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Abstract

Our perception of the world is influenced by the way our brains process information received
from millions of neurons. Our senses are based on information sent to the brain in the form
of sequences of stereotyped electrical impulses, or spikes. We attempt to answer a central
question: how do we understand and analyze neural responses when their relationship to
external variables such as stimuli, location or behavior is unclear?

Our main innovation is that we first ignore these external variables and instead look
for structure solely within data representing neural activity such as spike trains. Our
preliminary results on synthetic data show how the diffusion maps algorithm applied to
data preprocessed in a novel way, captures the one-dimensional manifold corresponding
to a simulated rat’s movement around a track. Diffusion maps reveals the structure of a
one-dimensional manifold within the neural activity, as would be expected from the fact
that the neural activity is strongly correlated with the rat’s position.
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1 Introduction

Our perception of the world is influenced by the way our brains process information received
from millions of neurons. Our senses are based on information sent to the brain in the form
of sequences of stereotyped electrical impulses, or spikes. Thus spike trains are considered
as the main mode of information transmission in the nervous system. Sometimes what
neurons encode may be obvious, for instance when a neuron directly responds to a stimulus.
However in general, the way neurons encode information is not known. We attempt to
answer a central question: how do we understand and analyze neural responses when their
relationship to external variables such as stimuli, location or behavior is unclear?

Our main innovation is that we first ignore these external variables and instead look for
structure solely within data representing neural activity such as spike trains. Traditional
approaches base analyses from the onset on the assumption of a particular relationship
between the neural activity and some external variable. For example, when analyzing the
response of visual neurons, one may start out by investigating the dependence of the activity
on different visual stimuli. We avoid such apriori assumptions on the relationship between
neural responses and any external variable. Once we have discovered a particular structure
in the neural activity, we can then compare the structure from data to external variables.

Our primary tool for discovering structure within neural activity data is dimensionality
reduction. Dimensionality reduction considers the problem of transforming a
high-dimensional data set into a new low-dimensional data set in such a way that preserves,
as much as possible, the underlying geometry of the data. In our analysis, we use a non-linear
dimensionality reduction technique called diffusion maps which finds a low-dimensional
model of the data by preserving relative distances between neighboring points on a data
manifold. The discovered low-dimensional manifold can then be related to external variables
in order to explore possible relationships between the neural activity and the external
variables.

Our preliminary results on synthetic data show how the diffusion maps algorithm, applied
to data preprocessed in a novel way, captures the one-dimensional manifold corresponding
to a simulated rat’s movement around a track. Diffusion maps reveals the structure of a
one-dimensional manifold within the neural activity as would be expected from the fact
that the neural activity is strongly correlated with the rat’s position.

The paper is organized as follows: In section 2, we give some biological background on the
structure of neurons, how they are measured and the nature of spikes or electrical signals
transferred among neurons within the brain. In section 3, we describe some previous work
such as classical and modern analyses used to model neural responses and outline their
strengths and weaknesses, if any. In section 4, we give an overview of our current project,
simulations and analyses used to model spike time data. We also introduce a novel method of
preprocessing spike time data so as to discover structure in the data. We use dimensionality
reduction to analyze our preprocessed data. In section 5, we report our results on synthetic
data as a first step towards analysing real-world spike train data. Our preliminary results
on synthetic data show that diffusion maps using spike time data preprocessed by our novel
previous time measure, captures the one-dimensional manifold corresponding to a simulated
rat’s movement around a track. In section 6 we give a brief discussion of our results and
outline our future directions.
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2 Biological background

2.1 Structure of a neuron

A neuron is a specialized cell in the nervous system that receives, represents, and transmits
information through a series of electrical pulses called action potentials or spikes. The
neuron (see Figure 1) is the fundamental unit of brain function and is made of three major
parts: the dendrites (which receive information from other neurons), the cell body or soma
(which processes information) and the axon (which transmits information to other neurons)
.

Figure 1: Structure of a neuron.
Taken from:https://commons.wikimedia.org/w/index.php?curid=1474927

The cell membrane is made up of phospholipids (fat) and separates the cell interior from
the extracellular space. The lipid cell membrane is impermeable to charged ions but thin
enough to allow interaction of separated charged ions through electrostatic forces. Thus
the cell membrane acts as an electrical capacitor. Embedded in the cell membrane are
Na+ (sodium) and K+ (potassium) ion exchange pumps which pump out three Na+ ions
for every two K+ ions pumped in. As a result, Na+ is more concentrated outside the cell
than inside it, and the intracellular concentration of K+ is substantially higher than that
outside the cell. There are gated ion channels (trans-membrane proteins) embedded in the
cell membrane which open or close enabling predominantly K+, Na+, Ca2+ (calcium), and
Cl− (chloride) ions to flow into and out of the cell. The ion channels act as conductors.

2.2 Membrane potential

A potential is a distribution of charge across the cell membrane. Voltage is a measure of the
potential energy generated by separated charges and is measured in millivolts (mV). Ions
flow into and out of the cell due to both voltage and concentration gradients. Current refers
to the flow of charged ions into and out of the cell. A resting neuron contains a greater
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number of negative charges on the inside than on the outside. This difference in separated
charges is called the neuron’s membrane potential. A neuron with a membrane potential
of approximately -70mV is called polarized. This number is also referred to as the resting
membrane potential.

2.3 Generation of an action potential

Dendrites contain chemically-gated ion channels, which open when a stimulus affects a
sensory receptor, such as neurotransmitters binding to the dendrite receptors. As a result,
current flows into the intracellular fluid, causing the membrane potential to be less negative
or to be positive (depolarization of the neuron). This increase in the membrane potential
causes the voltage-gated Na+ channels, at the entry point of the axon, to open and thus
more Na+ flows into the cell down its electrochemical gradient. When a certain threshold
is reached (≈ -55mV), an electrical pulse lasting a short duration (≈ 1ms), called an action
potential, is released and is propagated over long distances along the neuron’s axon. When
the membrane potential rises, the voltage-gated K+ channels open, allowing more K+ to
flow out of the cell, which causes the membrane potential to fall below the resting potential
(hyperpolarization of the neuron). The neuron later returns to its resting potential after a
refractory period, during which the likelihood of spiking is greatly reduced.

