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Abstract. We study a system of ordinary differential equations and a system of integral
equations to look at the effects of long and variable periods of latency on the dynamics
of TB. We show that the qualitative behaviors predicted by the model with arbitrarily
distributed latent stage are similar to those given by the TB model with an exponentially
distributed period of latency.

Key words: Global stability, Distributed Delay, Tuberculosis, Mathematical models.

Introduction

Many mathematical models have been developed to study communicable diseases such as
measles, influenza, rubella, and chicken pox (see Hethcote 1976, Dietz 1979, Hethcote et al.
1981, Anderson 1982, Anderson and May 1982, 1991, Dietz and Schenzle 1985, Dietz 1985,
Schenzle 1984, Hethcote and Van Ark 1987, Castillo-Chavez et al. 1988, Feng 1994, Feng
and Thieme 1995). These infectious diseases have several features in common; for example,
they cause recurrent epidemic outbreaks, and transmission rates depend strongly on age-
dependent contact rates. The etiological agents of these communicable diseases are viruses
from different families but all are capable of generating similar epidemiological responses
(symptoms) at the level of the individual. Common responses include relatively short latent
periods, followed by also relatively short infectious periods and permanent immunity after
recovery. It is not completely clear when individuals become infectious (that is, capable of
transmitting the disease) as some may become infectious while symptomless. The situation
of tuberculosis (TB) is different than the situation observed in “childhood” diseases.

One of the differences between TB and childhood diseases is that a relatively small
proportion of those infected go on to develop clinical disease (Smith and Moss 1994). Data
from a variety of sources suggest that the life-time risk of developing clinically-evident
TB after being infected is approximately 10%, with a 90% likelihood of the infection
remaining latent (Hopewell 1994). Individuals who have latent infection are not clinically
ill or capable of transmitting TB (Miller 1993). As people age, immunity may wane, and
the risk of developing active TB as a consequence of either exogenous reinfection (i.e.,
acquiring a new infection from another infectious individual) or endogenous reactivation
of latent bacilli (i.e., reactivation of a preexisting dormant infection) may increase (Styblo
1991, Smith and Moss 1994). The ability of the organism to survive in a latent state and
then reactivate many years after the original infection indicates that the tubercle bacillus
has enjoyed a long period of coevolution with the human host, a period that has enabled
the bacillus to survive in small population groups for long periods of time.

The annual risk of developing tuberculosis in individuals previously infected with M.
tuberculosis who have survived the initial and higher risk period that follows infection
changes with the age of the individual. The following annual risks have been estimated: 1)



for children, aged 1- 6, the risk of progression is estimated to be around 0.001648 while for
those in the 7-12 age range, the risk is about 0.000770 (Comstook et al. 1974); 2) for adults
in the 15-34 age range, the reported risk of progression is between 0.0008-0.0009, while for
adults who are over 55 years of age, the risk is reported to be around 0.0010 (Comstock
and Edwards 1975). Since the development of active TB after infection is highly dependent
of the infection-age, one of the important questions in epidemiology will be what is the
impact of long and variable latent period on the transmission dynamics of TB.

This paper is organized as follows: Section 1 introduces two models of TB — one with
an exponentially distributed latency period (ODEs) and the other one with an arbitrarily
distributed latent stage (a system of integral equations). Some global stability results of the
ODE:s are given in Section 2. The model of integral equations is studied in Section 3. We
compute the basic reproductive number and study its role in the dynamics and stability
properties of this model. Section 4 details some of our current efforts and extensions
including the incorporation of immigration and the effects of HIV.

1. The models

We divide the host population into the following epidemiological classes or subgroups:
susceptibles (S), exposed (E, infected but not infectious), and infected (I, assumed infec-
tious) individuals. N denotes the total population. Our previous paper [39] introduced a
simple model for the transmission of TB:
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A is the constant recruitment rate; c is the per-capita contact rate; 3 is the average number
of susceptible individuals infected by one infectious individual per contact per unit of time,
w1 is the per-capita natural death rate; k is the rate at which an individual leaves the latent
class by becoming infectious; d is the per-capita disease-induced death rate; r; and rs
are the per-capita treatment rates of latent and infectious individuals, respectively. We
assumed that an individual can be infected only by contacting infectious individuals. In
the following we let 0 = Sc.

We modify the above model by assuming a variable removal rate (instead of an expo-
nentially distributed latency period) from the E class to the I class. Let p(s) be a function
representing the proportion of those individuals exposed at time ¢ and who, if alive, are still
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infected (but not infectious) at time t+s. Then —p(7) is the rate of removal of individuals
from FE class into I class 7 units of time after exposed. Assume that

p(s) 2 0,p(s) < 0,p(0) =1,

and

/000 p(s)ds < oo.

Then the number of individuals who have been exposed from time 0 to ¢ and are still in
class E is given by

/0 aS(s)%p(t — 5)e”BFT)(E=s) g,

Thus the number of individuals who become infectious from time 0 to ¢ and are still alive
and in class I is

t T I
/0 /O aS(s)%e—wrl)(T—S)[—p(T—s)e—<M+Tz+d><t—T>]dsdT.

