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Abstract

The local Gan-Gross-Prasad conjecture is a generalization of the branching problem to
classical groups over local fields of characteristic zero. The conjecture speculates on the
multiplicity, that is, the dimension of the Bessel models and Fourier-Jacobi models in an
irreducible admissible representation. Equivalent conditions for the multiplicity equaling
to one is given in |[GP92,|GP94,|GGP12].

J.-L. Waldspurger did the pioneer’s work and proved the Bessel special orthogonal
cases for tempered parameters over non-Archimedean local fields in [Wald10,|Wald12a,
Wald12b, Wald12c]. C. Moeglin and Waldspurger proved that case for generic parameters
in [MW12|. The proof for the conjecture is almost completed but the proof for some
cases used a different philosophy. This thesis aims to generalize Mceglin and Waldspurger’s

approach to formulate a relatively uniform proof for all cases.
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Chapter 1

Introduction

The classical branching problem involves the rules of decomposing the restriction of irre-
ducible representations of a compact group to its subgroup. We fix compact groups H C G
and specify a parametrization of their complex representations, that is, representations
over C. The branching problem also seeks an equivalent condition to determine when
an irreducible representation 7wy of H appears in the spectrum of the restriction 7g|gy
of an irreducible representation mo of G. The branching problem also asks for a precise

description of the multiplicity of 7y in 7g|g.

Example 1.0.1 (Symmetric groups). Let G = S,, and H = &,,_1 be permutation groups of
order n and n—1, respectively. Their irreducible finite-dimensional complex representations
G, T can be classified by the Young tableauzr a = (a1, -+ ,an), b= (b1, -+ ,bp_1) (a;,b; €
N, a1 > >ay, by > -+ > by). The restriction ng|g fully decomposes, and Ty appears

in the decomposition of mq|m if and only if
ap >by>az > >bp1 > ay.

Moreover, the multiplicity dim Hompg (7g g, m) is less than or equal to one. This result is
known as multiplicity-one theorem. The spectrum of wg|g can be fully described with

this equivalent condition and multiplicity-one theorem.

Example 1.0.2 (Compact unitary groups). Let G = U(n) and H = U(n — 1) be compact

unitary groups. Irreducible finite-dimensional complex representations 7, 7y of G, H can
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be classified by the integral highest weights a = (a1, - ,a,), b= (b1, -+ ,bp_1) (a;,b; € N,
ap > - > anp, by > -+ > b,) of the torus U(1)", U(1)"~1. The restriction ngly fully

decomposes, and g appears in the decomposition of ng|m if and only if
ar >by>ay > - >by1 > ay.
Moreover, the multiplicity dim Hompy (7g|m, 7r) < 1.

When studying symmetry-breaking in Hamiltonian mechanics and quantum mechanics,
similar problems for some non-compact real groups (e.g. the Lorentz group SO(1,3)) need
to be considered. However, when H is non-compact, the restriction mg|y does not fully
decompose in general. Researchers, such as those in the local theory of automorphic forms,
address more interest in the irreducible quotients of 7¢|y. Besides, many computations,
such as the branching problem for (SO(2,1),S0(2)) and (SO(3),SO(2)), suggested that the
branching problem for pure inner forms are closed related to each other.

Targeting the irreducible quotients of the restriction and considering all pure inner
forms, B. Gross and D. Prasad formulated a conjecture for admissible representations of
special orthogonal groups in [GP92|. Their conjecture also applies to the special orthogonal
groups over non-Archimedean local fields of characteristic zero. Later, they generalized the
conjecture to a more general context, applicable for Bessel models of special orthogonal
groups in [GP94]. In |[GGP12], W. T. Gan, Gross, and Prasad extended the conjecture
to other classical groups over local fields of characteristic zero, precisely describing the
multiplicities. In this setting, the multiplicity is defined as the dimension of the Bessel
or Fourier-Jacobi models the representation has and is known to be less than or equal to
one ( [AGRS10| [Wald12d] [GGP12] [Sunl2a] [SZ12] [JSZ10|] [Sunl2b]). This conjecture is
closely related to the study of automorphic forms and L-functions and is called the local
Gan-Gross-Prasad conjecture. In this thesis, we will usually abbreviate it as the local
GGP conjecture.

In |[GGP12], Vogan L-packets are considered. Generally speaking, for an algebraic group
G over a local field F of characteristic zero, and an L-parameter ¢ : WD — LG, the Vogan
L-packet H(\;Ogan is the union of L-packets Il4(Gq(F')) associated with a fixed L-parameter
¢ for all pure inner forms G, of the group G. A parameter ¢ is called generic if I14 has a

generic representation, that is, a representation with nontrivial Whittaker model. Based on
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Vogan’s conjecture ( [Vog93|), for a generic parameter ¢ of G, we have a parameterization
of representations in Il using characters of the component group Sy = mo(Zg(Im(¢))),
where G is the Langlands dual group of G and Zg(Im(¢)) denotes the centralizer of Im(¢)
in G.

In [GGP12|, Gan-Gross-Prasad conjectured for several pairs of classical groups that

e For every generic L-parameter, there is exactly one representation in the Vogan L-

packet with multiplicity equal to one.
e Moreover, this unique representation is characterized by the local root numbers.

The first part of the conjecture is called the Multiplicity One part of the conjec-
ture and the second part of the conjecture is called the Epsilon Dichotomy part of the
conjecture.

There are four cases in the conjecture: Bessel cases for unitary groups, Bessel cases
for special orthogonal groups, Fourier-Jacobi cases for (skew-)unitary groups, and Fourier-
Jacobi cases for symplectic-metaplectic groups.

Recent years great progresses have been made on this conjecture. Over non-Archimedean
local fields of characteristic zero, J.-L. Waldspurger was the pioneer who initiated such
progress by completing the proof for tempered L-parameters of special orthogonal groups.
His approach uses local trace formula and endoscopy in [Wald10] [Wald12a] [Wald12b]
[Wald12¢|. For this case, C. Moeglin and Waldspurger proved the conjecture for generic
L-parameters in [MW12|. The ideas and the methods used in this approach can be outlined

in the following diagram:

Uniqueness of generic repn in Vogan L-packet

by Waldspurger || Local trace formula and endoscopy

by Atobe

Theta corres.

Tempered Bessel cases Tempered basic Fourier-Jacobi cases

by Moeeglin,Waldspurger || Multiplicity formula by Atobe“Theta corres.

Bessel cases Fourier-Jacobi cases
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R. Beuzart-Plessis proved the proof for tempered L-parameters of unitary groups over
non-Archimedean local fields in [BP14] [BP16]. Based on this result, Gan and A. Ichino
proved the conjecture for the Bessel and Fourier-Jacobi model of unitary groups in [GI16].
H. Atobe proved the conjecture for the Fourier-Jacobi models symplectic-metaplectic groups

in [At18]. The proofs for this case can be outlined in the following diagram:

Uniqueness of generic repn in Vogan L-packet

by Beuzart-Plessis || Local trace formula and endoscopy

by Gan-Ichino

tempered Bessel cases Tempered basic Fourier-Jacobi cases

theta corres.

by Gan-Ichino || Multiplicity formula by Gan-Ichino|| Theta corres.

Bessel cases basic Fourier-Jacobi cases

Over Archimedean local fields, i.e. R and C, most results have also been proved. H.
He proved the conjecture in unitary Bessel cases for discrete series L-parameters in [Hel7].
Beuzart-Plessis proved the uniqueness of the multiplicity-one representation for tempered
L-parameters in unitary Bessel cases in [BP20]. H. Xue completed the proof for unitary
Bessel cases in [X1] [X2] using a new approach based on theta correspondence and Schwartz

homology. The proofs in the case can be outlined in the following diagram:

Small unitary cases

[X1]||Induction using theta corres.

4 Tempered intertwining form of thega corres. . . .
Tempered basic Bessel cases 3 empered basic Fourier-Jacobi cases

[X2] || Schwartz homology [X3] || Schwartz homology

Bessel cases Fourier-Jacobi cases

Zhilin Luo proved the uniqueness of the multiplicity-one representation for tempered
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L-parameters in special orthogonal cases in [Luo2l]. Luo and the author of this the-
sis completed the proof for tempered special orthogonal cases, and based on these re-
sults, the author completed the proof for generic L-parameters in [Ch21]. Xue proved the
Fourier-Jacobi cases for unitary groups in [X3], and the author reduced the conjecture for
symplectic-metaplectic groups to basic tempered cases in [Ch23a]. The remaining open
problem is the basic tempered symplectic-metaplectic cases, which will be treated in my
ongoing work joint with R. Chen and J. Zou. The proofs for this case can be outlined in

the following diagram:

Uniqueness of generic repn in Vogan L-packet

in |[Luo21| [CL22| || Local trace formula and endoscopy

theta corres.
|CCZ)

Tempered basic Bessel cases Tempered basic Fourier-Jacobi cases

in [Ch23a] || Multiplicity formula in [Ch23a|“Multiplicity formula

Bessel cases Fourier-Jacobi cases

Most of these works treated the conjecture on a case-by-case basis. One of the mo-
tivations of this author is to provide a uniform treatment of the local Gan-Gross-Prasad

conjecture for all classical groups and all local fields, at least in the following three aspects:
(1.0.1) Uniform Approach

1. over Archimedean and over non-Archimedean local fields;

2. for unitary cases (Bessel and Fourier-Jacobi cases for unitary groups) and for
non-unitary cases (Bessel cases for special orthogonal groups and Fourier-Jacobi

cases for symplectic-metaplectic groups);

3. for Bessel cases and for Fourier-Jacobi cases;

In [Ch23b), the author proposed a method to uniformly organize the proof, which can

be explained in the following diagram:



Uniqueness of generic repn in Vogan L-packet
ﬂLocal trace formula+endoscopy

4 theta correspondence . . .
Tempered basic Bessel cases ———= ’l‘j[?empered basic Fourier-Jacobi cases
H/Multiplicity formula ﬂMultiphcity formula

Bessel cases Fourier-Jacobi cases

More precisely, the proof is formulated in the following steps:

1. Use the local converse theorem to prove the uniqueness of generic representation

in Vogan L-packets.

2. Use a multiplicity formula to reduce the conjecture to the tempered basic cases
from the uniqueness of generic presentation in Vogan L-packet, which is a consequence

of Vogan’s conjecture ( [Vog93]);

3. Use theta correspondence to build a bridge between tempered basic Bessel cases

and tempered basic Fourier-Jacobi cases;
4. Use local trace formula to prove the tempered basic Bessel cases.

The multiplicity formula in the above diagram refers to Theorem It has been
proved in [MW12] [GI16] [CJLZ23] over non-Archimedean local fields and prove in [Ch23a]
over Archimedean local fields. This thesis will focus on the multiplicity formula, and make
attempt to uniformize the proof in the three aspects as outlined above.

The bridge between tempered basic cases have been built over non-Archimedean fields in
[GI16] [At18]. One of the key ingredients in their approach is the result on ”big theta=small
theta”, which has not been proved over Archimedean local fields in general. For unitary
groups over Archimedean local fields in [X3] in an alternative method. The bridge for the
remaining case will be treated in my ongoing work joint with R. Chen and J. Zou, only
using ”big theta=small theta” in the stable-range situations.

The tempered basic cases can be relatively uniformly proved by Waldspurger’s trace
formula approach, which have been established case-by-case in [Wald10,Wald12a,Wald12b),
Wald12cBP14/BP16,BP20,Luo21|, respectively. Over Archimedean local fields, the twisted
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trace formula has not been established yet. In [CL22|, Z. Luo and the author simplified

Waldspurger’s approach for the epsilon dichotomy over Archimedean local field such that

the twisted local twisted trace is not necessary in the proof. This similification applies to

the unitary Archimedean cases, but cannot be extend to the non-Archimedean situations.

The following is the structure of the thesis.

Chapter 1 introduces the setting of the local Gan-Gross-Prasad conjecture following

[GGP1Y).

Chapter 2 introduces an analytic tool to prove one inequality of the multiplicity
formula. This analytic tool can be traced back to the distributional analysis. In
particular, over Archimedean local fields, we describe the contribution of derivatives

of the distributions using the language of Schwartz homologies introduced in |[CS20].

Chapter 3 introduces an integral method to construct a nonzero element of the Hom-

space defining the multiplicity.

Chapter 4 aims proves the multiplicity by proving two inequalities. The proof for one
of the inequalities uses distributional analysis and the proof for the other inequality

uses results from the integral method.

Chapter 5 describes a relatively uniform approach toward the local Gan-Gross-Prasad

conjecture.

Conventions of notations:

F is a local field of characteristic zero;
The bold letters (e.g. X, U, Z) denotes algebraic varieties over F

The Latin letters (e.g. X, U, Z) denote the set of F-points endowed with the natural

topological structure.

When F'is Archimedean and G is an algebraic group, G = G(F)) is a Lie group, we
denote by g its Lie algebra and by gc the complexification of g(F).

The representations considered in this article are representations over the complex
field C.
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e For a symplectic space V over F', the metaplectic group Mp(V') is the metaplec-
tic double cover of Sp(V). We artificially introduce the notion Mp(V) and set
Mp(V)(F) = Mp(V). In this article, we do harmonic analysis in the algebraic setting

and we can avoid this artificial notion in the proof using a reduction in Section [5.1



Chapter 2

Local Gan-Gross-Prasad

Conjecture

2.1 Bessel and Fourier-Jacobi models

Let F' be a local field of characteristic zero and F is a field extension of F' satisfying
[E:F]=1,2.

The Bessel models and Fourier-Jacobi models are defined based on a pair of towers
consisting of isometry groups 71 = {Gv }verz,, T2 = {Hw }wez,, where 71,7 are families
of e-hermitian spaces, that is, quadratic/hermitian/symplectic/skew-hermitian forms.

For Bessel models, when E # F', the spaces V, W are hermitian spaces over E, and the

towers are
Ti ={U(V) :dimg V is odd}, T2 ={U(W):dimgW is even};
When E = F, the spaces V, W are quadratic spaces over F, and the towers are
Ti ={SO(V) : dimg V is odd}, T2 ={SO(W):dimg W is even}.

For Fourier-Jacobi models, when E # F, the spaces V, W in 7}, 75 are hermitian spaces

over F,

Ti={U()}, T2={UW)}
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When F = F', the spaces V, W in Z;,7, are symplectic spaces over F, and the towers are

71 ={Sp(V)}, T2={Mp(W)}.

Here we artificially introduce the notion Mp(V) and set Mp(V)(F) = Mp(V), where
Mp(V) is the metaplectic double cover of Sp(V'). In Section we change the tower into
a tower of Jacobi groups to avoid using this artificial notion in the proof.

We fix a pair of towers T1 = {Gy }verz, and To = {Hw }wez, in any of the above cases.
For V € Z; and W € Iy, the groups Gy and Hy are relevant if and only if

VcWw, and V©+is split over FE, or
W cV, and W is split over E.

When Gy, Hyy are relevant, we call (V, W) a relevant pair.

We denote by I1p(Gy ) the set of equivalence classes of irreducible admissible represen-
tations of Gy = Gy (F'), and we require it to be Casselman-Wallach ( [Cas89] [Wall94])
when F' is Archimedean.

Given relevant Gy and Hyy, we define multiplicity m(my, my) for my € IIp(Gy ) and
mw € lIp(Hw ). Since Gy and Hyy are relevant, we may assume W C V', then we have

a split .S such that V = W LS, then dimg S is odd in Bessel cases and dim S is even in

Fourier-Jacobi cases. When S # 0, we set r = L%j We choose a basis S over F,

r

and denote it by {z; in Bessel cases and by {z;}1<|;<, in Fourier-Jacobi cases such

i=—r

that '
(Zi)zj) = 62'_]7/i = 17 )ij = _17 , =T and
(zi,20) =0, = +1,--- ,£r, in Bessel cases,

where (-, -) is the e-hermitian form on V.
Then we define N as the unipotent part of the parabolic group Py, stabilizing the full
totally isotropic flag
XpC---CX,

of S, where X; = Spang(z,—it1,- "+ ,2r).
Fix an additive character ©¥r of F' and let £ be the generic character of N = N(F)
defined by

VYE(D i—o(2i,2-(i—1)))  in Bessel cases,
En(n) =

YE(d i1 (2i,2-(-1)))  in Fourier-Jacobi cases,
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where ¢ is the additive character ¥ p(z) = ¥r(Re(2)), 2 € E. Here

1
Re(z) = ————— 2", for z € B.
¥ = [GalE/ P Teeazu:E/F)

In Bessel cases, we define the multiplicity

m(my, mw) = dimHomg,, w v (Tv |Gy x ¥ @ T, €),

where £ is the character of Gy X N induced from the character £ of N.
In Fourier-Jacobi cases, for an additive character ¢y of F', we denote by wy,y, the Weil

representation associated to ¥ of

Mp(V) x H(V)(F) when V is a symplectic space,
U(V) x H(V)(F) when V' is a skew-hermitian space,

where H (W) is the Heisenberg group Resp /FW @G, over F with the multiplication defined
by

1
(w, 2) - (', 2") = (Z'w + 20/, 5Re<w,w’>w +22'), w,w’ € Resgp(W), 2,2 €G,.
(2.1.1)
In Fourier-Jacobi cases, since my € Hp(Hy ), mw ® Wiy, is an irreducible represen-

tation of Gij, = Gy x H(W). We define the multiplicity

dimHomGLJ ><N(7TV|G" xN & (TI'W ®wW,¢F),§) when W C V|
m(ﬂ'vﬂrw) = w w
dim Homg,, (my @ (T ® wWﬂbF)‘va 1) when W =V,

where £ is the character of GI{V X N induced from the character £x of N.

