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SYMBOLS USED
SYMBOLS USED (cont)
SYMBOL MEANING
SYMBOL MEANING
a Parameter in Kostyakov and Holtan equations
€ Sorptivity in Philip equation
A Parameter in Philip equation
8 Capillary suction (= -¥)
{a] Tridiagonal matrix in finite difference scheme
Sav Capillary suction at the wetting front
b Parameter in Kostyakov equation
SL Slope of the S-0 curve
f Infiltration rate
t Time from start of rainfall
fo Equilibrium or steady infiltration capacity
té Adjusted time to allow for rainfall infiltration
fp Infiltration capacity
tg Time to start of runoff
f, Initial infiltration capacity (Horton)
v Darcy fluid velocity
F Infiltration volume
z Distance below soil surface (positive downwards)
Fp Potential infiltration volume (Holtan)
o) Moisture content (vol/vol}
Fy Infiltration volume to start of runoff
ch Initial moisture content
i Subscript denoting depth node
O Saturated moisture content
1 Rainfall intensity
Yoy Average capillary potential at wetting front
IMC Initial moisture content
Y Capillary potential
IMD Initial moisture deficit
& Total potential
3 Subscript denoting time node
k Parameter in Horton equation
k, Relative conductivity
K Capillary conductivity
K Saturated capillary conductivity
L Depth to equivalent wetting front
LHS Vector in finite difference scheme
m Number of depth increments used at each time step
n Wettable porosity in Green Ampt equation
RAIN Rainfall intensity used in finite difference program




FOREWORD

This Bulletin is published in furtherance of the purposes of the Water
Resources Research Act of 1964. The purpose of the Act is to stimulate,
sponsor, provide for, and supplement present programs for the conduct of
research, investigations, experiments, and the training of sclentists in
the field of water and resources which affect water. The Act is promoting
a more adequate national program of water resources research by furnishing
financial assistance to non-Federal research.

The Act provides for establishment of Water Resources Research Insti-
tutes or Centers at Universities throughout the Nation. On September 1,
1964, a Water Resources Research Center was established in the Graduate
School as an interdisciplinary component of the University of Minnesota.
The Center has the responsibility for unifying and stimulating University
water resources research through the administration of funds covered in
the Act and made available by other sources; coordinating University re-
search with water resources programs of local, State and Federal agencies
and private organizations throughout the State; and assisting in training
additional scientists for work in the field of water resources through
research.

This report is the forty-third in a series of publications designed
to present information bearing on water resources research in Minnesota
and the results of some of the research sponsored by the Center. In this
study, a simple infiltration model is proposed for the idealized case of
a constant intensity rainfall infiltrating into a homogeneous soil at uni-
form initial moisture content.

This bulletin represents a research effort completed under Project
12-55 of the Minnesota Agricultural Fxperiment Station, entitled "Hydrology
of Small Watersheds', in the Department of Agricultural Engineering. Rus-
sell G. Mein served as Research Assistant and Curtis L. Larson is Project
Leader. Computer time was furnished by the University of Minnesota Compu~
ter Center.

The work reported herein was done in partial fulfillment of the re-
quirements for the degree of Doctor of Philosophy, granted to Russell G.
Mein by the Graduate School, University of Minnesota, August 1971,

MODELING THE INFILTRATION COMPONENT
OF THE RAINFALL-RUNOFF PROCESS

I. INTRODUCTION

Hydrology is a broad science which deals with those processes of the
hydrologic or water cycle which occur on land. The elements of the
hydrologic cycle have been qualitatively understood for several centuries
(10), but an adequate quantitative description of each component and its
interaction with other components has yet to be achieved.

The classic problem in hydrology is the prediction of both amount
and rate of watershed runoff caused by rainfall. Such prediction is
vital for the correct design of all types of hydraulic structures, large
or small. For medium and large watersheds the hydrologist frequently
has rainfall and stream flow data to work with, but for small watersheds,
most commonly there is no streamflow data. To make predictions of run-
off for small watersheds, design engineers have been forced to use one
of the many empirical formulas found in the literature (9). These
formulas are generally entirely empirical, giving the peak flow as a
function of the rainfall intensity, watershed area, and perhaps other
watershed factors. Physical representation of the actual rainfall-
runoff process is neither attempted nor achieved.

Watershed Models

The advent of the high speed digital computer has been of tremendous
significance in hydrology. On one hand it has enabled fast storage and
retrieval of hydrological records, whose sheer bulk had long before
reached unmanageable proportions. On the other hand, computational
Fechniques, previously impractical because of the number of calculations
involved, can now be used for the simulation of hydrologic processes.

It is not surprising, therefore, that computers should be applied in
hydrology to simulate the actual processes involved in rainfall-runoff
on a watershed. The best known mathematical model is the Stanford
Watershed Model (11), which takes hourly rainfall data as input and
accounts for interception, infiltration, interflow, groundwater f{low,
evaporation, and overland flow, and gives the runoff hydrograph as out-
put. Unfortunately this model has several empirical constants which
must be "fitted" to the watershed; thus, historical records of rainfall
and runoff are necessary. If some way could be found of predicting these
Parameters from watershed characteristics then the model could be applied
to ungaged watersheds, which have no records.

a In recent years many other watershed models have been proposed, e.g.,
\ 2), (29), (48) and tested against measured runoff hydrographs. Almost
1?variably, there are several parameters to be fitted, a severe limita—
tion for any watershed model, again because of the lack of data avail-
able for most watersheds.



The Infiltration Component

For the continental United States, approximately 30% of the total
precipitation becomes streamflow ¢(10). From this figure one can argue
that more than 70% of the annual precipitation infiltrates into the soil,
for both interflow and groundwater contribute to streamflow after infil-
tration. But for individual storms, the percentage varies widely, rang-
ing from 100% when all of the rainfall infiltrates, to perhaps 30-50%
for a high runoff storm. It is apparent, therefore, that a watershed
model must describe infiltration accurately to have any chance of pro-
ducing valid and useful results. The watershed model must alse include
soil moisture redistribution, drainage, and evapotranspiration, since
the moisture level prior to a storm is a dominant factor in the infil-
tration rates observed. Recent work in redistribution, drainage, and
evapotranspiration medels shows promise (see References (1), (17), and
(18)) and may well lead to a good soil accounting moisture model,

Despite its importance, the infiltration component in all of the
current watershed models is usually represented by empirical relation-
ships of one form or another. Typically, an equation needing one or
more fitted parameters is used. Huggins and Monke (29) showed that the
choice of infiltration parameter employed in their watershed model had
more influence than any of his other parameters on the outflow hydro-—
graph, which again emphasizes the desirability of a valid infiltration
model.

it is evident that there is a pressing need for an improved infiltra-

tion model, one which will better represent the actual infiltration pro-
cess, utilizing parameters that are physically meaningful and capable of
being measured. The model must be sufficiently flexible to be useable
under different rainfall conditions, and should not require a large
amount of computing time. The study reported herein was carried out

with these objectives in mind. This report is essentially the same as the

Ph.D. dissertation by Mein (34), with the junior author as major adviser.

11. THE INFILTRATION PROCESS

The infiltration process is a complex one, for it is influenced by
many soil and water properties, Even when the soil is completely homo-
geneous (a rare occurrence in nature) and the fluid properties are known
it is a difficult phenomenom to describe. This chapter is devoted to a ’
discussion of the major factors which influence infiltration, and of
sozelof the problems involved in the formulation of any infiitration
model.

Definitions

Thgoughout this bulletin, the following terminology and units will
be used:

Infiltration: The process of water entry into a soil through the
soil surface.

' Infiltration rate (f): The rate at which water moves through the
soil surface. (Units: cm/sec)

Infiltration capacity (fg): The maximum rate at which the soil can
absorb water through the soil surface. (Units: cm/sec)

’Infiltration volume (F): The total volume of infiltration from the
beginning of the rainfall event. (Units: cm)

Capillary potential (¥): Hydraulic head due to capillary forces.
(Units: cm. of water)

Cgpilléry suction(8): The same as capillary potential, but with
opposite sign, i.e.,a positive suction represents a negative hydraulic
head. (Units: cm. of water)

Capillary conductivity (K): The volume rate of flow of water through
the soil under a unit gradient, which is dependent on the soil moisture
?ontent. Sometimes referred to as conductivity, or hydraulic conductiv—
ity. (Units: om/sec)

' Sgturated conductivity (Kg): The capillary conductivity when the
80il is saturated. (Units: cm/sec)

’ Relative conductivity (ky): Capillary conductivity for a given
moisture content divided by the saturated conductivity. (Dimensionless)

Infiltration - The [deal Soil

For the purpose of discussion, the ideal soil is considered to be
one which is homogeneous throughout the profile, and in which all of the
pores are interconnected by capillaries. In addition it is assumed that



the applied rainfall falls uniformly over the soil surface (natural rain-
fall is discussed later). Because the movement of water into the soil is
areally uniform, the infiltration process can be considered to be one-
dimensional.

