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1. Introduction

The morphology of a crystal may show several phases and these may
be altered with changes in its mechanical or thermal environment. For
example some crystals may be deformed to consist of several twin related
phases. To understand this in the context of thermoelasticity, Ericksen
[21-23],[25-31] has derived a stored energy density which shows invariance
with respect to change of the crystallographic lattice basis of the
material. Such a density is invariant with respect to an infinite discrete
group as well as frame indifferent. A body governed by it is rendered
highly unstable with respect to certain motions. For example, at a smooth
local minimum of energy in a constant temperature heat bath, the Cauchy
stress reduces to a pressure, cf. Ericksen [20]. So it seems unlikely that
even setting homogeneous boundary conditions leads to a homogeneous
extremal.

In this note we wish to determine by direct methods equilibrium
configurations under displacement loading conditions. We favor this
approach as a means of surmounting the difficulties imposed by the defect
structures on the stability of smooth solutions. Our first objective, then,
is to calculate the minimum energy of a configuration. An important role
in the thermodynamics of the crystal is played by its subenergy, introduced
by Ericksen [24] and based in part on a method of Flory [32]. In many
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Equilibrium states of crystals 2

cases, the energy assumed by a configuration is its subenergy and its
stress is a pressure determined by it. This may be reconciled with one
common thermodynamic view where phase diagrams are expressed in terms
of pressure, or specific volume, and temperature [66]. What this means
from the perspective of analysis and why it should be so we may succeed
in clarifying in the course of this discussion.

There are two facets to these questions as topics in the calculus of
variations. One is to study energy functions in general to seek those
properties of material symmetry and continuity which permit resolution of
minimum enerqy issues. Fonseca [34,35] has undertaken an analysis in this
direction. Another is to restrict attention to the elastic crystal to assess
the behavior of minimizing sequences and their various state functions.
This is the topic here. The two methods are complementary and they agree
in their calculation of the minimum energy available to a configuration.

A viewpoint that we shall adopt is that one reasonable choice of
solutions is given by measure valued solutions, or parametrized measures
in the sense of Young [78]. These have been introduced to the study of
differential equations by Tartar [75] in order to study hyperbolic
conservation laws, cf. also [16,73]. They are reasonable in the sense that
they predict state functions of the deformed body. For instance, the energy
and the stress may be calculated. Morphology may be ascertained by
inspection of the linearized equation that the parametrized measure
provides. The parametrized measure serves as an accounting device to
summarize properties of a minimizing sequence.

What emerges of these considerations is a coarse theory which in
some manner accomodates information from a finer structure to yield
macroscopic information. A limit configuration found in this way may be a
macroscopically homogeneous but infinitely twinned array of states of
minimum energy. It would seem that the crystal seeks to assume the
lowest energy available to it by suffering small, kinematically admissible
shears. Of course, a physical crystal cannot be infinitely twinned, but what
we have constructed here can offer an approximation to the actual
deformed body. From this point of view, the parametrized measure records
mechanical properties of the microstructure.

At the conclusion of this paper we attempt to elaborate on these
ideas and to provide the reader with some indication of the presence of
fine scale structures, or microstructures, in nature.
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Equilibrium states of crystals 3

Ericksen’s ideas have stimulated a growing body of work. We might
suggest consultation of some of the work of Ericksen already cited, James
[38-43], Parry [61], and Pitteri [67-71]. More closely connected to this
study is the work of Ball and James on fine twinning [6]. Mathematical
analysis of the dead loading problem and related issues is due to Fonseca
[33] and is briefly noted below. One interesting feature of these ideas is
that they may be used to derive the relations of Miller's interaction theory
for the ferroelectric transition in Rochelle salt, cf. [47] and [53]. An
interesting earlier work about phase transitions is Tisza [77]. The failure
of complementing conditions plays a role here. We refer to Simpson and
Spector [72] for another view. A summary of the conclusions offered here
appears in [46].

First we give a brief description of an elastic crystal and then an
example which illustrates some of our concerns. By a (single) crystal we
understand a three dimensional lattice given by three independent lattice
vectors {2,883}, written as a matrix L = (2,2;23) with columns {£}.
Owing to the frame indifference of the Helmholtz free energy ¢ and its
invariance under change of lattice basis, cf.[21,23,25,31],

o = OLTL) = OMTLTLM), M e GL(23). (1.1)

With this fixed reference basis of lattice vectors, the energy density (per
unit reference volume) is given by

W) = oLTcL), C=FTF, detF>0. (1.2)

Thus

W(QFH)  for detF >0, Q'Q = 1, detQ = 1,
HeH, (1.3)

W(F)

where H = LGL(Z3)L™ is a conjugate group of GL(Z%). We impose on W,
or @, the conditions

W(F) 20, w() = 0,and (1.4)

The last condition in (1.4) is imposed in recognition of the notion
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that infinite energy be required to compress the body to a point. It is
decidedly a hinderance in the analysis and may well be thought of as a
constraint. More generally, ® may depend as well on temperature, lattice
shifts (in the case of more complicated crystals), or polarization (when
electromagnetic fields are active.) For the present we do not consider
these alternatives.

One question of interest here is to study possible deformations y(x)
of a suitable bounded domain Q C R" (n = 2 or 3) with the property that

]OW(VQ) dx = inf{low(v\/) d%: v=yo on 80} (1.5)

where yp is assigned and the infimum is taken over a suitable class.

Another question concerns possible deformations y(x) realizing
extrema of the dead loading problem

]nw(Vg) dx - lof-g dx - Iaog-g ds

=1 = inf{IQW(Vv) dx - Iof-v dx - ]aog-v as }

This problem has been studied by 1. Fonseca [33], who obtained the
very interesting result that 1 > -0 only if f=g=0.

WY

det F
Schematic diagram of W as it varies with detF
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Schematic diagram of the periodic nature of W

The analytical difficulties encountered in the study of such W are
well publicized, by now, but may withstand a brief review. Note that given

F,detF >0,and H=1 + a®n € H, a direct calculation shows that the
function

W(F(1 + Aaen)), -e0 < A< oo,

is periodic of period one, [33]. In particular this implies that there are
points A for which
aalnink < 0,

Cijhk

(1.6)
- 9w
Cijhk = /aFuthk(‘ +)\a®n) .

Thus W is not rank | convex, and in particular, neither quasiconvex nor
lower semicontinuous. Indeed, the deformation 1 + Aaen, with A
satisfying (1.6), is infinitesimally unstable; whereas, homogeneous
deformations are minima of quasiconvex energies by definition. This may
also be contrasted with the result of Knops and Stuart [48]. Some recent
discussions of the role of quasiconvexity in elasticity have been given by
Ball [2-4] and Ball and Murat [7]. The book by Dacarogna [14] provides a
treatment of quasiconvexity and lower semicontinuity in general.

A different way to study (1.5) is given by 1. Fonseca, as noted
earlier. Since the subenergy is a function of detVv alone, it is useful to
consider (1.5) for such W. The loadings under which this probiem is
stable have been considered by 1. Fonseca and L. Tartar [36]. Directions in
the continuum theory of crystalline solids are discussed in Metastability
and incompletely posed problems, I. M. A. Volumes [31]. We refer in
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particular to the articles by Ericksen, James, Kinderlehrer, Pitteri, and
wright. The paper by Ericksen [31] explains the basis for considering
stored energy functions exhibiting the invariance we shall discuss.

2. A useful construction
To give a brief and simple example, suppose that we are given
Fo, with detFg >0,
B=1+a®b, with detB=1+a-b>0, and (2.1)
6, 0<o6<1,

and consider

y(x) = Fx where (2.2)
F = Fo(l + 6aeb) = (1 - 8)Fy + OFyB .

We assume that bl = 1. Let x(t) be the characteristic function of the
real interval (0,6) in (0,1) and extend it to a 1-periodic function on R.
Set

fk(x) = x(kb-x), k =1,23,... (2.3)
Given any bounded domain Q C R® it is easy to check that

f* =+ 0 in L®(Q) weak =,
which, we are reminded, means that the averages

IDI"JD f*ax » & forany D C Q.
or equivalently, that

Inf"( dx - e]oc dx forany ¢el'(Q).