To uniformize the notion with generalization in spherical varieties, we introduce an
equivalent method to define the multiplicity in [BP20] [Ch23a]. The Gan-Gross-Prasad
triple (G, H,¢) associated to a relevant pair (V, W) is defined as G = G(F'), H = H(F),

where

G Gy x Hy in Bessel cases,

Gy x (Gw x H(W)) in Fourier-Jacobi cases,
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AHyy x N in Bessel cases,
H= AGJW x N in Fourier-Jacobi and W C V' cases,
AGy in Fourier-Jacobi and W =V cases,

and ¢ be the character of H = H(F') induced from £y. In this setting, the multiplicity can
be equivalently defined as

m(w) = dim HOHIH (’ﬂ', ‘S):

and it is compatible with the previous definition in the sense of

m(my X ) in Bessel cases,
m(my, mw) =
m(my X (mw ® ww,y,)) in Fourier-Jacobi case.
This notation also helps treat Bessel and Fourier-Jacobi cases uniformly.
A GGP triple (G, H, &) associated to a relevant pair (V, W) is called basic if £ is the
trivial character. In Bessel cases, (G, H, &) is basic if dimg V = dimg W + 1. In Fourier-
Jacobi cases, (G, H,§) is basic if dimg V = dimg W (known as the equal-rank cases) or

dimp V = dimp W + 2 (known as the almost equal-rank cases).

2.2 Vogan L-packets and its parameterization

As in the classical branching problem, we need a classification of representation. In this
section, we recall the definition of Vogan L-packets for classical groups and metaplectic

groups.

2.2.1 Vogan L-packet for classical groups.

When Gy is a connected reductive group, R. Langlands classifies the representations
in p(Gy) with L-parameters ¢y : WDp — LGy, where WDy is the Weil-Deligne
group. Given an L-parameter ¢y, the local Langlands correspondence gives us an L-packet
Iz 4, (Gyv). The Vogan L-packet is defined as

s =[] Hpg(Gy,)
OéEHl(F7Gv)
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An L-parameter ¢y is called tempered if Im(¢y ) has bounded image. An L-parameter

¢y is called generic if H\},Cifgn contains a generic representation, that is, a representation

with a nontrivial Whittaker model. In particular, tempered parameters are generic. We

call Il 4, (Gy) tempered (respectively. generic) packet when ¢y is tempered (respectively.
generic).

We denote by IIptemp(Gv) the set of equivalent classes of tempered representations of

Gy (F).

Conjecture 1 ( [Vog93|). For a generic parameter ¢y, fizing a Whittaker datum, there
exists a bijection

Hgﬁfﬁn < characters of Sy, ,

where Sy = WO(CentéV (Im(¢v))) and (A;v is the Langlands dual group of Gy . Moreover,

the trivial character corresponds to the generic representation.

Over Archimedean local fields, this conjecture has been confirmed in [Vog93|. Over non-
Archimedean local fields, this conjecture has been proven for unitary groups in [MSTW]|,

and for symplectic groups in [A13].

2.2.2 Vogan L-packet for metaplectic groups.

When Gy = Mp(2n), the L-parameter 5\/ : WDp — “Gy = Sp(2n, C) correspond to an
L-parameter ¢y : WD — “SO(W) = Sp(2n, C) of SO(W) where dimW = 2n + 1 and
disc(W) = 1. The parameter %V is called generic if ¢y is generic.
The Shimura-Waldspurger’s correspondence gives a bijection
Ov,: I Tr(SOW)) - 5" (Mp(2n)),
dim W=2n+1
disc(W)=1
where II5™ (Mp(2n)) is the set of equivalence classes of irreducible genuine representations.

Using the Shimura-Waldspurger’s correspondence, the Vogan L-packet is defined as

Vogan __ Vogan
HF,(?SV = bvy, (HF,(;&V ),

and there is a bijection

V982" . characters of S+
Fév bv

when ¢y is generic. Here S(Ev = WO(CentéV (Im(¢y))).
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2.3 Local root numbers and the distinguished characters

Let Gy, Hy be a relevant pair of reductive groups and W C V. For generic L-parameters
ov, dw of Gy, Hyy respectively, Gan-Gross-Prasad defined the relevant Vogan packet

Vogan,rel
Mpsw = 11 Mrev(Gr) x rg, (Hw,).
a€H(F,Hy)
Conjecture 2 ( [GGP12]). Given generic L-parameters ¢y of Gy and ¢w of Hyy, the
following results hold.

1. Multiplicity-one: There is exactly one pair (wy,mw) € onjsl;l;fvlv such that

m(ﬂ'v, 7Tw) =1.

2. Epsilon-dichotomy: This unique pair (my,mw) can be characterized by the char-
acters
WV
Ny > gy
defined by local root numbers as in [GGP12].

We denote by stdy the standard representation of “Gy. For an L-parameter ¢y :
WDy — LGy, we define v = stdy o ¢y the semisimplification of the parameter ¢y .

We set
stdy @ C  when Gy = Sp(V),
My =
stdy otherwise.
For an L-parameter ¢y of Gy (here Gy does not necessary be of the same type as
Gy ), we define ¢3;, and My, accordingly.
We follow [GGP12| define the following distinguished characters in the conjecture.
1 —
Ngy,w (sv) =sgng, w(sv) - € <,M€/V '® MWﬂpF) , sy €8y, and

2 (2.3.1)

1 -
Now,v (Sw) = sgny . (sw) - € <2>M§[V/V '® MV,¢F> , Sw € Sw.
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where the space Mf/‘/:_l, Mf,‘v,":_l are respectively the sy = (—1)-eigenspace of My, the
sw = (—1)-eigenspace of My, and &(...) is the local root number defined by Rankin-
Selberg integral ( [JPSS83|). The sign characters are defined as the following

1 when Gy = U(V),
Sgn(bv,W(SV) - dim My dim MV~

det <—IdM;V:71) -det (—Idmy,, )~ 2 otherwise.

1 when Gy = U(V)
SEY, oy (sw) = LszV dim MV = !

det (— IdM;‘,’V:’l) -det (— Idm, ) 2 otherwise.



Chapter 3
Distributional Analysis

This section reviews classical distributional analysis in the local theory of automorphic
forms. Distributional analysis is a tool introduced by Shalika in [Sha74] to prove the
uniqueness of Whittaker models. This method has been further developed in papers related
to the local multiplicity-one theorem ( [JSZ10|, [GGP12|, for instance). In this section, we
follow these classical works for the statement over non-Archimedean local fields. Over
Archimedean local fields, we rewrite the distributional analysis in terms of the Schwartz
analysis developed in [CS20], [X2| so that the arguments are parallel to those for non-

Archimedean cases.

3.1 Categories for distributional analysis

This section introduces the category of topological spaces, topological groups, and repre-
sentations when we do distributional analysis over a local field F' of characteristic zero.
Over non-Archimedean local fields, we follow [Cas95]. Over Archimedean local fields, we
use the notions of Schwartz analysis and refer readers to [dC91,/AGO08,Sun15| for details of
the definitions of Nash manifolds and almost linear Nash groups.

The category Top of the topological spaces we consider is the category of
e locally compact totally disconnected topological spaces when F' is non-Archimedean;

e Nash manifolds when F' is Archimedean.

16
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Example 3.1.1. Let X be an algebraic variety over F, then its F-points X = X(F') has

a canonical topological structure. With this structure, X is an element of Top.
Definition 3.1.2. For X € Top, we denote by S(X) the space of

e locally constant compactly supported functions on X when F is non-Archimedean;

e Schwartz functions on X when F is Archimedean.

The category Grp of topological groups we consider is the category of

e locally compact totally disconnected topological groups when F' is non-Archimedean;

e almost linear Nash groups when F' is Archimedean.

Example 3.1.3. Let G be an algebraic group over F, then

1. its F-points X(F') has a canonical topological structure. With this structure, G(F) €
Grp, and,

2. when G is a finite covering of G(F), Ge Grp.
In particular, for Gy in Sectz’on we have Gy (F) € Grp.

For a group G € Grp, the category of smooth complex representations Rep(G) is the

category whose objects are G-representations (m, V) on
e smooth spaces when F' is non-Archimedean;
e Fréchet spaces of modernate growth when F' is Archimedean.

When no confusion is possible, we do not distinguish a representation m with its underlying

space V.

Example 3.1.4. For G € Grp, X € Top with a compatible left G-action, that is, the graph
of G x X — X lies in Top, we denote by S(X) the space of

1. compactly-supported functions on X when F is non-Archimedean;

2. Schwartz functions when F is Archimedean.
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Then S(X) € Rep(G) via the action (g.f)(xz) = f(xg).

Given a center character 1) of G we denote by Rep?S (G) the full subcategory consisting

of objects with central character .

Example 3.1.5. Let G, = Gy x H(V) be a Jacobi group in the setting of Section 2.1, Let
GY = Gé(F) For a fized nontrivial character Y of F', the Stone—von Neumann theorem

ensures that Rep?F (G‘J/) consists of representations in the form of
v QWyyg,, 7v € Rep(Gy).

Recall that, when studying the multiplicity, we work on the set IIz(G), which consists
of the irreducible objects in a full category Repaam(G) of Rep(G) for G = G(F'). Here
Repaam is defined as the category of

e smooth admissible representations;

e Casselman-Wallach representations, that is, smooth representations of moderate growth

whose (gc, K)-module is admissible.

3.2 Some functors

This section reviews the properties of inductions and tensor products. These functors
construct representations from representations of smaller groups.

Given groups H, G € Grp such that H C G, there is a functor resy : Rep(G) — Rep(H )
defined by restriction to subgroup H. This restriction function resy has a left adjoint, which
is the compact induction when F' is non-Archimedean, and is the Schwartz induction when
F' is Archimedean. These inductions are defined as follows:

Let G xp g be the bundle over H\G defined by quotient G x mg by H, where H
acts on G x mg. We denote by TPt (respectively, I'S®") the space of compactly supported
sections (respectively, Schwartz section) of a smooth bundle (resp. Nash bundle). The
compact induction is defined as I'P*(H\G, G x 7y) and the Schwartz induction is
defined as TS (H\G, G x 7). In the rest of the article, we use the notion Ind$ to be the
compact induction when F' is non-Archimedean and to be the Schwartz induction when F

is Archimedean.
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It is worth mentioning that there is a smooth induction Ind%smm{ defined as the space

of smooth sections on the bundle G x g mg. We have

Indg’CptWH - Indfl’SChﬂH C Indg’sme when F'is Archimedean, and

Indg’CptﬂH C Indg’smﬂH when F' is non-Archimedean.

In particular, when H\G is compact, these sections being compactly supported, Schwartz,
and smooth are equivalent. Therefore, in this case, these three inductions are the same.
In particular, when H is a parabolic subgroup of G, these inductions are the same.

The following property on the inductions follows from the definition when F' is non-

Archimedean and has been confirmed in [CS20, Proposition 7.1, 7.2] when F' is Archimedean.
Proposition 3.2.1. 1. Ind% is an ezact functor from Rep(H) — Rep(G).

2. For algebraic subgroup H' of H, then
d% o Ind, = nd9,.

For 7y, mw € Rep(G), we denote by 7y ® my the tensor product of 7y, 7y when F
is non-Archimedean and the projective tensor product of 7y, Ty when F' is Archimedean.
Here the projective tensor product is the completion of the tensor product with respect
to the projective cross norm and is equal to the injective tensor project as the underlying
space of my, my are Fréchet. Then the functor ® has the following properties.

Let mg¢ € Repadm(G). From [BK14], mg is a nuclear nuclear Fréchet space, then
the following proposition follows from |[CHMO00| and [CS20, Proposition 7.4] when F' is
Archimedean. Over non-Archimedean local fields, the result holds with weaker conditions,

by assuming that the g € Rep(Q).
Proposition 3.2.2. The following hold.
1. -®@mg is an ezact functor in Rep(G).

2. For g € Rep(H), we have

Ind$ (my @5 7elp) = Idf (ry) ® 7.
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In the following, we recall Berstein’s notion of parabolic induction of reductive groups

and generalize the notion to Jacobi groups. For finite-dimensional vector spaces Vi C V'

and G = GL(V), let P = LN be the parabolic subgroup G stabilizing V;. Then Levi

component L is isomorphic to GL(V;) x GL(V/V1). For o1 € Rep(GL(V1)) and o2 €
Rep(GL(V2)), we denote by o1 X o9 the parabolic induction

Ind% (0 X oy).

Here 01 X oy denotes the inflation of the exterior tensor o1 Koy of L = L(F') to P = P(F).
From Proposition [3.2.1{2), this binary operator is associative, that is,

(0'1 X 0’2) X 03 =01 X (0'2 X 0‘3). (3.2.1)

Let T = {Gy}ver be one of the towers 71,72 any cases given in Section For
V € 7 and a totally isotropic subspace X of V, then there exists nondegenerate V|, such
that V = X 1 Vy L X*. Let P be the parabolic subgroup of G stabilizing X, and the
Levi component of P is isomorphic to
GL(X) x Gy, when Gy, is not metaplectic,
af;(X) x+1 Gy, when Gy, is metaplectic.

Here af;(V) denotes the algebraic group on GL(V') x {£1} with the multiplication rule
given by

(91,601) - (92,02) = (9192, 0162(det(g1),det(92))r), g1,92 € GL(V), 01,02 € {£1},

where (-, ) is the Hilbert symbol. For o € Rep(GL(X)) and 7y, € Rep(Gy,), we denote

by o x 7y, the parabolic induction

nd%(o X my,) when Gy, is not metaplectic,

Ind%(o My my,)  when Gy is metaplectic.

Here o Xy 7y, denotes the inflation to P = P(F') of the L = L(F')-representation that the
exterior tensor of oy, 7y, factors through. From Proposition |3.2.1(2), we have

(0'1 X 0'2) X Ty, = 01 X (02 X 7TV0). (3.2.2)
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Therefore, we omit the bracelets when writing parabolic inductions in .

In [Ch23a], when studying Fourier-Jacobi models, the author defined a Schwartz induc-
tion of the Jacobi group such that this induction has parallel properties as the parabolic
induction of the reductive group on the Bessel side.

Let {Gv}ver, {Hw }wezr be the towers Ty, 73 in Fourier-Jacobi cases given in Section
Recall that the Jacobi group Gi, = Gy x H (V') and we set up a parabolic type structure
on Gé. For a totally isotropic subspace X of V, there is a decomposition V = X @V X*.
We take P = L x N the parabolic subgroup of Gy stabilizing X and X+ =V @ X*. We
define

P/ =P x H(X1).

When Gy is metaplectic, we denote by (Ei(X *) the algebraic group over R on the space
GL(X ™) x {#£1} with the multiplication rule given by

(91.61) - (92, 02) = (9192, 6102(det(g1), det(g2))r), 1,92 € GL(XT), 61,05 € {£1},

where (-, ) is the Hilbert symbol. Then GL(X™T) is a metaplectic cover of GL(X ).
Let
ResE/FGL(X+) X GJW, if Gy is not metaplectic,

LI =LxHW)={
GL(X™T) x41 G{j, if Gw is metaplectic,

and
N’ =N x Resg/rX,
where X = GImMeX and X(E) = X and X = X(F) = Resg/pX(F). Then the group P/
has a decomposition
P/ =17 x N”.

For 0 € Rep(GL(X)) and 7r“£0 € Rep(GéO(F)), we denote by ¢ x 7y, the parabolic

induction

Ind% (o X 77“50) when Gy, is not metaplectic,
Ind% (o K W“ﬂo) when Gy, is metaplectic.

This notion is compatible with the parabolic induction in the sense of the following

lemma, which follows from the computation in |[LS13, p10] using mixed models.
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Lemma 3.2.3. Let my, € Rep(Gy,) and o € Rep(GL(X)), we have

(0 X ) @wyy =0 X (T, ® Wy, p)-

3.3 Extended analysis to homology groups

This section reviews a Schwartz homology approach introduced in |[CS20] and developed
in [X2]. In this thesis, the Schwartz homology method is only applied to prove the reduction
to basic cases (Section over Archimedean local fields. The non-Archimedean proof for
reduction to basic cases uses representation theory in terms of Bernstein components, which
provides more precise information than the homology theory. Therefore, we assume F' is

Archimedean in this section.

Definition and basic properties

Recall that the multiplicity is defined as the dimension of a Hom-space Homg (7, £), which
is equal to

dim Homp (1 @p &1, 15) = dim Hom((r @ ¢ 1) g, C),
where (-)g denotes the H-coinvariant defined by the non-Hausdorff quotient

Vg =V/> (h—1)V (3.3.1)
heH

The idea of the homological approach study the homological group of the coinvariant

functor () g.

Definition 3.3.1. Let G € Grp. For V € Rep(G), the Schwartz homology Hf(G, V) is
defined to be the left derived functors of the G-coinvariant functor V +— Vg. In particular,

By definition, we have the following equation that builds a bridge between Schwartz

homologies and multiplicities.
Homg(Ho(G, V), 1g) = Homg(V, 1g). (3.3.2)

The following proposition is called Shapiro’s lemma for Schwartz inductions and Schwartz
homologies ( [CS20, Theorem 7.5]).
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Proposition 3.3.2. Let H be a closed Nash subgroup of G and wr € Rep(H)

HE (G, 65" © Ind$ (6 @ 7)) = HE (H, 7g1)

Vanishing results

Definition 3.3.3. We say the Schwartz homologies of m € Rep(G) vanish, if
HY(G,7) =0, i=0,1,---
The lemma below follows from the long exact sequence of the Schwartz homologies
Proposition 3.3.4. Given a short exact sequence
0—m —m— w3 —0, m,me,nm3 € Rep(Q),
if the Schwartz homologies of two of w.’s vanish, those of the remaining w. vanish.

