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Abstract

Link invariants allow us to distinguish links. Often, the more complicated or involved

a knot invariant is to calculate the more links it can successfully help us distinguish.

In this paper, we start with the Jones polynomial, which is a relatively straightforward

invariant to compute. We build upon to that to define Khovanov homology, a more

involved but also more informative invariant. From there, we describe Morán’s con-

struction of the Steenrod squares sqi on Khovanov homology [Mor20]. These operations

allow us to further distinguish knots with identical Khovanov homology groups. We

present a few by-hand calculations of these operations, which quickly become unwieldy.

Then, we describe our software implementation of Steenrod squares on Khovanov

homology in Sagemath. This forms a package called KhovanovSteenrodSquare and is

available at https://github.com/samilstein/KhovanovSteenrodSquare. As long as

a link does not contain a component that is the unknot or the Hopf link, this code can

compute the Steenrod square on any of the Khovanov homology groups for that link.

We used this code to compute sq1, sq2, sq3, and sq4 on the disjoint union of one, two,

three, and four trefoils respectively. We also engaged in a systematic search for examples

of nontrivial sq4 for knots with up to 15 crossings. This implementation allows us to

capture the usefulness of this invariant while decreasing the effort required to compute

it.
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Chapter 1

Introduction

We often think of a knot as any piece of string that is tangled in some way, like shoe laces

or a headphone cable. However, in topology, objects remain equivalent as we push and

pull them around just as long as we do not tear them. Thus, these tangled strings can

all be untangled, leaving us with nothing to study. In order to preserve these tangles,

we must glue the ends of the string together. That is, to construct a mathematical

knot, we take a piece of string, tangle it around, and fuse the ends together. Then to

study knots in a mathematical way, we define knot invariants. These are well-defined

assignments from equivalence classes of knots to any mathematical set. This set can be

as simple as the set {yes, no}, or as we will see, it can be as involved as cohomology

groups or topological spaces.

In 1984, Jones defined a knot invariant, which we call the Jones polynomial, that

assigns a polynomial in one variable to each equivalence class of knots. This invariant

can distinguish more knots than other, previous knot invariants such as the Alexander

polynomial. In particular, the Jones polynomial can distinguish handedness of knots,

where applicable. Recall that to swap handedness of a knot, we change all over-crossings

to under-crossings and vice versa. Sometimes taking the mirror image of a knot gives

us a different knot, in which case the Jones polynomial of these two knots is always

different. The Alexander polynomial can not always distinguish such distinct pairs.

In 2000, Khovanov was trying to figure out if there was a homology theory whose

Euler characteristic was the Jones polynomial. In this work, he defined a process of

assigning a cochain complex to a knot. The cohomology groups of this complex, which

1
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we call the Khovanov homology groups, are a knot invariant, and their graded Euler

characteristic is the Jones polynomial [Kho00]. This relationship between the Jones

polynomial and Khovanov homology is called categorification.

Then in 2014, Lipshitz and Sarkar constructed a spectrum assigned to a knot whose

cohomology groups are the Khovanov homology groups of that knot [LS14a]. We call

this spectrum the Khovanov spectrum, and its homotopy type is a knot invariant. The

following year, along with Lawson, they provided a more systematic construction of the

Khovanov spectrum [LLS20].

Since there is a spectrum underlying Khovanov homology, there is more structure

available to these cohomology groups, such as cohomology operations, and in particular

the Steenrod operations. In particular, since spectra with isomorphic cohomology groups

can have different cohomology operations, we can use these operations to distinguish

knots with the same Khovanov homology. In 2014, Lipshitz and Sarkar gave formulas

for the Steenrod operations Sq1 and Sq2 on the Khovanov homology groups of a knot.

Later in 2014, Lipshitz and Sarkar, as well as Seed, implemented this work in code.

Seed found pairs of knots and links with between 12 and 14 crossings with isomorphic

Khovanov homology but different cohomology operations [LS14b, See12]. Then, in 2019

Morán gave definitions of the Steenrod operations sqi for all i, generalizaing the formulas

of Lipshitz and Sarkar [Mor20].

Our continuation of this work was to convert Morán’s Steenrod square construc-

tion to a computer algorithm that could compute sqi for any oriented link. Using

our package KhovanovSteenrodSquare written in Sagemath and available at https:

//github.com/samilstein/KhovanovSteenrodSquare, one can enter the PD or DT

code of any oriented link, which is a standardized format for describing a link, and the

desired Steenrod square. Then, the code will return the definition of this operation on

cohomology classes, as well as the map’s rank. In our initial testing, we evaluated some

Steenrod operations on smaller links. We computed sq1 on a single left-handed trefoil,

which took about 0.09 seconds. We computed sq2 on the disjoint union of two trefoils,

which took about 0.2 seconds. We computed sq3 on the disjoint union of three trefoils,

which took about 22 seconds.

However, because Lipshitz and Sarkar as well as Seed had already implemented Sq1

https://github.com/samilstein/KhovanovSteenrodSquare
https://github.com/samilstein/KhovanovSteenrodSquare
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and Sq2 and because we can use the Adem relations to compute Sq3 from

Sq3 = Sq1Sq2,

our next Steenrod operation of interest was Sq4. As a proof of concept, we computed

sq4 on the disjoint union of four trefoils and found it to be nontrivial. This computation

took about 9 hours. This map is expected to be nonzero due to a Cartan formula for

the Khovanov homology of disjoint links.

Continuing our search, we then computed the Khovanov homology groups or used

existing computations for all prime knots up to 14 crossings and many knots with 15

crossings. However, we were unable to find another knot in our search with a spot where

a nontrivial sq4 might exist. That is, none of these knots had a quantum degree with

nonzero Khovanov homology groups that were four cohomological degrees apart. Thus,

in this initial search we did not find another nontrivial sq4.

1.1 Outline of the Paper

We now describe the outline for the rest of the paper. In Section 2 we provide some

general background on knot theory. We also describe the Jones polynomial and Kho-

vanov homology. In Section 3 we give additional background, including describing the

Burnside category in general, as well as the particular object in the Burnside category

that we will use in the Steenrod square formulation. We will also define the augmented

semi-simplicial category. Then, in Section 4 we present Morán’s construction of the

Steenrod operations sqi defined on Khovanov homology. After that, in Section 5 we

present worked-out examples for the following Steenrod operations

sq1 : H−3,−7(T ;Z/2Z)→ H−2,−7(T ;Z/2Z)

and

sq2 : H−6,−14(T ;Z/2Z)→ H−4,−14(T ;Z/2Z)

where T is the left-handed trefoil. Finally, in Section 6 we describe our implementation

in Sagemath of Morán’s Steenrod square construction that can be applied to any oriented
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link that does not have an unlink or Hopf link component. We also describe some initial

results from running this code.

1.2 Notational Notes

First, throughtout this paper, we will refer to links. This includes knots, which are

one-component links, as well as links with more than one component. Also, very im-

portantly,in order to ensure that our knot invariants are invariants for links, we will

need to fix an orientation on each link in order to determine the number of positive

and negative crossings. Thus, when we say “link” throughout this paper, we will mean

“oriented link”. For knots, the number of positive and negative crossings will not change

when we swap the orientation, and so the orientation of the knots will not change the

invariants we discuss in this paper. However, this is not the case for all links.

Second, we will only consider cohomology with Z/2Z coefficients, unless otherwise

stated. Thus, if there are no coefficients specified, they are assumed to be Z/2Z. Addi-

tionally, we will use the notation Z/2 to refer to Z/2Z.

Third, throughout this paper, we will discuss the Steenrod squares Sqi. In partic-

ular, we will explore the construction of Morán’s operations sqi [Mor20]. In the paper

where Morán constructs these maps, he shows that the maps sqi satisfy many of the

properties that define the Steenrod squares Sqi, including satisfying a Cartan formula,

having the first square sq1 be the Bockstein homomorphism, and being invariant un-

der Reidemeister moves. However, he notes that he does not explicitly prove that the

maps sqi coincide with the Steenrod squares Sqi defined on the Khovanov spectrum.

This is expected in a forthcoming paper with Gutiérrez called “Singular chain functors

for spectra”. In the rest of this paper, we will refer to both sqi and Sqi as Steenrod

squares. We will use sqi when specifically describing a Steenrod square constructed

following Morán’s paper, and we will use Sqi to refer generally to Steenrod squares.



Chapter 2

Knot Theory and Khovanov

Homology Background

We start this section with a very brief introduction of some relevant knot theory con-

cepts. Then, we will discuss two well-known and well-studied invariants of oriented links,

the Jones polynomial and Khovanov homology, which will help us distinguish links. This

will set us up so that in Section 4 to define Steenrod operations on the Khovanov ho-

mology of a link. These are another invariant that can provide more information about

a link and gives us more to study through the lens of algebraic topology.

The Jones polynomial assigns a Laurent polynomial to a link diagram. Khovanov

homology gives us a way to build a cochain complex from a link diagram, whose coho-

mology is an invariant of the link. Neither is a complete invariant, meaning that neither

is able to distinguish every pair of distinct links. However, both are fairly straight-

forward, if labor-intensive, to compute. Thus, both allow us to distinguish many links.

2.1 Knot Theory Background

We start with a bit of notation. Recall that we consider any link diagram to be an

oriented link diagram. We will write n for the number of crossings in a link diagram

L. We will often order the crossings in the diagram from 1 to n arbitrarily, but once

we choose an ordering on the crossings, it is fixed. We say that n+ is the number

of right-handed, or positive, crossings as shown in Figure 2.1a, and n− is the number

5
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of left-handed, or negative, crossings as shown in Figure 2.1b. The total number of

crossings is the sum of the positive and negative crossings. That is, we have

n = n+ + n−.

(a) Right-handed, or positive, crossing (b) Left-handed, or negative, crossing

Figure 2.1: Orientation of crossings

Now, we briefly discuss a process of resolving a crossing in a link diagram, which we

will use throughout this paper when defining link invariants. The idea here is that we

would like to undo a crossing in a link while leaving the strands of the link connected.

We will then look at the resulting figures and use them to help us understand the original

link.

Suppose we have zoomed in on one crossing of a link as shown in Figure 2.2, and

the remainder of the link lives outside the dotted circle. We can undo the crossing of

the strands while still keeping the strands of the link connected in two possible ways.

Figure 2.2: Link Crossing

If we imagine walking along the over-strand starting at the bottom right edge in

Figure 2.2, suppose we turn left and connect to the under-strand. We follow the same

procedure if we start walking from the top right edge of the over-strand. This procedure

is called a 0-smoothing, and the result is shown in Figure 2.3a. Alternatively, we could

make a right turn as we walk along the over-strand from either edge to connect to the

under-stands. We call this procedure a 1-smoothing, and the result is shown in Figure

2.3b. Notice that the strands in the figure are still connected but there is now no longer

a crossing in this spot. This process of replacing Figure 2.2 by either Figure 2.3a via a
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0-smoothing or Figure 2.3b via a 1-smoothing is what we mean by resolving a crossing.

(a) 0-Smoothing (b) 1-Smoothing

Figure 2.3: The Possible Smoothings of a Crossing

We can imagine doing this resolving process for all the crossings in a link, which

results in what we call a complete smoothing or resolution of the link. This complete

smoothing has no crossings in it and is made up of some number of unknots, which we

will also refer to as cycles. Note that each link has multiple complete smoothings since

each crossing can be resolved via either a 0-smoothing or a 1-smoothing.

When computing the Jones polynomial or Khovanov homology, we will first arbi-

trarily order the crossings in a link. Then, we will resolve all crossings of a link each

via both a 0-smoothing and a 1-smoothing and record all of the resulting complete

smoothings. Note that, when we resolve each crossing of the link, this corresponds to

an ordered tuple of 0s and 1s. That is, if a link has n crossings, each complete smoothing

corresponds to a vertex of the n-dimensional cube {0, 1}n, where the value in coordinate

i of the vertex, which is either 0 or 1, tells us whether crossing i of the link was resolved

via a 0-smoothing or a 1-smoothing in this particular complete resolution. As an ex-

ample, we can see all complete smoothings of the trefoil in Figure 2.4. We will use this

correspondence between smoothings of a link with n crossings and the n-dimensional

cube throughout the rest of this paper to compute a number of link invariants.

2.2 Jones Polynomial

In this section we will describe the Jones polynomial of an oriented link. In order to

compute the Jones polynomial for a link L, we will begin by computing the Kauffman

bracket 〈L〉, for which we will describe two equivalent methods. One standard approach
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is to use the relations:

〈∅〉 = 1

〈©L〉 = (q + q−1)〈L〉

〈 〉 = q−1〈 〉 − q〈 〉

The first relation says that the Kauffman bracket of an empty knot is 1. The second

relation says the Kauffman bracket of the disjoint union of the unknot with any link L

is equal to the Kauffman bracket of that link L multiplied by the factor (q+ q−1). The

third relation says that we can compute the Kauffman bracket of a link with at least

one crossing by resolving the crossing shown on the left-hand side in both possible ways

and computing the Kauffman bracket of the two resulting links, as shown on the right-

hand side of this relation. In this first method for computing the Jones polynomial, we

use these relations, resolving crossings and removing unknots until we are left with a

Laurent polynomial only in q.

An alternate method for computing the Jones polynomial starts with resolving all n

crossings in a link diagram L at once in all possible ways instead of resolving the crossings

one at a time. Each complete smoothing Sα corresponding to vertex α ∈ {0, 1}n is the

union of some number kα of cycles and was created by applying some number rα of

1-smoothings.

Definition 2.1. We call this number rα of 1-smoothing the height of α. For α =

(α1, α2, . . . , αn), we will also write the height of α as |α|, where we have

|α| =
n∑
i=1

αi.

