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MAXWELL’S EQUATIONS IN A PERIODIC STRUCTURE
XINFU CHEN} AND AVNER FRIEDMAN}

Abstract. Consider a diffraction of a beam of particles in R? when the diellctric coefficient is a constant
€1 above a surface S and a constant ez below a surface S, and the magnetic permeability is constant
throughout R3. S is assumed to be periodic in the #; direction and of the for #1 = fi(s),z3 = fa(s), w2
arbitrary. We prove that there exists a unique solution to the time-harmonic Maxwell equations in R3
having the form of refracted waves for z3 3 1 and of transmitted waves for -1—::3 > 1if and only if there
exist a unique solution to a certain system of two coupled Fredholm equations. Thus, in particular, for all
the e’s, except for a discrete number, there exists a unique solution to the Mg,xwell equations.
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Introduction. In this paper we consider the Maxwell equations for time harmonic
solutions in the entire space R?®, with piecewise constant dielectric|coefficient having jump
across a periodic surface. The magnetic permeability pu is assumed to be constant whereas
the dielectric coeflicient ¢ is given by: € = ¢; above a surface S :/z3 = f(z1) and € = ¢,
below the surface S; €; and e; are different constants. If S is a half space {z3 = 0} then the

solution Ep, Hqg can be computed explicitly. We assume in this paper that S is periodic,

le.,

We wish to find a solution E , FI such that

(0.1) E —Ey and H — H, are superpositions of “transmitted” waves

in {23 < —A} and of “reflected” waves in {z3 > A} where A > max |f|.

In §§1-7 we assume that f € C? and we reduce the solution of the Maxwell equations to a
Fredholm system of four integral equations; in §8 we reduce it further to a Fredholm system
of two integral equations. Thus for all but a discrete sequence of values of the physical
parameters there exists a unique solution to the integral equations, yielding a solution of
the Maxwell equations; the solution satisfies (0.1). In §9 we prove that any ~olntion of the
Maxwell equations which satisfies (0.1) is uniquely determined.

In §10 we generalize the previous results to the case where the curve S= 5 |/, = 0} is
not necessarily of the form z3 = f(z,) with f € C2; in fact § is assjumed to 1w . pilecewise
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C? curve, which is not necessarily an z3-graph. In particular, the case where f is a step—
function is included; this case arises in the design of digital lenses (oral communication
from Dr. Allen Cox at Honeywell).

Integral equations have been used by Benaldi [2] to solve the Maxwell equations; Be-
naldi [2] uses finite-elements schemes for computing the solutions of the integral equation.
The Maxwell equations in periodic structure corresponding to arrays of antennas were
studied by Nedelec and Starling [8]; Bellout and Friedman [1] studied the Schrédinger

“equation for a periodic potential, corresponding to guantum scattering by a slab with
‘periodically varying potential energy.

For the specific problem dealt with in this paper there is a numerical approach due to
Gaylord and Moharam [5], which is based on approximating f(z,) by step—functions and
- using the “separation of variables” method for solving the approximating problems.

A good background on diffraction optics in grating material, especially from engineering
and numerical points of view, can be found in a collection of articles edited by R. Petit [9].

§1. The Maxwell equations. We denote points in R? by X = (z,,z4,23), ¥ =
(y1,v2,y3)- Let S be a surface in R* given by

S:z3 = f(x1)
where f(z,) is periodic of period L:

flz1 + L) = f(zy) Vi,

we also assume that

fec?.
Introduce the domains

Q) = {X = (z1,29,73); =1 > f(z3)},
Qy = {X = (z1,22,23); 21 < flr3)}

we assume that the magnetic permeability p is constant throughout space whereas the
dialectric coefficient e satisfies:

€1 in Q]
€ =

€ in Q,
wlere €, €; are complex constants and €; # €. Writing for j = 1,2
I AR R S
e=¢ twe , €5 =¢€;FT1€; ,
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we further assume that
€; >0, €;20;

the case €] > 0 accounts for absorption; see, for instance, [4; §82].

Suppose a beam of particles is incident to the periodic surface S from above and it is
time periodic of period 2m/w. We wish to find the corresponding time harmonic solution

)

of the Maxwell equations and, in particular, to investigate the asymptotic behavior of the

E(F)e= | H(F)e ™' (¥ =X = (z1,22,2

()

solution as |z3] — oc. Setting

=By, B =H|,

Maxwell’s equations in each ; are:

(1.1) VXEJ.—%E”=O in  £;,
(1.2) VXHJ#—‘?—GEJ—O in Q,

where ¢ is the speed of light. The weak form of Maxwell’s equatmns in a neighborhood of
S reduce to the following jump relations: :

(1.3) 7 x (B —E*) =0 on S,
(1.4) wx(H - H?) =0 on S,
(1.5) 7 (aE' —&E)=0 on S,
(1.6) w(H —HY) =0 on 8,

where 7 is the downward pointing unit normal to §.

The incident beam of particles coming from £ can be represented by the solution

(1.7) ey

hO — ei(axl —,3.'53)

|
H.(7) = (0,h0,0), Eu(T)= (5;25,0,———22;’),

where

2
(1.8) a’ + 3% = 261, a real, Imf3 > 0.
c




In the special case

S = {.’£3 = 0}
~ the corresponding solution of the Maxwell equations (1.1)—(1.6) is
= e ¢ {Oh Oh
] H0=(05h30)1 EU“E(B—:L_;’ 7'"5;) 3
(]_9) ei(aa:1—ﬁa:3) + T(O[, 6)ei(az1+ﬁ13) if T3 > 0
h=h(zy,z3) = ) ~
H{ ar, B)eH @1 —Fzs) if 23 <0
where
(1.10)
N N e\ 12
B={(a®+m2—a*}? ImB>0, n, = (6—) (Snell’s law),
1
(1.11)
2
ta,f) = 26,5 = (transmission coefficient),
Bni+ 5
(1.12)
. 2 _ o
r(a, B) = -’%—é (reflection coefficient).
Anj + 8
Notice that Imf8 > 0 and I mg > 0 imply exponential decay away from S (due to absorp-
tion). .

We wish to find a solution to (1.1)-(1.6) for general periodic surface S such that (0.1)
holds; this last condition is precisely the condition (9.2) under which uniqueness is proved
in §9.

We look for a solution satisfying:
e~ E(r) and e "*H(T) are periodic

in z; of period L, and are independent of z,.

(1.13)

In the sequel we use the notation
€1 =(1,0,0), €;=(0,1,0), €3 =(0,0,1).
Note that along S,

f'(wl)gl — E*3

.14 n(X)="n = .
(1 1 ) n(}L) n’(wl) {1 +f’($1)2}1/2
Throughout this paper we write
(1.15) a(z1) = {1+ f'(z1)"}'/* .

We conclude this section by proving that equations (1.5), (1.6} follow from (1.1)~(1.4).
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LemMma 1.1. If (E H) is a solution of (1.1)-(1.4) then (E H) satisfles also the equa-
tions (1.5), (1.6). 1

Proof. Take any bounded subdomain F of .S with smooth boundary By (1.1) (which
is assumed to hold up to the boundary of ;)

/;.g;‘}jdh/a.(vxﬁn ds=/zz’f.(a'xau)dz
F F aFr
—]E’O-(?{xﬁi)dz

aF

where ?fg is the outward unit normal to 8F. Hence

f%ﬁ.(ﬁl_ﬁz)ds=—f5’o-(7f><(§1—52)) dl =0
F

oF

by (1.3). Since F is arbitrary, n - (I_i:1 —1?2) = 0 on S. The proof of (1.5) follows similarly
from (1.2), (1.4).

§2. Integral representation of solutions. It is easily seen that Eand H both
satisfy, outside S, the equation

(2.1) Av+k*v =0, where k= E,/,ue;
c
we shall always choose k such that

Rek>0, Imk2>0.
It is natural to expect an integral representation of E H by means of the fundamental
solution ®; of (2.1):

RI ST

(2.2) (X -Y) = pry s

k= %,/,uej = k; in ;.

Motivated by [7] we shall try to find a solution of the form

E(X)= /{i‘zﬂ?(yypk(x ~Y) = J(Y) x Vy (X — Y)
(2.3) o
+ ﬁVX ?(Y) : V)"I)ik(X - Y)] } dSy,
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- Hw= {-i"—— T — V)4 T(V) X Vye(X - )
(2.4) 5
+ ﬁvx J(Y) Vy@y(X — Y)] } dSy.

LEMMA 2.1. Suppose ?(Y) and ._T)(Y) are bounded by O(|Y|717%) as |[Y| = o0, § >0
(so that the integrals in (2.3), (2.4) and their derivatives are all well defined). Then

(2.5) VXE—“"”H—O on RP\S,
(2.6) VX§+%E 0 on R\S

Proof. Since Vx @ = —Vy P}, we have
7 X Vy®;, = ——j XxVx®,=Vyx x (}@k)-

- It follows that

E ewﬂ ?(I’k_vX x/}@k+VX/_i?-Vy@k.
HUE

c
Uéing the relations V x V =0 and
Vx(Vxg)=V(V-7)-Ag

-we deduce that

—_

VxE:w—MVXX/-_f@k—VXX(VXX/}’(I)’C)-I'VXX [fo.i-f-vY‘I’k]
Wwe

- “‘Z“ T % Vydy— Vx(Vx - fJCPk)—f-AX/J'I)k
=“—‘%"i {I xVytI’L—f-———VX(J vy@k)+?ff?<1>k}
_ :iw,ul-_;

¢
i.e., (2.5) holds. The proof of (2.6) is similar.