Definition 3.3.5. o A well-ordered index set I is a total ordered set satisfying that
every non-empty subset has a least element in this ordering. The successor o™ of

an element « is the least element of the subset
{Bel,B>al

e Let V be a Fréchet space, a descending filtration is a set of subspaces {Vy}aer
satisfying
Vo C Vg fora>pgel.

The descending filtration is complete if
Vi @ V/Vy,
1s an isomorphism of topological vector spaces.

e The graded pieces are
Vo/Voyt,a € 1.
Together with |X2, Lemma 2.12, Proposition 2.13], we obtain the following result.
Proposition 3.3.6. Given representations m € Rep(G), @' € Repaam(G) and a complete

descending filtration of closed subspace m, of w index by countably well-order set I, with

graded pieces Ty [Ta, suppose the Schwartz homologies of (Tay [Ta)@T vanish, then the

Schwartz homologies of n@n’ vanish.



Chapter 4

Integral Method

This section reviews the classical integral method and applies it to Rankin-Selberg-type
integrals and Igusa-type integrals. The idea of the integral method can be stated as follows.

For ¢ € Rep(G) and a linear function f : g — C. If the integral
fola) = [ frla)o)dg

is convergent and nonzero, it constructs a nonzero element in Homg(mwg, 1¢). However,
the convergence and nonvanishing of the integral are not guaranteed in general. The
classical approach to resolve the problem is to construct a family of integrals over G, prove
meromorphic continuation, and then take the principal term of the meromorphic family.

The principal term is nonzero and its G-invariance is guaranteed with the following result.

Lemma 4.0.1 (Lemma 2.2 of [GSS19]). Let ¢ be a character of G and Fs be a nonzero
meromorphic family on wg satisfying ma(g)Fs = |¢(g)|°Fs. For every so € C, there is a
Laurant expansion
o
Fy= ) ais(s—s0)" € E((s))
i=—n

the term a—_y s, 15 G-invariant and is called the principal term at s = s.

There are two classical methods of constructing families of integrals satisfying the as-
sumption of Lemma[4.0.1] construction by matrix coefficients and construction by equivari-

ant functionals. When applied to studying zeta integrals related to standard L-functions of

24
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general linear groups, one gives Godement-Jacquet zeta integrals ( [GJO06]) and the other
gives Rankin-Selberg integrals ( [JPSS83]).

In [MW12], Mceglin and Waldspurger proved ”the second inequality” (Theorem[5.0.4(3))
using integrals constructed with matrix coefficients. In [JSZ10|, Jiang-Sun-Zhu used an in-
tegral that can be regarded as a composition of a Rankin-Selberg-type integral and Igusa
zeta integral( [Ch23a]). This section provides a more general description and provides proof

for meromorphic continuation for Rankin-Selberg-type integrals and Igusa zeta integrals.

4.1 Rankin-Selberg-type integrals

This section follows [JPSS83] [Sou93| [Jac09] to conceptualize and generalize the proof for

the absolute convergence and meromorphic continuation of some Rankin-Selberg integrals.

4.1.1 Formulation

The first method to construct a family of integrals is the classical approach to constructing
Rankin-Selberg integrals.

For a general linear group GL,, we denote by N, is the maximal unipotent subgroup
consisting of upper triangular unipotent matrices. Fix an additive character ¥ g of F, we
denote by 1, the character of N, = N, (F') defined by

r—1

Yr(n) = Yp()_nign),n € Ny,
i=1

where n; ;41 denotes the (4,7 + 1)-entry of the matrix of n.
In [JPSS83|, for generic representations 7, 7, of GL;, = GL,,(F),GL, = GL,(F)
(m =r+ 1), the Rankin-Selberg integral on GL,, x GL, is defined as

/ W, (9)Wor (9)] det(g) *dg,
N \GL,

where vy, € T, v, € T, and the Whittaker functions W,,, : GL,, - C,W,, : GL, — C
are given by

W, (9) = A (T (9)vm), W, (9) = Ar(mn(g)vr).

where A\, A, are Whittaker functionals of 7, 7, with respect to (N, ¥pm), (Ny, ¥y).



26
Let || - || be the norm on GL, defined by

lgll = max (lgi;l, det(g)™").
4,j=1,--r

Proposition 4.1.1. Every family of Whittaker functions {Wy}vev, of a representation
(m,Vz) € Rep(GL,) has the following properties.

1. (a) When F is Archimedean, there are constants C; N > 0 and a continuous semi-

norm v on V; such that
IWo(9)] < CllgllVv(v), g€ GLyrve Vr.

(b) When F is non-Archimedean, for every v € m, there is a constant Cy, > 0 such
that
IWa(g9)] < Collgl™.

2. For g € GL, and n € N,., we have

Wy(ngg') = Ur(M)Wrigne(g), vEVi,ne N;, 9,9 € GL,.

Based on these properties, we can formulate the following definition for Whittaker-type

functions.

Definition 4.1.2. We call a family of functions {W/},ev, on a representation (w,Vy) €
Rep(GL,(F)) is Whittaker-type if it satisfies the following conditions

1. (Modernate growth)

(a) When F is Archimedean, there are constants C, N > 0 and a continuous semi-

norm v of Vi such that
(W, (9)] < CllgllVv(v), g€ GLrve Vr. (4.1.1)

(b) When F is non-Archimedean, for every v € m, there is a constant Cy, > 0 such
that
(Wi(9) < Collgll™, g€ GLy,v € Vr.
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2. (Whittaker equivariance), we have

Wi (ngg") = Yn ()W (1)) (9)s v EVr,n € Ny g, g’ € GLin. (4.1.2)

In Definition [5.5.2] we will see examples of Whittaker-type functionals defined by Bessel
and Fourier-Jacobi models.

Let (7, Vz) € Repadm(GLri1), (7', Vi) € Rep(GL,) and 7 is generic. Fix a Whittaker
functional A of 7 and a family of Whittaker-type functions {W;/}v'evﬂ,, the Rankin-
Selberg type integral is defined

Towr(s) = / A (9)0) W, (g)| det(g)*dg, v € Vir,o/ € V. (4.1.3)
N\GL»

Using a stronger estimate of the restriction to GL, of the Whittaker functions of GL,41,

one can prove the absolute convergence of the integral.

Theorem 4.1.3. Given Whittaker functional A and a family of Whittaker-type function
{Wi, Yorev,,, the integral J,(s) defined in (4.1.3)) is absolutely convergent when Re(s) is

large enough.

Proof. Let A, be the subgroup of GL, consisting of diagonal matrices. We consider the
Iwasawa decomposition

GL, = N, A, K,,

where K, is the maximal compact subgroup of GL, and A, = A, (F}) for

R when F' is Archimedean,
Fy = (4.1.4)
F when F' is non-Archimedean.

Then
Ty (5) = j/ A (diag(g, 1))o) W', ()] det(g) [*dg
N \GLy

:/ /‘ A(r(diag(g, 1)) W, (g)] det(g)|*dg
A K JNA\GL,

e When F' is Archimedean, following |Jac09, Section 3.2], we define

r—1

&) = 1+ (aiaizh)?),

=1
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where a = diag(ai,---,a,) € A,. Then from [Jac09, Proposition 3.1], there exists
C,M,N > 0, such that

(A(r(diag(ak, 1)v)| < C-&(a) Mla|™, a€ A ke K
From (4.1.1)), there exists seminorm v, constants C’, N’ > 0 such that
W/, (diag(ak, 1))| < C'la||N'v(v) a€ A keK.

When Re(s) is large enough, the absolute convergence of the integral follows from
[Jac09, Lemma 3.5].

e When F is non-Archimedean, from [JPSS79, Lemma 2.3.5], there is a positive quasi-
character x of A, and a positive element ¢ in CS°(F") such that

|Wv(diag(ak7 1))| S X(a)d)(ala;l? e 7a?“71ar_1a ar)a a = diag(a’lv ag,:-- aar)~
From (4.1.1)), for every v' € V;/, there is constants C?,, N’ > 0 such that
(W, (diag(ak,1))| < C)|la||, a€ A ke K.

When Re(s) is large enough, the absolute convergence of the integral follows from
the proof for [JPSS83, Theorem 2.7].

O]

Theorem 4.1.4. When X\, W/, are nonzero, then there exists v € m, such that the integral

Juor defined in (4.1.3) is nonzero.

Proof. We take a submanifold U of GL, such that
N, xU — GL,
is an open embedding. For a smooth compactly supported function ¢ on A,, we set

Yr(n)d(u), if forn e N,,ueU
Ws(g) =
0, otherwise.
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Then Wy is a smooth function on GL, with compact support modulo NN, such that

We(nm) = ¢ (n)Wy(m),n € N.,m € GL,.
Then, from [JS81, Section 3] (see also [Co04, Section 4]), there exists vy € Vi such that

A(m(diag(g,0))vy) = Wy(9), 9 € GLy.

The integral
%M@z/ A (diag(g, 1))vg) W, (g)] det(g)[*dg
NA\GL,

= [ SWi ()| det(a)du
U
Therefore, we can find a ¢ € C2°(U) such that J,, ./ (s) # 0. O

4.1.2 Meromorphic continuation

This section introduces the admissibility of Whittaker-type functionals and proves the

meromorphic continuation of the integral following [JPSS83] [JS90].

Definition 4.1.5. Let Fy be the field defined in (4.1.4). We call a Whittaker-type functional
W/ is admissible if W, has an expansion
Wi(a) = enlar, - an)é(ar, - ,an), (4.1.5)
ey’
where ¥ is a finite set of finite functions of Fy that is only dependent on wy,mw, and d¢

are Schwartz functions in S(Fy).

Theorem 4.1.6. When W!, is admissible for all v' € Vp, the integral J, s defined in

(4.1.3) admits a meromorphic continuation to the whole complex plane C.

The proof for the theorem uses the results on the Mellin transforms of Fij*-finite func-
tions, we refer the readers to [I[78, Chapter 1] for details. The following lemma is a result
of the discussion in [I78| §1.4,81.5].

Lemma 4.1.7. 1. Every (Fy*)"-finite function is a linear combinations of

m

11 xi(a)lail (loglai)™, a; € FY,
=1

where x; are unitary characters of F*, s; € R and n; € N.
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2. A finite product of (Fy)™-finite functions is (Fy)™-finite.

Definition 4.1.8. 1. For every finite function £, we denote by o(&) the tuple {(xi, i, ni) hi<i<r
such that

m

E(ars--- s ap) = [T xi(ai)las|* (log |as|)™.

i=1
2. With the notations above, we denote by p¢ the polynomial

m

pe(s) = [ (s +s0)™

i=1

when F' is Archimedean and the polynomial
pe(s) = [J(@—a*+*)™

when F' 1s non-Archimedean.

For a Schwartz function ® € S((F;)™) and a tuple {(x;, si,ni) }1<i<r, we define the

following Mellin transform

Jbwsimhisicn (s, ) :/ ®(ar, - am) [ [ xias)|ai""* (log |ai])*da.  (4.1.6)
(F ™ i=1

Here

« _ day danm,
m

da = da;j ---da (4.1.7)

)

Proposition 4.1.9. For a Schwartz function ® € S((F*)™) and a tuple {(xs, si, i) }1<i<r,

the integral
pg(s)j{(Xi,Si,ni)}lgigr (s, D)

has an analytic continuation to an entire function.

Proof. When Re(s) large enough, [T xi(ai)|a;|**% (log |a;])™ is a function of modernate
growth on (F;°)". Hence, the integral (4.1.6)) defines a continuous functional on S((F;)"),

SO wWe may assuime

Q(alv e 70/7‘) - H(I)z(az)a
=1



31

then
j{(XIysz nz)}1<z<7‘ (S ¢ H j{(XhS@ nl)}(s (b )
1<isr
From [I78, §1.4.2], for every 1 < i < 7, (s+s;)" Jtxesimd} (5, ®;) can be extended to an

entire function on s € C. From [I78, §1.5.3], for every 1 <i < r, (1—g¥tsi)m Jixisina} (s @;)
can be extended to an entire function on s € C. This proves the existence of analytic con-

tinuation of pg(s)j{(Xi’Si’"i)}Kiér(s, ®) to the whole complex plane C. O

From [JS90, Proposition 4.1], we have an expansion of the Whittaker functions on
A, x1cC GLT+12

W, (diag(a,1)) qug’ (a1, ,a.)€é(a1, -+ ,a,), a=diag(ay, --,a,), (4.1.8)
cex

where ¥ is a finite set of (F;*)"-finite functions that is only dependent on =, and ¢, are

Schwartz functions in S((Fy)").
Theorem 4.1.10. J, ,v has an meromorphic continuation to s € C.

Proof. We denote by ’jv,vf(s) the integral
/ W, (diag(a, 1))W.,(a))| det(a)|*da.
Ay

Then we expand the Whittaker functional and the Bessel functional using (4.1.8)) and
(4.1.5) and obtain that

jv,v’(s) = / ¢§ U(ZJE’ ’§§ (ah CLT)| det(a)]sda. (419)

tex ey

From Proposition the function
pgg'(s)/A bewder w€€(ar, -+, ar)| det(a)|*da

has an analytic continuation and we denote it by W¢ ¢, v (s), then

JU,U’(S) = Z pff’(s)ilwf,g,’v,v'(s)

fexgeyy
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From the Fubini’s theorem, when Re(s) is large enough, we have
Jor(s) :/ / W, (diag(ak, 1))W!, (ak)| det(ak)|*dadk
r Ar
:/ jﬂ(diag(k,l))v,ﬂ’(k)v/(S)dk
K,

= > mﬂxwﬂﬂl/imgw@%wmm%w@ﬂh
cex ey K

Since K, is compact, and, for k € K, the functions

We e m(diag(k,1))o,m (K)o’

are entire, the integral

We e r(diag(k,1))o,m (k) (5)dk

r

gives an entire function of s. Then J,,, has an meromorphic continuation to the whole

complex plane. ]

4.2 Igusa-type integrals

This section introduces results in |[GSS19] on the Igusa-type integrals. In this section, we
assume F'is an Archimedean local field.
4.2.1 Formulation

Let G be an algebraic group acting on an algebraic variety X. Suppose the G-action on
X has a Zariski open orbit U and the complement Z = X — U is the zero set of a regular
function f on X that is (G, x)-equivariant for a character y of G. The integral

/@@M%UESW)
U

is a continuous functional on S(U) and the integral extends to S(X) when Re(s) is large

enough using the following lemma (take ¥ = [, dx).
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Lemma 4.2.1. For every continuous functional ¥ on S(U),

Jsu(p) = ¥(elf?),p € SU)
can be extended to S(X) when Re(s) is large enough.

Proof. From [AGOS|, we have

S(U) = 1im Szq(X),

where the space Sz, (X) consists of Schwartz functions on X such that all their k-th
derivatives vanish on Z for k < n.

Hence,
veSU) = liﬂSz,n(X).

and then there is n > 0 such that ¥ € Sz,,(X). O

Definition 4.2.2. For a Fréchet space V, we denote by S(X,V') the space of V-valued
Schwartz functions on X. We define S*(X,V) to be its continuous linear dual space.
From [GSS19, Proposition 2.15], we have

S*(X,V) =8*(X)QV*

4.2.2 Results on holonomic D-modules

This section introduces results on holonomic D-modules and we refer the reader to [HT07]

for detalils.

Definition 4.2.3. e The D-module on a smooth affine algebraic variety X is a module

of the algebra of differential operators D(X).

e The algebra D(X) has a natural graded structure that induces graded structure on
any D-module M. Define the singular support SS(M) to be the support of the

associated graded module.
e dim SS(M) > n and we call M holonomic if dim SS(M) = n.

Definition 4.2.4. A distribution £ € S*(X,V) is called holonomic if the submodule
¢D(X) C S*(X,V) generated by £ is holonomic.
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Theorem 4.2.5 (Theorem of [GSS19]). If £ is holonomic, then the family (X, V') defined
by €y = Ep for A€ C > N for some N > 0 has a meromorphic continuation to the entire
complex plane. Moreover, all the distributions in the extended family and all the coefficients

of the Laurent expansion at any X € C are holonomic.
The following lemma helps determining whether a distribut

Lemma 4.2.6 (Lemma 3.3 of [GSS19]). Let Z C X be a closed smooth subvariety, let
€€ S*(Z,V), and let n € S*(X,V) be the extension of & to X by zero. Then

e 1 is holonomic if and only if £ is holonomic.

e Let an algebraic group G act transitively on Zi, and its R-points G act linearly on V.

Suppose that € is G-equivariant and V is finite-dimensional.

Then & is holonomic.

4.2.3 Meromorphic continuation

Then we state results in [GSS19] that prove the meromorphic continuation of the Igusa
zeta integrals.

Let QIF(G) be the full subcategory of Rep®¥™ (@) consisting of objects o satisfying

(4.2.1) There is a subgroup H € Grp of G and a finite-dimensional representation p such
that there is a sujection

Ind%’}p -0
Here Ind is the Schwartz induction as in Section

Example 4.2.7. 1. Let G € Grp be a reductive Lie group. For every irreducible o €
Rep?®™ (@), there is a finite-dimensional representation py of the minimal parabolic
subgroup Py with a surjection

IndgO po — 0.