For this ideal case, perhaps the most important factors which affect
the infiltration capacity are soil type and moisture content. The soil
type determines the size and number of the capillaries through which the
water must flow. The moisture content determines the capillary potential
in the so0il and the relative conductivity as shown for a typical soil in
Fig. 1. For a low moisture content the suctions are high and the conduc-
tivity low. At high moisture contents, near saturation, the soil suction
is low, and the relative conductivity high,

One can now examine a typical infiltration event - rainfall falling
on a dry soil. Because the initial moisture content is low the relative
conductivity (Fig. 1) is small. This implies that the moisture level
must be higher before water will move further into the soil mass. Be=-
cause of this, a distinct wetting front will form with the moisture con-
tent ahead of the front still low, and the soil behind the front virtually
saturated. A considerable capillary suction exists at the wetting front.
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Fig. 1. Capillary suction and relative conductivity as a function of
moisture content for a typical soil (Saturated moisture con-
tent = .5)

At the onset of rainfall, the potential gradient causing moisture
movement is very high, for the potential difference between the wetting
front and the soil surface acts over a very small distance, At this
stage, the infiltration capacity is higher than the rainfall rate, so the
infiltration rate is limited to the rainfall rate. Figs, 2 and 3 illus-
trate the phenomenom, which corresponds to curves 1, 2 and 3.

As more and more water enters the soil, the thickness of the wet
zone becomes larger and the potential gradient is reduced. The infiltra-
tion capacity decreases until it is just equal to the rainfall rate -
this moment corresponds to curve 4 in Fig. 2, and point 4 in Fig., 3, and
occurs at the moment when the surface becomes saturated.

The potential gradient continues to lessen as the wetted depth in-
creases, 5o that the infiltration capacity is reduced with time (corres—
pouding to 5 and 6 in Figs. 2 and 3). Theoretically, the potential
gradient will be unity after an infinite time, for then the case is the
same as saturated flow under the influence of gravity, and the infiltra=-
tion capacity is equal to the saturated conductivity. In practice, the
infiltration rate is asymptotic to the saturated conductivity line
(Fig. 3), but does not reach it,

The prediction of point 4 (Fig, 3) is of vital concern to the hydro-
logist, for it is then that runcoff will begin. Also, it is the beginning
of £ = fp, instead of £ = 1. However, for a given soil type this moment
depends not only on the initial moisture content of the soil, but also on
the rainfall rate. The shape of the subsequent curve 4-5-6 likewise
depends on the initial moisture content and rainfall rate.

Hysteresis

The capillary vs. moisture content curve is different for wetting
the soil than it is for dewatering the soil. The curves shown in Fig. 1
demonstrate this phenomenom—-these are called the boundary wetting and
boundary drying curves applicable for continuous wetting or continuous
drying, respectively, However, between these curves there are an infinite
number of possible paths, or "scanning curves', depending on the wetting
and drying, history of the soil., Thus, even though infiltration is a
wetting phenomena, it cannot invariably be assumed that the suction is
following the boundary wetting curve,

There are several methods of handling the hysteresis complication
in s0il moisture computations. A suitable numerical scheme is given by
Ibrahim and Brutsaert (30), in the form of a triangular suction table.
HOWever, in this study, because the scanning curves were not available,

hysteresis is not be considered and the starting point is assumed to be
on the wetting curve.
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Infiltration - The Natural Soil

The variability in natural soils makes a difficult situation virtually
impossible, as far as soil profile descriptions are concerned. The sur-
face condition, which has a vital influence on infiltration capacities,
can vary over a watershed from complete vegetative cover to bare soil.

The latter case is subject to surface sealing by raindrop compaction,
shown to significantly alter the infiltration characteristics (13). A
plowed surface results in much greater infiltration, almost 20 times more
in one test (6).

A complete description of all the factors which influence infiltra-
tion on a natural watershed (cracking, vegetation, layering, etc.) will
not be included here. For that the reader is referred to articles by
Parr and Bertrand (38), or Erie (15). Suffice it to say that the var-
jability is so significant, even in seemingly uniform soils, that soil
samples from the same site often do not exhibit the same properties (22).

It follows then that a simple infiltration model which will be
accurate for natural soils is not possible, for the complete description
of the soil itself is impracticable. One can only hope to produce a
model which will give a reasonable estimate of the infiltration behavior.
That is the goal of this study.

Rainfall Intensity

Most textbook infiltration curves (e.g., Ref. 33), are of the form
shown in Fig. 4, which assumes a saturated surface at time zero. While
in flood irrigation this condition can occur, under rainfall or sprinkler
irrigation it rarely occurs. Almost always, there is at least a brief
period when all the rainfall infiltrates, as shown in curves, 1, 2, 3,
in Fig. 5.

There are 3 general cases of infiltration under rainfall:

Case A: I < Kg. The rainfall rate is less than the saturated conduc-
tivity; curve 4 in Fig. 5 shows this condition. For a deep homogeneous
soil, runoff will never occur under this condition, for all of the rain-
fall will infiltrate, regardless of the duration. As far as a watershed
model is concerned, such a rain must still be accounted for because the
soil moisture level is being altered.

Case B: Kg < I < f,. The rainfall rate is greater than the saturated
conductivity, but Less than the infiltration capacity. This condition
Corresponds to the horizontal portion of curves 1, 2, 3 in Fig. 5. Note
that the period of time from zero to surface saturation (tg) is different
for the different intensities.

. Case C: I > f, . The rainfall intensity is greater than the infiltra-
tion Capacity. Un%y under this condition can runoff occur. Fig. 4 and
the decreasing portions of curves, 1, 2, and 3, (Fig. 5) illustrate this

and show the dependence of the curve shape on the initial rainfall inten-
sity,



Because the major interest of the hydrologist is to predict rumoff,
most work has involved study of Case C, It is the contention of the
writers that Case B is just as vital, since it almost always precedes and
influences the behavior in Case C. This argument will be strengthened
further in later sections.,

f - Infiltration rate

t - time

Fig. 4. Typical textbook infiltration curve.
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¥ig. 5. Infiltration curves for different rainfall inten-
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IIT. EXISTING INFILTRATION MODELS

Many different infiltration equations have been published in the
literature, In this chapter, the more important of these are presented
with a brief discussion of the derivation, attributes and deficiencies
of each. Because infiltration can be thought of as the surface boundary
condition of soil moisture movement, it can also be predicted from the
equations which describe soil moisture flow. Development of this latter
approach suggests an alternative metrhod of deriving a useful infiltration
model.

Empirical Algebraic Fquations

As mentioned in the previocus chapter, the infiltration capacity
decreases as the volume of water in the profile increases. So it is not
surprising that early attempts to produce a field infiltration equation
merely fitted the characteristic curve shape by a decay-type function,

The Kostyakov Equation

The general form of the infiltration expression put forward by
Kostyakov in 1932 as cited by Rode (42) is

F o= atb (1

where F is the total infiltration volume, t is the time from the onset of
infiltration, and a and b are constants (0<b<l). The form of this
expression is simple, but the constants a and b cannot be predicted in
advance. There is no provision for predicting when runoff will begin
under a rainfall input (the transition from Case B to Case C given in
Chapt., 1).

The simplicity has encouraged the use of this equation in flood
irrigation studies, e.g., Fok (16), for which the normal procedure is to
fit a and b from test data on the plot concerned. A modified time var-
iable was proposed by Kincaid et al (31) to use this equation for sprinkler
irrigation for which the initial infiltration capacity of the soil exceeded
the application rate. The modification improved the fit markedly but the
constants a (which depends on the initial moisture content as well as the
g0il type) and b (which depends on the soil type) still had to be fitred.

