Weighted quasimap wall-crossing via localization

A DISSERTATION
SUBMITTED TO THE FACULTY OF THE GRADUATE SCHOOL
OF THE UNIVERSITY OF MINNESOTA
BY

Michelle Pinharry

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY

Ionut Ciocan-Fontanine

July, 2020



(© Michelle Pinharry 2020
ALL RIGHTS RESERVED



Acknowledgements

First, I would like to thank my advisor, Ionut Ciocan-Fontanine, for introducing me to
quasimap theory and suggesting this problem to me, all the while patiently assisting
my learning of the requisite background. Throughout, he has generously shared insights
and ideas, for which I am deeply thankful.

I would like to offer my thanks to Yang Zhou, to whom this thesis owes much
intellectual debt. He has graciously shared his work with me and has taken the time
for many useful conversations.

I thank Christine Berkesch, Tyler Lawson, and Alexander Voronov for taking the
time to review this thesis and for agreeing to be on my final committee. Thanks are
also owed to Bonny Fleming, for her consistent support and encouragement in the last
6 years.

On a different note, I have come to believe that the intellectual and academic chal-
lenges are only half the story of completing a PhD. The other half is emotional resilience
and perseverance, which I would have never been able to maintain without the unwa-
vering support of my family and friends. Words will never describe how thankful I am
to my parents and sister, Vasso, Raymond and Stephanie, who have truly been the wind
beneath my wings. I owe thanks to all my friends overseas, who never stopped believing
me, albeit thousands of miles away. That being said, I am sincerely grateful for all the
wonderful friends I have made in Minneapolis, who have, in many ways, become my

second family. To those I have not included by name, my hope is that you know who



you are and that each and every one of you holds a very special place in my heart. Last,
but not least, I would like to thank Francois, for being my safe place and for showing
me that even though this is a hard journey, it is possible, if not crucial, to have some

fun with it.

i



Dedication

For my parents, who never once doubted I could.

i



Abstract

The aim of this paper is to prove a wall-crossing formula at the level of virtual funda-
mental classes of weighted stable quasimaps to a class of GIT quotients via localization.
The idea of the proof is to use virtual localization on a larger moduli space, referred to
as the “master space”, the fixed-point loci of which are in one-to-one correspondence
with the terms in the wall-crossing formula. As an immediate application, we obtain

the modified string and dilaton equations for stable quasimaps to GIT quotients.
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Chapter 1

Introduction

1.1 Overview

Let W be a complex affine variety acted upon by a reductive algebraic group G. Fix
a character # of G such that the action of G on the semistable locus with respect to 6
is free. For a positive rational number ¢, the theory of e-stable quasimaps to the GIT
quotient W/yG was developed in [CFKM14], generalizing and unifying many previous
constructions [Kon95, MOPII] [CEFK10, MMO07, [Tod11].

For each stability parameter € € Q- ¢, the moduli stack of e-stable quasimaps carries
a perfect obstruction theory and comes equipped with evaluation maps to W/yG and
tautological cotangent classes at the markings. As with Gromov-Witten invariants, one
can define quasimap descendant invariants by pulling back cohomology classes under
the evaluation maps and integrating against the virtual fundamental class. Explicitly,
let Q;k(W// 0G, ) denote the moduli space of e-stable quasimaps of class 5. When

W/ ¢G is projective, its (descendant) e-quasimap invariants are defined by

k
s = [ | CHEATHE

Q5 c(W/eG.B¥™ 54
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for integers a; > 0 and cohomology clases v; € H*(W/oG,Q). If W/eG is only

quasiprojective but has a torus action with good properties, one may still define a
good theory of equivariant quasimap invariants using the virtual localization formula.
Again paralleling Gromov-Witten theory, these invariants are arranged into generating
functions. For example, in genus zero one has the J®-function, J¢(q,t, z), where ¢ is a
formal parameter keeping track of the degree (or numerical class), t € H*(W//yG) and
z is a certain equivariant parameter.

There is a wall-and-chamber structure on the stability parameter space ¢ € Qs
with walls at % for k a positive natural number. In the asymptotic case € — 0, denoted
by € = 0+, J%" (g, t, z) becomes the (big) I-function from [CFK13], whose specialization
at t = 0 is Givental’s (small) /-function in the toric case (up to an exponential factor).
On the other end, when ¢ > 1, denoted by ¢ = 400, e-stable quasimaps are just
stable maps and J7>°(q, t, z) is the usual big J-function, and object of great interest in
Gromov-Witten theory, which is, in general, difficult to compute.

As € varies, these theories are expected to be related via wall-crossing theorems.
The genus zero picture is analyzed in [CFK13], where it is shown than the I-function
and J-function are related by quasimap wall-crossing theorems, thereby generalising
and giving a rigorous and geometrically meaningful interpretation to Givental’s toric
mirror theorems. Treatments for the higher genus case can be found in [CEK20, [CFK17,
CJR17al, [Zhol9], the latter two of which employ the masterspace technique used in the
main proof of this paper.

A consequence of these results is that one can compute the I-function in place of the
J-function. When dealing with invariants with 1 or 0 insertions, the advantage here is
that the I-function can be easier to compute or written down as a closed formula. How-
ever, there are other interesting cases in which the I-function is still hard to compute.
To remedy this problem, I.Ciocan-Fontanine and B.Kim introduced a new big I-function
in [CEK16] which is conjectured to lie on the Lagrangian cone of the Gromov-Witten

theory of W//G. In the same paper, it was shown that not only does that conjecture
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hold in certain situations but also that the big I-function can be expressed in terms of
the (usual) small I-function.
For example, if I1, ..., I, are the degrees of the hypersurfaces with intersection X C

P of codimension < N, then the big-I-function of X is given by

1 — d ! ) sma,
exp |~ > by (zqdq+H> (—2) | 1" (q, 2),

j=0 i=0

where the small I-function of X is given by the formula (see [Giv96])

lid
I:)s{mall(q Z) =1+ qunlzzl anwzl(lkH + mz)
) d
= o (H +ma)V

(1.1)

and where H denotes the restriction to X of the hyperplane class on PV. Similar
formulas exist for the big-I-functions of toric varieties or complete intersections in toric
varieties (see 5.3 in [CFK16] and 7.2.8 in [CFK10] for more details).

The big I-function is defined as a generating function of weighted (0+)-stable quasimap

invariants, where “light” markings are allowed to coincide with basepoints. Let

Qg,m|n(W//9Ga B)

denote the moduli stack of weighted (0+)-stable quasimaps with m heavy (proper)
markings and 7 infinitesimally weighted markings. These are (relatively) proper DM
stacks and come equipped with evalution maps to W//yG and [W/G] at the heavy
and light markings respectively, as well as a virtual fundamental class. One of the
benefits of introducing light markings is that there exist maps Qg pn(W/oG,3) —
Qgmin—1(W/eG, B) forgetting one marking which are identified with the universal curve,
contrary to the case of usual quasimaps with only heavy markings. A similar property
was exploited by Y.Zhou in the appendix of [CJRI7b] to complete the main proof of

the paper. Other notable examples in which both light markings and wall-crossing
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theorems have been used, are [KL18] and [LP18]. In the former, B.Kim and H.Lho

prove the genus-1 mirror theorem for the quintic threefold, while in the latter, H.Lho

and R.Pandharipande prove the holomorphic anomaly equation for local P2

1.2 Statement of main results

The main result of this paper is a wall-crossing theorem at the level of virtual classes
comparing the moduli stacks of weighted quasimaps when one heavy marking is changed
to a light one. In order to state it, we need to introduce some further notation.

The GIT set-up gives a natural morphism ¢ : [W/G] — [CM+1/C*] for some positive
integer M, inducing a closed immersion ¢ : W/yG — PM and a morphism (denoted by

the same letter)

L Q97m|n(W//9G75) - Qm|”(PM’d(’8)) ’

where d(3) := 1«(8) € Hom(Pic[CM+1/C*|,Z) = Z. Let m,n be positive integers.

There exists a morphism

c: Qg,erl\nfl(PMv d(ﬂ)) - Qg,m\n(PMv d(ﬂ))

which converts the last heavy marking into a light one and stabilizes. Next, for any
subset J C {1,...,n} with 1 € J and numerical class 3’ € Hom(Pic[WW/G],Z) such that
0 < d(p') <d(p), there is a morphism

b,B’,J : Qg,m|y1,(yj)jgj (]P)Mv d(ﬁ,)) — Qg,m|n(PM7 d(ﬁ))

which places |J| — 1 light markings and a basepoint of length d(3 — 3') at the first light
marking.

Let L be a line bundle on [W/G] of the form L = [W x Cy,/G] for some character
0y € x(G) in the same GIT chamber as 6 (see 5.2 in [CFK16] for more details). Let



H :=¢i(L) and let I(q, t(), z) denote the (big) I-function where we restrict t(1) to
t(v) =Yty Hy
ij

We are now ready to state the main result.