Therefore, o € QIF(G).
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2. Let G = GY, = G‘J/(F) for a Jacobi group G‘J/ in Section . Given an irreducible
representation o = o Qwy,y, where o € Repadm(GV), from part 1 and Lemma

there is a subgroup Py of Gé surjection
J
Ind¥ (po @ ) — o
0
Therefore, o/ € QIF(G).
The following theorem is a simple generalization of |[GSS19, Proposition 4.9].

Theorem 4.2.8. Let F' be an Archimedean local field, G be a linear algebraic F-groups
and H,P C G be F-subgroups. Let C = HN P and o € QIF(P) with a sujection

Ind§pg — o. (4.2.2)
1. G\HP is the zero set of an (H x P,1 x ¥ p)-invariant polynomial f of G;
2. Q\G/H has finitely many double cosets;
3. ¢ has a non-zero (C,5c04")-functional.
Then Indg(a) admits a non-zero H-invariant continuous linear functional.

The proof follows from the proof for [GSS19, Proposition 4.7] that uses Bernstein’s

proof for the meromorphic continuation of a holonomic family of distributions.
Proof. From the surjection (4.2.2)), we define an integral operator
I:8(P,V)— Ind§(pg)

uwm:ém@mmm

Let 7 be the kernel of I. We denote by 7 to be the kernel of I and by tensoring with the
nuclear Fréchet space S(G), we obtain an exact sequence ( [CHMOO, Lemma A.3])

0 — S(G)&T — S(G)BS(P, pg) — S(G)&a — 0.

Here we have
S(G)RS(P,pq) = S(G x P, pg).
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By dualizing the exact sequence, we obtain an exact sequence
0= 8*(G,0) 3 S*(G x P,pg) — S*(G, 1) = 0.

Then we obtain
¢ :S*(G,0) = S (G x P,pg)

from the exact sequence.

By the Frobenius reciprocity, one has that
Homy (IndZ (o|¢), 1) ~ Home (o, 551(51{),

and the representation IndZ (c|¢) € Ind%(o) can be regarded as the space of left (P,o)-
equivariant functionals on S(PH, o), assumption 3 ensures that there is a nonzero element

Homy (IndZ (o|¢), 17) on this space. For ¢ € S(G, o),

W(g) = ( /P o (p)o(pg)dp) (4.2.3)

defines a continuous functional on S(PH, o). Use Lemma we define the Igusa zeta
integral

Jsw(p) = ¥(|f°p)

when Re(s) is large enough and we regard the integral as a family of elements in S*(G, o).

We prove the meromorphic continuation of J, ¢ to C by showing that
1. The family ®(Jsv) has a meromorphic continuation;
2. The meromorphic family lies in Im(®).

From the assumption, Q\G/H has finitely many double cosets
QxiHv i:O71)"'7k

and we may assume QQzoH is open. Then from Lemma m(l)7 ®(Jsw 0 I)|Quon is holo-
nomic, and then one can prove by induction from Lemma [£.2.6(2) that ®(Jsy o I) is
holonomic. Therefore, Point (1) follows from Theorem [4.2.5]

Point (2) can be easily verified as in [GSS19, Corollary 4.9]. O



Chapter 5
Multiplicity Formula

This section aims to show how the methods in Chapter [3] and Chapter 4] can be applied to
the multiplicity formula.

Let F be a local field of characteristic zero, and {Gv }ver,, {Hw }wez, be a pair of
towers defined in Section The multiplicity formula aims to connect the multiplicities
of representations in generic Vogan packets and the multiplicities of tempered representa-
tions. The following theorem suggests that representations in generic Vogan packets can

be expressed as certain parabolic induction. The proof is in Section [6.3.1]

Theorem 5.0.1. An irreducible representation wy of Gy is in a generic Vogan packet if

and only if there is a decomposition V =V L (X & XV) and
Ty = oy X Ty,

for myy € Uptemp(Gyvy) and oy = |- ["Viloyy x - x |- |"Vivoy,, € Hp(GL(X)), where
X =@ Xi, oviy € Mpgemp(GL(X))) sv,i € C and

Re(sy,1) = -+ = Re(syy, ) > 0.

The multiplicity formula is designed to relate the multiplicity of parabolic inductions
and that of their inducing data. Generally speaking, for representations of general linear

groups
oy =|-["loyy x - x| [Vivey, ow = [ [Wlowa X x [ [Wiwoy, (5.0.1)

37
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where oy, ow,; are irreducible tempered representations of GLy,,,(E), GLy,,,(E) and

svi, swi € C satisfying
RG(SVJ) Z 2 RG(SVJV) > 0, Re(SW,l) =z RG(SMJW) > 0.

Let

Ty =0y X Ty, Tw = 0w X T,

where 7y, is an irreducible tempered representations of Gy, and myy, is
1. an irreducible tempered representation of Hyy, in Bessel cases;

2. equal to Ty, ®wy,,e, Where Ty, is a tempered representation in Rep(Hyy, ) in Fourier-

Jacobi cases.

Notice that, for Fourier-Jacobi cases, the multiplicity
m(ﬂ'v, Ww) = m(T['V X (%W X wWw))

was only defined in situations when W C V' in Section 2.1} In Section [5.I we introduce a
model to define the multiplicity m(my X (7w ® wyy)) when V' C W such that

m(ry B (Tw @ ww,y)) = m((Tw @ ww,y) K ry).

The distinguish these Fourier-Jacobi cases defined in different ways. We denote by (FJ 2)
the Fourier-Jacobi cases when V' C W and denote by (FJ 1) the Fourier-Jacobi cases when
W C V. We also abbreviate the Bessel cases as (B).

The multiplicity formula can be stated uniformly for all cases as follows.

Theorem 5.0.2. In the above setup, we have
m(my Wy ) = m(my, X my,).

We do not need to assume the irreducibility of my, 7y in the multiplicity
formula. In [MW12], the multiplicity formula was proved using a mathematical induction
using a mathematical induction from the basic forms.

Given a relevant pair (V, W), we set X as a totally isotropic space
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e such that the space W =W L (XT& (X)) contains V and dimp W —dimg V =
1;

e such that the space Wt =W L (XT @ (XT))Y is equal to V;

e such that the space VT =V 1L (XT@® (X ™))" contains W and dimp V™ —dimp W =
2.

We associate to (V, W) another relevant pair

(W*,V) in (B) cases,
(V,W*) in (FJ 1) cases, (5.0.2)
(VT, W) in (FJ 2) cases.
We call the model defined by the pair in ([5.0.2)) the basic case associated to the model
defined by (V, W).

The basic forms include an equality to reduce to basic cases and two inequalities that
compare the multiplicity of a model and the multiplicity of the basic cases associated
with it. More precisely, in most cases, we compare the multiplicity m(my X ) with the
multiplicity for

(ox+ X ) R my  in (B) cases,
Wox+,mv,mw) = 7y B (0x+ x mw)  in (FJ 1) cases,
(ox+ x my) Ry in (FJ 2) cases.
Due to the significant difference between representation theory over Archimedean and

non-Archimedean local fields, the basic form differs between the two types of local fields.

Definition 5.0.3. We define LI(my) = Re(sy,1) for my in the form of oy x my,, where
oy = ’ . ‘Sv,lgu1 X oo X | . ‘SV’ZVUVJV,

mv,; tempered and Re(sy,1) > --- = Re(syy, ) > 0. From Theorem LI(my) is well-

defined for my in generic Vogan packets.

Theorem 5.0.4 (non-Archimedean). When F' is non-Archimedean, the basic form is the

following.
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1. (Reduction to basic cases) For a suppercuspidal representation ox+ of GL(X™)
such that m), does not belong to the Bernstein component associated to ox+ X myy,

we have

m(my My ) = m(l(ox+, v, mw))

2. (Basic forms of the first inequality) For a tempered representation ox+ of
GL(X™), we have

m(ry Xmw) = m(I(|det |Pox+, 7y, 7w))
when Re(s) is larger than or equal to a parameter LI(my) of my .

3. (Basic forms of the second inequality) For a generic ox+ of Repaam(GL(X™)),

we have

m(my Raw) < mI(ox+, Ty, 7))
Theorem 5.0.5 (Archimedean). When F' is Archimedean, the basic form is the following.

1. (Reduction to basic cases) For spherical principal series representations |- |** X
coe X | PAmE X of GL(XT), we have

m(my W) =m(I(ox+, mw,7v))
for (s1,-++ ,Sdimg x) € Cdime X 4 general positions.
2. (Basic form of the first inequality)
(a) When dimg X+ =1,
m(my M) 2 m(] - |°, 7w, 7v))

when Re(s) = LI(7y ).
(b) When E =R and dimp X = 2,

m(T'(| - |S+%sgnm+1,7rv,7rw)) > m(I(|det |* Dy, Ty, )

when Re(s) + 3 > LI(my ), where I’ is defined in Definition .
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3. (Basic form of the second inequality) For a generic ox+ of Repaam(GL(X™)),
we have

m(my Rrw) < mI(ox+, mv, 7w ))

Due to the different formulations of the basic forms over two types of local fields. The
proof of non-archimedean local fields can be established parallelly and has been elaborated
in [MW12| |GI16] |[CJLZ23| for all cases.

5.1 Some notions for the uniform formulation

In [Ch23a], the author pointed out the Fourier-Jacobi cases could be treated parallelly
as the Bessel cases by changing one of the towers into a tower of Jacobi groups. Let
Ti = {Gv}ver,, T2 = {Hw}wez, be towers in Section In Fourier-Jacobi cases, we

have 77 = Z,, and we denote it by Z. We consider the pair of towers as

Ti = {Gvlver, i = {G{}wer,

or
T2 = {Hy}lver, T3 = {Hj, }wer.

Without loss of generality, we may assume Gy is not metaplectic, in this case, we
consider towers 71, 7;’. Then the groups in the towers are algebraic groups over F'.

For my € Ilp(Gy) and my € Hp(Gy.), the multiplicity m(my X 7y ) is defined in
Section when W C V. Notice that the situation when W = V is defined differently.
We extend the situation to the cases when V' C W by introducing a family of models.

For V. .C W € T with decomposition V =W L (X & XV). Choose a F-basis {z;}!_; of

X and its dual basis {z_;}!_; of XV, we have
<Zi, Zj>V = sgn(z’)éi,_j, Vi, j € {:l:]_, ceey :|:7“}.

As in Section we let Py, = Ly, - Ny,_; be the parabolic subgroup of Gy stabi-
lizing
XiCXoC---CXpq

and let N7 = Nywr—1 X Xp—_1.
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We let
G =Gy x Gy,
and identify N7 as a subgroup of G via G%, — 1x G‘I{V. In these cases, AGy, the image
of the diagonal embedding Gy «— Gy x (G x 1) C Gy x (Gw x H(W)), acts on N” by

adjoint action, respectively, and we set
H=AGy x N’.

We define an algebraic character Ans : N/ = N x X, | — Resp /FGa by

r—1

Ani(n X zw) = Z(z_i, nziy1) + (z—r,2zw), neEN, zy € X,_1.
=1

Let Ag,r : H(F) — Resg/pGo(F) = E be the induced morphism on F-rational points.
We define an unitary character of H(F") by

§(h) =ve(Am,r(h), heH(F),

The following lemma suggests that the multiplicities defined for representations of pairs

of groups in 71 and 7,/ are the same as that in 73 and 75/ .

Lemma 5.1.1. For V,W € T, we have

m(ry X (Tw @ wiwyp)) = m((Ty @ wyy,) X Tw)

Proof. The proof over archimedean cases [Ch23a, Lemma 2.2.13]. The proof over non-

archimedean local fields follows verbatim using [GKT, Lemma 3.55]. O]

Hence, the multiplicity defined in this section is compatible with the definition in Section
As the groups Gy, G‘ﬂ are algebraic groups, we only need to work in the setting of

algebraic group.

5.2 Mackey theory

The basic idea to prove the basic forms is to use the Mackey theory. For Hi, Ho C G € Grp
and 7, € Rep(Hz), Mackey theory uses the structure of double cosets Ho\G/H; to study
the space

Homp, (Indg2 THys LH, )
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Back to the setting of Section we define algebraic groups G*,H",PT over F' and
apply the Mackey theory in the set up of G = G*(F), Hy = H"(F), Hy = P*(F).

Basic GGP triple associated to a relevant pair

We (GT, H',£T) be the Gan-Gross-Prasad triple associated to the relevant pair in (5.0.2)).
More precisely, as we have reduced the problem to the algebraic setting in Section we
have Gt = GT(F), Ht = H"(F), where
G+ x Gy in (B) cases,
G" ={ Gy x Gi,+ in (FJ 1) cases,
Gy+ x Gi, in (FJ 2) cases,

AGy in (B) cases,
H' = AG{, . in (FJ 1) cases,
AGy  in (FJ 2) cases
and £V is the trivial character of HT = HT(F).
We let P be the closed subgroup of GT defined by

e PT =Pyt x+ x Gy in (B) cases;

e Pt = v Gy x P{i i)y = Gy x v P, .7 in (FJ 1) cases, where v =
1x (1xz2h) e Gy x (Gy+ x H(WT)) =GT;

e PT =771 (Py+ x+ x G{))y =7 'Py+ x+7 x G}, in (FJ 2) cases, where v € G is
the element satisfying

_ + _ - -1 _ _ _+
Yew = 2w, YR =21, Y& = —Z2.

Based on the Levi decomposition of Py + x+,Py+ y+ and the pseudo-Levi decompo-

sition of Py, we set the pseudo-Levi subgroup LT C P as
(Resp/pGL(X™) x Gw) x Gy in (B) cases,

Y(Gv % (Resg/pGL(XT) x G{j,))y™' in (FJ 1) cases, (5.2.1)
Y((Resg pGL(XT) x Gy) x Gij,)y™'  in (FJ 2) cases.
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and, in each situation, we denote by pgr the morphism from L* to Resp, pGL(X™).

(5.2.2) 1. In (B) cases, we identify the Ht-action on PT\G" as the Gy action on

Py+ x+\Gyw+, which consists of totally isotropic subspaces Xy+ = X*g C
W™ (g € Gy+) with dimg X+ = r+1 and the open orbit consists of those not
contained in V.

2. In (FJ 1) cases, we identify H T-action on PT\G™ as the G -action on PV‘{/+’X+\GJW+,
which consists of the totally isotropic subspaces X Tyg (g € Gy,4) of W =
Wt @t Zt+ where ZT+ = X" @ Y] is a hyperbolic plane over E. The open
orbit consists of those not contained in W.

3. In (FJ 2) cases, we identify H "-action on PT\G™ as the Gjj,-action on Py+ x+\Gy+,
which consists of the totally isotropic subspaces X Tvg (g € Gé+) of VT and

the open orbit consists of those not contained in W @ X fr .

Open double coset

The structure or open double cosets have been computed explicitly in |[Ch23a, §2.3]. We

introduce the following notions to describe the structure of the stabilizer.

Definition 5.2.1. 1. (Mirabolic subgroups) Let X' C X" be vector spaces over E such
that dimp X'+1 = dimp X", we denote by Ry’ x» the mirabolic subgroup of GL(X ™)
stabilizing X' and invariant on X" /X', that is,

Rx/ x»={g9 € GL(X"): gX' C X', g acts trivially on X" /X'}.

The isomorphism class of Rxs x» is only determined by on r = dimp X’ and we

denote this isomorphism class by R, 1.

2. In (B) cases, let NY, be the subgroup of Ny that fizes all points on X & D, then

(5.2.3)
(1 X Gw) X N/V C (RGSE/FGL(X) X GW@D) X Ny

is the subgroup of Py that fizes all points on X & D.
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Lemma 5.2.2. If Gy is not metaplectic, PTH™ is an open double coset and PTNH™' =
ASqpen, where
Py+ x+ NGy in (B) cases
Sopen = 7*1P§/+,X+70GV in (FJ 1) cases
Y Py+ x+y NGy, in (FJ 2) cases

Moreover, there is a decomposition

(Resg/rRx/ x+ X Gy,) x Ni, in (B) cases,
Sopen = § (Resg/pRx/ x+ X Gw) x Ny in (FJ 1) cases,
(Resg/pRx/ x+ ¥ G{)x Ny in (FJ 2) cases,

where

X' — X in (B)(FJ 2) cases,
Z+

Span{zy,---,2}}, in (FJ 1) cases.

Corollary 5.2.3. We have H C PTNHT and
H(F)\PT NH"(F) = Ng x+(E)\Rx/ x+(E),

where X', XT are chosen in Lemmal5.2.3 when Gy is not metaplectic; and are chosen to
be the X', Xt associate to Gy, in Lemma when Gy is metaplectic, where

GL(V) when Gy = GL(V),
Sp(V)  when Gy = Sp(V).

Gy =

Closed double cosets
We also use the structure of the closed double cosets. Here are some results in [Ch23a, §2.3].
Lemma 5.2.4. We can choose appropriate v € G such that

1. In (B) cases,

(a) when Gy =U(V), Z has one H* -orbit [7];

(b) when Gy = SO(V), Z has two H*-orbits [y'] and [y'g"] for an element ¢" €
AO(V) — ASO(V), and both are closed orbits.
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2. In (FJ 1) cases, Z has one H'-orbit [y];

3. In (FJ 2) cases,

(a) When dim X+ > 1, Z has one HT-orbit [y'];
(b) When dim X = 1, Z has two orbits [y~'] and [y'], where [y~1] is a single point
and ['] is not.