In the sequel we shall be interested only in Fi and _j which are independent of y2 and
are such that

2.7 e_i“yl?(yl) and e_iaylj(yl) are periodic in y; of period L.

We then must show that the integrals in (2.3), (2.4) make sense. This is done in the next

section.




In the sequel we assume that

83. Periodic fundamental solution.

5 27n 2
(3.1) ki # I T« forall n=0,+1,%2,...
Notice that if I'me; > 0 then (3.1) is certainly satisfied.

LEMMA 3.1. The following formula holds:

o0

[ #x =¥y dya = LEP Gz - )

— OO

where z = (21,23), ¥ = (¥1,y3) and Hél) is a Hankel function.

(3.2)

Proof. Substituting ¢ = (a? + yz)l/?a“l/2 we get

s :k a4 1“ zka. :
(a®+y?) ¢ _ EH(I)(ka)'
(a + y?) 1/2 (C2 )1/2 2 '

0

in the last equality we used [6; p.322, 387 # 4] for Imk > 0, where H((,l) 1s a Hankel

function,
In the sequel we use the notation
T =(z1,23), y=(¥1,v2).

and set
Z / —tefzi—gi+nl) g X Y +71L€1) dys.

n=—00

(3.3) Tz —

For any complex number & in C* = {Imk > 0}, set

2 2 2 Ny
if kQ—(-%?—a) =}k2-.(gfﬁ—a> [e“j’,osa<2w.

. 2mn z |
Since k? # (T — a:) for k € Ct, B.(k) is a complex analytic function in C*; further-

more, it is continuous up to {Imk = 0} and

\
( 2 2 > 2
k2 — (ﬂ - a) for k real, k% > (?E—-— - a)

L

(3.5) Balk) = <
I 2 9 2
\ z\/(? — a) — k% for k real, k? < (“En — a) )
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THEOREM 3.2. For any k € Ct there holds:

eiﬂn(k)|Za“y3|6"52%‘(11—yl)

B (k)

(3.6) V(o) =5 Y

n=—o

Notice that for & > 0 the infinite series contains a finite number of oscillating terms,

2
(2—7;3 —a) < k?,

the remaining terms are exponentially decaying as |23 — y3| — oo, and so is their sum.
On the other hand, if £ € C* then all the terms in (3.6) are exponentially decaying as
|3 — ys| — oo.

Proof. Tt suffices to establish (3.6) for y = 0. Set

tky/s?+y?+z3
fls,yaa) = et T
3 ¥ 32 + y2 + w% b

o0

F(t,y,z3) = /eitsf(s,y,ms) ds.

-0

namely those with

By the Poisson summation formula [3; p. 52]

T Stnta = 30 F (e )
Consequently
(3.7) T 4(z) ;n;oo4 - (] ,y’%) dy | et

By Bellout—Friedman [1], each integral in the last sum is equal to

4

7 2mn eikm
/cos [( ) .s] ds dy
0

— -
/32 + y2 + 3«"%
V"2+’33 ( 27n

,__+ p |[— —alr) dr = ga(k).

Jo(z) ~ \/ sin z z— 00

= 2

c\g c:'\'8

Since




we easily deduce that the function g,(k)} is complex analytic in k for £ € CT, continuous
up to Imk = 0. It was proved by Bellout and Friedman [1] that the boundary values of
gn{k) on Imk = 0 are given by

e’ﬁﬂ(k)lx:;l

(38) gn(k) = 27‘!‘3T(k)—' for £>0.

Since both functions

¢ifn(B)]zs]
Bn(k) |
are complex analytic in Ct with the same boundary values on mk = 0, k > 0, it follows,

by applying unique continuous to their difference, that they must coincide in Ct. Thus
(3.8) holds for all complex & I'mk > 0, and using this in (3.7) the iassertion (3.6) follows.

gn(k) and 2mi

REMARK 3.1. Recall, by [6; p. 951, 8.405 #1] that
(3.9) HO (ka) = Jo(ka) + iNy(ka)
and, as z — 0,

Jo(z) =14 0(z) ([6; p. 959, 8.440]),
7No(2) = 2Jp(2) log z + O(z) ([6; p. 9.60, 8.444}).

It follows that 2
Hél)(z) = ;zlogz—i- O(1) as z — 0.

Setting
(3.10) Bro(z) = / B4(X) dos
we conclude from Lemma 3.1 that
1 1
3.11 = log —
(3.11) Pro(z) = 5 log ] +0(1)  (lz| ~0)
REMARK 3.2. Set
Prnlz) = / Pr(x1 +n, 72, 23) dag,
N
aN = Z (I)k,n~
n=-—N
n#0




Then,

Agn +kgy =0 forall z, ~= <z; <

2o | b~
mlh

and gy is uniformly convergent for |z| = R (VO < R < —) since the same is true of

gn + ®rp (by Theorem 3.2). Hence, by elliptic estimates, gn ]S uniformly convergent also
in {Jz| < R}. It follows that

lI’k(x —_ y) — e—ia(l’l—yl)q)k’o(m _ y)

is a smooth function also as ¢ —y — 0 and then, by Remark 3.1,

1 1
(3.12) Uiz —y) — . log P— is smooth V z,y.

T

The above argument is due to Nedelec and Starling [8].

REMARK 3.3. If we use Lemma 3.1 and apply the Poisson summation formula to
f(s) = e—“"Hgl) (Ic\/.s2 +a:§), and then compare the resulting expression for ¥(x)
with that derived in Theorem 3.2, we obtain a formula for the Fourier transform of
Hél) (kv/sT + a?) for Imk > 0; this formula is known in case Imk = 0 (see [6; p. 736]).

§4. Integral representation for the periodic case. Set
(4.1) Eo(X) = e B(X), Ho(X)=e "1 H(X).
We can assume that Y and }’ depend only on ¥, and set
(42) Toly) = €™ (), Jalys) = e T ().
Multiplying both sides of (2.3) by e™*@*t and setting
(4.3) Ppo(X — V)= 0m-vg (X — V)

we get, after some easy manipulations,

(4.4)

-

-— ) — — c —
Eo(X) = / {”—“Z—“ TaBro(X ~Y) = Jax VydalX - ¥)+ -V [Ia(yl) Vy P ol X ~ y)] }

tia /(J x €1)8ka(X — ¥) + ff% [Ta VyBpa(X ~Y)er + (YC, : ?1> VyBpalX — }')]

cza2 -
(ia) el/Ia-elq)k,a(X—Y).
5

we
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If we integrate with respect to yz, —0o < ¥, < 00, we obtain o1
(4.4), the same expressions but with &,(X — Y} replaced by

o0

:I;k,a(m - y) = / q’k,a(ml —¥1,%T2 — Y2,T3 — Y3

—00

Indeed, we first replace each Vy @, by —~V x &, then perform the
to y2, and finally replace back the —Vx®, by Vy®,. Assuming

(4.5) Tu(yl), Fa(yl) are L-periodic in y,

n the right—hand side of

dy2 .

integration with respect
that

we can then rewrite (4.4) in the form
(4.6)

L -
EQ(X)zf{ﬂI Ui(z — i) — JaxVle'k(m—g)-JpﬁVX

+zaf(J X el)\Ilk(z:—wy)a+—

L
ZCCE
€1 f( o €1)¥r(z — §)ody,
0

where o = o(y1) is defined as in (1.16), and § = (y1, f(y1)).
Using the notation

a d o 9]
Ve={5—20,7—), Vy={5—,0,—
(8221 a.’L‘s ) ¥ (ayl 0 ay:g )

To(y)- Vy (- 3?)] } o

1

Io-VyUi(z~i)e; + (Ia : _51> Vy¥i(z - ﬁ)} o

~

omitting the index a in [ 4, J 4, and noting that the right-hand side of (4.6) is independent

of x5, we can rewrite (4.6) in the form

(4.7)

an=if{%??waxmm—i?xVﬂnw~gy+ﬁivzFﬁerﬂnumgﬂ}dm>@l

L

. - - ca - —
+ra _/(J X e1)¥r(x — F)o(y) diy +;E'/ [I VUil —g)ey +I1Vy‘1’k(l‘—?§)] o(y1) dy
|

0

ica’

L
zlfawaz~gwwnd%

11



“where T = I(y1) = (I1, Iy, Is), J = J(y) = (1, Jo, J3); here we wrote Eo(z) = Eo(X).
Similarly, from (2.4) we obtain
(4.8)
L -
— WOE . —_ . — _
H,(z) = f{%J\I'k(:c ~ )+ I x VyUy(z — §) + ﬁvz [J(yl) Yy Uiz — y)} } o(y1) dys
0
L L
. - — - Ckx = o —F -
—ia f(I x e1)¥x(z — §o(y) dy + E] [J Vy¥i(z —g)er + 1V ¥z - y)] a(y1)dy;
0 0

- 2 L
icat

Wil elgf.fl‘l’k(m—ﬁ)a(yl) d’yl

LEMMA 4.1. For any functions ?(yl), J(y1) (0 < yy < L) the functions J—é, H defined

" by (4.1), (4.7) and (4.8) satisfy the Maxwell equations (2.5), (2.6); further

—

Ea(wl + L,Cﬂg) = Ea(ﬂfl,ﬂ?g),

(4.9) - _
ch(xl + L) 1"3) = Hcr(xlaa’.?»)'

- Proof. To prove (2.5), (2.6) we can proceed by appealing to Lemma 2.1 and rigorously

establishing the passage from (2.3), (2.4) to (4.7), (4.8). Alternately (and more simply)
we can establish (2.5), (2.6} directly, using the method of proof of Lemma 2.1. Finally, the

validity of (4.9) is obvious.