Defining
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W) = Fole+ [ xWata), r=go

and (2.4)
u*(x) = k' ulkx)

it is clear that
sy in HY™(Q) weakx. (2.5)
This means that

4

Ut -y uniformly in Q and

Vuk = Fk = Fp(1 + fkaeb) = (1 - f¥)F, + f¥FyB
> F in L*(Q) weaks.

Now
W) = (1 - fOW(Fg) + T*W(FB)
whence
W(FK) > (1 - 0)W(Fg) + 6W(FgB) in L=(Q) weakx.
Let us analyze this situation in several ways. First choose
Fop=1and B=H=1+a®neH (2.6)
S0
FK = 1 + fkaen
and
W) = 0.
However,

w(l +easn) > 0 = lim W),

unless by some stroke of luck, 1 + 6aene H.
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We have cailculated the energy via a minimizing sequence without
regard to the numerical value of W(F). We claim, nonetheless, that the
successive shearing of a crystal among its natural states should give rise
to a distribution of minimum energy, so the final energy density is indeed

W = lim _ W(F*) = 0.
In fact, for any continuous function (F),

Vo= lim L w(FY) = (1-6)w(1) + ew(1 + aen). (2.7)
For example, the Piola-Kirchhoff stress

S = (1-8)s(1) + 8s(1 + aen) = 0,

since W assumes its minimum value at both F=1 and F=H=

1 + a@n € H. The limit solution may be interpreted in terms of a measure
on the space M of matrices with positive determinant given by

v = (1-0)8, + 68, (2.8)

where SF denotes the Dirac measure at F. So
W = | wa) awa) = o,
S = l" 5(A) dv(A) = 0, and even

| + 6aen = I"A dv(A).

As we noted in the introduction, a limit configuration found in this
way may be macroscopically homogeneous but infinitely twinned array of
states of minimum energy. It would seem that the crystal seeks to return
to the lowest energy configuration available to it by undergoing small,
kinematically admissible shears.

The evidence of defects like twinning, perhaps not immediately
obvious from what has been described so far, is retained by the response of
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the deformed body to small displacements, namely the linearized elasticity
tensor, which is given by the formula (2.7) evaluated on the tensor

S(F) = (as/aFy) = (3%w/a%F).
The form of the tensor S(F) may be available from the symmetry of the
particular configuration, cf. [S4]. The averaged tensor S  may then yield
information about the consitution of phases. In a particular application,
the homogenized tensor associated to a minimizing sequence may be more

appropriate. Some discussion of this is given in [13].

More generally, let Fg e M be arbitrary. The sequence (%) of
deformations has, as we have said, the property that

* - y in H"°(Q) weak .
If w(A), AeM, isany continuous function, then
V(x) = w(F) = w(Fo(1 + f*aen))
= w(Fe((1- )1+ f*H))
= (1-f)w(Fo) + ffw(FeH) ,
so for any ¢ € L'(Q),
Jo w9 ax -+ [ {0-0w(Fo) + ow(Fole ax
In this way, the sequence (u¥) determines the parametrized measure
v o= (1-0)8, + OF (2.9)

that is,

LJNW(A)C(X) dvdx = limk_,mlo w(Fe dx, ¢ el Q)  (2.10)

Suppose that Q € Q is a bounded open subset with piecewise
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smooth boundary and let us set

EF) = inf g | w(ow) o,

(2.11)
AF) = AF) = {veH"™(Q) detVv>0 and v=yonaQ }

we wish to verify that the sequence (u¥) constructed above may be
slightly modified so that it lies in A(F). Let Q' ccQ, that is Q" is
compactly contained in Q, with § = dist(Q,Q) and let 1 e H"*(Q) be
a cut off function,

m =1 on Q\Q,
n=0in Q, and
vl < 2/5.
Set
v = qy + (1-muk in Q.

We calculate that
Vv o= qF + (1-mF + (y-u)evn
= Fo(1 + (X +m(e - f))aeb) + (y-u)evn .
Note that
det(1 + (fk +m(6 - f¥))aeb) = 1+ (ff+n(6 - ¥))a-b >0.

For each me N, m > 0, choose & = i/m, Q' = Qm, and k = krn so large
that

detVv = detFgdet (1 + (fX +m(6 - f*))aeb) + Fy'(y - U¥)evm)
>0
and

Vvl < 2 IFgliBI .

The v = v™ have the property
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v ¢ AFF) and

Also
ﬂn(wn - F)¢ dx| ¢ IJOm(F"m - F)g dx| + lo—n,,,(C+ IF1)¢ dx
< |J0m(ka -F) dx| + C, ]Q_Omlcldx
- 0 as m - oo,
S0

VP sy in H'(Q) weak . (2.12)

The same argument applies to the w(Vv™) for any continuous w on M;
i.e., we can show that

w(Wv™) = (1-0) w(Fg) + 6 w(F(1 + aeb)) in L(Q) weakx. (2.13)

Thus (v™) also determines the parametrized measure (v ) and, in

addition this sequence respects the boundary condition. For example, we
may demonstrate this theorem.

Theorem 2.1 Let Q C R® have a plecewise smooth boundary and let F €
M. 7hen

£5(F) < 1QIW(F(1 - aen)) (2.14)
whenever a-n = 0.

The property of Q necessary to obtain the sequence (v™) is only
that [3Ql = 0, that is, that the three dimensional measure of 8Q be zero.
In this situation T may be constructed from the distance function to the
complement of Q and possible integrals over 3Q vanish. We shall
illustrate this more clearly later on in the next section by a different
method.



Equilibriuh\ gtates of crystals 12

There is a clear technical advantage to insisting that minimizing
sequences satisfy a boundary condition, but there is a disadvantage as
well. The original sequence (u*) may actually correspond to a sequence of
minimizers, or equilibrium configurations, which themselves converge to
another equilibrium configuration, perhaps providing a clearer idea of the
mechanical process under study.

Proof. First assume that | + aen = | + 6den where | + 3@A ¢ H.
Then with (v™) constructed as above,

£xF) < tim | w(wvm) ax

{1-0)W(Fp) + ewW(Fy(1 + 8o NHQI (cf. (2.13))

{-0)w(Fy) + ewW(FIQI
= W(Fo)lQl

W(F(1 - eden))IQl .

Finally, to complete the proof, we remove the special hypotheses about the
vectors aand n. This is trivial. Observe that whenever p, q are
orthogonal vectors of integers,

1 +LpeL Tq € H.

Obviously, given a, n € R%, a-n = 0, there is a sequence py, G¢ € 2°, -Gk
=0, and 6, € R such that

a®n = lim Ok kaGL-TQk )

koo

from which the theorem, that is (2.14), follows by continuity of W. QED

3. Subenergy and homogeneous deformation

In many situations, the minimum energy of a configuration, £,(F),

with, let us say, homogeneous boundary values is its subenergy. The
subenergy density of W(F) is given by



IS
.
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6(detF) = inf, . 4up W(A), Fel. (3.19)
We shall also have need of
rex = the convex minorant of ¢, (3.15)

that is, the greatest convex function less than ¢ . This is shown, roughly
speaking, by iterating the argument of the preceding section. The function
¢(detF) may be interpreted as the traditional free energy used by
thermodynamicists (cf. Ericksen[24]). We shall establish that it is, in
normal regimes, a term used by Ericksen to mean a regime where we may
legitamately suppose that ¢ is convex, the quasi-convex minorant of
W(F). This provides a context for the variational method of seeking
minima, which, however, are realized by Young measures rather than
classical solutions. More generally, and this may be of interest in the
study of thermally driven phase transformations, the minimum energy is
achieved by integrating ¢=x(detF), the convex minorant of ¢, over the
body.

Let us first note

Proposition 3.1 Let W be given and & and $x»  be detined by (3.1).
7hen

oxx(detF)IQl ¢ £,(F)  for Fem.

