppose f is
real-valued and bounded. Then there ezists a real number o(f) such that the distribution of

\/7-7'- (Tn - 1!'f )
converges weakly to a normal distribution with mean zero and variance o(f)? for any initial distri-
bution.
The boundedness assumption on f can be removed if the chain is uniformly ergodic:

Theorem 5 Suppose X, is uniformly ergodic with equilibrium distribution =, and suppose f is
real-valued and 7(f?) < co. Then there ezists a real number o(f) such that the distribution of

v (Fu—7f)

converges weakly to a normal distribution with mean zero and variance o(f)? for any initial distri-
bution.

13



This condition can sometimes be used to verify geometric ergodicity of Gibbs samplers by taking
C to be bounded with 7(z) positive on C, and taking g to depend only on one of the coordinates.
An illustration of this argument is given in the example of Section 5.

An alternative condition for geometric ergodicity of a Gibbs kernel is given by Schervish and
Carlin (1990). Remarks following the proof of their Corollary 1 show that their square integrability
condition implies geometric ergodicity as it is defined here.

For uniform ergodicity, a simple necessary and sufficient condition is available (Nummelin, 1984,
Theorem 6.15):

Proposition 2 A transition kernel P is uniformly ergodic if and only if the state space E is small.
Furthermore. if P satisfies a minorization condition M(m, (3, E,v), then the convergence rate r
satisfies r™ < (1 - 3).

Proof This follows from Theorem 6.15 of Nummelin (1984), together with the observation that
a minorization condition M (m, 3, E,v) for P implies that P is v-irreducible, that the conditions
M(k.3.E.v) hold for all & > m, and therefore that P is aperiodic. The rate result follows from
the remarks after Theorem 6.15 of Nummelin and the representation of the invariant distribution
given in Corollary 5.2 of Nummelin. o

Roberts and Polson (1990) give conditions for uniform ergodicity based on continuity and compact-
ness. In addition. they give a version of the preceding theorem based on a minorization condition
with m = 1.

For a Metropolis kernel, the following corollary gives a sufficient condition for uniform ergodicity
that can often be insured by truncating = to a suitable compact set:

Corollary 3 A Metropolis kernel with p(Et) < co and q and © bounded and bounded away from
zero on E* satisfies a minorization condition M(1, (8, E,v) with v proportional to the restriction
of p to E*, and is therefore uniformly ergodic.

Weaker conditions are possible.
For an independence Metropolis kernel, a sufficient condition for uniform ergodicity can be
given in terms of the weight function:

Corollary 4 An independence Metropolis kernel with density f and bounded weight function w =
=/ f satisfies @ minorization condition M(1,8,E,n) with § = (supw)~!, and is thus uniformly
ergodic. The convergence rate r satisfies r < (1 - 8) = (1 — (supw)™1).

Under certain conditions we can infer rates of convergence of mixtures or cycles of kernels from
their components. For mixtures, if one kernel is uniformly ergodic then the mixture is:

Proposition 3 Suppose P, and P2 have invariant distribution = and P, is uniformly ergodic. Then
for 0 < a < 1 the kernel aPy 4+ (1 — a) P, is uniformly ergodic.

Proof Since P, is uniformly ergodic, it satisfies a minorization condition M(m, 8, E,v) for some
m, (3, and v. Thus
(P + (1 - a)P)™(z,-) 2 «™ P (z,) 2 a™PBv(-)

for all z. So aP; + (1 — a)P; satisfies a minorization condition M(m,a™B, E,v) and is uniformly
ergodic. a

For cyclic combinations, a stronger hypothesis appears to be needed:
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This follows from item (ii) in Corollary 4.2 of Cogburn (1970). The assumption that the chain is
uniformly ergodic implies. in Cogburn’s terminology, that the entire state space is uniform.

The conditions in these theorems are stronger than they need to be. Nummelin (1984, Theorem
7:6) gives a weaker condition. but it is stated in terms of expectations related to hitting times for
sets with positive x-probability and appears rather difficult to verify directly. Nummelin also gives
an expression for o( f) in terms of potential operators for P. Kemeny and Snell (1976, Corollary
4.6.2) and Peskun (1973) give explicit expression for o(f) for a finite state space. None of these
expressions appear to be suitable for numerical determination of o(f) in the present context.