Theorem 1.2.1 (Heavy-to-light wallcrossing formula). Let m,n be positive integers
and 1,7 be (possibly zero) non-negative integers. For each J C {1,...,n}, let A;j(z) =
(—=D)1=122=V1 We have the following relation in the homology group H*(ngm(]P’M, d(p)))o

Lx (GAU*(}AIl)Q[}J N [Qg,m\n,ﬁ]mr) = C*L*(evi(Hi)wz N [Qg,m+o|n71,ﬁ]m.7q)

+ Z Z(bﬁ’,J)*C*L* <(€U-)* ( [/\J(z)afmﬂ(q’ &) t:o] +,ﬂ’)

0<p'<B J

N [Qg,m+-<yj>m,ﬁ—ﬁf]““”>
z=—1e

(1.2)

where év and ¥ are at the first light marking, H = w(H) for k : H*([W/G],Q) —
H*(W/)yG,Q) the Kirwan map, and the notation | |4 g indicates taking non-negative
powers of z and then taking the coefficient of ¢° .

More generally, for arbitrary classes 01, ...,0m € H* (W /oG, Q), there is an equality

by (H evlt(sk e“v*(]ffz)qjﬂ N [Qg,m|n,ﬁ]vir> = C*L*( H 67);251@ evt(Hz)wZ N [Qg,m+o|n—1,ﬁ]vir)
k=1

k=1
t:0:| +,5/>

+ Z Z(bﬁ/,J)*C*L* < H evy 0y (eve)™ ( {/\J(z)(;]l(q, t,2)
irj
N [Qg,m+-|(yj)j¢.],ﬂM“”)

0<p'<p J k=1 2=—1e

(1.3)

Note that the case of complete intersections in projective space, this was proven

by I. Ciocan-Fontanine and B.Kim (see §1.6 in [CFK20]). The equivalent wall-crossing
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formula for weighted Fan-Jarvis-Ruan-Witten (FJRW) invariants was proven in [Zhol7].

1.3 Outline

We begin by reviewing the necessary background and definitions in Chapter 2. Chapter
3 is devoted to the construction of the master space, which admits a torus action. In
Chapter 4, we identify the C*-fixed loci and their contributions to the virtual localization
formula. This yields a relation in the Chow group of the master space. In Chapter 5 we
define some stabilization maps and explain how pushing forward this relation along these
maps gives us the wall-crossing formula. We conclude by discussing some immediate

applications in Chapter 6.



Chapter 2

Background

2.1 A class of GIT targets

Throughout, the base field is C. Consider a triple (W, G, 0), where W = Spec(A) is an
affine algebraic variety, G is reductive algebraic group acting on W and 0 € x(G) is a
character of G. There are three quotients associated with this triple; the quotient stack

[W/G], the affine quotient W/,¢G = Spec(A%), and the GIT quotient
W/ sG = Proj(@,>ol (W, L§™))¢

with respect to the linearization Ly = W x Cy defined by #. The GIT quotient has a

projective morphism

W//QG’ — W/aﬁ“G',

to the affine quotient and is projective precisely when W/,¢G is a point, i.e. the only

G-invariant functions are the constant functions. Let

W* = W5(0) and W* :=W?"(0)
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denote the open subsets of stable (respectively semi-stable) points determined by Ly

(see [New(9] for definitions). From now on, we’ll assume the following:
() 02 We =W

(ii) W* is nonsingular;

(iii) G acts freely on W*.

(iv) W has at worst l.c.i. singularities

It follows from Luna’s slice theorem that W* — W /G is a principal G-bundle in the
étale topology. Hence W//yG is nonsingular variety which coincides with [IW*/G]. In

particular, it is naturally an open substack in [W/G].

2.2 Maps from curves to [W/G]

Let C be a (possibly disconnected) reduced, projective, at worst nodal curve. By the
definition of quotient stacks, a map [u] : C' — [W/G] corresponds to a pair (P, @) of a
principal G-bundle

P—C

and a G-equivariant morphism

u:P—W.

Equivalently, we’ll consider the data (P,w), with
u:C —PxgW

a section of the fibre bundle P xg W — C. Here, P xg W denotes the “mixed
construction” stack quotient [P x W/G] with G acting diagonally on P x W. Denote
by Map(C, [W/G]) the stack parametrizing such pairs (P,u). It follows from general
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results in [Lie06] and [AOVI10] that this is an Artin stack (e.g. see Lemma 2.8 in

[CCFKT4)).

2.3 Induced line bundles and the numerical class of maps

Let Pic® (W) denote the group of G-linearized line bundles on W and recall that L —
[L/G] gives an identification Pic® (W) = Pic([W/G]). Let (C, P,u) be as above. For a

G-equivariant line bundle L on W, we have a cartesian diagram

PXGLHPXGW

l l

[L/G] —— [W/G]
Hence we get an induced line bundle v*(P xg L) = [u]*([L/G]) on C.

Definition 2.3.1. The numerical class § of (P,u) € Map(C, [W/G]) is the homomor-
phism
B Pic(W/G]) + 2, B(L) = degc(u’ (P xa L)

2.4 Weighted quasimaps to W /G

Fix non-negative integers m,n and a numerical class 5 € Hom(Pic([W/G],Z). Given a
tuple (6,)\) = x(G) x Qs with A << 1 sufficiently small, we’ll be concerned with the
following special casd'| of stable weighted quasimaps to [IW/G].

Denote by Ly the Q-line bundle on [W/G] associated to 6, namely, Ly = W x g Cy.
Given a map [u] : C — [W/G], let

Ly = [ul"(Le) -

More generally, there is a theory of 8-stable weighted quasimaps where 0 is allowed to be rational
and the weights of the markings are arbitrary rational numbers in (0,1] (see [CEK16] for more details).
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Definition 2.4.1 ([CEK16]). An (m|n)-weighted stable quasimap to W /oG of class B

is a tuple ((C,:L’l, ey Ty YLy -+ -5 Yn), Pyu) where
(1) ((m|n)-weighted prestable map to W//yG)

(a) C is a genus g, prestable curve over the field C

(b) x; and y; are smooth points on C' with

Zaxi,p + AZéyﬁp <1
7 J

for every smooth point p of C.

(¢) (P,u) is morphism from C to [W/G] as explained in (2.2).
(2) (0-quasimap) [u]~L([W"(0)/G]) is pure O-dimensional
(3) (-prestability) [u]~1(W//¢G) contains all nodes of C.
(4) ((m|n)-stability)
(a) The Q-line bundle . .
WC(Z-%’ + AZ%) ® Ly
i=1 j=1
is ample for every rational number € > 0.
(b) For all 1 <1i < m, z; is not a basepoint
(5) (numerical class ) The quasimap has numerical class £.

Remark 1. Note that condition 1(c) above is equivalent to requiring that the heavy
markings x; are pairwise distinct and do not coincide with any of the light markings ;.

Note also that we are allowing the markings y; to be basepoints.

Remark 2. In the notation of [CFK16] (see Definition 2.10), the (m|n)-weighted stable
quasimaps defined here are called (0+,0+)-stable maps to [W/G] of type (g, m|n, 3).

Since we are only considering this special case here, we drop the (04, 0+) notation.
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Definition 2.4.2. An isomorphism between two weighted quasimaps

(Cvply' . 'apkvpau)v

and

(C/7p/17’ A 7p;{}7P/7u/)7

consists of an isomorphism f : C' — C” of the underlying curves, along with an isomor-

phism o : P — f*P’, such that the markings and the section are preserved:

f(pj) = ow(u) = f*(u)

where oy : P xg W — P’ xg W is the isomorphism of fibre bundles induced by o.

Definition 2.4.3. A family of (m|n)-weighted stable quasimaps of genus g and numer-

ical class B over a base scheme S consists of the data
(m:C—= 8,21, Ty Y1y« oy Yny Py 0)

where

e 7 :(C — S is a flat family of curves over S, that is, a flat proper morphism of

relative dimension one,
e z;, and y; are sections of ,
e P is a principal G-bundle on C,

e u:C— P xg W is a section of the natural projection P xg W — C.

such that the restriction to every geometric fibre Cs of 7 is an (m|n)-weighted stable
quasimap of genus ¢ and class f. An isomorphism between two such families (C —
S,...) and (C" — S,...) consists of an isomorphism of S-schemes f : C — (', and an

isomorphism of G-bundles o : P — f*P’, which preserve the markings and the section.
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Remark 3. Stability of the weighted quasimap (C,x,y, P,u) implies the following

properties

e Every rational component of the underlying curve C' has at least two nodal or
weight 1 marked points. On any such component, deg ([u]*(Lg)) > 0 or there is

at least one more special point (node, heavy or light marking).

e The automorphism group of a stable (m|n)-weighted quasimap is reduced and

finite.

e (3(Lg) > 0 with equality if and only if § = 0. Furthermore, the same holds for any
subcurve C” and the induced quasimap (this is Lemma 3.2.1 in [CEKM14]).

Definition 2.4.4. An element 5 € Homy(Pic[W/G],Z) is called 8-effective if it can be
realized as a finite sum of classes of #-quasimaps.

We denote by Eff(W, G, 6) the subset of #-effective classes. It is a semigroup with
no notrivial invertible elements, i.e. 1 + f2 = 0 for 5; € Eff(W, G, 0) implies that
p1=pP2=0.