Then, to each smoothing we assign the term qrα(q + q−1)kα . From this, we take an

alternating sum of these terms to get, the Kauffman bracket of L, given by the following

formula:

〈L〉 =
∑

α∈{0,1}n
(−1)rαqrα(q + q−1)kα .

From that, we compute the unnormalized Jones polynomial by multiplying the
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Kauffman bracket by the factor (−1)n−(qn+−2n−) to get:

Ĵ(L) = (−1)n−(qn+−2n−)〈L〉.

Finally, to get the normalized Jones polynomial J(L), or simply the Jones polynomial,

we divide the above expression by (q + q−1) to get:

J(L) := Ĵ(L)/(q + q−1).

This last scaling factor adjusts the Jones polynomial, so that the unknot has Jones

polynomial equal to 1. That is, this scaling is not mathematically impactful. Rather it

is simply a convention so that the simplest link has the most basic polynomial value for

its Jones polynomial.

We now go through an example of computing the Jones polynomial of the right-

handed trefoil knot to clarify this process.

Example 2.2. Following an example from [BN02], we let L be the diagram of the

right-handed trefoil knot shown in the upper left corner of Figure 2.4. We order the

crossings of L counterclockwise as shown. As was previously mentioned because of L

is a knot, orientation does not change its Jones polynomial, so we simply choose one

option in order to compute n+ and n−, which are 3 and 0 respectively.

Next we resolve all crossings of L in all possible ways. Recall that we can associate

each complete smoothing of L to a vertex of the cube {0, 1}3. We also recall that the

height rα of a vertex α is the number of 1-smoothing in that resolution. We draw the

cube so that vertices of the same height appear in a single column as shown in Figure

2.4.

Now, we compute the Kauffman bracket of the trefoil. To do this, we first assign

the term qrα(q + q−1)kα to each vertex α ∈ {0, 1}3, where kα is the number of cycles

in the smoothing at α. For example, the complete smoothing at vertex (0,0,0) has 2

cycles, so we have k(0,0,0) = 2. The height of this vertex, which is equal to the sum of

its coordinates, is 0, and so we have r(0,0,0) = 0. Thus, we assign the monomial

q0(q + q−1)2 = (q + q−1)2



10

to the vertex (0,0,0). The term assigned to each vertex is shown in the upper right

corner of each vertex in Figure 2.4. Next, we multiply each term by (−1)rα and add

them all together to get the Kauffman bracket 〈L〉:

〈L〉 = q−2 + 1 + q2 − q6,

which is the first term under the cube diagram in Figure 2.4.

Next, we multiply the Kauffman bracket by (−1)n−qn+−2n− where (n+, n−) = (3, 0).

This gives us the unnormalized Jones polynomial, which is the second term in the row

at the bottom of Figure 2.4 and is

Ĵ(L) = q + q3 + q5 − q9.

Finally to get the normalized Jones polynomial which is the last term under the

diagram in Figure 2.4, we divide by (q + q−1) to get

J(L) = q2 + q6 − q8.

The Jones polynomial can distinguish many links. For example, it can tell us that

the left-handed trefoil is a distinct link from the right-handed trefoil. However, it is not

a complete invariant. There are still many links it cannot distinguish. For example,

Thistlethwaite discovered a nontrivial link with Jones polynomial equal to that of the

two-component unlink [Thi01]. Furthermore, it is an open problem whether there is a

nontrivial link with Jones polynomial equal to that of the unknot. Thus, we seek to

improve upon the Jones Polynomial.

2.3 Khovanov Homology

To help us distinguish even more links than we could with the Jones polynomial, we

turn to a more involved invariant to get out more information. Khovanov described a

new invariant, which we call Khovanov homology, that assigns a cochain complex and its

cohomology groups to a link [Kho00]. He showed that the graded Poincaré polynomial

of a link’s Khovanov homology groups is the Jones polynomial of that link. Additionally,
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Figure 2.4: Computing the Jones polynomial of the right-handed trefoil, where the first
polynomial along the bottom row is the Kauffman bracket, the middle polynomial is
the unnormalized Jones polynomial, and the last polynomial is the normalized Jones
polynomial [BN02]
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where two links related by a Reidemeister move or a smoothing may have completely

unrelated Jones polynomials, the Khovanov homology groups of these links are related

in a predictable way. These smoothings and relations on links give us functions on their

Khovanov homology.

As was mentioned above, it is not yet known whether the Jones polynomial can

completely determine whether or not a link is the unknot. However, in 2011 Kronheimer

and Mrowka proved that Khovanov homology is an unknot detector [KM11]. That is,

any link with Khovanov homology equal to that of the unknot must itself be the unknot.

In this section we describe Khovanov homology. We start by constructing the Kho-

vanov complex of a link. Then we compute the cohomology groups of this complex,

which are the Khovanov homology groups of the link. The structure and content in this

section follows Bar-Natan’s paper [BN02].

2.3.1 Vector Space Background

Over the next two sections, we construct the Khovanov complex. We start by associating

cochain groups to a link diagram in this section and then associating differentials in the

following section.

We begin with some relevant definitions in quick succession.

Definition 2.3. [BN02, Definition 3.1] A Z-graded vector space W is a vector space,

which can be decomposed as a direct sum over Z:

W =
⊕
m∈Z

Wm

where each Wm is, itself, a vector space. We call the elements of Wm the homogeneous

elements with degree m. Tthe graded dimension of W is the formal sum

q dimW :=
∑
m

qm dimWm.

In the Khovanov homology construction, we will use vector spaces built out of the

following graded vector space.

Example 2.4. Let V be a graded vector space with exactly two basis elements, v+ in
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degree 1, and v− in degree -1. Then, we have q dimV = q + q−1.

In particular, we will be interested in tensor products and direct sums of copies of

this vector space V . To help with our computations later, we discuss how the degrees

of elements in vector spaces. For the tensor product of two graded vector spaces V and

W , we have

(V ⊗W )n =
⊕

{(i,j)| i+j=n}

V i ⊗W j .

This means that the degree n homogeneous component of a tensor product of V and

W is made up of homogeneous components of V and W whose degrees add to n. Then

if we have a ∈ V i and b ∈W j , their tensor product lies in degree i+ j, that is

a⊗ b ∈ (V ⊗W )i+j .

In contrast, for the direct sum of two graded vector spaces V and W , we have

(V ⊕W )n = V n ⊕Wn.

Here, the degree n homogeneous component of the direct sum is made up of the degree

n component of V and the degree n component of W . That is, if a ∈ V i and b ∈ W j ,

we say that

(a, b) ∈ (V ⊕W )i

if i = j. If i 6= j, then this element is not in any particular dimension. Instead, we

could write it as the sum of two homogeneous elements, i.e.,

(a, b) = (a, 0) + (0, b),

where (a, 0) ∈ (V ⊕W )i and (0, b) ∈ (V ⊕W )j .

As we mentioned above, the Khovanov complex will be a bigraded vector space,

which we define here.

Definition 2.5. A bigraded vector space W has the structure

W =
⊕
n

⊕
m

Wn,m =
⊕
n,m

Wn,m,
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where Wn,m is a vector space. Here, W is a graded vector space of graded vector spaces,

meaning that the vector space in each degree n also has the structure of a graded vector

space. That is, we have

Wn = Wn,∗ =
⊕
m

Wn,m.

We can consider a general cochain complex C as a graded space where the degree i

term Ci is the ith cochain group. That is, we have C =
⊕

i Ci. We call i the cohomological

degree. The Khovanov complex has a second grading since each cochain group will, itself,

be a graded vector space. We call this second grading the quantum degree.

Now that we have two gradings, we will give different names to the analogous pro-

cesses of shifting the degree within each grading so that we can keep track of where

these shifts are happening. We will use these later to normalize the Khovanov complex

similar to how we normalized the Jones polynomial above. The first definition defines

how we shift the quantum degree of the graded pieces within one cochain group.

Definition 2.6. [BN02, Definition 3.2] Let ·{l} be the degree shift operation on graded

vector spaces. If W =
⊕

mWm is a graded vector space, we set

W{l}m := Wm−l,

or equivalently

Wm = W{l}m+l.

Here, we have q dimW{l} = qlq dimW .

This next definition describes how we shift the cohomological degree of the cochain

groups across the cochain complex as a whole.

Definition 2.7. [BN02, Definition 3.3] Let ·[s] be the height shift operation on cochain

complexes. If C is the cochain complex

· · · → Cr dr−→ Cr+1 → . . .

of (possibly graded) vector spaces, then we have

C[s]r = Cr−s,
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or equivalently

Cr = C[s]r+s.

We call r the height of a group Cr in the complex, thus giving us the name “height

shift.”

As mentioned above, both the degree shift and the height shift describe the process

of shifting the degree of the graded components within a vector space but each is for a

different grading. Degree shift is an operation on the individual cochain groups, while

height shift is an operation on the entire cochain complex.

2.4 Defining the Khovanov Cochain Groups

We now begin defining Khovanov homology for a link L. We start by defining the

cochain groups. Then, we will provide an example of this construction for the right-

handed trefoil.

As in the computation of the Jones polynomial, we will need to choose an orientation

on L in order to compute its Khovanov homology. Recall that for knots, changing the

orientation will not change the resulting value for the invariant. However, because this

is not the case for all links, we will specify the orientation we use where needed. We

also recall some notation from the previous section, which we will use again here: n is

the number of crossings of L, and n+ and n− are the numbers of positive and negative

crossings of L respectively.

Now, we start to construct the cochain groups of the Khovanov complex C(L).

We begin the same way we did when defining the Jones polynomial of a link. First,

suppose we have chosen an orientation on L. Next, we fix an arbitrary ordering of

the crossings of L. Next, we resolve all the crossings of L in all possible ways giving

us 2n different complete smoothings of L. We assign each complete smoothing to a

vertex of the n-dimensional cube {0, 1}n, as we did when computing the Jones polyno-

mial. Recall that this correspondence between vertices and smoothings assigns a vertex

α = (α1, α2, . . . , αn) ∈ {0, 1}n to the smoothing that has crossing i resolved by an

αi-smoothing.
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Next, we assign to each vertex α the graded vector space

Vα(L) := V ⊗kα{rα},

where again kα is the number of cycles in the smoothing of L associated to α and rα is

the height of the smoothing given by the sum of the components of α. We can think of

Vα(L) as assigning one copy of V to each cycle in the smoothing at α, and shifting the

degree by the factor rα.

Now, we collect together these Vα(L) vector spaces, grouping them by height rα.

We write JLKr for the group of Vα(L) for all vertices of height r. That is, we let

JLKr :=
⊕

α : |α|=r

Vα(L)

=
⊕

α : |α|=r

V ⊗kα{r}

Note that since α = (α1, α2, . . . , αn) is a vertex of the cube {0, 1}n, then all the αi are

either 0 or 1. The minimal height of a vertex α is 0, which occurs if all the αi are 0.

Thus, we have JLKr = 0 for r < 0. Similarly, the maximal height of a vertex α is n,

which occurs if all the αi are 1. Thus, we have JLKr = 0 for r > n. In summary, JLKr

can only be nonzero for 0 ≤ r ≤ n, although JLKr may still be zero for some values of r

in this range.

Now, taking the direct sum of these groups JLKr over this range 0 ≤ r ≤ n gives us

the cochain groups:

JLK =

n⊕
r=0

JLKr

=
n⊕
r=0

⊕
α:|α|=r

Vα(L).

This is a bigraded vector space with cohomological grading on the complex and quantum

grading on each cochain group.

These are not quite the Khovanov cochain groups. Instead, similar to how we

multiplied the Kauffman bracket by a particular factor in terms of n+ and n− to get
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the Jones polynomial, we must shift the cochain groups JLK in order to end up with the

Khovanov cochain groups here.

Definition 2.8. We define the Khovanov cochain groups C(L) for a link L to be

C(L) := JLK[−n−]{n+ − 2n−},

where the degree shift of n+ − 2n− adjusts the quantum degree, and the height shift of

−n− adjusts the cohomological degree.

We will define the differentials on this complex in the next section.

To help us understand this cochain group construction, we now go through an ex-

ample.

Example 2.9. Consider the right-handed trefoil shown in the top left corner of Figure

2.5. In this example, we will construct its Khovanov cochain groups.

First, we fix an arbitrary ordering on its crossings as shown in the link diagram in

Figure 2.5. Next, we resolve all of the crossings of this link in all possible ways. We

assign each complete smoothing to a vertex of the 3-cube as we did in the computation

of the Jones polynomial. This is also shown in Figure 2.5. As before, the sequence of

0s and 1s in the bottom right corner of each box tells us which vertex of the 3-cube the

smoothing corresponds to, and it tell us how each crossings of the trefoil is resolved to

get the figure at each vertex.

We then assign Vα(L) = V ⊗kα{rα} to the smoothing at each vertex. The graded

vector space in the upper right corner at each vertex in Figure 2.5 tells us the Vα(L) term

for that particular α. For example, consider the smoothing at vertex (1, 1, 0), which is

the top smoothing in the second column from the right. Its corresponding vector space

is

V ⊗k(1,1,0){r(1,1,0)} = V ⊗2{2},

where we have k(1,1,0) = 2 because there are 2 cycles in this smoothing, and we have

r(1,1,0) = 2 because 2 of the crossings in this smoothing are resolved by 1-smoothings.

That is, the sum of the coordinates of the vertex α is 1 + 1 + 0 = 2, and so this vertex

has height 2.
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Figure 2.5: Khovanov complex of the right-handed trefoil [BN02]
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Now, to get the group JLKr, we sum over all vector spaces associated to smoothings

at height r. This gives us the groups:

JLK0 = V ⊗2

JLK1 = V {1} ⊕ V {1} ⊕ V {1}

JLK2 = V ⊗2{2} ⊕ V ⊗2{2} ⊕ V ⊗2{2}

JLK3 = V ⊗3{3}.