The Horton Equation

Possibly the best known infiltration expression is that known as
Horton's equation (7), which he proposed in 1940. The equation is

fp = fo + (fo - fo) ekt )

where fp is the infiltration capacity at any time t, fo is the initial
infiltration capacity, f. is the final or equilibrium infiltration capac~



ity, £, is the final or equilibrium infiltration capacity, and k is a
constant dependent on soll type and the initial moisture content. The
feature of Eq. 2 is its simplicity, and good fit to experimental data, Water

but f,, f. and k have all to be fitted. Theoretically f. should be a Negligible

constant for a particular location, but Burman (5) found better fits to depth

experimental data by varying it too, from one storm te another. This

would indicate that the good fit possible with Eq. 2 might be due more to Wet soil
the fact that it has three parameters, rather than because of its L
representation of the infiltration process. The Horton equation, like-
wise, cammot be used for an event beginning as Case B. /////////
The Holtan Equation Y

A more recent expression is that of Holtan (27) developed from a /)(’ v v " o
substantial volume of field data. e o
Wetting - - Dry soil.
_ n front . L '
f, = £, + aFp (3

where £, is the infiltration capacity, f,. is again the final steady
infiltration capacity, Fp is the potential infiltration volume (equal to
the initial available moisture storage minus the volume of water already
infiltrated), & is a constant between 0.25 and 0.80, and n is a constant
dependent on soil type. This expression is well suited for inclusion in

a watershed model, because it links infiltration capacity to the soil
moisture level and is not directly time dependent. An expansion of this
idea into an infiltration-drainage-evaporation-runoff model was made by
Holtan et al (28) by conceptually dividing the soil storage into capillary
storage and free water storage.

Fig, 6, Definition diagram for Green and Ampt formula

Use of this formula has been made by Huggins and Monke (29) who
used the effective storage depth of the soil as a parameter to be fitted.
The depths used ranged from 3" to 16", without logical explanation. This
illustrates the major difficulty of the Holtan model, for the control
depth specified has a large influence on the prediction of infiltration.

Theoretically Derived Algebraic Equations w

There are many equations derived from applying Darcy's Law to the
wetted zone in the soil, using the fact that a distinct wetting front
exists. Green and Ampt (20) were the first with this approach, and their
equation will be given here,

(2)
(1)

The Green and Ampt Equation

Capillary suction

The equation derived by Creen and Ampt in 1911 assumes that the soil
i surface is covered by a pool of water whose depth can be neglected.
Referring to Fig. 6, and assuming that the conductivity in the wetted
zone is Ky, Darcy's law can be applied to give
fp = KS"L"%_Q (4) Filg, 7. Typical capillary suction vs, moisture content for
(1) sandy soil, (2) clay soil

Moisture content - 8‘sl bg

N 11



where L is the distance from the soil surface to the wetting front and S
is the capillary suction at the wetting front. By continuity, nL = F,
where n is the initial moisture deficit (85 — ©{) and F is the volume of
infiltration. Thus, writing fp = dF/dt,

dF ns
ac = K (LH ) (5)
Integrating, and substituting F = 0 at t = 0
F + nS
£ - 8n log, ( ——==) = Kt (6)

This form of the G -~ A law is more convenient than Eq. 4 for watershed
modeling, for it relates the infiltration volume to the time from the
start of infiltration. From it one can obtain the volume for any given
time or vice versa. The advantage of Eq. 6 is that all of the parameters
are physical properties of the soil-water system and can be measured.
Estimation of S for a soil represented by curve 2 (Fig. 7) is difficult,
however, since the capillary suction always varies widely with moisture
content. The resultant suction for such a soil will be some kind of
average taken over the whole wetting front. This point is discussed in
later sections. Note that the equations do not account for the circum-
stance of rainfall intensity being less than the infiltration capacity
(Case B).

Several other workers have derived equations similar to Egs. 4 and
6 using Darcy's law and the law of conservation of mass. Rode (42) lists
Alekseev (1948), Budagovskii (1955) and Subnitsyn (1964), to which we can
add Philip (19534), and Hall (1956), although the latter author failed to
include the capillary force at the wetting front (23, 25, 39).

Interest in the Green and Ampt formula has revived, and the results
have been very encouraging. Bouwer has developed apparatus to measure S
in the field (2) and shown how to extend the analysis to a layered soil
(3). Laboratory tests and the G - A theory for layered soils have shown
excellent agreement (8). ¥None of these tests, however, were made for
the rainfall condition at the surface (Case B).

The Philip Equation

For a homogeneous soil with a uniform initial moisture content and
an excess water supply at the surface, Philip has solved the partial
differential equation of soil moisture flow (Eq. 8 ~ discussed in the
next section). The solution is in the form of an infinite series, but
because of the rapid convergence only the first two terms need to be
considered (41), giving

F = st + At (7)

where F is the volume of infiltration to time t, and s and A are constants
depending on the soil and its initial moisture content.
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The form of this equation is convenient and s and A can be predicted
in advance, but the method of finding their correct values is complex
and beyond the scope of a simple watershed model. The rainfall boundary
condition (Case B) is not simulated by Eq. 7.

Tests of the above equations have been made against field data.
Skaggs et al (44) fitted all of the equations and found them all satis-
factory, particularly for short times. Such a test may show that the
equation has the right form if the constants are correct, but still does
not answer the question of predicting the constants. A test of the
Green—-Ampt (Eq. 6) and Philip (Eq. 7) equations was made by Whisler and
Bouwer (47), who concluded that the G - A equation was not only simpler
to use, but also gave better results. They experienced considerable
difficulty in predicting s and A for Eq. 7.

The 80il Moisture Flow Equation

A combination of Darcy's law (applied to unsaturated flow) and the
equation of continuity results in the second-order, non-linear, partial
differential equation, e.g., Ref. (7).

00 8 [ 35(0)) _ 3K()
5t T Tz (K(O> P ) 0z (8)

where 0 is volumetric moisture content, t is time, z is the distance be-
low the surface, S(0) is the capillary suction, and K(0) is the unsat-
urated conductivity. Equation 8 is sometimes referred to as the Richards
equation, and also as the diffusion equation.

The solution of this equation for unsteady flow is difficult; the
analytic solution proposed by Philip (40) is complex and applicable only
to homogeneous soils with a uniform initial moisture content and an
excess water supply at the surface. TFor other boundary and initial con-
ditions, numerical analysis techniques (usually finite differences) are
necessary, and the required computation is far from simple, as shown in
the following section.

It remains to be shown here that Eq. 8 is a valid model for soil
moisture flow, one which is suitable to generate infiltration data under
a variety of input conditions.

There are many examples of solutions of Eq. 8 being compared with
field tests. Neilson et al (36), after stating that Eq. 8 is valid for
laboratory soils, compared results given by Eq. 8 with observed field
moisture profiles in Monona silt loam and Ida silt loam. Agreement was
termed adeguate, especially when the depth of water penetration was in
the homogeneous soil layer. Whisler and Bouwer (47), in the tests cited
earlier, judged Eq. 8 good; better than the other infiltration equations
tested,

Seepage of water from a pond was simulated by Creen et al (21),
using Eq. 8, and compared with a field test. A non-homogeneous soil was
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modeled by Wang and Lakshminarayana (46) and good agreement found with a
field trial.

The above examples are cited as validation of the Richards equation.
It is unfortunate that its complexity, and its requirement of the Y-8
and K-0 curves as input data rule it out for inclusion in a practical
watershed model.

The Need for a Simple Model - The Research Plan

It was shown in Section II that there are three distinct cases of
rainfall intensity as related to infiltration and runoff. There were,
as given previously, cases:

(A) I<Kg, (B) Kg<I<fp, (€) I>f,

For the hydrologist concerned with predicting the volume and timing
of runcff (A) need not be considered, except as a source of soil moisture
for future events. For most natural runoff events the infiltration pro-
cess starts in Case B, and when the surface becomes saturated moves to
Case C and runoff begins. The important point here is that the behavior
in (C) is markedly influenced by the volume infiltrated in (B). For this,
there are no simple infiltration equations.

The principal objective of this study was to develop a simple method
of predicting the time between the start of rainfall and the beginning
of runoff, using measurable properties of the soil and rainfall intensity.
The infiltration ''decay" portion of the curve was studied with the intent
of modifying the Green and Ampt equation to allow for the infiltration
volume prior to surface saturation, and the hope of determining the
appropriate capillary suction value for the soil.

The proposed model was tested against solutions of the Richards
equation for several soils, each with several different initial moisture
contents and a number of rainfall intensity levels. Experimental and
field data were used for testing to the extent available.

IV. DEVELOPMENT OF AN INFILTRATION MODEL

Both saturated and unsaturated fluid flow through soils can be des-
cribed by Darcy's law, providing the appropriate conductivity value is
used. However, as shown in Sec. II, the capillary conductivity is highly
dependent on the moisture content, which is a considerable complication.
To derive simple expressions for infiltration based on Darcy's law, some
assumptions about the shape and movement of the wetting front are nec-
essary. These assumptions are explained in the development of the infil-
tration model.