Then we have the following model:

d I

S =A—0S5 —pS+mE+rl

E(t) = Eo(t) + /t »S(s) I(s) plt — s)e=HHE=5) g
" TN

I(t) — /(;t /O,T 05(8)%6_(#-#7‘1)(7—8)[_15(7. _ S)e—(,u—i—rz—i—d)(t—T)]ds dr (12)

+ Tpe=Wiratdt 4 1o (¢)
N=S+E+1I,

where Ey(t) denotes those individuals in E class at time ¢ = 0 and still in the latent class,
Iy(t) denotes those initially in class E who have moved into class I and are still alive at
time ¢, and Ipe~ (#1721t with Iy = I(0) represents those who are infectious at time 0 and
are still alive and in the I class. Ey(t) and Io(t) are assumed to have compact support
(that is they vanish for large enough t).

Results on well-posedness found in Miller (1971) guarantee the existence and uniqueness
of solutions as well as their continuous dependence on parameters for system (1.2) as a
system of nonlinear integral equations.

The positivity of solutions can be proved similarly to Castillo-Chavez et al. (1989).



2. Global stability of the endemic equilibrium of (1.1)

The reproductive number R of (1.1) has been derived in Castillo-Chavez and Feng

(1997a) as
ok

(ktd+ra)(p+k+r)

It has also been proved in Castillo-Chavez and Feng (1997a) that

(1) If Rg < 1, then the disease-free equilibrium of (1.1) is globally stable.

(2) If Rp > 1, then system (1.1) has unique positive endemic equilibrium. Furthermore,

Ro =

the endemic equilibrium is locally asymptotically stable.
In this section we show the following global result.

Theorem 2.1. If Ry > 1 and r1 + u > d, then The endemic equilibrium of (1.1) is
globally asymptotically stable.

Recall that r; is the treatment rate of latent individuals and d is the disease-induced
death rate. Since the treatment period is about 6-9 months, 7; > 1 (year)~! which should
be greater than the value of d in the case of TB. Therefore the condition 1 + ¢ > d is
easily satisfied. Through the rest of this section we assume that Rop > 1 and 1 + ¢ > d.

Our main approach is to exclude the existence of periodic solution, and then by applying
the strong Poincare-Bendixson Theorem to conclude the global stability of the endemic
equilibrium.

From (1.1) we can get an equation for the total population N:

N =A—uN —dI.

Here “ - = %”. System (1.1) is equivalent to the following system:

N=A—-puN—dI
B=o(N-B~1)3 —(uth+m)E (2.1)
I=kE — (u+d+mr)l.
Let V = E + I and rewrite system (2.1) as
N=A—puN—dI

VZU(N—V)% —(p+r)V+(r1—re—d)I (2.2)

I=kV —(k+p+d+r)l.

~—  ~—

It is clear that any nonnegative solution of (2.2) will eventually enter the set

Q={(N,V;I)e R} : = >N>V>TI}.

==
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So we will consider only the solutions of (2.2) in €.

Lemma 2.1. Let (N(t),V(t),I(t)) be any nonnegative solution of system (2.2). Then

( N(t) — V()
TN

lim inf
t—o0

+7°1—7’2—d) > 0.

Proof: Since Ry > 1, the disease-free equilibrium is unstable and then it is easy to
prove that either I(¢t) =0 or 3¢5 > 0 and € > 0 such that

It) >e, Vt>t,.
If I(t) = 0 then V(t) = —(u + 1)V (¢) implies lim;_, oo V' (¢) = 0. It, therefore, follows that

( N(t) - V(1)
TTNG)

lim inf
t—oo

+7‘1—7"2—d>:0'+7‘1—7‘2—d>0,

for o > r9 + d (from the assumption Ry > 1). Now if I(¢) > € for all ¢ > tg, let

g(t) = aN(tJ)th;/(t) trimnod=otn o ods a%’
then we have :
0=~ (vio ~ vw)

— o s+ (r+ 5~ o)

> —a%g(t)
Here we have used the fact that I/N < 1 and

T1+%_CJZVI—((tt))Zﬁ+AL/M_d:ﬁ+H_d>O.

It follows that o(t) > glto)e=" lio H s, (2.3)

Note that I(s)/N(s) > eu/A for s >ty and that

o e

e K (t=to) 0, t — oo.

Hence
t I(s) ds
to NG ™ — 0, t — oo.

—0

g(to)e



From (2.3) we get
im i > 0.
hgl)(l)rgfg(t) >0

Now, if we let
3 4
Q={WV,V,I)eR,, N>V >1, a+r1—r2—d20ﬁ},

then any nonnegative solution of system (2.2) will eventually enter Q2. Moreover, it should
not be difficult to check that (2 is convex.

Let ®(t) = (N(t),V(t),I(t)) be a nonnegative solution of (2.2).

Lemma 2.2. If ®(t) does not converge to the endemic equilibrium, then the w limit
set of ®(t) contains a periodic solution of (2.2).