Recall that each of these groups is, itself, a graded vector space. Let us briefly

describe some of the graded pieces of JLK1, the cochain group in degree 1 of the complex,

to see what this group looks like. We will use notation JLKi,j . The first superscript i tells

us the cohomological degree in the grading on the complex JLK. The second superscript

j tells us the degree in the quantum grading on the cochain group JLKi. For example,

JLK1,2 is the degree 2 homogeneous component of the degree 1 cochain group. Now, we

present some of the graded pieces of JLK1:

JLK1,2 = (V {1} ⊕ V {1} ⊕ V {1})2

= V {1}2 ⊕ V {1}2 ⊕ V {1}2

= V 1 ⊕ V 1 ⊕ V 1

= spanZ/2{(v+, 0, 0), (0, v+, 0), (0, 0, v+)}

JLK1,1 = (V {1} ⊕ V {1} ⊕ V {1})1

= V {1}1 ⊕ V {1}1 ⊕ V {1}1

= V 0 ⊕ V 0 ⊕ V 0

= 0

JLK1,0 = (V {1} ⊕ V {1} ⊕ V {1})0

= V {1}0 ⊕ V {1}0 ⊕ V {1}0

= V −1 ⊕ V −1 ⊕ V −1

= spanZ/2{(v−, 0, 0), (0, v−, 0), (0, 0, v−)}
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Here, we see that JLK1,2 is the direct sum of 3 copies of V 1, where V 1 = 〈v+〉 is the

Z/2-span of the degree 1 generator of V . Similarly, JLK1,0 is direct sum of 3 copies of

V −1, where V −1 = 〈v−〉 is the Z/2-span of the degree -1 generator of V . Finally, we see

that JLK1,1 and all other homogeneous components of JLK1 are empty.

Now to get from JLK to the Khovanov cochain groups C(L), we apply both a degree

shift and a height shift. Recall that for the trefoil, we have (n+, n−) = (3, 0). Thus, we

have

C(L) = JLK[−n−]{n+ − 2n−}

= JLK[0]{3}

= JLK{3},

where [0] is the trivial height shift, and {3} is the degree shift by 3.

Writing these groups out, we have that the Khovanov cochain groups for the right-

handed trefoil are:

C(L)0 = JLK0{3} = V ⊗2{3}

C(L)1 = JLK1{3} = (V {1} ⊕ V {1} ⊕ V {1}){3}

C(L)2 = JLK2{3} = (V ⊗2{2} ⊕ V ⊗2{2} ⊕ V ⊗2{2}){3}

C(L)3 = JLK3{3} = V ⊗3{3}{3} = V ⊗3{6}.

Above we described in detail the graded pieces of JLK1, so here we describe the

graded pieces of C(L)1 in terms of those pieces:

C(L)1,5 = (JLK{3})1,5

= JLK1,2

C(L)1,4 = (JLK{3})1,4

= JLK1,1

C(L)1,3 = (JLK{3})1,3

= JLK1,0
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In the next section, we will continue this example by defining the differential on

these cochain groups and computing the Khovanov homology groups.

2.4.1 Defining the Differential Maps

Now that we have defined the Khovanov cochain groups, we will define the differentials

that map between these groups and make this into a cochain complex. We will see in

this section that we can define the differential on the Khovanov cochain groups C(L)

by piecing together maps between the direct summands of each cochain group. Recall

that each direct summand corresponds to one complete smoothing of L, or one vertex

of the n-cube. That is, we will define one map for each edge in the n-cube diagram of

L as in Figure 2.5, and then we can combine these together using an alternating sum

to get the entire differential map. We start by defining the maps along the edges of the

cube diagram.

Consider an edge of the n-cube {0, 1}n that connects vertices α = (α1, . . . , αn) and

β = (β1, . . . , βn) such that we have αj = βj for all j except one of them. Call this

coordinate i where we have αi 6= βi. We direct this edge from α to β if αi = 0 and

βi = 1. In this case, we call α the tail of the edge and β the head of the edge, as if this

edge is an arrow. We label this edge by the sequence in {0, 1, ?}n given by

ξ = (α1, . . . , αi−1, ?, αi+1, . . . , αn) = (β1, . . . , βi−1, ?, βi+1, . . . , βn),

where the j-th coordinate of its label for j 6= i is αj = βj ∈ {0, 1}, and the i-th

coordinate of its label is ?. For example, in Figure 2.5, consider the edge connecting

the smoothing at the vertex α = (0, 0, 0) with the top smoothing in the second column

at the vertex β = (1, 0, 0). Then this edge would be labeled by the sequence ξ = ?00,

since α and β differ in the first spot and both have a 0 in the second two spots.

Further, we define the height |ξ| of an edge to be the height of the vertex at its tail.

For example, for the edge ξ = ?00 we just discussed, it has height |ξ| = |α| = |(0, 0, 0)| =
0.

Now that we have labeled every vertex and edge of the n-cube, we can define a map

dξ for each edge ξ. First, recall that for each vertex α, we assign to it the vector space

Vα(L) = V ⊗kα{rα}, where kα is the number of cycles in that resolution of L and rα is
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the height of the vertex. Note that if two vertices α and β are connected by an edge ξ,

they differ in exactly one coordinate. This means that their associated resolutions of L

differ by how exactly one crossing is resolved, either by a 0-smoothing as in the case of

α or by a 1-smoothing as in the case of β. This difference between α and β corresponds

to either two cycles in α merging into one cycle in β, or one cycle in α splitting into two

cycles in β. In terms of vector spaces then, the map Vα(L) → Vβ(L) either contains a

piece of the form

V ⊗ V → V

or of the form

V → V ⊗ V.

We want the map dξ to correspond to this merging or dividing of cycles.

Then, to define dξ on the vector space Vα(L), we use the maps m, which corresponds

to two cycles merging into one, and ∆, which corresponds to one cycle dividing into two.

We define these maps below, where the left-hand side of each line shows the inspiration

for each map coming from merging or splitting cycles.

Definition 2.10. We define the map m : V ⊗ V → V , which corresponds to merging

cycles, as follows:

( −−−−−→ ) −→ (V ⊗ V m−→ V ) m :

{
v+ ⊗ v− 7→ v− v+ ⊗ v+ 7→ v+

v− ⊗ v+ 7→ v− v− ⊗ v− 7→ 0

We define the map ∆ : V → V ⊗ V , which corresponds to dividing a cycle, as follows:

( −−−−−→ ) −→ (V
∆−→ V ⊗ V ) ∆ :

{
v+ 7→ v+ ⊗ v− + v− ⊗ v+

v− 7→ v− ⊗ v−

To be precise, we note that Vα(L) and Vβ(L) may have more terms than just those

involved in the splitting or merging. That is, there may be other tensor factors of V that
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correspond to cycles left unchanged between α and β. The map dξ : Vα(L) → Vβ(L)

will be the identity on these unchanged factors, meaning that dξ will really be one of

either m or ∆ tensored with some number of identity maps.

Note that, we want this map dε to be of degree 0, meaning that the quantum

degree of an element in its domain has the same quantum degree as the image of that

element. Also, recall that the same element increases its quantum degree by one as its

cohomological degree increases by one. Thus, to account for all of this, both m and ∆

must have degree -1. That is, we can view m as a map:

V ⊗ V → V {1},

and we can view ∆ as a map:

V → (V ⊗ V ){1}.

Using this definition of the map dξ for each edge ξ, we can define the differential

dr : C(L)r → C(L)r+1 to be:

dr :=
∑

ξ : |ξ|=r

(−1)ξdξ,

where we have (−1)ξ := (−1)
∑
i<j ξi , and where j is the position of ? in the label of

ξ. For detail on showing that dr is a differential, see Section 3.2 of Bar-Natan’s paper

[BN02]. This differential turns the Khovanov cochain groups we defined in the last

section into the Khovanov cochain complex.

Recall though that when we take cohomology, we will use coefficients in Z/2, and

so we will ignore the sign in the definition of dr. We describe the signs here for com-

pleteness. We will define the maps in our trefoil example from the previous section after

defining Khovanov homology in the next section.

2.4.2 Khovanov Homology

Now that we have defined the Khovanov complex C(L) associated to an oriented link

L, we can compute its cohomology. We call this the Khovanov homology of the link,

denoted H∗,∗(C(L)), H∗,∗(L), or sometimes Kh∗,∗(L) with coefficients in Z/2.

Note that since C(L) is a bigraded vector space, then each Khovanov homology

group will be a graded vector space, where we call its internal grading the quantum
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grading. We denote the j-th quantum graded piece of the i-th Khovanov homology

group by H i,j(L). We can collect together the j-th quantum graded piece from each of

the cohomology groups to get H∗,j(L), which is itself a graded vector space, and which

we will discuss later.

We can take the graded Poincaré polynomial P (L) of the Khovanov homology, which

is defined as follows

P (L) :=
∑
r

tr q dimHr,∗(C(L)).

The graded Poincaré polynomial of the Khovanov homology of a link gives us back

the Jones polynomial. We describe this relationship and the invariance of Khovanov

homology in the following theorem.

Theorem 2.11. [Kho00, Theorem 2] The graded dimensions of the Khovanov homol-

ogy groups Hr,∗(L) are link invariants, and hence P (L), the Poincaré polynomial of the

Khovanov homology groups, which is a polynomial in the variables t and q, is a link

invariant that equals the unnormalized Jones polynomial when we set t = −1. Fur-

ther, the isomorphism classes of the Khovanov homology groups are themselves a link

invariant.

For details on the proof of the first statement of Theorem 2.11, see Bar-Natan’s

paper [BN02]. For details on the second statement, see Khovanov’s paper [Kho00].

Now that we have defined Khovanov homology, we can finish our example of com-

puting the Khovanov homology of the right-handed trefoil.

Example 2.12. Continuing Example 2.9 where we computed the cochain groups of

the Khovanov complex for the right-handed trefoil, we now define the differential map

on the cochain groups and compute the Khovanov homology groups. The ordering of

the crossings of the trefoil and the orientation we fixed from the previous example are

shown in the top left corner of Figure 2.6.

For notational purposes, we will label the cycles in each smoothing of the trefoil

and thereby order the vector spaces in Vα(L). To do this, we start by labeling each

segment of an edge in the original trefoil that lies between any two crossings. We

pick an arbitrary starting point and order the segments, moving in the direction of

the orientation we have chosen. From this, we label each cycle in a smoothing by the
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Figure 2.6: Computing the Khovanov homology of the right-handed trefoil [BN02]

minimal label of the segments it contains. We order the vector spaces in the tensor

product for each smoothing Vα(L) according to this order. Note that this labeling will

not affect the resulting Khovanov homology. It is just to help us keep track of which

vector space corresponds to which cycle.

The labeling of the segments is shown as the underlined numbers in the top left corner

of Figure 2.6. Then for example, in the smoothing corresponding to vertex (0, 1, 1), we

label the large cycle by 1 and smaller cycle by 3. Thus, in the corresponding vector

space V(0,1,1) = V ⊗ V , the first copy of V corresponds to cycle 1, and the second copy

of V corresponds to cycle 3. We will not label these vector spaces by 1 and 3 in order

to reduce notation, but using this ordering convention, we can always determine which

vector space in each Vα(L) corresponds to which cycle in the complete resolution.

We also want to order the vector spaces Vα(L) in each cochain group C(L)r, so

that we can determine which vector space Vα(L) corresponds to which smoothing. The

ordering we use is Vα1(L) ⊕ Vα2(L) ⊕ · · · ⊕ Cαm(L). Here, α1 is the top vertex in the

column for height r in Figure 2.6. Then, α2 is the second vertex in that column. We
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keep going down along the column until we reach the bottom vertex αm. For example for

C(L)1 = (V {1}⊕V {1}⊕V {1}){3}, the first copy of V {1} corresponds to the smoothing

at (1, 0, 0), the second copy corresponds to (0, 1, 0), and the last copy corresponds to

(0, 0, 1).

With this notation in hand, we now define the maps on the edges of the 3-cube in

Figure 2.6. Recall that the map m : V ⊗ V → V corresponds to combining two cycles

into one in a smoothing, and the map ∆ : V → V ⊗V corresponds to dividing a cycle into

two in a smoothing. Thus, we can label m and ∆ with subscripts to indicate which two

cycles are either combining or splitting. For example, we denote d?00 : V ⊗2 → V {1} by

m
(0,0,0)
12 since its domain corresponds to the vertex (0, 0, 0) and since it combines cycles

1 and 2 in the smoothing at vertex (0, 0, 0) to get a single cycle at vertex (1, 0, 0). In

Figure 2.6, we write along each edge what the map is in terms of this notation, ignoring

the superscripts for simplicity.

Using these edge maps, we define the differential on the Khovanov cochain groups

to be the sum of these maps on the edges. Recall that we are using Z/2 coefficients, and

so we can disregard the sign that was included in the initial definition of the differential.

Thus, for example, d1 : C(L)1 → C(L)2 is defined by the assignment

(x, y, z) 7→ (∆
(1,0,0)
12 (x) + ∆

(1,0,0)
12 (y), ∆

(0,1,0)
12 (x) + ∆

(0,1,0)
12 (z), ∆

(0,0,1)
13 (y) + ∆

(0,0,1)
13 (z)).

Now that we have defined the cochain groups and the differential, we can begin to

compute the cohomology of this complex. We will first compute the kernel and image

of each differential.