The situation to be examined here is that of a constant intensity
rainfall which initially completely infiltrates into the soil, but which
eventually produces runoff. The two stages in the process, previously
designated Case B and Case C, are considered separately in the following
discussion.

Prediction of the Infiltration Volume Prior to Runoff (Case B)

As stated in Sec., I1, the moisture content at the surface increases
during the rainfall until surface saturation is reached. Although Darcy's
law is applicable at any time during the process, it is at the moment of
saturation that a useful relationship can be developed, for at that
moment, the surface moisture content and conductivity are known.

A typical profile at the moment of surface saturation is shown in
Fig. 8. (It should be noted that the shape and extent of the profile
depends on the soil properties and the rainfall intensity.) The shaded
area is equal in volume to the volume of infiltration up to surface
saturation, Fg. Darcy's law will be applied to the shaded area; in other
words, we are assuming an abrupt wetting front with the soil beyond at
the initial moisture content, and the soil behind at saturation.

Darcy's law can be written
= K (o) 2% o
q K () = )

where q is the flow rate in depth per unit of time, K(0) is the capillary
conductivity, ¢ is the potential, and z is the depth.

In finite difference form this can be written
o=y
427231

¢ = -K(9) (10)

in which the subscripts 1 and 2 refer to the surface and wetting front
Trespectively. At the moment of saturation the infiltration rate is still
equal to the rainfall rate, so we can put q = I. Applying Eq. 10 to

Fig. 8, we see 23 - z1 = Lg. The potential at the surface ¢7 is
arbitrarily taken as zero, so the potential at the wetting front will be
={Lg + S,,) where Syy is the average capillary potential, discussed later.
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6 -~ Moisture content The capillary conductivity is assumed to be equal to the saturated con-
8. 8 ductivity. Making these substitutions, Eq. 10 becomes

i
/ / Surface 3 + L
A/ i
s s
//f:: / + From Fig. 8,

FTRTRR WL Tk

@
3]
o
[
‘ H . . F
2 [, = volume infiltrated - s
i = initial moisture deficit  IMD (12)
o
—~
2 where the initial moisture deficit, IMD = 94 - © .
<
B Substituting Eq. 12 into Eq. 11, and rearranging terms, we obtain
a
=
l . Say (IMD)
N 8 (I/Kg)-1 (13)

which can be used to predict the volume of infiltration prior to runoff.

Intuitively, (Eq. 13) is satisfactory, for if IMD = O (soil saturated),

there is no infiltration prior to runoff (Fg = 0). When I/Kg ~ 1,

Fig. 8, A typical moisture content profile at the moment Fg > «, for all of the rainfall at this low intensity will infiltrate.
of saturation.

A relationship similar to equation 13 was proposed as part of the
predicted intake volume to saturation by Rubin and Steinhardt (43) for
a soil with a well defined '"bubbling pressure'" (the capillary potential
at which the soil begins to desaturate). In their case Say was equal to
the bubbling pressure. Since many soils do not exhibit a well defined
0 - Moisture content bubbling pressure, the determination of S,, in the following way is con-

( . sidered substantially more general.
U

=

s

Surface
The Capillary Potential at the Wetting Front (S_)

There would appear to be two alternative ways of determining the
average suction at the wetting front, from the S - 0 relationship or
from the S - K relationship for the soil in question. Examination of
F ~F L these curves for a soil shows that the former is not acceptable. Take
Fig. 1 for example. It shows that the capillary conductivity is
effectively zero at a moisture content of about 30%. For moisture con-
tents below this level, soil moisture movement is comparitively very slow,
despite the high suctions in this region. Since we are interested in the
A moving front, it would seem that the average capillary suction is best

/ /\i;// B determined from the S — K curve. It is proposed, therefore, that S,y
. be determined by
// S 7 ) £e)

L L { Jr S.dK ()

IS z K(@j)
f ‘ % K(eg) - K(op) (14)

Fig. 9. The assumed moisture content profile for derivation
of the infiltration capacity equation.

N

z — Depth below surface




It is more convenient to use the relative conductivities, k.,
instead of the absolute conductivity K(0).

- K(9)
k(0 = k(o) (1%

Substituting Eq. 15 into Eq. 14, and noting that K(8g) = K,

1
/ 8.dk,. ()
_/ ke (8y)

av T - ke (05) (16)

Typically the initial moisture content before a rainfall event is
such that ky(0;)<< 1, (0< field capacity), so that we can write
kp(0;) = 0 with negligible error. Then

1
Sav=£}8.dkr )

or simply, the area under the § - k_ curve, between k. = O and k, = 1.
In practice the 8 = k, relationship near k, = 0 is hard to define, so,
in this study, the area in the range k. = .01 to k. = 1 was used.

Prediction of the Infiltration Capacity After Runoff Begins (Case C}

Let us assume that some time after the surface has saturated the
moisture profile can be represented by Fig. 9. Darcy’'s law can be applied
again, noting that the infiltration rate is now equal to the infiltration
capacity (fp), to give

c =KSaV+LS+L
P & Lg+L (18)

As in Eq. 12, Lg = Fg/IMD. Similarly, L = - Fg)/LiD

Hencef s IMD -+ S,y
p s F ) (19)

Note that in this equation, the infiltration capacity is not in-
fluenced by the infiltration volume up to surface saturation ¥g. In
other words, Eq. 19 predicts a relationship as shown in Fig. 10, in which
the infiltration capacity curve is constant in position for differing
rainfall intensities. Experimental data presented by Rubin and Steinhardt
(43) is very similar to Fig. 10.

It may sometimes be more useful to have the cumulative infiltration

as a function of the time since the beginning of the rainfall. By placing
Ep = dF/dt in Eq. 19 and separating the variables we obtain
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Fig. 10. Behaviour of infiltration capacity vs. infiltration volume
relationship as predicted by Eq. 19. VYor const. IMD.{(Iy, Io,
and Iy are different rainfall intensities)

F.d¥F = K

F+ (IMD) S,
8 tS

s+ 4t (20)

which can be reduced to

RKg (£ - tg) = F - (IMD) + S, .log,[Fg + IMD - s,dv}

- Fy 4+ (IMD) . S,y . loge [Fg + IMD . Sgyl (21

If we call tZ the equivalent time to infiltrate volume Fg under
Saturated surface conditions, Eq. 21 can be manipulated to read

- . F+ (IMD) . S
Kg (£ - tg + t£5) = F -~ (IMD) S,y loge( (IMD) av)

(DD - S,y (22)

which is similar to the Green and Ampt expression given in Eq. 6, but with

a? adjusted time scale. Eq. 22 can be solved directly for the actual
time, t, or by iteration for ¥,
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Summary of Model

) It has been proposed in this section that a suitable model for in-
fl%tration of a constant intemsity rainfall (I>K ) into a soil of uniform
molsture content can be expressed in the following form

£ =T until F = Fs, given by
- Sav (IMD)

and

for F » FS, f = fp given by
Sav (IMD) )
F

£,= Ky (1+

P (24)
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V. NUMERICAL SOLUTION OF THE MOISTURE FLOW EQUATION

The soil moisture flow equation (Eq. 8) is a second - order non-—
linear partial differential equation. An ideal solution would be an
analytic one, but except for a few special cases, no general analytic
solution is avallable. To obtain solutions for situations which approx-
imate real-life conditions, several researchers have employed finite
difference methods of one form or another, and programmed a computer for
the repetitive and tedious computations involved.