We shall henceforth refer to S as either the surface {z3 = f(21)} in R? or the curve
{#z3 = f(z1)} in R%. We denote points on the curve S by

i=('IJ'.5'1:'f($l))v *'y'z (yl'.'f(yl))
- LEMMA 4.2. If ?(yl) is L-periodic in y; and #71-7= 0 on §, then, for any z # 0,
L L
(4.10) f I(n) - (Vo Uiz — §))o(n) di = — /P(I)‘Pk(iz —§) dys
= 0 0
where &, = (z1 + z, f(21)), and
(4.11) p(1) = E(Il(yl)g(yl)) » I =(Ii,I2,53).

Proof. Since ? ‘n =0,

L=1Lf.
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Hence

L L
JJI-Vy\Iik(:cz—y)::a/afo (3y1 e1+ B, 63)

L ' L
6\I!k a‘Ifk _
0/ (dl 5 ok ay,,) Of oh=Tp =~ f (o) Ty,

the boundary terms disappear since ¢l; ¥}, is periodic in y;. This cornpletes the proof.

Using Lemma 4.2 we can rewrite the formulas (4.7), (4.8) in a more convenient way,
by getting rid of some gradients V,. The new representation is:
(4.12)

—

L
Z-w — N — . c — _
Ea(m) = /{“E-HO’I\I’&(Q: — y) — JJ x Vy‘lfk(.’ll —.y) -i- EP(I)V”'\I,’C(E: — y)} dy1
0

L
+io f(J x €1 Wi(z — §)o(y1)dy: ~ g /p(I)‘I’k(m — i) e1dy
0 0

L |
ca . ica’ >
+—= /a(yl)flvy@k(w — ) dy1 — f I1¥i(z — §)o(yr) dy,
we we
0 0

(4. 13)

/{Ea?wk(m — P 4ol x VU(z — ) + -—pﬁ)v Tz — y)} dy,
" L
~ia [(T % ) 0ela — otun) dys - = / ch)lm-(sf — Pexdy,

0 0
L

I |
coY 26&2 —r —
22 o)y Wit —5) d -2 f T ¥e(s = Poly) dun.
0 0 |

§5. Auxiliary estimates. Let

(5.1) o (:c)--——~ > o

n=—00

I$+?’LL61|

The series is convergent in the sense of principal value, i.e.,

U*(z)=— lim Z log ———7—

211' N—oo



further
1 > (-’L‘] +nlL $3)
T* _ 3
vE(e) 2w n;m (z1 4+ nL)? 4 2

where the convergence is again in the sense of principal value, i.e.,

N
* _ 1. § : (3:1 + nL_,:L'g) )
62) VEi(z)= o N Wy (14 nL)2 422

the convergence is uniform in z in every compact set which does not contain integers.

" Set
1 1

LEMMA 5.1. For any = #0, write £, = & + z ¢4 and let
(5.4) Ry, (%,9) = Vy Uy (3, - §) — VyU* (21 — y1, 2 + 1) (zy — y1)).
where V, ¥y = —V¥,. Then
(5.5) |Rk,: (2, )l < C
‘where C' is a constant independent of Z,7,2.

Proof. By (39) and (5.2) it suffices to show that

[qu’;(ﬁz - ?j) - vng(ﬂfl —¥1,2+ f'(xl)(ml - yl))' <C,
le.,
K= ($1—y1,2+f($1)—f(y1)) _ ($1—y1=2+f'($1)(1'1 —yl)_) <C
(21 —y1)? + (2 + flzy) - f(m))z (#1 =) + (2 + f' (21 )(z1 — yl))2 B

The difference of the numerators is 0, f(z1) = fn) — f'(z1)(z1 — y1)), which is O((z; —
y1)?). Hence

K <Cy+ (|331 - y1] + IZD) {Z,Z[f'(wl)(ml —y1) — (f("’cl) - f(yl))”

+lf'($1)2(331 - y1)2 - (f(xl) — f(yl))zl}/N
~ where N is the product of the denominators, or
K < Co+ Cillzr — yil + |2D)[12l(z1 ~ 41)? + |21 — w1 P}/ N.

I |z| > (1 + C3)|z1 — y3| where C; = max [f'], then N > ¢p|2{* (cp > 0) and consequently
K < C. On the other hand if {z| < (1 + Cs)|z1 — y1| then

K <Cy+ C’g[ﬂ’»‘l - 91'4/N < Cy+ Cy.
Thus K is bounded in both cases, independently of z, #, 4.
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LEMMA 5.2. For all z # 0,

—
1 83—a61

(5.6) /V‘D*(ml,z + az1) dzy = 3 it s

sgn z.

Proof. Notice that V¥* is defined as in (5.2). Therefore, the left-hand side of (5.6) is
equal to the integral

(5.7) / V¥i(z1,2z + azy) dzy

taken in the p.v. (principal value) sense:

hm /V\Ilo(ml,z—}-axl) dxy.

To compute the integral in (5.7) we write it in the form

oo — — o0 3 —
1/.’3161+(z+am1)e3 d 1 (z1+ 1352 )(e1+aes)
—— = ——
2r J e+ (ztam) 2t J (1+a®)(z1 4 135) + 10
o0 - —
1 Hr(es—aey)

- 271’ d.’L‘] .

2 2
/(14 a?) (:cl + 1+a2) + 25

The first integral on the right-hand side (taken in the p.v. sens ) is equal to zero since
the integrand is an odd function in z; 4+ az/(1 + a?). Since furthj'
;
1 / € dE, = 1 sgne
2r (1+a®)(E2+€2) ' 21+a2’
—00

the assertion of the lemma follows.

LEMMA 5.3. Let u{x;) be an L-periodic function, locally in L? Then

L

gi_I_’T}) / (w(y1) — w(z1))Vy ¥* (21 — y1, 2 + a(zy -‘ y1))dy

(5.8) 00

—
o
+
2
[0
w

L — .
/ (y1) — u( -Tl))v U*(zy — 1, a(zy "‘yl)) dyy = "'e——"“‘"H(U)
’ :

b
—
+
>
b2

15



where V,U* means — grad ¥*, and

oG

Hu = (Hu)(z,) = pv.~ / ) g
T 1 — W
(5.9) oyt N
1
~um 1 / wy) o4 L / wy) g
]\?:go s 1 — ¥ T I —
—N T14e

is the Hilbert transform.
Proof. From (5.2) we see that (5.8) is equivalent to

lim f (”(311) - u(mz))Vy‘I’E(xl —y1,2 +a(zr; — y1)) dy;

z—0
z#£0

o0

(5:10) = [ (utw) = w9y (o1 v, aler ~ ) .

—co

= l-*'-"——el +a63H’U.;
2 14a?
N
the integrals are taken in the p.v. sense, lim | .
N—oo =N

Consider first the integral on the left—hand side of (5.10); it is equal to

17 (21 —1)(<1 +a€s)
§¥_/ (o) =) T — gy

oo

_ €1taes 1 u(yr) — u(zr) :
= "ol+a?) 7 / P— sgu(ry —y1) dyy

& o]

€1+(163_/ w(yy) d :clfae;;H( )

2(14+a?) = Ty — e 2(1 4 a?)
since -
p.v. f -—u(:ﬂ—l) dy; = 0.
I —u
— 0

Thus the second equality in (5.10) follows. The first equality in (5.10) follows by similar
considerations.
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§6. The jump relations. Fix a point # For any z > 0, the point z = £ + zes
belongs to Q1. We shall evaluate lin}) Eo(Z + ze3), where E, is déﬁned by (4.12).
Notice that all the integrals which do not involve V, ¥ are well defined also at z =0

and are continuous up to z > 0. Thus the sum of the terms in E which may produce

some discontinuity is

L

L
= [ o) Tw) x Vy¥ata = 3) din + [ 2= p(T)V Wkt ) dus.
0 :

0

(6.1) i

+g§ o(y1)h Vy¥i(z ~ ) dyr.
0

Write the first term in (6.1) in the form

U(yl)J(yl) X Rk =(Z,7) dn

D\,t« c\h

[G(yI)J(Jl) — a(;r;l)_j(a:l )] x V,U*(z; —y1,2 + a(;ml — yl)) diyy

_U(ml)}(xl) X /qu’*(xl — 41, 2+ a(m, “?Jl)) diy (a':f'(xl))-

Then, as z | 0 we get, by Lemmas 5.1-5.3,

L
- /a(yl)J(yl) x Ri(z1, y1)dys - §H(JJ) x 1t a263
4 a
(6.2) o
1 = E’3 ""a-gl

_2 UJ X m——,
where
(6.3) Ri(es,01) = Vo Ui(E = §) = V0" (51 — g1, @1 )(m0 — 1),

Recalling (1.15) and introducing the unit tangent

1+ f(z1)es
{1+ f'(z1)?}21/2

17
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to S, we can write with (6.2) in the form

L
(6.5) "/0(91)J(y1) X Ri(r1,91) dyr — % X7+ -Z-J X n.
0

—

1 — — -
If z < 0,z — 0 then we obtain the same limit except that 5 J X n is replaced by —% Jxn.

Similarly, for the second term in (6.1) we get, as z | 0,

c H(p(f))~ 1 e p(d)=
Uk Sl A Y Sl oy
we 2c 2 we o

(6.6) = / A(DRe(e1,11) dys + -

and for the third term we get the limit

L
C(ld

(6.7) e (yl)Il(yl)Rk(wI:yl) dy +

0

caH(aIl)_» lcaI
20 2uwe 1

If z <0,z — 0 we get the same results, but the last term in (6.6) and in (6.7) have the
reverse sigr.