To do this, we will write each map as a matrix by specifying a fixed order on the

generators of the cochain groups. Again, consider d1 : C1(L)→ C2(L). To write this as

a matrix, we start by ordering a basis B1 for C(L)1 and a basis B2 for C(L)2 as follows,

ignoring degree shift for the time being:

B1 = {(v+, 0, 0), (v−, 0, 0), (0, v+, 0), (0, v−, 0), (0, 0, v+), (0, 0, v−)}

B2 = {(v+ ⊗ v+, 0, 0), (v+ ⊗ v−, 0, 0), (v− ⊗ v+, 0, 0), (v− ⊗ v−, 0, 0),

(0, v+ ⊗ v+, 0), (0, v+ ⊗ v−, 0), (0, v− ⊗ v+, 0), (0, v− ⊗ v−, 0),

(0, 0, v+ ⊗ v+), (0, 0, v+ ⊗ v−), (0, 0, v− ⊗ v+), (0, 0, v− ⊗ v−)}



27

Using this, we can write d1 as the following matrix, remembering that we are working

with coefficients in Z/2. 

0 0 0 0 0 0

1 0 1 0 0 0

1 0 1 0 0 0

0 1 0 1 0 0

0 0 0 0 0 0

1 0 0 0 1 0

1 0 0 0 1 0

0 1 0 0 0 1

0 0 0 0 0 0

0 0 1 0 1 0

0 0 1 0 1 0

0 0 0 1 0 1


We can compute the kernel and image of this map, and we get that

ker(d1) = spanZ/2





1

0

1

0

1

0


,



0

1

0

1

0

1




= spanZ/2{(v+, v+, v+), (v−, v−, v−)}
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im(d1) = spanZ/2





0

1

1

0

0

1

1

0

0

0

0

0



,



0

0

0

1

0

0

0

1

0

0

0

0



,



0

1

1

0

0

0

0

0

0

1

1

0



,



0

0

0

1

0

0

0

0

0

0

0

1




= spanZ/2{(v+ ⊗ v− + v− ⊗ v+, v+ ⊗ v− + v− ⊗ v+, 0), (v− ⊗ v−, v− ⊗ v−, 0),

(v+ ⊗ v− + v− ⊗ v+, 0, v+ ⊗ v− + v− ⊗ v+), (v− ⊗ v−, 0, v− ⊗ v−)}

Similarly, we could write down the matrix representations for the other differentials

and compute their kernels and images though we do not include these here. Once we

have done that, we can compute the cohomology by taking quotients of these kernels

and images. In cohomological degree 0, we have

H0,∗(C(L);Z/2) = ker(d0)/im(d−1)

∼= 〈(v+ ⊗ v− + v− ⊗ v+), (v− ⊗ v−)〉.

At this point, we want to remember all of those degree shifts that we have been ignoring.

For example, when we say v− ⊗ v−, we do not mean the particular element v− ⊗ v−,

which normally lives in quantum degree -2. Instead, after applying the degree shift,

this element lives in quantum degree 1. Similarly, we do not want the exact term

(v+⊗ v−+ v−⊗ v+), which normally has quantum degree 0, but instead, after applying

the degree shift, this element lives in quantum degree 3.

By similar computations, we can compute the other cohomology groups. This gives
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us the following Khovanov homology groups for the right-handed trefoil:

H0,1(L;Z/2) ∼= spanZ/2〈v− ⊗ v−〉 ∼= Z/2

H0,3(L;Z/2) ∼= spanZ/2〈(v+ ⊗ v−) + (v− ⊗ v+)〉 ∼= Z/2

H1,∗(L;Z/2) = 0

H2,5(L;Z/2) ∼= spanZ/2〈(v− ⊗ v+, 0, v− ⊗ v+)〉 ∼= Z/2

H2,7(L;Z/2) ∼= spanZ/2〈(v+ ⊗ v+, 0, v+ ⊗ v+)〉 ∼= Z/2

H3,9(L;Z/2) ∼= spanZ/2〈v+ ⊗ v+ ⊗ v+〉 ∼= Z/2.

To sanity check ourselves, we compute the graded Poincaré polynomial P (L) of the

Khovanov homology groups, and let t = −1. This gives us

P (L)t=−1 = q + q3 + q5 − q9,

which is the unnormalized Jones polynomial of the right-handed trefoil that we com-

puted in Example 2.2 as Theorem 2.11 told us it would be.



Chapter 3

Background for the Steenrod

Square Computation

In this section we will provide background necessary for Morán’s Steenrod square con-

struction on Khovanov homology. This includes some discussion of particular integer

sequences, as well as the Burnside category and the augmented semi-simplicial category.

3.1 Sequences

We start by defining the collection of sequences Pq(n), where q and n are both integers.

This collection contains all increasing sequences of length n of the integers {0, 1, . . . , n}.
For example, we have

P3(4) = {(0, 1, 2), (0, 1, 3), (0, 1, 4), (0, 2, 3), (0, 2, 4), (0, 3, 4), (1, 2, 3), (1, 2, 4), (1, 3, 4), (2, 3, 4)}.

We will also use the collection P (n), which we define by

P (n) =
⋃
q

Pq(n).

Next, for V ∈ Pp(n), we define the map

ψV : {U ∈ Pq(n) |U ∩ V = ∅} −→ Pq(n− p)

30
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as follows

(u1, . . . , uq) 7−→ (w1, . . . , wq), where wj = uj − |{v ∈ V | v < uj}.

The idea of this map is that for disjoint subsets V and W of {0, 1, . . . , n} we renumber

the elements of a set U after removing the elements of V from the set {0, 1, . . . , n}. For

example, consider

ψ(1,3,4) : {U ∈ P4(7) |U ∩ V = ∅} → P4(4)

applied to (0, 2, 5, 7). We define the image of each coordinate as follows

0 7−→ 0− |∅| = 0− 0 = 0

2 7−→ 2− |{1}| = 2− 1 = 1

5 7−→ 5− |{1, 3, 4}| = 5− 3 = 2

7 7−→ 7− |{1, 3, 4}| = 7− 3 = 4.

Thus, we have the assignment ψ(1,3,4)(0, 2, 5, 7) = (0, 1, 2, 4).

We will also be interested in the collection of sequences Pq(n), where q and n are

again both integers. However, this collection Pq(n) contains all non-decreasing sequences

of length q of the integers {0, 1, . . . , n}, where each integer can appear at most twice.

For example, we have

P3(2) = {(0, 0, 1), (0, 0, 2), (0, 1, 1), (0, 1, 2), (0, 2, 2), (1, 1, 2), (1, 2, 2)}.

We will also use the collection P(n), which we define by

P(n) =
⋃
q

Pq(n).

Now, given a sequence U ∈ Pq(n), we define the following subsets:

• U̇ is the subset containing all of the integers that appear once in U ,

• Ü is the subset containing a single instance of all of the integers that appear twice

in U , and
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• Ū is the subset of unique integers in U .

For example, suppose we have U = (1, 2, 2, 3, 4, 4). Then, we will have

U̇ = (1, 3)

Ü = (2, 4)

Ū = (1, 2, 3, 4).

3.2 The Burnside Category

In this section, we describe a 2-category called the Burnside category, which we denote

by B. Then, we will describe a functor that sends vertices and edges of the n-cube

diagram for a link to the objects and morphisms of the Burnside category. This will be

used in our construction of the Steenrod operations.

3.2.1 Correspondences and the Burnside Category

Before presenting the definition of the Burnside category, whose morphisms are corre-

spondences, we describe correspondences, in general, along with some of their properties.

Definition 3.1. [LLS20] Given sets X and Y , a correspondence from X to Y is a set

A and maps s : A → X and t : A → Y , sometimes called the source and target maps,

respectively.

Consider the following example.

Example 3.2. Let X = {a, b, c} and Y = {d, e}. One correspondence from X to Y is

given by A = {x, y, z} with the following source and target map assignments:

s(x) = b t(x) = d

s(y) = b t(y) = e

s(z) = c t(z) = e

We can represent this pictorially as follows:
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X Y

A

a

b

c

z

y

x

e

d

We can think of A as a multi-valued function that is only defined on a subset of its

domain. This would give us the following assignments:

A(b) = d since s(x) = b, t(x) = d,

A(b) = e since s(y) = b, t(y) = e,

A(c) = e since s(x) = c, t(z) = e.

Note that since a is not the source of anything in A, if we are thinking of A as a map,

then A would not be defined on a ∈ X. This explains why s and t are called the source

and target maps, respectively.

Example 3.3. We can view a function f : U → V as a correspondence A from U to

V . One way to do this is to let A := {(u, f(u)) ∈ U × V }. Then, define the source map

s to be projection onto the first component, that is

s(u, f(u)) = u ∈ U,

and define the target map to be projection onto the second component, that is

t(u, f(u)) = f(u) ∈ V.

We will follow Example 3.3 when we define the functor F q from edges in n-cube

diagrams of links to correspondences later in this section.
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Now, given two correspondences, we will define what it means to compose them and

what it means to have an isomorphism between them.

Definition 3.4. [LLS20] Given two correspondences (A, sA, tA) from X to Y and

(B, sB, tB) from Y to Z, we define their composition to be the correspondence

(C, s, t) = (B, sB, tB) ◦ (A, sA, tA)

from X to Z given by

C = B ×Y A = {(a, b) ∈ A×B | t(a) = s(b)},

where t(a) = tA(a) and s(b) = sB(b).

Remark 3.5. Note that in Lawson, Lipshitz, and Sarkar’s paper when they present

this definition, they write the tuples in B ×Y A in the opposite order as:

C = B ×Y A = {(b, a) ∈ B ×A | t(a) = s(b)}.

Definition 3.6. Given two correspondences (A, sA, tA) and (B, sB, tB) both from X to

Y , we define an isomorphism of correspondences to be a bijection of sets f : A → B,

which commutes with the source and target maps, meaning that sA = sB ◦ f and

tA = tB ◦ f . In other words, both triangles in the following diagram commute:

A

X Y

B

sA tA

f

sB tB

In the construction of the Steenrod operations, we will associate sets to each complete

resolution of a link. We will define correspondences between these sets based on the

edge maps between the resolutions. These associated sets and correspondences will all

be finite. Thus, we are interested in the collection of finite sets, finite correspondences,

and morphisms between the correspondences. This collection of objects, 1-morphisms,

and 2-morphisms forms a category called the Burnside category.
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Definition 3.7. [LLS20] The Burnside category, which we denote B, is the 2-category

whose objects are finite sets, whose 1-morphisms are finite correspondences, and whose

2-morphisms are isomorphisms between the finite correspondences.

3.2.2 A Correspondence from a Link Diagram via the Functor F q

In this section, we will describe a particular method for associating correspondences to

link diagrams that will be useful for defining Steenrod operations on Khovanov homol-

ogy. To do this for a given link with n crossings and for a given quantum degree q, we

define a functor F q : 2n → B, where 2n is the cube category, which we define as follows.

Definition 3.8. The cube category is denoted 2n where n ≥ 1. Its collection of objects

is {0, 1}n, which contains 2n elements. For any pair of objects u, v ∈ {0, 1}n, there is

either a single morphism u→ v if we have u ≤ v or a single morphism v → u otherwise.

By saying u ≤ v for u = (u1, u2, . . . , un) and v = (v1, v2, . . . vn), we mean that we have

ui ≤ vi for i = 0, 1, . . . , n.

Now, we will define the functor F q on the objects and morphisms of 2n, as well

as on compositions of morphisms, and then provide a few examples. After that, we

will define 2-morphisms between these 1-morphisms in B. It will be sufficient to define

only the 2-morphisms in B between compositions as F q(g) ◦ F q(f) → F q(g′) ◦ F q(f ′)
[LLS20]. Thus, we will only present the definition of these 2-morphisms, after which we

will provide an example.

3.2.2.1 F q Defined on Objects and Morphisms

We define F q on a vertex a ∈ 2n to be the set of generators of the vector space associated

to that vertex in quantum degree q. That is, this functor sends a vertex a to the set

containing all the pairs (a, l), where:

• l comes from a labeling by v+ and v− of the complete smoothing associated to a

for the given link, and

• l lives in quantum degree q, after performing all degree shifts relevant to defining

the Khovanov complex.
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We call this pair (a, l) an enhanced state of a. Here, we define F q to send each vertex

to a distinct set in B. We note now that these sets are disjoint, although they need

not be. This is only so that down the line when we take a disjoint union of some of

these sets for different vertices, we ensure that it will end up being disjoint. We could

have instead mapped a vertex a to the set of all elements l described above, rather than

tuples (a, l).

Now, we will define F q on the edges of the n-cube. Suppose we have an edge map

f : a1 → a2 in Mor(2n). Let f̄ : V1 → V2 be the map on vector spaces associated to f ,

where vector spaces V1 and V2 are associated to vertices a1 and a2 respectively.

Recall that the map f̄ on vector spaces is made up of either the map m : V ⊗V → V

or the map ∆ : V → V ⊗ V . Recall that these maps are defined as follows:

m :v+ ⊗ v+ 7−→ v+

v+ ⊗ v− 7−→ v−

v− ⊗ v+ 7−→ v−

v− ⊗ v− 7−→ 0

∆ :v+ 7−→ (v+ ⊗ v−) + (v− ⊗ v+)

v− 7−→ v− ⊗ v−

The functor F q on the map m gives us the correspondence:

{(v+ ⊗ v+, v+),

(v+ ⊗ v−, v−),

(v− ⊗ v+, v−)},

where the source map is projection onto the first component, and the target map is

projection onto the second component. Notice that this correspondence is all pairs

(u,m(u)) for all u except for the case when we have m(u) = 0.

The functor F q on the map ∆ gives us the correspondence:

{(v+, v+ ⊗ v−),

(v+, v− ⊗ v+),
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(v−, v− ⊗ v−)},

where the source and target maps are again projections.

The image of f under F q will be one of these correspondences above, possibly with

additional tensor terms in each tuple that do not change, coming from vector spaces in

V1 and V2 that f̄ is the identity on.