As a final note. the ergodicity assumptions in the theorems of this subsection imply that the

chains are aperiodic. Aperiodicity is not necessary for these results on sample path averages to
hold.

4 Implementation Issues

In addition to examining the theoretical properties of a Markov chain, there are several imple-
mentation issues that need to be considered before using such a chain to examine a posterior
distribution.

4.1 Choosing a Sampling Plan

There are two extreme approaches to using Markov chains to sample from a posterjor distribution.
At one extreme. a Markov chain can be used to generate n independent realizations from the
posterior distribution by using n separate runs, each of length m, and retaining the final states
from each chain. The run length m is to be chosen large enough to insure that the chain has
reached equilibrium. The other extreme is to use a single long run, or perhaps a small number of
long runs. Experience and theoretical assessments in the simulation literature appear to favor the
use of long runs (Bratley et al., 1987, Section 3.1.1; Kelton and Law, 1984). The major drawback
of using short runs is that it is virtually impossible to tell when a run is long enough based on such
runs. Even using long runs. determining how much of the initial series is affected by the starting
state is very difficult. but some literature on the subject is available (Ripley, 1987, Section 6.1). A
second drawback of short runs is that it makes inefficient use of the data: only n out of a total of
nm data points are used. With a single run of length am it is possible to use all the data, after
possibly discarding a small initial fraction.

A complication that does arise from the dependence in using a single series is that variances of
estimates are harder to obtain. Again the simulation literature offers several alternatives, such as the
use of batch means and time series analysis (Bratley et al., 1987, Chapter 3; Ripley, 1987, Chapter
6). For some purposes it may nevertheless be useful to have an approximate independent sample
from the posterior. Using long runs this can be achieved by retaining every r-th point of a sample
path. The number r of points to skip in order to produce approximate independence can usually be
chosen much smaller than the number m of steps needed to reach approximate equilibrium, since
small amounts of correlation are usually much less serious than biases in estimates of means.

4.2 Determining the Run Length

Another consideration is to determine the total sample size or run length required for accurate
estimates. For an {.i.d. sample of size n from a posterior distribution 7, the standard deviation of
the sample mean of a function f(f) is g/\/n, where o is the posterior standard deviation of f(8).
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If a preliminary estimate of o is available, perhaps from an asymptotic analysis, then this can be
used to estimate the sample size that would be required in .7.d. sampling. In dependent sampling,
observations are generally positively correlated and a larger sample size will be required. If the
series is modeled as a first order autoregressive process, then the asymptotic standard deviation of
the sample mean is
o [1+p

Va\1-p
where again o is the posterior standard deviation of f(8) and p is the autocorrelation of the series
f(X,). A rough estimate of p can thus be used to adjust the sample size for dependence in the
series.

Instead of determining a fixed sample size in advance, it is also possible to use sequential
or batch-sequential rules for determining when to stop sampling. Since prior information on the
values of the posterior mean and standard deviation is often available form initial analyses, Bayesian
sequential methods are a natural choice. Batching can be used to insure that an assumption of
normality for batched means is reasonable.

One sequential approach that should be avoided is to plot successive sample means and stop
sampling when the means appear to have converged. Since sample means change by increments
on the order of O(n=1) but errors are of order O(n~'/2), this approach will produce sample sizes
that are too small. The presence of positive correlations in Markov chain series makes these series
appear to have converged even earlier, even though the correlations imply that errors are larger
and thus larger sample sizes are required than with ¢.i.d. sampling.

4.3 Variance Reduction

As with any simulation method, variance reduction techniques can often significantly reduce the
sample sizes required for accurate estimates. Standard variance reduction methods such as impor-
tance sampling, conditioning, antithetic variates, control variates, and common variates (Bratley
et al.. 1987, Chapter 2; Ripley, 1987, Chapter 5) can be used with any Markov chain method.

Importance Sampling

Importance sampling can be used as a variance reduction method by constructing a Markov chain
with equilibrium distribution 7’ instead of 7, and then weighting sample results with appropriate
importance weights (Hastings, 1970, Section 2.5). To reduce the variance of an estimate of an
expectation 7 f, the density 7’(z) would be chosen to be nearly proportional to n(z)|f(z)|-

Importance sampling is also useful if it is easier to construct a chain with equilibrium distribution
«’, or if a sample from such a chain is already available. For example, this approach can be used to
to estimate expectations for a non-conjugate prior distribution with a Gibbs sampler for a similar
but conjugate prior distribution.

