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that center the BHA in the borehole (Fig. 1.2a). The BHA is usually equipped with 3 to 5

stabilizers. While the main part of the drillstring is in tension due to its own weight, the BHA

is in compression in order to induce a sufficient weight on bit, the axial force transmitted to the

drill bit. The main families of bit are the roller-cone bits and the fixed cutter bits, also called

PDC (polycrystalline diamond compact) bits (Figs. 1.2b and 1.2c). For directional applications,

PDC bits are usually favored, with their diameters ranging from about 6 in (15.2 cm) to 17 in

(43.2 cm). At the rig, drilling mud is injected in the drillstring. It then flows out at the bit and

back to the surface through the annular space between the string and the borehole.

(a)

(b) Push-the-bit RSS (Kashikar,
2005).

(c) Cross section of a RSS
(Kashikar, 2005).

Figure 1.1: Sketch of a typical directional drilling apparatus equipped with a push-the-bit RSS.

Rotary steerable systems (RSS) are semi-automated tools that allow to steer the borehole

while the drillstring is rotating (Figs. 1.1b and 1.1c). They work in association with sensors

and a downhole control unit, and are actuated by the mud flowing through a system of valves

(Kashikar, 2005). This work is restricted to the family of tools called push-the-bit RSS. They

are placed between the bit and the first stabilizer and use a set of extensible pads to induce a

lateral force on the side of the borehole.
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The directional drilling operations aim at efficiently tracking a predefined well path, but also

at limiting the tortuosity of the borehole, that is, reducing the borehole oscillations about the

intended path. An excessively tortuous well complicates the drilling operations and compromises

the proper completion of the well.

Studying the dynamical system of a propagating borehole is motivated by issues such as

selecting a drill bit or designing the BHA. In particular, the stabilizers need to be carefully

positioned on the BHA since they strongly affect the behavior of the system. The development

of a mathematical formulation of the directional drilling model can also benefit the design of a

controller for the RSS. Finally, drilling data collected from the surface and from down-the-hole

sensors can be analyzed via a model of directional drilling to monitor the drilling operation, e.g.,

evaluate the wear of the bit or the properties of the rock formation.

Barton et al. 2007

(a) Stabilizer (Barton et al.,
2007).

Halliburton

(b) Roller-cone bit
(www.Halliburton.com).

northbasinenergy

(c) PDC bit
(www.northbasinenergy.com).

Figure 1.2: Stabilizer and drill bits.

1.2 Directional Drilling Model

The directional drilling process results from the interaction between the BHA and the borehole.

The evolution of the borehole geometry is a consequence of the bit kinematics. Meanwhile, the

penetration of the bit into the rock formation depends on the forces transmitted by the BHA to

the bit, which themselves are related to the behavior of the BHA constrained to deform within

the borehole. In this respect, the model is built around three elements (Fig. 1.3) (Detournay,
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2007, 2010).

• The kinematic relationships make the link between the kinematics of the bit and the

evolution of the borehole, that is, the propagation of the lower boundary of the borehole

defined as the surface of interaction between the bit and the rock.

• The bit/rock interface laws relate the kinematics of the bit as it penetrates the rock

formation to the interaction forces at the bit/rock interface.

• The BHA is an elastic object constrained by the stabilizers to conform with the geometry

of the borehole. Its lower boundary condition is controlled by the bit/rock interaction.

The model of the BHA can thus be solved to provide relations between the bit forces and

orientation, the geometry of the borehole, and the external loads on the BHA.

Figure 1.3: Three elements of the model.

The borehole is a slender geometric object with a moving boundary at the interface between

the bit and the rock. At the scale of the borehole length, of order O
�
10

3

m

�
, it is viewed as

a lengthening spatial curve. At this scale, the bit is collapsed to a representative point whose

trajectory defines the axis of the borehole. A second length scale, of order O
�
10

�1

m

�
, is

associated with the dimensions of the bit or equivalently with the dimensions of the borehole

cross section. At this scale the bit is regarded as a three-dimensional object interacting with

the rock formation.

The directional drilling model is constructed at the scale associated with the model of the

BHA and of order O (10 m). At this intermediate scale, the bit/rock interaction is embodied by
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interface laws acting at a reference point of the bit. This also means that the spatial resolution

of the model will be of the order of the dimensions of the bit, O
�
10

�1

m

�
.

The following hypotheses are made when formulating the model.

Hypothesis 1

The drilling process can be averaged over several revolutions of the drilling structure. This

assumption is justified by the time scale associated with directional drilling being larger than

the period of revolution of the drilling structure. As a matter of fact, the bit penetration per

revolution, which is the incremental increase of borehole length, is generally of the order of

O (1 mm/rev), while the model resolution is of order O
�
10

�1

m

�
. Hence, it is reasonable to

average the process over at least 100 revolutions.

This assumption also implies that dynamical processes generally occurring on a time scale of

the order of the bit revolution can be disregarded in the sense that either they do not affect the

drilling direction or they can be lumped into the parameters of the model. This is for example

the case for the vibrations of the BHA and the bit.

Hypothesis 2

The process is rate-independent for the typical range of bit rotations per minute (RPM), of the

order of O(10 ⇠ 100 rev/min). In other words, the drilling direction does not depend on the

drilling rate. For the BHA, this hypothesis is justified to a limited extend by the averaging

assumption (Hypothesis 1); it implies that the model of the BHA is a (quasi-)static model. This

hypothesis also stems from the nature of the bit/rock interaction: the dominant variables that

affect the interface laws measure the amount of rock removed by the bit over one revolution,

while the rate of removal has a negligible effect.

An important consequence of this assumption is that time is not the appropriate variable to

track the evolution of the system and that it should be substituted by the length of the borehole.
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Under normal drilling conditions, they are of the order of O(1

�
) (Ernst et al., 2007). The angle
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ˆ
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,ˆi
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) as the vector of inclination ˆ

⇥. The tilt angles  
2

,  
3

and

the bit inclination ˆ✓ and azimuth ˆ� are piecewise continuous functions of L.

Although describing the geometry of the problem by means of angles appears to be natu-

ral, some complications are inherited from this formulation. In particular, large variations in

azimuthal direction are encountered when the borehole is close to verticality. In the limit, the

azimuth � of a vertical borehole is not well-defined.

3.3 Bit/Rock Interface Laws

The interaction of the bit with the rock formation is characterized by interface laws that embody

information about the rock fragmentation and other dissipative processes induced at the bit/rock

interface during drilling. It typically depends on the properties of the rock formation and the

bit, in particular, on the disposition of the cutters on the bit body and their characteristics.

Ultimately, the interaction relationships serve as lower boundary condition for the BHA.

The interface laws relate generalized forces at the bit/rock interface with variables describing

the kinematics of the bit as it penetrates the rock formation. The dynamic and kinematic

variables in these relationships are averaged quantities over several revolutions of the bit and

are measured at a reference point of the bit.

The derivation of the interface laws for PDC bits is based on the publication by Perneder

et al. (2012), itself a generalization of the work by Detournay and Defourny (1992).

This section starts with a discussion about the nature of the interface laws; specifically, the

kinematic and dynamic variables entering these relations are identified. The methodology used

to derive the interface laws is then exposed. A whole section is dedicated to the interaction of a

single cutter of a PDC bit with the rock and provides laws governing this interaction. Finally,

the expressions for the bit/rock interface laws are given.
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3.3.1 Nature of the Interface Laws

The dynamic and kinematic variables in the interface laws can be identified via the hypotheses

postulated in Section 1.2. First, Hypothesis 1 justifies the use of averaged variables over a

revolution. As a consequence, the interface laws, as proposed here, are inadequate when studying

dynamical phenomena evolving on time scales smaller or of the same order as the period of

revolution; for example stick-slip or whirl vibrations (Richard et al., 2007; Germay et al., 2009).

Second, the rate-independency of the interface laws, as stated in Hypothesis 2, is supported by

single cutter experiments suggesting that the interaction of a cutter with the rock formation does

not depend on its cutting velocity for the range of velocities encountered in drilling applications

(Deliac, 1986). Experimental results with roller-cone bits indicate that this assumption also

seems to hold for this type of bit. In particular, drilling tests show an independency of the

torque on bit with respect to the rotary speed, provided that the penetration per revolution

remains constant (Franca, 2010).

The interface laws are collapsed on a point, the reference point of the bit, which also defines

the lower boundary of the BHA model. This point is naturally defined on the bit axis ˆ

i

1

but its

position on this axis is arbitrary. The reference point will be chosen in such a way to simplify

the final expressions of the interface laws.

The bit/rock interaction forces are reduced to generalized forces averaged over a revolution:

a force ˆ

F , a moment ˆ

M orthogonal to the bit axis ˆ

i

1

, and a torque ˆ

C acting along ˆ

i

1

; they

act at the reference point (Fig. 3.2). The torque ˆ

C hardly influences the directional behav-

ior of the system and is thus not included in the interface laws. The components of ˆ

F and

ˆ

M in the bit basis (

ˆ

i

1

,ˆi
2

,ˆi
3

) are collectively represented by the vector of generalized forces

F = { ˆF
1

, ˆF
2

, ˆF
3

, ˆM
2

, ˆM
3

}T .

Similarly, the kinematics of the bit is defined by its velocity vector v, its spin vector !

orthogonal to the bit axis ˆ

i

1

, and its angular velocity vector ⌦ aligned with ˆ

i

1

. The rate inde-

pendency assumption implies, through a dimensional analysis argument, that the appropriate

kinematic variables entering the interface laws are penetrations per revolution. A more general

argument is based on the observation that, after averaging, the energy dissipated by the rock

removal process is predominantly controlled by the volume of rock removed by the bit, while the
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rate of removal only seems to have a secondary effect. The penetrations per revolution indirectly

measure this volume of rock removed over a revolution of the bit.

The penetration vector d and angular penetration vector ' are thus defined as

d =

2⇡v

⌦

, ' =

2⇡!

⌦

, (3.5)

where ⌦ is the magnitude of the angular velocity vector. In the bit basis (

ˆ

i

1

,ˆi
2

,ˆi
3

), they reduce

to an axial penetration d
1

, lateral penetrations d
2

, d
3

, and angular penetrations '
2

, '
3

. The

generalized penetrations are thus represented by P = {d
1

, d
2

, d
3

,'
2

,'
3

}T .

Figure 3.2: The generalized forces { ˆ

F , ˆ

M , ˆ

C} and the kinematics {v,!,⌦} of the bit. The
torque ˆ

C and angular velocity vector ⌦ are aligned with the bit axis ˆ

i

1

, while the moment ˆ

M

and spin vector ! are orthogonal to ˆ

i

1

.

The bit/rock interaction laws are thus condensed into the relationship

F = L (P) , (3.6)

where the tensorial operator L embodies properties of the bit and the rock formation. If the

hypothesis of rate-independency is not valid, L also depends on the angular velocity ⌦.

The interface laws are similar to force/velocity relationships, that is, similar in nature to

a dashpot. The difference lies in the definition of the kinematic quantities; although, strictly

speaking, they are not velocities, they can be viewed as such in a scaled time-space that uses

the period of revolution as unit of time. The dissipation D over a revolution associated with
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As a consequence of the general form of H and of the linearity of the interface laws, the coeffi-

cients H in H can be computed considering a planar trajectory of the bit (that is, with d
3

= 0

and '
2

= 0).

Finally, the bit/rock interface laws are reduced to
8
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9
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. (3.17)

The vanishing terms in the H matrix appear to be negligible, in particular if the reference

point of the bit is appropriately selected (see Appendix A). The parameters H
1

, H
2

, and H
0

are

positive. The parameter H
3

is positive or negative; it measures the walk tendency of the bit,

a natural phenomenon induced by the rotation of the bit (Voinov and Reutov, 1991; Ho, 1995;

Menand et al., 2002): in a plane orthogonal to the bit axis ˆ

i

1

, the lateral penetration (d
2

, d
3

) is

not necessarily coaxial with the lateral force (

ˆF
2

, ˆF
3

). The walk angle $ measured between the

lateral force and penetration is given by

$ = arctan

H
3

H
2

. (3.18)

If $ = 0, the lateral force and penetration are aligned and the bit is said to have a neutral

walk tendency. Otherwise, it is said to have a left or right walk tendency depending on the

relative orientation of the lateral penetration with respect to the lateral force. For PDC bits,

walk angles $ of about �15

� are often observed (Menand et al., 2002). The minus sign accounts

for a left tendency of the bit, meaning that, in a plane perpendicular to the bit axis, the lateral

penetration is “on the left” of the lateral force, when looking in the direction of ˆ

i

1

.
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3.4 Kinematic Relationships

The propagation of the moving boundary of the borehole, defined as the surface of interaction

between the bit and the rock formation, is related to the bit kinematics, described here by the

generalized penetration vector P = {d
1

, d
2

, d
3

,'
2

,'
3

}T . For simplicity, the �-operator is intro-

duced to express the incremental change of a variable over a revolution of the bit (Detournay,

2007); it is viewed as a differential operator.

The penetration vector d is the incremental lengthening of the borehole axis B over one

revolution, that is, d = � ˆ

R, where ˆ

R = R(L) gives the position of the bit relative to the origin

of the fixed coordinate system. Hence, d is tangent to the borehole axis and d = dˆ

I

1

, where the

penetration d is the magnitude of the penetration vector, but also the incremental increase of

the borehole length over a revolution, that is, d = �L. A formal definition of the delta operator

is thus given by

� = d
d

dL
. (3.19)

The penetration angles �
2

and �
3

measure the relative orientation of the penetration vector

d with respect to the bit (Fig. 3.5). Under normal drilling conditions, �
2

and �
3

are small as

a consequence of the penetration vector d being nearly coaxial with the bit axis ˆ

i

1

. They are

thus given by

�
2

=

d
2

d
1

,

�
3

=

d
3

d
1

. (3.20)

Because the penetration vector d is tangent to the borehole axis (d = dˆ

I

1

), the angles of

penetration are related to the tilt angles by

 
2

= ��
2

,

 
3

= ��
3

. (3.21)

Despite these relations, the distinction between these two sets of angles is maintained. The

tilt angles  
2

,  
3

are geometric variables measuring the relative orientation of the bit with

the borehole, while the penetration angles �
2

, �
3

are kinematic variables that measure the

orientation of the bit velocity with respect to the borehole.
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Figure 3.5: Definition of the penetration angles �
2

and �
3

of the bit, with �
2

measured in the
vertical plane (

ˆ

i

1

,ˆi
2

) and �
3

measured perpendicularly to (

ˆ

i

1

,ˆi
2

).