We can also define F q on compositions of edge maps fn◦· · ·◦f1 by taking the compo-

sition of the correspondences F q(fn), . . . , F q(f1). Recall that we will write the element

of a composition of correspondences in the opposite order to how we write correspon-

dence composition. For example, we will say that a composition A◦B contains elements

(b, a) ∈ B×A for which tA(a) = sB(b). In our case, since the individual correspondences,

themselves, contain pairs, we are considering pairs of pairs ((a1, a2), (b1, b2)), where we

have t(a1, a2) = s(b1, b2). Recall that we have t(a1, a2) = a2 and s(b1, b2) = b1, and so

the elements of the composition of correspondences will have the form ((a1, a2), (b1, b2))

where they have a2 = b1. To simplify notation, we will write these elements of the

correspondence as triples (a1, a2, b2).

Below we provide several examples. We start with two examples of defining cor-

respondences from edge maps in link diagrams in Examples 3.9 and 3.10. Then in

Example 3.11, we describe the correspondence associated to the composition of edge

maps.

Example 3.9. Consider the link diagram of a twisted unknot in Figure 3.1.

Figure 3.1: The Twisted Unknot

It has only one crossing, which we can resolve either using a 0-smoothing or a 1-

smoothing. We assign each of these smoothings to a vertex of the 1-cube, {0, 1}, where

the edge between these vertices is a morphism from vertex 0 to vertex 1 as shown in

Figure 3.2. For notational purposes, we will assume that the cycles at vertex 0 are

ordered from top to bottom. We will need to define an orientation on this knot to

determine n+ and n− although the choice of orientation will not change these values.
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quantum degree cohomological degree 0 cohomological degree 1

3 v+ ⊗ v+ v+

1 v+ ⊗ v−, v− ⊗ v+ v−
−1 v− ⊗ v−

Table 3.1: Generators and their Quantum Degrees

For both choices, we have n+ = 1 and n− = 0.

Figure 3.2: The 1-cube Representing the Twisted Unknot

Following our process for computing Khovanov homology, we assign to each smooth-

ing a vector space given by V ⊗k{r}, where k is given by the number of cycles in the

particular resolution and r is the height of the particular vertex and represents the ini-

tial degree shift. We assign V ⊗V to the complete resolution at vertex 0, and we assign

V {1} to the complete resolution at vertex 1. The secondary degree shift is by the factor

n+− 2n−, which in this case is 1. The height shift is −n−. However, since n− = 0, this

is a trivial shift. Thus, the vector space associated to vertex 0 lives in cohomological

degree 0, and the vector space associated to vertex 1 lives in cohomological degree 1. In

Table 3.1, we present the generators of the vector space associated to each vertex of the

1-cube shown in Figure 3.2 and their cohomological and quantum degrees. We define

F q on the objects of 21 for q = 3, 1,−1 as follows:

F 3(0) = {v+ ⊗ v+} F 1(0) = {v+ ⊗ v−, v− ⊗ v+} F−1(0) = {v− ⊗ v−}

F 3(1) = {v+} F 1(1) = {v−} F−1(1) = ∅

Note that for simplicity, we drop the vertex from the image of each element. That

is, we write the element in F 3(0) as v+ ⊗ v+ rather than ((0), v+ ⊗ v+).
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Before defining F q on the morphism here, we note that there is a single edge in the

1-cube diagram. The one edge is defined by the map m : V ⊗ V → V .

Now, we define F q in each quantum degree using the portion of the map m defined

on the generators in that quantum degree. That is, in quantum degree 3, we define a

correspondence from F 3(0) = {v+ ⊗ v+} to F 3(1) = {v+} to be

F 3(d∗) = {(v+ ⊗ v+, v+)}.

The source and target maps are defined as follows

s(v+ ⊗ v+, v+) = v+ ⊗ v+

t(v+ ⊗ v+, v+) = v+.

While this correspondence is exactly F 3(0)× F 3(1), this will not always be the case.

Next, in quantum degree 1, we define a correspondence from F 1(0) = {v+⊗v−, v−⊗
v+} to F 1(1) = {v−} to be

F 1(d∗) = {(v+ ⊗ v−, v−), (v− ⊗ v+, v−)}.

The source and target maps are defined as follows

s(v+ ⊗ v−, v−) = v+ ⊗ v− s(v− ⊗ v+, v−) = v− ⊗ v+

t(v+ ⊗ v−, v−) = v− t(v− ⊗ v+, v−) = v−.

Again, we see that this correspondence is exactly F 1(0) × F 1(1). However, again this

will not always be the case.

Finally, we consider the correspondence associated to quantum degree −1. Because

we have m(v−⊗v−) = 0 and we set F−1 to the empty set, we define this correspondence

to be the empty set.

In the above example, we saw how we can assign correspondences to an edge map

defined by m : V ⊗ V → V . In the next example, we explore how we associate corre-

spondences to edge maps defined by ∆ : V → V ⊗ V .

Example 3.10. Consider the mirror image of the link from Example 3.9, as shown in
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quantum degree cohomological degree −1 cohomological degree 0

1 v+ ⊗ v+

−1 v+ v+ ⊗ v−, v− ⊗ v+

−3 v− v− ⊗ v−

Table 3.2: Generators and their Quantum Degrees

Figure 3.3.

Figure 3.3: The Mirror Image of the Twisted Unknot

Again, it has only one crossing, which we can resolve either using a 0-smoothing or

a 1-smoothing. We assign each of these complete smoothings to a vertex of the 1-cube,

{0, 1}, where the edge between these vertices is a morphism from vertex 0 to vertex 1.

Figure 3.4: The 1-cube Representing the Mirror Image of the Twisted Unknot

Again, we assign to each smoothing a vector space given by V ⊗k{r}. We assign V

to the resolution at vertex 0, and we assign (V ⊗V ){1} to the resolution at vertex 1. In

this example, the secondary degree shift is by the factor n+ − 2n−, where here we have

n+ = 0 and n− = 1, and so this degree shift is −2. The height shift is −n−, where here

we have n− = 1. Thus, the vector space associated to vertex 0 lives in cohomological

degree -1, and the vector space associated to vertex 1 lives in cohomological degree 0.

In Table 3.2, we present the generators of the vector space associated to each vertex of

the 1-cube in Figure 3.4 and their corresponding cohomological and quantum degrees.
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We define F q on the objects of 21 for q = 1,−1,−3 as follows:

F 1(0) = ∅ F−1(0) = {v+} F−3(0) = {v−}

F 1(1) = {v+ ⊗ v+} F−1(1) = {v+ ⊗ v−, v− ⊗ v+} F−3(1) = {v− ⊗ v−}

Before defining F q on the morphism here, we note that there is a single edge in the

1-cube diagram. The one edge is defined by the map ∆ : V → V ⊗ V .

Now, we define F q in each quantum degree using the portion of the map ∆ defined on

the generators in that degree. First, in quantum degree -3, we define a correspondence

from F−3(0) = {v−} to F−3(1) = {v− ⊗ v−} to be

F−3(d∗) = {(v−, v− ⊗ v−)}.

The source and target maps are defined as follows

s(v−, v− ⊗ v−) = v−

t(v−, v− ⊗ v−) = v− ⊗ v−.

Next, in quantum degree -1, we define a correspondence from F−1(0) = {v+} to

F−1(1) = {v+ ⊗ v−, v− ⊗ v+} to be

F−1(d∗) = {(v+, v+ ⊗ v−), (v+, v− ⊗ v+)}.

The source and target maps are defined as follows

s(v+, v+ ⊗ v−) = v+ s(v+, v− ⊗ v+) = v+

t(v+, v+ ⊗ v−) = v+ ⊗ v− t(v+, v− ⊗ v+) = v− ⊗ v+.

Finally, we consider the correspondence associated to quantum degree 1. Recall that

under ∆ : V → V ⊗ V , the element v+ ⊗ v+ has no preimage. Thus, we simply define

this correspondence to be the empty set.

With this definition of F q on any single edge map, we can define the correspondence

associated to a composition of edge maps as the composition of the correspondence for
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each edge map in the given quantum degree. To see this in practice, we present the

following example.

Example 3.11 (The Ladybug Matching). Consider the link consisting of two unknots

with one placed partially over the other, as shown in Figure 3.5. Notice that there is

no meaningful crossing happening in this link diagram. We could easily slide these two

unknots completely apart. However, for example’s sake, we consider this link as shown.

In this example, we will define correspondences associated to the compositions of the

edge maps in the 2-cube diagram for this link. Then, in Example 3.12 we will define a

2-morphism between these correspondences.

Note that regardless of the orientation we choose for each component, one crossing

will always be positive, and the other will always be negative. Thus, we have n− = 1

and n+ = 1.

Figure 3.5: Link Diagram of Two Overlapping Unknots

Before we draw the 2-cube diagram for this link, we make a few notational notes,

which we will use in Example 3.12 when we define the particular 2-morphism, called the

ladybug matching. First, to reduce notation, we will not use parentheses for vertices.

For example, we write 00 for the vertex (0, 0). Also, we denote 0-smoothings by a red arc

connecting the strands of the complete resolution across where the crossing had been,

which we can see in the resolution associated to the all 0s vertex of our link shown in

Figure 3.6a. Next, in order to be consistent with the diagram from Lipshitz and Sarkar,

who defined the ladybug matching, we draw the link diagram in a slightly different

way. For example, we present a more natural diagram of the resolution associated to

the vertex 00 in Figure 3.6a, and we present the diagram used by Lipshitz and Sarkar

for the same resolution in Figure 3.6b. These diagrams differ only by ambient isotopy,
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where we stretch the red arcs and reshape the black cycle into a circle. Finally, for this

example, we can disregard the numbers 1 and 2 at each resolution in Figure 3.7. This

will be important when we revisit this link in Example 3.12.

(a) More Natural Version From Link
Diagram (b) Lipshitz and Sarkar’s Version

Figure 3.6: The Resolution Associated to the Vertex 00 for Two Overlapping Unknots

Using this new notation, we draw the 2-cube diagram for this link, as shown in

Figure 3.7. We will assume that the cycles are ordered outside to inside and left to

right. This will affect how we write the labelings of the cycles but will not affect the

correspondence definitions in a meaningful way.

Figure 3.7: 2-Cube Diagram for Two Overlapping Unknots (The Ladybug Matching)
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quantum degree
cohomological

degree -1
cohomological

degree 0
cohomological

degree 1

2 ∅ (10, v+ ⊗ v+), (01, v+ ⊗ v+) (11, v+)

0 (00, v+)

(10, v+ ⊗ v−), (10, v− ⊗ v+),

(01, v+ ⊗ v−), (01, v− ⊗ v+) (11, v−)

−2 (00, v−) (10, v− ⊗ v−), (01, v− ⊗ v−)

Table 3.3: Generators and their Quantum Degrees

Next, we assign a vector space to each resolution. In particular, we assign V to the

vertex 00, (V ⊗ V ){1} both to vertex 10 and to vertex 01, and V {2} to vertex 11. We

apply an additional degree shift to each of these vector spaces by n+ − 2n− = −1. We

also apply a height shift of −n− = −1, meaning that the vector space at vertex 00 lives

in cohomological degree −1, the vector spaces at vertices 10 and 01 live in cohomological

degree 0, and the vector spaces at vertex 11 live in cohomological degree 1. In Table

3.3, we present the generators of the vector spaces associated to each vertex of the 2-

cube above and their cohomological and quantum degrees. Since we have two vertices

corresponding to cohomological degree 0 whose generators have the same elements, we

specify each generator element as a tuple where the first element is the vertex this

element corresponds to and the second is the actual element, itself.

Recall that in this example, we would like to define F q on the composition of edge

maps on the n-cube diagram. Here, we will define two correspondences associated to

the map from vertex 00 to vertex 11 in quantum degree 0, corresponding to the two

compositions between these vertices. In particular, we will define the correspondence

associated to the composition 00→ 10→ 11 and the correspondence associated to the

composition 00 → 01 → 11. We start by presenting the correspondence associated to

each individual edge map.

F 0(d∗0) =

{((00, v+), (10, v+ ⊗ v−)),

((00, v+), (10, v− ⊗ v+))}

{(00, v+)}
{(10, v+ ⊗ v−),

(10, v− ⊗ v+)}

s t



45

F 0(d1∗) =

{((10, v+ ⊗ v−), (11, v−)),

((10, v− ⊗ v+), (11, v−))}

{(10, v+ ⊗ v−),

(10, v− ⊗ v+)} {(11, v−)}

s t

F 0(d0∗) =

{((00, v+), (01, v+ ⊗ v−)),

((00, v+), (01, v− ⊗ v+))}

{(00, v+)}
{(01, v+ ⊗ v−),

(01, v− ⊗ v+)}

s t

F 0(d∗1) =

{((01, v+ ⊗ v−), (11, v−)),

((01, v− ⊗ v+), (11, v−))}

{(01, v+ ⊗ v−),

(01, v− ⊗ v+)} {(11, v−)}

s t

As in the previous examples, for an element (a, b) in one of these correspondences, we

let

s(a, b) = a

t(a, b) = b.

Using the above correspondences, we now define the composition of correspondences

F 0(d1∗) ◦ F 0(d∗0) and F 0(d∗1) ◦ F 0(d0∗). Recall that a composition of correspondences

contains the pairs (a, b) ∈ F q(dA) × F q(dB), for which we have t(a) = s(b). Recall

that the correspondences will contain pairs ((a1, a2), (b1, b2)), where we have t(a1, a2) =

s(b1, b2), which in this case is equivalent to requiring a2 = b1. Because of this, we will

write elements of the correspondence as triples (a1, a2, b2).