The axon terminal contains voltage-gated Ca2+ channels which open in response to an
action potential, causing an influx of Ca2+. This leads to the release of neurotransmitters
(stored in the synaptic vesicles) into the synaptic cleft. The neurotransmitters then bind
to the dendrite receptors of nearby neurons. A synapse is a specialized structure that
facilitates communication between neurons. The neuron that sends off an action potential
is called presynaptic and the one receiving the chemical message is called a postsynaptic
neuron. Depending on the chemical properties of the binding neurotransmitters, action
potentials fall into two broad categories. Excitatory post synaptic potentials (EPSP) result
from excitation of a postsynaptic neuron, while inhibitory post synaptic potentials (IPSP)
result from inhibition.

2.4 Measuring neurons

The electrical properties of biological cells are measured using electrodes, which allow
electrical current to pass through them when they come into contact with electrolytes.
Due to the small size of cells, microelectrodes are typically used to measure single unit
spiking activity. A single unit refers to a single action potential-generating neuron, whose
spikes are clearly isolated by a recording microelectrode [1]. Neurons are measured using
two methods: extracellular recording in which an electrode is inserted in the extracellular
space near the cell body and intracellular recording, a process where an electrode is inserted
inside the cell body (see Figure 2). Intracellular electrodes record membrane potential by
comparing the potential on the inserted electrode to that of a reference electrode placed in
the extracellular fluid surrounding the cell body. Extracellular recordings can be processed
(via spike sorting algorithms) to obtain spike times.

Multi-electrode arrays enable simultaneous single-unit recordings from multiple brain sites.
The data set we analyze is based on extracellular multiple single-unit single-trial recordings
in which spike times of single units have been isolated using suitable spike sorting algorithms.
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Figure 2: Extracellular (left) and intracellular (right) recordings, adapted from figure 2 of
[1].

2.5 Place cells and place fields

Place cells are neurons found in the CA1 and CA3 region of the rat hippocampus, whose
firing rate is strongly modulated by the position of the rat within it’s environment. Hence
place cells appear to be encoding location [2, 3]. The region where a place cell is highly
likely to spike is called a place field.

2.6 Spike trains

Experimentalists obtain information that neurons carry about an organism’s environment
by measuring from neurons. Spike trains are considered as the main mode of information
transmission in the nervous system. A spike train is an ordered sequence of recorded times
at which a neuron fires an action potential (spike) [4].

2.7 Raster plot

A raster plot is a graphical representation of spike trains. In this graph, a short vertical
line is used to show the time at which a spike occurred in a recorded voltage trace. Figure
3(a) shows a raster plot of real-world data from the CA1 region of the rat hippocampus.
The y-axis represents the neuron label while the x-axis represents spike times.
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(a) Raster plot for 32 neurons from the CA1 region of the rat hippocampus

(b) Firing activity of 32 neurons whose raster plot is shown in (a). The location
of each dot indicates the rat’s position in space. The color indicates whether or
not a single neuron fired.

Figure 3: Raster plot (a) and firing activity (b) of 32 neurons from the CA1 region of the rat
hippocampus based on real-world data provided by the Redish Lab. The data was collected during
a behavioral experiment in which the subject was running around a circular maze.

The goal of our analysis is to investigate the relationship between spike trains (neural
activity) and other variables such as stimuli and location. It is known that place cell firing
is closely correlated with the animal’s location in its environment [2, 3, 5].
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2.8 Poisson processes

We represent a spike train as a sequence of random events, that is, as a point process
where the random events correspond to spike times. We focus on the simplest point
process: a Poisson process, where the numbers of events in non-overlapping intervals are
independent random variables. If the probability per unit time (the instantaneous event
rate r) is constant, the Poisson process is called a homogeneous Poisson process. On the
other hand if the instantaneous firing rate varies with time, the Poisson process is called a
non-homogeneous Poisson process.

3 Previous work

In this section, we review some approaches for analyzing neuronal responses. First, we
review the classical single-unit multiple trial approach based on estimating the firing rate
and highlight the strengths and weaknesses of this approach. Second, we review the
dimensionality reduction approach as a means of addressing the problem of trial-to-trial
variability of neural responses. Our approach is also dimensionality reduction. Finally, we
review two spike train metrics that have been used to study dissimilarity measures between
spike trains. We review spike train metrics because the dimensionality reduction algorithms
we use require a distance matrix as an input.

3.1 Single-unit multiple trial experimental design

Traditionally, spike trains are obtained by recording from a single sensory neuron during
multiple presentations of the same stimulus over a fixed period of time. The neural responses
are decoded by counting the total number of spikes in a given time window following onset
of the stimulus (firing rate) [6]. This approach is based on the rate-coding hypothesis which
states that the rate of spike generation varies with stimulus intensity. The goal of these
classical experiments is to answer the question: Given a set of stimulus features, what is
the neural response (spike train) elicited by the presented stimulus? The neuron is then
characterized by plotting the firing rate as a function of given stimulus feature values.
This plot is referred to as a tuning curve of the cell. In modern single-unit multiple trial
recordings, the mean firing rate is estimated by averaging neural responses across repeated
trials.

Experimenters developed substantial scientific theories based on single-unit multiple trial
recordings. For instance, it is known that activity patterns from sensory neurons in the
motor cortex of primates are tuned to the direction of the subject’s arm movements [7], that
neurons in the visual cortex of primates are tuned to the orientation of a stimulus [8], that
place cells in the CA1 region of the rat hippocampus are tuned to the animal’s position in the
environment [2]. However, methods of analyzing single-unit multiple trial recordings require
trial averaging in order to estimate the firing rate. This often results in the smoothing over
of rapid fluctuations in the responses, which may lead to loss of temporal information in
spike trains, thus yielding incorrect interpretations of the underlying neural mechanisms.
Moreover, neural responses vary substantially between trials even on presentation of the
same stimulus due to many variables. This trial-to-trial variability makes singe-unit multiple
trial analyses hard. In addition, there are some internal neural mechanisms such as olfaction,
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cognition and decision making that cannot be controlled by researchers, as can other forms
of stimuli. [9, 10, 11, 12, 13]. Such observed phenomena therefore could instead be analyzed
using single trial recordings from multiple single units. We refer to this alternative option
as multiple single-unit single trial experimental design.

3.2 Multiple single-unit single trial experimental design

The use of multi-electrode [14] recording technologies has enabled multiple single-unit single
trial recording from various brain structures. However, trying to identify all possible activity
patterns corresponding to a single neuron within the recorded neural population leads to an
amplification in the number of variables to be considered while modeling collective neural
responses. Consequently, biologically motivated assumptions have to be made in order
to model population activity. For instance, a common approach in analyzing population
activity is to assume that the activity patterns of one neuron are independent of other
neurons which simplifies analyses as in the single-unit experimental design. However, in
the dynamical systems perspective, neurons belong to an underlying connected network
within the brain which may lead to correlated responses between neurons [15]. In addition,
among a population of neurons that encode features of a stimulus, the population activity
is correlated with the features of the stimulus [7, 8]. This suggests that relaxing the
independence assumption by taking into account correlations among population activity
patterns may be useful in studying neuronal response variability. Lately, dimensionality
reduction [16], has been suggested as a tool for studying collective neural activity patterns.
The technique can be applied to multiple single-unit single trial recordings so as to obtain a
low dimensional model of the data which captures similar activity patterns among neuronal
populations.

