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Trivariate Spline Approximation of
Divergence-Free Vector Fields

Gerard Awanou ) and Ming-Jun Lai 2

Abstract. We discuss the approximation properties of divergence-free vector
fields by using trivariate spline vectors which are also divergence-free. We pay
special attention to the approximation constants and show that they depend
only on the smallest solid angle in the underlying tetrahedral partition and the
nature of the boundary of the domain. The estimates are given in the max-norm
and L? norm.

§1. Introduction

In this paper we show how trivariate spline vectors which are divergence-free can
approximate any given divergence-free vector field. More precisely, we give appro-
ximation properties of these spline spaces and track the approximation constants.
Throughout the paper, we will assume that () is a bounded, simply-connected do-
main of R? with a boundary of class C"*, m > 0.

Let £ = (f1, f2, f3) be a vector with components f;(x,y,z) differentiable on €2,
1 =1,2,3. Recall that f is a divergence-free vector if

. 0 0 0
le(f) = %fl(x7ya Z) + a_yf2(x7ya Z) + &fg(x,y,z) = 07 for all (Sl),y,Z) € Q.

Let 2 be a polygonal domain approximating {2 with Q C Q and let A be a tetrahe-
dral partition of €. €2 may be constructed by picking points on the boundary OS2
of Q. For T in A, T may intersect the exterior of {2 in which case when considering
such a T', we mean T'N 2. We consider the trivariate spline space of degree d and
smoothness r

SHA) :={s € C"(Q),s|r € Py, VT € A},

where IP; denotes the space of all polynomials of total degree d and T' is a tetra-
hedron in A. We are interested in using splines in S}(A) to approximate f. The
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problem is: Given a divergence-free vector f, find a divergence-free spline vector
s = (s1,52,83) € (S5(A))? which approximates f reasonably well in the sense that

If = sll2 < O(|A[™)

for some m > 1, where |A| denotes the largest diameter of the tetrahedra in A,
and ||f]|, is the Euclidean norm of the vector f defined by

3 1/p
1], = (Z /Q |fi(z,y, 2)[Pd dy dz)
=1

for 1 < p < oo and
£l = max, [:]oc

Our study is motivated by our recent numerical investigation of the Navier-Stokes
equations in [Awanou and Lai’02]. There we presented a trivariate spline method
to numerically solve the Navier-Stokes equations and concentrated on numerical
techniques to solve the discrete problem. Numerical results validated the approach.
But there are also many other partial differential equations which solutions are
divergence-free, e.g., the magnetohydrodynamics equations and the Maxwell equa-
tions.

It turns out that our problem is closely related to the standard spline appro-
ximation problem. Given a sufficiently smooth function f defined on {2, find a
continuously differentiable spline s € S} (A) with r > 1 such that s approximates f
very well. The standard approximation problem requires the spline space to satisfy
certain properties and the approximation constant is dependent on the geometry
of the tetrahedral partition. For example, in the bivariate setting, the approxima-
tion constant is dependent on the smallest angle in the underlying triangulation
or dependent on the shape of the triangulation, i.e. the ratio of the diameter and
the radius of the inscribed circle in a triangle which is maximal (cf. [Lai and
Schumaker’98].

In the 3D setting, our approximation constant will depend on the solid angle
of a tetrahedron T at one of its vertices v which definition we now recall. Let B, be
the sphere at v with radius 1. Extending the edges of T starting at v if necessary,
the three edges of T sharing the common vertex v intersect B, at three points.
The area of the spherical triangles with vertices at these three intersection points
is called the solid angle ¢(T") of T' at v. We let £(/A) be the smallest solid angle of
the tetrahedra in A. Similar to the bivariate setting, we need the concept of the
shape regularity #(A) which is defined as follows.

where hp = diam(7") and pr is the radius of the inscribed sphere in 7.
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Before stating the main result of this paper, we need some notation. Let
Wg”(Q) be the standard Sobolev space for m > 1 and 1 < p < oo with usual
norm || ||p,m,o and semi-norm | |, mo (| |mao = | |2.m,0). For each tetrahedron
T = (v1,v2,v3,v4) € A, let

1
ggkl:a(ivl—l—jvg—i—kvg—i—lm), t+Jj+k+l=d

be the domain points of T and Da = {§£kl,i +j+k+1=4dT e A}. For
(x,y,2) € T, let by, by, bs, by be the barycentric coordinates of (z,y, z) satisfying

(x,y,2) =bjvi + bava + b3vg + bavy
1 =by + by + b3 + by.