In [CFK16] it was observed that by treating each marking as an effective divisor
on C, (m|n)-weighted quasimaps can be viewed as an particular instance of 0-pointed
e-stable quasimaps to [W/G] x [C/C*]™*". Hence, Theorem 7.1.6 in [CFKMT14] applies

and we get a well-behaved moduli space.

Theorem 2.4.1 ([CFK16]). The moduli space Qg mn(W /e G, B) of (m|n)-weighted sta-
ble quasimaps to W/9G is a Deligne-Mumford stack, proper over the affine quotient,

with a canonical perfect obstruction theory.

Note that
2g—2+m+In+ B(Lg) >0

is a necessary condition for the moduli stack to be non-empty.
A remark on notation. We also use the shorthand notation Qg s instead of

Qgmin(W/eG, B) in cases where the notation would be too dense otherwise.
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2.5 Perfect obstruction theories

The wall-crossing formula is expressed at the (virtual) cycle level rather than the nu-

merical level, so we include here a review of the theory of virtual classes.

Definition 2.5.1 ([BF97]). Let X be a scheme (or DM stack) and L5 ' its truncated
cotangent complex. A perfect obstruction theory for X is a complex E% € DI=1.0 (X)
which is locally quasi-isomorphic to a complex of locally free sheaves and admits a
morphism

¢:E% — Ly ',
such that
(i) hO(¢) is an isomorphism; and
(ii) h=Y(¢) is surjective.

Given a perfect obstruction theory for X, the construction of [BE97] gives rise to a
virtual funcamental class [X]"" € A4(X) where d = tkE*® is the virtual dimensionﬂ of

X with respect to the obstruction theory E*°.

Example 2.5.1. Consider a regular embedding ¢ : Y — W fitting into a cartesian

square

X 1,V

bl

Yy 4> W

where V, W are smooth. Then, the complex

E* = [g" Ny — 5]

If E* is written locally as a complex of vector bundles [E~' — E°], then this is tkE® = dim E° —
dim E~! . This is a well-defined locally constant function on X, which is assumed to be constant.
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in degrees [-1,0] forms a perfect obstruction theory for X. The map comes from
9" Ny = g1 Qw = 5" Qw — 5" Qv .

This is a perfect obstruction theory because the complex comes equipped with a map
to L% coming from the maps g*Lj. — L% and j*L{, — L. Note that the associated
virtual fundamental class is [X, E*] = i'[V]. For a projective variety ¥ € P" we can

take V' = W, in which case the perfect obstruction theory is
[N )V(/Pn — pn]

and the associated virtual fundamental class is
[X,E*] =i'[P"].

In particular, if Y is a local complete intersection then the perfect obstruction theoy is
the cotangent complex (which is the same as the truncated cotangent complex). Note

that this construction also works with DM stacks.

Example 2.5.2 (Spaces of Morphisms [BEF97]). . Let C and V be projective k-schemes.
Let X = Mor(C,V) be the k-scheme of morphisms from C to V. Let f : C x X — V
be the universal morphism and 7 : C x X — X be the projection. By the functorial

properties of the cotangent complex we get a homomorphism

f*L;/ - LaxX - LE'XX/C

and a homomorphism
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The latter is an isomorphism so that we get an induced homomorphism
e: f*Ly — L% .
Assume that C' has a dualizing complex we. Then we get a homomorphism
e@uwe: fFLY, @F we = LY @Y we = 7T!L3(
and by adjunction a homomorphism
Te(e ® we) : Rmo(f*LY @Y we) — L .

By duality we have
R (f*Ly ©" we) = (Rmu(fT7))" .

Let us denote the resulting homomorphism by
m (€)Y (R (FT9)) = L -

Proposition 2.5.1 ([BF97] Prop.6.2). Assume that C is Gorenstein. Then the homo-
morphism ¢ := . (e")V is an obstruction theory for X. If C is a curve and V is smooth,

then this obstruction theory is perfect.

In our case, we’ll define an absolute perfect obstruction theory via a relative perfect
obstruction theory. As before, a perfect relative obstruction theory for X over Y gives

us a virtual fundamental class [X]"%".

Definition 2.5.2. Let Y be a smooth equidimensional algebraic k-stack. Given an
algebraic stack X over Y which is of relative DM type over Y, we define a perfect
relative obstruction theory E% Iy for X over Y just as in Definition but with L%

replaced by L Iy 1t X Ly is the given map, we also write E% and L} for EY Iy and
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LA.X/Y.

Proposition 2.5.2 (Appendix B in |[GP99]). Let M be a finite type DM stack and
T : M — M a morphism to a smooth Artin stack I which is locally of finite type and
of pure dimension. Let ¢ : B gn — L;me be a relative perfect obstruction theory. If
h denotes the composite By oy — Ly oy — 7*Lop[1] and we set EY, = c(h)[—1], then
the induced v : EY; — L3, is an (absolute) perfect obstruction theory, fitting into a

distinguished triangle
7" Loy — E3p — E]'Wm — 7" Lg[1] (2.1)

Moreover, ¢ and ¢ determine the same virtual class in Ay M.

Definition 2.5.3 ([Man0§|). Let F 56 mbea Deligne-Mumford type morphism

of stacks. If we are given a distinguished triangle of perfect relative obstruction theories
JES o % Epom = Erjg = [T Eg o[l

with a morphism to the distinguished triangle
f*L.G/a:n — L}/m — L;/G — f*L'G/m[l] )

then we call (EI':/G, Eé/s)w E;,/m) a compatible triple.

Remark. (see Construction 3.13 in [Man08]) If there is a morphism £, /G LR
J*Eg /m[l] compatible with the corresponding morphism between the cotangent com-
plexes, then the cone of ¢ determines a complex E7, m which fits in a distinguished

triangle as above. Moreover, E7, m defines a relative obstruction theory. If EY, /G and

E?. Jop A€ perfect, then K7, /m is perfect.
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Next, we “rewrite” the canonical obstruction theory of Qg ,,jn(W/¢G, 3) in a form
that is more convenient for our purposes. Recall that by treating each marking as an
effective divisor on C, (m|n)-weighted stable quasimaps of numerical class 8 can be
identified with

0 o(W/G) x [C/CT™™), (B,1...., 1)),

where 0 is the rational character

e::e@id@"'@id@)\id@"'@)\idEX(GX((C*)m+”)(@,

m times n times

for A << 1 sufficiently small. This gives rise to a canonical relative obstruction theory

E,, where p is the forgetful map in the diagram
QyminW/eG, B) 5 Bung(cxymin — My (2.2)

and 9, is the Artin stack of (unmarked) prestable curves of genus g. We can
instead define a perfect relative obstruction theory E; where fi is the forgetful map in

the diagram
Qg,m|n(W//9Ga 5) L> Bung —D> ﬁg,ern (2.3)

and E/)Dvlg,m+n denotes the smooth Artin stack of genus g nodal curves with m +n not
necessarily distinct markings and at most 2g — 2 + m + n irreducible components. By
Proposition both these perfect relative obstruction theories give rise to absolute
perfect obstruction theories for Qg 1, (W/ oG, B).

Lemma 2.5.1. The two (absolute) perfect obstruction theories and described

above give rise to the same virtual fundamental class [Q g mn(W/[6G, B)]"" .

Proof. First note that since the right arrow in (2.2 is a smooth map between Artin

stacks, we also have an induced perfect relative obstruction theory E,., fitting in a
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distinguished triangle
WLy — Ej — Ep,, — p'Ly[1].

vou

By Proposition all three perfect obstruction theories determine the same virtual
fundamental class. The same holds for , so it suffices to show that F,., and Esop
determine the same virtual fundamental class. To see this, observe that there is for-
getful morphism f : iﬁgwrn — My o forgetting the markings. The relative obstruction
theory Ejo; is constructed as the cone of the map Epo; — (fi o D)*E}[l], so the triple

(ES,,., ES

Vo yoﬁ?

E?%) is compatible. The result then follows from [Man08, 3.2]. O

2.6 Virtual Localization

One of the main tools for computing virtual classes is virtual localization [GP99], a
technique used to simplify the calculation of the virtual class of spaces admitting a
torus action. It is a generalisation to the virtual setting of Atiyah-Bott localization,
which reduces integrals over a space X with a torus action to integrals over the fixed
loci X;. Here we explain the set-up and state the result, omitting proofs.

Let X be an algebraic Deligne-Mumford stack with a torus action carrying a perfect
obstruction theory ¢ : E* — L% equipped with an equivariant T-action. This yields an
equivariant virtual fundamental class in the equivariant Chow group AZ;(X ), where d is
the virtual dimension of E°.