First, consider F 0(d1∗) ◦ F 0(d∗0). The element ((00, v+), (10, v+ ⊗ v−)) ∈ F 0(d∗0)

has target (10, v+ ⊗ v−), and the element ((10, v+ ⊗ v−), (11, v−)) ∈ F 0(d1∗) has source

(10, v+ ⊗ v−). Thus, the pair of these elements, which in our simplified notation looks

like

((00, v+), (10, v+ ⊗ v−), (11, v−)),
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will be in the composition F 0(d1,∗) ◦ F 0(d∗0). Similarly, the element

((00, v+), (10, v− ⊗ v+), (11, v−))

is in the composition F 0(d1∗) ◦ F 0(d∗0). For both of these elements, their source is

(00, v+), and their target is (11, v−). Thus, we have

F 0(d1∗) ◦ F 0(d∗0) = {((00, v+), (10, v+ ⊗ v−), (11, v−))

((00, v+), (10, v− ⊗ v+), (11, v−))}.

Now, consider F 0(d∗1) ◦ F 0(d0∗). The element ((00, v+), (01, v+ ⊗ v−)) ∈ F 0(d∗0)

has target (01, v+ ⊗ v−), and the element ((01, v+ ⊗ v−), (11, v−)) ∈ F 0(d1∗) has source

(01, v+ ⊗ v−). Thus, the pair of these elements, which in our simplified notation looks

like

((00, v+), (01, v+ ⊗ v−), (11, v−)),

will be in the composition. Similarly, the element

((00, v+), (01, v− ⊗ v+), (11, v−))

is in the composition F 0(d∗1) ◦ F 0(d0∗). For both of these elements, their source is

(00, v+), and their target is (11, v−). Thus, we have

F 0(d∗1) ◦ F 0(d0∗) = {((00, v+), (01, v+ ⊗ v−), (11, v−))

((00, v+), (01, v− ⊗ v+), (11, v−))}.

3.2.2.2 2-Morphisms in B

Finally, we discuss the 2-morphisms in B between the images under F q of edge maps.

As mentioned above, it is sufficient to define only 2-morphisms F q(g)◦F q(f)→ F q(g′)◦
F q(f ′) between the compositions of images of face maps. Suppose we have the following

four face maps in Mor(2n):
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a1 a3

a2 a4

f

g g′

f ′

Based on our discussion above, we can define the compositions of these correspon-

dences F q(g) ◦ F q(f) and F q(g′) ◦ F q(f ′):

F q(g) ◦ F q(f)

F q(a1) F q(a4)

s t

F q(g′) ◦ F q(f ′)

F q(a1) F q(a4)

s′ t′

Now, we would like to define a 2-morphism

h : F q(g) ◦ F q(f)→ F q(g′) ◦ F q(f ′).

This map h will be defined in one of three ways depending on the values of F q(g)◦F q(f)

and F q(g′) ◦ F q(f ′).
The first option is that h is the identity 2-morphism, which will be the case if we

have f = f ′ and g = g′.

The second option is that h is the canonical bijection. This will be the case if for each

pair (x, y) ∈ F q(a1)×F q(a4), there is either zero or one element in each of F q(g)◦F q(f)

and F q(g′)◦F q(f ′) such that its source is x, and its target is y. In this case, h will send

the element of F q(g)◦F q(f) to the element of F q(g′)◦F q(f ′) with the same source and

target.

The third option is the special case, in which at least one pair (x, y) ∈ F q(a1)×F q(a4)

has exactly two elements in each of F q(g) ◦ F q(f) and F q(g′) ◦ F q(f ′) such that their

sources are x, and their targets are y. In this case, there is not a canonical way to

match up these elements in F q(g) ◦ F q(f) and F q(g′) ◦ F q(f ′) to define h. For a given

pair (x, y) with two elements in each correspondence, we have to make a choice for h

as to which element in F q(g) ◦F q(f) gets assigned to which element in F q(g′) ◦F q(f ′).
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The choice that we will make here was specified originally by Lipshitz and Sarkar and

is called the ladybug matching [LS14a]. This case comes up when we have one cycle at

vertex a1 labeled by v+ that splits into two cycles both vertex a2 and at vertex a3. At

both vertices, we get the two labelings v+ ⊗ v− and v− ⊗ v+. Then those cycles merge

back together into one cycle at vertex a4 labeled by v−. The ladybug matching serves

to tell us how to match up the cycles between the two intermediate vertices a2 and a3.

To describe how the ladybug matching works, we return to our example of two

partially overlapping unknots.

We will now go through a concrete example of the ladybug matching.

Example 3.12. Recall the link consisting of two unknots with one placed partially over

the other from Example 3.11, as shown again in Figure 3.8. Again, in this example, to

reduce notation, we will not use parentheses for vertices. For example, we write 00 for

the vertex (0, 0)

Figure 3.8: Link Diagram of Two Overlapping Unknots

In Example 3.11, we defined the correspondences associated to compositions of edge

maps d1∗ ◦ d∗0 and d∗1 ◦ d0∗. These are the two different ways to map from vertex

00 to vertex 11, as we can see in the 2-cube diagram for this link in Figure 3.9. In

this example, we will define the 2-morphism between these correspondences, using the

ladybug matching.

Recall from Example 3.11 the two compositions of correspondences, which we list

again here:
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Figure 3.9: 2-Cube Diagram for Two Overlapping Unknots

F 0(d1∗) ◦ F 0(d∗0)

=

{((00, v+), (10, v+ ⊗ v−), (11, v−)),

((00, v+), (10, v− ⊗ v+), (11, v−))}

{(00, v+)} {(11, v−)}

s t

F 0(d∗1) ◦ F 0(d0∗) :

{((00, v+), (01, v+ ⊗ v−), (11, v−)),

((00, v+), (01, v− ⊗ v+), (11, v−))}

{(00, v+)} {(11, v−)}

s t

Again, we define the source and target maps of both correspondences as follows:

s(a, b, c) = a

t(a, b, c) = c.

Both correspondences F 0(d1∗) ◦ F 0(d∗0) and F 0(d∗1) ◦ F 0(d0∗) have two distinct

elements with the same source and target. Thus, the 2-morphism we define between
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them will be a bijection. It remains to describe how we match up these elements. We

can define this choice by deciding how the two cycles in the resolution at vertex 10 are

matched up with the two cycles in the resolution at vertex 01 in Figure 3.9.

To define the ladybug matching, we start by drawing arcs in the place of 0-smoothings,

but not 1-smoothings, connecting the strands of the complete resolution across where

the crossing had been. In the resolution at the left-most vertex 00, one of these arcs is

inside the cycle, and the other arc is outside the cycle.

We can think of this cycle as being made up of four strands, where a strand lies

between the endpoints of these arcs. If we orient the cycle counter-clockwise, then each

strand will either start at the outside arc and end at the inside arc, in which case, we

call this a right strand, or the strand will start at the inside arc and end at the outside

arc, in which case, we call this a left strand. As we move around the cycle, the strands

alternate between these two cases. Following Lipshitz and Sarkar, we will be interested

in tracking the right pair of strands. Thus, we label these two right strands by 1 and 2

as shown in Figure 3.9. Note that our choice of ordering between these two strands is

arbitrary.

We similarly label those strands in the remaining vertices in the 2-cube diagram.

In vertex 10, this means that the left cycle is labeled 1, and the right cycle is labeled

2. In vertex 01, the outside cycle is labeled 1, and the inside cycle is labeled 2. Our

2-morphism h will match up the elements of the correspondences F 0(d1∗) ◦ F 0(d∗0)

and F 0(d∗1) ◦ F 0(d0∗) so that the left cycle in vertex 10 has the same labeling as the

outside cycle in vertex 01 and the right cycle in vertex 10 has the same labeling as

the inside cycle in vertex 01. Recall that we ordered the cycles in vertex 10 from left

to right, and we ordered the cycles in vertex 01 from outside in. Therefore, we are

matching up (10, v+ ⊗ v−) with (01, v+ ⊗ v−), and we are matching up (10, v− ⊗ v+)

with (01, v−⊗ v+). Thus, the 2-morphism F 0(d1∗) ◦F 0(d∗0)→ F 0(d∗1) ◦F 0(d0∗) makes

the following assignments:

((00, v+), (10, v+ ⊗ v−), (11, v−)) −→ ((00, v+), (01, v+ ⊗ v−), (11, v−))

((00, v+), (10, v− ⊗ v+), (11, v−)) −→ ((00, v+), (01, v− ⊗ v+), (11, v−))

Note that the order of the labelings of the second components is the same between the
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domain element and image element. However, this is merely by coincidence and should

not be expected to always be the case.

3.2.3 The Augmented Semi-Simplicial Category

In this section, we will define the augmented semi-simplicial category. To do that, we

first define ∆inj .

We will present a number of related categories with related and often overlapping

morphisms. To keep them all straight, we provide a summary of these morphisms as

well as a few other related morphisms in Appendix A.

3.2.3.1 ∆inj

The objects of the category ∆inj are non-empty finite ordinals. That is, the objects are

[0] = {0}

[1] = {0, 1}

[2] = {0, 1, 2}

. . .

[j] = {0, 1, . . . , j}

. . .

The morphisms of ∆inj are order-preserving injections. This includes the identity mor-

phism for each object in ∆inj . We also have morphisms, which we call face maps, from

[j], a set containing j+1 elements, to [j+1], a set containing j+2 elements. Since ∆inj

contains all order-preserving injections from [j] to [j + 1], defining these morphisms is

equivalent to choosing one element in [j+1] to not be in the image of this morphism. We

write this as ∂j+1
i , where the superscript tells us the ordinal that is the target, and the

subscript tells us what element of the target we skip. Note that there are
(
j+2

1

)
= j + 2

maps ∂j+1
i for each j.

For example, from the ordinal [0] to the ordinal [1], we have the following two face
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maps

∂1
1 : {0} 7→ {0}

∂1
0 : {0} 7→ {1},

and from [1] to [2], we have the following three maps

∂2
2 : {0, 1} 7→ {0, 1}

∂2
1 : {0, 1} 7→ {0, 2}

∂2
0 : {0, 1} 7→ {1, 2},

where the first element on the left gets mapped to the first element on the right, and the

second element on the lefts gets mapped to the second element on the right. Finally,

the remaining morphisms of ∆inj are compositions of these face maps, which we call

generalized face maps.

Definition 3.13 ([Mor20]). For a sequence U ∈ Pq(p), we define the U-th generalized

face map ∂pU : [p−q]→ [p] as the unique order-preserving injective face map that misses

the elements of U .

For U ∈ P (n), V ∈ Pq(n) and U = V ∪W , we have that

∂n−qψV (W ) ◦ ∂
n
V = ∂nU .

For example, the generalized face map ∂5
0,2 : [3] → [5] is defined by the following

assignments:

∂5
0,2(0) = 1

∂5
0,2(1) = 3

∂5
0,2(2) = 4

∂5
0,2(3) = 5
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We can depict ∆inj as the following objects with maps between them:

[0]→→ [1]→→→ [2]
→→→→ [3]

→→→→→ · · ·

3.2.3.2 The Augmented Semi-Simplicial Category ∆inj∗

Next, given ∆inj , we define the augmented semi-simplicial category ∆inj∗ as follows. Its

objects are finite ordinals, and its morphisms are order-preserving maps between them.

That is, we no longer require the finite ordinals to be non-empty as we did for ∆inj .

Thus, the objects of ∆inj∗ include all the objects of ∆inj with one additional empty

object, which we denote by [−1] = {}. The morphisms of ∆inj∗, which we denote

∂̄pU , include all the morphisms of ∆inj , where we have ∂̄pU = ∂pU . We also include the

morphism ∂̄0
0 : [−1] → [0], the identity on [−1], as well as a morphism [−1] → [n] for

each n > 0. We can visualize this category via the following diagram:

[−1]→ [0]→→ [1]→→→ [2]
→→→→ [3]

→→→→→ · · ·

3.2.3.3 ∆op
inj∗

Finally, we define ∆op
inj∗, which is the opposite category of ∆inj∗. This opposite category

has the same objects as ∆inj∗ but its morphisms, which we write as δ̄nU , go in the opposite

direction. That is, the morphisms in ∆inj∗ had the form

∂̄pU : [p− q]→ [p],

where this is the unique order-preserving injective face map that misses the elements of

U ⊂ [p]. Now, the morphisms of ∆op
inj∗ have the form

δ̄pU : [p]→ [p− q],

where we reverse the assignments of ∂̄pU .

We can visualize this category similarly to ∆inj∗ using the following diagram:

[−1]← [0]←← [1]←←← [2]
←←←← [3]

←←←←← · · ·



Chapter 4

The Construction of Morán’s

Steenrod Square sqi

Lipshitz and Sarkar construct a space from a link whose cohomology groups are exactly

the Khovanov homology groups of that link [LLS20]. In order to ensure that this space

is a link invariant, we take suspensions of the space, which gives us a spectrum. Now,

recall that the structure of the cup product defines a ring structure on cohomology and

allows us to differentiate some spaces with isomorphic cohomology groups. However,

the cup product is always 0 when the underlying space is a suspension. Thus, we cannot

use the cup product to study links via Khovanov homology.

Steenrod squares can distinguish some spaces with isomorphic cohomology rings.

Importantly, Steenrod squares are not always trivial when the underlying space is a

suspension. Thus, we would like to define the Steenrod operations on the Khovanov

homology of a link, so that we can further distinguish links that may have isomorphic

Khovanov homology groups.

Lipshitz and Sarkar gave combinatorial formulas to compute Sq1 and Sq2 on the

Khovanov homology of a link [LS14b]. They also implemented this method in Sagemath

[LS12]. They used this package to compute Sq1 and Sq2 for knots with up to 11

crossings.

Building on this work by Lipshitz and Sarkar, Seed implemented these Sq1 and Sq2

constructions in C++ [See12, See15]. With this, he found many examples of pairs of

54
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knots with identical integral Khovanov homology but different Sq1 and Sq2 maps.