It is known that any polynomial P € P, can be written in terms of Bernstein
polynomials, that is,

_  pd
P = E: Cijki Bijki

itjtk+l=d
: d d! i NG (hE (B . . .
with By (z,y,2) = W(bl) (b2)? (b3)"(bs)". Thus, any spline function s in
ilg k!
S’ (A) can be written as follows:
sr= > chuBly, forallTeA.
it j+k+l=d

This is the so-called the B-form of multivariate splines (cf. [de Boor’87]). Since
s € C"(Q), the B-coefficients c;fg- i ust satisfy some smoothness conditions. These
conditions are linear relations among these B-coefficients (cf. [de Boor’87]).

Let S be a subspace of S;(A) and let M be a subset of Da. We say that
M is a minimal determining set for S if when the B-coefficients c;ffjkl of s € S are
zero for all cgkl whose corresponding domain points fgkl € M, then s = 0 and
the number of these domain points in M is minimal. It is natural to associate a
minimal determining set M to a cardinal spline basis {¢¢,{ € M} where ¢¢ € S is
defined by 1) assign the B-coefficient of s¢ corresponding to the domain point ¢ to
be 1; 2) assign the B-coefficients of ¢¢ corresponding to the domain points in M\
to be 0; 3) use the smoothness conditions to determine the remaining B-coefficients
of d)g.

Finally let star! (v) = star(v) be the union of all tetrahedra sharing the common
vertex v and inductively, let

starf(v) = {T € A, T Nstar*~(v) # 0}
for £ = 2,... We are now ready to state the following result.
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Theorem 1.1. Let A be a tetrahedral partition of Q and S C S} () be a subspace
which contains the polynomial space Py. Suppose that we can identify a minimal
determining set M for S and the assocated cardinal basis {¢¢,{ € M} satisfies
the following property: there exists an integer £ > 0 such that the support of ¢¢
is contained in star(ve) for a vertex ve € A for all ¢ € M. Then there exists
a quasi-linear operator (). which maps any f € L;(2) into S such that for any
fewrthQ),

1f = Q(H)lpra < CIA™ R £lpmrra,

for 0 <k <r+1andr <m < d, where C is a constant which is dependent on
m,d, k and the smallest solid angle {(/\).

With these results, we are able to prove our main result in the paper. To state
the results, we need the following notation:

V™ ={f e (H™(Q))3 div f =0}
and

S ={s € (S5(A))3, divs =0}
be spaces of divergence-free vector fields, for r > 1.

Theorem 1.2. Suppose that f € V¢ Fix r > 1. Then

inf [If — s|| 1))z < 1A1YE]|za))s-

SES]

for an appropriate d > r and a tetrahedral partition /.

The paper is organized as follows. In §2, we prove the above approximation re-
sult, then in §3, we use the spline approximation method in [Lai and Schumaker’98|
to prove Theoreml.1.

§2. The Approximation of Divergence-free Splines

We recall that |A| denote the length of the longest edge in A. In this section,
we show that divergence-free splines approximate well divergence-free vector fields,

i.e. Theorem 1.2. We first recall the definition of the curl of a distribution v =
(v1,v2,v3) € D'(Q)3 which is defined by

curl(v) 0vs B Ovy Ovy B Ovs Ova B ovy
N 8332 81‘37 8333 81‘17 8331 81‘2 )

Here, D() is the space of infinitely differentiable functions with compact support
in Q and D’ () is the dual of D(£2). We also need the following result (cf. [Girault
and Raviart’86, p.45]).