In order to better analyze neural response variability, our approach is to use dimensionality
reduction on synthetic data as a first step to analyzing a set of spike trains recorded from
multiple neurons in the CA1 region of the rat hippocampus in a single trial. Our focus is
to study collective neural activity patterns using a low dimensional model which captures
similar activity patterns among neural populations. The low dimensional model should also
enable us to approximately recover the location of the animal (rat) based on the fact that
place cell firing is correlated with position. Moreover, reconstructing information about an
organism’s environment based on neuronal responses enables the experimenter to interpret
information in a way that an organism is likely to interpret it [17]. For instance, it may
be possible to predict what the animal is “thinking about” at a particular moment in time
based on our low dimensional model.

3.3 Dimensionality reduction

In this section, we review some linear and non-linear dimensionality reduction techniques.
We focus on spectral dimensionality reduction methods where the low dimensional model is
obtained from spectral decomposition of an n × n positive semidefinite (PSD) proximity
matrix (see appendices A and B). We start by defining dimensionality reduction and
outlining steps of spectral dimensionality reduction. Next, we give a brief description of
PCA and the diffusion maps algorithm for dimensionality reduction. In later sections, we
compare the performance of PCA and diffusion maps on our spike train data set.
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3.3.1 Overview of spectral dimensionality reduction

Let X = {x1, . . . ,xn} be a set of n data points, each of which is associated with N features,
so that each xi is a point in a high dimensional space RN . For convenience, we often view
the set of data points X as a matrix, X ∈ Rn×N . Assume that the data points lie on or
near an underlying l-dimensional manifold embedded in the high dimensional space where
l is much smaller than N . Dimensionality reduction considers the problem of transforming
the high dimensional data set X into a new data set Y = {y1, . . . ,yn} of n points, each of
which is associated with a smaller set of l features, which are possibly new or a combination
of the original N features, and such that each yi ∈ Rl is a low dimensional representation of
xi ∈ RN . In addition the transformation must preserve, as much as possible, the underlying
geometry of the data.

Spectral dimensionality reduction (SDR) refers to all dimensionality reduction methods
which obtain a low dimensional model of X by carrying out four main steps [18].

i) A distance bij = dist(xi,xj), between data points is chosen and a real number l, 1 ≤
l < N representing the desired dimensionality is fixed.

ii) From the distance, an n× n PSD proximity matrix is computed (see appendix B).

iii) Spectral decomposition is carried out on the generated PSD matrix and the top l
eigenvectors {v1, . . . ,vl} of the proximity matrix form the columns in a new matrix,
V = [v1, . . . ,vl] ∈ Rn×l .

iv) Viewing the ith row of V as a point yi in Rl, a new set of n points {y1, . . . ,yn} is
obtained such that each yi = (v1(i), . . . ,vl(i)) ∈ Rl is a low dimensional representation
of xi ∈ RN .

3.3.2 Linear dimensionality reduction

Let X ∈ Rn×N be a matrix of n data points in a high dimensional space RN . Linear
dimensionality reduction refers to the problem of finding a low dimensional model using a
linear transformation of the data. The low dimensional model of the data Y, is obtained
using the relation Y = M>X where M is an n× l matrix with l� N . A common spectral
linear approach is principle component analysis (PCA) [19]. PCA is a linear technique for
finding the directions of maximum variance in the data. The main assumption in PCA is
that the high dimensional data lie on or near a low l-dimensional linear subspace embedded
in some high dimensional space RN . The low dimensional model that describes the data is
found via spectral decomposition of the sample covariance matrix as follows:

i) Let X be the centered data formed by subtracting the mean from each point.

ii) Summarize the correlation relationships between the zero-mean data points by computing
the sample covariance matrix 1

nXX>.

iii) Find the spectral decomposition of XX> or use SVD to find X = UΣV > (see
appendix A).

iv) Let Vl denote the first l columns of V corresponding to the top l singular values of
X.
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v) The low dimensional model Y is obtained by setting Y = V>X.

3.3.3 Non-linear dimensionality reduction

Methods like PCA assume that the underlying manifold on which the data lie is globally
linear. This implies that the shortest distance between any two points while traveling along
the data manifold is a straight line. However, any dimensionality reduction technique must
preserve the underlying geometry of the data manifold. In particular, points that are close
together in the high dimensional space should be mapped closer to each other in the low
dimensional space whereas points that are far apart in the high dimensional space must
remain far apart in the embedded space.

To accomplish this goal, we must ignore long distances in the embedded space, as long
distances computed in the embedded space may be the result of shortcuts that ignore the
non-linear geometry of the manifold. Figure 4 illustrates the limitations of linear techniques
on highly curved manifolds like the swiss roll and helps to highlight the importance of
non-linear dimensionality reduction techniques.

Figure 4: For a linear method like PCA, the two circled points on the swiss roll would be
close together even though they are far apart when using geodesic distances. Taken from
[20].

3.3.4 Multidimensional scaling (MDS)

This idea of preserving relative distances between points in both the input space and
embedded space is based on the multidimensional scaling (MDS) approach. Assume that
an n× n matrix, B=(bij), of pair-wise distances (not necessarily Euclidean) or similarities
(see appendix B), S = (sij), between data points, {x1, . . . ,xn}, is given and n is large.

MDS [21, 22] considers the the problem of finding a low dimensional model of the high
dimensional data by searching for a configuration of n points {y1, . . . ,yn} in Rl, l � n,
where each yi is a low dimensional representation of xi, and such that relative pair-wise
distances between points are preserved. Specifically, the Euclidean distances between the
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configuration points, ‖yi − yj‖2, must be as “close” as possible to the given distances, bij ,
that is, ‖yi − yj‖2 ≈ bij , for all 1 ≤ i, j ≤ n.