Proof: let system (2.2) be denoted by
X=fX), X=W,v,nNT e q, (2.4)
then a straightforward computation shows that

-1.0 0

X
E‘lLJ(;(X)E, E=10 1 0
0 0 -1

is a non-positive matrix. Hence the lemma follows from the strong Poincare-Bendixson
Theorem (Theorem 4.1, Smith (1995)).

The following Lemma can be found in Muldowney (1990).

Lemma 2.3. Suppose X (t) is a periodic solution of (2.4). Then the periodic solution
X (t) is asymptotically stable if the linear system

. Of(X ()
U= (2.5)

is asymptotically stable, where for a 3 x 3 matrix A = [a;;], AP is defined as

a1 + ass as3 —ais
2
Al = asz a1 +ass —ai2
—as31 a21 Q92 + aszs

Theorem 2.2. Any periodic solution of (2.2) in Q, if it exists, is stable.



Proof: Let u= (z,y,2)%, then (2.4) can be written as

- —<2u+r1+@>m+ <r1—r2—d+ G(N(t)_v(t)))y+dz

NG N(t)
y=ke—(2p+d+k+r)y
]

Note that Rg > 1 implies that
o > d.

Also from the equations in (2.2) we have the following equalities:

o(N(t)=VI(t I(t Vit
(7“1—7‘2—d+ ( (]\)f(t) ())>V((t)):V§t;+'u+m’
EV(t I(t
TE))Z%-I—Mﬁ—d—I-k%—Tz.
If we let
D4 (t) = limsup fet h})b — 1),
then

Dfolt) < (2 ra+ T Y a(o)+

(re == TEO VO o)+ e

Dily(®)] < kle()] — 2u+d+k+72)ly(t)

D, |z(t)| < J‘j\g)(f)(t) ly(t)| — <2u +d+k+ri+r+ W(:))> |z(¢)]

Let
Q(t) = max{|z(1), %wn,%wn},

then using (2.6) — (2.10) we obtain the following inequalities:
(1) If Q(t) = z(t), then

o(N({)—V(?), I(t)

D, |z(t)| < (_2N —ry— (0 — d)]{/'((tt)) +(ri—re—d+ N@) )N(t)
- (—2u—r1—(a—d)%+%+u+ﬁ> ()
- (—u+ %) Q();

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)



V() Ve 10\ Ve, . . Ve
o, (Y wol) = (73 —I(t)) " w1+ 79D Joto)
(28 10) 0t H a2t
< %—#) %Iy(t)\
V(t)
= W—M> Q(t)
(3) TV (t) = T [2(t)], then
N@) o) = (NO _IONIO | V@
+(I(t)| (t)\) (N(t) I(t))N(t)| O+ 7 P10
N(t) @)  oI() oI(t)\ N(t)
< (36~ 160 * ) ~ (e drren e S 0
< (g 19 24k ns)aw
If we let _
m(t)——w%
_ N 1)
h2(t)—m—m—2u—d—k—r1—r2,

then we have

Q(t) < h(t)Q(2),
where h(t) = max{hq(t), ha(t)}. Now let (N(t),V(¢t), I(t)) have period w > 0. Since

Y N(t) /“’ I(t) /“’ V(t)
——dt = —dt = —=dt =0,
/0 N(t) o I(t) o V(?)
it becomes clear from the expression of h;(t), ¢ = 1,2 that there is a constant v > 0 such

that
efo‘" h(t)dt < e .

Consequently we have
lim Q(¢) = 0.

t—o0
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It shows that
Jim () = Jim o) = im =(0) =

The result follows from Lemma 2.3.

Using Lemma 2.1 — 2.3 and Theorem 2.2 we can prove Theorem 2.1 in the same way as
in Li and Muldowney (1995).

3. Analysis of the system (1.2)

The I equation in (1.2) is a Volterra integral equation if we change the order of inte-
grations as the following :
I(s)

t pt
/0 L JS(s)me_(“Jr“)(T_s)[—j)(T—s)e_(“+r2+d)(t_7)]d'rds,

and notice that .
j/ e~ (=) [ _ g)e—(wtratd)(t=m) g

t—
— _e—(p,—i—rz +d)(t—s) / sp(u)e(rg—f-d—rl)udu (31)
0
=:a(t — s).
Therefore we can rewrite the I equation in (1.2) as
_ ' . I(s) —(p+ra+d)t
It)= [ a(t—s)oS(s) ds + Ipe + Ip(2). (3.2)
0 N(s)
Let 1)
B(t S(t)—=—=
(1) =505
Then system (1.2) with the I equation replaced by (3.2) becomes
S=A—B—puS+rE+rs]
t
E(t) = Ey(t) -|—/ B(s)p(t — s)e~ (Htm)E=s) g 33
0 (3-3)

t
I(t) = IOe_(“+r2+d)t + Ip(t) + / a(t — s)B(s)ds.
0
The basic reproductive number in this case is given by