Using common sample paths with importance weights is particularly useful for comparing expec-
tations under two similar distributions, perhaps corresponding to two different prior distributions
or to the deletion of some observations. The positive correlations resulting form using the same
series to estimate the two expectations will reduce the variance of the estimated difference. This
can be viewed as an example of using common variates.

As with any application of importance sampling, unbounded weight functions should be used
with caution.
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Conditioning

Suppose an ergodic Markov chain produces pairs of the form (X,,Y,), the X margin of the equi-
librium distribution is 7. and the conditional expectations h(Y;) = E[f(X,)|Yn] can be evaluated.
Then the sample average of the conditional expectations h(Y,) will converge to the expectation
7 f. For a sequence of i.i.d. pairs the average of the conditional expectations has smaller variance
than the average of the series f(X,). Whether this form of conditioning leads to a reduction in
variance for a dependent series depends on the correlation structure. A sufficient condition is that
the correlations in the h(}}) series are no larger than the correlations in the f(Y},) series. Another
sufficient condition is given by Schmeiser and Chen (1991).

Conditioning is particularly useful for computing expectations or marginal densities of coordi-
nate margins in Gibbs samplers, since the assumptions required for the Gibbs sampler imply that
conditional means or densities of one parameter given the rest are usually available. In this case the
variables Y, consist of all coordinates of the Gibbs sampler sequence X,, except the one of interest.
Gelfand and Smith (1990) refer to this use of conditioning as Rao-Blackwellization.

The pairs (X,,Y5) can be constructed to facilitate evaluating the conditional expectations
h(Y7). In some cases these expectations are available in closed form, in others they can be approx-
imated using asymptotic methods or low-dimensional numerical integration. A general method for
constructing a chain (X,,Y;) is to start with a chain ¥, with invariant distribution = and an-
other Markov kernel R with invariant distribution 7. The X, components are then generated from
the distribution R(Yjy,-). The conditional expectations h(Yy) = (Rf)(Y,) are particularly easy to
calculate for the discrete limiting reflection and lattice kernels described in Section 2.3.

A chain (X,,Y;) can also be formed by taking X, to be a chain with invariant distribution
7 and taking Y, to consist of X,_; and some of the variates used to generate X, from X,_;.
For example. Schmeiser and Chen (1991) propose a conditioning scheme in which Y, consists of
Xn-1 and the direction taken by the hit-and-run algorithm. The conditional expectation A(Y) is
computed by a one-dimensional integral. If this integral is evaluated numerically, then this may
require a rather large number of posterior density evaluations. The number of evaluations can be
reduced significantly by replacing the numerical integral by the conditional expectation of a finite
grid chain with the conditional distribution as its invariant distribution.

The augmented chains (X,,Y;) used for conditioning are also Markov chains with known in-
variant distributions. Their properties can therefore be derived from the results of the preceding
section.

Antithetic and Control Variates

Antithetic variation can be introduced into a Markov chain method by using a Metropolis step in
which a candidate step is obtained by reflecting the current state of the chain through a point. If
the posterior density is approximately symmetric about this point, then the sample will be also,
and the resulting negative correlations will reduce variances of estimates of expectations of linear
functions of 8. This technique can also be used to take advantage of approximate axial symmetries
in a posterior distribution.

One way to introduce control variates into a Markov chain method is to use the sample path
with importance weights to calculate estimates of normal approximations, and to correct for the
errors in these estimates. Another approach, described by Schmeiser and Chen (1991), is to calcu-
late estimates of normal approximations using common variates, for example by transforming the
variates used to generate candidate steps in a Metropolis algorithm to appropriate normal variates.
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4.4 Mlonitoring Sampler Performance

In using Markov chain methods. it is important to monitor the performance of the samplers to
insure that they are not exhibiting any unusual behavior. Gelfand and Smith (1990) propose the
use of quantile plots to monitor performance. Monitoring sample paths of estimates is also useful
for this purpose. as is monitoring autocorrelations of the parameters. Time series methods may
also be useful for determining whether a series exhibits any unusual features.