Let X; denote the irreducible components of the fixed locus and let E} denote the
restriction of the complex E® to X;. The complex E? decomposes as a direct sum by
T-characters:

Er=EM o B,

(2 3

where the first summand corresponds to the trivial character (the 7T-fixed part) and the

second summand corresponds to all the non-trivial characters (the moving part). The
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fixed part of ¢ induces a perfect obstruction theory
. .»f L
¢: B — L,

We define the virtual structure on X; to be the one given by ¢;. Since X; may be
singular, it might not have a normal bundle. Instead, we replace this with the moving
part of F,; and call this the virtual normal bundle NP" to X;. These constructions
yield the following natural formulation of the virtual localization formula

T ot (24)

%

where the Euler class of N = [Ef’; — EY}] is defined to be the ratio e(Eg})/e(EYY).
This is well-defined since N is a complex of bundles with non-zero T-weights, so the

Euler class e(N™) becomes invertible in the localized ring
* * 1
AT (X)) = AT (X) Qg Q |:ta t] :

(2.4) implies the virtual Bott residue formula for any isobaric polynomial in the Chern

classes of vector bundles on X of degree equal to the virtual dimension of X

P(Ck (El i),...,Ck (Emz))
Plc E yeees Chy, Em = / 1 ) _ m ) , 2.5
Jg PlentE e B =3 [ (N7 2

where the Euler classes on the right-hand side are equivariant classes.

2.7 The (big) [-function

Let Q[Eff(W, G, 0)] be the semigroup ring. Write ¢ for the element corresponding to
the 5 € Eff(W, G, 0). Define the Novikov ring associated to the triple (W, G, 6),
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A= Z aﬁqﬂ:aﬁe(@ ,

BEEM(W,G,0)
the m-adic completion with respect to the ideal m generated by {¢°|3 # 0}. Throughout,
we will consider the even cohomology of W//G and [W/G] with coefficients in Q and A.

In what follows, we assume that W/ G is projective; the extension to quasi-projective

targets is discussed in the [2.7.4]

2.7.1 Weighted graph spaces

Definition 2.7.1. Given a tuple (6, \) define the (0, \)-stable quasimap graph space as
follows:

(W/G]) == Qpois ™ ([W x C*/G x €], (8,1)) ,

g,mln

QGH,)\

g7m|n7ﬁ

where 0@ 3id is a rational character of G x C*. A C-point of the graph space is described
by the data
(Cyx,y), (f,0) : C — [W/G] x P'),

where ¢ is a regular map to P! of class 1. Therefore, the domain curve C has a
distinguished irreducible component Cj canonically isomorphic to P! via .

The ”standard “ C*-action,

t- [50751] = [t&)’gl] for t € C*7 [60751} € ]P)lv

induces a C*-action on the graph space. With this convention, the C*-equivariant first
Chern class of the tangent line TyP! at 0 € P! is £ (TpP') = 2, where z denotes the

equivariant parameter, i.e. H¢.(Spec(C)) = Q[z].
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The graph space comes equipped with evaluation morphisms

&vj 1 QG ([W/G)) = [W/G], j=1,...,n

g’m|n7ﬁ

evi 1 QG (W/G]) = W/eG, i=1,....m

and pull-back homomorphisms

&vi : H*([W/G],Q) ®q Q[z] = H- (QGyn,, 5((W/G], Q).

Now fix (0, ) = (0+,0+) and consider the graph spaces

QGYLOL(IW/GI) = QGLHST (W/Gl) x (P

The space QGq 55" ([W/G]) coincides with QGoo(W/¢G, 3;P') defined in [CFKM14,

§7.2]. The description of the fixed loci for the C*-action is parallel to the one given in
[CEK13| §4.1]. In particular, we have the part Fj g of the C*-fixed locus for which the

markings and the entire class are over 0 € P
Fkﬂ = Fﬁ X Ok, (2.6)

where Fg = Fjp is the distinguished C*-fixed locus in QG%’%W[W/G]). This Fp

parametrizes quasimaps of class 3
f Pl — [W/G]

with a base-point of length 3(Ly) at 0 € P1. The restriction of f to P'\ {0} is a constant

map to W /G and this defines a proper evaluation map at the generic point

€Ve : kag — W//QG.
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2.7.2 The big I-function

The (big) I-function is defined as a formal sum over all £ > 0 and § € Eff(W,G,0)
of localization residues over these distinguished components of the fixed loci, pushed
forward to W//G by evaluation maps. Note that this is the big I-function defined in
[CFK16] which differs from the one defined in [CEKM14].

Definition 2.7.2. For t € H*([W/G],Q) C H*([W/G],Q) ®q Ql[z], the big I-function

is

B Lk ke vir
Ig.t2)= > ‘-’(ev.)*<5(n’—1 i () 0 [Fi] ) (2.7)

S

where 15 : Fi g — 1s the inclusion, I js the virtual normal bundle
here 15 : Fi5 = QGy i ([W/G]) is the inclusion, N is th 1 1 bundl

and e©" denotes the equivariant Euler class. It is a formal function of t taking values in
. 1
rwe {2}

evg = ev; : Fg — [W/G],

The evaluation maps

do not depend on the choice of j, since all marked points are concentrated on 0 € P!.

It follows from this and (2.6]) that the big I-function (2.7)) becomes

s o)) e

BEEH(W,G,0) k>0

where €vg : Fg — [W/G] is the evaluation map (independent of the marking), N}i;
is the virtual normal bundle of Fj in QG 3(W/G) and ec+ denotes the equivariant

Euler class. The specialization

I(q,0, z) Zqﬁ]lﬁ
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is called the small I-function of W//yG. In this case, the terminology does agree with

the one in [CEKM14].
Usually, we will only be concerned with the restriction of t to a finite dimensional

subspace of H*([W/G],Q) — H*(W//¢G,Q) as follows: Let
r: HY(W/G|,Q) = H(W/G, Q)

denote the Kirwan map (surjective by [Kir84]) induced from the open immersion W//yG =
[W#/G] C [W/G]. Fix a homogeneous basis {v;}; of H*(W//yG) and choose homoge-
neous lifts 4; € H*([W/G], Q) with k(7;) = ;. After restricting to

ti=> tdi,
7

the big I-function becomes a formal function of the finitely many variables {¢;}.

Now suppose that for some 7; g(2) € H*(W/yG) ® Q[z],
(eve)™i,p(2) = V(%) -

Then, by the projection formula, the big I-function (2.8) becomes

I t,2) = ) exp (Zti%‘ﬁ(z)/«z) ¢’Is(z) for t=7) tifi.
B i

From this we see that whenever the small I-function is known, in order to obtain an
explicit formula for I it remains to find explicitly such classes v; g(z).

Let L be a line bundle on [W/G] of the form L; = [W x Cy,/G] for some character
0o € x(G) in the same GIT chamber as §. We can then take H = ¢;(L) and restrict
to 4i,5(v) = H iapJ where 1& is the insertion at the first light marking. Note that here
are we are considering the natural extension to descendant invariants: in the definition

of the big-I function, for t(1) = to + t19 + t2r? + ... € H*(W)G)[¢], let evf(t(v)) =
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> evi(ty)yF. By Lemma 5.2 in [CEK16], we can take v; ; 5(¢)(2) = (H+8(L)z) (—z),
where H = k(H), to obtain

= Z exp % Z ti;(H + 5(L)z)i(—z)j qﬁﬂg(z) for t(y) = Z tivjﬁizﬁj
B ij i,j
(2.9)

2.7.3 Examples.

Let H denote the hyperplane class of P* = C"*! /C*. In this case, we can take = H
for i =0,...,n where H is the hyperplane class on [C"t!/C*] and ; 4(z) = (H + dz)".

Combining this with the formula for the small /-function for projective space, we obtain

2L gexp (o ti(H +dz)' /2
Ipn(q,t,2) = qu i=o il )1/)
—0 Hk 1(H + kz)n+

More generally, let I1,...,l. be the degrees of the hypersurfaces whose intersection

is X, and let H denote the restiction of X to the hyperplane class on P”. Then,

> ti(H + dz)
x(q,t,2) = quexp i=0 +dz)'/2) H H lmH + nz) (2.10)
d=0 [1h_y (H + kz)nt!

m=1n=1
2.7.4 Equivariant theory for non-compact targets

When W/yG is not projective, the integrals against the virtual class are not well-
defined due to the lack of properness of the quasimap moduli spaces. However, as is
the case with Gromov-Witten theory, there are many situations for which one can get
an interesting theory of equivariant invariants via virtual localization.

More explicitly, suppose that W admits an additional action by an algebraic torus

T = (C*)" which commutes with the action of G. There are induced actions on [W/G],
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on W/yG and on W/,gG. The proper morphism

W//@G — W/aﬂ‘G

is T-equivariant. Further, there are induced T-actions on the moduli spaces of Qg ,,,;n (W /¢ G, B3)
and the associated graph spaces (c.f. 6.3 in [CFKM14]).
Assume that the T-fixed locus in the affine quotient is proper. It follows that the

T-fixed loci in W//G and in all the moduli spaces of quasimaps are also proper. Let

H1(Spec(C),Q) = Q[A1, ..., A,

and

H’*I‘,loc(spec((c)v Q) = Q()\la cee 7)\1") 3

denote the equivariant cohomology and the localized equivariant cohomology of a point
respectively. The cohomology ring of W /G (and [W/G]) is replaced by the localized

equivariant cohomology

H’;,IOC(W//GGv Q) = H’;‘(W//QG’ Q) @ Q()‘l) ey )‘T)

while the Novikov ring is now A = Hy.,.(Spec(C), Q)[[g]]. The pairing is defined by

the localization formula

_ i*(07)
0.7 = /W//GT er(N)’

where i : W/¢GT is the inclusion of the fixed point locus and N is the ep(N) is the
equivariant Euler class of the normal bundles. Quasimap invariants are defined by
similar localization formulas. Both the pairing and the invariants take values in the
field Hy ,.(Spec(C), Q).