Setting ¥; = lllkj,Ej = Ek;‘ and

—

Ei(&) = lim Eo(X),
r—ZT

TEQ;
we conclude that

L

Eg(ﬁ):/{“’“’”am 0T % By +; p(I)R}

0

L
—i—za/(JXel)a\IJ —we p(I)llf el-i————/ol R,
(6.8) ’

2 . H(p( 111 .
_lea fflaq/ - iH(aJ) X T+ - ol 133

We; twe; 20

0

L H(O'Il)_, }*X e p(I)n:Fl Lo

we; 20 zwej 20 2 e

where “+7 isfor j =1 and “” for j = 2; here ¥; = ¥;(Z — ¢) aud R; = Ri{zx1,y).
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Similarly, setting

Hi(3) = lim Ha(s)
0
we get:
L
Hi(7) = ]{“"E’ JU; + 01 x Rj+ ——p(J RJ-}
Twi
0
L L
—za/(I x €1)ol; — on p(J)‘I! €1+ a/aJle
(6.9) 0 0
2o | H(7)
Ll o /Jlo‘ll + H(aI)xr _c Hptd)) >
wi w20
° |
co Hoh)z o 17 yme e elp L, o
wit 20 2 wy 20 2 w‘u
We summarize: |

LEMMA 6.1. If [ -7 = =0, J-m=0 along S, then the Eo,(.r),
(4.8) are uniformly continuous in each §; and their limits on 09Q;
respectively.

\
§7. Reduction to integral equations. ;
|

;

o) defined by (4.7),
e given by (6.8), (6.9)

DEFINITION 7.1. We denote by (Ef, Hf) the vector field defined by (1.9)-(1.12) where
z3 > 0 and x3 <0, in (1.9), are replaced by z3 > f(z1) and z3 < f(x1) respectively.

We shall try to solve (1.1)—(1.4) in the form

(7.1)

where (EQ,EQ) are defined by (4.7), (4.8) for some L-periodic s

I-m=0,J n=0). A solution of the form (7.1) will incorporat
and as we shall see later on, the condition (0.1) will also be satisfie

no- [{2

(E,H) = (Es,H;) + (Eq, Hy)elo

—

R e T(¥; — ¥3) — o d x (R —§2)+ <

urface fields ?,7 (i.e.,

e the condition (1.13),
d.

(7.2) U,

€1 €2

C(l

+?.(I(J X ?1)0’(‘1’1 — \Ilz) - Z—QP(I)ZI (

o3 -2)

)+

W

g vy W

€1 €2

1Cex
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L
T(1,7) = /{if-a?(equl —eU3) + 01 x(R; — Ra)

0
. C ‘Ivp _ 1 LT = ca 3 -
(73) + TP I)E = Ra) = ia(T x €1)o(Tr = 02) = 22 p(1)(¥ - £

+E—UJ1(R1 Rz)—-ﬂahel(\lﬁ ‘I’z)}
Wi Wit

LEMMA 7.1. (E, I_a;) is a solution of (1.1)~(1.4) if and only if?, 7 satisfy the following
conditions:

(7.4) wx (HY = He™ o _ T 47 x Ty(T,7) =0
— =1 _ gt —ary = €] — €2 C?g - .
(7.5) n X (Ey — Ej)e +J+ e Diow [H(p(l’)) +iaH(cl )]

+T_?:X Tl(?,}) = 0.

Here and in the sequel, 1_'1': 7 and Ej stand for E fand Hyin ;.

Proof. If E H satlsfy (1 3), (1. 4) then (7 4), (7.5} follow using (6.8), (6 9) and noting
that nxT= —eg,n X (J X n) = J n x(I X7n)= I Conversely, if I 7 satisfy (7.4),

(7.5) then clearly I n =0, J n = 0 and therefore if Ea,H are defined by (4.7), (4.8)
then they satisfy (6.8), (6.9). It follows that (7.4), (7.5) imply (1.3), (1.4).

DEFINITION 7.2. Introduce the space
(7.6)

X = {9(21); g(z1) is L-periodic continuous function on R with ||g|| = [g(z1)]}.

% ek

Consider the operator

& T.g— / Gla1,1)a(vn) dys

where G(z1, 1) is continuous for all (21,31}, 21 # y1, and [G(z1, 41 )| < Clzy—yy |71 (e >
0). Then T is a compact operator from X into X.
We need to look more carefully at Ty and T3. By integration by parts
L ' L
JEG R AT [ong- (-,

0 0

L
- —_— — d
/p(.]-)(\:[’l —\112)61 = —/O‘Jleld——(lIil ._._11'12)
n
0

0
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Using this in 7% we find that
L -
(78) T = fif'd(fl — EQ)J‘I’l + ’fz
0

where

L
T(1,7) = /{—062 W) 40l X (R, — Ry) — 0 Jl—(Rl R,)
J ‘# dy1
'—Z(},’(I X 61)0’(‘1’1 —Q2)+—0J1—“"""(‘I’1 — ‘1’2)61

(7.9) )
+ ———aJl(Rl — ) rea
wy

O’J1 61(‘111 bt ‘1’2)}

L 1

5/62(w1,y1)(r,n;

0

G,is a3 x 6 matrix and (I J) is a column vector with componenﬁ:s iy Jj. Since ¥y — ¥,

and R1 Rz are smooth functions, 1

(7.10.) VGal < C© (vz(%,a%n }

In particular, T isa compact operator from X into X (more precisely, from X° into X3).

Similarly we can write

L
1 1 c - . — —~
(7.11) T1 == (a - _6;) E/p(I)(Rl —ECY‘I’l 61) +T1
0
where
L
. zw‘UJ — — — —
Tl(I,J /{ I(IPI ‘Dg)—G’JX(Rl— _(Rl Rz)
0

we\ dy;

Fia(J x €1)o(ly — Ty) + %oh(\lﬁ - lI'z)fel
2

—— —_— i 2
e (& _ _f_%_) L, (B E@)}
w € €2 w €1 f

L
/Gl(xl,yl)(r 7)
0
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and (7; is a 3 x 6 matrix,

1
(7.13) |G1(z1, 1) < Clog ————— + Cy ;
lz1 ~ v

Gi1(z1,y1) is continuous in z,y; for all 3 # y;. It follows that ’f‘l is a compact operator
from X into X.
If we substitute (7.8), (7.11) into (7.4), (7.5), we get

(7.14) nx(HL — Be—iom . T

L
-+ %(61 - 62)?; x /O‘}"I’] -]-E X Tg(?,j) = 0,
Q

(7.15)

—
CEog

nx (Bl — Efeiom 4 J 82 ¢
€162 2icw

L
2”4 i; X fp(?)(ﬁl — ia‘I’lel) + ?—’L'- X Tl = 0.

€1€z w

[H(p(?)) +iaH(ol)

0

LEMMA 7.2. Iffé =7 x a?‘l’i and ?H =0 then

S -

L
= d
(7.16) oK) = - (Kio) = —% H(oJz) ~ / oz (B} + f'(z1)R3) dyn
0

where .EJ- = (R}, R%, R3).

Proof. Notice that

—_—

J = Jl(zl + f'(a’,‘l)gg) + Jg?g.

o

We have
L

L
P — — - 1
Ki=K -e;=—(nx e;)-/aJlllj=—/aJ211!j.
a
0 0

Let r, =% +ze3 = (z1,2+ f(z1) (z #0) and consider

1
oz

L
Ki() = 2o [ ot a(un)¥s(ee = 5) don

22




Then

L
o (F1(2)0) = [ otunat) (G2 + £ 52 ) (22 - ) o
;

L
= otenier) [ (G + Fe0Ge ) (o1 = o+ Fa)es = 1) s
J |

L
+ [lo) ) - oeaten)) (G + £ G ) (o1 = w2+ £ — )

3

| r———

L
- [ oot [Rh o(,0) + SRS o(2,9)] o

where Ry, . is defined as in (5.4). ‘

Using calculations as in Lemma 5.2 we find that the first intégral on the right-hand
side is equal to zero. Similarly, by the calculations in Lemma 5.3, the second integral on

the right-hand side is continuous in z (up to z = 0) and is equal to —5 H(oJy) when
z=0. \ B

Since the last integral in (7.17) is also continuous in z, up to z = 0, we conclude that
(7.16) holds.

Let us now substitute I from (7.14) into those expressions in (7.15) which involve
p(I), noting that by Lemma 7.2,

—

p(I)=p(n x (Hy — H3)e" ™) + p(n x To(I, ]))

0

(7.18) iw f
- —(a - @) {%H(Jk) + fan(Ri + f(. '|)R§)} :

Since H?u = H*(uxj_r,1)} + H*(ux[-L,1):) and H?v = —v for any v € L2(R'), we obtain

— - _>r) —oz - €1 — € 2 — — ,
n x(Eé—-Ea)e 1+J+£—%(J262+ 82H2(¥[_L,L]cg]2))

4e
\

{H[p(a’ x (B — HY)e™ =) 4 p(a x To(T x 7))

—_—
€1 — €2 CE9

€162 ow

_ i:i(fl — Ez)/LJJE(R} +f'($1)R§)] +mH(bIl)} i
0 1



L
(119) + === x / {p(ﬁ’ x (Hy — H)e™ ) + (7 x B(T, 7))

€1€2 w

0
L

-;—H(GJz) + /an(R} +f'($1)R§)J }

0

W
- ?(61 —€3)

By —iaW 1)+ 7 x Ty =0.
In view of (7.10),
(7.20) T = p(n % f‘;) is a compact integral operator.
Also, from (7.14)
(7.21) T=7x (f_}é - I?g)e_iaxl + ﬂ(?, 3), T: a compact integral operator.
Using (7.21) in evaluating the term iaH(oI;) in (7.19), using also (7.20), and noting that
/H(JJZ)(?El —aly e

is a compact operator, we can rewrite (7.19) in the form

(7.22) J+———J262:J0+T5(I,J)
461 €2
where ?0 depends only on the vectors E(I] - E%, Hi - H 2, and it vanishes if both vectors

vanish, and ﬂ( I,J)is a compact integral operator.