For Metropolis chains it is also important to keep track of the number of candidates that are
rejected. For an independence chain, Proposition 5 in the Appendix shows that the proportion of
rejections can be related to the total variation distance between the posterior density = and the
candidate generation density f.

By monitoring the performance of a sampler, in particular in the early stages, it is possible
to experiment with different settings for sampler parameters to obtain samplers that are efficient
for a particular problem. More work is needed to find good strategies for making such parameter
adjustments.

4.5 Numerical Issues

Some consideration of numerical stability is needed in using any sampling-based method. Expres-
sions used to evaluate log posterior densities obtained by translating mathematical formulas into
a computer language are often reasonably stable near the posterior mode but may not be stable
far away from the mode. This can lead to overflows or, on IEEE hardware, results that are NaN’s
or infinities. One way to avoid these problems is to carefully study the formulas for evaluating the
log posterior density and modify them to be numerically stable even for extreme parameter values.
The effort required to do this can be considerable. An expedient alternative that is often effective
is to truncate the parameter space to a reasonable range that contains essentially all the posterior
probability and for which the posterior density formula is numerically stable. This truncation also
often insures that a Markov chain used to sample from 7 is uniformly ergodic and thus improves
the behavior of the Markov chain estimates.

The need to allow truncation is an important consideration in developing software for imple-
menting sampling-based methods. Subroutines must allow for user-supplied range test functions or
allow the results returned by the log posterior subroutine to indicate a parameter that is outside
of the range.

A numerical issue that is unique to Markov chain methods is the possibility that rounding may
introduce absorbing states. If this happens, results obtained from a Markov chain method may be
meaningless. Again truncation away from areas of the state space where such rounding may occur
can be helpful.

4.6 Assessing the Costs

Another important consideration in selecting a Markov chain strategy is the cost of implementing
and using the strategy. The costs can be broken down into three rough groups: the cost of coding
the strategy, the cost of generating the chain, and the cost of processing the results.

The importance of the cost of coding depends on whether the Markov chain is intended to be
used just for a single problem or as part of a general methodology. If it is to be used as part of
a single problem, it depends on the importance of the problem and the amount of time and effort
available for studying the problem. The code needed to implement a Markov chain strategy can
usually be separated into parts that are reusable in other problems and parts that are problem-
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specific. A significant advantage of the Gibbs sampler is that it is easier to code from scratch for a
particular problem than almost any other strategy. But it also contains fewer reusable components
than other strategies. For example. a general purpose independence chain strategy can be coded to
require only the specification of a log posterior density subroutine, an initial guess for the posterior
mode, and a degrees of freedom parameter for a t density used to generate candidates.

The pure Gibbs sampler differs from other strategies in not requiring the evaluation of the
posterior density function. This makes it particularly attractive for problems where this density is
extremely expensive or impossible to evaluate. For most other strategies, even with rather simple
posterior densities the time needed to generate a chain is dominated by the time needed to evaluate
the density.

The cost of processing a Markov chain and the relative importance of the generation and
processing costs depend on how the chain is to be used. If the chain is to be used to evaluate a
single expectation or a small number of expectations, then this can be done using a single pass
algorithm that requires no significant intermediate storage. As a result, there is no advantage in
discarding intermediate steps in a chain to obtain a more nearly independent series. On the other
hand. if the objective is to produce an empirical distribution of n points that is to be available
for evaluating arbitrary expectations and constructing graphical displays of various margins, then
the storage costs dominate and the objective is to construct a series of n values containing as
much information as possible. This can usually be achieved by making the variables as close to
independent as possible. unless the problem has additional structure, such as symmetries, that can
be exploited to form a more representative sample.

In the case of generating a fixed set of n points, a rough measure of the quality of a sampler
is the time needed to generate a single point, and for most samplers this is proportional to the
number of posterior density evaluations per point. For estimating the posterior mean of a single
function. a similar measure can be constructed by multiplying the number of function evaluations
per Markov chain point by the ratio of the asymptotic variance for the Markov chain estimate
to the asymptotic variance for an estimate based on an i.i.d. sample from the posterior. This
ratio represents approximately the number of Markov chain points equivalent to an independent
observation for averaging purposes. This number will usually differ from the number of points that
need to be skipped to obtain approximate independence. As a result, the best choice of a Markov
chain strategy may depend on how the chain is to be used.