Lemma 5.2.5. Following the notations in Lemma[5.2.]) the stabilizer group

A(Resg/pGL(X,) X Gy,) x Ny in (B) (FJ 1) cases,
A(Resp, pGL(X,) x GI{VO) x Ny, in (FJ 2) cases,

v =

where the notations are defined as following

e We denote by X the totally isotropic subspace of VWt = VW & Xfr mn
corresponding the representative ', respectively. We denote by
X! in (B) (FJ 1) cases,
WnX, in (FJ2) cases.

X. =

e There are decompositions
V=X.oY.®W in (B)(FJ 1) cases,
W=X.oY.®Wyin (FJ 2) cases,
respectively, satisfying X. ® Y, is a nondegenerate e-hermitian space.

e Ny x,, NI{VXC are the pseudo-unipotent part of the pseudo-parabolic subgroup Py, x,, PJWXC
of Gy, GJW stabilizing X..
Lemma 5.2.6. As a representation of the stabilizer group S/, the fiber of the conormal
bundle N}/IX at ' is
stdx, @ stdx, when Gy = U(V),
Fib»y/(/\/;\g/w) _ X X 1% (V)
stdx, when Gy = SO(V),Sp(V), Mp(V),

where stdx, is the standard representation of GL(X.).
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Lemma 5.2.7. The complement GT—H™ PV is the zero set of a polynomial f* on G that

is left H -invariant and right (Pt p+)-equivariant for the algebraic character | det opgy, |
of P, where pgL is the the projection from P to the GL-part of LT of PT .

5.3 Proof for the basic form of the first inequality
In this section, we prove Theorem [5.0.5(2) using a refined distributional analysis. We first
define LI(7y) and I'(x, my, mw) in Theorem [5.0.5(2).
Definition 5.3.1. For a representation
my = |- [loyy x - x| |Toy, X Ty,
as in Theorem[5.6.1), we define LI(my) to be the supermum of
1. Re(s;), when oy, is a unitary character of GL1(E);
2. Re(s;) + 5%, when oy, is the discrete series Dp,, of GLa(R).
Definition 5.3.2. When dim X+ = 2, let x be a character of R*, then we define
(x X mw) X7y in (B) cases,
U'(x, 7y, mw) = mw X (x X my)  in (FJ 1) cases,
(x X my) Ry in (FJ 2) cases.
Since GT(F) is unimodular, by definition,
1(| det [*ox+, 7y, mw) = IndS¢" (612 @ 1(| det "o+, 7y, 7))
=T5(PT\GT,&y),
where & the bundle
PH\(GT x 62 @1(|det [*ax+, mv, 7).

Let X = PT\G™ and U be the open HT-orbit PT\P*H*' (Lemma [5.2.2) and Z be
the complement of ¢/ in A. Then Z € Top.
The extension by zero gives an embedding of T (U, &) into I'(X, &), and we define

TS(X, &) =T9(X, &) /T (U, E).

To prove Theorem [5.0.5/2), it suffices to show that
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Lemma 5.3.3. Under the conditions on Re(s) in Theorem[5.0.5(2), we have

1. dim Homp+ (DS(U, &), 1 z+) = dim Hom g+ (T9(X, &), 1+);

2. (a) m(ny Rmy) > dimHomH+(FS(u,€s), 1y+) when ox+ = |- |°x;

(b) mT(|-]** 2 sgn™ !, wy, my)) = dim Hom g+ (DS (U, &), 1+ ) when o x+ = | det [5D,y,.

The proof for Lemma [5.3.3] is based on the following properties of the Hom-functor in

the category Rep.

Lemma 5.3.4. With the notations above, the Hom-functor in the category Rep enjoys the

following properties.

1. (Left exactness) For an exact sequence 0 — w1 — w9 — w3 — 0 in Rep(H™), there

1§ an exact sequence

0— HOII]H+(7T3, 1H+) — HOIIlH+(7r2, 1H+) — HOHlH+(7T1, 1H+);

2. (Link between direct limit and inverse limit) Given a projective system {mq }acr
in Rep(H™"), we have

Homp+ (im 7q, 1+ ) = lim Hom g+ (7a, 1py+);
(0%

«

3. (Vanishing results for reductive groups) For tempered representations o; (1 <

i < 1), tempered representation wys of Gy, and Re(s1) = --- > Re(s;) > 0, we let

mv = | det |

o1 X -+ x |det |*" oy X Ty,

then we have

Homg,, ((| det [°oy x TI'VO/)(/X\MTv, lg,) =0
for my; € Rep(Gy;,) when Re(s) > Re(s1);

4. (Vanishing results for Jacobi groups) When Gy = Sp(V),é\f)(V),U(V), let
ﬂ“ﬂ =Ty Q@ Wy, € Repr(Gé) (see Example , where

y = |det [loy x -+ x |det |0, X Ty,
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where s;,0; are as in (3) and Ty, is an irreducible tempered representaiton of GVO;
then we have

s NS —
HomGé((] det [*oy x 7rVO,)®7TV, 1G‘L§) =0
" -1
for 71"”50/ =Ty @ Wy g1 € Rep¥r (GY,) when Re(s) > Re(s1).
Points (1)(2) are well-known.

Theorem 5.3.5. In the above setting, for

Ty = ]det ’8101 X oo X ]det lslUl X TV s

we have
1. Homg,, (my/,LQ(my)) = 0 when s’ > s1, and
2. Homg,, (my+, my) = 0 when s' > s;.
Proof for Lemma[5.3.4] From the reciprocity theorem (see [Ch23a, Lemma 2.22]), we have

Homg,, ((] det [Poy x 7rvo/)(§>7rv, lay)
:Hova((| det |SGV X 7TVD’)7 W\\ﬁ)
=Homg,, (|det ["ov x myy, ([ det [*'o1)™ x -+ x (| det [*0y)™ % my)

where 7 is the complex conjugation when F # F and 7 is the trivial action when F = F.

From Theorem 5.3.5(2), this space is equal to zero, then we proved Point (3). From Lemma

B-2.3

| det |0y x 7r“£0, = (| det ["ov X Ty1) ® Wy

By computing the coinvariant of tensor product of Weil representations using mixed model
( |[Ch23a, Lemma 2.2.3])

(Wywp @ Wy y-1)ny ) = C.1.
Then

HomG{/((| det |°oy K%Vd)(gﬂv(@(lepF@wV’w;:l), 1G$) = Homg,, ((| det |°oy ><7rvof)®7rv, lay )

This reduces Point (4) to Point (3). O
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Proof for Lemma ( 1). We prove Point (1) by analyzing the complement Z = X — U
of the open orbit. From the left exactness (Lemma |5.3.4)), there is an exact sequence

0 — Homp+ (P2(X, &), 15+) — Hompy+ (I9(X, &), L+ ) — Homps (TS (U, &), 1+ ).
Hence, to prove the inequality in (1), it suffices to prove that
Homp+(FZ(X, &), 1gr+) =0 (5.3.1)

under the given conditions.

One can study the structure of I'Z (X, &) with the Borel’s lemma in |[CS20].

Lemma 5.3.6. There is a complete descending filtration {T'S(X, &)k }rs0 of TS (X,Es)
such that the graded pieces

TS (X, E)1/TS (X, s = IS (2, Sym*AY 58\2) , keN.
where NZlX 1s the conormal bundle of Z in X.

Recall that in Lemma [5.2.5, we computed

A(Resg/prGL(X,) x Gy,) x Ny in (B)(FJ 1) cases,

S, =
! A(Resg/pGL(X,) x G‘J/+) x Nij, in (FJ 2) cases,
0

where Vo, Wy, Vyt are given as in Lemma and we may assume (1) Vp € W and
dimp W = dimg Vp + 1 in (B) cases; (2) W = V; in (FJ 1) cases; (3) Vo& C V and
dimpg V = dimg V;" + 2 in (FJ 2) cases.

From Lemma we compute the fiber Fib., (Sym* %/‘ ¢ ®&|z) of the bundle at +/

as a representation of S./, which is equal to
5113/3 @ ((| det |*t1/26 v+ ® Sym*p) X W%/,|GVO) Ky  in (B) cases,
my K 5113/3 @ ((|det [*T1/20 v+ @ SymFp) X W%I/’GW+) in (FJ 1) cases,
0
/2 @ ((|det [*H1/ 20+ @ Sym*p) Ky g7 )®my  in (FJ 2) cases,
Yo
where p = Fib,/( gl ) is the fiber of the conormal bundle V. gl 1 at 7/ given in Lemma

5.2.6 The representations obtained from restriction are Fréchet of moderate growth but

not necessarily Casselman-Wallach.
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We first detailed the cases when Z has a single orbit [y'] in Lemma By comparing

the unipotent part, we obtain that

0P+ x+ (a)é;‘ixc (a”") = | det(a)| in (B) cases,

dpJ (a)63"  (a7') =|det(a)| in (FJ 1) cases,

wt,x+ Py Xe

5PV+VX+(a)5I;VJlVX (@) = | det(a)| in (FJ 2) cases,

v e

for a € GL(X™). Then we have

(| det [*+1/20 v+ ® Sym*p) x W%|GVO Ky,  in (B) cases,
TS(X, &) /TE(X, E st = { 7v B (| det [*T/20 11 @ SymPp) x 7T’YW|GWS_ in (FJ 1) cases,

(| det [*t1/20 x+ @ Sym*p) W&/|GJ+ X7y in (FJ 2) cases.
Yo

Therefore, from Lemma [5.3.4(3)(4) and the assumptions on Re(s), we have
Homy+ (T (X, £ /TS (X, Es)ks1, 1g+) =0, k=01,

From Lemma [5.3.4(1)(2), we have (/5.3.1)), so we completed the proof for Point (1).
When Z has two orbits, from Lemma it is either the special orthogonal Bessel
cases or almost equal-rank Fourier-Jacobi cases. In (B) cases when Gy = SO(V), it was

computed in [Ch21] that
TS(X, E)p = ((|det [T/ 20y @ Sym®p) x mw gy, R my)®2.

In (FJ 2) cases when dim X' = 1, notice Z has an open orbit [y/] and a closed orbit

[7], which is a single point.
0 — T[], Sym" N 4 ® & | ;) = TS(X, E)p = TF,-1)(2, &) = 0.
Using the method for single orbit situation, one can show that
HomH+(FS([7’], Symk/\fgw ® 53}2), 1g+) =0, HomHJr(F‘[i/,l](Z,Es), 1g+)=0.

This special case is detailed in [CCZ]. O
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To prove Point (2), we introduce the following property of discrete series representa-

tions.

Lemma 5.3.7 (Lemma 5.4.9 of [Ch21|). |det |*Dy,|g,, has a subrepresentation (the un-

derlying space is not necessarily closed) isomorphic to

S7R ; m+1
Inde;f(’ ’ |8+ 2 Sgnm+1)'

Moreover, there is a complete descending filtration with graded pieces isomorphic to
| det \k+5+%sgn(det)k\3171, fork=1,2,---.

Then from the exactness of Schwartz induction ( [CS20, Proposition 7.1]) and exactness
of tensor product with nuclear Fréchet space ( [CHMO00, Lemma A.3]), the embedding

S,R11

IndRX <1

(‘ ’ ’8+%Sgnm+l) — Dm|R1,1
induces an embedding

md3 (6 emdfl | ()R Rmy) < Wnd 3 (6170 det |* DRy Rimw) = TS (U, &)

(5.3.2) The quotient

+ 2 R
P8 U, &) /IdP 1] (677 @ ndgk !, () Ry Bomw)

has a complete descending filtration with graded pieces isomorphic to
S,HT 1/2 m
Ind ) e (51,3/+ ® | det |FTst3 sgn(det)kh;;L1 X 7y X ).

Lemma 5.3.8. For a character x of R*, we have

+ R _
U, mv, mw) = Ind gl (677 @ Indgt (|- [71/2X0)) By R ).

Proof. Since both G*, H* are unimodular, H"\G™ has a G'-invariant measure. Since
H*P" is open in G (Lemma , this measure induces an PT-invariant measure on
Pt N HT\P*. Hence,

Op+|prnE+ = Op+nm+-

Then the equality follows from the fact that

6R1,1 (diag(a, 1)) = |a’
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Definition 5.3.9. For a character x of R*, we have

+
1 (x, my, mw) = IndrL L (872 x(det) K my K )

Lemma 5.3.10.

S7GW@EZO

(x x IndGW (mrw)) X7y in (B) cases,
I(x,mv,mw) = § mv B (x x IndZ’JGWGM1 (mw))  in (FJ 1) cases,
w
J
(x X Indgg (my)) X 7y in (FJ 2) cases.

Proof. This follows from the fact that Gwggz,, Gw (in (B) cases), Gwon,, Gij, (in (FJ

1) cases), G{,, Gy (in (FJ 2) cases) are unimodular. O

Proof for Lemma ( 2). We prove Point (2) by analyzing the open orbit U.
When ox+ = |- |*x, from Corollary we have U = H\PT N H" = {1}, so

dim Hom 7+ (T°(U, &), 1+ ) = m(my K my)

When ox+ = |det|*D,,, from Corollary U=H\PtNH" ={Nx:\Ry/ x+} =
R*. From Lemma/5.3.10] and Lemma [5.3.3(3)(4),

Hom g+ (I”(] det \S+k+%sgn(det)k, mv,mw)),C) =0, fork=12,--

then from ((5.3.2) Lemma [5.3.4(1)(2), we have

dim Hom g+ (T°(U, ), 1g+) < m(my RI(| - ["F 2 sgn™ 7wy, ).

5.4 Reduction to basic cases

Theorem [5.0.5(1) was proved in [X2, Proposition 6.1] for unitary Bessel cases, and in [Ch21},
Lemma 5.1.3] for special orthogonal Bessel cases using a Schwartz homology analog of the
proof for Theorem [5.0.5/(2).

As in the previous section, we have

I(a§7 7TV77TW) = FS(P+\G+75§)a
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where & the bundle

PH\(GT x 617 @ (0, Ty, 7))

The following lemma is the counterpart of Lemma [5.3.3
Lemma 5.4.1. We have
1. Hy(H,T5(U,&)) = Hi(HY, T (X, E&)) for s in general positions;
2. Hy(HT,TS(U,&,)) = Hy(H, 7y Ry @ L) for s in general positions.

The idea for Lemma proof is to replace Lemma in the proof for Theorem
2) with properties of the Schwartz homology in Lemma |5.4.2

Lemma 5.4.2. The following properties of the Schwartz homology hold.
1. (Long exact sequence) For an ezact sequence
0—m > M —m3—0
of HT -representations, there is a long exact sequence
— HP(H,m) — HS (H",m) — HS (H ,73) — H® [(H,m1) — - --

2. (Commutes with inverse limit) Given a projective system {m,}1 with surjective

To — ™3 for a > 3, we have

— (2
o

HY (H*, lim ) = lim HY (H ™, mq).
e

3. (Vanishing result for reductive groups) In the setting of Lemma [5.3.4(3), we
have
HZS(AGv, (‘ det ‘SO'V X 7TV0) X 7Tv) =0

for s € C in general positions.

4. (Vanishing results for Jacobi groups) In the settings of Lemma|5.3.4\(4), we have
HP (AGY(F), (| det [*oy & my )@y, 1y ) = 0

for s € C in general positions.
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Proof. Point (1) is a property of derived functors. Point (2) was proved in [X2, Proposition
2.13]. Point (3) follows from the vanishing criterion on infinitesimal characters ( [X3]) using
the arguments in [X3| §3] or [Ch23a, Lemma 5.2.7]. Using the arguments in the proof for
Point (4) follows from Point (3). O

Proof for Lemmal[5.4.1|(1). Following the computation complete descending filtration 'S (X, &)k
of TS (X, &) =TS (X, &) /TS(U, E,) with

(| det [*+1/20, @ Sym*p) w%l,lgvo Xy in (B) cases,
TS (X, E)k/TS (X, E g1 = { Tv X (| det 1126, ® Sym*p) x w%/|gw+ in (FJ 1) cases,
- - 0

(| det |20, ® Sym*p) x W;Y;’GJJr M7y  in (FJ 2) cases.
Yo

Then from Lemma [5.4.2|(3)(4),
Hy(HY TS(X, E)i/T2(X, E)p1) =0, i=0,1,---, k=01,
Hence, from Lemmal[5.4.2)(1), we have
Hy(HY TS(X,&)/TS(X,E)k) =0, i=0,1,---, k=0,1,--
Therefore, from Lemma (2), we have
Hi(H*, TS(X,&)) =0, i=0,1,---
Then from Lemma [5.4.2(1), we obtain Lemma [5.4.1](1). O

The idea for the proof for Lemma [5.4.1)2) is also parallel to that for Lemma [5.3.3(2).

’S’R ’, + -1 .
We need to study the structure of 0§/IndNO§+X (¢07X+) with Lemma |5.4.3

We first introduce some notations.

e We denote by P, a Borel subgroup of GL, (F) and denote by Ny, the unipotent

radical of P p;
e We denote by P, . the parabolic subgroup of GL, 4. stabilizing a filtration
Xa C Xa+b C Xa-i—b—‘rca

where dim X; = 4, and we denote by L, . its Levi subgroup.
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Lemma 5.4.3 (Proposition 5. 1 of |[X2|; Proposition 5.3.4 of |[Ch21]). There is a Rxr x+-
equivariant embedding from Ind Sifix, X+ (g, X+) to os. The quotient US/IHd i, X+ (¢6}(+)

admits an Ry x+-stable complete ﬁltmtwn whose graded pieces have the shape

N RdlmX’

Ind, Yra X7 K1),

where a +b+c¢=dimX™, a+ b # 0 and the P, -representation 1, X 7, K 7. is regarded

as the inflation from L,y .-representation 7, X 7, X 7.