If we finally denote

.2
nelazal g,
4e, 69
we see that (7.21), (7.22) reduce to:
I =To+Tu(I,7)
(7.23) LTl f(_,’ 7
J = J0+T5(I,J)

with 30 as above ?0 =nx(H} - Eg)e_iaxl and slightly modified ﬁ, ﬂ.
We have proved:
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THEOREM 7.3. The system (7.4), (7.5) is equivalent to the system (7.23} where Ty, Ts
are compact linear integral operator in X; consequently the Fredhiolm alternative holds.

It follows that the system has a unique solution except for a countable number of values

of the parameters €1, €2, &.

§8 A Simplified integral system. Recall that

7(z1) = ﬁ(a + f(21)€s),
A(@1) = ——(f(2:) €1 ~ €3)

o{zy)

and (E'g, 7(z1), ;;(3:1)) is a moving orthonormal frame along S, with 7 x . = €.

Let us write the possible solution ?, 7 of (7.23) in the form

(8.1) Ioa) = I(e)7(e) + B,
J(xl) = Jr(ml)‘r(x}) + Jg(.’ﬂl)&g.

Notice that along S

7 x (H) — H2)e™ %t = a(zy)7 (1),

n x (Ey — E2)e™"*"1 = b(z1)es.

If we take the scalar product of the equations (7.23) with e, and 7(z 1) respectively,
we get a system of linear homogeneous equations for I, J, of the form

(8'3) I? = WI(IZ: J‘r)a J‘r = W2(I2; Jr)

Similarly, if we multiply the equations in (7.23) scalarly by 7 (=
we get a system of linear integral equations of the form
I, = a4+ Ws(I,, J,),

(8.4)
JQ = b + TV4(I1-, Jg).

1) and 3, respectively,

If the first Fredholm alternative holds for (7.23) then the first Fredholm alternative holds

for both (8.3), (8.4). Therefore we must have
(8.5) . =0, J.=0.

Of course, the trivial solution (8.5) is always a solution of (8.3
solution of (7.23), it seems reasonable to always choosc Iy = 0,J

just on finding a solution to (8.4).
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- THEOREM 8.1. If the first Fredholm alternative holds for (7.23) then the unique solu-
tion has the form

(8.6) T=L7, J=Je,
and the solution of (1.1)-(1.4) has the form -

(8.7) E=FEe1+Bes, H=H,¢, outside S.

Proof. We have already proved (8.6). To prove (8.7), notice that J; = 0 and p(-}) = 0.
It is now easy to check that all the terms on the right-hand side of (4.13) are vectors

parallel to e,. It follows that I-} = H,¢,. Similarly one can check that all the terms on
the right-hand side of (4.12) are orthogonal to €3, and the first assertion of (8.7) thus
follows.

9. Uniqueness. Set

2y 1/2
ﬂi:{k%-(a—‘?—zﬁ) } ,Impl >0 (n=0,41,42,...),
(9.1)

1/2
5 2
ﬁﬁz{k§—~(a—%n-) } ,JImBa >0 (n=0,%£1,42,...).

From (7.1), the representation (4.12), (4.13) and Theorem 3.2 we deduce that

o0

(EU:HO) + eiozt Z Née—i——””f +iflza if 23 > 'fILm,
(9.2) (E,H)= - S
. L2rne .
etor Z J\Tﬁfz_’_ﬂL""Bi33 if z3 < —|f|pe.
n=—0o0

and |Ni| < ﬁ The coefficients N] are called the reflection coefficients and the
n

coefficients N? are called the transmission coefficients.

THEOREM 9.1. suppose (J_E", I?) is a solution of the Maxwell equations (1.1), (1.2)
outside S, satisfying (1.3), (1.4) such that e~t@%1 (E, I_}) is independent of 2, and is periodic
in z; of period L, If(E, I_-i) has the form (9.2) in {|z3] > |f|Le} with vectors NJ uniformly
bounded, then (E, I_i ) is unique provided the first Fredholm alternative holds the system
(7.23). '
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Proof. Suppose there are two solutions and denote by their difference (E, H) . Then
o -21"1::'1 . a1
Z M;e—l T +if,xs if ‘7"3} - If|L°°1
(93) e—ia:r:l (E,H) — nzc;-oo :
.27nzx .
> METEEEH iy < | f]pe.
n=—od

—_ —_— - — —

Set ?z—HxH, ?:HXE, Iaz?e_’:“"’l,.fa= Je~tan and define
F(7), 700,040z =) ={ 22T 046 — ) - T0) % ¥y aGe —)

+— V. [I(y) - VyUi(z ~ y)

+iad(y) x ©1 ¥ —y) + —[1(y) - Vy Uil — 9)T1 + LV, Vi(e — y)]

2 |
_ tea e L(y)Ui(z ~ y)} |
WeE ;

If we use the integral representation [7; p. 130] for E, IH} in
Dy ={f(21) <23 <Y, —mL < z; < mL},

where ¥ > |f[1=, then we obtain a representation similar to (2.3), (2.4) with S replaced
by 8D,,. Integrating with respect to y2,—00 < y» < o0, and the letting m — oo as we

find (since
/2 ._=z
Htgl)(z) ~A %) as 2z > oo;

e.g. [6; p. 962, §8451, #3]) that the boundary integrals over z; = +mlL converge to zero.
To the remaining integrals (on § and on y3 = Y) we apply the process which led from
(2.3), (2.4) to (4.7), (4.8). We thus obtain the representation

=

S

e=ion1 B(z) = / F(I(y), 7(y), T1(z —y))

8Dy

where Dy = {(z1,23); 0 < z; < L, f(z;) < z3 <Y}. By per1od1c1ty, the integrals over
21 = 0 and z; = L cancel each other. Therefore

Eand

e—z’cunE(;L-) F(?, J, ‘l’l(-'l’»' - y)) (ylv f(yl))a(yl) dyl

\n

(9.4)
— [ P(1,7,9,(z — ), Y) dy,.

I!
C’\‘t_‘ =)
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By Theorem 3.2 and (9.3), the left-hand side has the form

- : 27n
Kn 1a"z;+zﬁ};x3 -
S K (0n =)
whereas, by Theorem 3.2, the rightéhand side of (9.4) has the form
ZRneicxnx1—t‘f3}l$3
where R, = R,(Y). Letting ¥ — oo we get
ZI{neianx1+iﬁ}133 — ZRn(oo)eianm—iﬁ,llxs

for all z3 > |flpe. It follows that K,e'#n%s — .Rn(c3<3)f:“"ﬁ}1":3 for all 3 > |f|p~, which
implies that K, = R,(co} = 0. Thus, the right-hand side of (9.4) converges to zero as
Y — oc, and we obtain

L
T E(X) = / F(I1,7,%:( - ) (1, fn)o () dyn.

This representation is the same as (4.7), and similarly we derive a representation for H
as in (4.8). A similar representation holds in {z3 < —f}. Letting z3 — f(z;) and using

‘the jump relations derived in Section 5, we find that I, J must satisfy the homogeneous
version of the system of integral equations (7.23). Since for this system the first Fredholm

alternative holds, ? = 7 = 0 and therefore E = FI = (.

§10. The Piecewise smooth interface. In this section we extend the results of the
previous sections to the case where .S is piecewise smooth and is not necessarily a graph
in the z3-direction. We take S to have the form

(10.1) S = {(z1,22,23); 71 = fi(s), 23 = fa(s), —c0o <5 <00 and — oo < 29 < oc}

where s is the length parameter, and assume that for some Iy > 0, L > 0,

fils+nly) =nL + f1(s),

(10.2)
fa(s+nly) = fa(s) (~oo<s< oo, n==%1,42,...),

(10.3) f;(8) are continuous for all s € R'.
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Denoting by s1 < 82 < ..., 8, the points of discontinuity of the derivatives of f; in the
interval 0 < s < [l and setting s,41 = ly + s1, we further assume lha,t

(10.4) fi(s) isin C?[s;,si41] for 1 <i < n.

Notice that our assumption on S include the case where SN{z, = 0} is a step—function,
i.e., z3 = f(z1) where f is piecewise constant.
Set I =SnN{zy =0}, I(s)=(fi(s),0,f3(s)) and introduce the tangent
i
ds

T =

and normal 7 = €3 X 7. We shall also write y(t) = T(t)

We begin with the representation (2.3), (2.4), but take ?, 7J to have the form

) =I7@), I(t)=I{y{),

(10.5) Tlw) = 1( "
J(y(t) = J(t) = T(t)ez, J(t) = J(y(®));
the general case where
(10.6) i = I(t)7 (t) + L(t) €2,
J=J(t)ez +J(t)7(¢)

can be handled similarly. However, as in §8, we can derive a system of equation for (I, J )
and (separately) for (I3, J,), and the system for I,, J, has a solution I,=0, J.=0.
Assuming (10.5) we have

(107 TOV, W (= = 9(0) = T - (B TaTr + 0, T Fo) = 0,

(10.8) p(T(0) = 5 o) Tue) - 7] = 8.

Proceeding with (2.4) and using (10.5) (10.7) we obtain analogousily to (4.8):

Hoz) = [ {ii;}\pk(x —y(®) + T() x Vy Ti(z — (1))
(10.9) 0 ;

—ia(T(t) x €1)Ui(z — y(t))} dt.