Lemma 2.1. A vector field v € (L*(Q))? satisfies div v=0 if and only if there
exists a vector potential V € (H'(Q))3 such that v = curl(V).

Proof of Theorem 1.2. Clearly, we have
HCUI‘I VH(LQ(Q))3 < HVH(Hl(Q))B (2.1)

For a given f € V4, let F € (H?(Q))? be a potential vector satisfying
curl(F) = f. For each component of F = (Fy, F», F3), we use Theorem 1.1 to find
a spline approximation Sp, = Q(F}) in Sg:[}(A) such that

|F; — Sk |10 < ClA|YFlat,0,

fOI‘ Z = 1,2,3, Where ‘ ’LQ = | ’271’9
Next, we let Sg = (Sp,, Sp,, Sr,) and put s¢ = curl(S¢). Then sf € S) and

If = sell (2.2 = l[curl(F) — curl(Se)||(z,(a))s
< |[|F — Stll(z1(0))

1/2
< ClIAI (A0 +  Feliie + [ FBliie)

This completes the proof. O

§3. Trivariate Spline Approximation

In this section, we prove Theorem 1.1 but need first additional results. We let
o(s) denote the support of s and we begin with the following result which is a
straightforward generalization of Theorem 4.1 in [Lai and Schumaker’98] from the
bivariate setting to the trivariate setting. We keep the same notations, specially
the numerotation of the constants for easier reference.

Theorem 3.1. Fix 0 < m < d. Suppose I' is some finite index set, and let {¢¢}¢cr
be a set of splines in SY(A) such that

H1) there exists an integer ¢ such that for each &, the support of ¢, is contained
in star’(ve) for some vertex ve € /\;

H2) Kg := max¢ ||¢¢|loo,0 < 00;
H3) Ky := maxy #(Xr) < oo, where o(¢¢) denotes the support of ¢ and

Yr:={&: T Co(pe)}. (3.1)

Suppose in addition that there exists a set of linear functionals {\¢ m, }eer defined
on L,(§) with the property that for all £ € I, there is a tetradedron T contained
in the support of ¢¢ with

K
Memfl < =l fllpre  for all f € Ly(Q) when 1 < p < oo (3.2)
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and
Ae.m f| < Kol flloo,re  for all f € Loo(§2) when p = oo (3.3)

for some constant K. Finally, suppose that the corresponding quasi-interpolation
operator

Qumf = (Aemlf)oe (3.4)

£er

reproduces polynomials in the sense that

QmP =P forall P€P,,. (3.5)

Then there exists a constant C' depending only on the smallest solid angle in the

underlying tetrahedral partition, the nature of the boundary of the domain such
that if f € W)"T1(Q), then

IDEDEDY(f — Quf)llpa < CIA™ =P f i1 po (3.6)

forall0 < a+pf+~v<mandalll<p<oo.
We also have the following result

Lemma 3.2. There exists a constant K, dependent only on d such that for any
polynomial P € P,

lellp o 1
Ky = A%F/pHPIIp,T < llelly (3.7)

for all 1 < p < co. Here c is the vector of coefficients of P in lexicographical order,
and

1/p
lellp = Z |cijil” ; I <p<oo, (3.8)
itj+k=d
feloe = max el p=cx.

Next we introduce the so-called averaged Taylor polynomials (cf. [Brenner and
Scott’94, p. 91ff]). Let B(xo,y0, 20, p) = {(x,y,2) € R® : ((x—20)?>+(y—y0)>+ (2 —
20)2)Y/? < p} be the disk centered about (zg, o, z0) with radius p. For simplicity,
we write B := B(xo, Yo, 20, p). Let

gB(l',y,Z) -
{ cexp(—1/(1 = ((x — 20)* + (y — y0)? + (2 — 20)*) /p?), if (z,y,2) € B(z0, Y0, 20, p)
0, otherwise

be a mollifier or cut-off function such that / gB(x,y,2)dxdy = 1.
RS
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For any function f € C™(R?), let

3 Dy Dy Dy, f(u, v, w)

alBly! (2 = u)*(y —v) (2 —w)”