3.3.5 Spectral non-linear dimensionality reduction

Spectral non-linear dimensionality reduction (SNLDR) techniques are a class of MDS
methods which find a low dimensional model of the data by preserving relative distances
between neighboring points on a data manifold. These are the non-linear dimensionality
reduction algorithms that we will consider. Examples of SNLDR methods include ISOMAP
[20], locally linear embedding (LLE) [23], Laplacian eigenmaps (LE) [24] and diffusion
maps [25], in addition to many others. Unlike linear dimensionality reduction techniques,
SNLDR methods do not make apriori assumptions about the underlying geometry of the
data manifold. SNLDR methods model local neighborhood relations between data points
by building a graph on the data [26]. We only review the diffusion maps algorithm.

3.3.6 Key graph theory concepts

The non-linear dimensionality reduction algorithms we consider are based on graph theory.
Hence, we first introduce three key graph theory concepts that we need: a weighted
undirected graph, the degree matrix and the graph Laplacian.

A graph is a tuple G = (V,E) where V = {v1, . . . , vn} is a finite set of points called vertices
or nodes and E is a finite collection of edges connecting pairs of vertices. The graph G, is
undirected if the edges between vertices are bidirectional. We can make a weighted graph by
assigning a weight or number wij , to an edge eij ∈ E, between a pair of vertices (vi, vj) ∈ V .
A connectivity matrix or similarity matrix W, of G, is the matrix whose (i, j)-th entries
are edge weights wij . The degree di, is the sum of weights wij , of all edges connected to a
vertex vi ∈ V . A diagonal matrix D, with degrees, di, on its diagonal is called the degree
matrix. The unnormalized graph Laplacian is the matrix L = D−W.

3.3.7 Neighborhood graph

We can approximate small distances between points in the input space using the usual
Euclidean distance between nearby points in the embedded space as in linear approaches.
However, long distances in the input space are not necessarily equal to long distances in the
feature space (see figure 4). One way to address this problem is to ignore long distances in
the embedded space by building a graph G = (V,E) on the data. We ignore long distances
by placing an edge eij ∈ E only between neighboring vertices (vi, vj) ∈ V . The result is
called a neighborhood graph.

A particular type of neighborhood graph is the ε−neighborhood graph constructed as
follows. Suppose we are given a data set, X = {x1, . . . ,xn} and assume that the pairwise
distances, bij = dist(xi,xj), between points are known. Identifying each data point with
a vertex vi ∈ V , on a graph G = (V,E), we can build a weighted undirected graph on the
data by placing an edge eij ∈ E, between vertices (vi, vj) ∈ V , if xi and xj are sufficiently
close i.e., dist(xi, xj) < ε. We weight the edge eij ∈ E, by a similarity measure sij , derived
from the given distances (see appendix B). The resulting ε−nearest neighborhood graph
represents the local distances among points.
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For diffusion maps, the neighborhood graph is modified to a fully connected graph, but
where the weights are approximately zero whenever the distance between data points is
large. To do this, we use a similarity function that captures local neighborhood relations
between points and at the same time decays to zero so fast that we do not have to truncate
the weights. In particular, in diffusion maps, we use the similarity function

wij = exp{−dist2(xi,xj)

2σ2
}.

In this way, σ plays the role of ε, in that it specifies the width of the neighborhood.

3.3.8 Basic idea of the diffusion maps algorithm

The diffusion maps algorithm consists of several steps which are outlined in appendix E.
Below is a brief summary of the diffusion maps algorithm.

1) Given the pairwise distance dist(xi,xj), compute the weight matrix W = (wij),
between data points by setting

wij = exp{−dist2(xi,xj)

2σ2
}.

2) Let di =
∑n

j=1wij be the degree of the ith node and compute the degree matrix
D = diag(d1, . . . , dn).

3) Define a random walk on the graph of the data (see appendix D) by specifying pij =
wij
di

, the probability of going from vertex vi to vj in one-step. Organize the pair-wise

transition probabilities in an n × n transition probability matrix P = D−1W with
P = (pij).

4) Normalize P to obtain a PSD similarity matrix S given by S = D
1
2 PD

−1
2 .

5) Compute the SVD of S and write S = VΣV > where, Σ = diag(λ0, . . . , λn−1) with
ordered eigenvalues, λ0 ≥ λ1 ≥ . . . ≥ λn−1 and corresponding eigen vectors V =
[v0, v1 . . . , vn−1].

6) The l-dimensional embedding of the ith data point xi in the low dimensional space Rl
is the map

xi 7→


λt1φ1(i)
λt2φ2(i)

...
λtlφl(i)

 .
where {φ0, φ1, . . . , φn−1} are the right singular vectors of P and λti, are obtained from
the t-step transition probability matrix Pt (see appendix E).
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3.4 Spike train metrics

So far, the dimensionality reduction algorithms we have reviewed require a distance matrix
as an input. Since our data consists of spike trains, we need a measure of quantifying how
similar or dissimilar two spike trains are. A common approach for quantifying neuronal
response variability is through specification of a similarity or dissimilarity measure between
pairs of spike train data [27, 28, 29, 30, 31]. In line with conclusions reached by Victor
and Purpura [28, 29], and van Raussum [30], a short distance between two spike trains
approximately represents similar neuronal inputs while a large distance between spike trains
roughly represents divergence between different neuronal inputs.

How spike trains encode information is not known. In certain instances, information may
be encoded through the precise time at which spikes occur (temporal coding) where as in
others, it is encoded through the number of spikes in a given interval (rate coding) [6]. As
a remedy for loss of temporal information due to trial averaging, the observation duration
is often divided into non-over lapping time intervals called bins. The shortcoming of spike
binning in studying temporal patterns is that two different spike trains often yield identical
binning patterns whenever spikes fall in the same bin.

Several spike train measures have been designed to overcome the problem of binning. For
instance, the edit-length metric [28, 29] is based on minimizing the cost of transforming
one spike train into another by deleting, inserting or shifting a spike. Another measure, the
van Rossum distance [30, 31], refers to any metric induced on the space of spike trains by
transforming a spike train into a continuous function using a smoothing kernel and then
using the standard L2 distance on the corresponding function space as the dissimilarity
measure. An additional measure, the correlation-based distance [32] is based on filtering
the spike trains using a Gaussian kernel and then using the normalized dot product between
spike trains as a similarity measure. We only review the cost-based and Van Rossum spike
train metrics. Both metrics allow one to control the sensitivity to differences in spike timing
versus spike count.