29




Similarly, proceeding with (2.4) and using (10.5), (10.8) we obtain analogously to (4 12):
I

Bo(a) = [ {2 T@ 0 -~ 4(0) - T6) % ¥y 0e - 3(0)

BRI R NCEONT
(10.10) o o e L
-}—_/{iaJ(t) X €1 — Edz(tt) 1~ — I(t)el(t)}llfk(a: —y(t))dt
0
)
+§ /I(t)vylpk(z — y(t)) dt.
0
We set
(10.11) 2 = {0,51,...,5n).

LEMMA 10.1. Ifs ¢ T then, for any u € L%(0,1y),
!

, f T(s)— 1(8) ,
lim u(t)— dt exists.
- f 1(s)— 1 ()P

{lt—s]|>e}
Proof. We have
(10.12) 1(s) = 1(t) = (fi(s)€1 + Fi(s)E3)(s ~ £) + (s — ) F(t)

where F(t) is continuous in ¢. Hence

—_

_{(3) - T(t) _ fi(s)ey + fi(s)es + Fy(t)
[ 1(s) ~ 1(2)]? o

where Fy(t) is continuous in ¢, Using the Hilbert transform properties, the assertion of the

lemma follows.

LEMMA 10.2. Let z = T(s), s ¢ L. Then for any L* function u(t),
le

zl—ii%o /u(t)vy\][fk (z+2n(s) — y(t)) dt = :i:%?f(.s)u(s)

—

lQ —
1 I(s)— 1(t)
+5=pv. [ u(t)—= = dt
on / [1(s) = T(1)]2

Iy

+ f W)Y, (‘I’L(:c - () — logl L (t)l)

0
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holds for a.a. s.

Proof. Since

Tie—y) = (e —9) ~ glog e
is a continuous function, it suffices to prove that
T(s) - T(t) + 27 (s) 1.
lim -— / u(t)— dt =%+-n
Zﬁio 4 -1 zn(s)|? 2
013) DT =T+ )
1 l(s) 7 (1)
+—— pv. | u(t)—= dt.
o / |1(s) = L)
Since
1(s) = 1)+ 2R () = [T(s) = T@)P + 22 +227(s) - (1(s) -
=(s—t) +22 4+ zO((s - t)2) + O((s —
we have B B
()= T00) _ _ (s=07C)
[(s) = I(t) + zn(s)|? T (s—t) 422 Als,t

where A(s,t, z) is continuous in all variables. Hence

Iy

m(s)u(s)

1(5)

£)°)  (by (10.12)),

— — Iy -
, [(s) - 1(2) , (s — )7 (s)uls)
10.14 lim | u(t dt = lim d
( ) z—bﬂ:ﬂo ( )IZ(S)_ l(t)-}-zn(S)P Z—f:|:0 (S—“t)2+z2 ¢
+ lim / (DA(s,,) dt + Tinm / (s = t):(_slg’;t)z; ) g
(s = ) (u(t) — u(s)) } o
= p.u. — dt| 7(s)+ [ u(t)A(s,t,0) dt
/= /
fg
= p.v. fu(t) L i t?(s) + A(s, t, 0)] dt

0
!

E

HOENI0)
[1(s) = ()
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by reversing the previous steps in the case z = 0. Next

22(0) = 2(s) e o (2
T rmr Ol o (e s
and therefore
/ n(s) 0
Lim — in s dt = n S) lim u 22 _
z—+10 2 l I(S) —_ l(t) + ZU(S)lz z—10 / (3 t) + z
= :f:TH_{(s)u(s),

Combining this with (10.14), the assertion (10.13) follows.
Using Lemma 10.2 we can now deduce from (10.9), (10.10) that

E*(s) = lim Bo(w+20(s)), HE(z) = lim He(z +27(s)

exist for any r = z(s),s ¢ I and, setting Ei(s) = E* (m(s)),ﬁi(.s) = I—a;i(m(.s)), we
easily get

n(s) x (H¥(s)— H™(s)) ={I(s)

Iy
-l—icE /(61‘1’1 — e P2)((s) — y(1)) J(t) dt

(10.15) A
+ 10 (B3 - A2 ) (81 - B)(als) — () @

{g

- [at(s ~ 1) (a() - () £ dt}?-’(s),

0
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and (using also (10.13))
(10.16)

7(9)x (B¥(9) - B~(9) ={ - 709
(21 f[df(t)+ orty] B = 50) + KO0 —50)

2rwi \ €2 € d 1_1’(3) _ —E(t)|2
1o
5 [ |2 +ia10)] (A5 + A5 (9—» - —‘Ii-) (a(s) — 1) dt

Ig

+ [a [f;(s)gf;; - f;(s)g%} (01 — )(als) — y(t)) dt

b2 ] T2 +iato)] i) (22 - 2 (20 - wtt)

€2

lo

v/ [zafg(S)J(t) OO RS AOYAO) f(t)]

0

. (‘1’1 - 11’2)(;3(3) — y(t)) dt}-gz.

Following the procedure of §7 we now wish to substitute I from (10.15) into (10.16) in
order to get rid of the derivatives dI/dt in {10.16). We require here a lemma analogous to
Lemma 7.2 whose proof uses Lemma 10.2:

LEMMA 10.3. If
Iy
Lu = /u(t)(el\lll — 621112)(.1.‘(8) - y(t)) dt

0

then

(;?—L) ()= erme ] u(t)(¥1 — Wa)(2(s) - y(2)) dt

a-a (o). (7 (s) - @)
+ — u(t)
on / [1(s) = ()2

lg
+ (€2 — €1) O/U(t) (f{(s)a—i; + fé(s)%) (I;l(a:(s) — y(t)) dt.
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The proof is omitted.
Introduce the operator H:

o Ty (1= 1)
(10.17) ﬁu(s) =2 p.v.fu(t) __,( — ) dt.
T | 1(s) = 1 ()

If we substitute I from (10.15) into (10.16) and use Lemma 10.3 and the notation
(10.17), we get a system

I+Ty(I,7 )=—I0,
(10.18) (&1 = &2)?
J - v HY ) +To(I,J) =

where Iy 7(s) = ~n(s) x (I_z;(',"(s) - FI;,“(.S)) and Jy depends on both I, and 7 X (Ej‘ -

E7)e™ % for any 1 < p < oo the operators ﬁ, T, are compact integral operators in the
space X, of L? lg-periodic functions defined on the curve SN {z; = 0} with the L?(0,l,)
norm.

Thus the only essential difference between (10.18) and (7.21), (7.22) or (8.4) is that
in the previous system H was the bounded operator H (the Hilbert transform) satisfying
H? = —1 whereas now we have an operator H which is not as “nice” as the Hilbert
transform. We nonetheless have:

LEMMA 10.4. H is a bounded operator in X,, that is,
HHullLr0,10) < Cliwllzo(o,10)-

Proof. We first consider the behavior of (Hu)(s) for s near a point s; where 7(s) has
0

a discontinuity. For simplicity we take 0 < s; < ly. (If s; = 0 we can work with [ instead
_.lo

I
of [ (in (10.17)), since u and ! are lo-periodic. Set
0

@ = T +0) = T(s: ~ 0).

Suppose $; < s < s;;1 and consider the portion of the integral (I?u)(s) from t = s; to
t = s5;4+1. Then the integrand satisfies:

7(5)- (T(s) -

(10.19) u(t) '®) = u(t) +u(t)Fy , Fp bounded




(since 7(-) is in C*(si, si41]).

Next consider the portion of the integral (I’-Ir u)(s) for s;_; </t < s;. Introduce the

i \
auxiliary C1?! curve [ ,(t) in [s;—1, 8;+1] defined by
(t) if 8; < i< Sit1s
) +a(t—s) if sia <t<s,—.§
Then . _ B ~ ~
7(s)- (1(s)—1(1) 7(s) [T(s)(s —t) - alt -—Si)_?_O(S_t)z]

11(s) — [()]? O |T(s)(s — ) — a(t —si) + ops —1ep

Notice that for s > si, 7(s) = 7(s; +0)+O(s —s;). Since also 7(s; +0)- 7 (s; — 0) > -1,
the denominator in the last fraction is > ¢[(s — ;)% + (¢ — 5;)?] (¢ > 0). It now easily
follows that, for s;1 <t < 33,

7(6)- (1) = (W) _ u®) |, lt=sil+(s— 1)
7(s) ~ 1(0)] e

s5;— 1
(10.20) <C (1 T Go PRCI PR Si)z) |u(?)]
(since (s —t)? < 2(s — 5:)? + 2(s; — t)?)

<C (1 + —> |u(t)|

|u(t) [u(t)]

since t < 8; < 8.

We have thus proved that, for s; < s < sj41,

) 7(:): (i(s) - 1(®))
| [ u(®) dt
/ 7(s

—_

)= L®)P

<ol / [u(t)] dt[+0/[u(t)|dt+|/ﬂdt|
=CH (IU|X[s,-_1,s,-}) (s}+C / [u(t)[ dt + |H (U;X[Si—l,si+1]) ]

A similar estimate holds for s in the interval (s;_y, s;) and clearly also for s in (0,s,_,) or
in (8441,%0). Since H is a bounded operator in L?, the assertion of the lemma follows.

We summarize;
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THEOREM 10.5. Let S be given by (10.1)-(10.4). Then there exists a solution of (1.1)-
(1.4) of the form (8.7) if there exists a solution I, J of (10.18), where Ty, T, are compact
linear integral operators in X, and H is a bounded linear operator in X,, given by (10.17);
here p is any number satisfying 1 < p < co.