Tm,(u,v,w)f<$7 Y, Z) =
0<a+B+y<m

be the Taylor polynomial of degree m of f at (u,v,w). Then the averaged Taylor
polynomial of degree m over B(xg, Yo, 20, p) is defined as

Fo.pf(x,y,z) = / T, (u0,0) f (7,9, 2) gB(u, v, w) du dv dw. (3.9)
B(a:O»yOaZ(%p)

Integrating by parts, we have the equivalent formula
Fm,Bf(:Ev Y, Z)

1
= Z ﬁ/ D2DPDY f(u,v,w)(x —u)®(y —v)? (2 — w) g (u,v,w) dudv dw
at+B+y<m alflyt B(z0,y0,20,p)

- ¥

0<a+pB+y<m

(_1)a+ﬁ+’y / A )
—_—— U, v, W
a'ﬁ"y' B(wan07Z07p)
x DEDIDY [(x — u)*(y — v)’ (2 — w) g5 (u, v, w)] dudv dw

which shows that the averaged Taylor polynomial is well-defined for any integrable
function f € L1(B(x0, Yo, 20,p)). Clearly, F,, pf is a polynomial of degree < m. It
is also known (cf. [Brenner and Scott’94]) that

Lemma 3.3. Forany 0 < a+ 8+~ <m and f € WP (B(x0,y0, 20, p)),
DSDUD)Fy, pf = Fo-a-ps(D3D)DIf).

Lemma 3.4. For any polynomial f € P,,, f = F,, f.

Given a tetradedron T' € A, let By := B(xp,yr, zr,pr) C T be the largest
disk contained in 7". We now estimate the norm of the operator Fy, p,.

Lemma 3.5. For any f € L,(T) with 1 < p < oo,

HFm,BTpr,T < KGHpr,T'

Here Kg is a constant dependent only on 6.

Lemma 3.6. Fixm > 0 and let Ur be a polygonal domain consisting of the union
of a set T of tetradedrons lying in star®(v) for some vertex v. Let T be an arbitrary
tetradedron in 7. Then there exists a positive constant K; depending only on m,
¢, 07, and the Lipschitz constant of ) such that for all f € W;”“(UT),

HD:?D%? (f - Fm7BTf) HP7UT < K7|UT|m+l_a_ﬁ’f‘m+l,p,UT
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for all 1 < p < o0.

Proof of Theorem 1.1. We are now in a position to apply Theorem 3.1 to
establish Theorem 1.1. Let {¢¢}cea be the spline basis functions for S satisfying
H1). That is, the support of ¢ is contained in start(v¢) for a vertex ve inside o(gg).
By the assumptions, we know that H2) holds. In any case Kg < #(T") < oo so H3)
is satisfied.
We now define corresponding linear functionals and an associated quasi-interpolation]

operator. Choose § € T, and suppose T¢ is a tetradedron in which § lies. Let Br,
be the largest sphere contained in T¢. Then for any function f € L;(£2), we define

Aemf = Ye(Fm, Bz, f),

where F, Br, f is the averaged Taylor polynomial associated with f, and 7. is
the functional which when applied to a polynomial written in B-form, picks off
the B-coefficient corresponding to the domain point §. Note that A¢ ., is a linear
functional, and the value of A¢ ,,, f depends only on values of f on the tetradedron
Te.

Using Lemmas 3.2 and 3.5, we have

Ky K4 Kg
e = D g, D < 1 Bt Sl < S0
Te Ar,

This shows that condition (3.2) of Theorem 3.1 is satisfied.

We now show that @),, reproduces polynomials of degree m. Given f € IP,,,
let der ag¢¢ be its unique expansion in terms of ¢¢. By Lemma 3.4, Fm’BTé5 f=f
for each £ € I'. Thus, A¢ o f = ’V&Fm,BTEf = e f = a¢ for all £ € T', which implies
that Q,.f = f.

We have now verified that @) satisfies all of the hypotheses of Theorem 3.1, and
our main result Theorem 1.1 follows immediately.
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