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Canniuulico is a. wideDpread phenor:icnon in the natural 

worlu (l~ox 1975). Cannibalim:1 may be i::iportant 1n rcculating 

J)Opulation size and in influencint,; conrmrd ty ntructurc. }'or 

por'cion of food intake. for exa,:11;le 1 in i•ti:; :::: LVl~~, of' 
...... t 

the desert scorrJion iaruroc to nus r;:..es1::ew:;is, .r"Oli u l 1 9TJ; 
" fom1d that 

frol.l other ccor(.i oru.: of tt1c '30.:.D.c Llpccien. 

con:.:nucd js rcfc:l're,i to us the "crowth ci'fictcmcy'1 of tiw 

. l l' ' . 'J ' - ' • 1 ° ' -1 ' d 1 (l l C ', \ 3.llli:kl. see ..J...:..Ol:Oi.L(l!l :;O, .:~c1aym~ :,JjJ, 

ci'i'i cic~1C,'/ of 'tLc Josert Gcorpion i:_: net l:!11.Y,m pr0ci::; 

(but :,co Yokota 1 ·)'1'3 for duta on i.nccrpor.:.,tion ,:fficic!.C,'f j. 

Acc:ordir1;.:;- to 1~::1..c:a:lyon, Uere ( 1 <J'-17) ci ves Q ~.::;ro~rth efficiency 

val.l.l8 of 2.rournl 1 for terrcotric1l j r1ve:rtebrnt~::s. Jcoq1ionr; 



rr,.ight have a great8r crowth efficieu.:y tL:m r.;01:~e ether 

terrestrial invertebro.1;e;3, lmt r::! . .,·cc tlle :.,corp:i.ons mature 

slowly their cro,;th efficiency pro1m1Jly i:J not much creator 

:Jincc a.bout 28';,~ oi the 1jioma:::1s con:..;u.;Jed by the tlcoert 

scorpion is fron corn:;1Jecific~~ r:1oct ~~clul t ;:,cor:r,ior:.::.: ,-;ill 

have eaten at leust one and perha~)C r:,ore of th-eir :ellc\rn. 

'J.'his si tv.utio11 recer::i.blec thnt of the apoeryphal econor:i~r ir. 

which everyono r.u.1.keo his li vine by tc .. kinc in hi:-,; neighllor' o 

laundry. The question is thi.3: If ',\e r;tnrt i·,i t~1 8. c:-iven 

lare;e nu..cber of your\:~ Gcor11ions and they eat e.::;.c~1 other 

(and other food a:::: well) until they ~U'.'(J aduJ..t:.;, he,·: E,a.ny 

scorpiono will su1~ive to adulthood (ie1wrine other oourco~ 

of predation on scorpions)Y 

It io posoible to conctruct and ar10.lyze an u1n 

which roucllly represento tlie cnnn.i k.lim:t found in <lcsert 

ocorpiono. In the follo;.;ing model it is arn::n.u:icJ. that oach 

anir:,al (or ball) uill eat exactly one other, or uill be 

ee.ten i tnel.f.'. '....;he vici;ins of each act of cm::.1:i r;Qlis:1 T{:ill 

be chosen at rand.ow, vii th j ndividuu.ln that kw0 al.:r.·cady fe:l 

be int; ac likely to l.Jc ea ten D.[. tho:.:;e tlu,1 t have not fetl. 

~he urn codel for th1 cannibalirn_ procc8c iJUJ be 

deocri bod as 10L: .. o·.-rn: 



1 • ~;_r.. uri~ orici na:Lly contains ii 1JaJls. '.lhc:::~t: bc.lls are 

all "irmocent", whi tc bc.llo; -.::hey have !lot yet ea +;en anyc•ne. 

2. itlhi te 1J2..ll i G taken :ro::. t;~e urn und 1mi nted black, , 
(t~e,. Vte-1-,....-) 

indicatine it hue beco::1e a cannibal, c.md another hall /\is 

chosen from the urn and discarded. '.L'hcn the painted ball 

is returned to the uru. 'lhe urn now contains H - 1 balls, 

one black and N - 2 white. 

3. A white ball io talcen from the urn, painted black, 

and another ball (whiq_h oay ue either black or white) is 
.-1, ....... ,...J..i,.,., balls ..-e .. ,.rr;,\."') ••• 1-~-.(... 

drawn froc the urn and discarded. ~hen the painted ball is " ,,. 
retur1:ed to the urn. ,,ftcr tt1e Gcco:1c. uraw the urr-;. cont.~inn 

K - 2 ball~, one bl~_~ck U.!Hl lf - ;; whi tc ii' E1e dincarded ball 

wao black, or two tl::.lc~-:: at1J. lJ - 4 white if the discarded 

ball wus \lhi te. 