The overgauge of the borehole with respect to the bit diameter 2a is affected by the tilt of

the bit, as suggested by the horizontal view sketched in Figure 3.6 for a cylindrical bit. In that

case, the borehole radius A measured in the vertical plane of the borehole can be approximated

by

A = a + b |�
2

| (3.22)

if the bit is cylindrical and for idealized drilling conditions, that is if the rock formation is not

being washed out and the bit is not vibrating. Hence, the penetration angles �
2

and �
3

, or

equivalently  
2

and  
3

, can also be interpreted as a measure of the borehole overgauge.

The angular penetration vector ' measures the rate of change of the bit axis ˆ

i

1

over a

revolution: ' =

ˆ

i

1

⇥ �ˆi
1

. The projection of this last expression onto the bit basis yields

'
2

d
1

= �dˆ�

dL
sin

ˆ✓,

'
3

d
1

=

dˆ✓

dL
. (3.23)

Strictly speaking, d instead of d
1

should have been used in these equations for '
2

and '
3

.

However, since both �
2

⌧ 1 and �
3

⌧ 1 in the expression of the penetration

d = d
1

q
1 + �2

2

+ �2

3

, (3.24)

no distinction is made between d and d
1

.
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Figure 3.6: Link between the tilt angle  
2

, the angle of penetration �
2

, and the overgauging
of the borehole in the vertical plane (

ˆ

I

1

, ˆI
2

). The borehole diameter 2A in this vertical plane
is in principle related to the bit tilt  

2

, or equivalently to the penetration angle �
2

. This
correspondence is illustrated here for a cylindrical bit.

3.5 BHA Model

3.5.1 Preamble

The BHA consists of a connected set of heavy pipes and stabilizers. At the intermediate scale of

order O (10 m) used to construct the model of directional drilling, the BHA is a slender elastic

object subject to external forces and moments. Thus, at that scale, the BHA can in principle be

modeled as a rod, which is constrained by the stabilizers to conform with the borehole geometry.

The model assumes that the BHA has a uniform bending stiffness EI and a uniform dis-

tributed weight w (the weight minus the buoyancy force due to the drilling mud), and there is

no contact between the BHA and the borehole wall, other than those taking place at the bit and

at the stabilizers. The model of the BHA is a static model that extends from the bit to the last

stabilizer. Dynamical effects are neglected in part as a result of the averaging of the directional

drilling process over several revolutions.

The n stabilizers, which are numbered from 1 to n starting with the closest stabilizer to the
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bit, are treated as discrete geometrical constraints (Fig. 3.7). They define n BHA segments

of initial lengths �
1

,�
2

, . . . ,�
n

. On account of the assumed inextensibility of the BHA, the

curvilinear coordinate s remains the arc length for the axis of the BHA after deformation.

Hence, the position s
i

of the ith stabilizer is always given by

s
i

=

iX

j=1

�
j

, i = 1, . . . , n. (3.25)

In the following, the notation is conveniently generalized by assigning the index i = 0 to the bit,

e.g., this last expression is also valid for i = 0 as s
0

= 0. A chord C
i

, i = 1, . . . , n, is associated

with the ith segment of BHA. It is the straight line linking the successive contact points located

at s
i

and s
i�1

. It has an inclination h✓i
i

and and azimuth h�i
i

.

Figure 3.7: Beam model of the BHA. The RSS force is alternatively measured by its components
˘F
2

and ˘F
3

along I

2

and I

3

, or by its magnitude ˘F and orientation ⌧ . The chord C
i

, i = 1, . . . , n,
links two successive contact points and has inclination h✓i

i

and azimuth h�i
i

.

The stabilizers are here supposed to perfectly fit the borehole and to not transmit any

moment between the borehole wall and the BHA. They are thus modeled as point supports

where the BHA axis D and the borehole axis B intersect. Also, since the velocity discontinuity

at a borehole/stabilizer contact is essentially orthogonal to I

1

, the frictional forces are fully
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subsumed in a frictional torque at the stabilizer and the reaction force at the contact can be

assumed to be orthogonal to the borehole. In other words, the stabilizers can be assumed to

slide frictionlessly along the axis of the borehole, a consequence of the rotation of the drillstring.

The RSS, located at a distance ⇤�
1

from the bit, applies a transversal force ˘

F on the BHA.

This force ˘

F is also assumed to be locally orthogonal to the borehole axis I

1

; it is thus defined

by its components ˘F
2

and ˘F
3

along the axes I

2

and I

3

. In some instances, it will be more

convenient to use the norm ˘F and the angle ⌧ measured from I

2

(Fig. 3.7).

This section first aims at deriving the differential equations governing the deformation of

the BHA. The BHA is first viewed as a Kirchhoff rod; a succession of simplifications is then

introduced that ultimately allows to view the BHA as a Euler-Bernoulli beam. The purpose

of such a deductive approach is to estimate the errors introduced by the beam theory when

modeling the behavior of the BHA. These results are then used to derive the general expressions

for the forces and moments transmitted to the bit by the BHA. Throughout this section, the

dependence on the borehole length L is ignored as the problem of the BHA aims at determining

its deformed configuration for a given length L of the borehole, e.g., the BHA inclination is

temporarily denoted ✓(s) instead of ✓(s;L).

3.5.2 Characterization of the BHA Deformation

Before writing the equations governing the deformation of the BHA and bringing further sim-

plifications to this problem, the Frenet-Serret basis (

¯

i

1

,¯i
2

,¯i
3

) is introduced as the natural basis

for the BHA axis D. The tangent, normal, and binormal vectors of this basis are respectively

defined as

¯

i

1

= i

1

, ¯

i

2

= �
¯

i

0
1���¯i0
1

���
, ¯

i

3

=

¯

i

1

⇥ ¯

i

2

. (3.26)

(The unconventional minus sign in this second expression is a consequence of choosing the

direction of i

1

to be the same as I

1

, i.e., in the direction of increasing S but decreasing s.) The

strain associated with the curving of the axis D of the BHA is captured by the vector ¯

u, defined

as

¯

i

0
j

= �¯

u⇥ ¯

i

j

, j = 1, 2, 3. (3.27)
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A bar over a vector is used to indicate that its components are defined in the Frenet-Serret basis.

In this basis, ¯

u = {t, 0, k}T ; the curvature k is the rate of change of the tangent vector ¯

i

1

with

s, while the torsion t measures the rate of change of the binormal vector ¯

i

3

, the normal to the

osculating plane (

¯

i

1

,¯i
2

) to the curve. The components of i

1

in the reference coordinate system

are given by i

1

= {sin ✓ cos�, sin ✓ sin�, cos ✓}T , so that the curvature k = ||i0
1

|| is given by

k =

q
✓02 + �02 sin

2 ✓. (3.28)

For any vector ¯

a with components expressed in the basis (

¯

i

1

,¯i
2

,¯i
3

), its derivative ¯

a

0 with

respect to s can be expressed as

¯

a

0
=

@¯

a

@s
� ¯

u⇥ ¯

a, (3.29)

where @¯

a/@s denotes the derivative of the components of a in the Frenet-Serret basis, i.e.,

@¯

a/@s = {@ā
1

/@s, @ā
2

/@s, @ā
3

/@s}T , and where ¯

u ⇥ ¯

a accounts for the rate of change of the

basis.

Similar relations can be derived for the BHA basis (i

1

, i
2

, i
3

). The rate of change of this

basis is given by

i

0
j

= �v ⇥ i

j

, j = 1, 2, 3, with v =

8
>>><

>>>:

��0 cos ✓

�0 sin ✓

�✓0

9
>>>=

>>>;
. (3.30)

Similarly to equation (3.29), the derivative of a vector a with components in the BHA basis

(i

1

, i
2

, i
3

) is given by

a

0
=

@a

@s
� v ⇥ a, (3.31)

where @a/@s now denotes the derivative of the components of a when expressed in the BHA

basis.



34

3.5.3 Kirchhoff Rod Model

A starting point is to treat the BHA as a Kirchhoff rod, deduced from the Cosserat rod by

neglecting axial and shear deformations and by adopting the classical Euler-Bernoulli hypotheses

for the bending deformation (Antman, 2005). The axial strains are of the order of O(10

�4

) and

the inextensibility of the BHA ensures that the tangent vector i

1

= �r

0 after deformation, where

a prime denotes a derivative with respect to s.

The Euler-Bernoulli hypotheses entail that the bending moment is proportional to the cur-

vature and that the moment vector is orthogonal to the local osculating plane of the BHA axis;

that is,

M = EIk¯

i

3

, (3.32)

where EI is the flexural rigidity. The projection of this relation onto (i

2

, i
3

) yields expressions

for the components M
2

and M
3

of the bending moment, which are given by

M
2

= EI�0 sin ✓, M
3

= �EI✓0. (3.33)

The local equilibrium in translation and rotation at a point of the BHA other than the

stabilizers and RSS can be written as follows (Antman, 2005):

F

0 �w = 0, M

0
+ C

0
+ r

0 ⇥ F = 0, (3.34)

where F is the contact force transmitted at the cross section with outer normal i

1

located at s,

M is the bending moment, C is the torque, and w = we

z

with w denoting the uniform buoyant

weight of the BHA per unit length. In the Frenet-Serret basis, ¯

M = {0, 0, M}T , a consequence

of the Euler-Bernoulli hypotheses, and ¯

C = {C, 0, 0}T . When writing the equilibrium equations

(3.34), we have neglected the equivalent body force and body couple arising from the relative

velocity between the mud and the BHA.

3.5.4 Simplification into a Beam

The simplification of the Kirchhoff rod model into a beam relies on the so-called small rotation

assumption. The validity of this assumption is supported by the small magnitude of borehole

curvatures encountered in the field (Table 7.1). Also, it is recognized that the angle between
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i

1

(the tangent to the BHA axis D) and I

1

(the tangent to the borehole axis B) is everywhere

very small, as a consequence of the small clearance between the BHA and the borehole wall.

In other words, at the scale of the BHA, B is the leading order approximation of D. Formally,

the small rotation assumption is equivalent to considering that the norm of the vector v that

characterizes the deformation of the BHA is small everywhere.

An expression for the shear force F

s

= �i

1

⇥ (i

1

⇥ F ) can readily be derived from the

rotational equilibrium in (3.34) and using the differentiation rules (3.29) for C̄

0 and (3.31) for

M

0 yields

F

s

= �M 0
2

i

3

+ M 0
3

i

2

+ i

1

⇥ (v ⇥M) + kC¯

i

3

. (3.35)

The small rotation approximation allows to neglect the terms v⇥M and kC in this last expres-

sion. Using the quantities listed in Table 7.1, the curvature k and the torsion t are recognized to

be at most of the same order of magnitude as the maximum curvature of the borehole. Hence,

both |kC| and ||v ⇥M || are about two orders of magnitude smaller than the magnitude of the

shear force ||F
s

||. The components of F

s

expressed in the BHA basis are thus approximated by

F
2

= M 0
3

= �EI✓00, F
3

= �M 0
2

= �EI (✓0�0 cos ✓ + �00 sin ✓) . (3.36)

Using the same argument of small rotations, the expression of the component F
3

of the shear

force can further be simplified into

F
3

= �EI (�00 sin ✓) . (3.37)

Indeed, the term EI✓0�0 cos ✓ is a component of the vector v ⇥M and is suitably neglected.

We also note that C 0
= 0 (except at the stabilizers and at the RSS) since C 0 is the only

component in the direction i

1

in the left-hand side of (3.34b). In other words, the calculation

of the torque is uncoupled from that of the contact force F and bending moment M .

The translational equilibrium equations in (3.34) can also be expressed in terms of the force

components in the BHA basis. Rewriting (3.34a) in that basis and using (3.31) yields

@F

@s
� v ⇥ F �w = 0. (3.38)

Similarly, it can be argued that the norm ||v ⇥ F || is generally one order of magnitude smaller

than kwk. In fact, the term ||v⇥F || is of the order of |kF
1

|, itself of order O(10

�1

kN/m) under
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normal drilling conditions. The magnitude of kwk can be found in Table 7.1 and is of order

O(1 kN/m). Thus, the equilibrium equation (3.38) is simplified to

@F

@s
�w = 0. (3.39)

The initial undeformed configuration of the BHA is chosen to be aligned with the chord C
1

linking the bit to the first stabilizer. Consequently, the inclination ✓ of the BHA is approximated

by h✓i
1

, the inclination of C
1

, when it is appropriate to do so in the expressions governing the

deformation of the BHA.

These simplifications have reduced the model of the BHA to an elastic beam. They can be

tested a posteriori by checking if |kC| ⌧ M 0, ||v ⇥M || ⌧ M 0, and ||v ⇥ F || ⌧ ||w||. If these

inequalities do not hold, the results obtained from the linear beam theory are not reliable and

further investigations are required.

The beam equations and the expressions for the components of the bending moment and

shear force in the BHA basis are summarized here:

EI✓000 = w sin h✓i
1

, EI sin h✓i
1

�000 = 0, (3.40a)

M
2

= EI sin h✓i
1

�0, M
3

= �EI✓0, (3.40b)

F
2

= �EI✓00, F
3

= �EI sin h✓i
1

�00. (3.40c)

They can be solved together with the boundary conditions at the bit and last stabilizer, and

knowing the force at the RSS and the geometric constraints at the stabilizers.

The linearization is equivalent to writing the balance equations (3.34) in an undeformed

configuration of the BHA aligned with C
1

. This also means that the expressions of the bending

moments (3.40b) and shear forces (3.40c) are measured according to this undeformed configu-

ration.

The longitudinal equilibrium, given by the projection of (3.39) on the axis of the BHA,

reduces to

F 0
1

= w cos h✓i
1

. (3.41)

This equation can be integrated from the last stabilizer to the bit and thus provide a relation

between the imposed axial force at the last stabilizer, F
1

|
s=sn , and the axial force transmitted

to the bit ˆF
1

.
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3.5.5 Resolution

The BHA is forced to espouse the geometry of the borehole by means of the stabilizers, which

introduce n isoperimetric constraints (one per stabilizer) that can be formally expressed as
Z

Si�1

Si

I

1

dS =

Z
si

si�1

i

1

ds, i = 1, . . . , n, (3.42)

where S
i

denotes the position of the ith stabilizer on the borehole axis and S
0

= L is the bit

position.