Note that if W/yG is projective, and we take all insertions in the non-localized
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equivariant cohomology H;(W/pG,Q), then the T-equivariant invariants may be de-

fined without localization and take values in the ring Q[A1,...,\;]. Specializing at

A1 =+ = A, = 0 recovers the non-equivariant theory from the previous subsections.
The results present in the rest of the paper hold in the equivariant quasiprojective

case, with no change in the arguments. To keep notation light, we will restrict the

presentation to the case of projective targets W//yG.



Chapter 3

The master space

Fix once and for all a triple (W, G, 0) satisfying the assumptions in Section and a
positive rational number 0 < A < 1. From now on, we drop # and X from the notation.
Our goal is to compare the virtual cycle of the moduli space Qg ,,,jn (W /9 G, B) with m
heavy and n light markings with the virtual cycle of the moduli space Qg ;41jn—1(W/eG, B)
with one less light marking and one extra heavy one. The method used here is virtual
localization on a larger moduli space, referred to as the “masterspace”, parametrizing
quasimaps with the additional data of a tangent vector at one of the markings. The
idea of using this type of masterspace is due to Yang Zhou and first appeared in the

appendix of [CJRI17b] and in [ZholT].

3.1 The construction of @g,mm(W//gG,ﬁ)

Definition 3.1.1. Let S be a scheme. An S-family of genus-g, (m|n)-weighted stable

quasimaps to W /|G of class B with mized marking consists of the data
(7T 0 — Sawla"wxmvyla"'7yn;P>uaNavlan)a

where

27
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(1) (7:C — S,x,y, P,u) is a family of (m|n)-prestable quasimaps of genus g to W/ yG;

(2) N is a line bundle on S;

(3) v1 € HY(S, T, ® N) and vy € H°(S, N) are sections without common zeros, where

T, is the line bundle on S formed by the relative tangent spaces at y;.
This data is required to satisfy the following conditions on the geometric fibres:

(a) (Nondegeneracy) There are no basepoints at the z; and each x; doesn’t intersect

any other marking.
(b) (Generic Stability) The Q-line bundle
n n
vo SatnrYu) ek
i=1 j=2
is ample for all positive rational numbers € > 0.
(¢) When v; = 0, y; isn’t a basepoint and is separate from the rest of the markings.

(d) When vy = 0, the Q-line bundle
wc(in +>\Zyj> ® LS
i=1 j=1

is ample for every positive rational numbers € > 0.

Remark 4. If vs is nowhere vanishing, then it gives a trivialization N = Og which sends
vy to 1. That is, the data (N, vy, v2) is equivalent to v1/ve € H°(S, T}, ). When vy = 0,
v1 is non-zero so (locally) gives an isomorphism N =2 Tyv1 sending v; to 1. Therefore, at

every closed point s € S, we can view (N, v1,v2) as a point [v1 : v2] € P(T),, ® Oy).

In other words, a family over a point consists of a prestable quasimap to W/yG
together with a tangent vector vy /vy € T, U{oo}, where y; behaves as a heavy marking

when v; = 0 and as a light marking when vy = 0.
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Theorem 3.1.1. There is a Deligne-Mumford stack of finite type @gmm(W//gG,ﬁ)

parametrizing genus-g, (m|n)-weighted quasimaps of class B with mized marking.

Proof. This is a straightforward modification of the argument in [CFKMI4]. Denote
by 9t the smooth Artin stack of genus-¢g nodal curves C' with m + n not necessarily
distinct markings x1,...Zm, Y1, . . . Yn in the smooth locus of C, such that C has at most

2g — 2+ m + n irreducible components. This is a finite type smooth Artin stack. Let
Bung — M and T, — M

be the relative moduli stack of principal G-bundles and the line bundle formed by
the relative tangent spaces at y; respectively. Given a weighted quasimap with mixed
marking (C,x,y, P,u, N,vi,vs), recall the identification of the data (N,vq,v2) (at a
geometric point) with a tangent vector in T}, Uoo (see Remark. We have the forgetful
morphisms

Qomin(W/eG, B) = Bung xan P(T,, & Oa),

and

Qgomin (W /4G, ) 5 M.

By Theorem 2.3.5 in [CFKMI4] there is an open substack of finite type 3 C Bung xm

P(%,, ® Ogy) fitting into the commutative diagram

3 —— Bung xm P(Ty, @ Om)

|

m

such that p factors through 3. It then suffices to show that the morphism g is repre-
sentable and of finite type. Granted this it follows that the master space is an Artin
stack of finite type. By stability it is, in fact, a Deligne-Mumford stack as required.

To show this, the same arguments as in [CEKMI4] can be used to obtain an Artin
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stack with schematic morphism of finite type
Hilbg 4 (B xg W/3) x3P(Z,, ®O¢) *5 3,

where W is a projective G-equivariant completion of W, € is the universal curve over
3 and B is the universal principal G-bundle over €. Its points parametrize tuples

(Y, [v1 : v2]) where Y is a closed subscheme in the the fibres of the projection
q:B Xg W — 3,
and [v1 : va] € Ty, Uoco. We then define a substack H of Hilbg 4(BxcW /3) x3P(T,, BO¢)
as follows. First impose the following requirements succesively:
(i) the subscheme Y lies inside P xg W
(ii) Y is the image of a section u: C' — P xg W

(iii) the section u maps the generic points of the components of C', the nodes and the

heavy markings to P xg W?
(iv) (generic) stability holds i.e. wo (3] @i +y1 + €3 7 5 y;) is ample
Next, take H to be the union of the three substacks defined by the following conditions

(1) v1 =0 and v maps the marking y; to P xg W* and y; doesn’t intersect any other

markings
(2) vo=0and we(d z;+¢e) y;) is ample
(3) v1 #0 and v9 # 0

Since each of these is either an open or closed condition, H is a locally closed substack.

Further, it is identified with Qg 1. (W/oG, B).
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Theorem 3.1.2. The stack é%m‘n(W//gG,,B) is proper.

We split the argument in two parts: separatedness and properness. Both parts
are proved using the respective valuative criteria and standard semistable reduction

techniques.

3.2 Separatedness

Let R be a DVR over C with quotient field K. Let A = Spec(R) and let 0 € Spec(R)
be the closed point. Put A° := A\ {0} = Spec(K). Assume we have two flat families

of (m|n)-weighted quasimaps with mixed marking
(m:C — A,x,y,Pyu,N,vi,v5) and (m:C" — A Xy, P’ v, N' v}, v}),

which are isomorphic away from the central fibre. We will show that the isomorphism

extends over 0. This is a straightforward modification of the argument in [CEKM14].

Proof. By semistable reduction, we can find a third family C of prestable-pointed curves
over A which dominates both C' and C’ and preserves the sections. We may assume
that the central fiber Cy of C has automorphism group at most 1-dimensional, since the
central fibres of C' and C’ both have the same property. This implies that ¢ : C — C
and ¢’ : C — (' are obtained by blowing up either nodes in the central fibre or a point
where at least two heavy markings coincideﬂ

Pull back the rest of the data to C to obtain two families over A of prestable (m|n)-
weighted quasimaps, i.e. families satisfying the nondegeneracy condition, but possibly
not the stability condition on some components of the central fibre Cy.

Over A°, the two families are isomorphic. Let Zy, Zy C C be the base loci of the
two families. Their union intersects Cy in a finite subset Zy of nonsingular points, so we

can think of either family as giving a regular map from C \ {Z; U Z3) — W//G. These

Need at least two special points on any rational component of C
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maps agree over A°, and therefore must be the same: either W/ G is projective, or we
use the argument that if two principal G-bundles on a regular complex surface S agree
outside finitely many points, then they agree on S. It follows that the isomorphism
between the two families extends to an isomorphism on C \ {Zp}. Since Zj is a finite
set of smooth points on a surface, the isomorphism extends to all of C.

Note that there cannot be any component of Cy which is contracted to a node by,
say, the map ¢ : C — C but not by ¢’ : C — C’. Indeed, over such a component,
¢*([u]* Lg) must be trivial, while by stability ¢"*([u]*Lg) is not trivial. Finally, if E is a
smooth rational subcurve of C containing y; and only one other special point, then E
cannot be contracted unless deglu]*Lg|z = 0, since contracting E takes v1 to 0 (s0 41
cannot coincide with any other markings). It follows that the initial families C' and C’

are isomorphic. O

3.3 Properness

Let R be a DVR over C and let K be its field of fractions. It suffices to show that given

family of stable (m|n)-weighted quasimaps with mixed marking over A° := Spec(K)
€ =(r":0° = A°,x°,y°, P°,u’, N° v],v3)
there exists, possibly after a finite base change, an extension
E=(m:C— Ax,y,P,u, N,vi,v3)

of 7° to a family of stable (m|n)-weighted quasimaps with mixed marking over A =

Spec(R). By separatedness, this extension will be unique up to unique isomorphism.