1. 7, = Ind‘;(’)GL” (sgn™1| - |Si1+k1 X - Xsgn™e|- |Sla+k“) where 1 < iy, ,iq <t+1 are

integers, ll?' e ala €7Z and kl,“' ,ka S %Z,

2. 7, = 1, @ p where T}, is a representation of the same form as T, and p is a finite-

dimensional representation of GLp(R);
3. 7o =Tndyt " (7)),

Proof. Using this lemma and the exactness of Schwartz induction and the exactness of

tensor product with nuclear Fréchet space, we obtain a complete descending filtration of
T, = ISU, &) /mdSH IdSRX'X+ -1 YRy K
o= ( ) §)/ n P+ﬂH+( n (¢07x+) % 7TW)

with graded pieces isomorphic to

(sgn™| - [P1t*M x 1) Ry in (B) cases,
7y B (sgn™ | - [*1tF x r)  in (FJ 1) cases,
(sgn™ |- |*nt* x )Ry in (FJ 2) cases

for certain Fréchet representation 7 of moderate growth and k| € %Z, then from Lemma

3)(4), we have the Schwartz homology of the graded piece all equal to zero. Then

Lemma [5.4.2(1)(2) implies Lemma [5.4.1 O
Proof for Theorem[5.0.5(1). Then we prove Theorem [5.0.5(1) from Lemma 1} By def-
inition,

m(1(0§> v, WW)) = dim HOHIH+ (I(U§7 Vv, WW)? 1H+) = dim HOHI(C(I(O'S, v, WW)g%rusv (C)a
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and
m(my Ry ) = dim Hompy (rmy Ry, €71) = dim Home ((ry By @ €)H8s ©).
Hence, it suffices to show that
I(os, Ty, TrW)%iuS = (my K7y ® 5_1)%5‘“3. (5.4.1)
By definition,
H3 (HF 1o, mv, 7w)) = Wog, mv, mw) g+,  H (H,my Ry @ ) = (my R @ £
Then from Lemma [5.4.1

Los, mv,mw)g+ = (my Ry @ € )y

as topological spaces, then their maximal Hausdorff quotients are the same, so we have
(5.4.1])). O

5.5 Proof for the basic form of the second inequality

This section proves the basic form of the second inequality using the integral method
in Chapter Let (V,W) be a relevant pair with the GGP triple (G, H,¢), and my €
Rep?®™(Gy), Ty € Rep®™(Hyy ). We follow the notions in Section Suppose m(my, mw) #

0, we fix a nonzero functional

Hompy(my K7y, &) in (B) caes,
e (5.5.1)
Hompy (my K77, &) in (FJ 1)(FJ 2) cases

of (G, H,¢&). Taking Bessel cases as example, following |JSZ10], we construct a family of

integrals
Ty or (90, 0) = / 1o, Aps(R))d(h 1) s € | det [0 x i, v € Ty,
H\H+

where A : o X7y — T constructed from a fixed nonzero Whittaker functional A : 0 — C.
The integral method gives a nonzero element in dim Homg+ (I(] det |*, 7y, mw ), 1+ ). This
proves Theorem [5.0.5(2).

We also construct similar integrals for Fourier-Jacobi models. We treat these integrals
over H\H™* as the composition of integral operators over HTNPT\H ™' and over H\H NP+

and prove the meromorphic continuation for each integral operator.
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5.5.1 The integral over H\PT N H™"

In this section, we use the integral method for Rankin-Selberg-type integrals to prove the

following theorem.

Theorem 5.5.1. Suppose there is a nonzero p in (5.5.1), we have a nonzero functional in
Homptnpg+ (l(| det ’sOUXJr,?Tv, 7Tw), 1P+mH+)

for every sg € C.

Let PT = L™ x NT be the subgroup of G* defined in Section [5.2f and L is given in
(5.2.1)).

For a generic representation oyt € Rep®@™(GL(X ™)) and irreducible representations
7y € Rep®@™(Gy,), and (i) mw € Rep®@™ (Hyy), we define a P+-representation (o x+, w7, Ty)

inflated from the LT-representation

(ox+ Rmw)Rmy  in (B) cases,
Ty K (ox+ Mni},) in (FJ 1) cases,

(ox+ ®my) R 7y}, in (FJ 2) cases.
and denote by I(ox+,my, mw) the normalized Schwartz induction
md3 " (07 @ Uoxs, mv, mw)).
Definition 5.5.2. Fiz a functional i as in (5.5.1)).

1. For vy, € my and vqy,, € myw, we denote by B the Bessel functional defined

Voy Voy,

by
Bu., vmy (9vs gw) = w(mv (gv)vry s 7w (9w )vay. ), gv € Gv(F),  gw € Gw (F).

We denote by FJ the Fourier-Jacobi functional

Voy, Voy,

Flu. wny, (9v, 9w) = p(mv (gv ) ey, Ty (9w )vry ), gv € Gv(F),  gw € Giy(F)
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2. Following the notion in Section for g € Rx: x+(E) C PTNHT(F), we define

the functional

Bo,, ony, (diag(g, lwep), lw) in (B) cases,
W; (9) = Bo,y omy, (Lw, diag(g, 1w)) in (FJ 1) cases, (5.5.2)

FJ diag(g, 1v), 1v) in (FJ 2) cases.

Ury Umyyy (

,Ur

It is not difficult to verify that the functionals W;ﬁv
type functionals of GL(X’) over E.

W defined above are Whittaker-

For fixed Whittaker functional A of ox+ and , when Re(s) is large enough, we construct
Jy o (s) following Section (the ground field is E, r = dim X+ — 1) for

Viv®ry — in (B) cases,

Vv

inve Xﬂ”“fv

/
v E ‘/|det|50x+ = V0X+7U €

in (FJ 1)(FJ 2) cases.

From Corollary we have
H\P* 1 HY = Ny 42 (B)\Ry () = N, (E)\GL, (E)
We set Tg(v,v") := J, . (s), then we have a family of elements
Ty € Homp+np+(I(|det [Pox+, v, 7w ), C).

From Theorem T is a nonzero meromorphic family. Suppose the Whittaker-type
functions defined are admissible, following Section m, T extends to a nonzero
meromorphic family on s € C in the continuous dual (Vl(ax By Rry)) s Without abusing
the notions, we denote it by Ty, s € C. Then, from Lemma for every sg € C, the
principal term at s = s gives a nonzero element in Hom p+n g+ (I(| det [0 x+, Ty, mi77), C).
This proves Theorem [5.5.1

It suffices to verify that the Whittaker-typed functional defined by u is an admissible
Whittaker-typed functional.

Lemma 5.5.3. The Bessel and Fourier-Jacobi functionals are admissible Whittaker-type

functionals.
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When F' is non-Archimedean the proof follows from an analog to |[JPSS79, Proposition
2.2]. We do not elaborate the details here as our focus in this chapter is the Archimedean
case. When F' is Archimedean, in [JS90|, Jacquet and Shalika used properties of Jacquet

models of the reductive groups.

Definition 5.5.4. 1. For a representation m of G = G(F) for a reductive group G over
F, we denote by 7% the (gc, K)-module associated to . Here gc = g(F) ®@g C is
the complexified Lie algebra of G.

2. For a parabolic subgroup P =L x N of G, we define the Jacquet module
Jac?;lg(ﬂalg) = 78 /7 (ng) w8,

Definition 5.5.5. Let (G, H,§) be a Bessel or Fourier-Jacobi triple associated to (V, W)
and =y Ky € Rep™(G) in (B) cases and m = my R i, € Rep*™(G) in (FJ 1)(FJ
2) cases.

For 1 < j <r, we define

Py x Pw in (B) and (FJ 1) cases,
j= R
Py x Pw,; in (FJ 2) cases,

where Py j, ﬁWJ is defined as in Section then the Jacquet module

ij(ﬂ'?/lg) X W{}f}lg in (B) and (FJ 1) cases,

W?}g X Jac%g (F{j‘?lg) in (FJ 2) cases.
W, j

JacpS (v B iy )") =

Proof for Lemma[5.5.3 Take P; = L; x N be the Levi decomposition of P;, then
Lj(F) = (E*) x G;(F).
for some reductive G;. We consider the generalized eigenspace decomposition

JachE((my Rmiy)™5) = @D Jack®((my R iy)™),,,
He;

with respect to (E*)7, where ¥, is a finite set of characters of (E*).
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From [Wal88, Lemma 4.3.1], Jac;ljg((ﬂv X 7y )28) is a finite-length U((I;)c)-module,
then there exists an integer k such that

(rva (@) — (@) Jaci (ry R wly) %), = 0, a € (BX), € 5.

Define K the space of functions ¢ on (R*)™ in to form of

W ae e (diag(ay, -« an, 1)) in (B) cases,
QO((Zl,"'7an,].): TverTw
Woais ais oo (diag(ar, -+ ,an,1))  in (FJ 1)(FJ 2) cases,

U7TV 7U7TW

where v;arl‘;g € W{a}g, v;ﬂ% € ﬂg‘l,g, D € wwyp-

It follows verbatim from [JS90| §4.1] when F = C and from [Sou93, §3.3] when £ =R
that IC has the following properties.

1. Every function ¢ € K is smooth on (E*)" and is bounded by
'
C-TT+ 1l + 1o ' )™
j=1

for some C' > 0 and a positive integer V.
2. The space K is closed under

(a) Multiplication by aj, a;;

(b) Euler operators

D, = aj%j; when F =R,
ajan; + dja% when F = C;

(¢) The difference between the holomorphic and antiholomorphic derivatives

o Of _Of

T 0aj aC_Lj '
3. Each ¢ € K has a decomposition

0= ou

MEEJ-

such that
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(a) When E = R, there exists 6 € K such that

(Dj — 1)*ew = a;8.
(b) When E = C, there exists 61,62 € K such that
(Dj — ,u)kgox = CLJ’91 + (_1/j92.

Following the general situations discussed in [JS90, §4.2], there is a finite set 3y, of

finite functions that is only dependent on X;’s (thus only dependent on w?,lg, TF%I/g) such that

/!
alg alg
v W

has the expansion

S Gy o1 aa)€lan, ).

Ty
§elvw

Following the computation of [JS90, §4.3], the method in [Cas89] can be applied to
extend the results to W;ﬁv Dy for vy, € Ty and vg,, € T .
O

5.5.2 The integral over P* N H"\H™"

In this section, we follow the work of D. Gourevitch, S. Sahi, and E. Sayag to generalize
their results so that this approach also applies to (FJ 1)(FJ 2) cases.
In all situations, we have é+ = 1, and from Lemma [5.2.2] we can compute §p+ny+ to

obtain the following lemma.

Lemma 5.5.6. There exists s € R such that
(5p+mq+5£,1+ QR Uox+,my,mw) = (| det |*ox+, Ty, Tw ).
Theorem 5.5.7. Suppose there is a nonzero element
pt € Homps g+ ((ox+, mv, mw), Lpram+),
then there is a nonzero element in

HomH+(I(UX+,Wv,7rw), 1H+)'
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Proof. From Lemma the complement G+ — HT P is the zero set of a polynomial

ft on Gt and f7 is left H'-invariant and right (P%,p+)-equivariant for an algebraic
character ¢¥p+ of Pt where ¢p+ = | det opgrLl|?.

Given u™ € Homping+ (I(|det [Sox+, mv, 7w ), Lp+am+ ), from results in Section we

define J4+ ¢ as in Lemma where ® is defined in . Then from Theorem

there is a meromorphic family
Jot g € SHGT oy, my, )T mw)) ot e €.
Then, by Lemma the principal term at sT = —sg is a nonzero element in
Hompg+(I(ox+,mv,mw), 1g+).
O

Therefore, in all cases, suppose m(my, 7w ) # 0, then there is a nonzero function

@ in (5.5.1). From Theorem and there is a nonzero element, we have a

nonzero element in Homy+ (I(ox+, 7y, mw)). Together with the multiplicity one theorem

m(my, ) < 1, we have
m(I(Ux+,7Tv,7rw)) = m(my, mw).

This proves Theorem [5.0.5(2).

5.6 Prove the inequalities from the basic forms

5.6.1 The first inequality
In this section, we prove the first inequality
m(my W) 2 m(I(ox+, v, mw))

in Theorem from Theorem [5.0.5(1)(2) using a modification of the mathematical in-
duction in [MW12].

Every tempered representation o of a general linear group is in the form of

|det |*toy x -+ x |det |0y
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where s; € C, o0; is either equal to an one-dimensional unitary GL;(E)-representation,
or a discrete series representation of GLy(R) when F = R. Then we can prove the first
inequality in the basic cases with the following theorem.

The proof follows from a modification of the proof in [MW12, §1.4-§1.6], which proves
the basic form of the first inequality, and then applies mathematical induction to reduce

the general inequalities to those in the basic forms.

Theorem 5.6.1. Let
ov =|-[Wloyy x - x [ [Vivayy,,  ow = [ [ lown X x| [PV w oy

where oy, ow,; are either equal to unitary characters of GL1(E), or discrete series repre-
sentations of GLa(R) when E = R, and Re(sy,;), Re(sw,;) > 0, then for irreducible tempered

representations my,, Ty, and Ty = oy X Ty, Tw = oW X Ty,
m(my My ) < m(my, X my,).

Proof for "the first inequality” (Theorem . Then we prove ”the first inequality” fol-
lows from the basic forms. From Theorem we may assume (V, W) is a basic relevant
pair. The mathematical induction can be completed following a modification of the proof
in [Ch21, §5.4]. To put more emphasis on the induction, we abuse to notions and take
m(my W mw) = m(my X 7y). The precise orders are given in a similar mathematical
induction in the next section.

We may assume

mya1

myy myiy
2 2

We prove the inequality in the theorem by mathematical induction on the lexicograph-

mvi,

Re(sVJ) + 9

- > Re(syy, ) + > 0,and

Re(sw,1) + > - = Re(swyy, ) + > 0.

ical order of (N(ov,ow), M(ov,ow)) € N2, where

Iy by
N(ov,ow)=>_nvi+ »_ nw
i—1 i=1

and M (oy,ow) is equal to the largest i such that

myy,; my,1

2

Re(swyi) + > Re(sv,l) +
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when LC(my ) > LC(7my ), the largest ¢ such that

myy,1
2

M
Re(sv,i) + % > Re(Swyl) +

when LC(my) > LC(my ), and 0 when LC(my) = LC(mw).
We set

O—{/ e | . ‘SV’QO—VJ X oo X ‘ . "SVJVO—VJV7 0—{/[/ — ’ . ‘SZO—W71 X oo X ’ . |SW,ZWO—VVJW

T, =0y X Ty, Ty = Oy X Tw,
If N(oy,ow) =0, 1y = 7y, and mw = myy,, then
m(my My ) = m(my, X my,).
When N(oy,ow) > 0,
1. If LC(my) > LC(mw),

(a) When ny,; = 1, from Theorem [5.0.5(2), we have
m(ml, mw) = m(my X my)

and

N(ay,ow) = N(ov,ow) — 1.
(b) When ny,; = 2, from Theorem [5.0.5(2), we have
m((] - v Frsgn™ it x ) By) < m(my Bmy)

and
m
N(| - Y2 sgn™ ol o) = N(ov, ow) — 1.

2. If LC(my) < LC(mw), from Theorem [5.0.5(1), we can fix s’ € C with Re(s’) = 0 such
that

m(my B (|- | x mw)) = m(ry, 7w).
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(a) If M(ov,ow) > 1 and ny, = 1, by applying Theorem [5.0.5(2), we obtain

m(my, |- [ x ) <m(ry B -7 xomy)

and we have
N(ov,|-|¥ x afy) = N(ov.,ow), M(ov,|-|" xoly) = M(ov,ow) — 1.

(b) If M(oy,ow) = 1 and nw,; = 1, we can apply Theorem [5.0.5(2) twice and
obtain that
m(my & (|- w ) <m(ry B (|- |7 x 7wiy)

and we have
N(oi, |- |*  oly) = N(ov,ow) — 1.
(c) When nyy;1 = 2, from Theorem [5.0.5(2), we have

m
m(my B (| [ % mw)) < mlmy B (|- 5 | w2t T2 sgn™ vt i)

and 7y X (|- % x |- [swat 2 sgnwia+1 i m)y) 1s in case (a)(b) with

N(oy K (] - ]S/ X |- [Fwat 7 sgn™watl ow)) = N(ov,ow), and

Moy ® (|- x| W2 sgn™a+l 6! ) < M(ov, o)

5.6.2 The second inequality

Then we prove the counterpart of the ”second inequality” in [MW12, §1.6], that is, m(my X
mw) < m(I(ox+, 7y, mw)) in Theorem[5.0.2 It is not hard to imagine that the proof for the

second inequality is essentially applying Theorem twice. Still, there are two details

we need to pay attention to:

1. We need to ensure the pair of representations always associates to a basic relevant

pair every time we apply Theorem [5.0.5(1).
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2. Since we have not proven the inequality for finite-length 7y and 7y, we need to

ensure our representation on the Gy -type block of the inducing datum is always
irreducible when applying Theorem [5.0.5(3).