_ REMARK 10.1. Theorem 9.1 extends to the case where S satisfles (10.1)-(10.4); thus,
the solution having the form (9.2) is unique if the system (10.18) has a unique solution

In order to show that the system (10.18) is a Fredholm system of equations we need
to analyze H? more carefully. We shall be working with the spaces Xp,1<p<£L2,ifTis
bounded linear operator from X, to X, then its norm is denoted by ||T}|s.

LEMMA 10.6. Foranyu e X; NX,
(10.21) Hu=—u+Du+Tu

where D is a compact operator from L?(0,1y) into L?(0,%)) for 1 < p < 2, and

1

(10.22) 1Tl 0,10) < 5 Nullzrgo,t)s
3422

(10.23) 1Tw| 2¢0,10) < I el 22¢0,16)-

Proof. Using a partition of unity to write
U= LYl

where x; is supported {si_1 4 26, s;41 — 26} for some § > 0, it is sufficient to concentrate
on H?%(x;u). Setting

Lg = {'u, e LP(S,‘_I + 6,Si+1 —-— 5),u(t) =0 if ¢ < Si—1 + 26 orift > Si4+1 — 2(5}

it is then sufficlent to establish (10.21)-(1.23) for v in L§ N L. (Here we have taken for
simplicity 0 < s;_1, ;31 < lp; if 8; is the smallest or largest point in ¥ then some small
modification need to be made, using the l;-periodicity of the functions u(t).)

To simplify the notation we take
1
(10.24) Sim1=—1, 8;.1+26=-=, 5, =0, 8,41 —28= 30 Sit1 = 1.

We first consider a special case where

— as if —1<s<0
(10.25) [(s)=¢ =
Bs if 0<s<«l1
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LEMMA 10.7. The assertions of Lemima 10.6 holds for the case where u varies in L}
and H?u is considered in L?(0,ly), provided (10.24), (10.25) hold.

Proof. We shall use complex notation

o = e'f o, ﬂ=ei¢Eﬁ

and set

A= T(—l), B = ?(0), C = T(l),
s if —-1<s<0
{(s) = .
Bs if 0<s<l.

We assume for definiteness that AC lies in §, (i.e., above the curve S), and denote by T
the boundary of the triangle A, B,C. ;

Since

we can write

T Re f 2 _ 4 gcs<n
s {(s) =)
Define
o)
Flz)= | ——==dt for z¢€Q,
F(¢(s)) = lim F(C(s) +ens))
where

{z'ae f —1<s<0
n(s) =+ .
13 if 0<s<1

is the normal to S pointing into §2;.
Notice that for —1 < s < 0,

0
lim Re] a?,a(t) dt = Re / &(t) dt

e—+0+ as + e — ot as — at
-1 {—1,0\J

61_1)1’(:](1_}_/’(—'"{)"5";"—2- [u(t) U(S)] df"f- 11m /_(MT?-.{—__Z u(s) dt
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where J is a subinterval of (—1,0) symmetric about s. The last integral vanishes by
symmetry, whereas the limit of the preceding integral is equal a.e. to

s—t
J/ g — (o) dt.

We conclude that

. au(t) _auft)
(10.20) =it Tentn 7 / =g 4T / -
Similarly
(10.27) im  Im / z"‘_“gg) dt = —mu(s) .

#=((s)+en(a)
e—04 -1

Using (10.26) we deduce that, for —1 < s < 0,

_au(t)

C( e dt = nHu(s).

e(aF)(¢(s)) =

A similar result holds for 0 < s < 1; thus

Re(aF)(¢(s)) if —1<s<0

(10.28) THu(s) = { Re(ﬂ'F)(C(S)) if 0<s<l.

If —1 < 5 < 0 then by (10.28)

72 Hu(s) = w2 H(Hu)(s)

e Lo [ Fu)

(10.29) - { EAORRY dt}
o [ Re(eF)(((t) . [ Re(BF)(C(1)
g S e [

where (10.26) was used in the last equality. Since

a dt if —1<t<0

dqt):{ﬁdt i o0<t<l,
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we have

(10.30)

[ Re(eF)(C(1)) Re(8F)(¢(1))
f P—v d“*/ p—eTy ﬁ}

dt

Fi Im(aF)(¢(2)) f aRe(BF)(C(1))
O | == ¢)

Il

—o
)
0
(|

o~
==

e

&

I
—

_ aF(Q) 4 _ aF(¢) 4 i Im(aF)(C(t)
(29w | ) frmert

F aRe(BF)(((2))
*/ O R

—Imia z aF(C)
(2 Rz - [ 22 dg‘/ rW)wﬁJ

TA

. [iIm@R) () I aRe(BF)(C(1)
/ oty PR ORI

o,

Im(aF) (C(t))

= —2ria(F(z) + G(z)) — /az Im{BF)(¢(t)) dt — /

z—((¢) z—(()

where

] oF(()
Glz) = 2mf z— gdg’

CA

in the last equation we used the relation aF = Re(aF) + 1 Im(dF). For -1 < s < 0 we

clearly have

/1 ai Im(BF)(e(®) f ai Im(8F)(¢(1))

o T TG = ()

z=((8)+iae
0

e—0+

dt

and, similarly to (10.27),

. [ ai Im(aF)(C(t)) .
z=fl£i%:_iaf_.{ p—eey dt = m Im(aF)(((s))

i / Im(‘i)gf(t)) dt.
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Substituting (10.30) into (10.29) and using the last two relations, we obtain

72 H2u(s) = Re{ — 2mia [F({(s)) + G({(s))] — 7 Im(aF) (¢(s))

_i/OIm(aF)(C(t)) e [ i Im(BF)(¢(t)) dt}

(10.31) s—1 ao ¢(s) = ¢(®)

-1

[i ImBR)(Cw)

=7 Im(aF)(((s)) + 27 Im(aG)({(s)) — Re «

¢(s) —¢(®)
Now, when —1 < s < 0,
[__out) [ _on(t)
) au au
aF(((s) = el—lgi- as + ioe — at di+ f as — Bt d,
-1 0
and using (10.27) we get
[ () o, [_u(t)
) u u
(10.32) aF(((s)) = —imu(s) +_[-;—_—t dt + Of ) ___g t dt .
Similarly, when 0 < s < 1,
Bu(t) ﬁ'u(t)
BE(((s) = E,‘Si]ﬁsﬂﬁe—at J Bs—pt -
(10.33) .
: u(t) u(t)
= —imu(s) + dt + | ——=— dt.
[ [ 2%

Using (10.32), (10.33) in (10.31), we get

w2 Hu(s) == {—Wu(s) + Im/ [3 dtJ + 2nIm(aG){({(s))

_Re{m’ j asiﬁt [mm(t)-i—fm fo tj(;)r df] dt.

0 =1 ﬁ

(10.34)
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Noting the cancellation

1 1

] t
Re/ = zu(t) dt + 7 Imf u®) dt=0
as — Bt J¢] :
0 0 S—=—T |
a
we get from (10.34)
n2H2u(s) = —n2u(s) + 27 Im(aG)({(s))
1 0
10.35 ‘
( ) —i—/Im lﬂ ] Im 1a u(7) dr dt
] s—=t/7 t——=T1
o
provided —1 < s < 0.
Similarly, if 0 < s < 1,
T2 H%u(s) = —m?u(s) + 2 Im(BG1)(((s))
0 1
10.36 1 1
(10.36) + / Im . /Im 5 | w(r)dr dt
s—=1 t— = !
—1 ﬂ o o T |
with a corresponding function G.
Noting that
1 1 t T
Im I —_— = —5in? g— 1
T T e
@ B |

if st <0, tr < 0, we can rewrite (10.35), (10.36) in the form
(10.37) ,7r2f1v’2u = —n%u + Tu + Du

where

~ 2n Im(aG)({(s))
Du(s) =
(2) { 2 Im(BG)(¢(s)),

(10.38) fu(s) = — {/ h(s,t) (/ h(t, m)u(r) dr) dt} sin®(8 — ¢) = —K?u(s),
-1 1

1

Ku(s) = [/ R(s, t)u(t) dtjl sin(6 — @),

—1
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and ¢

—_— if st<0
h(s, 1) = { St 0
0 if st>0.

In the definition of G(z), the denominator is uniformly positive in absolute value for

all z = ((s), when s varies in the interval

8ic1+ 8 < s <841 — 6, i, — <s<

W
tho-‘l

A similar remark applies to Gl Hence the operator D is compact from L] to L?(s;_; +
8,8i+1—6). The restriction of Du from L} to L2(A), where A = (0 lg)\(s, 1+6, siy1 —5)
is also compact. Indeed, on A, Du coincides with 72H?y, ie., Du = 1r2H(Hu), and Hii
is smooth in A (i.e. analytic) We write Hu = EXJ(HU) apply H to each XJ(Hu) and
express H(x;Hu) in (8518, sj+1+6) asin (10.37). We then find that H%u is a compact
operator from Lj into L?*(A).

We have thus proved that D, in (10.37), is a compact operator from L} into L2(0,1).

Next,

1

| Kullp < /dsl/h(s,t)u(t) dt|

< / ( [h(s, 1) ds) ju(t)lde < f [u(®)] dt,

—1

which establishes (10.22). To prove (10.23) take first —1 < s < 0. Then

Bu()] < [ Tu(t) oy dt < 0 [ 2D
J s« +t t
0

= ¢p f -t_is(f(u(f)bc[o,l]) dt

where ¢g is such that

2 < G0 . 1+
2412 T t—gs

=

Then

0

0 oo
/[Ku(s)|2 ds < cim? / (H(ux[o,l]))2 dt < g /(UX[0,1])2 dt.
51 —o0

—1
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A similar estimate holds for 0 < s < 1 and thus

1 \/_ 1
/ Ku(s)]? ds < 3—+-42—2 2 / u(t)[? dt,
—1

-1

and (10.23) follows.