Proof. Given a family C — A of weighted quasimaps over A, denote by Cy the central
fibre and by z;(0) and y;(0) the markings on Cp.h
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We begin by making a couple of reductions. If v7 = 0 or vg = 0, then £° is a family
of weighted quasimaps and the theorem then follows from the properness of the moduli
spaces Qg min (W) G, ). Hence, we may assume that v # 0 and v5 # 0 on A°. Note
that this gives us a trivialization N = Oao so that v; /vy is equivalent to a tangent
vector at ;.

Next, we reduce to the case where 7° : C° — A° is smooth. By standard stable
reduction, possibly after finite base change, the normalization of C° is a disjoint union
]_[évzo C}, of smooth curves over A°. We view the preimages of y° as light markings on
the normalization, while the preimages of x° and the nodes of C° are viewed as heavy
markings. Assume that the preimage of y; is on C§. Then, for each & > 0, C} together
with the markings (and the pulled-back principal G-bundle and section) forms a family
§p of weighted quasimaps in some Qg, 1, n, (W/ G, Br)(A°), where B is the numerical
class of the u° restricted to the irreducible component Cy of C. Since these moduli
spaces are proper, possibly after finite base change, {; extends uniquely to a A-family
§k € Qgpmpln, W/ G, Bi)(A). For i = 0, the map C5 — C° induces an isomorphism
of relative tangent sheaves near (the preimage of) y;. Therefore, the pointed curve Cj
together with the rest of the pulled-back data is a family in ng,molno(W// G, 5o)(Ao)
with smooth total space and therefore, possibly after finite base-change, also extends to
a family & over A by assumption. By gluing together the & along the preimages of the
nodes we get the required extension £ of £°. Hence, we can assume that 7° is smooth
for the remainder of the proof.

We consider two cases: First we consider the case where 2g—2+n+em+deg > 0. In
this case, when viewing y; as a light marking, the generic fibre is a family of stable (m/|n)-
weighed quasimaps so we can extend to an (m|n)-weighted family of stable quasimaps
with light marking y;. Since v] # 0 gives us us a trivialization of N = Oa there is

a unique extension (N, v1,v2) to this family where v; and v9 have no common zeroes.
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There are now two possible situations that violate stability:
v1(0) = 0 and, either u(y;(0)) =0, or y;1(0) = y;(0) for j #1, (3.1)

in the special fibre. If this happens, we blow up the total space of the family at
the marking y;(0) of the special fibre. We then extend the quasimap [u] to this new
family over A. Since the vanishing order of v; at 0 drops by one after each step, we can
repeat this procedure finitely many times until does not hold. Finally, we contract
the rational components on which [u]*(Lg) is trivial and the maximal sub-chains of
exceptional divisors that do not contain any of the markings y;(0). Note that u*Lg
has nontrivial degree on the exceptional divisor that contains ¥;, so we obtain a stable
family as required.

Suppose, now, that 29 —24+n+em—+deg < 1. Due to the generic stability condition,
this is only possible if ¢ = 0,n = 1 and deg [u]*Ly < 1. In this case we can find an
isomorphism C° 2 A° x P! that identifies 0 x A° with y{, oo x A° with z$ and v$ /03
with the tangent vector 9/0w where w is the coordinate on P!,

Begin by taking C = A x P! and N = Oa. Set v1 = 1, v = 9/0w. Again, extend
the markings y7 for j # 1 and the pre-stable quasimap to C'. In this case, stability can

only break in the following two ways
21(0) =y;(0) for some j #1 or w(z1(0)) =0. (3.2)

If this happens, we blow-up C repeatedly at x1(0) until (3.2) does not hold. This only
takes finitely many steps, since the order of vanishing of v; goes down by one at each
step, and x1 does not intersect any other markings in the generic fibre. Finally, we

blow-down the unstable components to obtain the required extension. O
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3.4 The Perfect Obstruction Theory

Denote by 9t the smooth Artin stack of genus g nodal curves C' with m 4+ n not nec-
essarily distinct markings x1,...,Zm, Y1,..., Y in the smooth locus of C', such that C
has at most 2g — 2 + m + n irreducible components. Let @ denote the masterspace

ég,m|n<w//G75). Let
Bung - M and T, - M

bet the relative moduli stack of principal G-bundles and the line bundle formed by
the relative cotangent spaces at y; respectively. There is a forgetful morphism QV —
Bung xm P(T,, & Og) to the smooth Artin stack parametrizing (C,x,y, P, [v1 : va]).

Consider the following diagram

where € is the universal curve, B is the universal principal G-bundle,u the universal
section and u, v are the forgetful maps. We have a canonical perfect relative obstruction

theory
E, = Rm,(Hom(L,, O¢))[1], (3.3)

where L, denotes the cotangent complex of u. Since Bung xox P(T,, & Ogp) and

9N are smooth Artin stacks, F, defines an absolute perfect obstruction theory E@ for
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the masterspace.

3.5 Two distinguished triangles

The two following distinguished triangles will be our primary tools for analysing the
fixed and moving parts of the obstruction theory for the master space. Both arise as
(dual versions of) (2.I). Denote by P the smooth Artin stack Bung x P(Ty,, & On)
and recall that E@ denotes the (absolute) perfect obstruction theory of the masterspace.

First, we have the distinguished triangle
W Tpl-1] = By — B} RNy (3.4)

associated to the composition @ — B — Spec(k). Similarly, associated the composition

B — M — Spec(k) we have the distinguished triangle

VT[—=1] = TY — Ty = (3.5)



Chapter 4

Virtual Localization on the

Master Space

Suppose we have a C*-action on a Deligne-Mumford stack X and a C*-equivariant
perfect obstruction theory E%. Then the fixed part of its restriction to a connected
component X; of the fixed locus determines a perfect obstruction theory for X; and
thus gives rise to virtual fundamental class [X;]"" € A.(X;). On the other hand, the
moving part of E% |y, determines the virtual normal bundle Ni”" to X;. The virtual

localization formula [GP99] is then

where ¢; is the inclusion of X; into X and t is the generator of the C*-equivariant ring

of a point. The master space @gmm([W/G], B) admits a torus action
t-(C,x,y,Pu,N,vi,v9) = (C,x,y, P,u, N,tv;,ve) forte C*

In the following section, we identify the fixed loci along with their virtual classes and

virtual normal bundles. Recall that we denote by z € A'(BC*) the first Chern class of
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Cq, the standard action with weight 1.

4.1 Fixed loci and their contributions
Set-theoretically, the fixed loci are given by

(i) Fo={v1=0}

(ii) Foo = {v2 = 0};

(iii) for each 0 < ' < B and J C {1,...,n} for which 1 € J, we have the fixed locus
ﬁﬁg J for which the underlying curve C' consists of two subcurves attached at a

node:

e Cp: a rational component with one (distinct) special point y; = y;, j € J

which is a basepoint of length 8'(Lg);

e (y: a genus-g subcurve with the rest of the markings such that the restriction

of the quasimap to C, has class 5 — f'.

To see this, suppose v; and vy are both non-zero. Let Cjy be the irreducible compo-
nent of C' that contains y;. Then the only way ¢ € C* can scale (v, v2) back to (v1,v2)
is if there is a non-trivial automorphism of Cj that fixes y; as well as all the rest of
the markings and nodes, so Cy must be a rational curve that meets the rest of C' at a
single node. Hence, Cy contains no heavy markings, and all other light markings on Cjy
(if any) must coincide with y;. Moreover, this non-trivial automorphism must fix the
quasimap, so the quasimap is constant outside of the basepoint y;, which carries all of

the class 3/, where 0 < 8’ < .

Lemma 4.1.1. The virtual localization contributions of the first two fixed loci are given

by

[FO]MT _ [Qg,m+1|n—1,5]mr and [Foo]vir _ [Qg,mm,ﬁ]vir

ecr (N%zr) z— by, ec (N%Z) —z+ by,
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Proof. We prove this for fo. The other case is similar. Since v; vanishes identically
on Fvo, y1 does not intersect any other markings there so we have ﬁo = Qgm+1jn—1,8-
Consider the restriction of the distinguished triangle to ﬁo. The complex E’;{| 7
only has fixed part since the action on the section is trivial over ﬁg. By Lemma |2.5.1
it is identified with the relative perfect obstruction theory of Qg y1jn—1,8 Over Bung
as defined in [CFKMI14]. The fixed and moving parts of y*Tip|z are identified with
W Tpune and Ty, ® Cq. To see this, observe that since v is never vanishing near ﬁo, it

gives a trivialization of N so that (N, v, v2) is equivalent to a section vy /ve of Ty, O

Proposition 4.1.1. Stack-theoretically, we have

Flgr 1 = Qgmetol(y;);¢0.8-8 *W/[eG Fa ) 5 (4.2)

where Fgi g is the distinguished fized locus in the graph space QGSR?JT([W/G], B for
which the markings and the entire class B' are over 0 € P! and the fibre product is taken

over the proper evaluation maps to the GIT quotient W //yG.