The isoperimetric constraints can be simplified, however, by using the same hypotheses

postulated to derive the beam equations for the BHA. First, on account that the BHA axis

D is a perturbation of the borehole axis B, the same curvilinear coordinate can be used as a

measure of the arc length for B and D and S = L � s. This implies that the positions of the

stabilizers along the borehole B are known: S
i

= L � s
i

, i = 1, . . . , n. Also, the BHA and

borehole inclinations ✓ and ⇥ along the ith segment of BHA are at first order approximated by

the inclination h⇥i
i

of the chord C
i

. Similarly, h�i
i

is the first order approximation for � and �

along the ith segment. The isoperimetric constraints (3.42) can thus be approximated by

h⇥i
i

=

1

�
i

Z
Si�1

Si

⇥(S)dS ' 1

�
i

Z
si

si�1

✓(s;L)ds = h✓i
i

,

h�i
i

=

1

�
i

Z
Si�1

Si

�(S)dS ' 1

�
i

Z
si

si�1

�(s;L)ds = h�i
i

. (3.43)

Within the framework of the linear beam approximation of the BHA, the isoperimetric

constraints (3.43) introduced by the n stabilizers can be enforced by initially imposing n � 1

known kinks at each stabilizer, with the exception of the nth stabilizer. This approach has a

simple physical interpretation and is illustrated in Figure 3.8 for the case of a 2-stabilizer BHA.

The BHA, in its initial undeformed configuration, is aligned with the chord C
1

. Kinks are then

imposed at the n � 1 “internal” stabilizers to bring each of them on the borehole axis. These

kinks are equivalent to applying singular moment dipoles at each stabilizer with magnitude

h⇥i
i

�h⇥i
i+1

in the vertical plane (I

1

, I
2

) and h�i
i

�h�i
i+1

in the plane (I

1

, I
3

). At this stage,

the BHA segments are aligned with the chords C
1

, . . . , C
n

, and the BHA is unstressed except

at the kinks, where it is singularly loaded. Finally, the singular moment dipoles are relaxed,

causing the development of transverse reaction forces at all the stabilizers and at the bit, as well
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This drilling rate does not influence the directional tendency of the system as a consequence of

the assumed rate-independency of the drilling process.

The geometric relations (3.4) and kinematic relationships (3.23) are reproduced here after

scaling;

 
2

=

⇣
ˆ✓ � ˆ

⇥

⌘
,

 
3

=

⇣
ˆ�� ˆ

�

⌘
sin

ˆ

⇥, (4.5a)

�dˆ�

d⇠
sin

ˆ✓ =

�
1

'
2

d
1

,

dˆ✓

d⇠
=

�
1

'
3

d
1

. (4.5b)

After scaling, the expressions (3.45) of the forces and moments on the bit derived from the BHA

model yield

ˆF
2

F⇤
= F

b

⇣
ˆ✓ � h⇥i

1

⌘
+ F

w

⌥ sin h⇥i
1

+ F
r
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+

n�1X
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F
i

�
h⇥i

i

� h⇥i
i+1

�
,

ˆM
3

F⇤�1

= M
b

⇣
ˆ✓ � h⇥i

1

⌘
+M

w

⌥ sin h⇥i
1

+M
r

�

2

+

n�1X

i=1

M
i

�
h⇥i

i

� h⇥i
i+1

�
,

ˆF
3

F⇤
= F

b

⇣
ˆ�� h�i

1

⌘
sin h⇥i

1

+ F
r

�

3

+

n�1X

i=1

F
i

�
h�i

i

� h�i
i+1

�
sin h⇥i

1

,

ˆM
2

F⇤�1

= �M
b

⇣
ˆ�� h�i

1

⌘
sin h⇥i

1

�M
r

�

3

�
n�1X

i=1

M
i

�
h�i

i

� h�i
i+1

�
sin h⇥i

1

. (4.6)

Equations (4.1), (4.2), (4.5), and (4.6) can be reduced to a system of four equations in the

unknown functions ˆ

⇥, ˆ

�, ˆ✓, and ˆ�.

4.3 Solutions

From now on and throughout the remainder of this dissertation, we exclusively focus on inves-

tigating the dynamical equations governing the evolution of ˆ

⇥, ˆ

�, ˆ✓, and ˆ�. The notation is

hereafter simplified by first dropping the hat used to suggest that a variable is evaluated at the

bit. Also, all the variables are functions of the scaled length ⇠ of the borehole and the notation
0 denotes a derivative with respect to ⇠.
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The general evolution equations are derived and two particular cases are then considered.

The first particular case pertains to a borehole constrained to evolve in a vertical plane on the

assumption that $ = 0 and �
3

= 0. The evolution equations then reduce to two equations in

the borehole and bit inclinations, ⇥ and ✓. This simpler 2D problem will be extensively used

as its behavior is qualitatively similar to the more general 3D case. The second particular case

corresponds to the degenerated problem of an infinitely stiff BHA, EI ! 1. In this case, the

nature of the evolution equations changes.

4.3.1 General Solution

The general evolution equations are given by

⌘⇧ [(✓ �⇥) cos$ + (�� �) sin⇥ sin$]

= F
b

(✓ � h⇥i
1

) + F
w

⌥ sin h⇥i
1

+ F
r

�

2

+

n�1X

i=1

F
i

�
h⇥i

i

� h⇥i
i+1

�
, (4.7a)

� �⇧✓0

= M
b

(✓ � h⇥i
1

) +M
w

⌥ sin h⇥i
1

+M
r

�

2

+

n�1X

i=1

M
i

�
h⇥i

i

� h⇥i
i+1

�
, (4.7b)

⌘⇧ [� (✓ �⇥) sin$ + (�� �) sin⇥ cos$]

= F
b

(�� h�i
1

) sin h⇥i
1

+ F
r

�

3

+

n�1X

i=1

F
i

�
h�i

i

� h�i
i+1

�
sin h⇥i

1

, (4.7c)

� �⇧�0 sin ✓

= M
b

(�� h�i
1

) sin h⇥i
1

+M
r

�

3

+

n�1X

i=1

M
i

�
h�i

i

� h�i
i+1

�
sin h⇥i

1

. (4.7d)

where the integral terms read

h⇥i
i

=

1

{
i

Z
⇠i�1

⇠i

⇥(⇣)d⇣,

h�i
i

=

1

{
i

Z
⇠i�1

⇠i

�(⇣)d⇣,

with

⇠
i�1

= ⇠ �
i�1X

j=1

{
j

,

⇠
i

= ⇠ �
iX

j=1

{
j

,

i = 1, . . . , n. (4.8)

The position ⇠
i

is the curvilinear coordinate of the ith stabilizer on the borehole axis when

the borehole has length ⇠. Physically, these terms are used to account for the constraints
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imposed by the borehole on the deformation of the BHA, which ultimately influence the borehole

propagation.

The system (4.7) can further be reduced to two equations in ⇥ and � of the form

⇥

0
(⇠) = F

⇥

(⇥ (⇠) ,� (⇠) ,⇥ (⇠
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, h�i
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, . . . , h�i
n

;⇧,�
2

,�
3

,⇧0,�0
2

,�0
3

) . (4.9)

where the continuous functions F
⇥

and F
�

embody properties of the drilling system. The

reduction of (4.7) into (4.9) uses first (4.7a) and (4.7c) to derive expressions for the bit inclination

✓ and azimuth � in terms of ⇥ and �, which are then differentiated and introduced into (4.7b)

and (4.7d) after observing that

h⇥i0
i

=

1

{
i

[⇥ (⇠
i�1

)�⇥ (⇠
i

)] ,

h�i0
i

=

1

{
i

[� (⇠
i�1

)� � (⇠
i

)] . (4.10)

Equations (4.7), or equivalently (4.9), are a set of functional differential equations, meaning

that the rate of change of the state variables is determined by the present but also the past values

of these variables via the secular terms in h⇥i
i

and h�i
i

, i = 1, . . . , n. The nature of the problem

is thus of an infinite dimensional system (Stepan, 1989). The maximum length of retardation

is the length of the BHA,
P

n

j=1

{
j

. It is the maximum distance from which information on the

geometry of the borehole feedbacks into the system.

The system (4.7) can be brought to a system of first order delay differential equations

(DDE). For this purpose, additional state variables are introduced as the averaged inclinations

h⇥i
1

, . . . , h⇥i
n

and azimuths h�i
1

, . . . , h�i
n

. The 2n additional equations are given in (4.10).

This observation is of interest as the mathematical theory for DDE is better developed than the

more general functional differential equation theory.

The system is said to be of a retarded type (Hale, 1977) to emphasize that the right-hand

sides in (4.9) are independent of the history of ⇥0 and �0. This terminology is used to make

a distinction with so-called neutral functional differential equations. This second family of
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equations involves delayed evaluation of the rate of change of the unknown variables. Our system

will actually appear to degenerate into a neutral type under certain conditions, in which case the

right-hand sides in (4.9) will also include terms in ⇥0 (⇠
1

) , . . . ,⇥0 (⇠
n

) and �0 (⇠
1

) , . . . ,�0 (⇠
n

).

Solving (4.7) requires to specify initial conditions on the interval ⇠ 2 [⇠
0

�
P

n

j=1

{
j

, ⇠
0

], where

⇠
0

is the initial length of borehole. Without loss of generality, the initial conditions are specified

on the interval ⇠ 2 [�
P

n

j=1

{
j

, 0], that is ⇠
0

= 0; in that case, ⇠ is no longer the total length

of the borehole but rather the distance from the initial point ⇠
0

= 0. A solution to this initial

condition problem is the set of functions {⇥,�, ✓,�} defined on the interval ⇠ 2 [�
P

n

j=1

{
j

, ⇠
f

)

with ⇠
f

> 0 such that the initial conditions are respected on the interval ⇠ 2 [�
P

n

j=1

{
j

, 0] and

the evolution equations (4.7) are satisfied on the interval ⇠ 2 [0, ⇠
f

).

The control parameters used to guide the borehole trajectory are the axial force transmitted

to the bit, indirectly measured by⇧, and the RSS force �. The system is linear in the components

�

2

and �
3

of the RSS force, a consequence of the linearity of the beam equations governing the

model of the BHA. The active weight on bit ⇧ plays a rather different role as it multiplies the

rate of change of the state variables.

If the input variables ⇧ and � are continuous functions of ⇠, a solution to the initial condition

problem exists and is unique except when sin⇥ = 0 (that is when the azimuthal direction

� is no longer well defined). Also, the continuous dependence of a solution on the initial

conditions and parameters of the problem is ensured for ⇧ and � continuous (see Hale (1977)

for a general statement of the theorem of existence, uniqueness and continuous dependence for

retarded functional differential equations).

The problem is generalized by accepting the possibility of sudden variations in the values of

the weight on bit and RSS force. Formally, ⇧ and � are thus defined as piecewise continuous

functions of ⇠ and jumps of amplitudes J⇧K and J�K are allowed. Such discontinuities result

in jumps in the magnitudes of the state variables; their amplitudes J⇥K, J�K, J✓K, and J�K can

be related to J⇧K and J�K. The investigation of these discontinuities uses the framework of

generalized functions.

The formulation of the problem defines a first set of variables associated with the vertical

plane (I

1

, I
2

) tangent to the borehole, e.g., the inclination ⇥, the tilt angle  
2

, and the RSS

force �
2

(Figs. 3.1 and 3.7). A second set of variables can be viewed as related to the inclined
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plane (I

1

, I
3

), e.g., the azimuth �, tilt angle  
3

, and RSS force �
3

. It is observed that the

vertical and azimuthal behaviors of the system (4.7) are coupled as a consequence of the walk

tendency of the bit and the influence of the inclination on the azimuthal behavior.

4.3.2 2D Solution

If the bit has a neutral walk tendency ($ = 0), the evolution equations (4.7) yield
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after making the approximation sin ✓ ' sin h⇥i
1

' sin⇥. In this case, the evolution of the

inclinations⇥ and ✓, governed by (4.11a) and (4.11b), is decoupled from the azimuthal dynamics.

Also, equations (4.11c) and (4.11d) governing the azimuthal evolution of the system are similar

to (4.11a) and (4.11b); the differences are that the weight ⌥ has no component in the azimuthal

direction and that the factor 1/sin⇥ amplifies the RSS force �
3

.

Equations (4.11a) and (4.11b) can further be reduced to a single functional differential equa-

tion governing the evolution of the borehole inclination. If the active weight on bit ⇧ is constant,
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this equation yields
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It governs the evolution of a borehole evolving in a vertical plane, for which (i) $ = 0 and (ii) all

the loads on the BHA are in this vertical plane. The rate of change of the borehole inclination

⇥

0 (that is the borehole curvature if the azimuth � is constant) is impacted by (i) the borehole

geometry (lines 1 to 3 in this last expression), (ii) the distributed weight ⌥ (lines 4 and 5), and

(iii) the RSS force �
2

(line 6). With the exception of the terms in ⌥, the right-hand side is

linear in the borehole inclination.

4.3.3 Rigid BHA

The case of an infinitely rigid BHA is contemplated from an academic standpoint and is viewed

as the limit case of an increasing stiffness EI of the BHA. Speaking about an infinitely rigid BHA

is only relevant when the BHA has 1 or 2 stabilizers; for 3 or more stabilizers, an infinitely stiff

BHA is over-constrained and the only valid solution is a straight borehole. Note that, despite

its simplicity, the toy problem of a BHA with 1 stabilizer is not totally unrealistic. In practice, a

flexible element is often placed in the BHA between the first and the second stabilizer, with the

purpose of reducing the impact of the rest of the BHA on the directional behavior of the system.

Typically, its bending stiffness is about a third of that of the other elements constituting the

BHA. Ideally, this flexible element operates as a hinge and the BHA can be conceptualized as a

1-stabilizer BHA.

The model for a BHA with a large bending stiffness EI is rescaled using the alternate
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characteristic force ¯F⇤ = w�
1

, which is the buoyant weight of the first segment of BHA. New

dimensionless quantities are thus defined as

¯

⇧ = �
ˆF
1

+ G
1

¯F⇤
, ¯� =

˘

F

¯F⇤
. (4.13)

Also, for EI large,

⌥ =

¯F⇤
F⇤

=

w�3

1

3EI
(4.14)

is a small parameter that gives a measure of the compliance of the BHA. The infinitely stiff case

thus corresponds to taking the limit ⌥! 0.