Proof. This follows from Jensen's inequality. First recall that given v ¢
A(F) [59],

lodeth dx IodetF dx = | Q| detF.

Hence

IOW(VV) dx ]ocp(deth) dx

v

v

I Q¢**(det\7v) dx
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> Ialowx(ial!_detwv ax)

> | Q| pxx(detF) . QED
Our principal result is that equality holds in the conclusion above.

We shall proceed in several steps so that we may recover the parametrized
measure, at least in some cases, cf. §4. The minimum energy admits an
elementary scaling property which we wish to elucidate. Given a domain
D, consider the domain a+ €D = {x¢ R:ix=a+ €t, £ € D). Then

= 3

E,.p(F) = € £,F) .

This is because a function ¢ ¢ A4 . +£D(F) if and only if

¢(x) = ev(e'(x-a))+Fa forsome ve A\F).
This may be formalized by using an argument of Ball and Murat [7], p. 240.
We now prove an intermediate lemma.
Lemma 3.2 7here /s a function W(F) such that

£,(F) = 10l W) . (3.2)

whenever QO C R® /s a bounded domain with boundary 8Q of (3
aimensional) mesasure zero.

Proof. Let D and Q be two bounded domains whose boundaries have
measure zero. The sets

{a+eD: a+eD CcQ,ae, e>0}

form a covering of Q to which the Vitali Covering Lemma may be applied.
Hence there is a countable or finite subfamily of disjoint subsets

Di=a+e¢D:Dj=3+¢D CQ, a€Q,6>0}

such that
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Q= UD UN with INI=0.

Note that 1Ql = Z€fIDI. Given ve Ap(F), define

w(x) = (V' (x - @) + Fa  x €Dy
Fx otherwise

Then since 18Dyl =0,

| JWTW) ax = 2, JD‘W(VW) dx

2 e,-"lo W(Vv) dx

(191pp) ]Dw(vV) dx .
Thus
£F < (/N4
Interchanging the roles of Q and D, we obtain that
LF)ia = &E)/p) -

we define

W) = £F)/p| - QED

Lemma 3.3 The density W /s rank 1 conves, that is, given

F, detF >0,
B=1+aeb, detB=1+a-b>0, and
e, 0¢B¢1,
then
W((1 - 6)F + oFB) ¢ (1 - 8)W(F) + 6W(FB) . (3.3)

It may be useful to keep in mind that we are actually about to prove
that the energy £,(F) is arank one convex function of F. The major
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ingredient of the proof is an energy calculation analogous to the one of the
previous section.

Proof. Given B, with [b] = 1, let D = Q be a unit cube with one face normal
to b and determine the sequence (u*) relative to F as in (2.4). The
cube D is then divided into parallel slabs Dy; of width 1/k and

FK =wuk =F(1 + faeb) in Dy, .

Each Dy; may be expressed as Dy =Dj ;U D} ; where

f« = (0 in DY;
l 1 in D:ﬁ.i

SO
ek = [ F in DY;
|FB  in D} ;
Moreover,
luDg;l=(1-0)Dl=1-6 and |UD};l=6. (3.4)

Choose a subsequence of the (u¥), still called (u¥), and a sequence of
cut-off functions m* such that

V= (- Ry et
have the properties
Ve A(F), detvvk >c >0,
v 5y in H'" (D) weakx ,

v = ¢k in DX,

where the DX increase to D. There is a sequence € - 0 such that

YK dx ¢ € .
L'uppnk w(ov) K

For arbitrary ¢ e Hy® (DK), det(WVuX + w¢) >0, with
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¢ =0 on dDY;uaD;, for each i,

we have that ¢ e Hy" (D} ;0D¥) and ¢ e Hy™ (D} ;nDX) . We may estimate

£(F) ¢ ]D W(Vvk + V¢) dx

< [D W(Vuk + V¢) dx + ¢

= 2 ]DE W(F + V¢) dx + 2 IDL W(FB + V¢) dx + &
v 1 v 1

We may take the infimum over ¢, recalling that the infima of the
summands are independent of each other. This gives that

£(F) ¢ & ED'Q,,-nD"(F) + % EDLinD"(FB) + €.
Applying Lemma 3.2 and noting (3.4),
W(F) = £(F) ¢ Z IDy,inD*IW(F) + Z; 1Dy, ;nD* I W(FB) + &
¢ Z D {IW(F) + Z; Dy ;| W(FB) + €
= (1-0)W(F) + oW(FB) + ¢ . QED
Note that (3.3) may be rewritten in this way. Since for any F,
F = oF(1 + aeb) + (1 - O)F(1 - (/,_, Ja®b) ,
W(F) < eW(F(1 + aeb)) + (1 - OYW(F(1 - (o/,_, Ja®b)), (3.5)
where 0<©<1, 1+ab>0,and1-(e/,_ )ab>0.
Here is a useful fact.

Proposition 3.4 Let A€M, [e, A is a3x3 matrix with positive
aeterminant. Then there Is a proper orthogonal Q and ayny,azng € R’
with aeny = 0,1 =12, such that
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A = (detA)2Q(1 + a,eny)(1 + a,en,) . (3.6)

If A s a 2x2 malrix, we may take a, =no, =0 and replace the exponent
113 by 3.

Many items of this nature may be found in Kelvin and Tait [45], cf.
also Love [54], however we did not find this one there.

Proof. Consider the two dimensional case first. Let

E=E = 1+vye®e, vyER,

3
and

U=ETE = 1+vy(e®e,+e®e) + yiede,

S0 we may write, by the polar and spectral decompositions,

U=PA?PT and E = RU% = RPAPT,
where A is diagonal and R and P are proper orthogonal. Thus,

A = (RP)EP = Q(1 +aen) (3.7)
where a= yPTe, and n=PTe, .

with A = diag(A,A™"), we determine the relationship between A
and vy. Indeed, since

detU = 1 and trU = 2+v2
vy = A-1/\ . (3.8)

Thus given X > 0, we may find an EU such that (3.7) holds.

Now let A be a 3x3 matrix with detA = 1. Again using the polar
and spectral decompositions,
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A = Q5 = RPDPT |, (3.9)
where D = diag(\,pu,(Ap)™") is diagonal. Thus

D = diag(n, 1, A"")diag(1, g, p™")

R1(I + 0(2®V2)(' + 0(19171), (3]0)

using (3.7) for each of the factors. Substitution of (3.10) into (3.9) and
rearranging the rotation gives the resuit. QED

More precise information is available using (3.8).

Lemma 3.5 Let Q be g bounded domain with 18Q1 =0. /FF /sa
constant matrix with detF > 0, then

£y(F) < 1QI¢(detF) . (3.11)
Equality holds in (3.11) Jf detF /s 3 point of convexity of ¢ .
By a point of convexity we intend a point t where ¢(t) = ¢p»=(t).
Proof. Given € >0, choose F., detF, = detF, such that
W(F,) ¢ ¢(detF) + 3¢ .
According to the last proposition we may write
FE)T = R + 0g@v,)(1 + g0 vy),
which may be rearranged to read
F = RF (1 +aon,)(1 + ay8ny) .
Now we may find &, ny, and 6, i = 1,2, with H, =1 + a®n ¢ H, such that
(1 +azen)(1 +a®ny) = (1 + A1 + 6,3,0n,)(1 + 6,3,0ny),

or
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F o= QF, (1 + A1 + 6,8,80)(1 + 0,3,80) ,
with |Al so small that

WEF,(1 + A)) - W ¢ e

For convenience, let us set H; =1 + a&@n, i=12. By Lemma 3.3,

EyF) = E,(QF (1 + AX1 + 6,2,80)(1 + 642,8ny))

I~

(1-8)00 - 6) £,(QF (1 + A)) +
(1 - 61)82£5(QF, (1 + AMHp) + 64(1 -6,) £,(QF, (1 + A)Hy) +
046, EO(QFE (l + A)H2H1)

I~

weF,(1 + A)IQl

[FaN

WE)IQI + 3€lQl

¢ (o(detF) + e)|Ql . QED

We may now make a general statement about homogeneous
deformations.