Proof. Given an element of Qg ye((y,),05.58-8 (W) G) X Fg ) glue the two quasimaps
along the markings e and oco. For the line bundle we can take Og and for the tangent
vector [v1 : vg] € Ty, Uoo take v; = /0w and vp = 1, where w is the coordinate near 0
(i.e. on Al = P! — {oo}). Note that this choice is consistent with the placement of 1
at 0 in the parametrized P'.

Conversely, suppose we are given a family
(m:C = S,x,y, P,u, N,v1,v2) € ﬁ5/7J(S).

By the definition of ng, J, the restriction of such a family over a closed point s € S
arises uniquely by gluing as above, since there is a unique (up to quasimap isomorphism)
parametrization ¢ : Cp s = P! of the rational component sending y; to 0, the node to

oo and the tangent vector (vy/v2)s to 9/0w. We now need to show that we can split
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the node in families. To see this note that, over each closed point s € S, C* acts non-
trivially on the tangent space to Cp s at the node Cp s N Cy . On the other hand, since
C* acts trivially on C s, it acts non-trivially on the first order deformation smoothing
the node. Since the family is fixed by C*, the S-family of curves C' can be decomposed
as Cy and Cj glued at the a pair of markings. Finally, to recover the gluing data, restrict

the family of quasimaps to C, and Cj, glued at the pair of markings.

Proposition 4.1.2. For 0 < /' < and J C {1,...,n}, we have

[Fyr 217" = A (0} (1Qgun o)y 0.6-571°") © DI ([Fgr 1))

and
1 B 1
vir TS ~ * vir -1
ec (Nﬁﬁ’,J) pri(z + ¥z, ) Pry (e(c* (Nan//QGo,o,g/(W//G))( 2)l | )

where A is the diagonal in the cartesian diagram

Qgmtol(y);gs.8-8 XW)oG Fpr 15 — Qgmte|(y;);es.8-8 % Fpr 1]

J/ lev. X €Voo )

W/eG A W/oG x W/sG

pr; and pry are the projections of the fibre product over Spec(k) and pry and pry
are the projections of the fibre product over W/ yG.

Proof. Consider the restriction of the distinguished triangle l) to F B,
* v v +1
1 Tm[—u]ﬁw — Eu}ﬁw — Eé\ﬁw - . (4.3)

From this we see that it suffices to compute the fixed and moving parts of the two
terms on the left. First we examine the relative (dual) perfect obstruction theory in the

middle. Let Cg ; — }7’5/7 7 be the pullback of the universal curve under the inclusion
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i, " FBIV‘] — @gmln,ﬁ' Then Cg/ j = Cy U Cy where Cy and Cp are the pullbacks of the
universal curves under pr; and pry respectively. Let Ag € Cy and Ay € Cy4 be the node

Co N Cy. Denote by E, the restriction of the sheaf
Hom(L,, O¢)[1]

to Cg. That is, R, (E,) is the relative (dual) perfect obstruction theory E)| 7 in 1)
It follows from the normalization exact sequence that we have the following short exact

sequence

0— E.|cg(—A0) — Ey — Eu|¢, — 0,

where the first and third terms are pushed forward along the inclusions. This gives us

in turn the distinguished triangle
~ ~ ~ 1
Rry(Eale,(—A0)) — Ri(Ee) — Ru(Edlc,) — (4.4)

The term on the left is fixed and is identified with the pullback under pry of the
relative (dual) perfect obstruction theory of Qg tes-p. Similarly, the fixed part of
the term on the right is is identified with the pullback under prg of the relative (dual)
perfect obstruction theory of Fg s in the graph space QG(O)E?«;T, 5 ([W/G]). On the
other hand, the moving part of the term on the right is exactly the (pullback of the)
virtual normal bundle of Fyg ;.

Next, we need to look at p*Tip[—1] . Let D € 9 be the closed substack where

7,
the curve is the union of a genus-g curve Cy with m +n — |J| markings and a rational

component Cy carrying the markings y1 = y;, 7 € J. We have the identification
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The restriction of the distinguished triangle (3.5) to v~1(D) is

V*Tm{il]‘u—l - T’y‘u_l(D) - Tm|y ) +.1> (46)

(D) (D

The moving part of the middle term comes from deformations of the section [v] : vg]
and this cancels with infinitesimal automorphisms from the first term. What remains
is the (pullback) of the normal bundle of D in 9%, which is identified with (7}, X Ts,) ®
(Op @ C_1)l/I=1. Putting it all together and by [BE97], Proposition 7.2., we obtain the

required equality. O



Chapter 5

The Wall-crossing Formula

Let 7 and j be non-negative integers and denote by ev and 1[1 the evaluation map and
cotangent class at the mixed marking respectively. Let H = c1(L) for a line bundle
L on [W/G] as described in (2.7.2). By applying virtual localization (4.1)) and by the

fixed loci computations in the previous chapter, we obtain the following relation in

AS(Q) ® Qlz, 271

5 <<af>*<ew*<ﬁi>w> Al B

et (N%")

Gb*(ﬁz)ﬂ;] N [@g,mm,ﬂ]mr = Z(aﬁ

F

where F ranges over the fixed loci and a is the inclusion a : Fe @ In what follows,
we push forward this relation along a suitable stabilization map to obtain a vanishing
that ultimately leads to the desired wall-crossing formula.

The GIT set-up gives rise (see [CEK13], 3.1 for more details) to a natural embedding
L: W/)eG — PM for some positive integer M, and morphisms (denoted by the same

letter)
L Qg’m‘n(W//ﬁGaﬂ) - Qg,m|n(PM7 d(ﬁ))

where d(8) := t.(8) € Hom(Pic([CM*+1/C*]),Z) = Z. Similarly for the masterspace.
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Next, we have a stabilization map

C: ég,m|n(PM’ d(ﬁ)) - Qg,m\n(PM’ d(ﬁ)) (5'2)

which forgets the data (N, wv1,v2) and stabilizes if necessary by contracting “rational

tails” while keeping track of the degree. More explicitly, let

(Ca :fla v ajrrhgl) v 7y~n?L, (gi)izo,...,Ma N,’ljl,ﬁQ)

be a geometric point in Qvg,m‘n(IP’M, d(B)), where L is a line bundle on C and the (§;)
are M + 1 sections. Let T the maximal connected tree of rational curves in the domain

curve C satisfying the following properties (if it exists):
(i) T contains the mixed marking y; and does not contain any of the heavy markings;
(ii) T meets the rest of the curve C at a single point p.

Let dr be the degree of the restriction to T of the quasimap. Denote by C' the closure
of C'\ T. We then have the line bundle

L:=Llc ® Oc¢ (drp) ,
on C', with sections sg, ..., sy obtained as the compositions
§; = ~
sj: Oc = Llc — Llc ® Oc (drp) .

The image of the quasimap with mixed marking under the morphism (5.2)) is the stable

(m|n)-weighted quasimap

(Ca LlyeeyTmyY1y- -+ Yn, La (Si)izo,...,M)

where we have modified the light markings as follows:
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(i) If y; € T, then y; = p;

(ii) otherwise, y; = y; remains unchanged.

For a proof that the above construction can be done functorially in families, look at
[LLY0O0] and the discussion in Section 3.1 of [CFK13].

To lighten notation in what follows, denote by

p: @g,m|n(W//9G76) - Q97m|”(PM’ d(ﬁ))

the composition ég,mln(W//GG7B) N @gymm(IPM,d(B)) 5 Qg,m‘n(]P’M,d(B)). Almost

identically to the construction above, we have a morphism (denoted by the same letter)

C: Qg,m+1|n—1(PMa d(ﬁ)) - Qg,m|n(PMa d(ﬁ))

converting the last heavy marking into a light one. Note that ¢ fits into the diagram

o=

~ o ~

I g

Qg7m+1|n—1 (PM, d(ﬁ)) — Qg,m\n(]P)Mv d(ﬂ))

Note that poag =t Next, for0< @ <pfand J C{l,...,n} with 1 € J, we have a
morphism

bﬂ’,J : Qg,m|y1,(yj)j¢J(PM7 d(ﬂ - 5/)) — Qg,m|n<IPMa d(ﬁ))

that places the markings (y;);jesj+1 and a basepoint of length d(5 — ') at y;. More
explicitly, given stable (m|n — |J| + 1) weighted quasimap to PM

(Ca L1y Tm, Y1, (yj)j€J7 L7 (Si)i:O,...,M)
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over a geometric point, the data

(Ca Llyero ey Tmy Y1y -3 Yn, L ® OC (d(IB - B,)yl)a (§i>i=0,...,N)

determine an (m|n)-weighted quasimap to PM | where y; = y; for j € J, and, as before,

the sections §; are obtained as compositions
3:0c 5 L— La0c(dB—B8)m).