Recall that for a < 2b, the Adem relations give us the following identity for Steenrod

squares:

Sqa ◦ Sqb =

ba/2c∑
j=0

(
b− j − 1

a− 2j

)
Sqa+b−j ◦ Sqj ,

where the binominal coefficient is taken mod 2. Setting a = 1 and b = 2 in this

expression, we get

Sq1 ◦ Sq2 = Sq3.

Thus, using Lipshitz and Sarkar’s combinatorial definitions of Sq1 and Sq2, we can also

determine Sq3. However, we cannot use Sq1, Sq2, and Sq3 in the Adem relations to

determine any further Steenrod operations. Because of this, the next Steenrod operation

of interest will be Sq4.

In an attempt to distinguish more links and gain further understanding of Khovanov

homology, we would like to construct Sqi : Hp,q(L;Z/2) → Hp+i,q(L;Z/2), for i ≥ 2

where H∗,∗ is the Khovanov homology and L is a link. Morán does this by determining

sqi : Hp,q(L;Z/2) → Hp+i,q(L;Z/2) via a map on augmented semi-simplicial objects

instead of on cochain groups or cohomology groups. Thus here, we first describe the

particular augmented semi-simplicial objects that our cohomology groups correspond

to. Then, we describe Morán’s construction of sqi.

4.1 Augmented Semi-Simplicial Object in the Burnside

Category

In this section, we define a particular augmented semi-simplicial object in the Burnside

category ∆op
inj∗ → B, using the functor F q : 2n → B that we defined above. In the

Steenrod square construction, we will be interested in the image of this functor in B.

A general augmented semi-simplicial object in a category C is a functor X : ∆op
inj∗ →

C, where the ‘augmented’ part of the name comes from the fact that the domain category

is the augmented semi-simplicial category. Then, an augmented semi-simplicial object

in the Burnside category is any functor X : ∆op
inj∗ → B. Morán defines the particular

augmented semi-simplicial object that we will use in the Steenrod operation construction
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via a Kan extension of F q : 2n → B with respect to a functor from 2n → ∆op
inj∗.

The interested reader can find more details about this Kan extension in Section 2.8

of Morán’s paper [Mor20]. Below, we define this particular augmented semi-simplicial

object combining Sections 2.8 and 2.10 of Morán’s paper, which matches up ordinals

in ∆op
inj∗ with sets of enhanced states, or labelings of link smoothings, in the Burnside

category.

Definition 4.1. The augmented semi-simplicial object in the Burnside category

X : ∆op
inj∗ → B

that we will use to construct the Steenrod operations consists of the following data:

1. For each r ≥ −1, we have the set

Xr := X(r) =
⊔

|A|=r+1

F q(A),

where A is an element in the cube category 2n and where F q is defined as in

Section 3.2.2.1.

2. For each r ≥ −1 and each U ∈ Pq(r), we have a correspondence Xr ← δrU → Xr−q.

We define δrU as follows:

δrU := X(δ̄rU ) =
⊔

|A|=r+1

F q(dU ′ : A′ → A)∗,

where the height of vertex A′ is given by |A′| = r + 1 − |U |. Also, for U =

(u1, . . . , um), A′ has the same coordinates as A except that in A′ the ui-th 1-

coordinates of A for i = 1, . . . ,m are replaced by 0s. Here, we have U ′ ∈
{0, 1}n−|U | ∪ {∗}|U |, where n is the number of crossings in the given link. The

sequence U ′ has 0s and 1s in the coordinates where A′ and A match and has ∗
in the coordinates in which A′ has a 0 but A has a 1. Also, note that we have

defined δrU to be disjoint union of the duals of the morphisms F q(dU ′).

We represent δrU by pairs (a, b) where b is in the domain of F q(dU ′), and a is in

the image of F q(dU ′)(b). Then, we define the source map of this correspondence
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to send (a, b) to a, and the target map sends (a, b) to b.

3. For each r ≥ −1, each U ∈ Pq(r), and each partition V1∪V2 = U with V1 ∈ Pq1(r),

we have a fiberwise bijection

µrV1,V2 : δrU → δrV1 ×Xr−q1 δ
r−q1
ψV1 (V2).

The correspondences and fiberwise bijections are subject to the following conditions.

4. For each r ≥ −1, δr∅ is the identity correspondence on Xr.

5. For each r ≥ −1, and each V ∈ Pq(r), µr∅,V and µrV,∅ are the identity bijections.

6. For each r ≥ −1, and each U ∈ Pq(r), consider the partition U = V1 ∪ V2 ∪ V3

where we have Vi ∈ Pqi(r). For any such partition, the following square commutes:

δrU δr1W23
◦ δrV1

δr2W3
◦ δrV12 δr2W3

◦ δr1W2
◦ δrV1

µrV1,V23

µrV12,V3 Id×µr1W2,W3
µrV1,V2

×Id

Here, we use the notation:

rj = r −
j∑
i=1

qi,W2 = ψV1(V2), W3 = ψV1∪V2(V3),

V12 = V1 ∪ V2,V23 = V2 ∪ V3, W23 = ψV1(V2 ∪ V3).

We denote the diagonal bijection in the diagram above by

µrV1,V2,V3 : ∂rU −→ δr2W3
◦ δr1W2

◦ δrV1 .

Remark 4.2. We note that for a given r, Xr is the collection of enhanced states

corresponding to vertices at height (r + 1), which corresponds to cohomological degree

(r−n−+1). This also ends up matching the ordinal [r], which has (r+1) maps coming

out from it in ∆op
inj∗, with the set of enhanced states corresponding to the vertices of

the n-cube that are the target of (r + 1) maps. Note that because we will define the
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Steenrod operations via a dual map, this is why we are looking for face maps that are

the target of (r + 1) maps rather than the domain of that many maps.

We will also consider the following morphisms. First, for V1 ⊂ U with V2 = U \ V1,

we define

λrV1 : δrU
µrV1,V2−−−−→ δr1W2

◦ δrV1
proj−−→ δrV1 .

Second, for disjoint V1, V2 ⊂ U with V3 = U \ (V1 ∪ V2), we define

λrV1,V2 : δrU
µrV1,V2,V3−−−−−−→ δr2W3

◦ δr1W2
◦ δrV1

proj−−→ δr1W2
= δr1ψV1 (V2),

where r1, r2,W2,W3 are defined as above.

An ordered augmented semi-simplicial object has all of the same data as an (un-

ordered) augmented semi-simplicial object with the addition that the elements in its

objects Xr and the elements in its correspondences δrU have fixed orders. We will need

fixed orderings in the Steenrod operation construction to compare elements. Thus, for

the remainder of this paper, when we refer to an augmented semi-simplicial object, we

will mean an ordered one.

For an example of this object for a trefoil, see Section 5.1.2, and for an example of

this object for the disjoint union of two trefoils, see Section 5.2.2.

4.2 The Map ∇r−i

Suppose we would like to construct sqi : Hp,q(L;Z/2) → Hp+i,q(L;Z/2) for some ori-

ented link L. In order to define sqi : Hp,q → Hp+i,q on an element α ∈ Hp,q, which has

semi-simplicial degree r, recall that we have

sqi([α]) = [α `r−i α].

Here, r is given by

r = (height)− 1

= (p+ n−)− 1.
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Recall that “height” is the number of 1-smoothings used in the vertices corresponding

to this cohomological degree, and n− is the number of negative crossings in the link.

The n− term comes from undoing the degree shift used in determining cohomological

degree.

The map `r−i: C
∗ ⊗ C∗ → C∗ is defined on C∗ = C∗(X•;Z/2), where X• is the

augmented semi-simplicial object in B that we defined above. That is, the degrees of

these cochain groups are semi-simplicial degrees. We define `r−i using the map dual

to it, which we call ∇r−i : C∗ → C∗ ⊗ C∗, where we have C∗ = C∗(X•;Z/2). The map

∇r−i defines the Steenrod squaring operations on homology. Then, because homology

groups and cohomology groups are dual, we can construct the squaring operations via

`r−i on cohomology as formally dual to the squaring operations on homology.

In this section, we will define this ∇r−i map and use that to construct sqi on Kho-

vanov cohomology. Then in the next section, we describe two Steenrod squares exam-

ples. In section 5.1, we present the construction of

sq1 : H−3,−7(T ;Z/2)→ H−2,−7(T ;Z/2),

where T is the left-handed trefoil knot. Then, in Section 5.2, we present the construction

of and

sq2 : H−6,−14(T t T ;Z/2)→ H−4,−14(T t T ;Z/2),

where T t T is the disjoint union of two left-handed trefoil knots.

4.2.1 ∇r−i

The map ∇r−i : C∗ → C∗ ⊗ C∗ will be defined as follows

∇r−i = AZ/2

(∑
k

∇( k
k−(r−i)) ◦∆k

)
.

We will describe the correspondence ∆k in Section 4.2.2. Then, in Section 4.2.3, we

will define ∇( k
k−(r−i)) ◦∆k, which is a correspondence from Xk to X∗ ×X∗. In Section

4.2.4, we will see that the functor AZ/2 turns this sum of correspondences into the

homomorphism ∇r−i from C∗ to C∗ ⊗ C∗.
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Because we want to use ∇r−i to define sqi, whose domain is Cr and whose range is

Cr+i, we are interested only in the portion of ∇r−i whose domain lies in Cr+i. Thus, we

will restrict the domain of ∇r−i to simplify the construction. That is, we only consider

∇r−i|Cr+i = AZ/2

(
∇( r+i

r+i−(r−i)) ◦∆r+i

)
= AZ/2

(
∇(r+i2i ) ◦∆r+i

)
In the following sections, we describe the morphisms involved in this definition.

4.2.2 ∆r+i

Recall that ∇r−i is a map C∗ → C∗ ⊗ C∗. However, ∇(r+i2i ) will be a correspondence

from X∗ × X∗ to X∗ × X∗. Thus, we use the correspondence ∆r+i to “duplicate” the

input before applying ∇(r+i2i ).

We define the diagonal correspondence ∆r+i : Xr+i → Xr+i ×Xr+i by:

Xr+i

Xr+i Xr+i ×Xr+i

∆

where the source map is the identity, and the target map is the standard diagonal map

∆ that sends a ∈ Xr+i to (a, a) ∈ Xr+i ×Xr+i.

4.2.3 ∇(r+i2i )

In this section, we begin by defining the correspondence

∇(r+i2i ) : Xr+i ×Xr+i −→
⋃

a+b=2i

X(r+i)−a ×X(r+i)−b (4.1)

symbolically as follows

∇(r+i2i ) =
∑

U∈P2i(r+i)

δ̄r+i
U− ∧ δ̄

r+i
U+ . (4.2)

Recall that the individual morphisms δ̄r+i
U− and δ̄r+i

U+ live in B and are the images of

X(δ̃r+i
U− ) and X(δ̃r+i

U+ ), respectively, for the appropriate F q. However, we still need to

define what their wedge product is.
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Below, we describe each of the pieces necessary to define ∇(r+i2i ), after which, we will

run through an example to see how all of these components fit together.

4.2.3.1 The Set P2i(r + i) and the Subsets U− and U+

In this section we describe the set P2i(r+ i) of sequences U . Then, we will explain how

we partition U into its odd-indexed elements U− and its even-indexed elements U+.

As we saw in Equation 4.2, the index on the summation in ∇(r+i2i ) runs over U ∈
P2i(r + i). The set P2i(r + i) is the collection of non-decreasing sequences of length 2i

from the integers {0, 1, . . . , r + i}, where each integer can appear at most twice. The

augmented semi-simplicial degree r+i corresponds to the cohomological degree h, where

we have

r + i = h+ n− − 1,

which we can rearrange to get

h = r + i− n− + 1.

The cochain groups are only potentially nonzero for:

−n− ≤ h ≤ n− n−

Using the relation between h and r+ i above, we can rewrite this inequality to see that

the augmented semi-simplicial object is only potentially nonzero for:

−1 ≤ r + i ≤ n− 1

In particular, r + i will be at most one less than the number of crossings in our

original link, and so the set P2i(r + i) will contain sequences of at most n numbers in

the case where we have r + i = n − 1. Thus, we can view the integers in a sequence

U ∈ P2i(r+ i) as corresponding to coordinates of the vertices of the n-cube diagram or

to crossings in our link diagram.

The other extreme case where the augmented semi-simplicial degree is r + i = −1

corresponds to the cohomological degree h being −n−.Recall that for our purposes, we
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would be considering P2i(−1) if C−n− were the domain of ∇r−i, meaning that C−n−

is the range of sqi. Since C−n− has the smallest cohomological degree for which the

Khovanov homology group is potentially nonzero, the only potentially nonzero Steenrod

square with this as its range would be sq0, that is, with i = 0. Thus, we are interested

here in P0(−1), which is the collection of non-decreasing sequences of length 0 of the

empty set. That is, P0(−1) contains the integers that are greater than or equal to 0

and also less than or equal to -1. In other words, we have P0(−1) = {∅}. This is the

set containing a single element, namely the empty set.

Example 4.3. Let i = 2 and r = 0, then we have P2i(r + i) = P4(2), which contains

non-decreasing sequences of length 4 of the integers {0, 1, 2}, where each integer can

appear at most twice. The elements of P4(2) are the following sequences:

(0, 0, 1, 1)

(0, 0, 1, 2)

(0, 0, 2, 2)

(0, 1, 1, 2)

(0, 1, 2, 2)

(1, 1, 2, 2).

Now, for a given sequence U = (u1, u2, . . . , u2i) ∈ P2i(r+ i), we will define it subset

of odd-indexed elements, which we call U−, and its subset of even-indexed elements,

which we call U+. To define the index of the elements in U , we first define the index

of the elements in Ū , which is the strictly increasing sequence containing one copy of

each element of U . Let us write the sequence Ū as (ū1, ū2, . . . , ūm). The index of ūi for

i ∈ [1,m] is given by

indŪ (ūi) = ūi + i.