Theorem 3.6 Let Q be a domain with boundary 3Q of (three
dimensional) measure zero. Then

W(F) = 1QI7 £4(F) = ¢xx(detF), for F e M. (3.12)

Proof. In view of Lemma 3.5, note (3.11), we must check (3.12) at points
where ¢*x(detF) < ¢(detF). Suppose first that for such F there are
numbers v, and v, and 6 € (0,1) such that

detF = 6vy + (1 - B)v,
o(uy) = oxx(vy) , 1= 12 (3.13)

Choose a,b € R® such that

vy = detF(1 + ab),
which implies that
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vy = detF(1 - (e/y_,)ab) .
By Lemma 3.2, Lemma 3.5, and (3.5),

dxx(detF) ¢ W(F)

I~

OW(F(1 + aeb)) + (1 - OW(F(I - (o/,_, Jaob))

A

6¢(detF (1 + a-b)) + (1 - 6)¢(detF(1 - (o/,_, Ja-b))
= ¢nx(detF) .
When there is no such v, , then (detF, ¢=*=(detF)) lies on an
asymptotic direction of the graph of ¢=x. In this case there isa vy,
0 < vy < detF, such that ¢(v,) = ¢*=(v,) ,
oxx(v) = ¢(vy) + plo-vy), for v>vy,
with

p = |imu_. m(¢(u) - ¢(Ul))f(u - ’01) .

Moreover,

o*x(0) < ¢(v) .
As before, choose ab € R® such that vy = detF(1 + a-b) . Set

Fe = F(1 - (k- 1)aeb), k 20.
Note that detFy = v,. Consequently we may write

F=06F + (1-0)F for =0, =%"VUn k21,
so that

oxx(detF) ¢ o6W(Fg) + (1 - 8)W(Fy)

< o¢(detFg) + (1 - ©)¢p(detFy)

¢(C|etF0) +
(1 - 6){d(detFy - kdetFa-b) - ¢(detFp)}
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= ¢(v,) + {0(detFo - kdetFab) - o(detFo)/ )
= ¢(U|) - pdetF a-b = ¢=x=(detF) QED

4. General boundary conditions and existence of parametrized
measures

In the last section we have seen how an elementary variational
argument using little more than the definition of weak»* convergence
allowed us to find minimum values of energy associated to homogeneous
boundary conditions. Here we extend those results in two directions by
exploiting very much the same methods. First we shall discuss more
general boundary conditions and then we shall consider also some special
homogeneous configurations admitting parametrized measure minima.

Given a domain Q C R® with Lipschitz boundary 3Q and yg: Q-
R® a Lipschitz deformation, we set

AoUp) = {veH"(Q) detVv>0andv=ygondQ} (4.1)
and

Ex(up) = inf g0y ) W(TV) O . (4.2)

Recall that if yg(x) = y(x) = Fx + a is an affine transformation, then by
Theorem 3.6,

£o{yg) = ¢x=(detF)IQI , (4.3)

where ¢x* is the convexification of the subenergy of W, cf. (3.1). For
mappings of this form we retain our old notations when convenient, that is

AqFx) = Ay(F) and  £y(Fx) = £4(F) .

Our results may be extended to more general boundary conditions.
We give an example of this.

Theorem 4.1 Let Q C RS be a bounded domain with Lijpschitz boundary
and g € CY(Q), detVug 2 ¢ > 0. Syppose that
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ian(YD) JQ¢**(detVV) ax = ian(Yn)ﬂC‘m) IOQ)**(detVV) ax . (44)

Then

Eolug) = inf 4. ] chm(deth) dx . (4.5)

Proof. Since ¢x=(det A) < W(A) for A e M, it is obvious that

£o(up) 2 inf 4ty0) qu)**(deth) dx .

We need to prove only that

£o(ug) ¢ inf 4iy) Iowﬁ(deth) dx .

Let ye A(yg)nC'(Q) . 1t is elementary to check that we may find a
sequence (wX) c H' (Q) such that each w¥ is piecewise affine and

k

w* = y in H* (Q) weak* and (4.6)

vwk > vy uniformly in Q,

cf. Ekeland and Temam [19], Proposition 2.1, p.309, for example. In
particular,

detvw¥ - detvy  uniformly in Q (4.7)

Indeed, a neighborhood of Q may be written as the union of simplices
Dy; of diameter ¢ 1/k and for each k we may express

FK = vwk = Pk %y

where Xy, is the characteristic function of the simplex Dy, and the
F&) are constant matrices with positive determinant for k sufficiently
large.

According to Theorem 3.6, given € > 0, for each k we may find a

ukd  with

k

u) = wk on 8D, and
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(4.8)
]Dk W(Vuk! ) dx < ¢*x(det F&) )IDe, | + €27

1

Moreover, for given € > 0, we may choose k so large that
|x*(det F(xe;)) - dxx(det FI)| ¢ € |

where xy; is the barycenter of Dy; and F =Vy. Thus
IQW(VU") dx ¢ 2 ¢*x(detF(xc;))IDy; | + €lQl + € .
Since the first term on the right hand side is a Riemann sum for

Ind)**(det F)) dx ,

we conclude that

lim inf IDW(VUK) dx ¢ [O¢**(detF)) dx . (4.9)

To complete the argument we must show that the boundary
conditions on the admissible functions are not too restrictive. Given & > 0,
let Qg denote the union of the simplices Dy; of distance to 3Q greater
than §. It is elementary to check that

lim .ol -Qsl = 0. (4.10)

Let mg be a Lipschitz function with mg=1 on8Q, mg=0 on Qg , and
0¢<mg <1, IVMgl ¢ const./8 , where the constant may be taken independent
of k. Let u* denote the function equal to u*) in Dy, determined
above, and define v* € A(yg) by

K o= [ -mgy+mgw® in Q-0
(T in Qg

with k chosen so large that

IVvK| ¢ Const. and i, Q-0
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det VWX 2 3¢ >0,

which is possible by (4.6) and (4.7). This implies that
Io—os W(Vvk) dx ¢ CIQ - Qgl for aconstant C>0.
We may now apply (4.9), with fixed §, whence

Eo(yp) ¢ liminf, IQW(VV") dx
¢ liminf, . ]DW(VU“) dx +CIQ - Qgl

< Iowﬁ(detF)) dx + C|Q - Qg .
The result follows from (4.10). QED
The condition (4.4) may be regarded as a technical hypothesis. We
do not know at this writing a way to approximate arbitrary admissible
Lipschitz deformations by piecewise affine ones. On the other hand, there
are many circumstances where (4.4) may be verified. For example, if the

right hand side of (4.4) is zero. More generally, we note

Theorem 4.2 Let Q be a bounded L jpschitz domain and et yy € CY(Q)
satisfy detVyg = v, aconstant. Then

EQ(U()) = q>**(deth0) Q.

Proof. The proof is another application of Jensen's inequality almost
precisely as in Proposition 3.1 noting that in this case (4.4) is satisfied
since

d*x(detVug)lQl = ¢=x(IQI™ [Qdeth dx) 10
< inf 40 IQ¢**(d9tVV) dx

< ian(Yu)nC'm) jn¢**(detVV) dx
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< oxx(detVyp)lQl . QED
Indeed, we observe that there are many such mappings. For example,

as Tartar (cf. [36]) has pointed out, in two dimensions the mapping of the
unit disc given in polar coordinates by

r=p ©=0+p),
where ¢ is any smooth function with support in (0,1), has constant
determinant one. Another way to approach this question is through a result

of Mascolo and Schianchi [S6], using a theorem of Moser's [60].

There are additional situations where (4.4) may be verified. For
example, let Q be the square

Q= {xlx)l<tand A-1<x <A}, 0¢A< 1,
and

yo(x) = Fx  with

F = r‘+b®92 X2 > 0
| 1 %<0

where b-e, # 0. We may construct a sequence vK e A(y) such that

0 ¢ detVvKk < const. and
detVvk - 1+ Ab-e, ae. inQ.