Ro = a/ a(r)dr =: oDy, (3.4)
0
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where

and a(u) is given by (3.1). Let

o0
DE:/ p(s)e~WFrsgs,
0

then Dp is the death-adjusted mean length of the latent period. The relation between Dy

and Dg is given by
1

D= ——
g M+’f‘2+d

(1 — (p+7)DE). (3.5)
Remark: In the case of an exponentially distributed latent period with a mean length
1/k we have p(t) = e~ %t and the formulae (3.4) and (3.5) give

A Y (R -
ptd+ry’ ut k4’

R():O'DIZ(

System (3.3) with Ey(t) = Io(t) = Iy = 0 always has the disease-free equilibrium

A
(SOaEOaIO) = (;,070)7

and has no other constant solution. Since Ey(t) and Iy(t) are zero for large ¢, and
e~(wtratd)t 5 0 as t — oo, it could be expected that (A/u,0,0,) is an asymptotic equi-
librium of (2.1) as t — co. This is shown by the following theorem.

Theorem 3.1. If Ry < 1, then the disease-free equilibrium (%, 0,0) of the system (3.3)
is a global attractor, i.e., lim;, . (S(t), E(t),I(t)) — (%, 0,0) for any positive solutions of
the system (3.3).

We need the following lemma to prove Theorem 3.1.
For a bounded real-valued function f on [0,00) we define

foo = liminf f(t), f°° = limsup f(¢).

t—o0 t—o00

Lemma 3.1 (Thieme 1993) Let f : [0,00) — R be bounded and twice differentiable
with bounded second derivative. Let t,, — oo and f(t,) converge to f* or f, for n — co.
Then

f'(tn) =0, n— oo.
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The proof of Theorem 3.1:
Let Ry < 1. Differentiating the E and I equations in (3.3) and using the fact that
Ey(t), Ip(t) have compact supports, we get (for large t):

t
E=B(t)+ / B(s)p(t — s)e”WHm)t=s)ds _ (1 + 1) E, (3.6)
0
and

t
I=—(p+ry+d)I— / B(s)p(t — s)e” W)= ds _ (4 + 1y 4 d) ge~ WH2 Tt (3.7)
0

Then

N =A — uN —dI — (u+ ro + d)Ipe~ #Fr2td)t 58)

<A — uN.
It follows that
N(t) < N(0)e " + %(1 — e k).
Hence A
N < —.
W

Therefore B(t) = oS (t)+& is uniformly bounded on [0, c0). Let Ro < 1, we claim I = 0.

N(t)
Suppose on contrary that 7°° > 0. Then there is a sequence t,, — 00 as n — oo such that

I(t,) — I*° as n — oo. Without loss of generality we can suppose
tni1 —tn — 00 asn — o0 (3.9)

for otherwise we can choose a subsequence having the property (3.9). Moreover by defini-

tion we have
I°®° = lim I(t) with I(t) = sup{I(s)}. (3.10)

t—o0 SZt

It follows from the equation for I(¢) in (3.3) that

tn tnt1
I(tni1) = Ipe~(BFr2Fd)tnss 4 / a(tni1 — s)B(s)ds + / a(tns1 — s)B(s)ds. (3.11)
0 t

n

Since B(s) is bounded on [0, c0) there is an M > 0 such that
B(s) < M for all s € [0,00).

Hence the convergence of ;' a()dr and (3.9) imply that

tn tn+1
/ a(tnir — 5)B(s)ds < M o(7)dr
0 b1t (3.12)
<M a(r)dr -0 asn — oo.

tn+1 —tn
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Furthermore, using (3.4) and (3.10) we have

tn+1 - o0
a(tps1 — s)B(s)ds < ol(ty,) a(t)dr
/tn i tn (3.13)
< Rol(t,)

(3.11)—(3.13) yield that

I° < RoI™.
Thus we have Ry > 1 which is a contradiction. Hence

lim I(t) = 0. (3.14)

t—o0

Now with the use of the E equation in (3.3) and the fact 1°° = 0 one easily deduces that
E* =0. (3.15)

Finally, lim; ,, I(¢t) = 0 implies that B(t) — 0 as t — oo. Hence the first equation in
(3.3) gives that

S(t) = %(1 — e M) + 5(0)e H + / e H(t—s) (rlE(s) + 7ol (s) — B(s))ds ( |
0 3.16
— A as t — oo.
I

From (3.14)—(3.16) we have

lim (S(t), E(t), I(t)) = (%, 0,0).

t—o0

This finishes the proof.
The following result shows that when Ry > 1, the disease will persist in the population.

