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ABSTRACT. We discuss averaging in time for the planetary boundary layer in the Boussinesq
approximation. We introduce a notion of instantaneous turbulent kinetic energy (ITKE) and then

derive a balance equation for ITKE.

1. INTRODUCTION

It is important to have a rigorous treatment of averaging (or smoothing) processes applied to the
Euler and Navier-Stokes Equations, especially since averaged values are registered by meteorological

devices, they are also used for numerical simulations (ARPS, etc.).

2. VARIOUS NOTIONS OF TIME AVERAGING

Any (scalar) flow u(z,t) may be represented as (cf. [1, 2])

K
(2.1) u(a,t) = up(z,t),
k=1

where each uy(z,t) (k = 1,2..., K) describes a specific feature of the flow, where x is a spatial
variable and t is time

In atmospheric science it is customary to view (2.1) as

(2.2) u(z, t) = u(z,t) +u’'(x,t),

where u(x,t) is a slowly varying average component and u’(x,t) is a rapidly fluctuating or

turbulent component.
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Standard (Reynolds) Time Averaging. We assume that u(z,t) is a C! function of its
variables. We assume that there is a typical averaging period T that includes a “large” number of

oscillations in u’(z,t), then u(z,t) is independent of time and is given by

(2.3) u(z,t) = T/o u(z, s) ds,

so in this case u(z,t) is not slowly varying but a constant (in time) function for ¢t € [0, 7. It is easy

to show that

(2.4) w'(x,t) =0, u(z,t)v(z,t) =ulz,t)v(z,t), ulz,t)v’(z,t)=0
and
(2.5) u(z, t) = ulx,t)

Using (2.4), we have

(2.6) u(z, t)v(z,t) = u(z, t) v(z, t) +u'(z, t)v'(x, 1)

and

u(z, t)v(z, t)w(z,t) = u(z, t) v(x, t) w(z,t) + u(z, t) v’ (z, t)w’(x,t)

(2.7) +o(z, t)u(x, t)w'(x,t) + wx, t) v’ (z, t)u’(x,t)

+u'(z, t)v!(z,t)w’(x,t)
Also for spatial derivatives under appropriate smoothness assumptions we have

0 0 J , 0
(2.8) %u(:v,t) = au(x,tL o (x,t) = e (x,t)=0

However, temporal derivatives and time averages do not commute, i.e.

d J
1 1, ., ,
(2.9) = (@, T) —u(x,0)) = = (u'(2,T) ~ u'(x,0)




3
The problem with (2.9) might be helped by assuming that there exists an appropriate averaging

period T so that
(2.10) w(z,t) = u(x,0) =u(z,T), u'(x,0)=u'(x,T)=0.

However, this is a superficial remedy since u(zx,t) is a constant (in time) function and temporal
derivative is zero.

Running Averages. We define

t+T
(2.11) u(z,t) = i/t u(zx, s) ds.

Then, assuming (2.2), we see that (2.4)—(2.7) fail, i.e.,

(2.12) u'(x,t) #0, ul(z,t)v(z,t) #ulz,t)v(z,t), ulz,t)v’(x,t)#0,

(2.13) u(z, t)v(z, t) # u(z,t) v(x,t) + u'(z,t)v'(z, ),

However, (2.8) holds with some adjustments:

0 0 0 ———
(2.14) %u(x,t) = —xu(gc,t)7 —xu’(x,t) = —xu/(x,t) #0
and we see that (2.11) repairs the problem in (2.9) since now

gu(x,t) = i(u(ac,t +7T)—u(z,t —=T)) = gu(amt).

(2.15) oT 5

3. TURBULENT KINETIC ENERGY

In the Boussinesq Approximation for incompressible media we have

Du 1 Jp
3.1 e F.,
(3:-1) Dt p08x+fv+
Dv 1 9dp
2 - - _ F.
(3.2) Dt 0 0y Ju+ Fpy
D 10 0

Dt Lo 0z 00



Db __ dby

(34) T
ou Ov Ow
(3.5) %+8—y+a_o,

where u, v, w are the velocity components, p is pressure, 8 is potential temperature and po(z), 0o(2)

are given functions. Note that by (3.5)

Du_ou ou ou o
Dt — ot Ox oy 0z

—@—f—u@—kv@—f—w@—ku @+@+8ﬂ
(3.6) ot ox Ay 0z Jor 0y Oz

0

_Ou Ouu  Ouw  Juw
ot Oz Oy 0z
Also note that by (2.8) and (3.5) we have

ou o0v  Ow
(3.7) 2 tay T ="
We set (cf. [1])
D a9 _9 0 0

Definition 3.1. Instantaneous turbulent kinetic energy ITKE (z,y, z,t) is a function defined by
(3.9) ITKE (z,y,2,t) .= = ((u')* + (v")* + (w')?) .