Thus

nmkwloqw(detv\/k) dx = ¢x=(1 + Ab-ep) . (4.11)
Keeping in mind that

inf g0 jo¢>**(deth") dx ¢**(lndetF dx)

= ¢xx(1 + Ab-e,) , (4.12)

comparison of (4.11) and (4.12) shows that the infimum over smooth
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deformations agrees with the infimum over Lipschitz ones.

Some additional discussion of related issues may be found in
Dacorogna and Fusco [15] and Marcellini [S5].

when F is related by symmetry to the minimizer of the subenergy,
cf. (4.18) below, we may use the method of §2 to construct a parametrized
measure, or Young measure, minimum. Let us explain this before passing
to more general considerations. Restricting our attention to homogeneous

deformations, we introduce a few conventions. Let us say that (vx)x €0 is
a parametrized measure in Q satisfying the boundary condition y = Fx
provided there is a sequence (v*) € H**(Q) such that
Ve A.(y)
detVk > 0 in Q
w oo oz in HY?(Q) weak (4.13)
where
zZ =y on 3Q,
and
]Q]n\u(x,A) dv.dx = lim e Jow(x,Vv") dx for € C(QxM) .
(4.14)

A parametrized measure (vy), . , satisfying the boundary condition y = Fx
is a minimum in Q if

£ = | ] wen) avox (4.15)

Theorem 4.3 Let Q be gpen and bounded with 18Q| = 0 and syppose that
detF /s @ point of convexity of &. Assume that ¥ € M aamits the
representation

F = Fp(l + 6,3,8n,)(1 + 6,3,@n,), where
(4.16)
Ho=1+a@neH 0<o <1, i=12

where W(Fg) = ¢(detFy). 7hen
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V = Px = (1"‘61)(]"92)8F0 + 91(1—62)8F0H1 + (]'61)928F0H2 + 91928':0”2“1
(4.17)
s 3 parameltrized measure minimum in Q.
Note that (4.14) has the special property that
F=] A, (4.18)
sothat z=y in (4.13).
Proof: We consider first the case that Q = Q, a cube, since any

bounded domain may be enclosed in some such @ and delay discussion of
the boundary condition on 8Q. Choose Q with faces parallel to a, and
ny. Let Fy =Fo(1 + 6,3,@N,) and determine the sequence (%) relative

to Fy, cf. (2.4). For each k the cube Q is divided into slabs D; = Dy
of width 1/ and

wk = FK = F(1 + f*a8n)  in D .
As in the proof of Lemma 3.3, each D; = D ;UDi ;, where

g = [ 0 in Dy;

l 1 in D},
s0
k= [ Fy in Dy i
| FHy in DL,
In particular, u* is affine on each of Dj; and Dy ; . Also,
D il = (1-6)Iy1  and D} ;| = 64ID .

For fixed k,i consider the sequence
wh e HLRMDR ), j=1,23, ... (4.19)

constructed in (2.12) satisfying
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wh = (% on 8Dy ;

whl s gk in HLY(DR ) weakx

IVw!0| ¢ C and detvw™® > ¢ > 0.
The sequence (W) determines the parametrized measure

e = (1—62)8F0 * 028y, N Db - (4.20)
Analogously, consider the sequence

wh e HBO(D ), §=1,23, ... (4.21)
constructed in (2.12) satisfying

wh = % on 8D ;

wh s ¢ in HB®(DL ;) weakx

lVw* | < C and detVw* 2 c > 0.
The sequence (w’-‘) determines the parametrized measure

v = (1-02)8; 4, * 628y, 0 Doi-
where H{N = H,H,, i.e., N=H{"HpH; € H. Thus

v = (1-02)8; y * @28, N D (4.22)

Now let w e C(M) and € >0. Let N =N(k) denote the number of

slabs and wX! the function which is w* in D} ; and w*' in Dg; for
eachi. Then for j sufficiently large,

kI)dx - A) dvldx| =
”Dg‘iw(Vw ) log,ijn“’() |
”Dg w(Vw) dx - ((1-62)w(Fo) + 92W(F0H2))|Dg'i|| < €e/4N
1
and

”DL i\p(kaJ)dx - ID, ]nw(A) av'ax| =

k,i
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”D:c wwwk) dx - ((l‘ez)W(FoHO*92W(F0H2H1))|DL,11| < €/4N .
2 1

Summing these two pieces, we obtain that

K.J _ 0 :
”Dk,iW(VW ) dx jDk JNW(A)("D‘Q,FV + XD}(,idv )dxl < e/2N.

)1

We sum this over i, whence
k. - 0 1
”‘lw(Vw ) dx IQIHW(A),Z(XD‘;',-GV * Xpl. ‘_dv )dxl < €/2.
Now
Tyxpp . = 1-f* 5 1-8, and

in L*(Q) weakx,
- K
21 XD1 ; f* - 91

so for k and | sufficiently large,

”Qw(VW"-l)dx - Lan(A)dvdxl < €.

Since C(M) is separable, we may choose a subsequence of the wkJ,
which we refer to as (v¥), with the property that

L'w(A) avl@l = lim, Jow(Vv") dx forall ¢ e C(M). (4.23)

To show that (4.23) implies (4.14) is a routine affair. By scaling
and translating (v*), (4.23) is seen to hold for a cube of any dimensions
and center. It follows that (4.14) holds for functions w(x,A) of the
form

VxA) = 2 axe (Ow(A)
where the @; are disjoint cubes and the wy € C(M). From this and the

separability of C(QxIM), one infers the existence of a sequence (v¥) for
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which (4.14) holds.

Finally, suppose that Q € Q is an open set with [8Q| = 0. We may
adjust the boundary behavior of our approximating sequence by asking that
wkd =¥ in a small neighborhood of 8Dg; N 80 and then interpolate
between u* and Fx. This may be achieved because V(w* - u*) and F -
vu¥ are rank one matrices. The argument is identical to §2 or Lemma
3.3. QED

The measure we have found is not unique, which will be obvious from
the next section. In a subsequent paper we shall show how our methods
may be used to determine parametrized measures for any homogeneous
configuration. The matrices satisfying (4.16) are dense in all matrices,
and this is sufficient to determine energy, as we have seen, and stress
also, but it is not satisfactory to determine, for example, linear elastic
moduli.

5. Parametrized measure minima

Our prior analysis has established that under fairly general
conditions

£lug) = inf Alyo) _[OW(VV) dx = inf A(YO)Iotb**(det w)dx. (5.1)

Some circumstances under which minimizers actually exist were
determined in the preceding section, however, a natural framework from
functional analysis from which to seek solutions is not readily available to
us owing to the extreme lack of convexity of W. The sense in which a
minimizing sequence may be said to be compact is rather murky, but two
areas of interest may be discerned. These are H and H'. Analysis in
H' is not likely to be much different than that in H , p > 1, while that
in H! permits gradients which may tend to measures, suggesting
dislocations and other behavior we are not prepared to encounter at this
time, cf. [37,76].

Consequently, here we shall consider a parametrized measure
minimum associated to a minimizing sequence bounded in H“* (Q) and give
some thought to equilibrium configurations and their state functions.
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Let (u*) An(Yo) be a minimizing sequence which converges in

H'®(Q) weak* tosome y, y =yg on 8Q. Here we mean that
uk -+ y in HY*(Q) weakx,
U =y on 80
lu¥[ 1=y ¢ C, forallk, (5.2)
detF¥ > 0 in Q, for all k,

and

Eouo) = lim,,,, [OW(F") dx = inf A(YU)L)W (detwv) dx, (5.3)

where FK = Uik, The sequence (u") determines a parametrized measure
v =(¥), . q With the property

IQJH\V(X,A)C dv.dx = lim ., Iow(x,Vu")c; dx
for w e C(QxM) and ¢ e L'(Q) . (5.4)

Expressed in other words, the weakx limit of the sequence (w(x,Vuk))
is the function

w(x) = L,,w(x,A) aw, ., xeQ (5.5)

Recall that the functions A, adjA = detAA™, and detA are weakx
continuous [59]. In particular, for F = Vy,

F = IMA avy ,
adjF = jnade dv,, and (5.8)
detF = L,IdetA dvy .