3.4.1 Cost-based spike metrics

The Victor and Purpura (VP) metric [28, 29], is defined as the minimum cost of transforming
one spike train into another, using a set of three elementary operations: deleting a spike,
inserting a spike and moving or shifting a spike. Define a metric d between spike trains A
and B as follows:

dV P (A,B;q) = min
S(A,B)

∑
k

cq(Tk, Tk+1). (1)

Then the VP metric is the spike train metric in (1), together with the three elementary
operations above. The quantity cq(Tk, Tk+1) denotes the cost of transforming a spike train
Tk to a spike train Tk+1. The minimum is taken over the set S(A,B), of all possible sequences
of spike trains {Tk}, obtained from elementary operations, that transform the spike train A
to the spike train B. In the VP metric, the cost of inserting or deleting a spike is set to 1.

The non-negative quantity q denotes the cost (in 1/seconds) of shifting a spike, specifying
the relative cost of the shifting operation compared to inserting or deleting. In this way,
one can use q to specify the relative cost of discrepancies in spike count versus spike timing.
The effect of q on the relative importance of spike timing is illustrated by a simple example
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of two spike trains A1 = {tA} and B1 = {tB}, each containing one spike. In this case (1)
implies that we can write

dV P (A1, B1; q) = min{q|tA − tB|, 2}

=

{
q|tA − tB| if |tA − tB| < 2/q

2 otherwise.

Consequently, if the two spike times differ by an amount less than 2/q, then the cost of
shifting a spike varies linearly with the difference between the two spike times. Otherwise
the cost 2, of deleting or inserting a spike is cheaper. In the extreme case when q = 0,
the distance depends only on the number of spikes in each spike train and not on spike
timing. Hence for our simple example of spike trains with one spike each, d(A1, B1) = 0
when q = 0. If q is very small, then shifting a spike in time does not significantly affect
the distance between two spike trains. Hence the precise timing of a spike does not matter
and the distance is essentially a measure of difference in spike count. However, if q is very
large then small differences in spike timing lead to large distances so that the algorithm is
sensitive to spike timing.

The VP metric was initially designed for analysis of spike trains corresponding to a single
neuron, obtained on multiple presentations of different known stimuli. Based on Victor and
Purpura’s work, spike trains are considered to have similar post synaptic effects if they are
similar, as measured by dV P (A,B;q).

3.4.2 Van Rossum spike metrics

The Van Rossum (VR) metric [30, 31] refers to any metric that is obtained via a two step
method: First, any given spike train T = {t1, . . . , tn} is mapped to an infinite dimensional
vector space of continuous functions, L2[0, T ], by smoothing (or filtering) the spike train

with a kernel function K, via the mapping: T 7→ f(t) =
n∑
i=1

K(t − ti) ∈ L2[0, T ]. Second,

the distance between any two filtered spike trains, f, g ∈ L2[0, T ], is computed using the Lp

norm given by

d(f, g) =

{∫ T

0
|f(t)− g(t)|pdt

} 1
p

. (2)

Examples of most commonly used kernels include the boxcar window,{
1

∆t if − ∆t
2 ≤ t ≤

∆t
2

0 otherwise
,

the Gaussian kernel

K(t) =
1

σ
√

2π
exp(− t2

2σ2
),

the decaying exponential kernel

K(t) =

 1
τ e
−
t

τ if t ≥ 0

0 otherwise,
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and the Laplace kernel

K(t) =
1

τ
e
−
|t|
τ

where σ,∆t, τ are positive free parameters, referred to as the bandwidth, and control the
width of the kernels. The kernels can be viewed as representing the effect of a given spike
across time. The kernel bandwidths determine how much variability in the spike times
is incorporated into the distance measure. In general, when the bandwidth is large, the
corresponding metrics approximate the spike count rate. On the other hand, when the band
width is small, the corresponding metrics are sensitive to small changes in spike times.

4 Current Project

4.1 Our framework

The goal of our current project is to analyze real-world spike time data without assuming
a particular relationship between spikes and external variables. For example, one target
data set is obtained by measuring single units (place cells) from the CA1 region of the rat
hippocampus during a behavioral experiment in which a rat is performing a spatial task
along a circular track (see figure 3). As place cells fire predominantly when the rat is in
particular regions [33, 5], neural activity is correlated with space. However, our goal is an
analysis approach that does not assume such correlation but instead discovers structure in
the neural data alone. Such an analysis would then be applicable to spike time data sets
where such a strong relationship with external variables is not evident.

We hypothesize that the high dimensional spike time data from neural activity may lie along
a low dimensional manifold as the rat is moving along a one-dimensional track. Therefore,
we use dimensionality reduction to learn the underlying structure of the data (see section
3.3). We then check to see how the low dimensional structure learned from the data itself
corresponds to external variables such as the animal’s position along the track.

To do dimensionality reduction, we need a distance measure (see section 3.4) to model
pairwise relations between spike trains since our data is spikes. The dimensionality reduction
algorithms we use require a summary of pairwise distances between spike trains as an input
in order to learn the low dimensional model.

We propose a novel method of preprocessing spike times by looking at the time since the
previous spike, which we refer to as the previous time measure (see section 4.3). The
previous time function (see section 4.3) captures the history of neural activity even in long
intervals between spikes.

Since we do not have a suitable measure of error to analyze the performance of Diffusion
maps and PCA on our real-world spike data, we design a synthetic experiment (simulation)
as a first step towards developing and testing the effectiveness of our preprocessing technique
on spike data (see section 4.4-4.5 ). To determine the performance of Diffusion maps and
PCA on synthetic data, we carry out our analyses using two different synthetic data sets: a
clean firing rate data set and a data set consisting of spikes generated as a Poisson process.
The generated spike data is then preprocessed using our previous time measure before
carrying out dimensionality reduction. We use the clean firing rate data set as our reference
to determine how well both algorithms perform on the synthetic data.
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Our preliminary results on synthetic experiments show that spike time data preprocessed
by the previous time measure capture the simulated four and a half laps taken by a rat
around a circular track. We use the Diffusion maps algorithm to obtain a low dimensional
model of the synthetic data and compare the algorithm’s performance with that of PCA.

The sections that follow as organized as follows: In section 4.2 and 4.3, we define the
previous time function and illustrate it graphically. In addition, we give a description of
our simulation and analyzes used. In section 5, we show our results of diffusion maps and
PCA on synthetic data sets. Finally in section 6, we give a brief discussion on our results
and suggest possible future directions.

4.2 Nature of spike data

The spike data set consists of multiple single-unit single-trial spike trains,

Tspike = {{tj}, 1 ≤ j ≤ N}

recorded from N neurons where, {tj} = {tj1, ....., t
j
ni
}, represents a sequences of ni recorded

times at which the spikes of the jth neuron occurred.