1-Stabilizer BHA

To simplify the exposition of the one-stabilizer rigid case, the problem is discussed for a borehole

propagating in a vertical plane. The generalization to 3D is straightforward. If $ = 0, the

evolution equations for the bit and the borehole inclinations yield after rescaling

⌘ ¯

⇧⌥ (✓ �⇥) = � (✓ � h⇥i
1

) +

5

8

⌥ sin h⇥i
1

�
2� 3⇤

2

+ ⇤

3

2

⌥

¯

�

2

, (4.15a)

��¯

⇧⌥✓0 = (✓ � h⇥i
1

)� 1

8

⌥ sin h⇥i
1

+

⇤

�
2� 3⇤+ ⇤

2

�

2

⌥

¯

�

2

. (4.15b)

These equations can further be reduced to a single equation in the borehole inclination ⇥, given

by

�¯

⇧⌥⇥

0
(⇠) +

✓
1 +

�

⌘

◆
⇥ (⇠) =

�

⌘
⇥ (⇠ � 1) + h⇥i

1

� 4� ⌘ ¯

⇧⌥

8⌘ ¯

⇧

sin h⇥i
1

� 5�

8⌘
⌥ [⇥ (⇠)�⇥ (⇠ � 1)] cos h⇥i

1

+

(1� ⇤)

⇥
2� ⇤ (2� ⇤) ⌘ ¯

⇧⌥

⇤

2⌘ ¯

⇧

¯

�

2

+

�

⌘

�
2⇤� 3⇤

2

+ ⇤

3

�

2

⌥

¯

�

0
2

.

(4.16)

The limit case of an infinitely rigid BHA with one stabilizer is sketched in Figure 4.1. After

taking the limit ⌥! 0, the evolution equations (4.15) reduce to

✓ = h⇥i
1

, (4.17a)
✓

1 +

�

⌘

◆
⇥ (⇠) =

�

⌘
⇥ (⇠ � 1) + h⇥i

1

� 1

2⌘ ¯

⇧

sin h⇥i
1

+ (1� ⇤)

¯

�

2

⌘ ¯

⇧

. (4.17b)
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For an infinitely stiff BHA, the bit axis ˆ

i

1

is aligned with the BHA, this is formally expressed

by (4.17a). Equation (4.17b) is a functional equation of neutral type: the borehole curvature

⇥

0
(⇠) at the bit, depends on its curvature ⇥0(⇠ � 1) at the stabilizer. In this respect, they are

of a different nature than the retarded system (4.15).

2-Stabilizer BHA

For an infinitely rigid 2-stabilizer BHA, the spatial position of the stabilizers prescribes the

location of the drill bit (Fig. 4.2): the problem is purely geometric and the only relevant

parameter that survives is the ratio {
2

= �
2

/�
1

between the lengths of the two BHA segments.

A solution of the rigid system depends on {
2

and the initial borehole geometry. In that sense,

the rigid 2-stabilizer problem is drastically different from the 1-stabilizer case.

After rescaling, taking the limit ⌥! 0 of the evolution equations (4.7) yields

✓ = h⇥i
1

= h⇥i
2

,

� = h�i
1

= h�i
2

. (4.18)

They express that the orientations of the bit axis ˆ

i

1

and of the two segments of BHA are the

same. The evolution equation for the borehole inclination can equivalently be written after

differentiation as

⇥ (⇠) =

✓
1 +

1

{
2

◆
⇥ (⇠ � 1)� 1

{
2

⇥ (⇠ � 1� {
2

) , (4.19)

a delay difference equation. The same equation governs the azimuth �.
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Figure 4.1: Scaled model of a 1-stabilizer stiff BHA in the vertical plane (I

1

, I
2

) of the borehole.

Figure 4.2: Scaled model of a 2-stabilizer stiff BHA in the vertical plane (I

1

, I
2

) of the borehole.



Chapter 5

Qualitative Response: Three Length

Scales

The main objective of this chapter is to describe qualitatively the behavior of the system gov-

erned by (4.7). Typically, three scales are identified in the response: a short scale O(10

�1

), an

intermediate scale O(1), and a large scale O(10

2

). The first section justifies their existence using

dimensional analysis arguments applied to (4.7). After explaining how an initial condition can

be numerically propagated, the second section provides a set of examples that validates these

qualitative properties.

5.1 Qualitative Response

A short-range evolution is associated with a fast dynamics controlled by the small parameter

�⇧ = O(10

�2

), which multiplies the ✓0- and �0-terms in (4.7). This dimensionless group, �⇧, is

a measure of the resistance against a change of bit orientation; its small magnitude thus allows

for fast changes in the bit and borehole orientation. Also, on this short range, the secular terms

in h⇥i
i

and h�i
i

, i = 1, . . . , n, and the forcing terms in ⌥ and � are quasi-constant. In other

words, this fast dynamics is at first order governed by a system of ODE obtained by freezing

the magnitudes of the secular and forcing terms. It will be argued in Section 6.1 that the scale

52
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associated with this behavior is of the order of O[(b/�
1

)

2

], where b is the half length of the bit.

The forcing parameters � = O(10

�2

) and ⌥ = O(10

�3

) are small so that the borehole incli-

nation is expected to vary slowly, that is, the borehole curvature  is small. As a consequence,

the gravity terms in ⌥ are quasi-constant forcing terms on a length scale that is at least an order

of magnitude smaller than the radius of curvature of the borehole. The intermediate range is

defined accordingly and is thus dominated by the secular influence of the borehole geometry on

the deformation of the BHA, measured by the terms h⇥i
i

and h�i
i

, i = 1, . . . , n, in (4.7). In

this respect, the intermediate dynamics is controlled by the position of the stabilizers along the

BHA; it is intrinsically related to the dimensionless group ⌘⇧ and to the influence coefficients

F and M, all numbers of order O(1).

But in many cases (see Section 6.3), it will appear that this transient behavior converges

and the system evolves in such a way that the secular terms reach (quasi-)stationarity on the

intermediate scale. The corresponding asymptotic solutions are characteristic of a large scale

behavior, whose evolution is now dominated by the small forcing parameters � and ⌥.

The solutions corresponding to constant secular terms are such that the deformed configu-

ration of the BHA in the borehole is stationary; in other words, the motion of the BHA axis

is a rigid body motion. The solutions allowing for such an evolution are boreholes with a con-

stant curvature. The large scale asymptotes are thus investigated after making the assumption

that the variations of borehole curvature are negligible on a length of borehole equivalent to the

length of the BHA; in other words, at the scale of the BHA, the system sees a constant-curvature

borehole. Formally, the ersatz

⇥ (⇠) = 
2s

(⇠) ⇠,

� (⇠) =


3s

(⇠)

sin⇥

⇠ (5.1)

is defined with 
2s

and 
3s

being slowly-varying curvature components of the borehole, that is

0
2s

/
2s

⌧ 1 and 0
3s

/
3s

⌧ 1. It can be introduced in the evolution equation (4.7), to yield an

equation of the form

A

8
<

:


2s

(⇠)


3s

(⇠)

9
=

; = B⌥ sin h⇥i+ C

8
<

:
�

2

�

3

9
=

; , (5.2)

if the control parameters �
2

, �
3

, and ⇧ are constant. This equation governs the slow dynamics
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on a length scale at least an order of magnitude larger than the length of the BHA. The slowly

varying inclination h⇥i
1

has been here substituted by an overall BHA, or alternatively borehole,

inclination h⇥i since the BHA is now viewed as a rigid and small object. Strictly speaking

and without loss of generality, the curvature components can rather be defined in terms of this

averaged BHA inclination; for example 
2s

= h⇥i0. The matrices A, B, and C depends on

the drilling parameters and are of the order of O(1). Equation (5.2) is an ODE as the delayed

dependence on the borehole geometry to vanish at this scale of order O(10

2

).

Finally, the large-scale asymptotes converge to stationary solutions if the borehole inclination

⇥ reaches equilibrium, or equivalently, if the component 
2s

of the curvature vector vanishes.

The corresponding borehole trajectories are helices winding around a vertical axis. These solu-

tions are the equilibrium points of the dynamical system (4.7).

5.2 Simulations

The following numerical simulations exemplify the qualitative behavior discussed in the previous

section. But first, the discontinuities generated by a sudden change in drilling parameters are

investigated. Understanding how they arise and propagate along a solution path is crucial for

solving the problem numerically.

Three examples are then provided. The first gives the solution for a bit with a neutral walk

tendency ($ = 0); in this case we focus on the 2D behavior of the system in a vertical plane,

which is governed by the inclination equation (4.12). The second example considers a left walk

tendency of the bit ($ = �15

�), while keeping the other drilling parameters unchanged, and

solves the evolution equations (4.7). The last set of examples simulates the infinitely stiff cases

with 1 and 2 stabilizers.

5.2.1 Smoothness of the Solution

The control forces applied on the system, ⇧ and �, are discontinuous functions of ⇠ since jumps

of amplitudes J⇧K and J�K are allowed. In view of (4.7), such discontinuities in the forcing

translate into (i) jumps in the borehole orientation measured by J⇥K and J�K, meaning that

the borehole is locally kinked, and (ii) jumps in the rate of change of the bit orientation, J✓0K
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and J�0K. An abrupt change in bit orientation is not possible if � > 0 since it would require a

moment of infinitely large magnitude on the bit (a consequence of the bit/rock interface laws).

The evolution equations (4.7) are used to derive relationships between the amplitudes of the

jumps in the forcing functions and in the variables ⇥, �, ✓0, and �0. At a point of discontinuity,

the left and right-handed limits (respectively the limits for increasing and decreasing ⇠) of the

borehole inclination and azimuth are related according to ⇥+

= ⇥

�
+ J⇥K and �+

= �

�
+ J�K.

Jumps in the RSS force components J�
2

K and J�
3

K translate into discontinuities of magnitude

J⇥K = F
r

sin$ J�
3

K� cos$ J�
2

K
⌘⇧

,

J�K = � [F
r

cos$ J�
3

K + F
r

sin$ J�
2

K + ⌘⇧ (�� ��) (sin⇥

� � sin⇥

+

)] csc⇥

+

⌘⇧
,

J✓0K = �M
r

J�
2

K
�⇧

,

J�0K = �M
r

csc ✓ J�
3

K
�⇧

. (5.3)

Similar expressions can be derived for a jump J⇧K in the active weight on bit; the discontinuities

are then given by

J⇥K =

�
✓ �⇥�

� J⇧K
⇧

+

,

J�K =

�
�� ��

� 
1� ⇧

�
sin⇥

�
csc⇥

+

⇧

+

�
,

J✓0K = �✓�
0 J⇧K
⇧

+

,

J�0K = ���
0 J⇧K
⇧

+

, (5.4)

which are independent of the bit walk angle $.

Finally, the initial conditions on [�
P

n

j=1

{
j

, 0] do not necessarily verify the evolution equa-

tions, that is, they are not physical. In that case the solution is not continuous across ⇠ = 0.

The system governed by (4.7) is a retarded system. The solutions become smoother: if the

initial conditions on [�
P

n

j=1

{
j

, 0] is continuous, the solution is continuously differentiable on

(0,
P

n

j=1

{
j

], twice-continuously differentiable on (

P
n

j=1

{
j

, 2
P

n

j=1

{
j

], and so on (Michiels and

Niculescu, 2007). This means that a discontinuity in the borehole orientation feedbacks into the

system and induces a jump discontinuity of a lesser order, e.g., a jump in the borehole inclination

J⇥K at ⇠ = 0 produces on the interval ⇠ 2 (0,
P

n

j=1

{
j

] jumps in the borehole curvature ⇥0.
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The story is different for the rigid cases, governed by (4.17) and (4.18), which are of neutral

type. Solutions to neutral systems do not benefit from the same smoothening property. For

example, a jump in the borehole inclination J⇥K will propagate as discontinuities of the same

order, with amplified or reduced magnitude.

5.2.2 Numerical Resolution

The solutions are computed in Matlab using a simple implicit finite difference scheme of (4.7)

for the general 3D problem, or of (4.11a) and (4.11b) for the degenerate 2D problem in a vertical

plane. The discretization step �⇠ is constant. The derivatives ✓0 and �0 are approximated using

the Euler backward formula and the integrals in the right hand sides are evaluated using the

trapezoidal rule. Alternatively, the 2D evolution equation for the inclination (4.12) has also

been solved using the built-in delay differential equation solver from Mathematica 8. To this

effect, equation (4.12) is first differentiated with respect to ⇠. The remaining integrals h⇥i
1

in the ⌥-terms are then approximated by [⇥(⇠) + ⇥(⇠ � 1)]/2, the averaged of the borehole

inclinations at the bit and at the first stabilizer; this approximation is good only when the

variations of borehole inclination on a unit length of borehole are small. This procedure yields

a delay differential equation of the second order in the inclination ⇥; the n spatial delays in this

equation correspond to the n stabilizers. The solutions computed using these two methods are

in good agreement.

5.2.3 2D Simulation

A specific set of parameters is defined that will be used in the following simulations and through-

out Chapters 6 and 7. It considers a 4

3/4” push-the-bit RSS. The BHA is equipped with three

stabilizers, with the corresponding segment lengths given by �
1

= 3.5 m, �
2

= 7m, �
3

= 15m.

The actuating pads of the RSS are 1 m away from the bit. According to Table 7.1, w = 0.88 kN/m

and EI = 2⇥ 10

3

kNm

2. The weight on bit is fixed to | ˆF
1

| = 30 kN and the constant RSS force

has a magnitude of ˘F = 2.45 kN. The bit bluntness and rock properties are chosen so that

G
1

= 10 kN. The lateral and angular steering resistances are respectively selected to be ⌘ = 25
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(a) Borehole curvature. (b) Bit tilt  2.

Figure 5.1: Short-range 2D simulation. The system parameters are {
2

= 2, {
3

= 4.285,
⇤ ' 0.29, ⌘ = 25, � = 1, $ = 0, ⌥ ' 6.3 ⇥ 10

�3, ⇧ = 4.08 ⇥ 10

�2, �
2

= 5 ⇥ 10

�3, and
�

3

= 0.

and � = 1; they correspond to a bit with a rather long passive gauge. In view of the above

description, ⌥ ' 6.3⇥ 10

�3, � = 5⇥ 10

�3, ⇧ = 4.08⇥ 10

�2, and ⇤ ' 0.29.

The first simulation considers a bit with a neutral walk tendency and the RSS force is in

the vertical plane of the borehole, that is, �
2

= � and �
3

= 0. The problem is thus confined to

this vertical plane and the evolution of ⇥ and ✓ is computed. The initial conditions assume a

straight vertical borehole and a straight undeformed BHA. At ⇠ = 0, the RSS force is applied

and kept constant.