Smith (45) examined many of the published methods in an attempt to
develop one which both satisfied the law of continuity and predicted a
smooth infiltration curve whose shape agreed with field observations,
The numerical scheme developed below is a method based on the Crank -
Nicholson finite difference scheme, and is similar to that adopted by
smith. Additional refinements and modifications have been made and the
resulting program is suitable for infiltration under any constant rain-
fall rate into any homogeneous soil type, and for any initial moisture
distribution. Layered soils and rainfall of non-constant intensity can
be simulated with simple modifications to the program,

Formulation of Basic Finite Difference Scheme

Interior Nodes

For convenience, Eq. 8 will be rewritten here

a0 3 35(0) - AK(B)
Bt T 52‘(K(®) " osz ) 3z (25)

The conductivity K(G) can be written as K (0) = Ky kp, where Kg
is the saturated hydraulic conductivity, and k, is the relative conduc-
tivity. (This form is more convenient for interpretation, since k, re-
presents the fraction of the maximum conductivity possible for the soil
in question). Also, using the chain rule of calculus

sk p
3z (26)

80 _ 3

0
at

»

l

38 3 35
3 LK. 3 (k. 38y -k
S Gt % %z (er 32 s

Q2

Replacing the differential expressions by their corresponding finite
difference approximations, one obtains

Akr
Az 27)

LG AS 1 AS
22 B2 a L K, e ky 220y -
AS * At S Az & (e Az ) - Ke

There are two dependent variables in this equation, 0 and S. It
can be reduced to an expression with § as the only dependent variable by
noting that AO/AS is the slope of the © vs. S curve at some appropriate
point., Writing AG/AS as SL and multiplying both sides by Az,

(SL) §§é§-= - Kg [& (ke %§*> - tkr ] (28)
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To evaluate the difference expression, the notation demonstrated in
Fig. 11 will be used. All nodes on the time -~ distance plane are numbered
with the subscript i referring to the depth dimension, and the subscript
j referring to the time dimension. Thus, i = 1 and j = 1 refer to zero
depth and zero time respectively. The time and depth increments are not
necessarily cons tant (discussed later) so the node spacings shown in Fig.

11 are uneven. The depth node i is assumed to represent the soil thick- t
ness Azy which extends from the midpoint of zj and z{.1 to the midpoint time
of z; and 2441. These midpoints will be designated minus (-), and plus
(+), respectively, in the notation. 1In the finite difference approxima- y=1 §=2 tj"l tj
tion, the distance-averaged quantities will be evaluated at the midpoint {=1 Surface
of the time step, At. Eq. 28 becomes
o1 N i=2
. . . i ML R
3% azg - : i~ 37 pgdn
s1); 2 (s{ - s8Il - - Ks(kr+ A5+ g CASs
At Azy Az
=% j s (293
)
Now we can write —wl AL
372 gl 3L _gi | gi-l
AS = - -
+ 7 iy ¥ 854y -85 -85 D)2
O e N E: g si-} sJ
- i” % i-1 " Yi-1 (30) o, i-l -1
RS | A
j s j~% . e = -
The terms k§+0 and kﬂ_Z could be evaluated as being conductivities 2 gi-1 Sj ] if_ zg
5 by Jmls ] . .
corresponding to the suctions S?+f and Si f respectively, or the average b 24 . . T
conductivity taken from the four surrounding node points. A third ) o
. Az,.= .
alterpative is to select ki as a time-averaged conductivity from the o ”*——““—‘“j' +7 Zitl
node from which flow to node i is originating. It was found that the A Sj—l Sj ;
latter assumption improves convergence, although there is no appreciable 2449 i+l i+l
difference from the results obtained by the other two methods. There-
fore, let
j-1 5 P
K72 d 1w iy
i - Ti- ri-1
|
i
i and
J )
i - i _ . . { i heme,
| WP k3 4 kj_l)/z Fig, 11, Definition diagram for finite difference sch
| r+ Ti T (31)

Substituting Eq. 30 into Eq. 29, we obtain

i1 Az . s . 1 j j-l . oed . i-1
=t 2% [ j j-1y j-fs) _ + 8 5% - 59
(5.3 T (si - 83 )— - K [kr+ ( i+l i+l i i\

2AZ+

. i j-1 3 j~1
i% [sd+sT - sd - s)”
kr~ ( i iZAZ i-1 i-1 14 Ky = kpo (32)
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The unknown terms are the Sj’S
side of the equation.

~ these will be placed on the right hand

s hzi 4e L -1 .3-1
GO e I ( Sie1 7 5% T 2Az+‘)
1 2Az+

. j-1 -1 . i

K d7E ( siTh - sily e 2naly si K 3o .

$ Tt 2Az.. i-1 2hz_

i-% j- §-%

I [ Kekpy K kr- Keki_ J- bz
S4By 4 BEL - i

i ( 20z, 28z, * 252_ (SL)i At

1-4
111 \ Tz, (33)

which can be written more simply in the form

= i 3 3
LHS; = ay 87 ; + by Sy +¢; S, (34)

An equation of the form of Eq, 34 can be written for the upper and
lower boundary conditions (see next section) and for each interlying
depth mode, resulting in a set of m equations for m unknown values of S,

In matrix form this can be written as

-> -+

[A] S = LHS (35)

where [A] is a tri-diagonal matrix,
with a simple numerical algorithm,
tions should now be examined, For the upper boundary there are two
possibllities; eitrher the surface is unsaturated (rainfall condition ~
Case B) or the surface is saturated (Case C),

a form which can be solved rapidly
The upper and lower boundary condi-

Upper Boundary Condition-~Case B
For this case, the surface layer is unsaturated, and the extra term,
the rainfall rate, must be added to the continulty equation for the
nodes £ = 1. Following the same procedure as before, an equation
analagous to Eq, 32 can be written for the surface node,

b hzy -1 ] J-1 3 ~1
(SL)l i i (si - slj )=~ Kok, (32 T 32 + 1)
Zﬁz+
+ RAIN (36)

where RAIN is the rainfall intemsity,
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Placing the unknown values on the right hand side as before results
in
-1 4-1

S e R B s, -8 + 2z
SOMY T g syt ek G2 L P ramy
+
3 ¢ Kekrt 3~ ] Kgk
= 8 ( - _ sfy+
A O R I e (37)
or
LHS, = bls{ e s% (38)

This is the first equation of the tridiagonal matrix (Egq, 35) for the
rainfall condition at the surface,

Upper Boundary Condition-Case C

When the surface layer is saturated (the transition from unsaturated
to saturated is discussed later) the capillary suction Si is set equal
to zero, which assumes there is no significant ponding on the surface.

Thus we sklp node 1 and start computation at node 2. Because Sj is
known ( = 0), Eq.34 becomes 1

LHS, = by 83 + ¢, ] (39)

which is the first equation of the tridiagonal matrix (Eq, 35) for a
saturated surface,

Lower Boundary Condition

In the early stages of infiltration, the wetting front has not
penetrated far into the profile, It is more economical in computation
time if the nodes which have not yet been reached by the wetting front
are excluded from the calculation, Therefore, the matrix [A] is
truncated, For this condition at the appropriate node m, one can say

Sg = S%“l, Hence, Eq, 34 becomes

LSy = ap 831 + b, s (40)

which is the final equation in the m x m tridiagonal matrix,

Initial Conditions

The required initifal conditions are the initial moisture content for
each node, and whether or not the surface is to be instantaneously sat-
urated at time zero, All cases simulated in the study involved infiltra-
tion under rainfall into a soil with a uniform initlal moisture content.



Solution of Eq, 29 for Each Time Step

So0il Properties

It 1s necessary at every step to compute the values of k, and SL
corresponding to the capillary suction at each node, To expedite this
the O vs § and k. vs § relationships for the soil are stored in the
computer as tables of data points, These points are chosen such that an
insignificant error is incurred by assuming a straight line between
successive points, By this method, the appropriate values of © and ky
can be determined efficlently by linear interpolation, To compute

1,
(SL)j'Q, the 8-S table is scanned for the data point nearest the value

of the midpoint of 53! and 8], The slope is determined by fitting a

parabola to this and 1ts adjacent data points. If the difference be-
tween Si—l and Si is greater than a specified value, then the slope of

the chord joining (@g—l, Sg-l ) and (@i . Sg } is used,

Requirement of Iteration

To solve Eq, 29 for a given time step it is necessary to use the
correct values of k. and SL at each node, However, to obtain these
values, the corresponding S-values (which it is required to find) have
to be known, Thus, an iterative procedure is needed, whereby the S-
values are estimated and ke and (SL) determined for these estimated
values, Equation 33 is then solved for the new S-values which are com—
pared with the estimated values, If the estimated and new S-values at
each node do not correspond to within a specified error tolerance, the
process 1s repeated, using the new S-values as the new estimates.