4.3 The previous time function

Previous time refers to the time since the last spike of a given neuron. The previous time
function captures the history of the neuron’s activity even in long intervals between spikes.
Given any time t, define the previous time function of the jth neuron, denoted by Pj(t) as
follows. Let

tjprev(t) = max{tji | t
j
i < t, 1 ≤ i ≤ ni} for all spike trains {tj} ∈ T spike,

where tji denotes the ith spike of the jth neuron. The previous time function, Pj(t), is given
by,

Pj(t) = tjprev(t)− t. (3)

Figure 5 below illustrates how the previous time function is obtained from the firing activity
of a given neuron.
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t 

Previous time  function

Raster plot 

t 

Figure 5: The previous time function Pj(t) = tjprev(t)− t, based on a raster plot of a single neuron.
The ticks on the raster plot represent the spike time of a neuron. The previous time function captures
the history of neural activity even in long intervals between spikes. P j(t) is equal to zero when a
neuron fires a spike and then moves away from zero with a slope of negative one to a height equal
to the difference between two adjacent spike times, below the horizontal axis.

4.4 Simulation

We consider a population of N = 32 neurons (idealized place cells) encoding a one-
dimensional circular variable, θ(t), which represents the position of a rat, at any time t
along a circular track, during a behavioral task (cf. figure 3). In the simulation, we let the
rat move at a constant speed c, setting θ(t) = ct (mod 2π), where time t, is in seconds.

The quantity c =
2π

Tlap
, is the speed of the animal, and Tlap is the time taken for the animal

to make one lap around the circle. From θ(t), we model the place field of the jth neuron
using a Gaussian

gj(θ) = fbg + fmax exp

(
− dist2(θ − φj)

2ε2j

)
(4)

where fbg is the background firing rate that is independent of the underlying stimulus, fmax

denotes the maximum firing rate of each neuron, εj is the width of the jth neuron’s place
field (εj is chosen uniformly at random in [0.01, 1]) and φj is the preferred position of the

16



jth neuron or the center of the jth place field. The centers of the place fields are equally
spaced, that is, we set

φj =
j2π

N
, for 1 ≤ j ≤ N.

Intuitively, gj(θ), models the likelihood that the rat’s neuron fires given the animal’s position
θ(t), in space. The Gaussian function indicates that the rat’s place cell is likely to fire
maximally at the center of the cell’s place field which mimics a characteristic of a real-world
rat’s place cells. Our model assumes that each neuron in the simulated rat’s brain has a
single place field. This is a realistic assumption as most place cells have one place field (see
section 6 on possible future directions).

Given any two angles, θ1, θ2 ∈ [0, 2π], the quantity dist(θ1, θ2) denotes the shortest distance
between two points on a unit circle, given by

dist(θ1, θ2) =
∣∣((θ1 − θ2 + π

)
mod 2π

)
− π

∣∣ .
Our simulation assumes that information about the animal’s environment is encoded by the
firing rate function

Rj(t) = gj(θ(t)).

Thus given a rat position θ(t), all the N neurons in the simulated rat’s brain fire according
to the firing rate functions Rj(t), for j = 1, . . . , N.

4.5 Analysis

We set the start and end time of the synthetic experiment to be 0 and T respectively.
We then divide the interval [0, T ], into equal sub-intervals of width ∆t. We carry out our
analyses using two different data sets: a clean firing rate data set and a data set consisting
of spikes generated as a Poisson process. We use two data sets because we do not have a
suitable measure of error for analyzing the performance of diffusion maps and PCA. Hence,
we use the clean firing rate data set as our reference to determine how well both algorithms
perform on the spike time data set.

First, we sample from the firing rate function Rj(t), for each time point t ∈ [0, T ], to obtain
one data point (R1(t), R2(t), . . . , RN (t)) ∈ RN .
To obtain the second data set, we generate spikes for a single trial. The spike times
{tj1, ....., t

j
ni}, of the jth neuron are generated as a non-homogeneous Poisson process at a

rate Rj(t), in the interval [0, T ]. Next, we define the previous time function (see section 4.3
) based on the generated set of spike trains. For each time point t ∈ [0, T ], we sample from
the previous time function Pj(t), to obtain one data point (P1(t),P2(t), . . . ,PN (t)) ∈ RN .
From Figure 5, we see that the previous time function is undefined at the beginning of
the experiment where there is no recorded spike. In our analysis, we insert a spike before
the start of the experiment by computing the mean previous time obtained after running
one simulation of the previous time data. This ensures that the previous time function is
defined for all time (see discussion in section 6 for future directions).

At each time point, t ∈ [0, T ], the position of the animal, θ(t), is associated with a previous
time function, Pj(t), and a firing rate function, Rj(t). We analyze both data sets using
the diffusion maps algorithm and PCA. Note that the value of θ(t) does not enter these
analyzes.
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4.6 Distance and similarity measure used in results section

Given two time points t1 and t2 , we write the corresponding previous time vectors

P (t1) = (P1(t1),P2(t1), . . . ,PN (t1)) and P (t2) = (P1(t2),P2(t2), . . . ,PN (t2)) in RN .

We use the l1 norm to compute the distance between the two vectors:

d(P (t1),P (t2)) =

N∑
j=1

|Pj(t1)− Pj(t2)|. (5)

Similarly, we use the l1-norm to compute the distance between two firing rate vectors:

d(R(t1),R(t2)) =
N∑
j=1

|Rj(t1)−Rj(t2)|. (6)

We use the l1 norm instead of the l2 norm because the latter emphasizes large differences
between data points which diverges from our goal of learning similar brain states based on
pairwise distances between spike trains.

We form pairwise similarities, wij , between each data point using the Gaussian kernel which
we eventually use as weights in the diffusion maps algorithm. The weights are given by,

wij = e
−

dist2(xi,xj)

2σ2

where dist(xi,xj) is given by equations (5) and (6).

5 Results and interpretation

In this section, we report results on synthetic data using diffusion maps. We compare our
results with those obtained via PCA, a popular linear dimensionality technique. We apply
PCA and diffusion maps to both the clean firing rate data set and the spike time data set
preprocessed with the previous time measure to obtain previous time data (see Figure 6).