A standard notion of turbulent kinetic energy

(3.10) TKE (z,y,2) = =((u")?2 + (v/)2 + (w')?)
and various balance equations are available for TKE' Note that
(3.12) TKE (z,y,z) = ITKE (z,y, 2,t)
IThe balance equation
D
(3.11) 5 (TKE)=MP + BPL+ TR~ ¢

is known but differs from our balance.



5
Theorem 3.1. Let u,v,w,p,0 be the functions of (x,y, z,t) satisfying the Boussinesq approximation

system of partial differential equations (3.1)—(3.5). Then

D
(ITKE)= MP + BPL+TR — ¢,

(3.13) B

where the mechanical production

MPEfu’u'affu'v/gfzf 7 /%
v v v
_U/u/ai_vlvlaiz_vl /872
0 ow ow
T e Y o e Y
w Ox Y oy 0z
(3.14)
_u/u/a /_ /U/aul_ ’ /au’
Or dy 0z
,U/ula ' / /@ !/ /%
or oy 0z
ow’ ow’ ow’
—_ Iay ! Toy ! ! !/
) y 92
the buyoncy production or loss
(3.15) BPL=wd",
bo
the transport redistribution
1 op’ dop’ Op’ -
1 TR=—— ’ ’ / . 7
(3.16) R o <u 9 +v 9 +w o pou Vp',
and the frictional dissipation
(3.17) e=—(uF, +0'Fy +uw'h,)=—uF,"
Proof. We average (3.6) with use of (2.6) and (3.7) to obtain
Du Ou
Fj . % 4 %(ﬂﬂ—i—u’u/) + é%(ﬂ@Jru’v') + %(ﬂ@—i—u’w’)
Ou _ou _ou _Ou 0 9 o p—
3.18 = — u— U — W — N T _ Iy ! _ Topy !
(3.18) ot Tl Ty TV, T F g, )+ g wie)
ou’ ou ou Jou 0 —— 0 —— 0
= u— 1 — ) — N Ty ! — oy ! _ Topy /!
ot o Ty TP T e gy gy )
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Then the mean equations of (3.1)—(3.5) will be (3.7) and

@*@*@*@f,i@ *,ﬁ// 2//2// 2
(3.19) at+ua$+vay+waz— poaerfv [8x(uu)+8y(uv)+8z(uw) + Frp,

(3.20) @—&-ﬂ@—k@@—&—ﬁ@: L % u—[a(v’u’)—&—a(v’v’)—i—a(v’w’)} + Fry,
x

ot ' ox | oy | 0z pody ) dy Dz
ow _O0w _ow _ 0w 1 0p 9 0 0 o — 1 —
21) — - - B _ - T, 1 i Ty ! . Tony ! F
(3.21) 5 +u8x+vc’9y+w8z p08x+900 {am(wu)+ay(wv)+az(ww)}+ e

22y 00 00 00 dao[a

9
il il il v YU 77 17
at+uax+vay+waz - am(ﬂu)Jr (Q’U)Jraz(ﬁw)}

Now we first subtract the left-hand side (3.19) from the left-hand side (3.1) and multiply the result

by u’, i.e.,
u’(@ —@ﬂ/@ +ﬂaul +v’@ +58“I +w’@ +Eau/)
(3.23) ot ot ox ox Jy dy 0z 0z
' QW _u o out 0w ot 0w du'
ot ot Oz Ox Ay Oy 0z 0z

Next, we subtract the left-hand side (3.20) from the left-hand side (3.2) and multiply the result by

/

v’ ie.,
/(@_@+ ’@+*avl+ ’@+*avl+ ’@+*avl)
. Yot Tar T ar T er TV oy Ty TV 5. TV
. o' v ,0v  _ovw'  ,0v  _ov' ,0v o’

=v’( u'— 47T

at ot “ar Vor "oy ‘ay Vo Yoz

Finally, we subtract the left-hand side (3.21) from the left-hand side (3.3) and multiply the result

by w’, i.e.,
w’(aﬂ _@J’_u/aiw +E8L/+v,87w +@ai/ +w,8£ +*ai/)
(3.25) ot ot ox ox dy y 0z 0z
' QB0 0wt 0w ow” L ow o
N ot ot Ox Ox Oy Ay 0z 0z

We subtract the right-hand side (3.19) from the right-hand side (3.1) and multiply the result by u’,

ie.,

ulu/) + 2

Tay !
8y(u v+

1 i
(3.26) u’< W gy O

— ﬁ Topy ! /
P 5‘m( (w'w’). + Fry )

0z
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Then we subtract the right-hand side (3.20) from the right-hand side (3.2) and multiply the result

;.
by v’, i.e.,

0 0 ——
(U/U/)+8(v,wl)'+Fry/>

(Uu)+8y .