For point (1), we follow the idea in [JSZ10|] [LS13] and consider the parabolic induction
with a spherical principal series representation (Theorem |5.0.5). For point (2), we choose
an appropriate parameter of the spherical principal series representation to ensure the

irreducibility of the parabolic induction.

Theorem 5.6.2. Given irreducible Casselman- Wallach representations my;, Ty, and generic

Casselman-Wallach representations oy, oy, we set

Ty =0y X Ty, Tw = ow X Tw,,
then
m(my R my) = m(my, X my,)
Proof. We consider W+ = (X* @ Y*+) @t W as in Section Since 7y is Casselman-
Wallach, from Theorem (1)7 we can find a spherical principal series representation oy
such that
m(my Wy ) = m(I(os, mv, mw)) (5.6.1)

From Theorem 3), we have

m(I(os, 7y, mw)) = m((os X mw) K7y) = m(ny By, ), in (B) cases;
m(I(os, 7y, mw)) = m(my W (05 X m7)) = m(my Ry, ), in (FJ 1) cases; (5.6.2)
m(I(og, 7y, mw)) = m((os X my) Ky ) = m(my, Ky ), in (FJ 2) cases.

From Theorem 1), we can find a spherical principal series representation oy such

that

m(my Wy, ) = m((os X mw,) X my), in (B) cases;

(
m(my Xy, ) = m(my W (s X m17,)), in (FJ 1) cases;
m(my, M) = m((os X my,) Ry ), in (FJ 2) cases.
From Theorem 1), we can find s € C such that
m((os X mw,) By ) =m((|-|° x my) W (05 X Ty)), in (B) cases;
m(my X (o5 X Ty, )) = m(my B (|- ]° X 05 X Ty, ), in (FJ 1) cases (RHS is a (FJ 2) case);

m((os x my) Ky ) =m((] - |° x 05 x my,) Kw ), in (FJ 2) cases (RHS is a (FJ 1) case).
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Similarly,

m(ﬂ-Vo D 7TW0) = m(I(Jg’a TVy s 7TWO))- (5.6.3)

From [SV80, Theorem 1.1] and Langlands classification, we may also assume oy X Ty,

is irreducible.
From Theorem 3), we have
m((|- | x my) R (og X miy,)) = m((og X mw,) Ky, ), in (B) cases;
m(my X (] ]° x 05 X Ty, ) = m(my, K (] - ]° X 05 X 7wy ), in (FJ 1) cases; (5.6.4)
m((]-° x o5 x my) Raw) = m((| - |° x 05 x my) Bmwy, ), in (FJ 2) cases.
Recall that our choice of s and s’ are in general positions, then we may assume
m((oy X Ty, ) Ry, ) = m(my,, mwy), in (B) cases;
m(my, W (] - |° X 05 X mwy) = m(my, ™w, ), in (FJ 1) cases; (5.6.5)
m((| - |° x o5 x myp) R mw,) = m(my,, Ty ), in (FJ 2) cases.
In conclusion,
m(my May) = m(my, X mw,).

This completes the proof for ”the second inequality”. ]



Chapter 6
Uniform Approach

In this section, we explain how the proof for the local Gan-Gross-Prasad conjecture can be

formulated following the diagram below for all cases.

Uniqueness of generic repn in Vogan L-packet

Local trace formula-i—Endoscopyﬂ/

Theta correspondence . . .
tempered basic Fourier-Jacobi cases

tempered basic Bessel cases
Multiplicity formulaﬂ/ ﬂMultiplicity formula

Bessel cases Fourier-Jacobi cases

6.1 Local trace formula and endoscopy

This section briefly introduces the approach in [Wald10] [Wald12a] [Wald12b] [Wald12c]
using local trace formula and endoscopy. This approach was developed to prove the other
cases in [BP14] [BP16] [BP20] |[Luo21| |CL22].

Harish-Chandra’s study on trace characters lays the foundation of the trace formula
approach. Let G be a reductive group over a local field F' with characteristic zero, for any

7 € IIp(G), Harish-Chandra proved that the trace distribution
0:(f) = Te( | f(o)rla)da). £ € CX(G(F))

69
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is a locally integral function that is smooth on the regular semisimple locus G(F')reg,ss-
This function is known as the Harish-Chandra character and we write it as O.

We denote by D¢ is the Weyl discriminant given by
D(z) = |det(1 — Ad(x)lg/q, )], & € G(F)ss

The growth of the Harish-Chandra character is controlled by the property that DG(x)l/ 20,
is locally bounded. Moreover, for admissible representations m;(1 < i < [) that are
nonequivalent (infinitesimally nonequivalent in Archimedean cases), their Harish-Chandra
characters O, are linearly independent. The trace formula approach aims to study spectral
properties of the representation 7 via the geometric properties O.

For a reductive Lie algebra g over F', we denote by N (g(F)) the set of nilpotent orbits
on g(F') and denote by Neg(g(F')) the subset of regular elements in it. By Harish-Chandra
character expansion, for every x € G(F)gs, there exists complex numbers cp, o, , indexed
by O, € N(g.(F)), such that

Or(zexp(Y)) = Z co, 0, ko, (Y), when F is non-Archimedean, and
Oz €N (g2(F))

O rep(V) = S cone. oL (V) +O(V]y,), when F =R,
OzeN (g« (F))

for Y € g,(F) sufficiently near zero. Here 110, (Y") is the Fourier transform of the orbital
integrals on O, and |-|q, is a norm on the Lie algebra g(F'). The numbers cp, o, are called
germs in the Harish-Chandra character expansion of ©, at x. Smooth functions on the
regular semisimple locus satisfying this property called quasi-characters ( [BP20, §4]).
In the context of special orthogonal Bessel cases over non-Archimedean local fields,

Waldspurger defined a geometric multiplicity for quasi-characters by
Mgeom (©) = / DC ()2 cq(x)A(z) " 2da (6.1.1)
I(G,H)

where T'(G, H) the space of semisimple G-conjugacy classes that intersect H satisfying
some other properties, A(z) = D%(z)D (2)2 and co(z) = co, o for uniformly chosen
O, € N(g.(F)). By studying the local trace formula concerning the triple (G, H,¢),

Waldspurger proved that, for a tempered representation 7 of G,

m(m) = Mgeom(Ox). (6.1.2)
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Then one can study m(7) via O.
Beuzart-Plessis generalized this result to tempered unitary cases over any local fields
in [BP16] [BP20]. In unitary cases, the definition of geometric multiplicity is
Mgeom(©) = lim D (2) %o (2)A(2)* 2 dx.
s—=0" JT(G,H)
Therefore, the limit process needs to be taken into consideration. Luo proved this special

orthogonal cases over Archimedean local fields in [Luo21].

6.1.1 Multiplicity-one in Vogan L-packets

This section introduces Waldspurger’s approach for multiplicity-one part of the conjecture.
Let (G, H,&) be a GGP triple of Bessel type. For a tempered L-parameter ¢ of G, set the

quasi-character
On;.,(G) = Lrellp,,(G)On-

Then, from (6.1.2), the multiplicity-one part of the local GGP conjecture reduces to show
that

Z mgeom(@HFﬂga(Ga)) =1 (6.1.3)
acH(FH)

Subtle computation of the integral expansion of the left-hand side of (6.1.3)) implies
that it is equal to the number of generic representations in Il (Ggs) with respective to
the fixed Whittaker datum (see [Wald12c] [BP20, §12.6]), which is equal to one by results

in the local Langlands correspondence.

6.1.2 Epsilon-dichotomy

This section introduces Waldspurger’s approach towards epsilon-dichotomy and its simpli-
fication over R.

To prove the epsilon-dichotomy, Waldspurger expressed the geometric multiplicity in
terms of the stable geometric multiplicity of endoscopic groups using endoscopic character
relation. Then, using the local trace formula on twisted reductive groups and twisted
endoscopy, Waldspurger computed the stable geometric multiplicity of endoscopic groups
using twisted multiplicities, which can be computed directly using the functional equation

of Rankin-Selberg integrals.
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The stable geometric multiplicity is defined as

misn©) = [ DO @A)

1
where the stable germ 22" (z) = o (@a )| D OEN g (a2 (F)) €0,0(T)-
For every tempered parameter ¢y of SO(V), an element sy € S, gives a decomposi-

tion
OV = v, DOV,
where ¢y = (P3)5=T o = (¢3)°= ! and ¢y, are L-parameters of SO(Vy).
Consider the endoscopic group SO(V4) x SO(V_) such that the underlying spaces of
¢y, is those the standard representations of L SO(Vy). For every a € H(F, H), let

@SH‘;,ww(SO(Wa)) = Z X7y, (SV)@ﬂ'Va'

Ta€llp 4y, (SO(Wa))

By computing geometric multiplicity using endoscopic character relation, i.e., €(GVQ)@E~€/9

is the endoscopic transfer of the stable character 92%, xx1, » we have the following relation
+ —_

between geometric multiplicity and stable geometric multiplicity of endoscopic groups

2(: ) mgeom(@lsiva(sowa))’ G);IV;MW(SO(WQ)))
acHY (F.H

:mgeom(@HFWVi (SO(VL))> @HF*‘PW+ (SO(W+))) (6.1.4)

S

“Mgeom (Otp,, (80(V4)): Oty (sOW-)))-

When F = C, there is exactly one representation in the Vogan packet, so epsilon-
dichotomy is automatic. Let F' = R. When dim V' > 3, the L-parameter ¢y of SO(V') can
be classified as parabolic type or endoscopic type.

The L-parameter ¢y is of parabolic type if there is a decomposition
oP = eFr oo @ (P, V=1 L (Xv o XY)

where Xy # 0 and the L-parameter go‘C/;L : WDgr — “GL(Xy) does not contain any
self-dual irreducible components. In this case, let Il cr (GL(Xv)) = {0}, and then the

map

Gy (F) (51/2

mo = 0 % mo = Indp Y ey (Op o®mo) (6.1.5)
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defines an isomorphism

Vogan Vogan
HF7<)0VO - HF#PV K

where Px,, is the parabolic subgroup of Gy stabilizing Xy .

The L-parameter ¢y is of endoscopic type if there exists s € S,,, such that the endo-
scopic group Gf, = SO(Vy) x SO(V_) of Gy = SO(V) determined by s is smaller than
SO(V), that is,

LGy, ¢ Gy, Centg (5)° =Gy (6.1.6)

We used properties of geometric multiplicity in [Luo21| to prove the equality
m((oy X my) X (ow X mw)) = m(my Ky ),

for tempered representations oy, ow, my, my. This allows us to reduce the conjecture to
smaller cases when ¢y is of parabolic type.
We set

S
my = Z Z Xr(loy, —loy )m(my, mw).

aeHI(RH) my€llp,, (SO(Va))
mw €llp oy, (SO(Wa))

Using (6.1.2)) and (6.1.4]), we obtain that

MY = Mieom (Ol (SO(V))s Ollp,,,, (SOW)))
and
Z Z X7y, (SV)XWWQ (SW)m(WVa ) WWa) = mg,,Wer%,W, : (6'1'7)
aEHl(R,H) WVEHF,ng(SO(Va))
mw €Il F oy (SO(Wa))

The left-hand side is equal to
X0, (V)Xo (sw), (6.1.8)
where Xr0,> X0, A€ the characters corresponding to the unique pair (7Y, 7%, in H\P{?E:nxww

with multiplicity equal to one. Assuming the local Gan-Gross-Prasad conjecture for small

cases, (6.1.7]) implies (6.1.8) is equal to XZK/ (SV)XZW(SW) when s satisfy (6.1.6). When ¢y
is of endoscopic type, sy € S,,, not satisfying (6.1.6) is a nontrivial subgroup of S, so

w v
Xr0, X Xa0 = Xy X Xow for all sy x sy € Sy X Sy -
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This allows us to reduce the conjecture to smaller cases. Parallel arguments can also be
established for unitary Bessel cases to obtain a uniform proof of epsilon-dichotomy for

tempered Bessel cases over Archimedean local fields.

6.2 Bridges between basic tempered cases

The first basic tempered Fourier-Jacobi cases was proved by Gan and Ichino for unitary
groups over non-Archimedean local fields. They proved from the basic tempered Bessel
cases using the seesaw identity in the theory of theta correspondence. Then Atobe proved
the results for symplectic-metaplectic groups over non-Archimedean local fields, which
involved more techinical details. This section takes the symplectic-metaplectic cases as an
example and show how the basic tempered Bessel and Fourier-Jacobi cases are related to

each other.

6.2.1 Theta correspondence

This section reviews some tools in theta correspondence. We refer to [GKT] for the def-
initions of reductive dual pairs and theta lifts. The reductive dual pairs used in the

proof are
1. (U(V),U(W)), for hermitian spaces V, W;

2. (Sp(V),O(W)), for a symplectic space V and an even-dimensional quadratic space
W

3. (Mp(V),O0(W)), for a symplectic space V' and an odd-dimensional quadratic space
w.

For reductive dual pairs (G, H) in (1)-(3), the theta lift ©, () of 7 € IIp(G) is the

unique representation such that

wy W,/ m ker(f) =7 ® Oy(m)

feHomg py (wvew,plgpm)

Here G (F') is an appropriate cover of G. Moreover, O (7) has a unique irreducible quotient

Oy ().
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The diagram

G><G/
H H'
is called seesaw diagram if and only if H C G, H' C G’ and (G, H'), (G', H) are reductive

dual pairs. Under consistency conditions of the reductive dual pairs, for every m € IIx(H)

and o € IIp(H'), there is seesaw identity
Hom(©y (o), 7) = Hom(©y(7), o) (6.2.1)

We write the diagram for the seesaw identity as
Oy (o) G G
H H

6.2.2 Bridges by seesaw identity: non-Archimedean cases

Oy ()

T g

Then we introduces the bridge between basic tempered Bessel and Fourier-Jacobi cases
built by the seesaw identities in [GI16] [At18]. This section reviews the bridge between
special orthogonal Bessel cases and symplectic-metaplectic Fourier-Jacobi cases over non-
Archimedean cases. The bridges in unitary cases can be established.

Non-Archimedean. Let F' be a non-Archimedean local field. For a quadratic space W over
F satisfying dim W = 2n + 1 and disc(W) = 1. The pair (SO(W), Sp(V2,,)) is a reductive
dual pair, where V5, is the 2n-dimensional symplectic spaces over F'. Let o € IIp(SO(W)),

then Indggzvm),) (0) decomposes into two representations o/, o’ o sgn € I1p(O(W)).
Ovs, [T  1esOMW)) — IE™(Mp(2n)),
dim V=dim W+1
disc(W)=1

is defined as Oy, (o) = 0y (0”).

Consider the seesaw diagram

O4(0") Buwy, y1 Mp(2n) x=1 Mp(2n) oW’ 0,(r) (6.2.2)

>

7r Sp(2n) O(W) x O(L) o' @1
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where dim W = 2n + 1, disc(W) = 1, L is an anisotropic line W/ = W_LL. Then, the

seesaw identity reads

HomO(W) (@wF (7T), U/) = HOHISP(Qn) (@1/11, <0'/>(§)wv2m¢1, N 7T). (6.2.3)

It is known over non-Archimedean local fields that ©,(c") = 6y (c’), then

Homsp@n) (61/)F (UI)®WV2n,¢F ,T) = HomSp(2n) (91/)F (U,)®WVzn,¢F , )

Hence, the dimension of the right-hand side of (6.2.3)) is related to the multiplicity
m(edfF (0/)7 WV)

of the basic tempered Fourier-Jacobi case for (Sp(Vay,), Mp(Vay)).
Then, we relate the dimension of the left-hand side of (6.2.3)) to the multiplicity of a

basic tempered Bessel case. 6y, (m) is the unique quotient of ©y,, (1),

Homo(W) (@wF (7T), O’/) = Homo(W) (QwF (71‘), O',)
Since Oy, (0" o sgn) = 0, from the seesaw identity for a similar diagram as ((6.2.2)),
Homg ) (0 (), 0" 0 sgn) = 0.
Using the Frobenius reciprocity, we obtain that
H 0 'y =H 0 Indo") (o7
omo(w) (Oy (1), ') =Homo ) (0 (), Indg 35 (0" Isow))
=Homgow) (O (7)lsow)s o' lsow))-
The dimension of this space is equal to the multiplicity
m(0y, (m)lsow), (0'lsowm) ")

of the basic tempered Bessel case (SO(W'), SO(W)) if

Oy o (W)\SO(W')

is an irreducible tempered representation. From Prasad’s conjecture, the semisimplification
of the L-parameter of 6y, (7) has a summand of the trivial representation. This implies

the irreducibility of 0y (7)|sow)-
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6.2.3 Bridges by seesaw identity: Archimedean cases

Over Archimedean local fields, the main difficulty for generalizing this approach is that
Oy (0') = 0y, (0') was only established in stable-range situations. An ongoing work of R.
Chen, J.-L. Zou and the author aims to refine this method using multiplicity inequalities
so that we only use this result in stable-range cases.