Transition from Unsaturated to Saturated Surface

As Infiltration under a rainfall rate >Kg proceeds, the surface layer
becomes wettex, and the transition from Case B to Case C occurs., A
constant check 1s kept of the moisture level in the surface node, and
when saturation is reached, the time step is adjusted so that the
phenomenom occurs just at the end of the time increment, and the step
recomputed, Subsequent time steps are then assumed to have a saturated
surface condition prevailing,

Acceleration of Convergence
The convergence for the iterative procedure described above can be
accelerated using Aitken's A2 - method (26), which predicts an improved

value from the result of the previous three iterations. The formula
can be stated thus
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s =g - Gntl - Sa)?
nt2 T Gupr = B T8 1

where Sn’ Sn+1ls So42. are the values of 8 from the previous three itera-
tions, S.47 hopefully is an improved estimate which will jump several
iteratiops, Some tests of the numerical solution showed that, when the
Aitken &A° -~ method was applied to those nodes which had not converged,
the average saving iIn computation was two iteratlion steps for each time
step, The method was not applied to the first iteration step,but to
every three thereafter, for it is not suitable unless convergence is
occurring,

Computation of Infiltration
After convergence is achieved the cumulative infiltration is computed
from the change in the soil moilsture level since the beginning of the
event, That 1s
m
et sz 0 -0l (42)
1=1 i i

The average infiltration rate over the time interval is simply

e
At (43

For the unsaturated surface condition, a continuity check is possible

by comparing the cumulative infiltration volume from Eq, 42 with the
rainfall volume in the same time, Such a check was made for each
computer run and the maximum error was of the order of 17, but generally
much less,

Depth Increment

Many published finite difference schemes for solving Eq, 25 have a
fizxed depth increment (e.g,, Ref, 24), Smith (45) showed that the
choice of depth increment has a considerable influence on the results,
and proposed that increments be small near the soil surface where the
suction gradients are higher and where it is necessary to accurately pre-
dict surface saturation, and larger at points deeper in the soil where
gradients are smaller, Palmer (37) reached the same conclusion.

In the work reported here, the same pattern of depth increments was
used for all soils. These values are shown in Table 1,
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Table 1, Depth increments used in the finite difference scheme

Depth Range (cm) Increment Size {(cm) No, of Increments
0~ 1 .20 5
1 - 8 .25 28
8§ - 10 .50 4
10 - 15 1.00 5
15 ~ 25 2,00 5
b5 5,00 3

These depth increments are a compromlse based on the results of
Smith (45), Palmer (37), and several tests by the senior author. It
was found that by halving the depth Increment a smaller time to surface
saturation was predicted., A second halving of the increment resulted
in a yet smaller predicted time but the discrepancy was approximately
half of the previous difference, Thus, the depth increment must be
reduced until the difference between successive predicted values is an
acceptable one., For the choice given above the estimated error is of
the order of 5%, (Note that if the depth increment is halved, the com-
putation time is more than doubled)},

Time Increment

Eq. 25 is non-linear because SL and k., are functions of S, As
mentioned before it 1s solved by assuming that k, and SL are constant
over the particular time step, Tests with the numerical solution showed
that errors in computation of SL produced continuity errors, and that
the golution was far more sensitive to SL than ke

The initial time step was arbitrarily chosen as the time needed to
fill 10% of the available storage in the uppermost soil layer. Larger
initial steps caused instability in the solution, Hence, the time step
was computed from a prediction of the slope change for each node over
the new time step, This prediction was based on the change over the
previous time step and the curvature of the 0-8 curve at that point. A4
secondary factor in the choice of the time step was the number of
iterations involved, Too large a time step means many iterations and
poorer accuracy, while too small a step means few lterations, but many
more time steps for the same event time, An increase of the time step
by 20% was made 1f the iterations on the previous step were less than four,
and the time step was halved if more than twenty iterations were needed.

Generally, for each run the time step increased reasonably uniform-
ly to a predetermined maximum value,
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The Computer Program

The program was written In FORTRAN IV and was run on the CDC 6600
computer at the University of Minnesota Computer Center, The complete
program was given by Mein (34), It is written as a series of subroutines
for maximum flexibility. Briefly, the data Input is handled in DATIN,
and the initial conditions are computed in CALC, Subroutine MAIN solves
the basic soll moisture equation, and CONS computes the infiltrationm,
elapsed time, depth of wetting, and the new time step, PLOIT is an
option to plot the moisture content or capillary potential as a function
of depth, while INTERP and SLOPE are used to interpolate the soil data
curves, and calculate the slope of the 0-8 curve respectively,

For an average run the compile time was 4 seconds and the run time
15 seconds,
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VI. GENERATION OF INFILTRATION DATA

Discussion of the Richards Equation in Sec. III showed that it is
considered the best available mathematical description of moisture flow
in soils, With numerical solution of this equation, one can therefore

generate any number of infiltration events, simply by using the appropriate

s0il properties and the desired values of initial moisture content and
rainfall intensity. In this manner, the influence of any factor on the
infiltration behavior can be studied by systematically changing its value,
Such a technique 1s extremely difficult in both field and laboratory
experiments.

The Soils Used

It was desired to generate infiltration data for a range of soil
types. The soils, selected from published data and listed below in
Table 2, vary in texture from a sand to a light clay.

Table 2. Soils selected for the study

Soil Refercnce  Kg{cm/sec) Porosity

Plainfield Sand (1) 3.44 x 1077 477
{disturbed sample)

Columbia Sandy Loam (32) 1.39 x 1073 .518
(disturbed sample)

Guelph Loam (14) 3.67 x 1074 .523
(air dried, sieved)

Ida Silt Loam (19) 2.92 x 107° .530
(undisturbed sample)

Yolo Light Clay (35) 1.23 x 1072 L 499

(disturbed sample)

The published data for the first 3 gsoils in Table 2 were desorption
data, but because infiltration is an absorpticn process it is important
to use the absorption or wetting curve of the soil characteristic curves,
A reasonable estimate of the wetting curve can be obtained by dividing
the drying curve 5§ - values by a factor approximately equal to 1.6 (D,

A. Farrell, Research Soil Scientist, Agricultural Research Service,
private communication). For spherical particles Rode (42) shows that the
ratio of Sgeg to Sapg  1s about 1.8, but it would be somewhat less for
non-spherical particles. Examination of published hysteresis data showed
different values of the ratio of Sdes to S,ps ranging from 1.5 to 1,8
over most of the curve. 1In this study a constant ratio of 1.6 was used,
i.e., for the sand, sandy loam, and loam, the S values for the $~0 and
S-K curves were divided by 1.6 to obtain wetting data,
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The 5-0 and S-k, curves for the five soils listed in Table 2 are
shown in Figs. 12 and 13, Note that a wide variability in soil proper—
ties is represented by these curves. Complete details of the input data
for each soil are given in Appendix A.

Choice of Initial Moisture Contents and Rainfall Intensities

The moisture contents used in the study for each soil were somewhat
arbitrarily chosen, but in all cases, the highest initial moisture con-
tent was such that the relative conductivity at that moisture level was
small (<5%). With this as the upper limit a number of values spread over
the remaining soil data range were selected for each soil., (In natural
soil, drainage after rainfall can reduce the moisture content fairly
rapidly to a point where the conductivity is low, so the choice of the
upper limit above is realistic).

Rainfall intensities were chosen as fixed multiples of the saturated
conductivity for each soil; wvalues of 4 and 8 were used for all soils.

Columbia Sandy Loam and Ida Silt Loam were singled out for more
extensive testing, both to save a substantial number of computer runs
on the other 3 soils, and because they represent two completely differ-
ent soil types. Additional rainfall intensities (2 Kg and 6 Kg) and
extra moisture levels of meoisture content were used for these two soils.

Results

A number of graphs and figures representative of the infiltration
data generated for each soil will be presented in this chapter, Addi-
tional data are given in Sec. VII and the complete results are listed
in Appendix B.

Graphs of infiltration rates vs time for Columbia Sandy Loam are given

in Figs. 14 and 15, showing the effect of initial moisture content on‘the
shape of the infiltration capacity curve. As one would expect, the time
to surface saturation is larger when the initial moisture level is less.
Note also that the infiltration curve is steeper the sooner that surface
saturation is reached, and that the slope of the tail of each curve
becomes small even though the infiltration rate is significantly greater
than K.

Figs. 16 and 17 are different ways of plotting the results for
Columbia Sandy Loam, Fig. 16 clearly shows the effect that rainféll
intensity has on both the shape and position of the resulting in?il?ra~
tion capacity curve. However, as shown in Fig. 17, by plotting infil-
tration volume on the abscissa, the infiltration capacities for each
run fall on the same curve., Similar data for Ida Silt Loam are shown
in Figs. 18 and 19, alcthough in the latter figure, the infiltration
capacity curves do not quite coincide. The implicaticn of the common
infiltration capacity vs infiltration volume curve and a possible expla-
nation of the Ida Silt Loam discrepancy is discussed in the next section
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(page39 ). It should also be mentioned that of the five scil types used,
the coincidence of the infiltration capacity vs. infiltration volume curves
was best for Columbia Sandy Loam and poorest for Ida Silt Loam, the exam
ples shown in Figs. 17 and 19. These results illustrate the fact that
infiltration capacity is best expressed in terms of prior infiltration
volume and initial moisture content, rather than by the usual empirical
equations which give infiltration capacity as a function of time,

Along with the infiltration data, the soil moisture profile at each
time step was obtained, Figs, 20 and 21 show the profile at the instant
of surface saturation and at a later time for Columbia Sandy Loam and
Ida 5ilt Loam respectively.