It is useful to keep in mind that in the current framework, suppv is
compact, indeed,
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suppy € Qx {IFl ¢ C}, (5.7)

where C is the constant of (5.2). This follows from (5.4) since if
is a function with support in the complement of Q x {IF| ¢ C}, then

Jow(x,Vuk)q d« = 0, for all k.

Let us assume throughout this section that (5.1) - (5.5) hold. We
begin with some general observations about minima.

Proposition 5.1 Under the assumptions (5.1) - (5.5), y € A,(yg) and

Elup) = | 6 (detF) ox (5.8)

Proof: Since ¢™ is convex, it is lower semicontinuous with respect to
weak* convergence in L°°(Q). Moreover, as we have noted, the mapping
A - det A is weak» continuous, so

: k
jncb** (detF) dx ¢ lim, 104)** (detF*) dx

[Fa N

lim, . jow(F") dx

[Q(QO)

= inf 4y 1045** (detVv) dx

< Iorb** (detF) dx .

Note in particular that the finiteness of £,(yg) implies that y e 4,(Ug).
QED

The central technical difficulty met here is that there is no a priori
knowledge ensuring that detF* remain bounded away from 0. This will
become even more annoying later when we attempt to decide possible
relationships between minimum states and equilibrium states. For the
present, we simply observe that the conditions of (5.2) do not
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automatically imply the formulas (5.5) and (5.8) since both W and ¢™*
are unbounded as detF - 0. Nevertheless,

Proposition 5.2 Lnder the assumptions(5.1)-(5.5), W and ¢  are
dvydx integrable and

W(x) = ¢ (x) =6 (x) = ¢ (detF(x)) i Q (5.9)

Proof. Let Wy (A) = min{wW(A),m}. Thus Wy, 20 and increase to W.
Now, in view of the preceding Proposition,

lnlnwm(A) dvedx = lim jowm(Fk) ix

A

lim, ... | G W(F¥) dx

= I Q¢** (detF) dx .
Thus by the monotone convergence theorem, W(A) is integrable and
E2 ]
J o | weayaveax ¢ | o (cetF) ax. (5.10)

Since 0 ¢ ¢xx < W, ¢xx is also dwdx integrable. The functions ¢xx
and W may be defined by the formula (5.5) and they are in L'(Q). By
Jensen's inequality and (5.6),

6** (detF(x)) = ¢ (IndetA vy

¢ ]N¢** (detA) dvy, = ™ (x) .

Thus
O™ (detF) ¢ ¢™ ¢ W inQ. (5.11)

Combining (5.10) and (5.11),

[Q¢** (detF) dx ¢ ]QF* dx ¢ IOW dx ¢ L, o** (detF) dx
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so equality holds, and by (5.11),

W = ¢ = ¢* (detF) .

In view of the pointwise inequality ¢»= < ¢ < W, it follows also that W(x)
= ¢(x) = ¢*x(x) . QED

We proceed to begin a direct analysis of the parametrized measure at
a minimum. To complete this analysis we shall be obliged to discuss
equilibrium conditions.

Lemma 5.3 Let (v, )x cn De aparametrized measure minimum. Then
suppvy C {A: a< detA< b, ¢xx /s affine inlabl, anddetF(x) e [a,bl}
aimost everywhere in Q. In particular, If & /s strictly convex, then
suppvy C {A:detA = detF(x)} ae nQ .
Proof. Fix x € Q, a and b such that detF(x) e [a,b], ¢** is affine on

[a,b], and set v = », . It is possible here that b = +eo ; the arqument is
valid in this case as well. So there are numbers o and B such that

oxx(t) -t -p 2 0 in  (0,e0),
dp*x(t) -t -p = 0 in [ab], and
pxx(t) -t -p > 0 in  (0,%) - [ab].

Since detF(x) € [a,b], by the preceding proposition,

0 = ¢»x(detF(x)) - xdetF(x) - B

]”(¢**(det A) - xdet A - B) dv

Luppv(qw(detA) - xdetA - ) dv .

Hence

¢ox*(detA) = xdetA-p ae. onsuppv. QED
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This is our principal result about the support of the parametrized
measure. Some discussion of it follows the proof.

Theorem 5.4 Lel (vx)x cn be a paramelrized measure minimum. Then
W(A) = ¢(detA) = ¢=x(detA)  ae /nsuppvy, ae nQ, (5.12)
and in particular,

suppv, € {A: a< detA <b, ¢=x /5 affine inlabl, detF(x) e [a,bl, and
dxx(det A) = W(A)} .

Proof. Since W(A) - ¢==(detA) > 0, AeM, and
]n (W(A) - dx=(detA)) dv = W(x) - px=(detF(x)) = 0,

it is immediate that
W(A) = ¢»x(detA) on suppv . QED

The import of this last result is that the variational principle does
not permit the oscillating nature of a minimizing sequence to introduce any
phantom states which are not realizable by the original energy density.

For example, the parametrized measure which describes an austenite/
martensite transition may represent a mixture of the two phases, but its
support contains no intermediate phases which, at least in theory, are not
pointwise attainable by the energy density W.
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An energy density W with an asymptotic direction.
There can be no parametrized measure
associated to the indicated F.

Corollary 5.5 Let (vx)x cq De aparametrized measure minimum. Then
the Piola-Kirchhoff stress Is given by
S = -TdetFF T, T = -¢=x(detF), i Q (5.13)

We are not claiming at this moment that S has any mechanical
meaning, but only that the formula (5.13) holds.

Proof. Recall that S = 3W/8A . We assume here, as usual, that W
is smooth. The function W(A) - ¢==(detA) attains its minimum value 0
on Supp v, soO

S(A) = ¢xx (detA)detAA™T  on suppwy .

Now ¢ is linear on suppv, thus ¢x= is constant there, by the
theorem. Hence,

S(A) = ¢»x (detF(x))detA AT  on suppv, .

Integrating this gives that

5(x) = |, 5(A) v
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= ¢xx (det F(x)) IndetA AT dy, .
Recall that detA A™! = adj A is weakly continuous, cf. (5.6), whence
J"detA ATdv, =detFFT,

which proves (5.13). QED
Another consequence of the theorem is

Corollary 5.6 Let & be strictly convex. Then, with the notstions of
(5.1)-(5.5), then for a subsequence of Kk,

detF¥ - detF  m LP(Q), 1<p<e andae in Q.

Proof. This is standard, since v reduces to a delta function of
functions of the determinant according to the theorem. QED

6.  Stable parametrized measure minima

Most desirably, an equilibrium solution renders stationary the energy
functional within a suitable class of disturbances. This is an attribute of
stability which is not necessarily conferred on a state which realizes
minimum energy. Much has been written about this, especially by Ball [2],
[3], and it is fair to report that our difficulties here are connected to the
growth of W as detF - 0. For example, that (vy) ., is a parametrized

measure minimum ought to mean that
[QW dx < JOJ"W(A + V¢) dugdx , ¢ € Hy™ (Q)

at least for ¢l = () sufficiently small. Unfortunately, since nothing is

established about detF, it is not evident that there are any ¢ for which
the right hand side is finite.

Conditions for variation of domain are the most useful to us, so our
criteria for stability will be expressed in these terms. The simplest
condition, although it is stronger than necessary, may be formulated by
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first discussing the situation for a Lipschitz minimum.

Suppose that u(x) is a Lipschitz minimum and consider the
variations

u(x) = u(x +e¢(x))  for ¢eHy™(Q), €>0. (6.1)

Then

IOW(VUG) dx = IQW(VU(X + €)1 + €Ve)) dx . (6.2)

When the right hand side of (6.2) is finite for HCHHL- @) suitably small,

we would say that u is an admissible solution. It would be a local
minimum provided that

Joweow ax ¢ | wiwu,) ox

for ¢ suitably restricted. Changing variables, z = x + €¢(x), (6.2) may
be rewritten

Jowwu) ax = | weuut + eve)et(t + eveyt @z . (63)

To extend this notion to a parametrized measure, we say that
(V),.q is @ stable equilibrium solution if there exists a sequence (u¥)

and y e H* (Q) such that
K i = =
ut* =y in H*™ (Q) weak*, y=yp on aqQ,

detF¥ > 0, F¥ = wvuk for each k (6.4)

(u*) determine the parametrized measure (Vx)xcn

with
J oW dx < oo
and, for each ¢ € Hy™ (Q), there is an € > 0 such that

] oW dx < ] 0 ]Nw(A(l + €V¢))det(l + eV)™ dwndx ¢ o . (B.5)
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for e<ep.