Theorem 3.2. If Ry > 1, then the disease-free equilibrium of system (3.3) is unstable.
Furthermore, there exists a constant 1 > 0, such that any solution (S(t), E(t), I(t)) of (3.3)
with I(0) > 0 satisfies

lim sup I(t) > 7.

t—o0

We first prove the following lemma.
Lemma 3.2. If Ry > 1, then any solution (S(t), E(t),I(t)) of (3.3) with I(0) > 0
satisfies
lim sup I(¢) > 0.

t—o0
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Proof: Since Iy(t) has compact support, we can replace the I equation in (3.3) by
t
I(#) = Tye=(wtra+at 4 / a(t — 5)B(s)ds. (3.17)
0

Suppose that the conclusion of the Lemma is not true. Then I°° = 0, or lim;_, o, I(t) = 0.
This also implies that (see the proof of Theorem 1) lim; ,, E(t) = 0. It follows that
lim; o, S(¢t)/N(t) = 1. Hence there is a sequence {k,} > 0 such that k, — co as n — oo,
and

S(t) 1
—=>1——, forall t>k,. 1
N@) > ., forall t > (3.18)

Note by (3.7), that I(t) — 0 as t — co. Whenever I(t) gets close to 0 for large ¢ it will stay

close to 0 for a long time. Also noticing that I(0) > 0 and I°® = 0, we can find sequences
Sp,t, such that t,, — s, — o0, s,, — o0 and

I(t) = I(tn), t € (sn,tn). (3.19)
Then by (3.17)-(3.19), after choosing a subsequence, we get
tn I
I(t,) = Ipe~(WHr2tdia +/ a(t, —s)oS(s) (s) ds
0 N(s)
: (3.20)
1 n
>o(l— E)I(tn)/ a(t, — s)ds.
Note that I(t,) > 0 for all n and
tn tn—Sn
/ a(t, —s)ds = / a(r)dr — Dy, n — oo. (3.21)
s 0

n

Then by (3.20) and (3.21), dividing both sides of (3.20) by I(t,) and taking n — oo, we
get
1 Z O'DI == Ro.

But Ry > 1, a contradiction.

The proof of Theorem 3.2:
Noticing that —p(t) > 0 and

tn
0< / —p(ty — s)e” HFIE=9) s
0
tn
[ s

N

_1_ 'U‘—}_TI)DEH t — oo,



using Lemma 3.1 and the E equation (3.6) we have

0 < 0(S3)™ — 053 )oo(1 = (1 72) D) — 1+ 1) B

< 0(S3)* (14 () D) — () B
<oI®(1+ (p+71)Dg) — (b +r1)E*,

or

g
B < 1+ (u+7r)Dg | I®.
_M+7‘1( () E>

Similarly by the I equation (3.7) and Lemma 3.1 we have

0> 0(2)oud™(1 — (u+ r1)Dig) — (s + 72 + )T

N
E+1
20[1—(%

Since I*° > 0 (see Lemma 3.2), (3.23) yields (see also (3.4) and (3.5)) that

(E)wzl_i
N

Ro
On the other hand, from (3.22) we can get

)*°](1 — (1 +r1)Dp)I™ — (p+re + d)I™.

14+ (p+7r)D —.
(1 (u+)Ds) ) 1
Let N
(- 75)ura

1+ 2=+ (u+r1)DE)’

77:

then 1 > 0 since Ry > 1. By (3.24), (3.25) and Ny, > ﬁ we get
I°° >n.

This finishes the proof.

15

(3.22)

(3.23)

(3.24)

(3.25)

According to Miller (1971), an endemic equilibrium of the system (3.3), if it exists,

must satisfy the limiting system associated with (3.3), which is given by the following set

of equations: _
S=A—-B—-uS+nrFE+rl

¢
E(t) = / B(s)p(t — s)e”(HHrt=9) g

—00

—0o0

I(t):/ a(t — 5)B(s)ds
(t

B(t) = US(t)J{[—(t)).

(3.26)
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Let (S*, E*, I*) be a constant solution of (3.26) with I* > 0, and let B* = ¢S* ]{,**. Then

I — B (/_OOO alt — s)ds—i—/ota(t _ s)ds>
=B ( /t " a(r)dr + /0 t a(T)dT> (3.27)

= B*Dy.

Similarly we can get
E* = B*Dg. (3.28)

Then using (3.27) and B* = 0S* L we get

S* 1 1

N* _O'DI:,R,—O.

(3.29)

Using (3.28), (3.29) and S* + E* 4+ I* = N* we get

r_ 1y D
N* Ro DI-I-DE’
B :(1_i A
N* Ro’' Dy + Dg

(3.30)

Note that
A =B*+uS* —rE* —roI*. (3.31)

Dividing both sides of (3.31) by N* and using (3.28)—(3.30) we get

A
N* = Ro (3.32)

pt (Ro — 1)1=152e5meR

Note that
r1Dg +reDr <rDg+ (u+re+d)Dr=rDg+1— (u+7r1)Dg=1—uDg <1,

hence N* > 0 if Ry > 1. It is easy to see from (3.30) that only when Ry > 1 the unique
endemic equilibrium exists and is given by

1
S* — —N*,
Ro
1 Dg
Fr=(1-—)—"2_ N~
( RO)D[-I-DE
1. D

rF=(1--—)—"~t
( RO)D]—I—DE ’
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where N* is given by (3.32). The stability of the endemic equilibrium is given in the
following result.

Theorem 3.3. If Ry > 1, then the limiting system (3.26) has a unique endemic
equilibrium which is locally asymptotically stable.