Proof of Lemma 10.6. As before it is sufficient to concentrate on H? with u restricted

to the space L2 and H? considered in L?(0,Iy). Using the notation

(10.24) we introduce a

curve [(t) consisting of the two tangents to I (£) at t = s; = 0. We write I(t) = 1(t) and
denote by Hy, Hj the operators H defined with respect to I and I, respectively. Set

b= &

If we can prove that Disa compact operator from L} into L? then the assertion of Lemma
10.6 will follow from Lemma 10.7. To prove that D is compact, introduce the function

- (i(s) - 1))
l1(s) — 1)

k;(s,t) =

and similarly ;.
Let -1 <s<0. If -1 <t<0then

1
k;(s, t) = S—:E

whereas

ko, t) = T[T =) + di(s — 1)?) |
(10.39) [7(s)(s — 1)+ di{s — 1)2]?
+ dz = k‘i'(,s,t) + d2

s—1
where d; denote uniformly continuous functions of (s,#). On the other hand, if 0 < t < 1,
then
@s — B2
and ‘

_ (& +dss) - (Gs — Bt + das? + dst?)
|33 - Etlz +d;

_ E’(as—ﬁt)+ds

B |as — Eﬂz + ds

ki
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where |ds| < C(|s[> + 5%t + |s[t? + t3),|ds| < C(#2 + t|s| + s2). Since |as — ;!_5"t|2 >
c(s® +1?), ¢ > 0, we deduce that

(10.40) ki =k;+dy, dy continuous.

From (10.39), (10.40) we sce that, for —1 < s < 0,

1

(Bu)(s) = / d(s, t)u(t) dt

-1

where d is a continuous function. The same result can be proved for 0 < s < 1. Conse-
quently D is a compact linear operator from Lf into L3.
Set

A — (61 — 62)2

(10.41) - s

We return to equations (10.18). Using Lemma 10.6 we can rewrite the second equation
in the form

(10.42) [(1+X)E—=XT)J+DJ+To(I,J) = —J

where F is the identity operator. Set
(10.43) B=[1+ME-XT]'=(1+ X171 Z (_)\") T,

this is a bounded linear operator in X, provided

1+ A

(10.44) IT)izr < ‘T .

when this condition is satisfied we can rewrite (1.18) in the form

I+ Ty(I,J) = —1I,

(10.45) N -
J +BD + BTy(I,7) = ~BJ,,

which looks like a Fredholm system.
By Lemma 10.6, (10.44) is satisfied if

1 1+
(10.46) 1 <I——"-;~—|, p=1,
34+2v2 14X
(10.47) T <|l—=~l p=2
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H
'R

!

€j

> 0,¢; = 0, we have

14+ A
A

Recalling that €; = €} + ie
(e1 + 62)2

l ‘ (€1 —€2)?

so that (10.46) is always satisfied. Consequently we prefer work in
this requires a careful look at all the terms in fg, ensuring that t
operator in Xi. Recall that in the operator fg there enter opera
when we substitute I from (10.15) into (10.16). The “worst” oper

_ (€ +eh)” + (ef +e5)?
(ep — €)% + (ef —€7)?

(10.48)

¥, ¥,
€2 €

e1fi(s) f(ffuxf)( ) (z(s) — y())

¢, constant. If u € L' then Hu is in (I} Jwesk: S0 that in order t

above operator we must write it in the form

>1,

the space X;. However

hey each are a compact
tors which are obtained
ator in T} is

dt,

0 make sense out of the

) (1) — 1() og
HOERIO: la(s)

¢z is another constant,

afits) [ur) dt [

+Tﬂua

and Tp is a compact operator in X. The inner integral has the fa

gl T o 1 !
A“”‘Hégmw—mmy”'

As in the proof of the previous two lemmas, it is enough to co

a neighborhood of s; = 0 when [ () consist of two line segments 1
the same notation as in Lemma 10.7, this reduces to studying the

rin

nsider what happens in

meeting at ¢ = 0. Using
operator K:

1
(10.49) Ku(s) = /log(s — 1) Toul(r) dr
-1
where
I
(1050) Tju(s) = /hj(s,t)u(t) dt
-1
and
1
if st>0
(10.51) ho(s,t) = ¢ 71
B if st < 0.
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Later on we shall also need to examine Tyu where

_t i st<0
(10.52) hi(s,t) = { 82 2
0 if st > 0.

The operator K does not appear to be compact or even bounded if we consider it in
the L'-norm. We shall therefore resort to a weighted L!-norm

LEMMA 10.8. The operator u — Ku from L] into L' is a compact operator provided
both v and Ku are taken with the || ||, norm.

Here L' = L1(~1,1) and L} = {u € LY u(t) =0 if [t} > g}

Proof. Write v = Ku and set
a(t) =t7%u(t), o(s)=s""v(s).

Then .
5(s) = /E(s,t)ﬁ(t) dt = (Ki)(s)

where

~ e

1
k(s,t) = - /log |$ — rlho(r,t) dr |
1

and it suffices to show that K is compact from L} into L.
If s > 0 then, for t > 0,

1 0
7. 28 dr T
k(s,t) = = [p.v./log |s —T|T — + flog ls — T|m dr}
0

—1

whereas for t < 0

5 r— + 2 + 72

log s — T|—'—L— dr} .

S

0
- e d
k(s,t) = — |pv. /10g|3 — 7 z
1
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A similar representation holds for s < 0. Using properties of the Hilbert transform it is
easily seen that

(10.53) k(s,t) is a continuous function of (s, t)
‘ for all (s,t) except possibly s =0, t =0 or si=t.

If we can prove that

(10.54) Fs, 01 < S5 [(og 12 + g ] Tog ]

then c
|k(s, )] < s—allogISH-

Using this estimate and (10.53), we can deduce by a standa,rcﬁ argument that K is a
compact operator from L1 into L1,

To prove (10.54) it suffices to consider the case s > 0,t > 0. ’fhen

1
= t d ‘
k(s,t) = — p.v./log|s—'r| a +/’log|.s~~-r|2_7-._:7 dr
(10.55) s J T — 4 ‘ t°+7
te i
= -—(J1 + J2) ‘
and
| J2| Si / + / + / |
[r|<% £<ir|<2s |7|>2s
(10.56) c. f
< C|logs| |log t]+;| -/ logjs — r|dr| — Cllog s| log |
—a/2
< Cllog s| |log t].
Next
2¢ p 1 j
(10.57) J1 :p.v./log ls — 7] z +/log|5 — 7| ar =L+ 1.
T—1 T—1 |
0 2t

Substituting 7 =t + 5 in I; we get

t t
1 — 1~ —t_pl— lq _
Ilzp.v.fﬂ___nldn:-/logls t —nf log[;s t+nld
7 |

n
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so that, upon substituting n = |s — ¢|¢,
Flog | 1EE

(10.58) L) < ‘/% d{' <c.
0

To estimate I, we substitute 7 = 2t + nt to get

i_2

: log|s — 2t — nt|
I, = dn;
2 / 77+1 m

we may assume that % > 2. Writing

s—2¢
s—2t—ngt=1t(y—n) where ~v=
we obtain
1-2 1-2
[log ¢| log |7 — 7]
L] < —=— dn+ ———d
Bl< | ooy dn | n+1 d
0
1~
S|logt[10g; + I
where

1-2 i3 i-2

= t t | log |7 — 7]
I = rfogm — i
NN EN ALt

0 0 0
—y]<l g<y—1 9>+l

The first term in I, is bounded by

1
2 [ loseld
D
and each of the remaining two terms is bounded by

1
1 dn
log= | == — (log #)2.
ogtfnﬂ (log )
0

It follows that
|| < C(log )%
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Combining this with (10.58), (10.57), we sce that
[1] < Cllog ).

Recalling (10.56), (10.55), the assertion (10.54) follows.

Having proved Lemma 10.8 we remark that the compactness of all the other operators
in Tj is proved much more easily. However, since we shall be using the a-norm || ||a, we
still must extend also Lemma 10.6 and the estimate (10.22).

The proof of Lemma 10.6, for the a-norm, remains essentially the same; the only
difference is that now we have a lightly different estimate on T, namely

i
(10.59) ITyulla € s [Ju]la

— 2cos 5

T is defined by (10.50), (10.52). The proof of this estimate follows from

1
h
I l(sit)l Itla ds

| Tiulla < [Julla sup -
¢ |s|

-1
00

dn
P L — — #r
_/770(1+7]2) (S t’l)
[¢]

g

2 cos ”—2"— '

From (10.59) we conclude that instead of (10.22) there Lolds:

(10.60) [T <

S Toow z= [Feef -

Denote by X , the space X; where the L!-norm is taken with weight wlt),

t— 5|7 if t —s; i
w(t):{, <l sl <
1 if |t —si] > &

for some small § > 0,

Notice that working with the space X 4, the condition (1().4%) becomes

14+ A

ITle = T, < |25

and, in view of (10.60), (10.47), this condition is always satisfied if 4 cos? % > 1, ie., if

2 ;
0<ac< 3 In this case, then, the system (10.18) is of Fredholm type.

We sumrmarize:
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THEOREM 10.9. The system (10.18) in X1, (a € (0, -g—]) is equivalent to the Fred-

holm system (10.45) where BD and BT, are compact operators in X 4.
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