In this case, bg ; fits into the following commutative diagram

o=

ﬁﬁ/’J Far > @g,m\n(W//QG, B)
|
Q97m+1|(yj)j€J (W//0G7 B — 5/) p

Iz

bgr 5
Qgan+1/(5;),¢s PMd(B = ) —=5 Qgmjn(PM, d(8B))

Lemma 5.0.1. Let A: W/)gG — W/gG x WG denote the diagonal map. We have
(1)« (A ([Qg,0,6]"" @ [Fr 1.1]") = [Qg,up]" N (eve)* ((ev0)+[Fr 5]

where all the quasimap moduli spaces have target W/ 9G and we have used the shorthand

notation Qg jp for the moduli stack ngm““yj)jwﬁ,gl.

Proof. Consider the fibre product diagram

Qg8 Xwyea Fpr ) —— Qqup X Fpr )

J/ﬁﬁ J/id X €Voo

(id, ev,)
Qg1 » Qqup X WG

J/ev. J/ev. xid

W/eG A sy W/)eG x W/eG
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The middle map is a regular embedding since it is the embedding of the graph of the

evaluation map ev,. Then, by standard properties of refined Gysin pullbacks we have

(B 1)+ (A ([Qgua "™ @ [Fr 1 g]"™)) = A'((id X evoo)u([Qg,0,61"" @ [Fpr 1 1]'™))
= (id, eve)"([Qg,u5 1™ @ (eVoo)+ [F .4 ]'™)
= A[Qq,15]"™ x (evoo)s[Far "™

= [Qg 151" N (eva)* ((evoo)s[F .1]"™)

O]

We are now ready to prove the main result. As before, let I(q,t, z) denote the big
[-function (2.9) (where we have suppressed v from the notation t(¢)).

Theorem m (Heavy-to-light wallcrossing formula). Let m,n be positive integers
and i,j be (possibly zero) non-negative integers. For each subset J C {1,...,n}, let

M(2) = (=D)VI=122=V1 We then have the following relation in the homology group
H*(Qg,mm(PM?d(ﬁ))?Q)'

Lx (eﬁ‘}*(ﬁl)zﬁj N [Qg,m\n,ﬁ]mr> = C*L*(evf(Hi)wz N [Qg,m+o|n71,ﬁ]mr)

+ Z Z(bg/,J)*C*L* <(€U-)* ( [/\J(z)(afm]l(q’ t2) t:o] +,6/>

0<p'<p J
where ev and 1[1 are at the first light marking, H = H(I:I) for k the Kirwan map, and the

N [Qg,m+-<yj>j¢m—ﬁf]”’">
z2=—1e

notation [ |4 g indicates taking non-negative powers of z and then taking the coefficient

of qﬁl.
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More generally, for arbitrary classes 01, ...,0m € H*(W /oG, Q), there is an equality

(H €Uk(5k ev* 77/}] [Qg,m|n,ﬁ]vir> = C*L*( H e’l)Z(Sk €Ut(HZWZ N [Qg,m+o|n—l,ﬁ]vir)

k=1
t:0:| +,ﬁ/> Z=—

+ Z Z(bgr’(])*c*b* < H eV 0y (eve)™ ( I:AJ( )af] I(q,t, 2)
N [Qg,m+-|(yj)j¢J,ﬂﬂf]”"’")

0<B'<B J k=1 Yo

Proof. First note that the equivariant w-classes on the masterspace @g,mln(w// oG, P)
restrict to the non-equivariant -classes on the fixed point components except in the
following cases: for each j € J, the class 9, restricts to —z on F ir.7- Further H restricts
to evy(H) + f'(L)z on ﬁﬂlﬂj.

Next, consider the trivial C*-action on égmln(W// G, 3). The stabilization map
p is C*-equivariant. Pushing forward the relation (5.1)) along p we get a relation in
AS(Qgmpn(PM,d(8)) ® Q[z,271]. The left hand side has no factors of negative powers
of z so neither does the right hand side. In particular, the vanishing of the coefficient
of 27! gives us the required formula: After pushing foward the relation along p,
substituting the fixed loci contributions and , and by the right-

hand-side becomes

’i* (é’l)*(ﬁl)lﬁj N [Qg,m|n,ﬁ]mr> n . (6’Uf<H1)¢Z N [ngm+.|n_1ﬂ]vir>
Cy Uy

z—@ %+ Y.

. % , i . [FB,]MT

0<,8’<,3

N [Qgmtel(y;);¢s.6-5'] )

(5.3)



49
By (2.9), the last summand can be written in terms of the big-I-function as follows

: A . 9 vir
Z (—Z)l‘]l_l(z + 12}) (bJﬁ')*C*Z* (611. <|:Zatw]1 t_0:| ﬁ/) N [Qg,m-l-'\(yj)jgjﬁ—ﬁ’] )

0<p’<pB
where the notation [|g indicates taking the coefficient of ¢”. Expand this as a power
series of z as follows

0%;5 (—lei'l_l (1 - f + @)2 - @)3 _— ) (b )«Cl (evf( [aijﬂ t:O] 5'>

”[Qg,m+-|(yj>m,ﬁ/3']”"> :

(5.4)

After substituting this into and expanding the rest as a power series of z, the
vanishing of the coefficient of z~! proves the first equality of the theorem.

To obtain the more general version, substitute ev(H?) 17 for [}, evi oy ev(HY) 0y
in . The rest of the proof follows almost identically.

O

Remark 5. It should be stated that in the case where X is a hypersurface or complete
intersection in projective space, Theorem has been proven by I.Ciocan-Fontanine
and Bumsig Kim in [CFK20] (see Remark 1.6). We discuss this explicit case in the

following chapter.



Chapter 6

An application; the string and
dilaton equations for stable

quasimaps

An immediate application of the wall-crossing formula yields the modified versions of
the string and dilaton equations for (0+)-stable quasimaps, which can in turn be used
to prove other identities in (0+)-theory.

Recall that for arbitrary classes §; € H*(W /oG, Q) and n; € H*([W/G],Q), we

define descendant (m|n)-weighted quasimap invariants as

N ~ " ) " ~bs
(0197, ... O bt 77k1/12"> ming = / evy (05 | | evs(n)v.
gl [Qg,mnm//ec,ﬁ)wg 1:I e

where 1); is the psi-class associated to the ith heavy marking, 15]' is the psi-class associ-
ated to the jth light marking, and a;, b; are non-negative integers. We begin by proving

the following auxiliary result.
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Proposition 6.0.1. Let 01,...,0, be arbitrary classes in H*(W//oG) and i,j be non-

negative integers. Then

DOt S ) g =
B

0
B m
St 5] Do
B J + tZO’zsz'rrkl
Proof. Apply (1.3) of the main theorem ([1.2.1)) and sum over . O

As mentioned earlier, in contrast to quasimaps without light markings, there exist

forgetful morphisms

Qg,m|n+1(W//Ga ﬁ) - Qg,m\n(W//Ga B)

forgetting the last light marking, which are identified with the universal curve. In

particular, we have the forgetful morphism

T Qg,m\O(W//G? 5) — Qg,m(W//G7 6)

to the moduli space of (the usual) m-pointed (0+)-stable quasimaps. As in Gromov-

Witten theory, we have a relation
Ty =i + D;

where D; is the boundary divisor corresponding to curves with one genus 0, degree-zero
component carrying the marked points i and e. From this we can derive an analogue of

the string equation

m

(G190, O™ L gmpes = D _(0100™ L 8% 6™ g ms (6.1)

i=1
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and the dilaton equation

(010 O |1/A)Il>g7m‘,’5 = (29 —24+m)(61¢", ..., 0mV ™) g m,B (6.2)

where 1 denotes the unit in H*(W// Q).
Write the small I-function of W//yG as follows

]IW//QG(qv 0, Z) = Z'Z—k[k(Q) :
keZ

Corollary 6.0.1 (String Equation for (0+)-stable quasimaps). Let d1,...,0, € H*(W/)G)
and ai, ..., an be non-negative integers. Then, for all m > 2,

STt ey To(g) 1) L s =
B

m
- 71 .
DY w8 ST G St
B Jj=1

Proof. By the string equation (/6.1]), the right-hand side of the equation above is equal

to

DDA CITE PRI G Das
B

On the other hand, from ([2.9) we have

&
875[)70 T

The result then follows from (6.0.1). O

= Io(q)1.
t=0,2=—1e

Corollary 6.0.2 (Dilaton equation for (0+)-stable quasimaps). With the same notation
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as above, we have
Z qﬁ<51¢?17 s 75m¢21m7 (IO<Q)]1)w -1 (q)>2:~7_n+1,ﬂ =
B

(20 —2+n) Y d* (G, i)t o,
B

where the sum if over all 0-effective 3.

Proof. By the dilaton equation ([6.2)), the right-hand side of the above equation is equal

to

IR AP ) D
B

On the other hand, from ([2.9) we have

5]
61&0,1 +

The result now follows from (/6.0.1]). O

=lo(q) — L1 (q) -
t=0,2=—1e¢

Remark 6. The corollaries (6.0.1) and (6.0.2) were conjectured for all genera and

proven for semi-positive targets and g = 0 in [CFKI17, 3.4].
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