The solution initially jumps to an inclination of ⇥+

= 0.0042

� and a curvature of ⇥+

0
=

�0.054 at ⇠ = 0

+; in this case, the kink induced by the brusque change in the RSS force is

thus negligible for any practical purpose. At ⇠ = 0, the curvature is locally infinite and can

be represented by a Dirac Delta function whose amplitude is equal to the initial jump in the

borehole inclination. Follows a fast evolution of the curvature ⇥0 and bit tilt  
2

on the interval

⇠ 2 [0, 0.1] (Figs. 5.1a and 5.1b). These signs will be interpreted as the emergence of a boundary

layer due to the small parameter �⇧.

The intermediate-range evolution for the curvature and bit tilt is given in Figures 5.2a and

5.2b for ⇠ 2 [0, 10]. At ⇠ = 1, ⇠ = 1 + {
2

, and ⇠ = 1 + {
2

+ {
3

, the borehole curvature is

discontinuous, a consequence of the discrete delay terms in (4.12). Physically, when a stabilizer

passes through the inclination discontinuity at ⇠ = 0, it induces a discontinuity of lesser order
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at the bit, that is, a discontinuity in the curvature. The effect of this discontinuous behavior

appears to diminish quickly and the curvature seems to converge to a quasi-constant value.

The borehole inclination then varies slowly and converges toward a stationary inclination

(Fig. 5.3a). The curvature of the borehole ⇥0 slowly decays and appears to vanish for ⇠ ! 1

as the inclination stabilizes (Fig. 5.3b). This behavior occurs on a large range, which is several

orders of magnitude bigger than the total length of the BHA.

(a) Borehole curvature. (b) Bit tilt  2.

Figure 5.2: Intermediate-range 2D simulation. The system parameters are {
2

= 2, {
3

= 4.285,
⇤ ' 0.29, ⌘ = 25, � = 1, $ = 0, ⌥ ' 6.3⇥ 10

�3, ⇧ = 4.08⇥ 10

�2, �
2

= 5⇥ 10

�3, and �
3

= 0.

(a) Borehole inclination. (b) Borehole curvature.

Figure 5.3: Long-range 2D simulation. The system parameters are {
2

= 2, {
3

= 4.285, ⇤ ' 0.29,
⌘ = 25, � = 1, $ = 0, ⌥ ' 6.3⇥ 10

�3, ⇧ = 4.08⇥ 10

�2, �
2

= 5⇥ 10

�3, and �
3

= 0.



59

In practice, the borehole is steered at the intermediate scale. Typically, the trajectory of the

borehole is sampled every 100 feet (⇠ 30 m) by downhole sensors and the commands controlling

the RSS are adjusted at this same rate. Hence, the intermediate scale is the most important

one for directional drilling applications.

5.2.4 3D Simulation

The only parameters that differ from the previous example are (i) the bit walk angle, set to

$ = �15

�, and (ii) the RSS force, which is tilted by an angle ⌧ = 45

� so that the RSS force

is no longer in the vertical plane of the borehole and �
2

= �

3

= �/
p

2. The initial conditions

consider a straight borehole inclined by 10

� on the vertical and with azimuth � = 0 (the initial

inclination needs to be different than 0 in order to have well defined azimuthal angles). The

initial configuration of the BHA is aligned with the borehole. At ⇠ = 0, a constant RSS force is

applied. The solution solves for ⇥, �, ✓, and �, which are governed by (4.7).

The evolutions of the borehole inclination ⇥ and its corresponding component 
2

= ⇥

0 of the

curvature vector are qualitatively similar to the 2D case (Figs. 5.4a and 5.4c are comparable to

5.2a and 5.3a). The medium-range evolution of the azimuthal curvature 
3

= �

0
sin⇥ is similar

to the component 
2

(Fig. 5.4b). The azimuth � does not stabilize but appears to reach a steady

rate of change �0 for ⇠ large (Fig. 5.4d). The stationary borehole geometry, corresponding to a

constant inclination and constant �0, is a helical borehole with a vertical axis.

It can finally be noticed that for these examples (2D and 3D), the assumptions introduced

in Section 3.1 hold. In particular, the radius of curvature of the borehole and the tilt angles  
2

and  
3

are everywhere small.
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(a) Medium-range evolution of the borehole
curvature 2 = ⇥0.

(b) Medium-range evolution of the borehole
curvature 3 = �0 sin ⇥.

(c) Long-range evolution of the borehole incli-
nation.

(d) Long-range evolution of the borehole az-
imuth.

Figure 5.4: Simulation of the 3D problem governed by (4.7). The system parameters are {
2

= 2,
{

3

= 4.285, ⇤ ' 0.29, ⌘ = 25, � = 1, $ = �15

�, ⌥ ' 6.3 ⇥ 10

�3, ⇧ = 4.08 ⇥ 10

�2,
�

2

= 3.54⇥ 10

�3, and �
3

= 3.54⇥ 10

�3.

5.2.5 Rigid Simulations

The infinitely stiff solutions are given for one and two stabilizers and are compared with the

solutions for a BHA of finite but increasing stiffness EI.

1-Stabilizer BHA

Figure 5.5 shows the 2D evolution of the inclination for a borehole propagating in a vertical

plane after setting $ = 0 and �
3

= 0. This example varies the stiffness of the BHA measured by

⌥ in (4.15). The lateral steering resistance ⌘ has been set to 1, which is unrealistic in practice
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but is used here to accentuate the features of the response. The borehole and BHA are initially

vertical and at ⇠ = 0 a constant RSS force is applied. A jump in the borehole inclination is

induced at ⇠ = 0 whether the BHA is rigid or flexible. This initial discontinuity propagates into

discontinuities of lesser order if the BHA is flexible, ⌥ > 0. On the contrary, for the rigid BHA,

whenever the stabilizer passes through a discontinuity, it induces a discontinuity of the same

order but with an amplitude reduced by a factor �/(⌘+ �). Hence, the inclination for the rigid

BHA is not only discontinuous at ⇠ = 0 but also at ⇠ = 1, 2, . . . (Fig. 5.5).

Figure 5.5: Inclination ⇥ of a borehole evolving in a vertical plane for various stiffnesses of the
BHA. The borehole and BHA are initially vertical. The system parameters are ⇤ ' 0.29, ⌘ = 1,
� = 1, $ = 0, ¯

⇧ = 6.49, ¯

�

2

= 0.795, and ¯

�

3

= 0.

Figure 5.6: Curvature ⇥0 of a borehole evolving in a vertical plane for various stiffnesses of
the BHA. The borehole and BHA are initially vertical. The system parameters are ⇤ ' 0.29,
⌘ = 25, � = 1, $ = 0, ¯

⇧ = 6.49, ¯

�

2

= 0.795, and ¯

�

3

= 0.
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The borehole curvature is plotted in Figure 5.6 for the more realistic case of ⌘ = 25. The

system is singularly perturbed with respect to the small parameter �⇧ and an initial layer

becomes apparent at ⇠ = 0.

The intermediate- and large-range behaviors of the rigid case with 1 stabilizer are qualita-

tively similar to the flexible case.

2-Stabilizer BHA

Figure 5.7 illustrates the propagation of a piecewise linear initial condition by the rigid system

(4.18) and compares it with the solutions for BHA of finite stiffnesses. The solution appears

to quickly converge toward a quasi-constant curvature solution for a small stiffness of the BHA

(Fig. 5.7a). As the rigidity increases (⌥ ! 0), the stability is lost and the solution starts to

oscillate (Figs. 5.7b and 5.7c).
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(a)

(b)

(c)

Figure 5.7: Evolution of the borehole inclination ⇥ for various magnitudes of ⌥ measuring the
stiffness of the BHA. The system parameters are {

2

= 2, ⇤ ' 0.29, ⌘ = 25, � = 1, $ = 0,
¯

⇧ = 6.49, ¯

�

2

= 0.795, and ¯

�

3

= 0. The initial condition is defined as a piecewise linear function
on ⇠ 2 [�3, 0].



Chapter 6

Asymptotic et Stability Analyses

As argued in Section 5.1, the short-range asymptotes correspond to a fast dynamics allowed by

small values of �⇧. In Section 6.1, this behavior is interpreted as the emergence of a boundary

layer and in the limit �⇧! 0 the system (4.7) is singularly perturbed.

Section 6.2 studies the long-range solutions. They are obtained independently of their sta-

bility; in other words, they are derived after assuming that the intermediate dynamics converges

to solutions governed by (5.2).

Finally, Section 6.3 deals with a stability analysis that investigates (i) the convergence of the

intermediate-range dynamics to a long-range asymptote but also (ii) the stability of equilibrium

solutions.

6.1 Short-Range Asymptotes

The short-range evolution is investigated in relation to the dimensionless group �⇧, which

embodies properties of the bit, the rock, and the BHA, and the axial force transmitted to the

bit. But we are here mainly interested in understanding the influence of � on the fast dynamics.

The angular steering resistance � measures the difficulty to change the orientation of the

bit while drilling. With the exception of the contribution of Neubert (1997), other theoretical

investigations consider the bit free to change its orientation, that is � = 0. The resistance of

64
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the bit against a change in orientation has never been measured, as experimental investigations

to determine the directional behavior of drill bits generally focus on determining the lateral

steering resistance ⌘ only.

The ratio �/⌘ is proportional to (b/�
1

)

2 so that in general �/⌘ ⌧ 1, a consequence of (A.7).

It is thus legitimate to wonder whether this parameter significantly impacts the solution.

The 2D problem governed by (4.11a) and (4.11b) is considered. Figure 6.1 plots the short-

range evolution of the borehole and bit inclinations for various magnitudes of �. The borehole

and BHA are initially vertical and at ⇠ = 0 a constant RSS force is imposed. For � 6= 0, the bit

inclination is continuous through ⇠ = 0 and is thus given by the initial condition, ✓(0) = 0. A

fast variation in the bit orientation follows; it is interpreted as a boundary layer (Hinch, 1991).

As �! 0, this boundary layer degenerates into a discontinuity in the bit inclination at ⇠ = 0.

The small parameter ✏ = �⇧ is introduced and an inner solution is derived in the stretched

coordinate

⇣ =

⇠

✏
. (6.1)

The equation (4.11b) for the bit inclination ✓ thus becomes

�˜✓0 = M
b

⇣
˜✓ � h⇥i
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+M

w
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n�1X
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M
i
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i

� h⇥i
i+1

�
, (6.2)

where ˜✓(⇣) is the bit inclination as a function of ⇣. At first order, the integral terms h⇥i
1

, . . . , h⇥i
n

are constant in the boundary layer if ✏ is small: the windows on which they are evaluated move

by an incremental distance of order O(✏) in the unstretched coordinate ⇠ so that their variations

are also of order O(✏). The inner solution is thus obtained for �
2

and h⇥i
1

, . . . , h⇥i
n

taken as

constants and is given by

˜✓ (⇣) =

�
e�Mb⇣ � 1
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n�1X
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� h⇥i
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�
#

, (6.3)

with initial condition ˜✓(0) = 0 (Fig. 6.1a). The thickness of the layer is of the order of

O(�⇧/M
b

) = O(�⇧).

For ⇣ large, the departure between the exact and inner solutions is due to the variations in

the secular terms h⇥i
1

, . . . , h⇥i
n

, which can no longer be seen as constants outside the initial

layer.
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This short-range behavior in the bit inclination ✓ has a repercussion on the borehole in-

clination ⇥, which also displays a fast and local variation (Fig. 6.1b). On the intermediate

range, this behavior is replicated further along the borehole with a delay corresponding to the

distances from the bit to the stabilizers. For example, the borehole curvature in Figure 5.2a

presents a boundary layer at ⇠ = 0, which induces a similar behavior at ⇠ = 1, ⇠ = 1 + {
2

, and

⇠ = 1 + {
2

+ {
3

.

(a) Bit inclination. (b) Borehole inclination.

Figure 6.1: 2D simulations for various magnitudes of the angular steering resistance �. The
numerical solutions are in solid lines and the inner solutions in dashed lines. The borehole and
the BHA are initially straight and vertical. At ⇠ = 0, a constant RSS force is imposed. The
system parameters are the same as in Section 5.2: {

2

= 2, {
3

= 4.285, ⇤ ' 0.29, ⌘ = 25, $ = 0,
⌥ ' 6.3⇥ 10

�3, ⇧ = 4.08⇥ 10

�2, �
2

= 5⇥ 10

�3, and �
3

= 0.

The drilling model is constructed with the bit/rock interface laws collapsed onto a point

so that the model resolution is at least of the order of the bit dimension, O(b/�
1

). Hence,

speaking about a boundary layer is only relevant when its dimensions are larger than the model

resolution. It is usually not the case and the boundary layer should rather be interpreted as a

jump discontinuity in ✓ at the scale of the model. (The bit/rock interaction laws are derived

after assuming the bit kinematics to be stationary. In the boundary layer, this assumption fails

and the validity of these interface laws is questionable.)

These conclusions can be generalized to the 3D problem with $ 6= 0 and to other cases for

which �⇧ ! 0. For example, as the stiffness of the BHA is increased, EI ! 1, a similar

behavior is observed (Figs. 5.5, 5.6, and 5.7).
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6.2 Long-Range Asymptotes and Equilibrium

After assuming convergence of the intermediate dynamics, the long-range evolution is associated

with situations for which all the forces acting on the BHA are quasi-constant when measured

in a reference system attached to the BHA. These forces only vary significantly on a length of

borehole at least an order of magnitude larger than the length of the BHA. As suggested by (5.2),

they are (i) forces proportional to the borehole curvature, (ii) the distributed weight ⌥ sin h⇥i,

and (iii) the RSS force. On the long range, the slowly-varying inclination h⇥i is interpreted as

the averaged borehole inclination on the length of the BHA.

This quasi-invariance of the loading has two implications. First, the averaged motion of the

BHA axis appears to be that of a rigid body since the averaged deformed configuration of the

BHA remains almost unchanged on a length of borehole equivalent to the length of the BHA.

Second, the penetration variables, which are associated with the advancement of the borehole,

are quasi-stationary. The solutions that meet these conditions are boreholes with slowly-varying

curvature components given by (5.2). The existence of such solutions evidently requires that

the rock has homogeneous and isotropic properties and the RSS force and weight on bit are

constant.