The properties (6.4) have the automatic consequences that
F =W = IOA dvy and detF = IodetA dvy ae. in Q.

The condition (6.5) implies a familiar version of the Euler-Lagrange
equations,

[n L,'{ATS(A)-V( - W(A)dive } dvedx = 0, ¢ € Hy™ (Q) . (6.6)

The stability portion of (6.5) is the insistence that the right hand side be
finite. This may be relaxed. For example, given ¢ e Hy™ (B), B= {lz] ¢
1}, £€Q, let ¢, = eg((x - G')/e) and integrate with respect to ¢ in (6.5).
Set z =(x-£)/e . A relaxed condition for admissibility is that

J 1L wea + ve@) av dzax ¢ o (6.7)
We shall take up this and related conditions in the next section.
Observe that if
detF > c > 0 in Q, (6.8)
then (vy).., is an admissible solution in the sense if (6.5), (6.6).
Also note that if
m(detA)™ < W(A) ¢ M(detA)™ + C, (6.9)
for some 0<m<M, p>0,and C 20, then any parametrized measure
obeying (6.4) satisfies (6.5). With the addition of a hydrostatic

pressure, the densities considered by Eftis, MacDonald, and Arkilic [17,18]
satisfy (6.9)

Theorem 6.1 Assume that (vy), ., /5 a paramelrized measure minimum ir

the sense of (5.1)-(5.5) wnich is stable in the sense 0r(6.4) and(6.5).
7hen
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T = -¢=x (detF) (6.10)

/s constant in Q. In the case that & Is strictly convex, then detF /s
also constant in Q.

Thus the Cauchy stress of the deformed configuration,
T=-11
reduces to a constant pressure.

Proof. We may avail ourselves of the equilibrium equation (6.6). We
evaluate the various terms it contains. Note that

ATS(A) = ¢xx (detA)detAl on Suppvy ,
so by Theorem 5.4 and the weak» continuity of detA,
]”ATS(A) dvy = ¢xx (detF)detF1 in Q.
Also we know that
JHW(A) dv, = ¢=x(detF) in Q.
Thus (6.6) becomes
IO{M* (detF)detF1 - ¢=x(detF)1}-V¢ dx = 0, ¢ eHy™"(Q).

From this we infer that
¢== (detF)detF - ¢»x(detF) = ¢ = const. in Q. (6.11)

Given two points xy,%, € Q, let F; = F(x;), so the above, (6.11), tells us
that

oxx (detFy)detF, - ¢=x(detF,) = ¢x»» (detF,)detF, - px=(detF,).
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By the convexity of ¢##*, we also know that
dxx(detF,) - ¢p»=(detF,) 2 ¢»» (detF,)(detF, - detF,) .
Combining these we deduce that
¢*x (detF,) 2 ¢== (detF,) .
Since the roles of Fy and F, may be interchanged, (6.10) follows.

In the case where ¢ is strictly convex, ¢ “is 1:1, so detF is also
constant in Q.

7 Parametrized measure equilibria

As an alternative approach to the direct analysis of the measure, we
direct our attention to the behavior of the energy density W at an
equilibrium configuration. This will not require that the Young measure
give an absolute minimum of energy, and our conclusions will reflect this.
While dynamical considerations may offer the most satisfactory notions of
metastability, as developed for example in Andrews and Ball [1] and Pego
[621,[63], these are not yet available to us for our three dimensional
problem.

In order to confine ourselves to the essential features of the
analysis, we shall consider parametrized measures which minimize energy
with respect to small compactly supported perturbations. Under these
circumstances, we shall deduce a form of quasiconvexity. Similar
considerations in a different context were initiated independently by J.
Ball [S].

Let O c R’ be abounded domain with Lipschitz boundary and
(¥x),.q be a parametrized measure in the sense that there is a sequence

(uU¥) and yin H" (Q) such that

i =y in H"™ (Q) weakx , (7.1)
detFk >0 in Q, F*¥=wuk,

and (u¥) determine the parametrized measure (vy) . . Suppose also that
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W(x) = ]NW(A) dvy (7.2)

satisfies

JQW(x) dx ¢ oo, (7.3)

As before, F =Vy is represented by the formula
F) = | Adv,

Again we shall be concerned with variations of domain. In order to
motivate our point of view, it may be helpful to begin with a local
minimum y(x) assumed to be Lipschitz with F = Vy satisfying detF 2 ¢
> 0. For ¢ e Hy" (D), where D is a fixed bounded open set, with
sufficiently small gradient and x; € Q fixed, consider the variation

y(x) = y(x+ec((x-%g)/€)) % € xp*€D

y(x) = ulx) X € O\(xg+€D) , €2 0.
S0
Vy (x) = Flx+e¢((x-x%g)/))(1 + V¢((x-x0)/€))
and
detvy,(x) = detF(x+e¢((x-xg)/e)det(1 + V¢((x-Xo)/€)) 2 3C,

say, provided |V¢| is small enough. Thus
IQW(VQE) dx ¢ oo
If we set z = (x-%g)/e in this integral we obtain
J WFGxorez+ ec@1 + V2@ dz ¢ o

We may require finiteness of this integral as a condition on the variation
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¢. However we prefer to assume that it is finite only for most choices of
Xg in the sense that

Io- [DW(F(Xo+ez+E¢(Z))(I + V(2))) dzdxg < ®

for Q'cc O and e small. Interchanging the dxgdz integrals and
changing variables, x = xg+€z+€((z), this becomes simply

]D IO'W(F(X)(' + Ve(2)) dxdz < oo .

Thus we shall adopt as our admissibility criterion for (vy) g that

j 0 JD INW(AU + V¢(2))) dv, dzdx ¢ oo, (7.4)
whenever ¢ € Hy® (D) and V¢l is sufficiently small.

With this in mind, we say that (vy)., is an equilibrium measure
with the underlying deformation y provided that whenever (7.4) holds

J Wy az < | [ wat + %@ av, e pz 79)
for x € Q ae.

We begin by illustrating a property of quasiconvexity of W at an
equilibrium position.

Theorem 7.1 [et (v',()x€Q be an aamissible equilibrium in the sense of
(7.1) - (7.5). Then

W < oI | ] waas ve@) anz  srxea. 29

Proof. The object is to justify allowing € to pass to 0 in (7.5). Let Q
cCc OQ and € > 0 be small and set

0@ = [, [ waa « ve@) anax € L)
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and

g.(2) = ]n. I"W(A(l + V@) Wy I ¢ 92D -
since g(z) € L'(Q), the function
wx2) = | WA + ve@)) avy € L'(QxD).
Thus, since translation is continuous in L',
h(z) = IDlw(x+ez+ec(z),z) -w(x2)ldx -0 as € -0, ae zeD,

and also
h(2) ¢ g2 +g@) ¢ 29(2).

By Lebesgue's Theorem we infer that
lim_ ., ]Q.hi(z) dz = 0.

This means that
lim_ ., ID ]Ql ]Mw(A(l + VU2 OVyyerve ) - ]Hw(A(l + Vc:(z)))dvxldxdz
=0

Here we may intechange the x and z integrals, whence

i 2o J 1] WA+ @) 9,y oy~ WAL+ Te)0v, |aza
=0 ,

and therefore

i o [ 1] WOAQ + V2@) 070 oy ~ WAL + Ve@Nav, laz = 0
(7.7)

Since W(x) € L'(Q), almost every x is a density point of W, so
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W(x) = lim_, ,IDI™ IDW(x*rez) dz .
Finally, using the minimizing property (7.5) and (7.7) above

3

W(x) = 1im__ ,IDI? JDW(x*rez) dz

I~

lim_, , IDI™! ID INW(A(' + VE2)) 0V, 0 ) &2

"

DI JD lnw(A(l + V¢(2)) dv, dz .
QED

A consequence of this theorem is the rank-one convexity of W at an

equilibrium solution. It may help to recall that suppv, is compact for
each xe Q.