In the ongoing work of Chen-Zou-myself, we modified this approach to only use ”big

theta=small theta” in stable-range cases. We first treat the seesaw identity for the diagram

O e g vy, (1) By, ot Mp(2n) x40 Mp(2n) O(W' + Hy) O Vi w1 (T)

T Sp(2n) O(W + HP*) x O(L) b X1

where Hy is a hyperbolic plane and we choose a’f to be the Langlands quotient of the

parabolic induction | - \’“% X oo X | |% x o1. This choice of 0¥ guarantees the equality

0w m" vy (0F) = 0y Wy, (01). Then we proved a multiplicity inequality by modifying
s 2 »V2n

Moeglin-Waldspurger’s proof for the first inequality in [MW12] to obtain that
dim Homow) (0, v, w () lsow)» a1lsoqwy) = dim Homo ) (0, va,, w7 (1) [s0(w)s 0T lso(w))-
This implies
m(m" B (O, wva, (01) ® D15, ) = dim Homgy,on) (0, w5, (01) @ Wiy, )
= dim Homgpap) (01/)7W+H§)k7v2n (ch) X Wi,y 1> T)

<m0y vow (T)Isow) X o1lg0 )

Similarly, we obtain the other side of the inequality by adding hyperbolic spaces to the left
part of the seesaw diagram. By comparing the L-parameters of 7 and 0y v, w(7), the

equality

m(m B 0y w v, (01) @ T2n5) = MOy, v, w7 (1) lsow) B o1lsomr)

reduces the basic tempered Fourier-Jacobi cases to the basic tempered Bessel cases as in

the non-Archimedean situations.
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6.3 Reduction to basic tempered using multiplicity formula

This section proves the local Gan-Gross-Prasad conjecture from the basic tempered cases

using the multiplicity formula in Theorem [5.0.2

6.3.1 Structure theorem

This section proves the structure theorem ([5.0.1)) for the reduction to tempered basic cases.
Let Gy = U(V),SO(V),Sp(V),Mp(V). For a parameter ¢y : Wg — LGy, its

semisimplification ¢§> = Stdév -y can be decomposed as

diq d2
oV = D i (s ) © P ea(sa. 1))
i=1 J=1

where s14,52; €C, ¢, =0,1,1; =1,2,---, p1(s14,€) : Wr = GL1(C) is the L-parameter
for the character |- |*1isgn® of GL1(R) and pa(s2,5,€j) : Wr — GL2(C) is the L-parameter
of the essentially discrete series representation |det [*27 D .

Since ¢} factors through LGy, it preserves an e-hermitian form, therefore, there is a

decomposition V =V & (X & XV) and one can decompose ¢} as
_ %
YO =pep O,

where @y, is a tempered L-parameter of Gy, and p is a generic L-parameter of GL(X).

It is easy to verify (see [GGP12, §4]) that there are isomorphism

Spy = Sy, (6.3.1)

The following structure theorem characterizing representations in II Fof‘a/n was proved

from the standard module conjecture |[CS98] when F' is non-Archimedean and from [Vog78]
when F' is Archimedean. The proof has been elaborated in [MW12] [GI16] [At18] [X2]
[Ch21] [Ch23a] for all cases.

Theorem 6.3.1. There is a bijection

Vogan Vogan
HFﬁDVO - HFﬁOV

TV, = oy X Ty,
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Proof. e When Gy is not metaplectic, the theorem follows from |[Vog78, Theorem 6.2]
over Archimedean local fields and the standard model conjecture [CS98] [Mu00] using

the arguments in [MW12] over non-Archimedean local fields.

e When Gy is metaplectic, the theorem follows from the corresponding special orthog-
onal case and properties of theta correspondence.
O

Then the structure theorem follows naturally from Theorem

6.3.2 Reduction with multiplicity formula

In the setting of Section using the structure theorem (Theorem 5.0.1)), given generic

parameters @y, pw and 7y € Hp,, (Gy), 7w € gy, (Hw) in generic L-packets, we have

Ty =0y X Ty, Tw = 0w X Ty,

Vogan
Fievy?

Vogan

for my, € 11 w, € g o and generic oy, oy . From Theorem |5.0.2, we have
’ 0

m(my, 7w ) = m(mvy, Tw,)-

This multiplicity formula connects the generic cases and a tempered cases. From Theorem
1) and Theorem [5.0.4(1), we an find an appropriate oy, such that my,, oy, x Ty, are

representations correspond to a basic pair and

m(ﬂVmﬂWo) = m(TrVov U{/V X 7TW0)

for all my, € Hgogan, w, € HXogan. These reduces the local Gan-Gross-Prasad conjecture
0 730V0 0 7‘pW0

to the basic tempered cases.



References

[A13] J. Arthur. The endoscopic classification of representations orthogonal and symplectic

groups. (2013) American Mathematical Soc. Vol. 61.

[AGO8] A. Aizenbud, D. Gourevitch. Schwartz functions on Nash manifolds. International
Mathematics Research Notices, 2008.

[AGRS10] A. Aizenbud, D. Gourevitch, S. Rallis, and G. Schiffmann. Multiplicity one
theorems. Annals of Mathematics, pages 1407-1434, 2010.

[At18] H. Atobe. The local theta correspondence and the local Gan—Gross—Prasad con-
jecture for the symplectic-metaplectic case. Mathematische Annalen, 371(1):225-295,
2018.

[BK14] J. Bernstein and B. Krétz. Smooth Fréchet globalizations of Harish-Chandra mod-
ules. Israel Journal of Mathematics, 199(1):45-111, 2014.

[BP14] R. Beuzart-Plessis. Ezxpression d’un facteur epsilon de paire par une formule

intégrale. Canad. J. Math. 66 (2014), no. 5, 993-1049.

[BP16] R. Beuzart-Plessis. La conjecture locale de Gross-Prasad pour les représentations

tempérées des groupes unitaires. Mém. Soc. Math. Fr. (N.S.) (2016), no. 149, vii+191.

[BP20] R. Beuzart-Plessis. A local trace formula for the Gan-Gross-Prasad conjecture for

unitary groups: the archimedean case. Asterisque, 2019.

[BZSV] D. Ben-Zvi, Y. Sakellaridis, and A. Venkatesh. Relative Langlands Duality.

preprint.

80


https://math.jhu.edu/~sakellar/BZSVpaperV1.pdf

81
[Cas89] B. Casselman. Canonical extensions of Harish-Chandra modules to representations

of g. Canadian Journal of Mathematics, 41(3):385-438, 1989.

[Cas95] B. Casselman. Introduction to admissible representations of p-adic groups. unpub-

lished notes (1995).

[CCZ] C. Chen, R. Chen and J. Zou. Fourier-Jacobi cases over reals: basic case. in prepa-

ration.

[CS98] B. Casselman and F. Shahidi. On irreducibility of standard modules for generic
representations. Ann. Sci. Ecole Norm. Sup. 31 (1998), 561-589.

[CHMO00] B. Casselman, H. Hecht, and D. Milicic. Bruhat filtrations and Whittaker vectors
for real groups. In Proceedings of Symposia in Pure Mathematics, volume 68, pages
151-190. Providence, RI; American Mathematical Society; 1998, 2000.

[Ch21] C. Chen. The local Gross-Prasad conjecture over archimedean local fields. arXiv
preprint arXiv:2102.11404, 2021.

[Ch23a] C. Chen. Multiplicity formula for induced representations: Bessel and Fourier-
Jacobi models over archimedean local fields. arXiv preprint arXiv:2308.02912, 2023.

[Ch23b] C. Chen. Progresses on the local Gan-Gross-Prasad conjecture. link.

[CJLZ23] C. Chen, D. Jiang, D. Liu, and L. Zhang. Arithmetic branching law and generic
L-packets. arXiv preprint arXiv:2207.04700.

[CL22] C. Chen and Z. Luo. The local Gross-Prasad conjecture over R: Epsilon dichotomy.
arXiv preprint arXiv:2204.01212.

[Co04] J. Cogdell, Lectures on L-functions, converse theorems, and functoriality for GLn,
Lectures on automorphic L-functions, 1-96, Fields Inst. Monogr., vol. 20, Amer. Math.
Soc., Providence, RI, 2004.

[CS20] Y. Chen and B. Sun. Schwartz homologies of representations of almost linear Nash
groups. Journal of Functional Analysis, page 108817, 2020.


https://drive.google.com/file/d/1B8dzMkBPjNYPtqGswCoAgd9nbSAeeYWK/view

82

[dCI91] Fokko Du Cloux. Sur les représentations différentiables des groupes de Lie

algébriques. In Annales scientifiques de I’Ecole normale supérieure, volume 24, pages
257-318, 1991.

[GI16] W. T. Gan and A. Ichino. The Gross—Prasad conjecture and local theta correspon-
dence. Inventiones Mathematicae, 206(3):705-799, 2016.

[GKT] W. T. Gan, S. Kudla, and S. Takeda. The local theta correspondence (prelimiary

version).

[GGP12] W. T. Gan, B. Gross, and D. Prasad, Symplectic local root numbers, central
critical L-values, and restriction problems in the representation theory of classical

groups. Asterisque 346 (2012), 1-109. Sur les conjectures de Gross et Prasad. I.

[GJ06] R. Godement, H. Jacquet. Zeta functions of simple algebras. Vol. 260 (2006).
Springer.

[GP92] B. Gross and D. Prasad. On the decomposition of a representation of SO, when
restricted to SOy,_;. Canadian Journal of Mathematics, 44(5):974-1002, 1992.

[GP94] B. Gross and D. Prasad. On irreducible representations of SOz y1 X SOgy,. Cana-
dian Journal of Mathematics, 46(5):930-950, 1994.

[GSS19] D. Gourevitch, S. Sahi, and E. Sayag. Analytic continuation of equivariant distri-
butions. International Mathematics Research Notices, 2019(23):7160-7192,10 2019

[Hel7] H. He. On the Gan-Gross-Prasad conjecture for U(p, q). Inventiones Mathematicae,
209:837-884, 2017.

. Hotta, T. Tanisaki. D-modules, perverse sheaves, and representation theory
HTO07] R. H T. Tanisaki. D-modul h d ) h
(2007), Vol. 236. Springer Science & Business Media.

[I78] J.-I. Igusa. Lectures on forms of higher degree. Tata Institute of Fundamental Re-
search, Bombay 1978.

[Jac09] Hervé Jacquet. Archimedean Rankin-Selberg integrals. Contemporary Mathematics,
14:57, 2009.


https://sites.google.com/view/grothendieck-jr/theta-book
https://sites.google.com/view/grothendieck-jr/theta-book

83
[JPSS79] H. Jacquet 1. Piatetski-Shapiro and J. Shalika. Automorphic forms on GL(3),
Annals of Math., 109 (1979).

[JS81] H. Jacquet and J.A. Shalika, On Euler products and the classification of automorphic
representations I, Amer. Jour. Math. 103 (1981), no. 3, 499-558.

[JPSS83] H. Jacquet, I. I. Piatetskii-Shapiro and J. A. Shalika. Rankin-Selberg convolu-
tions. American Journal of Mathematics Vol. 105, No. 2 (1983), pp. 367-464.

[JS90] H. Jacquet and J. Shalika. FEuxterior square L-functions. Automorphic forms,
Shimura varieties, and L-functions, 2:143-226, 1990.

[JSZ10] D. Jiang, B. Sun, and C. Zhu. Uniqueness of Bessel models: the archimedean case.
Geometric and Functional Analysis, 20(3):690-709, 2010

[Luo21] Z. Luo. A local trace formula for the local Gross-Prasad conjecture for special

orthogonal groups. Thesis, 2021.

[LS13] Y. Liu and B. Sun. Uniqueness of Fourier-Jacobi models: the archimedean case.
Journal of Functional Analysis, 265(12):3325-3344, 2013

[MSTW] A. Minguez, S. W. Shin, T. Kaletha and P.-J. White. Endoscopic classification

of representations: Inner forms of unitary groups. arXiv preprint arXiv:1409.3731.

[MW12] C. Moeglin and J.-L. Waldspurger. La conjecture locale de Gross-Prasad pour les
groupes spéciauz orthogonauz: le cas général. Astérisque, 347:167-216, 2012.

[Mu00] G. Muic. A proof of Casselman-Shahidi’s conjecture for quasi-split classical groups.
Can. Math. Bull. 43 (2000), p.90-99.

[Sha74] J. A. Shalika. The Multiplicity One Theorem for GL,. Annals of Mathematics,
100(2), 171-193 (1974).

[She79a] D. Shelstad. Characters and inner forms of a quasi-split group over R. Compositio
Math. 39 (1979), no. 1, 11-45.

[She79b] D. Shelstad. Orbital integrals and a family of groups attached to a real reductive
group. Ann. Sci. Ecole Norm. Sup. (4) 12 (1979), no. 1, 1-31.



84
[She81] D. Shelstad. Embeddings of L-groups. Canadian J. Math. 33 (1981), no. 3, 513-558.

[She08a] D. Shelstad. Tempered endoscopy for real groups. I. Geometric transfer with
canonical factors, Representation theory of real reductive Lie groups. Contemp. Math.,

vol. 472, Amer. Math. Soc., Providence, RI, 2008, pp. 215-246.

[SheO8b] D. Shelstad. Tempered endoscopy for real groups. III. Inversion of transfer and
L-packet structure. Represent. Theory (2008), 369-402.

[Shel0] D. Shelstad. Tempered endoscopy for real groups. II. Spectral transfer factors, Au-
tomorphic forms and the Langlands program. Adv. Lect. Math. (ALM), vol. 9, Int.
Press, Somerville, MA, 2010, pp. 236-276.

[Sou93| D. Soudry. Rankin-Selberg convolutions for SOg9;11 x GLy,: Local Theory. volume
500. Amer- ican Mathematical Soc., 1993.

[SV80] B. Speh and D. Vogan. Reducibility of generalized principal series representations.
Acta Mathematica, 145:227-299, 1980

[SV17] Y. Sakellaridis, A. Venkatesh. Periods and harmonic analysis on spherical varieties.

Astérisque, (396):360, 2017.

[Sunl2a] B. Sun. Multiplicity one theorems for Fourier-Jacobi models. American Journal
of Mathematics, 134(6):1655-1678, 2012.

[Sun12b] B. Sun. On representations of real Jacobi groups. Science China Mathematics,
55(3):541-555, 2012.

[Sunlb] B. Sun. Almost linear Nash groups. Chinese Annals of Mathematics, Series B,
36(3):355-400, 2015.

[SZ12] B. Sun and C.-B. Zhu. Multiplicity one theorems: the archimedean case. Annals of
Mathematics, pages 23-44, 2012.

[Vog78] D. Vogan. Gelfand-Kirillov dimension for Harish-Chandra modules. Inventiones
mathematicae, 48(1):75-98, 1978.



85
[Vog93] D. Vogan. The local Langlands conjecture. Contemporary Mathematics,
145:305-305, 1993

[Wald10] J.-L. Waldspurger. Une formule intégrale reliée a la conjecture locale de
Gross—Prasad. Compositio Mathematica, 146(5):1180-1290, 2010.

[Wald12a] J.-L. Waldspurger. Calcul d’une valeur d’un facteur € par une formule int égrale
par. Astérisque, 347:1-102, 2012.

[Wald12b] J.-L. Waldspurger. La conjecture locale de Gross-Prasad pour les représentations
tempérées des groupes spéciauz orthogonaux. Astérisque, No. 347:103-165, 2012.

[Wald12c] J.-L. Waldspurger. Une formule intégrale reliée a la conjecture locale de Gross-
Prasad, 2e partie: extension aux représentations tempérées. Astérisque, 346:171-312,
2012.

[Wald12d] J.-L. Waldspurger. Une variante d’un résultat de Aizenbud, Gourevitch, Rallis
et Schiffmann. Astérisque, no. 346:313-318, 2012.

[Wal88] N. Wallach. Real reductive groups I. Academic press, 1988.
[Wall94] N. Wallach. Real reductive groups II. Bull. Amer. Math. Soc, 30:157-158, 1994

[WZ22] W. Chen, Z. Lei. Multiplicities for strongly tempered spherical varieties. arXiv
preprint arXiv:2204.07977, 2022.

[X1] H. Xue. Bessel models for real unitary groups: the tempered case. Duke Math. J. 172
(2023), no. 5, 995-1031

[X2] H. Xue. Bessel models for unitary groups and Schwartz homology. preprint.

[X3] H. Xue. Fourier-Jacobi models for real unitary groups. preprint.



	Acknowledgements
	Dedication
	Abstract
	Introduction
	Local Gan-Gross-Prasad Conjecture
	Bessel and Fourier-Jacobi models
	Vogan L-packets and its parameterization
	Vogan L-packet for classical groups.
	Vogan L-packet for metaplectic groups.

	Local root numbers and the distinguished characters

	Distributional Analysis
	Categories for distributional analysis
	Some functors
	Extended analysis to homology groups

	Integral Method
	Rankin-Selberg-type integrals
	Formulation
	Meromorphic continuation

	Igusa-type integrals
	Formulation
	Results on holonomic D-modules
	Meromorphic continuation


	Multiplicity Formula
	Some notions for the uniform formulation
	Mackey theory
	Proof for the basic form of the first inequality
	Reduction to basic cases
	Proof for the basic form of the second inequality
	The integral over HP+H+
	The integral over P+H+H+

	Prove the inequalities from the basic forms
	The first inequality
	The second inequality


	Uniform Approach
	Local trace formula and endoscopy
	Multiplicity-one in Vogan L-packets
	Epsilon-dichotomy

	Bridges between basic tempered cases
	Theta correspondence
	Bridges by seesaw identity: non-Archimedean cases
	Bridges by seesaw identity: Archimedean cases

	Reduction to basic tempered using multiplicity formula
	Structure theorem
	Reduction with multiplicity formula


	References