The long-range asymptotes are characterized by four geometric parameters. At the length

scale of the BHA, the borehole axis is described by the components 
2s

and 
3s

of the quasi-

constant curvature vector 

s

along the axes I

2

and I

3

(Fig. 6.2). The description is completed

by the tilt angles  
2s

and  
3s

, proxies for the borehole cross-sectional area. These variables

depend on the orientation of the BHA measured by the averaged inclination h⇥i and azimuth

h�i. The general expressions for the state variables are locally given by

⇥ = h⇥i+ 
2s

⇠, � =


3s

⇠

sin h⇥i ,

✓ = h⇥i+ 
2s

⇠ +  
2s

, � =


3s

⇠ +  
3s

sin h⇥i . (6.4)

These expressions are valid as long as the departure of ⇥ from h⇥i remains small. (The azimuthal

direction is defined up to a constant which is set here to zero.) The mathematical model (4.7)

of a directional drilling system constrained to propagate along a trajectory (6.4) yields a set of

four algebraic equations in terms of the geometric parameters of the long-range solutions.
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Figure 6.2: A borehole with a quasi-constant curvature vector 

s

when measured in the local
BHA basis (I

1

, I
2

, I
3

).

At the limit, the system reaches equilibrium if the borehole inclination converges, that is, if


2s

! 0. The equilibrium borehole trajectories are thus helices defined by a constant inclination

⇥1 and constant curvature 1 (Fig. 6.3). The plane (I

1

, I
3

) is the plane in which the helix

is curving, the so-called osculating plane. It contains the osculating circle defined locally as the

best second order approximation of the helix and thus has the same radius of curvature 1/ |1|

as the borehole. Formally, the curvature 1 of the borehole is defined as

1 = sin⇥1
d�
d⇠

. (6.5)

Hence, the general expressions for the state variables at equilibrium are now given by

⇥ = ⇥1, � =

1⇠

sin⇥

s

,

✓ = ⇥1 +  
21, � =

1⇠ +  
31

sin⇥1
. (6.6)

The equilibrium solutions degenerate into straight boreholes if 1 = 0 and into a horizontal

circular boreholes if ⇥1 = ⇡/2.

To our knowledge, the general class of helical stationary solutions has only been studied by

Perneder and Detournay (2013c), although solutions exist for the particular cases of straight

boreholes (Lubinski and Woods, 1953; Bradley, 1975; Perneder and Detournay, 2013a) and

circular boreholes in a vertical plane (Murphey and Cheatham, 1966; Fischer, 1974; Birades and

Fenoul, 1986; Jogi et al., 1988; Pastusek et al., 2005; Downton, 2007). The straight borehole

solutions are a particular case of helical boreholes and the latter circular boreholes in a vertical

plane are a particular case of long-range asymptotes for which the azimuthal direction is constant.



69

Figure 6.3: A right-handed helical borehole propagating downward. The axis of the borehole is
characterized by its inclination ⇥1 2 [0,⇡] and signed curvature 1.

6.2.1 Solutions

Enforcing the system (4.7) to propagate according to the asymptotic evolution (6.4) provides

a set of equations that can be solved for the geometric parameters describing the long-range

solutions. Without loss of generality, the derivation is exemplified for $ = 0. Replacing ⇥, �,

✓, and � in (4.11) by their expressions in (6.4) yields
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The dimensionless coefficients S are given in Appendix E.1. They depend on the geometry of

the BHA, on the walk angle $, and on the dimensionless groups ⌘⇧ and �⇧. Equations (6.10)

reduce to (6.9) if $ = 0. The bit walk is responsible for a coupling of the response of the

system in the planes (I

1

, I
2

) and (I

1

, I
3

). Hence, the solution parameters now depend on the

components of the loads applied in both planes.

Equilibrium Solutions. If the bit presents a neutral walk tendency, the equilibrium variables

for the helical steady-state are given by
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. (6.11)

Again, a neutral walk tendency causes the behavior of the directional drilling system in the

vertical plane (I

1

, I
2

) and in the osculating plane (I

1

, I
3

) to be uncoupled. As a consequence,

the expressions for 1 and  
31 are the same as 

3s

and  
3s

in (6.9).

If the bit exhibits a walk tendency, the general expressions of the equilibrium parameters are

given by
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The dimensionless coefficients Q are given in Appendix E.2. As for the coefficients S, they

depend on the geometry of the BHA, on the walk angle $, and on the dimensionless groups ⌘⇧

and �⇧.
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sinusoidal oscillations of the borehole, (ii) spiraling oscillations when the borehole is corkscrew-

ing, (iii) and hour-glassing, which is a cyclic enlargement of the borehole. They are a danger for

the drilling operations: an excessive tortuosity of the borehole impairs the transmission of axial

force and torque to the bit and jeopardizes the completion of the well. Pastusek and Brackin

(2003) states that the wave length of these oscillations is often observed to be about the distance

between the bit and the first contact point of the BHA with the borehole. Frequently, this wave

length is smaller than the distance between successive points of measurement of the borehole

geometry, so that they are not detected during drilling.

The stability analysis is based on the linearized version of the evolution equations about an

equilibrium, from which a characteristic equation is derived (Hale, 1977). The stability of the

equilibrium is related to the location of the roots of this characteristic equation in the complex

plane; they need to be in the left-half plane for the solution to be stable. For the sake of

simplicity, this section mainly treats the case of a neutral walk tendency; but its conclusions can

be generalized to the general case with $ 6= 0.

The eigenvalue based approach is implemented using the software package DDE-BIFTOOL

for MATLAB, which is used as a numerical root finder of the characteristic equations (Engel-

borghs et al., 2001, 2002).

6.3.1 Theoretical Background

Many of the results on the stability of ordinary differential equations are similar for DDE (Bell-

man and Cooke, 1963; Hale, 1977; Stepan, 1989; Gu et al., 2003; Michiels and Niculescu, 2007).

The general system (4.7) is first converted into a system of first order delay differential

equations by introducing the additional state variables h⇥i
1

, . . . , h⇥i
n

and h�i
1

, . . . , h�i
n

. It is

then linearized about an equilibrium. If the equilibrium of this linearized system is asymptoti-

cally stable, then the equilibrium of the non-linear system (4.7) is likewise asymptotically stable

(Stepan, 1989).

Hence, the rest of this section focuses on the stability of linear retarded delay differential

equations (RDDE) of the form

x

0
(⇠) = A

0

x (⇠) +

nX

i=1

A
i

x (⇠ � ⇠
i

) , (6.18)
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where x (⇠) is a vector of state variables and A
i

, i = 0, . . . , n are real matrices.

The corresponding characteristic equation is given by

Q (↵) = det

"
↵I �A

0

�
nX

i=1

A
i

e�↵⇠i

#
= 0. (6.19)

It is a transcendental equation, meaning that it possesses an infinite number of roots. It can be

shown that the roots of the characteristic equation verify (Michiels and Niculescu, 2007)

|↵|  kA
0

k
2

+

nX

i=1

kA
i

k
2

e�<(↵)⇠i . (6.20)

There exists a number � 2 R such that all the roots are in the half-plane {↵ 2 C : <(↵) < �}.

Also, there are only a finite number of roots in any vertical strip {↵ 2 C : ↵
1

< <(↵) < ↵
2

} of

the complex plane, with ↵
1

, ↵
2

2 R and ↵
1

< ↵
2

.

The null solution of (6.18) is exponentially stable if and only if all the characteristic roots

are located in the open left half-plane. Furthermore, the solution to the linear RDDE (6.18)

possesses the following modal expansion. For any ⇣ 2 R such that the characteristic function

Q (↵) 6= 0 for all ↵ 2 C on the line <(↵) = ⇣, a solution x(⇠) to (6.18) can be approximated by

x(⇠) =

lX

k=1

p
k

(⇠)e↵k⇠
+ o

�
e⇣⇠
�
, for ⇠ !1, (6.21)

where ↵
1

, . . . ,↵
l

are the (finitely many) characteristic roots with real parts exceeding ⇣, and

p
k

(⇠) are vector valued polynomial of degree less than or equal to m
k

� 1, with m
k

being the

multiplicity of ↵
k

as a root of the characteristic equation (Michiels and Niculescu, 2007).

For RDDE, the position in the complex plane of the characteristic roots is continuously

dependent on the variations of the matrices A
0

, . . . , A
n

and delays ⇠
i

. Hence, a point in the

parameter space associated with a loss or acquisition of stability corresponds to having charac-

teristic roots on the imaginary axis.

The stability of neutral delay differential equations (NDDE) and delay difference equations

(respectively governing the 1-stabilizer and 2-stabilizer rigid systems) do not share the same

properties as RDDE. In particular, the spectrum of the characteristic equation for linear NDDE

or linear delay difference equations is not continuously dependent on the delays ⇠
i

.



79

6.3.2 Intermediate-Range vs Long-Range Stability

Examples of spectra are given in Figure 6.7. The shaded area corresponds to the region of

the complex plane defined by (6.20) and in which the characteristic roots live. It ensures that

roots with large imaginary parts are stable. Two distinct roots of the spectrum appear to be

important.

The first root, ↵
0

, characterizes the stability of the equilibrium solutions. Under normal

drilling conditions, ↵
0

is close to the origin of the complex plane and |<(↵
0

)| has the same order

of magnitude as ⌥, that is O(10

�3

). The rest of the spectrum governs the transient behavior.

In particular, the right-most root ↵
1

of the spectrum after discarding ↵
0

, controls the stability

and rate of convergence of the solution toward the intermediate asymptotes. These conclusions

can be justified as follows.

At the intermediate scale, the influence of the weight is quasi-constant. The convergence

toward a long-range asymptote can thus be investigated under the assumption that ⌥ sin h⇥i
1

=

⌥ sin h⇥i in (4.11) is constant. For this purpose, it is thus enough to study the homogeneous

linear differential equation
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, (6.22)

obtained from (4.12). The corresponding characteristic equation Q(↵) possesses a root ↵
0

at the

origin, a consequence of the steady-state of (6.22) being defined up to a constant inclination.

Hence, the rate of exponential convergence (or divergence) toward a quasi-constant curvature so-

lution is controlled by the right-most root ↵
1

of the spectrum. (In practice, since equation (6.22)

is brought into a system of DDE by introducing n additional state variables h⇥i
1

, . . . , h⇥i
n

, the

spectrum has n additional characteristic roots at the origin.)

Also, the convergence of the borehole inclination ⇥ toward a quasi-constant curvature solu-

tion is a sufficient condition for the convergence of the system. In other words, if the evolution

of the inclination ⇥ governed by (6.22) is stable, the other state variables ✓, �, and � also
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(a) Spectrum for a 1-stabilizer BHA. The RSS force
to have ⇥1 = 45� is � = 3.1⇥10�3. The real parts
of the right-most roots are <(↵0) = �0.0028 and
<(↵1) = �1.95.
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(b) Spectrum for a 3-stabilizer BHA with {2 = 2,
{3 = 4.285. The RSS force to have ⇥1 = 45� is
� = 4.2 ⇥ 10�3. The real parts of the right-most
roots are <(↵0) = �0.0028 and <(↵1) = �0.655.
Only the 51 roots with the largest real parts are
shown here.

Figure 6.7: Spectra of the characteristic equation for equilibrium solutions with inclination
⇥1 = 45

�. These examples consider a 1-stabilizer and a 3-stabilizer BHA; the system parameters
are the same as the simulations in Section 5.2: ⌘ = 25, � = 1, $ = 0, ⇧ = 4.08 ⇥ 10

�2,
⌥ = 6.3⇥ 10

�3, and ⇤ = 0.29. The RSS force is chosen so that the equilibrium inclination (of
the downward solution) is ⇥1 = 45

�. The shaded region is defined by (6.20); its boundaries do
not appear in Figure 6.7b.

converges to a long-range asymptote. The convergence of ✓ is ensured as M
b

� 1 in (4.11b);

also the stability properties of equations (4.11c) and (4.11d) governing � and � are the same as

for (4.11a) and (4.11b).

On the long range, the borehole inclination can no longer be approximated as constant and

the weight ⌥ has a non-linear influence on the system. Nevertheless, this nonlinear effect is weak,

a consequence of ⌥ ⌧ 1. Thus, it only perturbs the spectrum of the characteristic equation

and the root ↵
0

is slightly shifted. Provided that all the other roots remain in the left-hand

side of the complex plane, it is ↵
0

that determines the stability of the stationary solutions.

Alternatively, the stability of the equilibrium solutions could be assessed using (5.2) governing

the large-range dynamics.
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Figure 6.8: Real part of the right-most root <(↵
1

) as a function of the dimensionless groups ⌘⇧
and �⇧, and for different geometries of the BHA. The ranges of ⌘⇧ and �⇧ are purposely large;
in practice ⌘⇧ is of order of O(1) and �⇧ is at most of the order of O(10

�1

).



82

6.3.3 Convergence on the Intermediate Range

If $ = 0, the parameters controlling the rate of convergence toward a large-range asymptote are

the dimensionless groups ⌘⇧ and �⇧ arising from the bit/rock interface laws, and the positions

of the stabilizers, measured by {
1

, . . . , {
n

(Fig. 6.8).

The general trend shows that decreasing the rigidity of the BHA improves the rate of con-

vergence. This can be achieved by decreasing the bending stiffness EI or by increasing the

distances between stabilizers. Roughly speaking, decreasing the constraints on the BHA de-

creases the delayed feedback of the borehole geometry on the system and improves its stability.

This observation advocates for the use of flexible elements that are often placed between the

first and the second stabilizer. A bit with a strong tendency to drill along its principal axis tends

to increase the rate of convergence compared to an aggressive bit. Hence, for this purpose, drill

bits with long passive gauges tend to drill a smoother borehole. Finally, a sweet spot in the

parametric space seems to systematically appear at ⌘⇧ ' 2 and �⇧ ⌧ 1, independently of the

geometry of the BHA (numerical investigations for 2-stabilizer BHA confirm this tendency). We

did not find an explanation that justifies this observation.

The imaginary parts of the characteristic roots measure the frequency associated with each

oscillation mode. For the dominant modes, =(↵) = O(1) so that the borehole oscillations are

expected to have a wave length of the order of the distance from the bit to the first stabilizer.

In general, the modal frequencies increase if the distances {
i

between stabilizers decrease.

The spectrum of the characteristic equation does not drastically change with the bit walk

angle $, especially in view that $ is usually of the order of O(10

�
). Figure 6.9 illustrates this

influence for a continuous variation of $. The spectrum does not depend on the sign of $. The

rate of convergence is usually reduced by increasing the walk angle $.