A general observation on the depth of wetting is worth noting here,
The program to generate the infiltration event halted when a specified
event time had elapsed or the wetting front reached 30 cm, whichever
happened first. For the loam, silt loam, and light clay the former
criterion stopped the run, whilst the latter criterion caused many of the
sand and sandy loam runs to terminate, In all cases, the infiltration
rate had fallen to the portion of the curve where the infiltration capac—
ity was decreasing slowly. The corresponding depths of the wetting front
ranged from around 8 cm for the clay to 30 cm for the sand, This obser-—
vation has important implications which are given in Sec. VIII,
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VII. ANALYSIS ~ TEST OF PROPOSED MODEL

In this section, the infiltration behavior predicted independently
by the proposed model (Egs. 23 and 24) is compared with the data generated
by the finite difference approximation to the Richards equation (Eq. 28).
There are two parts to the model: prediction of the moment of surface
saturation, which is the end of the stage for which infiltration rate
equals the rainfall intensity, and prediction of the infiltration capac~
ity of the soil when the infiltration rate falls below the rainfall rate.
A further test of the former stage is made using published experimental

data.

Prediction of Fg

To predict the infiltration volume prior to surface saturation (Fs)
Eq. 23 is used. However, the parameter S,, must first be evaluated
using Eq. 17 and the S-ky curve for each soil, shown in Fig. 13. The

values obtained for each soil are given in Table 3.

Table 3. Values of S, obtained from Eq. 17 and Fig. 13

Soil Say(em)
Plainfield Sand 11.73
Columbia Sandy Loam 23.83
Guelph Loam 31.38
Ida Silt Loam 7.43
Yolo Light Clay 22.36

With the appropriate value of S, in Eq. 23, the volume of water
uptake to the point of surface saturation can be predicted. The values
obtained for the five soils for a variety of rainfall intensities and
initial moisture contents are compared with the corresponding values
computed by Eq. 28 in Tables 4 to 8,

In view of the assumptions involved in the derivation of Eq. 23, the
agreement obtained between Eq. 23 and Eq. 28 for all of the soils except
Ida Silt Loam is very good. If one considers the error in the results
from the Richards equation due to a finite depth increment (discussed
in Sec. V) and realizing that this tends to increase the value of Fg
obtained, the results look better still,

Table 7 shows comparatively large percentage discrepancies for Ida
Silt Loam, although absolute differences are small. The explanation may
be that the different soil properties near saturation (See Fig. 12)
render less valid the assumption of a rectangular wetting front prorile,
made in deriving part of Eq. 23. Certainly the soil moisture profile for
this soil at saturation (Fig. 21) is vastly different from that of Colum-—
bia Sandy Loam (Fig. 20). Further investigation should be directed at

39



Table 4. Predicted and Computed Infiltration Volume to Table 6. Predicted and Computed Infiltration Volume to

Surface Saturation (em) for Plainfield Sand Surface Saturation (em) for Guelph Loam
I/KS IMD Fg{Pred) F (Calc) Difference %
Eq. 13 Eq. 28 Eq.28-Eq.13  Diff I/Kk, T  Fy(Pred)  Fg(Calc)  Difference %

) Eq. 13 Eq. 28 Eq.28-Eq.13 Diff

4 347 1.35 1.43 .08 5.6
<247 -96 -99 -03 3.0 4 .223 2.23 2.37 .04 1.7
173 1.81 1.78 -.03 1.7

8 .347 .581 677 .096 14.2
-247 -413 -463 .050 10.8 8 .223 .999 1.07 .07 6.5
173 775 .801 .026 3.2

Table 5. Predicted and Computed Infiltration Volume to

Table 7. Predicted and Computed Infiltration Velume to
Surface Saturation (cm) for Columbia Sandy Loam

Surface Saturation (em) for Ida Silt Loam

/K IMD F,(Pred) Fg{Calc) Difference %
Eq. 13 Eq. 28 £q.28-Eq.13 Diff T/Kg IMD F (Pred) Fgo(Cale) Difference %
Eq. 13 Eq. 28 Eq.28-Eq.13 Diff

1 2 .393 9.43 10.10 .67 6.6
.268 6.38 6.75 .37 5.5

2 .28 2.08 1.85% -.23 -12.4

4 .393 3.12 3.28 .26 7.9 .13 .965 L7127 -.238 -32.7
.368 2.92 3.06 14 4.6

. 318 2.52 2.62 .10 3.8 4 .28 .691 . 850 . 159 17.7

.268 2.13 2.19 .06 2.7 .23 568 673 . 105 15.7

. 200 1.59 1.61 .02 1.2 .18 446 .513 .067 13.1

.13 321 2315 -.006 - 1.9

6 .393 1.87 2.01 .14 7.0 .10 .248 .215 -.033 -15.3
.268 1.28 1.34 .06 4.5

6 .28 L416 .607 ~.191 31.4

8 .393 1.34 1.47 .13 8.8 .13 .193 209 .016 7.7
.368 1.25 1.37 .12 8.8

.318 1.08 1.18 .10 8.5 8 .28 .298 478 . 180 37.7

.268 .913 .795 .062 6.4 .23 264 367 .123 33.6

.200 .681 712 031 4.4 .18 .191 .251 . 060 23.9

.13 .138 163 .025 15.4

.10 . 106 . 105 -, 001 - 1.0
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.

this apparent anomaly.

All of the results in Tables 4 to 8 (except for two large values in
Table 5) are plotted in Fig. 22 for a visual comparison between results
from Eqs. 23 and 28. Generally, agreement is good.

A further test of Eq. 23 can be made against data published by Rubin
and Steinhardt (43) for rainfall infiltration into columns of air-dry
Rehovot Sand. Because the actual moment of surface saturation (defined
in this study as the moment when the suction at the surface is just zero)
is difficult to observe, Rubin and Steinhardt noted three stages: visible
retardation of rainfall just apparent (Stage A), about 1/3 of surface
just covered by water (Stage P), and surface just completely covered
(Stage C). They reasoned that surface saturation should occur some-
where between stages A and P, The experimental points corresponding to
stages A and P are plotted for several rainfall intensities in Fig. 23,

From their published data for Rehovot sand, the following properties
were noted. The porosity is ,387 (vol/vol), the saturated conductivity
is 47.9 cm/hr, the initial moisture content (air dry) was taken to be
.025 (vol/vol), and S,, was computed to be 16.1 cm. The values predicted
by Eq. 23 for the appropriate rainfall intensities are plotted with the
experimental data in Fig. 23. The good agreement between the observed
and predicted infiltration volume to surface saturation is further proof
of the validity of Eq. 23.

Table 8. Predicted and Computed Infiltration Volume to
Surface Saturation {cm) for Yolo Light Clay

I/Kg IMD Fg (Pred) Fy(Calc) Difference %
Eq. 13 Eq. 28 Eq. 28-Eq. 13 Diff

4 . 249 1.86 1.90 .04 2.1
. 149 1.11 . 966 -.14 -1.5

8 . 249 . 797 .918 L1211 13.1
. 149 477 .459 -.018 3.9
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Fig. 22. Predicted volume to saturation (Eq. 23) vs. computed volume
to saturation (Eq. 27) for all soils.

Prediction of Infiltration Capacity After Surface Saturation

There are two possible metheds for testing this portion of the pro-
posed model (Eq. 24). The model predictions could be calculated using
the point of saturation from Eq. 26 as the starting point i.e., inde-
pendently of the first stage of the model given above, or could be com-
puted from the predicted point of saturation. Because Eq. 23 is a
necessary part of the model, and also because it would be a more severe
test, it was decided to use the latter approach,

For each value of I/Kg and IMD given in Tables 4 to 8 an infiltra-
tion capacity curve was obtained. The data points for these curves are
given in Appendix B. A point by point comparison of the data points
against values predicted by Eq. 24 has been made, but would be too volum—
inous to present here. Instead, two or three points were picked randomly
from each curve and the predicted and computed values plotted in Figs.