4. r.ChiG prcce:ss continues: a wld te bull ir] drawn and 

:r;ainted black, o.nother 1mll is drawn tt t randon and dis-

card,~d aml the painted ball io re-curncd 1;o the i'Un. rrhc 

r,rocrJSG continues until all tht: bullD in the urn arc bli:1.ck 

(hc:..ve cu ten soI:.cone). ·,;'hen thin hapr,enc there will be cor.10 

nUDber, Z, of blac~c balL.:; in the urn. i:i.'he quostio . .:1 is, 

wru11; will z be? 

The value z will be a rundoc variable. '.l.~10 :3r:1allest 

po.osible value hill be z - 1 ' wi1ich will have probability 

1 / ( N-1 ) ! 'l:he lar·f:e:Jt poc:;siule value will bo I = l'I/2 if . " 

ior lJ odl .1: ( ,~ 
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THE DISTRIBUTION O't' Z, THE NUMBER OF CANNIBALS 

I~ THB uRN AFTER EVERYCl'lli'S EATEN 

I do not know any simple, explicit expression for the 

distribution of Z, but there exists a siuple iterative 

expression which cay be used to compute the distribution 

numerically. 

Let x(t) denote the number of black balls and y(t) 

the number of white balls in the urn at time t (after the 

tth draw). Denote the probability of ever having x black 

balls and y white balls in the urn by P(x,y). Since x + y 

= N - t, it is not necessary to indicate explicitly that 

x and y are functions oft. For N~ 2 after one draw we 

have 

P(1,N-2) = 1 and 
( 1 ) 

P(x,N-x-1) = 0 for all values of x other than 1. 

Then we have the iterative expression 

(2) P(x,y) = x~y·P(x,y+1) + i:~•P(x-1,y+2). 

Notice that (1) and (2) depend on N, the number of balls 

originally in the urn. 

In order to find the distribution of Z we start with 

(1) and then use (2) to find all the non-zero values of 

P(x,y), first for x + y = N - 2, then for x + y = N -3, 
then for x + y = N - 4 and so on until x + y = 1. The 

distribution of Z will be given by P(Z = x) = P(x,O) for 

x = 1, 2, ••. , N/2 or (N-1)/2 depending on whether N is 
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even or odd, respectively. 

The distribution of Z is given in Table 1 for N = 5, 

10, 15, 20, 25, 30, 35, 40. Table 1 also gives values for 

the mean and variance of Zand values for the mean and 

variance divided by N. It is seen that the mean divided 

by N rapidly converges to e-1 as N increases, while the 

variance divided by N rapidly converges to 3e-2 - e-1• 

It is easy to see that a result like the law of large 

numbers holds for the cannibals' urn. The idea is this. 

For some large number of balls N originally in the urn, 
l 

the number of black balls in the urn after t draws, X(t), 

is equal to the number of white balls drawn as "victims" in 

the t draws. On each draw the "victim" is a white ball or 

not and X(t) may be thought of as the sum oft random 

variables, each ta.king value O or 1 with some probability 

which depends on the number of the draw. These 0-1 random 

variables will be negatively correlated with each other and 

the variance of X(t) will thus be less than .25t. Chebychev's 

inequality may be applied in the same way as in the Bernoulli 

law of large numbers. 

'n'hile it is clear that a version of the law of large 

nucbers must hold, it is necessary to do a calculation to 

determine what the lir:dt of Z/N will be. Since it is the 

limit that is of interest we can assuce that N is large and 

consider a continuous, deterministic version of the process. 
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Lett represent the proportion of balls discarded from the 

urn ("eaten") and let u(t) and v(t) represent the proportion 

of black and white balls, respectively, in the urn at the 

time when proportion t balls have been discarded. 

(3) 

We have u(O) = O, v(o) = 1, and 

du{t} = 
dt 

v(t) 
u(t) + v(t) 

dv(t) 
dt -- 1 _ du(t) 

- dt ' 

' and 

which can be solved numerically and evaluated at v(t) = 0. 

The desired value is ihe value of u(t) when v(t) = O. 

Calculations show this value to be close to e- 1 and the 

value becomes closer as the calculation becomes more precise. 

Not only does a type of law of large numbers hold for 

the cannibals' urn but it seems that a central limit theorem 

will hold as well. It is not yet clear how to prove this, 

but numerical calculations of the first six cumulants of Z 

strongly suggest that these cumulants are all of order N. 

Table 2 gives values for the first six cumulants divided by 

N for N = 5, 10, 15, 20, 25, 30, 35, 40. Even for such 

scall,values of Nit seems that the cumulants divided by 

N converge rapidly to constants. 