Finally, Figure 6.10 illustrates the strong dependence of the spectrum with respect to the

delay 1 + {
2

for the delay difference equation (4.19) governing the 2-stabilizer stiff case. For

{
2

= 2, the roots are distributed along the lines <(↵) = � log 2 and <(↵) = 0 and their

imaginary parts are multiples of ⇡.
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Figure 6.9: Shift of the characteristic roots for a continuous variation of $ from $ = 0

� to
$ = ±45

�. The system parameters are ⌘ = 25, � = 1, $ = 0, ⇧ = 4.08 ⇥ 10

�2, {
2

= 2,
{

3

= 4.285, ⌥ = 6.3 ⇥ 10

�3, ⇤ = 0.29, and ⇥1 = 45

�; the initial spectrum for $ = 0

� is the
same as in Figure 6.7b.

6.3.4 Stability of Stationary Solutions

When they exist, two stationary solutions are associated with a given set of drilling parameters:

a downward solution ⇥1 2 [0,⇡/2] and an upward one ⇥1 2 [⇡/2,⇡]. Always, one of them

is stable and the second one unstable (Fig. 6.11). But, whether it is the downward or upward

equilibrium which is stable depends on the value of ⌘⇧ with respect to ⌘⇧|6⌥, which has been

defined in Section 6.2.2 as the particular value of ⌘⇧ for which the equilibrium is independent

of the weight ⌥. For a continuous change of ⌘⇧ with all other parameters being kept constant,

<(↵
0

) changes sign for ⌘⇧ = ⌘⇧|6⌥. It is first observed that for this particular value ⌘⇧|6⌥,

the equilibrium solutions are marginally stable. Furthermore, for ⌘⇧ < ⌘⇧|6⌥ the downward

solutions are stable, while for ⌘⇧ > ⌘⇧|6⌥ the upward ones are stable. The reason is that ⌘⇧|6⌥
is the value of ⌘⇧ for which the influence of the gravity on the system is reversed; it is associated

with a change of drilling regime (see Section 7.2.2).
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Figure 6.10: Spectrum for the stiff 2-stabilizer case for three BHA geometries.

Figure 6.11: Magnitude of <(↵
0

) as a function of ⌘⇧ and the equilibrium inclination ⇥1. The
system parameters are $ = 0, �⇧ = 4.08⇥ 10

�2, {
2

= 2, and {
3

= 4.285.



Chapter 7

Applications

The following applications illustrate the discussions and results from Chapters 5 and 6. The

main outcome of this chapter is the identification of different drilling regimes. The transitions

between these regimes is characterized by the particular values ⌘⇧|6� and ⌘⇧|6⌥ of ⌘⇧ identified

in Section 6.2.2. The directional response of the system to the external loads � and ⌥ will

appear to be predominantly controlled by the dimensionless group ⌘⇧ and the geometry of the

BHA.

7.1 Drilling Parameters

Table 7.1 provides a compilation of relevant information concerning bit sizes, characteristics of

the BHA, and properties of push-the-bit RSS used for directional drilling operations. These

data are given as an indication of the order of magnitude for the system parameters that can

be encountered in practice as they may vary greatly depending on the application. They are

organized according to the RSS outer diameter, which ranges from 4

3/4 to 9

1/2 inches (according

to the convention followed by the industry). For BHA equipped with a push-the-bit RSS, the

distance �
1

between the bit and the first stabilizer usually varies between 3 to 5 m. The RSS is

located close to the bit so that the RSS lateral force is generated within 0.5 to 1 m from the bit.

When the BHA is not equipped with a RSS, the location of the stabilizers alone is used to

85



86

influence the directional tendency of the apparatus. In this case, the length �
1

may range from

1 m up to 20 m (Millheim, 1979). Depending on the positions of the stabilizers, drillers dub the

BHA as having a dropping, holding, or building tendency, whether it is expected to decrease,

hold, or increase the inclination of the borehole, respectively.

The corresponding dimensionless parameters are listed in Table 7.2. The maximum cutting

component of the weight on bit, ⇧
max

, has been assessed on the assumption that the bit is

“sharp,” i.e., G
1

= 0. The threshold contact force G
1

depends on the bluntness of the bit, the

bit size, and the rock strength. Everything else being the same, G
1

scales with the bit size.

Experimental investigations in sandstone (Detournay et al., 2008) suggest values for G
1

of order

O (10 kN) for moderately blunt 6

1/2 PDC bits (a = 8.3 cm).

RSS diameter 4

3/4” 6

3/4” 8

1/4” 9

1/2”

a
min

(cm) 7.5 10.8 15.6 15.6
a
max

(cm) 8.6 12.5 18.7 23.2
w (kN/m) 0.88 1.29 2.21 3.8

EI (MNm2) 2 8.4 18.7 33

�
1

(m) 3.5 3.8 3.8 3.8
�

2

(m) 7 8 8 9.2

| ˆF
1

|
max

(kN) 100 250 400 450

|C|
max

(kNm) 7 20 45 68

˘F
max

(kN) 10 18.6 32 40

K
max

(km�1) 8 3.7 3.7 3.7

Table 7.1: Approximate system parameters for different BHA sizes; the number on the first row
is the RSS outer diameter in inches. The radii a

min

and a
max

are the minimum and maximum
radii of the bit, | ˆF

1

|
max

and |C|
max

are the maximum weight on the bit and torque allowed by
the apparatus, and ˘F

max

is the maximum magnitude of the lateral force that can be generated
by the RSS. The quantity K

max

is the maximum curvature of the borehole that is allowed when
drilling with a RSS of a certain size.

RSS diameter 4

3/4” 6

3/4” 8

1/4” 9

1/2”

⌥⇥ 10

3

6.27 2.77 2.13 2.09

�

max

⇥ 10

2

2.03 1.06 0.82 0.58

⇧

max

⇥ 10 1.82 1.42 1.00 0.64

{
2

2 2.11 2.11 2.42

⇤ 0.29 0.26 0.26 0.26

Table 7.2: Suggested dimensionless parameters for a “sharp” bit (G
1

= 0).
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Figure 7.1: Borehole and BHA geometryies for various values of ⇧, which are selected such that
⌘⇧ is smaller, equal, and larger than ⌘⇧|6�. The borehole and BHA are initially vertical and at
⇠ = 0 a constant RSS force is imposed. For ⌘⇧ = 7.5 the borehole slightly drifts to the left. The
parameters are {

2

= 2, {
3

= 4.285, ⌘ = 25, � = 1, $ = 0, � = 2.03 ⇥ 10

�2. The axis ⇠ is the
projected length of the borehole. The borehole and BHA diameters are not up to scale and the
deformation of the BHA is magnified.

7.2 Simulations

7.2.1 RSS Force

In view of (4.12), the efficiency of the RSS can be quantified by the gain g given by

g =

F
b

M
r

� F
r

M
b

�M
r

⌘⇧

⌘⇧
, (7.1)

which depends on ⌘⇧ and the geometry of the BHA. For the specific value ⌘⇧ = ⌘⇧|6� given

in (6.14), the gain vanishes; it is positive if ⌘⇧ < ⌘⇧|6� and negative otherwise. Figure 7.1

illustrates the influence of � on a vertical borehole path, for which the influence of the weight

⌥ is negligible. When ⌘⇧ < ⌘⇧|6�, the borehole propagates in the direction of the RSS force. In
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most cases, the system actually evolves in this regime and drillers expect the borehole to evolve

accordingly. But for large values of ⌘⇧, this tendency is reversed.

From this point of view, ⌘⇧ should remain small. This can be achieved using an aggressive

bit (⌘ small) or limiting the weight on bit. The design of the BHA, in particular the position

of the stabilizers and RSS, can also increase the gain (7.1); it is the case if ⇤ is small, that is if

the RSS is close to the bit.

The switch between these two tendencies can be explained as the consequence of the com-

petition between two processes (Fig. 7.2). The first one is dominated by the lateral force

transmitted to the bit and the borehole propagates in the direction of this force (or close to this

direction if $ 6= 0 but remains small); this regime is associated with small values of ⌘⇧. The

second one is controlled by the orientation of the bit and is a consequence of the bit having a

strong propensity to drill along its axis. It is thus dominated by the bit tilt and occurs for large

values of ⌘⇧.

Figure 7.2: Sketches of two drilling regimes which are respectively dominated by the lateral
force transmitted to the bit and the tilt of the bit.



89

Figure 7.3: Borehole and BHA geometries for various values of ⇧, which are selected such that
⌘⇧ is smaller, equal, and larger than ⌘⇧|6⌥. The borehole and BHA are initially horizontal; the
simulation starts at ⇠ = 0. No force is imposed at the RSS, � = 0, and the other parameters are
{

2

= 2, {
3

= 4.285, ⌘ = 25, � = 1, $ = 0, ⌥ ' 6.3 ⇥ 10

�3. The axis ⇠ is the projected length
of the borehole. The borehole and BHA diameters are not up to scale and the deformation of
the BHA is magnified.

Figure 7.4: Particular value ⌘⇧|6⌥ as a function of the geometry of a 3-stabilizer BHA.

7.2.2 Distributed Weight

For ⌘⇧ = ⌘⇧|6⌥, it was observed that the stationary solutions and long-range asymptotes are not

influenced by gravity. As for the RSS force, ⌘⇧|6⌥ corresponds to a change of drilling regime: for

⌘⇧ < ⌘⇧|6⌥ the gravity tends to decrease the borehole inclination and for ⌘⇧ > ⌘⇧|6⌥ it tends

to increase the inclination.

Figure 7.3 illustrates this behavior. No force is imposed at the RSS and the active weight on
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bit ⇧ is varied, while all the other drilling parameters are maintained constant. The phenomena

responsible for this change of behavior are similar as the ones described in Figure 7.2: for ⌘⇧

small, the system is force-dominated and for ⌘⇧ large, it is tilt-dominated.

Figure 7.4 illustrates the dependence of the geometry of a 3-stabilizer BHA defined by {
2

and {
3

on the particular value ⌘⇧|6⌥. For some BHA geometries, ⌘⇧|6⌥ is not defined (white

region) and the ⌥-independent case cannot be achieved.

7.2.3 Borehole Oscillations

It seems that in the majority of cases with normal drilling conditions, the system is stable.

Perhaps one of the main risks of obtaining trajectory instabilities is when the axial force is

not transmitted to the bit properly so that ⇧ is abnormally small. Moreover, these risks are

increased if the bit has an aggressive gauge (⌘ small). Figure 7.5 illustrates the influence of ⇧

on the borehole tortuosity.

Figure 7.5: Evolution of the borehole and BHA geometry. The borehole and BHA are initially
vertical; the simulation starts at ⇠ = 0. The system parameters are {

2

= 2, {
3

= 2, ⌘ = 5,
� = 0.1, $ = 0, and ⌥ ' 6.3⇥ 10

�3. The borehole and BHA diameters are not up to scale.
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7.3 Long-Range Solutions

In addition to providing orders of magnitude for the parameters of the long-range and stationary

solutions, the purpose of these examples is to illustrate the influence of the particular values

⌘⇧|6� and ⌘⇧|6⌥ on these solutions.

We consider the same 4

3/4” push-the-bit system as in Section 5.2 . The lateral and angular

steering resistances are respectively selected to be ⌘ = 25 and � = 1 and if G
1

= 10 kN. The

other drilling parameters are {
2

= 2, {
3

= 4.285, ⌥ ' 6.3 ⇥ 10

�3, �
max

' 2 ⇥ 10

�2, and

⇤ ' 0.29.

For this BHA geometry, the �-independent case corresponds to ⌘⇧|6� = 4.4 (weight on bit

given by | ˆF
1

| = 96 kN) and the ⌥-independent case to ⌘⇧|6⌥ = 3.1 (| ˆF
1

| = 70 kN).

The long-range and equilibrium solutions are represented in the (�

2

,�
3

)-space (Figs. 7.6

and 7.7). They are computed for three different magnitudes of the weight on bit:

1. | ˆF
1

| = 30 kN, so that ⌘⇧ = 1.02 and ⌘⇧ < ⌘⇧|6⌥;

2. | ˆF
1

| = 85 kN, so that ⌘⇧ = 3.83 and ⌘⇧|6⌥ < ⌘⇧ < ⌘⇧|6�;

3. | ˆF
1

| = 120 kN, so that ⌘⇧ = 5.61 and ⌘⇧|6� < ⌘⇧.

For each value of ⌘⇧, the influence of the bit walk is also investigated by first considering zero

bit walk ($ = 0

�) and then a left walk tendency ($ = �15

�).

7.3.1 Helical solutions

Helical solutions only exist in the grayed area delimited by the circle defined by |�| = �

max

and

the lines corresponding to sin⇥1 = 0 and sin⇥1 = 1 (Fig. 7.6). Two helical solutions are

associated with each point of this solution space: one propagating downward, ⇥1 < ⇡/2, and

the other one propagating upward, ⇥1 > ⇡/2.
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(a) ⌘⇧ = 1.02 < ⌘⇧| 6⌥, $ = 0�. (b) ⌘⇧ = 1.02 < ⌘⇧| 6⌥, $ = �15�.

(c) ⌘⇧| 6⌥ < ⌘⇧ = 3.83 < ⌘⇧|6�, $ = 0�. (d) ⌘⇧| 6⌥ < ⌘⇧ = 3.83 < ⌘⇧|6�, $ = �15�.

(e) ⌘⇧ = 5.61 > ⌘⇧|6�, $ = 0�. (f) ⌘⇧ = 5.61 > ⌘⇧|6�, $ = �15�.

Figure 7.6: The region of helical solutions is represented in the (�

2

,�
3

)-space for three values
of ⌘⇧ and for the walk angles $ = 0

� and $ = �15

�. A point in this (�

2

,�
3

)-space represents
the RSS force when looking in the direction of propagation of the borehole.
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Two sets of straight lines are represented; they respectively correspond to steady-state so-

lutions of same inclination ⇥1 and curvature 1 (the equilibrium inclination is given for the

downward solutions only). When the bit has a neutral walk tendency, the lines of equal incli-

nation are parallel to the �
3

-axis, while the lines of equal curvature are parallel to the �
2

-axis

(Figs. 7.6a, 7.6c, and 7.6e). This is no longer the case when the bit has a tendency to walk

($ 6= 0) as the inclination and curvature now depend on both components �
2

and �
3

of the

RSS force (Figs. 7.6b, 7.6d, and 7.6f).

For ⌘⇧ = 1.02 < ⌘⇧|6⌥ and $ = 0, steady-state solutions only exist if �
2

> 0, that is, if the

component �
2

of the RSS force is directed upward (Fig. 7.6a). Also in this case, the curvature

of the borehole has the same sign as �
3

, meaning that, in the osculating plane, the borehole

bends in the direction of the RSS force.