A final component of the processing costs that needs to be considered is the cost of variance
resuction methods. Conditioning, for example, can be very effective but it can also be quite costly
if it requires additional function evaluations. On the other hand, a sampler, such as the Metropolis
modification of the Griddy Gibbs sampler described in Section 2.3, may require a rather large
number of posterior density function evaluations but compensate by allowing these values to be
used for variance reduction.

5 An Example

One of the examples presented by Gelfand and Smith (1990) is a hierarchical Poisson model.
Failures in pumps at a nuclear power plant are assumed to occur according to independent Poisson
processes with each pump having its own failure rate Aq,...,A19. These rates are modeled as
independent draws from a common distribution of rates. The pumps are observed for different
periods of time. The counts and observation periods are given in Table 1.

Gaver and O’Muircheartaigh (1987) analyze this data using an empirical Bayes approach.
Gelfand and Smith (1990) use the Gibbs sampler. They assume a conjugate prior structure in
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Pump | 1 2 3 4 5 6 7 8 9 10
Failures | 3 1 5 14 3 19 1 1 4 22
Times 94.320 15.720 62.880 125.760 5.240 31.440 1.048 1.048 2.096 10.480

Table 1: Pump failures for pumps at the Farley 1 nuclear plant. Times are in thousands of hours.

/\1 x 100 Al X 10 /\3 X 10

Asvmptotic Approx. Post. Mean | 7.028 6.279 | 18.431
Approx. Post. SD 2.695 2.931 3.910

Sample Average | Est. Post. Mean. 7.073 6.257 | 18.421
Est. Stand. Err. 0.037 0.041 0.062

Conditioning Est. Post. Mean. 7.028 6.280 | 18.435
Est. Stand. Err. 0.001 0.011 0.019

Importance Est. Post. Mean. 6.985 6.244 | 18.453
Control Variates | Est. Stand. Err. 0.036 0.033 0.046

Table 2: Estimated posterior means for the conjugate prior using the Gibbs sampler.

which the rates. conditional on a hyperparameter 3, have a gamma distribution G(a, 3) with den-
sity proportional to z5~1¢?% and 8 has a gamma distribution G(v,6) with v = 0.01 and 6 = 1.
For comparison with the results of Gaver and O’Muircheartaigh (1987), Gelfand and Smith set a
to the method of moments estimator, a = 1.802.

The Gibbs sampler is particularly well suited to this problem. If the counts are denoted by s;
and the times by t;, then. given 3, the A; are independent G(a + s;,¢; + 8), and, given Ay,..., A0,
the distribution of 3 is G(y + 10a, ) A; + 6). Proposition 1 can be used to to show that this Gibbs
sampler is geometrically ergodic. If 2 = (Ay,...,A10,8) and g(z) = |log(B)|, then it is easy to
verify that E{g(Xn4+1)|X» = z] is a bounded function of z. Furthermore, any bounded set C that
is bounded away from the origin is small. Thus the drift condition of Proposition 1 is satisfied.

The sequences of coordinate values produced by this Gibbs sampler show very little serial
correlation. As a result. sample path averages have approximately the same standard errors as an
average of an i.i.d. sample of equal length. In addition, since each coordinate given all the others
has a gamma distribution, conditional expectations can be used for variance reduction in estimating
posterior means. A second variance reduction method that is easy to apply is to use as a control
variate the weighted average of the coordinate values, with weight equal to the ratio of the density
of the normal approximation to the distribution of the logarithm of the parameter vector divided
by the exact posterior density of the logarithms. The expectation under the normal distribution is
the mean of a log normal random variable and can therefore be evaluated explicitly.

Table 2 shows estimates of the posterior means of the rates for pumps 1, 5 and 10 based on a
Gibbs sampler run of length 5,000. Standard errors of the estimates were estimated using batch
means with batches of size 50. For comparison, the table also shows asymptotic approximations to
the posterior means and standard deviations computed by applying the moment generating function
method described in Tierney et al. (1989) on the logarithm scale. The variance reduction obtained
using conditioning is quite significant. The reduction obtained with the importance sampling
control variate is about 30%-40% for As and Ay but is insignificant for A;. Nevertheless, this
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control variate method is quite useful since it is a general purpose method that does not use any
special structure of the particular posterior distribution under consideration.