Proof: The proof of this result reduces to the study of the local stability of the trivial
equilibrium (X = 0) for a Volterra integral equation of the type

t
X(t) = F(t) + / Alt — $)G(X (5))ds. (3.33)
0
Let § =8 — S* E=FE— E* I=1-I* First we rewrite the S equation in (3.26) as
A t
S(t)==(1—e ")+ S(0)e * + / (rlE(s) +rol(s) — B(s))e"‘(t_s)ds. (3.34)
0

m
Since (S*, E*, I*) is an equilibrium of (3.26), it follows that

¢
S* = é(1 — eTHt) 4 G*eTHt +/ (rlE* + rol* — B*)e‘”(t_s)ds (3.35)
M 0
with B* = 05* L. By subtracting (3.35) from (3.34) we obtain
A A t A A A
S(t) = S(0)e~#t +/ (rlE(s) +rol(s) — (B(s) — B*))e‘“(t_s)ds, (3.36)
0
where .
~ 5 I(t)+ I*
B(t)=0(S(t)+S*)———.
(=80 +8) 5

Similarly from the second and the third equations in (3.26) we have

0
B(t) = / p(t — 8)e= =9 (B(s) — B*)ds
e (3.37)
+ / p(t — s)e”BFm)(E=9)(B(s) — B*)ds,
0

i) = / a(t — s)(B(s) — B*)ds + /0 a(t — 5)(B(s) — B*)ds. (3.38)

—00
Thus equations (3.36)—(3.38) are in the form (3.33) with
S(0)e—Ht
F(t)= | [° p(t —s)ewtr)=9)[B(s) — B*]ds
[°_a(t — s)[B(s) — B*]ds

Y
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0
A(T) — 0 p(T)e_(N+T1)T 0 ) (3.39)
0

It remains to show that the conditions specified in Miller’s theorem are satisfied. To
simplify expressions, let

S* E* I
T = W’ Yy = ﬁ, z = N+ .
Note that
1 0 0
DG0)= | o2(y+2) —ozz ox(z+y) |. (3.40)
0 1 T2

Then det DG(0) = —ryoxzz # 0 since z > 0,z > 0 when Ry > 1. The condition (i) is
satisfied.
Next we check the condition (ii). Note by (3.39) and (3.40) that

—e H*Tmg e M (mg +11) e H(rg —my)
A(r)DG(0) = [ p(r)e=WHtm)Tmy  —p(r)e=BF)Tmy  p(r)eWtr)Tm,
a(T)ms —a(T)mg a(T)my
where
my = ox(x +7vy), me =o0zxz, m3=0z(y+ 2).
Then -
H(\) =det(I, — / e~ A()DG(0)dr)
0
I+ o .
=det —m3P()\) 1+ TI’LQP()\) —mlp()\) ,

—m3Q(A) maQ(X) 1—miQ(N)

where

[e.°] o0
P()\) = / p(r)e” Wt G Q) = / a(r)e dr.
0 0
After canceling terms we get

mg3 ma
HM =1
() +M+)\+,LL+’I“1+)\

ramz\ [ “ar
= (m + u+/\)/o a(r)e”""dr (3.41)

ma <. —(u—{—rl—{—)\)Td
+N+Tl+/\/o p(7)e .
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It is easier to estimate | H (\)| if we express [,° p(7)e~#+"1+N7dr in terms of [;° a(r)e~*"dr.
Using the definition of a(t) (see (3.1)) we have

/ P(T)e_(”HlH‘)TdT =—(u+re+d+ )\)/ a(r)e " dr. (3.42)
0 0

Then (3.41) and (3.42) yield

ms mo
HMN| > |1+ +
HN = o+ A M+T1+)\‘
‘< gy T2 L ma(re +d — r1)> /°° a(r)e=Vdr (3.43)
—[{m m T T|-
PETRT L LT+ A o
Note that [;° |a(T)e=*7|dr < Dy, for any A with R\ > 0. Also note that
S* 1
xr = = —
N* Ry’
oD1 = Ro, (3.44)

(m1+me)Dr =ocx(x+y+2)Dr =1,
max{rsDy, (re +d —r1)Dr} < (ro +d+ p)Dr =1— (u+r1)Dg < 1.

Then by (3.42)—(3.44) we can show that

ms ma

+
p+A p+ri+A

m
— |(m1 +m2)Dy + . 8

[HA)[ =1+

me
roDp + ——2 (g +d—11)D
T u+r1+)\(2 1) Dr|

> 0,

whenever A > 0.

Furthermore, clearly for any €y > 0, there is a §g > 0 such that {sup |F(t)|: 0 <t <
o} < € and F(t) — 0 as t — oo, for any |S(7)| < 6o, |E(r)| < b0, |I(7)] < 8, and
—o0 <71 <0.

This finishes the proof.

4. Discussion

In this paper we have proved the global stability of the endemic equilibrium of an ODEs
model of TB that we previously developed (see Castillo-Chavez and Feng 1997a). We have
also constructed a TB model with a distributed delay to study the effect of variable periods
of latency on the transmission dynamics of TB at the population level. These long and
variable periods of latency were not considered in our previous paper as our emphasis there
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was on the study of resistant TB. The purpose of this paper is to look at the effects of
variable (rather than exponentially distributed) periods of latency on the dynamics of TB.