24 and 25. The scatter in the fp/Kg plot in Fig. 24 is small, but is
even less on the plot of infiltration volumes in Fig. 25,
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Stage A - the moment at which visible retardation of the
rainfall is first observed.

Stage P - the point at which 1/3 of the soil surface is
covered by water,

A general assessment of the comparison of observed and predicted
values for each soil is presented in Table 9. Errors up to about 10%
were considered acceptable,

It should be noted that the error increased slowly with time, In
practice, the rainfall events would not persist for the long times sim—
ulated, so that the increasing error is not considered to be a major
objection to the model. A further point to note here is that because
the prediction from the first stage of the model is used as the starting
point, the error here is actually the combined error from both steps, i.e.»
the complete model.
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Table 9., General Comparison of Infiltration Volumes given by Eq.
24 and the Finite Difference Solution to the Richards
Equation (Eq. 28).

Soil Comments

Plainfield Sand Agreement excellent-largest

error obtained was 3,67

Columbia Sandy Loam Agreement excellent—for most
runs less than 2% difference;

largest 3.4%

Guelph Loam Agreement excellent -~ largest

error 4.4%

Ida Silt Loam Agreement fair - error gener-
ally less than 10%, but some

as high as 20%

Yolo Light Clay Agreement - satisfactory -

errors up to maximum of 11%

Again, the Ida Silt Loam was the soil for which the proposed model
gave the poorest results. Examination of Fig. 21 may show why. In the
development of Eq. 24 it was assumed that the shape of the wetting front
was essentially unchanged after surface saturation occurred. For Columbia
Sandy Loam (Fig. 20) this appears to be a good assumption, but for Ida
Silt Loam (Fig. 21) it is not. Consequently the infiltration rate vs
infiltration volume data points for different intensities for Ida Silt
Loam (Fig. 19) do not fall quite on the same curve as predicted by Eq. 24
(see Fig. 10). Contrast this result with those obtained for Columbia
Sandy Loam (Fig. 17) for which the points do fall on the same curve.

The authors arenct awareof any field data with which the proposed
model can be tested. Although many many infiltration tests have been
published, it is uncommon for a range of rainfall intensities to be
applied, and rare indeed for the suction - conductivity curve to be
available for the scoils. In 1911, Green and Ampt (20) urged that soils
be classified in terms of the parameters permeability, porosity, and
capillary potential. Unfortunately, this excellent advice has not been
followed.
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VIII. CONCLUSION

Summary

Infiltration is probably the most important hydrologic process
affecting watershed runoff from a storm, but to date it has been the
weakest component of most current watershed models. The major problem
has been the prediction of the start of runoff during a storm, and of the
infiltration capacity vs. time relationship after runoff has begun. Both
of these stages in the rainfall-infiltration-runoff process depend
strongly on soil type, rainfall intensity, and the initial soil moisture
content,

Based on this study, a simple infiltration model is proposed for the
idealized case of a constant intensity rainfall infiltrating into a
homogeneous soil at uniform initial moisture content. The infiltration
volume prior to the beginning of runoff is predicted from a modified form
of Darcy's Law. The succeeding infiltration capacity "decay" curve is
described by the Green and Ampt equation with a correction included to
allow for the volume of infiltration prior to surface saturation. All
parameters in the model can be obtained from the rainfall intensity and
measurable properties of the soil; no fitting is required.

The model equations were tested against numerous solutions of the
diffusion equation for soil moisture flow. Comparisons were made for
five different soil types (sand, sandy loam, loam, silt loam, light clay)
and for a variety of rainfall intensities and initial soil moisture
levels. A further independent test of the prediction of the water up-
take before runoff was made against published experimental observations.
Good to excellent agreement was obtained for all tests except in the case
of the silt loam, for which agreement was fair.

The proposed model for I » Kg is as follows:

f=1until F = Fg, given by

Say (IMD)
Fs = T/k, - 1 (44)
and, following this, when F > F,, f = fp, given by,
5., (IMD)
. av
fp = K 1+ —F 45)

where f is the infiltration rate (cm/sec)
fp ig the infiltration capacity (cm/sec)
F is the infiltration volume from start of rainfall (cm)
Fg; is the infiltration volume to time of surface saturation (em)
IMD is the initial moisture deficit = porosity - initial moisture
content {(vol/vol)

47



K is the saturated hydraulic conductivity (cm/sec)

is the rainfall intensity (cm/sec)

is the average capillary suction at the wetting front,
obtained from the 8§ - K relationship for the soil (cm)

L2 ]

av

Conclusions

For the idealized conditions assumed for this study (constant rain-
fall intensity, homogeneous soil, uniform initial moisture content)} the
following specific conclusions can be drawn.

1. For a rainfall intensity greater than the saturated conductivity
but less than the infiltration capacity, the volume of infiltration prior
to the commencement of runoff (surface just saturated) can be reasonably
predicted by Eq. 44 for soil types ranging from sand to at least a light
clay.

2. TFor a soil with a saturated surface condition {(infiltration
capacity less than rainfall intensity), the decline of infiltration
capacity can be reasonably predicted by Eq. 45 for a wide range of soil
types (sand to light clay).

3. The appropriate value of the capillary suction at the wetting
front can be determined by simply taking the area under the § = K, curve
for the range 0.0l < k, < 1.0 if the initial capillary conductivity is

small compared to the saturated conductivity,
A more general conclusion is that it is far more meaningful to

relate infiltration capacity to the prior infiltration volume and the
initial moisture content rather than to express it as a function of time.

General applicability of results

It would be a rare circumstance for which one would find a rainfall
of constant intensity falling onto a truly homogeneous soil of uniform
moisture content as was assumed in this study. But examination of each
assumption shows that they are less restrictive than it would first appear.

The derivation of the first stage of the model (Eq. 44) assumed a

constant rainfall intensity. After that, so long as the intensity ex-
ceeds the infiltration capacity (I 3.fp), it makes no difference what the
rainfall intensity is (a note on surface sealing is made later). Now

we see that many storms could fit the requirements - all that is needed
is a period of constant or perhaps nearly intensity rainfall until the
surface is saturated.

The next assumption to look at is that of homogeneity. It was noted
in Section VI that the depth reached by the wetting front during the in-
filtration event was comparitively small -5 cm for the clay to 35-30 cm.
for the sand. That is, it is the upper layer only which determines the
infiltration behavior of a soil. It is this layer only which we have

assumed to be homogeneous, an assumption which can be made for many soils,
For example, the long term effect of tillage tends to mix the topsoil into
a more homogeneous layer. (The short term effect of tillage can often

be thought of as a creation of depression storage -- possibly one could
apply the infiltration model to the soil below the plow depth).

The biggest difficulty with any soil is to determine the appropriate
§ - K relationship to use, (Note that it is difficult to experimentally
determine this relationship even for an ideal soil}. There are several
reported mathematical models to predict the § - K curve from the § - ©
curve, e.g., Ref. 4, and recent work with this goal shows promise
(Farrell, private communication). Because of the scarcity of § - K data
equations 44 and 45 may have to be fitted to find S,,. Note however that
once 8, is determined for the soil, the model is applicable for different
moisture contents and intensities. There is no need to redetermine para-
meters as is the case with most empirical infiltration equations.

The assumption of uniform moisture content is also softened somewhat
by the discussion of the influencing depth of soil above., It may well
be that the moisture content in the upper soil is non-uniform in many
cases. Thus,influence of non-uniform initial moisture content should
be studied further.

The condition of the soil surface is known to be an important factor;
in particular, surface sealing by raindrop compaction can have a big
influence. Soil cracking, root holes, etc., can also affect the infil-
tration capacity. It is not claimed here that the model proposed above
will account for this kind of natural variability. It is only hoped
that this model, with measurable parameters, is an improvement over
many of the existing models.

Suggestions for Further Study

Several possibilities exist for extending the applicability of the
model, discussed in the previous section.

1. It should be possible to extend the analysis to layered soils
as has been done for the Green-Ampt equation (Refs. 3, 8). Further
work is needed on this.

2. The assumption of uniform initial moisture content is limiting
for the model, but a good possibility exists that the division of the
so0il mass into layers of uniform initial moisture content would give
good results.

3. Some investigation of non-uniform rainfall intensity should be
made for the first stage of the model to see how a reasonable estimate
of the moment of surface saturation could be made for this case,

Finally, a series of field tests would be desirable to test the
model further,
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