To allow for the possibility of outliers in the rates, Gaver and O’Muircheartaigh (1987) also
consider several other distributions, including a ¢ distribution with 5 degrees of freedom for the
logarithms of the rates. Carlin and Gelfand (1990) examine a prior of this form using a Gibbs
sampler in which the conditional distributions are sampled by rejection sampling. To facilitate
comparison with the gamma prior, assume that, given 0, the (A\; — 6)/o have a ¢ distribution with
5 degrees of freedom. and € has a normal distribution with mean g and standard deviation 7.
Following Carlin and Gelfand we set 4 = —1 and 7 = 1. Like the parameter a in the gamma
model. the parameter o in the t model is a function of the coefficient of variation of the rates. For
a log normal rather than a log ¢ model, the conditional means and coefficients of variation of the
rates are equal if 6 = log(a) — 0% — log(B) and 0? = log(1 + 1/a). With these identifications,
posterior expectations under the ¢ model can be computed using the Gibbs sampler sequence under
the gamma model and importance weights equal to the ratios of the ¢ to the gamma density values.

Other Markov chains for sampling from this posterior distribution can be constructed using
versions of the Metropolis algorithm. Three Metropolis chains were used. All three were applied
to the logarithms of the parameters standardized by the first order approximate mean vector and
covariance matrix. The first algorithm was an independence chain with candidates generated by
a multivariate ¢ distribution with 2 degrees of freedom. The second algorithm was a random walk
chain with increments generated from a normal distribution with independent components, zero
means. and standard deviations equal to 0.5. The final algorithm was a rejection independence
chain with envelope density proportional to a mixture of a multivariate ¢ distribution with 2 de-
grees of freedom and a standard normal distribution. The mixing probabilities were 0.2 for the ¢
distribution and 0.8 for the normal distribution. The multiplier for the envelope was chosen based
on a preliminary sample of 50 observations to produce a rejection probability in the candidate gen-
eration phase of approximately 0.85; thus the expected number of function evaluations needed per
candidate should be approximately 0—}1—5 = 6%. The results, based on runs of 5,000 with batches of
size 50 for standard error estimation, are shown in Table 3. Again, asymptotic approximations are
included for comparison. Since conditional means are not available for this distribution, variance
reduction by conditioning was performed using a sliding 5-point lattice kernel as described at the
end of Section 2.3. The lattice kernel was applied on the logarithm scale, and a lattice spacing of
1.5 asymptotic marginal posterior standard deviations was used.

Serial correlations in the batch means were negligible for all but the random walk samplers; for
the random walk samplers the serial correlations among batch means were approximately 0.2 for
all three rates. Standard errors for the random walk were adjusted for the correlations by modeling
the batch means as first order autoregressions.

The reweighted Gibbs sampler performs rather poorly. The reason is that the ¢ model has
thicker tails than the gamma model, and the weight function is therefore unbounded and quite
large in the tails. This approach might work more reasonably for a truncated ¢ model.

The independence chain performs somewhat better than the random walk chain. This is not
surprising, since the posterior distribution is not too different in shape from the candidate genera-
tion density for the independence chain and this chain usually performs better in such situations.
Random walk chains tend to be less sensitive to the choice of the increment distribution and, as a
result, work better than independence chains with a poorly chosen candidate generation density.

In this comparison of chains of length 5,000 the rejection chain dominates all others. The
Metropolis rejection rate of approximately 2.8% is very low, which means that the sequence pro-
duced by the rejection chain is almost an i.i.d. sequence from the posterior distribution. But the

20



IA]XIOO'/\leOI)\aXlO

Asymptotic Approximations
Approx. Post. Mean | 7.314 4.655 | 19.143
Approx. Post. SD 2.744 2.394 4.286

Importance-Weighted Gibbs Sampler

Sample Average | Est. Post. Mean. 6.921 | 4.927 | 16.800
Est. Stand. Err. 0.404 0.302 0.539
Conditioning Est. Post. Mean. 7.343 4.429 | 19.087
Est. Stand. Err. 0.010 0.203 0.013