Li and Muldowney (1995) have shown the global stability of the endemic equilibrium for
the SETR model. Our basic TB model (1.1) in this article is different from their model.
We considered an “SEIS” type with individuals moving back to the S class from both
the E and the I classes due to treatments, and we proved a similar global stability result
for such a model. We also found that the addition of an arbitrarily distributed latency
period to the basic TB model does not alter the qualitative dynamics of TB. The disease
either dies out or remains endemic regardless of the shape of the incubation/latent period
distribution. Blower et al. (1995) have developed a differential equation model with ‘two’
latent groups: one group involves those who will develop tuberculosis quickly after primary
infection while a second group is formed of those who will develop disease slowly through
endogenous reactivation. Since there is only one group of susceptible in their model, the
‘two-group’ effect is achieved by assuming that some fixed proportion of those who become
infected (per unit of time) follows the fast route while the remaining proportion follows
the slow route. The results of the model in this article show that this artificial division
plays no role in the qualitative dynamics. The fixed fraction model (referred to in Blower
et al. (1995)) actually depends on factors that are not part of Blower et al.’s model and/or
the model in this article (e.g. the age of the infected person). Age is a relevant factor, but
it cannot just be assumed a priori that a fixed proportion of individuals in a particular
age bracket develop active TB. Contact rates — conducive to TB transmission — are very
likely to be age-dependent and the mixing between age-classes is nonlinear. Therefore, to
study the dynamics of ‘fast’ versus ‘slow’ TB one must really use an age-structured model.
The analysis of age-structured models, while complex, is not impossible (see Castillo-
Chavez and Feng 1998). Blower et al. (1995) compute R but study the dynamics of
their model exclusively through simulations which turn out to be ‘typical’. Our analytical
results have confirmed their limited simulations not only for the ‘slow/fast’ TB model but
also for models where individuals progress towards active TB at ‘all’ possible rates. The
fact that long and variable periods of ‘latency’ do not lead to complex dynamics has been
worked out before. For example, Castillo-Chavez et al. (1989) established that long and
variable periods of infection for the transmission dynamics of HIV/AIDS have the same
qualitative behavior as the dynamics of models with unrealistic exponentially distributed
latent /infectious periods. However, factors such as exogenous infection and heterogeneous
contact rates can indeed generate radically different dynamics than those given by the
class of models discussed in this article. Exogenous reinfection is capable of sustaining TB
even when the basic reproductive number Ry < 1 (see Castillo-Chavez and Feng 1997b).
Computation of the reproductive number in this article helps understand the role that
key epidemiological parameters play in the maintenance of TB—including the role of the
parameters associated with an arbitrary distribution that models long and variable periods
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of latency.

To summarize our perspective: a person infected with TB may develop active TB in a
variety of ways. One possibility is that a person may develop active TB as a result of an
endogenous infection—the subject of this article. In this case, there is no impact on the
qualitative dynamics of the transmission dynamics of TB. A second possibility is that such
a person may develop active TB as a consequence of exogenous reinfection (i.e., acquiring
a new infection from another infectious individual; Smith and Moss 1994). Our results
show that exogenous reinfection can have a drastic effect on the qualitative dynamics of
TB (see Castillo-Chavez et al. 1997c). The incorporation of exogenous reinfection into
the basic TB model (1.1) allows for the possibility of a subcritical bifurcation. Thus, a
“backwards” bifurcation of an endemic equilibrium may occur at the critical value of the
reproductive number Ry = 1 and hence, our system can have multiple endemic equilibria
for Ry < 1. This type of behavior has been observed in recent epidemiological models in
the context of sexually-transmitted diseases (see Hadeler and Castillo-Chavez 1995).

Immigration effects on TB incidence rates have been found in several developed coun-
tries. The influence of immigrants from high-prevalence countries on the notifications in
a low-prevalence country can be observed in recent data from Switzerland. Undetected
active disease in immigrants is a significant sources of infection among uninfected immi-
grants, as well as for children of immigrant parents born in the new country. HIV also
plays an important role in TB transmission. We are particularly interested in looking at
the impact of immigration of infected individuals from countries where prevalence of TB
is high on TB dynamics, reactivition of latent TB among HIV-infected, as well as their
effects on the disease control programs.

Acknowledgments This research was partially supported by NSF grant DEB-925370
(Presidential Faculty Fellowship Award) to Carlos Castillo-Chavez and by NSF grant DMS-
9720558 to Zhilan Feng.

References

Anderson, R.M.: Population dynamics of infectious diseases. London, New York: Chap-
man and Hall (1982)

Anderson, R.M., May, R.M.: Population biology of infectious diseases. Berlin, Heidelberg,
New York: Springer-Verlag (1982)

Anderson, R.M., May, R.M.: Infectious Diseases of Humans. Oxford New York Tokyo:
Oxford University Press (1991).