Corollary 7.2 Let (v, ., e an admissible equilibrium in the sense of
(7.1) - (7.5). Then

W0 ¢ | WA + aeb)) + (1I-NWAQL + (7 raeb)} di  (7.8)

a.6. inQ whenever WA(1 + a@b)) and WA(1 + (M,_,)a®b)) are boundea
on suppvy , 0< X<, and lal, bl are sufficiently small.

Proof. This is a variant of a well known arqument. Choose D = Q, a cube

of given side length and suppose |b|l = 1. Let x be the characteristic
function of a real interval with the property that

lal™ Jox(b-x) dz = A, (z=b-x),
so that x*(z) = x(kb-x), k =1, 2, 3,... satisfy

x¥ > A in L”(Q) weak* as k- oo .

Determine v* by
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Wk = xkaeb - (1- x*)(*,_,)aeb
so that

v - 0 uniformly in @ and
WK 2+ 0 in L*(Q) weakx as k- o .

Set ¢¥ = mvK, where m =0 near 8Q. Hence the ¢ also have the
property that

¢ > 0 in L*(Q) weakx as k » o

and they vanish on 8Q as well. Assume that a, b are small enough that
(7.4) and (7.5) hold for ¢* . By (7.8),

Weo < lait J [ wiaa + vek@) av ez
Note that
(A) = 1ol [ WAl + V@) 6z

are bounded on suppv, for k sufficiently large by our hypothesis and
converge in L*(M) weak* to

aA) = 1o [ Al + aeom)+ (1-WWAN + () aebm)} daz
In particular,
W(x) ¢ Jn g(A) dv, .

The result follows by letting M+ 1 in Q. QED

Differentiating (7.8) with respect to A at A =0 gives that
J, W + aon) av, - | wiayaw - | ATS(A)-aeb o, > 0. (7.9)

If the condition on the smallness of |V¢| in (7.4) is generous enough to
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permit a®b = Le;®L Te; and a®b = L(e;+e;)®L T(e;-e;) then 1 + asb € M,
W(A(1 + aeb)) = W(A), and it follows that

]MATS(A) dv, = -1(x)1 . (7.10)

So as soon as the size of the perturbations is allowed to exceed the size of
the lattice spacing, the present formulation predicts that the Cauchy
stress is a pressure. This is one conceivable approach to the question of
metastability. It may be of value to remember that (7.10) may hold in
metastable states which are not absolute minima, for example in an
austenitic phase where martensitic phases give lowest energy. On the
other hand, it would appear that there are many circumstances where the
energy barrier between lattice invariant shear transformations may be
much greater than that between closely related phases within, roughly
speaking, the same energy well. Some of James' ideas about energy
densities are based on this observation [38-43].

The energy barrier between lattice invariant shearsmay be much greater
than the barriers within a well, suggesting a restricted energy density, cf. James [41].

With Theorem 7.1 in mind, we may define a parametrized measure
= (W), p for afixed x €Q, that is p, = v, for each zeD. Sucha

measure i corresponds to the homogeneous deformation F(x)z . Is it
admissible?

Theorem 7.3 Lot (W), . o e an aamissible equilibrium mesasure in the
sense of (1.1) - (1.5) . Then (W), ., . where i, = vy foreach z€D, /5
an aamissible equilibrium measure for 3Iimost every X € Q.

Proof. We need only show that p is admissible since the equilibrium
property (7.5) follows by applying Theorem 7.1 to ». To show this, we
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have to provide a sequence whose parametrized measure is vy for almost
0

every xp € (2. We may assume that D = Q, a unit cube centered at 0.

Let Xp€Q and p > 0. Set

V(@2) = p (u¥(%o+p2) - (xp)), z € Q,
S0
WKz) = Vuf(xg+pz) = FK(xg+pz) .

For any continuous function w(A),
K —] K
IQ\U(VV )dz = p Ll(w)w(F ) dx
where n=2or 3 and Q(Xq.p) = Xp+pQ . We write this as
k - K
]Q\IJ(VV ) dz JQW(F ) dx
where ¢y =p™Xgq o) € LY@). Now lIgl 1gy = 101 = 1 and
G~ B, in  /~(Q) weakx,

that is, in the sense of measures.
Let € > 0. Then we can find a k(p,e) such that

| Llw(F")Cp dx - IQ L1w(A)¢D dvedxl < € for k> k(p.e) .
Suppose that x; is a Lebesgue point of the function
w(x) = IN\V(A) dve € L7(Q).
Then for p sufficiently small

[ ] e, anex - 90l < e

Consequently we may extract a sequence p; » 0 and k; - « such that
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wi(z) = o (UKI(x+ps2) - UKI(xg))

has the property

lim .. IQW(VW]) dz = Inw(A) dvy_ . (7.11)

It follows, since C(M) is separable, that we may find a subsequence of
the (w!) such that (7.11) holds for all w € C(M). QED

8. Some concluding remarks

When an energy density does not give rise to a lower semicontinuous
functional, it is a formidable question to identify its minimizers and
minima. In the case when the boundary conditions are homogeneous, this is
equivalent to identifying the function

WE) = LEVial = inf 1017 IOW(VV) dx . (8.1)

The first part of this work was devoted to establishing that
W(F) = ¢»x(detF), (8.2)

the convexification of the subenergy of W introduced by Ericksen [24].
The argument exploited the symmetries of W but was hampered by the
constraints on the kinematic compatibility and the determinants of the
admissible functions. In abstract, the function ¢x»(detF) may be viewed
as the analogue of the effective modulus of concern in the homogenization
of periodic structures [10,49]. Note that it is polyconvex. The notion of
quasiconvexity itself was introduced by Morrey, cf. [59], and some
interesting work is due to Ball [2] and Meyers [57].

Explicit computation of W is not often found in the literature.
Another important case where it has been computed is in the optimal
design questions considered by Kohn and Strang [50,51,52]. Their papers
explain much of the origins of these ideas. Smoothness in this case has
been established in [12]. Pipkin [64,65] has considered another situation
where it is important to compute W.
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The device adopted to show (8.2) consists in choosing a sequence of
deformations with highly oscillatory gradients, which is much in the style
of the homogenization of periodic structures [58], but differs in several
notable respects. The constraints on the admissible deformations we
mentioned above are one difference. Another is that the material itself
chooses the scale of and proportion of the phases which are to be averaged.
This is not merely a mathematical artifact, but is inherent in the lattice

constants and the energy of the material. Ball and James [6] give excellant
illustrations of this.

Many alloys and ionic solids undergo phase transformations from a
more symmetric (austenitic) phase to less symmetric (martensitic) ones as
their thermal environment is changed. Frequently the less symmetric
phase is susceptible to twinned configurations, but these are rarely
compatible with the more symmetric phase, if ever. For an introduction to
the kinematics of twinning, the mathematical reader is referred to [31].
At critical temperature, twinned phases of martensite tend to average
themselves in order that the average deformation achieve kinematic
compatibility with the austenite across the phase front. This is called
fine phase twinning by Ball and James [6].

schematic diagram of fine bvinning

finely twinned austenite
martensite

Simple examples of this visible in the optical microscope are the
cubic to tetragonal transitions in indium thallium and barium titanate
[9,11,44]. Many other examples are known, cf. Barrett and Massalski [8].
Of historical interest, zinc blende is a face centered cubic crystal often
found in a striated form which is stable over a wide temperature range
[73]. This may be an example of fine twinning in the strict
crystallographic sense or an example of a fine scale structure derived from
the presence of many stacking faults in the twin planes [8]. For our
purposes, this is only a question of scale in as much as the kinematic and
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energetic description of the macroscopic deformation is the same under
either hypothesis.
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