Independence (R = 0.653)
Sample Average | Est. Post. Mean. 7.459 4.778 | 19.160
Est. Stand. Err. 0.098 0.074 0.155
Conditioning Est. Post. Mean. 7.292 4.646 | 19.166
Est. Stand. Err. 0.019 0.025 0.012

Random Walk (R = 0.563)
Sample Average | Est. Post. Mean. 7.436 4.685 | 19.592
Est. Stand. Err. 0.241 0.254 0.373
Conditioning Est. Post. Mean. 7.317 4.569 | 19.137
Est. Stand. Err. 0.020 0.065 0.017

Rejection (R = 0.028, F = 7.81)

Sample Average | Est. Post. Mean. 7.244 4.639 | 19.054
Est. Stand. Err. 0.048 0.045 0.072
Conditioning Est. Post. Mean. 7.295 4.630 | 19.125
Est. Stand. Err. 0.008 0.011 0.009

Table 3: Estimated posterior means for the ¢ prior using the importance-weighted
Gibbs sampler and independence, random walk, and rejection Metropolis chains. For
the Metropolis chains, R is the proportion of candidates rejected by the Metropolis
algorithm. For the rejection chain, F is the average number of function evaluations
per candidate step.

series required approximately 40,000 evaluations of the log posterior density function, compared to
only 5,000 for the random walk and independence chains. It is possible that better choices of the
envelope density and constant could reduce the number of function evaluations required without
seriously reducing the performance.

In almost all cases the use of the simple lattice conditioning kernel reduced variances by a
factor of 10 or more. The 5-point lattice requires a total of 9 conditional density evaluations per
observation. In the present example the conditional density of A; given all other components only
depends on & and is quite simple. In other examples these evaluations would be more costly and
would have to be compared to the cost of using a longer chain, perhaps with subsampling. For some
strategies, such as grid-based Gibbs samplers, these conditional density values would be computed
while generating the chain and would thus be available at no cost, provided storage is not a limiting
consideration.
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6 Conclusions

Markov chains can be used to explore posterior distributions in a variety of ways. Simple uses
include estimating expectations under the posterior distribution and generating samples from the
posterior for constructing plots of one-, two- or three-dimensional margins — a view of a three-
dimensional margin can be constructed by placing a sample in a rotatable scatterplot. A more
elaborate application is to use a Markov chain to control an animation in which a function of the
parameter is viewed as the parameter is moved through the posterior distribution by the chain; an
example of this approach is outlined in Tierney (1991).

Different Markov chains have different characteristics in different problems. Which character-
istics are desirable can vary from one application to another. For computing averages it is usually
desirable to reduce correlations, perhaps even making them negative, in order to reduce variances.
For the animation example mentioned above, on the other hand, the strong positive serial correla-
tions usually present in a random walk Metropolis chain are in fact an advantage. As a result, no
single Markov chain method will dominate all others in all problems. It is important to be able to
select or design a method with suitable characteristics from a range of methods and strategies for
combining methods.

Hybrid algorithms provide a general way of adding certain characteristics, such as uniform
ergodicity to speed convergence, to other algorithms. Another useful strategy is to incorporate
approximate algorithms, such as rejection or grid-based algorithms, into a Metropolis algorithm to
insure that the invariant distribution is exactly equal to the posterior distribution.

More work is clearly needed to understand the effects of varying the parameters in Metropolis
and hybrid algorithms and to determine good default values for these parameters. Strategies for
adaptively setting these parameters would also be useful. Another important open issue for higher-
dimensional problems is to determine when it is better to use algorithms that move through the
parameter space in arbitrary directions, and when it is better to partition the parameter into
components and use algorithms that, like the Gibbs sampler, change only one component at a
time.

Appendix: Some Useful Inequalities

This appendix collects together three useful inequalities. The first inequality relates the rate at
which an independence Metropolis chain rejects candidate steps to the L! distance between the
candidate generation density f and the invariant density =.

Proposition 5 Suppose an independence Metropolis chain with candidate generation density f is
started with © as its initial distribution. Then

[rta(@) < [1@) - @)u(de) < 2 [ a(dz)r(a),

where r(z) is the probability of rejecting a candidate step when the chain is at z.