22

Blower, S.M., McLean A. R., Porco, T. C., Small, P. M., Hopwell, P.C., Sanchez, M. A.,
Moss, A. R.: The intrinsic transmission dynamics of tuberculosis epidemics. Nature
Medicine. 1, 815-821 (1995)

Castillo-Chavez, C., Cooke, K., Huang, W., Levin, S.A.: Results on the Dynamics for
Models for the sexual Transmission of the Human Immunodeficiency Virus. Appl.
Math. Lett. 2, 327-331. (1989)

Castillo-Chavez, C., Feng, Z.: To treat or not to treat: the case of tuberculosis. J. Math.
Biol. 35, 629-659. (1997a)

Castillo-Chavez, C., Feng, Z.: Mathematical models for the disease dynamics of tuberculo-
sis. (to appear) Proceedings of the Fourth International Conference on Mathematical
Population Dynamics (1997b).

Castillo-Chavez, C., Feng, Z. and Capurro A. F.: A TB model with exogenous reinfection.
Biometric Unit Technical Report BU-1388-M, Cornell University (1997c¢).

Castillo-Chavez, C., Feng, Z.: Global stability of an age-structure model for TB and its
applications to optimal vaccination strategies. Math. Biosci., 151, 135-154 (1998)

Castillo-Chavez,C., Hethcote, H-W., Andreason, V. Levin, S.A., Liu, W.: Cross-immunity
in the dynamics of homogeneous and heterogeneous populations. In: Gross, L., Hal-
lam, T.G., Levin, S.A. (eds.) Mathematical ecology. Proceedings, Autumn Course
Research Seminars, Trieste 1986, pp.303-316. Singapore: World Scientific Publ. Co.
(1988).

Comstook, G. W., Edwards P.Q.: The competing risks of tuberculosis and hepatitis for
adult tuberculin reactors. Am. Rev. Respir. Dis. 87 (suppl), 1-88 (1975)

Comstook, G. W., Livesay, V.T., Woolpert, S. F.: The prognosis of a positive tuberculin
reaction in chidlhood and adolescence. Am. J. Epidemiol. 99, 131-138 (1974)

Dietz, K.: Epidemiologic interference of virus populations. J. Math. Biol. 8, 291-300
(1979)

Dietz, K., Schenzle, D.: Proportionate mixing models for age-dependent infection trans-
mission. J.Math. Biol. 22, 117-120 (1985)

Feng, Z., Thieme, R.H.: Multi-annual outbreaks of childhood disease revisited: the impact
of isolation. Math. Biosci. 128, 93-130 (1995)

Feng, Z. (thesis): A mathematical model for the dynamics of childhood disease under the
impact of isolation. Arizona State University (1994)

Hadeler, K.P., Castillo-Chavez,C.: A core group model for disease transmission. Math.
Biosci. 128, 41-55 (1995)

Hethcote, H.W.: Qualitative analysis for communicable disease models. Math. Biosci. 28,
335-356 (1976)

Hethcote, H.W., Stech, H-W., van den Driessche, P. Periodicity and stability in epidemic
models: a survey. In: Busenberg, S., Cooke, K.L. (eds.) Differential equations and



23

applications in ecology, epidemics, and population problems. pp. 65-82. New York:
Academic Press 1981

Hethcote, HW., Van Ark, J.W.: Epidemiological models for heterogenous popoulations:
proportionate mixing, parameter estimation, and immunization programs. Math.
Biosci. 84, 85-118 (1987)

Hopewell, P.C.: Overview of clinical tuberculosis. Bloom B.R. (ed.) Tuberculosis: Patho-
genesis, Protection, and Control. pp. 25-46. AMS, Washington, (1994)

Li, M.Y. and Muldowney, J.S.: Global stability for the SEIR model in epidemiology. Math.
Biosci. 125, 155-164 (1995)

Medical Research Council: BCG and vole bacillus in the prevention of tuberculosis in
adolesence and early adult life. Bull. Wid. Hith. Org. 46 3785 (1972)

Miller, B.: Preventive Therapy for Tuberculosis. Medical clinics of North America. 77,
1263-1275 (1993)

Miller, R.K.: On the linearization of Volterra integral equations. J. Math. Anal. Appl.
23 198-208 (1968)

Miller, R.K.: Nonlinear Volterra integral equations. W.A. Benjamin Inc. 1971.

Muldowney, J.S.: Compound matrix and ordinary differential equations. Rocky Montain J.
Math. 20, 857-872. (1990)

Schenzle, D.: An age-structured model of pre- and post-vaccination measles transmission.
IMA J. Math. Appl. Med. Biol. 1, 169-191 (1984)

Smith, H.L: Monotone dynamical systems: an introduction to theory of competitive and
coorperative systems. AMS mathematical surveys and monographs. 41, 1995

Smith, P.G., Moss, A.R.: Epidemiology of tuberculosis. Bloom B.R. (ed.) Tuberculosis:
Pathogenesis, Protection, and Control pp. 47-59. AMS, Washington, (1994)

Styblo, K.: Selected Papers: Epidemiology of Tuberculosis. Royal Netherlands Tuberculo-
sis Association. 24, 55-62 (1991)

Thieme, R.H.: Persistence under relaxed point-dissipativity (with applications to an en-
demic model). SIAM J. Math. Anal. 24, 407-435 (1993)