(3.27) v

of Lo L, O
( po Oy Ju +8x

Finally, we subtract the right-hand side (3.21) from the right-hand side (3.3) and multiply the result

P
by w’, i.e.,

(3.28)

The sum of (3.23)—(3.25) equals the sum of (3.26)—(3.28), so

U,((Q)L/ @ ’@ +73’U/+ ’@ +58L/+ ’@_ﬁ’_*av/)
ot ot Jr 0 Jy oy 0z 0z
w,<8w’ Jw ,87w+78w’+ ,87w+78w’+ ,@+waw’)
ot ot Ox 0 dy 0 0z 0z
(3.29) Loy 5
A D ! (g T, ! Ty ! Y /
_u(poa +f +ax(uu)—l—a(uv)+a(uw)+Fm)
! _iap/_ / é To ! Y Y /
+ < 0 Oy fu +ax(vu)+8(vv)+a(vw)+Fw

(_rowt 00 0 o O e O
+w ( pRGE 900+8x(wu)+6y(wv)+8z



or

Q} \2 2 2 _ /@ /@ /@
a252((u)+(11)+(w)) uat+vat+w 5

+u’u’@+u’ﬂa—u,+u'v’@+u’ﬁaU/ +u’w'%+u’ﬁau,
Ox or dy dy 0z 0z
—H}'u’@—kvlﬂail—l-v’v’@—l—v’@av/ —I—v’w'@—kv'@av/
Or or oy Oy 0z 0z
/ / /
(3.30) —|—w’u’g—:+w'ﬂaaqi —|—w’v’g—:)+w'faaqz +w’w'%+w’@a§z
1 !
=u’ (_p%]; + fo' + %(u’u’)—i— (%(u’v’) + %(u’w’) + Fry ’)
0

0 —— J —— o ——
+U,<_po ay —fu/+a$(v/ul)+m/(vlvl)‘Faz(U'w/)“‘Fw/)
1 op’ 0’ S 0 0
+“"(‘po % +990+ax(“”“’)*ayW’”’)*az(w’w’”Fm’)

We can rewrite (3.30) in the following way:

Yo TV o ot
+u'u'— 4+’ '—u—i—u'w/——i—v/u’——&—v’v'——i—v'w’av
(3.31) Ox Qy 0z Ox oy 0z
' ow ow
7, 1YY 7, 1YY 1,01
+w'u P +w'v ay + f

/ _i pl 97/ E T ! 2 Toy 1 3 Y !
+w ( o0 02 +990+8x(wu)+6y(wv)+ Z(ww)-i—Fm



or

/ /7 /! i /7“ /! /! i /@
+uu8+uva+ 8Z+v 8+v a+ waz
ow ow ow
332 / /7 ! /7 / 17
( ) +wuax+wvay+wwaz
=u’ —iai—&-f "+ )+ () + =)+ Fy’
po Ox 13} Ay z "
! _iap/ ! Y 9 Y Ton !
+ ( o 0y +a(vu)+8y(vv)+ Z(vw)—kFry
1 op’ o'
+ /(_ /4 7_,'_7(10/ /)+§y(w,vl)+ (w,w/)+Frz/>
z

We average (3.32) and obtain using (2.4)

‘D [1 15] 0 15
o [2((u’)2+(v’)2+(u)’)2)] -l—u’u’a—z—i—u’v’a—z—ku’w’a—z
ov ov ov 0 ow ow
3.33 s Toy 1 22 i /P it VY e /PP adad
( ) —l—vuam—l—vvay—l—vwaz—i—wuax—i—wvay—i—wwaz
1 op’ op’ op’
__p(u/al;—"_UIaI; +wl8pz)+w/91ég+U/FTI/+U/F’I‘yI+w/F’I‘Z/
0 0
or using also (2.4), (2.7), (2.8)
‘D [1 ou ou ou
E [2 ((u’)2+(v’)2+(w’)2)] +u/u/aiz+u/vlaiz+ulwlaiz
+v’u’%+v’v’g—§+v’w’?+w’u’g—@+mgj+mgﬂ
z T Y z
/ / / li
(3.34) +u’U’%+U’v’afuy+u’w’E+v’u’%+v’v’a§;’—&-v’w’%
+w’u’7aw/+w’v’7aw/+w’ ’—aw/
Or oy Yoz

1 dp’ op’ ap’ g
_ / / / 97 /F”J' /Fr / /Frz/
p0<u oz + v ay —+ w 02 —+ w 00—!—u + v y tTw
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