Proof Let v(dz) = f(z)p(dz), and assume that X and Y are independent with distributions v(dz)
and 7 (dz), respectively. Then

lv—-7]| = 2s1;p|P{X€A}—P{Y€A}|
= 2sup|P{(X,Y)€e Ax E} - P{(Y,X)€e Ax E}|
A
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< 2sup|P{(X.Y) € B} - P{(Y, X) € B}

= [ [ - f@r(e)uda)utay)

< / / /()7 (y) = 7 (y)m()| + | f(y)m(z) = m(y)m(z)|p(dz)u(dy)
= 2 [If(2) - 7(@)lu(da)

= 2)lv-r|
Furthermore.
[rt@ar@) = [ [7@)1w)0 - ate,i)mu@s)nua)
= [ [ maxin(@)fw) - 7w} (=), 0}n(dz)n(dy)
= 3 [ [ r@5@ - 1@ f@lndz)ucdy)
So
lv-rlg2 [a@da)r@ <2lv-n]

[r@er@ <l -rl= [1f@) - x(@)lu(ds) < 2 [ w(do)r(a).

]

A second inequality addresses the fact that mixtures can be applied to Metropolis kernels in
two ways: by mixing the Metropolis kernels or by mixing the underlying @ kernels.

Proposition 6 Suppose ¢ and g2 are the transition densities of two kernels, py and p, are the
off-diagonal densities for the Metropolis kernels corresponding to q1 and g3, and p is the off-diagonal
density for the Metropolis kernel corresponding to the mizture kernel ag; +(1-a)gq for0 < a < 1.
Then

7(z)p(z,y) 2 7(z)(api(z,y) + (1 - a)pa(z, ¥)).

This follows from the observation that
min{r(z)[aq(z,y) + (1 — a)g2(z,y)], 7(y)eq(y,z)+ (1 - a)g(y, )]}

amin{r(z)q(z,y), 7(¥)a1(y, 2))} + (1 — @) min{7(z)g2(z, y), 7(¥)e2(y, z))}
m(z)(epi(z,y) + (1 — @)p2(z, ))-

7(z)p(z,¥)

[ AV

This result implies that the mixture of the Q’s is at most as likely to reject candidate steps as
the mixture of the P’s. For finite E, by Theorem 2.1.1 of Peskun (1973), this implies that the
asymptotic variance of estimates based on p is less than or equal to the asymptotic variance of
estimates based on ap; + (1 — a)p;. It seems reasonable to conjecture that this result holds for
general state spaces as well. It is not obvious under what conditions the loss in using a mixture of
the p’s is significant.

Finally, for bounded f and a uniformly ergodic transition kernel P, it is possible to obtain some
useful bounds on the bias and mean square error of the sample path average, after possibly deleting
some initial observations, as an estimate of the state space average:
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Proposition 7 Suppose || P*(z,:)—7 ||< Mr", with0<r <1, A =sup|f|, and B = sup |f -7 f|.
If

I+k

fik= Y f(X3)

i=l41

then

MAri+!
|E[fi] =7 f1 < =7

and
2MB(AV B)r

(BT - =)' = (S - w1 € 2o

Proof For the mean. writing P¥(z, f) for { P*(z,dy)f(y),

1 I+k .

|E Z P'(x,f)—ﬁ'fl
i=l+1
I+k

D FCOREY P!

i=l4-1
MA I+k

_ T
i=l+1
MA (1 — k)
k l1-7r
M Aritl
K1-r)

|E(fiel = 7 £

IA

IA

<

For the mean square error bound, let ¢ = f — 7 f. Then for ¢ < 7,

| E[g(X:)g(X;)| Xo = z]| BE[|E{g(X;)|Xi]l|Xo = 2]

<
= BE[|P(X;, f) - n f|| Xo = 2]
< BMAr—

Therefore.

9 k1 K
tm Y > Elg(X)e(X;)|Xo = 2

. 1 1 _— 1
|Elgi*| Xo = ] - E”92| < EE[Q?MXO =gz] - Eﬂ'gz
i=1 j=i+1 .

MB2rl+l IMAB k=1 k .

< + pi—t
B(l-r) =k ig:’:zi;a

_ MB MY oMABYY 1 gk

T OR(1-1) k? i=lr 1-r

MB*Hl  IMABr(k-1)
k2(1-r) K  1-r
2MB(BV A)r

k(1-r)

IN

IA
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