If the central limit theorem suggested by the numerical 

calculations is true, then for large N the number of can-

nibals left after everyone has become a cannibal or a 

victim will have approximately a normal distribution with 

mean= •-1N and variance = (:5e-2 -, e- 1 )N. 
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DISCUSSION 

The cannibals' urn described in this paper provides 

only a rough representation of the process of cannibalism 

seen in the desert sand scorpion, which it was ori~inally 

intended io model. The model does illuatrate a number of 

interesting mathematical pointa, however. One of th••• is 

that if we consider the sequence of urn sizes: N = 2, 3, 
4, 5, 6, ••• and for each we look a'\ the total number of 

possible outcomes, characterized by the sequence of colors 

of the balls discarded, we see that th.eae.,numbera of 

possible outcome• for urns of the various aizea form• a 

Fibonacci aeriea. For example, for N = 6 the 

outcomes are: WWw, WWBB, WBWB, .WBBW~ WBBBB. If we represent 

the number of possible outcome• for an urn of size N by 

F(N), then we have: F(2) = F(3) = 1, F(4) = 2, F(5) = 3, 
F(6) = 5, F(7) = 8, and so on. 

There are several reasons the cannibals' urn is an 

unrealistic model. 

1. The model assumes that all balls are equally likely 

to be chosen as "victims". Among the scorpions the older 

age classes tend to prey upon the younger, although can-

nibalism sometimes occurs within an age class. Since 

larger scorpions eat smaller ones, it would take several 

victims to equal the of the cannibal. 

2. The model assumes that each ball "eats" exactly 
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one other ball, or is eaten itself (and possibly both). 

This is unrealistic for two reasons. 

a) If the proportion of the diet made up by conspecifics 
J 

is not equal to the growth efficiency then the average 

adult will not have to eat his own weight's worth of con-

speci!ics. In the desert sand scorpion he may have to 

eat more. 

b) The number of other scorpions eaten does not have 

to be the same for all surving individuals. 

The cannib~ls' urn is not appropriate for the desert 

sand scorpion because of 1. However, if each individual 

has more than one victim, as suggested by 2a), this can 

be incorporated in the model. A calculation sioilar to 

that using expressions (3) may be done. If each cannibal 

eats two victims then the number of survivors will be 

approximately e-2N. 

It is not clear whether 2b) will have any effect on 

the eeneral conclusion of the model. 
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Table 1: Dis~ribution o! Z, the nl.lllber of black balls 

remaining in the cannibals' urn at the end of the process. 

the values in the table are probabilities: P(Z = z), for 

various values o! N, the number of balls originally in 

the urn. 

N 
5 10 15 20 25 30 35 40 

1 .1667 .0000 .0000 .0000 .0000 .0000 .0000 .0000 
2 .8333 .0191 .0000 .0000 .0000 .0000 .0000 .. 0000 
3 .3455 .0025 .0000 .0000 .0000 .0000 .0000 
4 .5729 .0755 .0003 .0000 .0000 .0000 .0000 

z 5 .0625 .4015 .0138 .0000 .0000 .0000 .0000 
6 -4424 .1379 .0023 .0000 .0000 .0000 
7 .0781 .4070 .0351 .0004 .0000 .0000 
8 -3598 .1899 .0077 .0001 .0000 
9 .0792 .3918 .0630 .0015 .0000 

10 .0020 .3013 .2278 .0171 .0003 
1 1 .0754 .3681 .0931 .0041 
12 .0041 .2572 .2527 .0305 
13 .0700 .3416 .1222 
14 .0057 .2225 .2670 
15 .0001 .0643 .3149 
16 .0069 .1943 
17 .0002 .0587 
18 .0076 
19 .0003 
20 .0000 

mean .,d .• 8333 3.6788 5-5182 7-3576 9.1970 11.0364 12.8758 14.7152 
maan/N .36667 .36788 .36788 .36788 .36788 .36788 .36788 .36788 
Va:c. . .:5./ J, , f5889 .38133 .57190 .76253 .95316 1.14379 1 • 33442 1. 52506 
Var/N_ ... 02315 .03813 .03813 .03813 .03813 .03813 • 03a·1 3 .03813 
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N 

I • ; 

5 
10 
15 
20 
25 
30 
35 
40 

Table 2: 

K1/N 

.36666667 

.36787946 

.36787944 

.36787944 

.36787944 

.36787944 

.36787944 

.;6787944 
' . 

Cumu.lants/N for various values of N.· 

K2/N K3/N Z:4/N K5/N iC6/N 
(x10-2) (x10-3) (x1o-3) (x10-4) (x1o-3) 

2.7777778 -18.518519 4.6296296 123.45679 -23.662551 
3.8132613 -3.5643453 -1.3570281 81 .952175 3.6173583 
3.8126408 -3.7580174 -3-3030914 8.1788067 .044041609 
3.8126409 -3.7579457 -3.2987432 9.2749404 1.4141451 
3.8126409 -3.7579457 -3.2987445 9.2737142 1 .4085611 
3.8126409 -3.7579457 -3.2987445 , 9.2737146 1 .4085801 
3.8126409 -3.7579457 -3.2987445 9.2737121 1 .4085723 
3.8126409 -3.7579457 -3.2987445 9.2737116 1 .4085752 