Figure 7 (left column) shows that both diffusion maps and PCA capture the animal’s
motion around the circular track when applied on firing rate data. This is not surprising
since we are using clean firing rate data that encodes the animal’s position around the track.
However, when using previous time data, diffusion maps appears to outperform PCA (see
the right column of Figure 7). We see that analyzing previous time data using diffusion
maps captures the simulated four and half laps taken by the animal around the circular
track while PCA fails to reveal that the rat took four and a half laps around the track.
Only diffusion maps reveals the structure of a one-dimensional manifold within the neural
activity, as would be expected from the fact that the neural activity is strongly correlated
with the rat’s position.
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Figure 6: (a) Example of the firing rate of two neurons showing the modulation of the firing rates
as the rat completes four and a half laps around a simulated circular track. (b) Example of the
previous time of two neurons obtained after preprocessing simulated spike times using the previous
time measure. The pattern produced by the previous time measure is not clear in such a plot.

5.1 Interpretation of our results

Analyzing synthetic spike time data preprocessed by the previous time measure captures
the animal’s position around the simulated circular track while using diffusion maps. We
regard this observation as a potentially exciting area for future investigation since previous
time data contains less information compared to using clean firing rate data. Even though
we are using synthetic data, these preliminary results show that pre-processing spike times
using the previous time measure should be explored in future analyses of real-world spike
train data from the CA1 region of the rat hippocampus.

6 Future direction

First, at the beginning of the experiment, there are no recorded spike times. However,
there must be at least one spike before the previous time function is defined. This raises a
problem on how to address the boundary condition at the beginning of the experiment. As
it stands, we have addressed this problem by first running the experiment once to obtain
the mean of the sampled previous time data, and afterwords, we insert a spike before the
beginning of the experiment based on the computed previous time average, and then use
that to simulate new previous time data. We think that this is not the best approach, as
the mean may not be the best representation of the underlying distribution. We plan to
find another way of addressing the boundary condition for the previous time vectors. For
instance, we plan to insert a spike before the beginning of the experiment based on samples
drawn from a correctly estimated underlying model of the data.

Second, we currently do not have a measure of error for analysing the effectiveness of our
approach. We tried using Shannon mutual information on real-world data. However, we
found that high mutual information may be caused by spatial noise, such as changes in
the animal’s head direction rather than indicating that the analysis captured the animal’s
movement around the track. We plan to use the Fisher information as a goodness of
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Figure 7: Performance of PCA (first row) and Diffusion maps (second row) on simulated firing
rate data (figure 6 a), and previous time data (figure 6 b). A single point on any curve represents
the value of the first and second eigen vector at any time t. (a, c) Each circle corresponds to the
four and a half laps made by the rat as the animal goes around a circular track. All the laps are
superimposed on top of each other because the results in the left column are obtained after applying
PCA and Diffusion maps on clean firing rate data (with no noise). (b) Example showing that PCA
applied to previous time data fails to reveal the four and a half laps taken by the rat around a
circular track. (d) Example showing that Diffusion maps applied to previous time data recovers the
four and a half laps taken by the rat around the circular track. Since the rat’s position in space is
a circular curve parametrized in time, the top two eigen vectors of diffusion maps on previous time
data capture the circular motion of the rat.
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measure in future work since it can take advantage of the fact that results lie in a continuous
space. In addition, Fisher information is highest when the variance of the estimated model
parameter is very small. This could yield a more reliable estimate of how well we captured
a one-dimensional manifold that corresponds to the animal’s position along the track.

We plan to preprocess our real-world spike time data using the previous time measure in
order to look for structure in data itself so as to see how the structure corresponds to
external variables. The data set consists of spike times obtained by measuring from N = 32
single units (place cells) from the CA1 region of a rat hippocampus during a behavioral
experiment in which the rat is performing a spatial task along a circular track (see figure
3).

Finally, we plan to look at other types of distance measures for quantifying neural response
variability such as variants of the kendal tau distance or a weighted combination of some
existing distances instead of the l1 distance.

An improved approach such as the one we envision and outline here may provide some
insight on how to analyze spike time data when the relationship between spikes and external
variables is unknown. By looking for structure in the spike time data itself, a researcher
may be able to see how the underlying structure corresponds to external variables such as
a stimulus or a location without imposing apriori ideas on the relationship between these
variables and the observed response.
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Appendices

A Linear algebra review

A.1 Definitions

Definition 1 An n×n symmetric matrix A is positive semidefinite (PSD) if the quadratic
form

xAx> ≥ 0, for all non-zero vectors x ∈ Rn

Given any n× n matrix A, the matrices AA> and A>A are symmetric PSD.

Definition 2 Let Rn×m denote the vector space of n×m matrices with real entries. Given
any n × m matrix A with real entries, there exist orthonormal matrices U ∈ Rn×n and
V ∈ Rm×m such that A = UΣV > with Σ = diag(σ1, . . . , σk) where k = min(n,m) and
σ1 ≥ σ2 ≥ . . . ≥ σk ≥ 0. The numbers σi, 1 ≤ i ≤ n are called the singular values of A.

A.2 Properties of SVD

Given any n ×m real matrix A of rank r, there exist matrices U ∈ Rn×r and V ∈ Rr×r
satisfying U>U = V >V = I such that A = UΣ1V> with Σ1 = diag(σ1, . . . , σr) and
σ1 ≥ σ2 ≥ . . . ≥ σr > 0. This factorization of A is called the truncated SVD of A. The
rank of A is equal to the number of non-zero singular values of A. If U and V are made
up of column vectors so that U = [u1, . . . ,ur] and V = [v1, . . . ,vr] then {u1, . . . ,ur} and
{v1, . . . ,vr} are called the left and right singular vectors of A respectively.

The matrix A admits the SVD expansion

A =

r∑
i=1

σiuiv
>
i .

The real numbers {λ1, . . . , λr} where λi = σ2
i for all i = 1, . . . , r are the non-zero eigenvalues

of both symmetric matrices A>A and AA>. The right singular vectors of A are the
eigenvectors of A>A. The left singular vectors of A are the eigenvectors of AA>. The
spectral decomposition of A>A is given by A>A = V D1V

> and that of AA> is given by
AA> = UD2U

> where U and V are the SVD factors upto a sign, D1 and D2 are diagonal
matrices containing the r singular values of A.

B Proximity measures

Definition 3 A proximity measure characterizes how close two objects are, using either a
similarity or dissimilarity measure between them [21]. A similarity measure characterizes
how similar two objects are while a dissimilarity measure or distance characterizes how
dissimilar two objects are.
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Definition 4 Let X be a set of n objects, {x1, . . . , xn}, that are not necessarily vectors. A
distance, d, on X, is a real-valued function d : X ×X → R which assigns to each pair of
objects, (xi, xj), a real number, dij, satisfying two conditions, for all i and j from 1 to n.

i) dij ≥ 0 and dij = 0 if and only if i = j

ii) dij = dji

A metric is a distance function, d, which satisfies the triangle inequality: djk ≤ dij +
dik, for all i, j, k

Definition 5 A similarity measure s : X×X → R is a function which assigns to each pair
of objects, (xi, xj), a real number, sij, such that for all i and j, we have:

i) 0 < sij ≤ sii

ii) sij = sji

The similarity measure, sij , can be obtained from a distance, dij , using any of the three
operations: sij = c - dij or dij = 1/sij - c, or dij = sii + sjj − 2sij , where c is a constant.