For ⌘⇧|6⌥ < ⌘⇧ = 3.83 < ⌘⇧|6� and $ = 0, the influence of the weight ⌥ on the directional

drilling tendency is inverted with respect to the previous case. In order to counter this change

of tendency, the sign of �
2

required to have steady-state changes and is negative (Fig. 7.6c).

Finally, for ⌘⇧ = 5.61 > ⌘⇧|6� and $ = 0, the influence of the RSS force � on the system

is inverted and is opposite to the previous examples with ⌘⇧ < ⌘⇧|6�. Now the system tends

to propagate in a direction opposite to the RSS force. Hence, steady-state solutions exist only

for �
2

> 0 and the sign of the curvature of the borehole is now opposite to the sign of �
3

(Fig.

7.6e).

The influence of the bit walk on the steady-state geometry of the borehole is significant (Figs.

7.6b, 7.6d, and 7.6f). First, the region of solutions in the (�

2

,�
3

)-space is affected. Second, the

range of equilibrium curvatures that can be achieved changes; this is particularly evident in

Figure 7.6d.

7.3.2 Long-Range Asymptotes

The long-range asymptotes are associated with a quasi-constant averaged inclination h⇥i of the

BHA. Here, this inclination is set to h⇥i = 45

�. The only restriction on these solutions is that

|�|  �

max

and a unique quasi-stationary solution is associated with each point in the circle

represented in the (�

2

,�
3

)-space (Fig. 7.7).
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(a) ⌘⇧ = 1.02 < ⌘⇧| 6⌥, $ = 0�. (b) ⌘⇧ = 1.02 < ⌘⇧| 6⌥, $ = �15�.

(c) ⌘⇧| 6⌥ < ⌘⇧ = 3.83 < ⌘⇧|6�, $ = 0�. (d) ⌘⇧| 6⌥ < ⌘⇧ = 3.83 < ⌘⇧|6�, $ = �15�.

(e) ⌘⇧ = 5.61 > ⌘⇧|6�, $ = 0�. (f) ⌘⇧ = 5.61 > ⌘⇧|6�, $ = �15�.

Figure 7.7: The quasi-constant curvature solutions are represented in the (�

2

,�
3

)-space for three
values of ⌘⇧ and for the walk angles $ = 0

� and $ = �15

�.
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As for the helical solutions, two sets of straight lines are represented corresponding to solu-

tions of equal curvatures 
2s

and 
3s

. For a neutral walk tendency, the 
2s

- and 
3s

-lines are

orthogonal to the �
2

- and �
3

-axes, respectively (Figs. 7.7a, 7.7c, and 7.7e). This is no longer

the case when the bit has a tendency to walk (Figs. 7.7b, 7.7d, and 7.7f).

The observations made for the helical solutions are similar for the long-range solutions. The

⌥-independent case, ⌘⇧ = ⌘⇧|6⌥, corresponds to a switch in the influence of the weight. As

a consequence, the line 
2s

= 0 is above the �
3

-axis for ⌘⇧ < ⌘⇧|6⌥ (Fig. 7.7a) but below

the �
3

-axis for ⌘⇧ > ⌘⇧|6⌥ (Fig. 7.7c). Also, as suggested in Figures 7.7a, 7.7c, and 7.7e, the

borehole is bending in the direction of the RSS force when ⌘⇧ < ⌘⇧|6� and $ = 0; this behavior

is reversed for ⌘⇧ > ⌘⇧|6�.

7.3.3 Comparison with Simulations

Finally, the long-range evolution are compared with the simulations from Section 5.2.4 (Fig.

7.8). The long-range asymptote perfectly matches the simulation (Fig. 7.8a). The rate of

convergence of the intermediate dynamics is fast (Figs. 7.8b, 7.8c, and 7.8d). For this example,

�
1

= 3.5 m, thus, after a length of borehole of about 17.5 m, the system can be considered to

evolve along the quasi-constant curvature trajectory for any practical purpose.
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(a) Long-range evolution of the borehole incli-
nation. The long-range asymptote overlaps the
simulation.

(b) Medium-range evolution of the component
of the curvature in the vertical plane of the bore-
hole.

(c) Medium-range evolution of the component
of the curvature in the azimuthal direction.

(d) Medium-range evolution of the bit tilt angles  2

and  3.

Figure 7.8: Comparison between the 3D simulation (solid lines) and the stationary and long-
range solutions (dashed lines). The system parameters are the same as in Section 5.2; they are
{

2

= 2, {
3

= 4.285, ⇤ ' 0.29, ⌘ = 25, � = 1, $ = �15

�, ⌥ ' 6.3 ⇥ 10

�3, ⇧ = 4.08 ⇥ 10

�2,
�

2

= 3.54⇥ 10

�3, and �
3

= 3.54⇥ 10

�3.



Chapter 8

Conclusions

8.1 Contributions

This research has led to the development of a dynamical model for the 3D evolution of the

bit trajectory of a directional drilling system. It incorporates interface laws describing the

interaction of the bit with the rock formation, a mechanical model of the BHA, and relationships

relating the kinematics of the bit to the evolution of the borehole geometry.

The mathematical formulation of the model yields a set of functional differential equations.

The history-dependent nature of these equations is a consequence of the delayed influence of the

borehole geometry on the deformation of the BHA and thus on the bit trajectory. The model

parameters reduce to the dimensionless groups ⌘⇧ and �⇧, the walk angle $, and geometric

parameters measuring the positions of the RSS and stabilizers along the BHA.

Three length scales are identified in the response.

On the short range, the bit and borehole can experience fast variations in their orientation.

This local behavior is mainly controlled by the dimensionless group �⇧, a measure of the system

resistance against a change in bit orientation. It appears that these fast variations usually occur

on a length scale of the order or smaller than the model resolution, which is given by the

dimensions of the bit. They can thus rather be interpreted as discontinuities in the solution.

On the medium range, the system evolution is dominated by the delayed influence of the

97
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geometry of the borehole. In general, the transient behavior due to this secular effect quickly

smooths out and the solution converges to a quasi-constant curvature borehole. This convergence

occurs on a length of borehole of the order of 10 times the distance bit to first stabilizer.

The long-range behavior corresponds to a slow variation of the borehole curvature as a

consequence of the nonlinear influence of the BHA weight. In some cases, the solution converges

to a constant inclination and the borehole follows a helical path. Typically, the length of borehole

required to reach equilibrium is of the order of 1000 times the distance between the bit and the

first stabilizer.

The dimensionless group �⇧ has been introduced to measure the resistance against a change

of bit orientation. It appears that the system response is weakly influenced by this parameter.

Hence, the angular steering resistance � can generally be set to zero, except for long-gauged

bits.

The dimensionless group ⌘⇧ depends on properties of the bit and rock formation and on

characteristic parameters of the BHA. It measures the system resistance against a tilt of the bit

with respect to the borehole axis. This parameter ⌘⇧ and the geometry of the BHA appears to

be the primordial variables governing the directional response.

As ⌘⇧ is varied, the directional tendency changes. In particular, if ⌘⇧ is small, the drilling

direction is dominated by the lateral force transmitted to the bit; if ⌘⇧ is large, it is dominated

by the bit tilt. The transition between these two regimes depends on the geometry of the BHA.

Oscillations in the borehole trajectory are instigated by the retarded influence of the borehole

geometry on the drilling direction. In general, they are observed to be reduced if ⌘⇧ is large

and for flexible BHA.

8.2 Future Work

In its current state, the model can in principle be used to design a robust model-based controller

for the RSS. Such a controller should aim at directing the borehole in the desired direction but

also reduce the borehole tortuosity.

Some aspects of the problem have been overlooked.

The points of the BHA contacting the borehole wall were supposed to be known and located
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at the bit and stabilizers. But, the stabilizers are never perfectly centered in the borehole. In

fact, they are often undergauged, that is, they have a diameter slightly smaller than the bit. In

this case, the stabilizers may or may not contact the borehole. Contacts can also appear along

the BHA somewhere else than at a stabilizer. Moreover, the RSS uses a set of pads to push on

the side of the borehole and thus was modeled as inducing a lateral force on the BHA. But in

practice these pads have a limited extension. If they reach their maximum length, the imposed

force condition at the RSS becomes an imposed displacement with respect to the borehole axis.

Incorporating these considerations in the model of the BHA requires to solve for the contact

pattern of the BHA with the borehole wall and the BHA problem becomes intrinsically nonlinear

(Denoël and Detournay, 2011).

The bit/rock interaction was modeled for a bit drilling an isotropic and homogeneous rock

formation and was reduced to linear relationships. Such perfect conditions are rarely met on

the field. Revised interface laws can account for the rock anisotropy or for a sudden change of

rock stratum. In addition, experimental investigations suggest that the bit tilt has a nonlinear

influence on the interface laws, possibly due to a geometric effect of the bit gauge contacting

the hole bottom (Pastusek et al., 2005).

Directional drilling data are hardly available in the literature. It seems that the industry is

not keen on releasing complete results of directional drilling campaigns. Moreover, experimental

investigations in a laboratory environment seems unrealistic, especially at a university. The

model should thus be validated by a joint effort with the industry.
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Appendix A

Interface Laws for a Cylindrical Bit

The procedure described in Section 3.3 is used to derive the bit/rock interface laws for the toy

problem of a cylindrical bit of radius a and height 2b (Fig. A.1). The reference point of the bit

is placed at the geometric center of the cylinder and the bit kinematics is limited to a planar

trajectory (d
3

= 0 and '
2

= 0).

The bit face refers to the base of the cylinder and is the set of points with cylindrical

coordinates {(r,!,�b), 0  r  a, 0  ! < 2⇡}. The bit gauge is the side of the cylinder and

is defined by {(a,!, z), 0  ! < 2⇡, �b  z  b}. The equivalent blade can be decomposed

into an equivalent blade for the bit face and another one for the bit gauge. Their properties are

assumed constant on their length: �
f

, ⇣
f

, ⇣ 0
f

, ⇣ 00
f

, p
f⇤ for the bit face and �

g

, ⇣
g

, ⇣ 0
g

, ⇣ 00
g

, p
g⇤ for

the bit gauge.

The bit is assumed to maintain a steady motion, meaning that the penetration variables d
1

,

d
2

, and '
3

are constant along the trajectory of the bit. Consequently, the bit tilt  
2

in the plane

of the bit trajectory is also constant and can be approximated by  
2

' �d
2

/d
1

as a consequence

of (3.20) and (3.21). The axial penetration d
1

is supposed to be much larger than d
2

and a'
3

, so

that all the bit face penetrates the rock. The trajectories characterized by constant penetrations

are straight lines if '
3

= 0 and circular trajectories of radius R = d/'
3

if '
3

6= 0. The sign of

the radius is given by the sign of '
3

.

The magnitudes of the penetration parameters are such that the cutting process takes place
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in Regime II on the bit face and in Regime I on the bit gauge, i.e., p > p
f⇤ for the face and

p < p
g⇤ for the gauge.

The incremental normal displacement �u
n

for a point of the bit face is given by

�u
n

= �u.ˆi
1

= d
1

� r cos!'
3

(A.1)

and is always positive. For the gauge, it is given by

�u
n

= (d
2

� z'
3

) cos!, (A.2)

which can be positive or negative. Contrary to the bit face, the gauge does not interact every-

where with the rock. For a curved borehole, an outer and inner side of the gauge are naturally

defined. The part of the gauge interacting with the rock depends on the tilt  
2

( 
3

is here set

to zero as the trajectory of the bit is planar) and on the ratio between the bit height and the

borehole radius of curvature:

 ⇤ = 2b/R. (A.3)

There are four interaction configurations, denoted C1-C4, which depend on the relative values of

 
2

and  ⇤ (the criteria given below assume that '
3

> 0). These configurations are characterized

by different patterns of contact between the bit gauge and the rock: C1 ( 
2

�  ⇤/2), all of the

outer side of the gauge penetrates the rock; C2 ( 
2

2 [0, ⇤/2]), both sides of the gauge are in

partial contact with the rock; C3 ( 
2

2 [� ⇤/2, 0]), the inner side is partially in contact with

the rock; and C4 ( 
2

 � ⇤/2), all of the inner side of the gauge penetrates the rock (Fig. A.2).

Figure A.1: A cylindrical bit with its reference point at its geometric center. Cylindrical basis
(e

r

, e
!

, e
z

) is represented at a point P of the bit.
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Figure A.2: Surfaces delimited by the penetration p of the bit gauge in the four interaction
configurations of the gauge for the case '

3

> 0. C1: the outer side of gauge penetrates the rock;
C2: both sides of the gauge are in partial contact with the rock; C3: the inner side of the gauge
is in partial contact with the rock; C4 the inner side of the gauge penetrates the rock.

The penetration p is equal to the incremental normal displacement on the interaction surfaces,

while it is equal to zero elsewhere. Note that, if the trajectory is a straight line,  ⇤ = 0 and the

gauge can interact with the borehole only in the first and fourth configurations.

Once the penetration p is known everywhere on the cutting profile, the force densities f
n

,

f
!

given by the single cutter laws can be integrated and averaged over one revolution. Finally,

the bit/rock interaction laws can be written as
2
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where ⌫ = b/a is the slenderness of the bit and  
1

,  
2

,  
3

are continuous functions of the ratio

 
2

/ ⇤, which depend on the gauge/rock interaction surface configuration. For configurations
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C1 and C4 (when one side of the gauge is in full contact with the rock),  
1

=  

3

= 1 and

 

2

= 0, but for configurations C2 and C3,  
1

,  
2

,  
3

are given below. Always, 0 <  

i

 1,

i = 1, 2, 3.

Configuration C2 (0   
2

  ⇤/2, '
3

> 0):

 

1

=

1

2

+

 
2

 ⇤
,

 

2

= �1

4

 
2

(�3 
2

+ 2 ⇤)

 2

⇤
,

 

3

=

1

2

+

2 
2

�
14 2

2

� 12 
2

 ⇤ + 3 2

⇤
�

 3

⇤
. (A.5)

Configuration C3 (� ⇤/2   
2

 0, '
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> 0):
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Assuming that the interaction occurs in configuration C1 or C4, the expressions for the

lateral and angular steering resistances for a cylindrical bit are respectively given by
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Typically, ⇣ 0
g

and ⇣ 00
g

are one to two orders of magnitude larger than ⇣
f

(Detournay and Defourny,

1992; Detournay et al., 2008).
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E.2 Equilibrium Solutions

The coefficients S, in the general expression (6.12) of the steady-state parameters, are given by
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