A matrix of distances between pairs of objects, D = (dij), is called a distance matrix or
dissimilarity matrix and that of similarities between pairs of objects, S = (sij), is called a
similarity matrix.

C Graph Laplacians and their properties

1) The unnormalized graph Laplacian L = D−W of a connected, weighted, undirected
graphG, with n vertices is positive semidefinite and hence has a basis of n non-negative
eigenvalues with corresponding eigenvectors.

2) The smallest eigenvalue of L is 0 with corresponding eigenvector 1.

3) The second eigenvalue of L is positive if and only if the graph G is connected.

There are two other types of graph Laplacians, namely the symmetric normalized graph
Laplacian

Lsym = D−
1
2 LD−

1
2 = I−D−

1
2 WD−

1
2 (7)

and the graph Laplacian related to a random walk on a graph which is not symmetric

Lrw = D−1L = I−D−1W (8)

where D is the degree matrix and W is the similarity matrix.
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D Random walk on a graph

Let G = (V,E) be a connected, weighted and undirected graph with a set of n vertices,
V = {v1, . . . , vn}. A stochastic process that jumps from one vertex, vi, to another vertex,
vj , on the graph, G, is called a random walk on G. Denote the random walk on G by the set
{X(t)}t∈N. A matrix M is called a stochastic transition matrix or a transition probability
matrix, if the entries in each row of M are non-negative and add up to one. We require
that the transition probability of jumping from vertex vi to vertex vj on G is proportional
to the edge weight, wij , between the two vertices. Let pij = Prob (X(t+ 1) = j|X(t) = i)
be the transition probability of jumping from vertex vi to vertex vj in one step. Define pij
by

pij =
wij
di

(9)

where, di, denotes the degree of the ith vertex, and set P = (pij). Since the degree matrix
D = diag(d1, . . . , dn), contains the sum of the ith row of the adjacency matrix, W, we know
that the matrix

P = D−1W (10)

is indeed a transition probability matrix. This follows from the fact that di > 0 (because
G is connected) and wij ≥ 0 since it is a similarity. Moreover, the definition of D implies
that the rows of P sum to one. P is a probability transition matrix implies that it satisfies
the equation P1 = 1 where 1 is the constant vector of all ones. Thus 1 is an eigenvalue of
P with corresponding constant eigenvector 1.

Observe that P is precisely the random walk graph Laplacian, Lrw, in equation (8). Given
that the random walk starts at node i, so that X(0) = i, the probability that the random
walk is at vertex vj after t steps is given by

Prob (X(t) = j|X(0) = i) = ptij

Thus the probability distribution of the random walk at time t, given that it started from
vertex vi is given by the ith row of Pt, i.e.

Prob (X(t)|X(0) = i) = 1>Pt = Pt(i, :) (11)

However, we cannot apply spectral decomposition to P, because it is not symmetric hence
not PSD. This requires a normalization using the adjacency matrix, W, in order to get a
PSD similarity matrix S.

The eigenvalues, λk, of P satisfy |λ|k < 1 for all k.

E Diffusion maps algorithm

The diffusion maps algorithm is given by the following steps.

1) Given an n × n distance matrix D = (dij), build a graph G = (V,E) on the data by
identifying the each data point as a vertex vi from the vertex set, V = {v1, . . . , vn},
on G.
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2) Compute the similarity matrix or weight matrix, W = (wij), between the vertices vi
using weights

wij = e
−

dist2(xi, xj)

2σ2 = e
−
d2
ij

2σ2

2a) The weight matrix, W can be any PSD kernel (similarity) and dij is any distance
appropriate for the data. The bandwidth or tuning parameter, σ restricts transitions
between points to a

√
ε neighborhood.

2b) Classically, the diffusion maps algorithm uses Euclidean distance dij = ‖xi − xj‖22 in
the Gaussian kernel above.

3) Compute degree matrix D = diag(d1, . . . , dn) where di is the degree of the ith node.

4) Define the random walk on the graph by specifying the transition probabilities, defining

pij =
wij
di
.

5) Obtain the random walk graph Laplacian or transition probability matrix P by
defining

(pij) = P = D−1W. (12)

6) Since P is not symmetric, normalize (12) using D to obtain a PSD similarity matrix
S given by

S = D
1
2 PD

−1
2 = D−

1
2 WD

−1
2 . (13)

7) Apply spectral decomposition to S in (13), write

S = VΣV >, (14)

and order the eigenvalues, λ1 ≥ λ2 ≥ . . . ≥ λn, where, Σ = diag(λ1, . . . , λn). Write
S = [v1, . . . ,vn].

8) From (13), write

P = (D−
1
2 )S(D

1
2 ) = (D−

1
2 V)Σ(D

1
2 V)>.

9) Let Φ = D−
1
2 V = [φ1, . . . , φn] and Ψ = D

1
2 V = [ψ1, . . . , ψn] to get

P = ΦΣΨ>.

The bases Φ and Ψ are a biorthorgonal system, and hence satisfy ΦΨ> = Φ>Ψ =
In×n, which implies that φ>j ψk = δij .

10) Observe that [φ1, . . . , φn] and [ψ1, . . . , ψn] are the right and left singular vectors of P,
respectively. Hence we can write for any time t,

P t = ΦΣtΨ> =
n∑
k=1

λtkφkψ
>
k . (15)
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11) Equation (15) shows the expansion of P t in terms of the basis vectors {ψk},
thus by the observation in equation (11), it follows that the diffusion map for the ith

vertex vi is given by

vi 7→ P t(i, :) =


λt1φ1(i)
λt2φ2(i)

...
λtnφn(i)

 .
12) Since |λk| < 1, for a sufficiently high power of t, most λtk are very small and hence

can be discarded. Also P1 = 1 implies that the first constant vector yields a trivial
solution and can be discarded. Hence a diffusion map φt for a embedding the ith

vertex vi of a graph G in low dimension p << n is the map

φt(vi) =


λt2φ1(i)
λt3φ2(i)

...
λtp+1φp+1(i)

 .
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