Then, for any non-repeated element in U , its index in U is the same as its index

in Ū . For any element that appears twice in U , its index in U is the set {v, v + 1},
where v that element’s index in Ū . That is, the index of the elements that appear once

in U will be a single number, while the elements that appear twice in U will be a set
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containing two elements. This corresponds to giving the two copies of those elements a

single index.

Then, we say that an element uj has even index in U if indU (uj) is either an even

number or is a set that contains an even number. Similarly, we say that an element uj

has odd index in U if indU (uj) is either an odd number or is a set that contains an odd

number. Notice that for elements that appear twice in U , their index will always be a

set containing exactly one even number and one odd number. Thus, one copy of that

element will appear in each of U− and U+.

To help make this concept of index more concrete, consider the following example.

Example 4.4. Let U = (0, 1, 1, 4, 4, 5, 6). Then, the corresponding sub-sequence Ū will

be (0, 1, 4, 5, 6), which contains one copy of each element of U in the same relative order.

The index of each element of Ū , which we define to be that sum of that element and its

order in Ū is as follows:

indŪ (0) = 0 + 1 = 1

indŪ (1) = 1 + 2 = 3

indŪ (4) = 4 + 3 = 7

indŪ (5) = 5 + 4 = 9

indŪ (6) = 6 + 5 = 11

Using this, we say that the index of each element with respect in U is then:

indU (0) = indŪ (0) = 1

indU (1) = {indŪ (1), indŪ (1) + 1} = {3, 4}

indU (4) = {indŪ (4), indŪ (4) + 1} = {7, 8}

indU (5) = indŪ (5) = 9

indU (6) = indŪ (6) = 11

Then, we define the collection of odd-indexed elements U− and the collection of even



64

indexed elements U+ as follows:

U− = {0, 1, 4, 5, 6},

U+ = {1, 4}.

These subsets U− and U+ will be used as the subscripts on face maps in our Steenrod

square construction. These subscripts tell us which crossings in our link diagram to leave

resolved as they are and which to swap from 0-smoothings to 1-smoothings. This process

of splitting up the crossings of a link with each crossing appearing at most twice has

a similar flavor to how McClure and Smith define the cup-i product by splitting up a

chain via overlapping partitions in their paper “Multivariable Cochain Operations and

Little n-Cubes” [MS03].

Now, recall that we will use ∇r−i : C∗ → C∗ ⊗ C∗ to define sqi : Cr → Cr+i. Thus,

we will restrict our view of ∇(r+i2i ) : Xr+i × Xr+i →
⋃
a+b=2iX(r+i)−a × X(r+i)−b, the

correspondence in Equation 4.1, to the case where a and b are both equal to i. Thus,

the degree of the range of ∇(r+i2i ) will match the degree of the domain of sqi. This

corresponds to requiring that U− and U+ are both sets containing i elements. Note

that this is always possible because we have

|U | = |U− t U+|

= |U−|+ |U+|

since U− and U+ partition U , and because we defined U to have cardinality 2i.

4.2.3.2 (s, t)-Good Pairs, (s, t)-Positive Pairs, and Maximal Chains

In this section, we will define when a pair (W ′′,W ◦) of subsets of U− ∩ U+ is (s, t)-

good for some (s, t) ∈ δ̄r+i
U− × δ̄r+i

U+ . Then, we will describe what makes the subsets

(s, t)-positive. Finally, we will describe how to arrange (s, t)-positive pairs into maximal

chains. To simplify notation in this and the next few sections, we will let U± := U−∩U+,

that is, the collection of elements that are repeated in U .

To begin, we present the definition of (s, t)-goodness.

Definition 4.5. Consider the pair (s, t) ∈ δ̄r+i
U− × δ̄r+i

U+ . Let (W ′′,W ◦) be a pair of
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disjoint subsets of U±. We say that (W ′′,W ◦) is an (s, t)-good pair if both of the

following conditions are satisfied:

• The images of s and t are equal under the following map

λr+iW ′′ : δ̄r+i
U±

∼−−→ δ̄
r+i−|W ′′|
ψW ′′ (U

±\W ′′) ◦ δ̄
r+i
W ′′

proj−−→ δ̄r+iW ′′ .

Above, the first arrow is a bijection, and the second arrow is a projection.

• The images of s and t are not equal under the map

λr+iW ′′,W ◦ : δ̄r+i
U±

∼−−→ δ̄
r+i−|W ′′∪W ◦|
ψW ′′∪W◦ (U±\(W ′′∪W ◦)) ◦ δ̄

r+i−|W ′′|
ψW ′′ (W

◦) ◦ δ̄
r+i
W ′′

proj−−→ δ̄
r+i−|W ′′|
ψW ′′ (W

◦) .

Again, the first arrow is a bijection and the second arrow is a projection.

For this first condition, we recall from Section 3.1 that the map ψU (V ) updates the

numbers in V after removing the numbers in U from the universe of numbers we are

considering. The map λr+iW ′′ projects s and t onto the first half of their domains. Since

the correspondences here go in the opposite direction of the correspondences associated

to the n-cube, then s and t are being projected onto the last few vertices that they pass

through in the n-cube. For this second condition, the λr+iW ′′,W ◦ map sends s and t to in

the middle of their domains.

Notice that this definition is for an individual pair (s, t). It is possible for (W ′′,W ◦)

to be (s, t)-good for some pair (s, t) ∈ δ̄r+i
U− × δ̄

r+i
U+ but not (s′, t′)-good for some other

pair (s′, t′) ∈ δ̄r+i
U− × δ̄

r+i
U+ .

We also note that pairs of the form (W, ∅) are not (s, t)-good for any (s, t) ∈ δ̄r+i
U− ×

δ̄r+i
U+ . To see this, we let V = U± \W . Then we define λr+iW and λr+iW,∅ as follows

λr+iW : δ̄r+i
U± → δ̄

r+i−|W |
ψW (V ) ◦ δ̄

r+i
W → δ̄r+iW

λrW,∅ : δ̄r+i
U± → δ̄

r+i−|W |
ψW (V ) ◦ δ̄

r+i−|W |
∅ ◦ δ̄r+iW → δ̄

r+i−|W |
∅ .

Note that the correspondence δ̄r+iW maps from Xr+i to Xr+i−|W |, and the correspondence
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δ̄
r+i−|W |
∅ is the identity correspondence on Xr+i−|W |. Recall that for (W, ∅) to be (s, t)-

good for some pair (s, t), we need

λr+iW (s) = λr+iW (t) ∈ δ̄r+iW ,

and we also need

λr+iW,∅(s) 6= λr+iW,∅(t) ∈ δ̄
(r+i)−|W |
∅ .

The first (s, t)-goodness condition means that s and t must be projected onto the same

element in δ̄r+iW , which is made up in part by the target of this element in Xr+i−|W |.

However, the second (s, t)-goodness condition means that s and t must be projected

onto different target by δ̄r+iW . These elements contain the target of s and t in Xr+i−|W |,

and to meet this condition, these targets must be different. Therefore, it is not possible

for a pair (s, t) to meet both of these conditions necessary for (W, ∅) to be (s, t)-good.

In the next definition, we describe what makes an (s, t)-good pair (W ′′,W ◦) into an

(s, t)-positive pair, where the rough idea of (s, t)-positivity is to ensure that we do not

double count pairs (s, t).

Definition 4.6. Let a pair (W ′′,W ◦) of disjoint subsets of U± be an (s, t)-good pair

for some (s, t) ∈ δ̄r+i
U− × δ̄

r+i
U+ . We say that the (s, t)-good pair (W ′′,W ◦) is (s, t)-positive

if it satisfies one of the following pairs of requirements:

• We have that (r+i)+|U−|+|U+| = r+3i is even, and that the following inequality

holds:

λr+iW ′′,W ◦(s) < λr+iW ′′,W ◦(t).

• We have that (r+i)+|U−|+|U+| = r+3i is odd, and that the following inequality

holds:

λr+iW ′′,W ◦(s) > λr+iW ′′,W ◦(t).

Notice that in the definition of (s, t)-positive, we assume that the pair of subsets

(W ′′,W ◦) is (s, t)-good.

Finally, we define the maximal chains of (s, t)-positive pairs. First, we say that two

pairs of sets (W ′′0 ,W
◦
0 ) and (W ′′1 ,W

◦
1 ) are consecutive if W ◦1 is obtained from W ◦0 by

adding a single, new element and W ′′1 is the result of removing that element from W ′′0 ,
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if it exists there. That is, if that element we added to W ◦1 is not in W ′′0 , then we require

that W ′′1 = W ′′0 . We denote that two pairs are consecutive with the notation

(W ′′0 ,W
◦
0 ) ≺ (W ′′1 ,W

◦
1 ).

Now, we present the following lemma about consecutive pairs.

Lemma 4.7. [Mor20] Consider U ∈ P2i(r+i), consider (s, t) ∈ δ̄r+i
U− × δ̄

r+i
U+ , and consider

(W ′′,W ◦) to be an (s, t)-good pair. Suppose that 0 ≤ w ≤ n with w 6∈W ◦.

1. The pair (W ′′,W ◦ ∪ {w}) is (s, t)-good if and only if w 6∈W ′′, and

2. the pair (W ′′ \ {w},W ◦ ∪ {w}) is (s, t)-good if and only if w ∈W ′′.

Given the definition of consecutive pairs and this property that for consecutive pairs,

either both are (s, t)-good or neither is, we now define a maximal chain of (s, t)-good

pairs

Definition 4.8. A maximal chain of (s, t)-good pairs is a collection of consecutive (s, t)-

good pairs such that no other pair can be added into the chain. A maximal chain has

the form:

(W ′′1 ,W
◦
1 ) ≺ (W ′′2 ,W

◦
2 ) ≺ · · · ≺ (W ′′k ,W

◦
k ), k = |U ∩ V |,

with (W ′′k ,W
◦
k ) = (∅, U ∩ V ).

Definition 4.9. A maximal chain of (s, t)-good pairs is positive if all of the pairs in

that chain are (s, t)-positive.

4.2.3.3 The Correspondence δ̄r+i
U− ∧ δ̄

r+i
U+

Putting this all together, we define the set Os,t(U±)+, which contains all the positive

maximal chains for the pair (s, t) ∈ δ̄r+i
U− × δ̄

r+i
U+ . Note that if U± is empty, then we

define Os,t(U±)+ to be δ̄r+i
U− × δ̄r+i

U+ , where we say that each pair (s, t) has a single,

empty positive maximal chain.

Now, suppose we have a set U ∈ P2i(r + i). Recall that U− contains the elements

of U with odd index, U+ contains the elements of U with even index, and we have
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|U−| = |U+| = i. We define the correspondence δ̄r+i
U− ∧ δ̄

r+i
U+ to be

Xr+i×Xr+i ←−
∑

(s,t)∈δ̄r+i
U−
×δ̄r+i

U+

Os,t(U−∩U+)+ −→ X(r+i)−|U−|×X(r+i)−|U+| = Xr×Xr,

where the value of the source map and target map for W ∈ Os,t(U− ∩ U+)+ are given

by

source(W) = (source(s), source(t)), target(W) = (target(s), target(t)).

4.2.4 AZ/2

The final component of the map ∇r−i is the (Z/2)-linearization functor AZ/2 : B →
(Z/2)-Mod. This linearization functor turns the correspondence

Xr+i ← ∇(r+i2i ) ◦∆∗ → Xr ×Xr

into the homomorphism

∇r−i : Cr+i → Cr ⊗ Cr.

We define the functor AZ/2 on objects of Xr+i to take a set in B to the (Z/2)-module

generated by that set, that is,

X 7−→ (Z/2)〈X〉.

On morphisms, this functor sends a correspondence X
s←− Q t−→ Y to the homomorphism

(Z/2)〈X〉 → (Z/2)〈Y 〉, which sends x ∈ X to

∑
y∈Y
|s−1(x) ∩ t−1(y)| y.

That is, this homomorphism sends x to
∑
cyy, where cy counts the number of ways to

get from x to y via the correspondence Q.

4.3 Turning ∇r−i into sqi

Recall that our goal in constructing ∇r−i|Cr+i : Cr+i → Cr ⊗ Cr is to use it to define

sqi : Hp,q → Hp+i,q, where we have p = r − n− + 1. Thus, in this section, we explain
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the process of defining sqi given the construction of ∇r−i.
Our first step is to take the dual of ∇r−i to get `r−i: C

r ⊗ Cr → Cr+i. To do this,

if we let fl be a basis for Cr+i and ej be a basis for Cr, then we have

∇r−i(fl) =
∑
j,k

aj,kl ej ⊗ ek,

where aj,kl is either 1 or 0 depending on whether ej ⊗ ek is a term in ∇r−i(fl) or not.

Then, when we take the dual of this map, we get

ej `r−i e
k =

∑
l

aj,kl f l,

where we have ej , ek ∈ Cr and f l ∈ Cr+i, which are dual to ej , ek, and fl respectively,

and the coefficient aj,kl is the same coefficient from the definition for ∇r−i(fl).
For the second step in determining a formula sqi, we note that Cr the cochain group

in semi-simplicial degree r is equal to the cochain group is cohomological degree p and

quantum degree q, Cp,q. Thus, it remains to pass the output of `r−i to the quotient.

That is, for [α∗] ∈ Hp,q, we set

sqi([α∗]) = [α∗ `r−i α
∗].

Again, in terms of basis vectors ej ∈ Cr, suppose that we have

α∗ =
∑
j

bje
j ,

where bj is either 1 or 0 depending on whether the value of α∗ on ej is 1 or 0. Then we

define sqi([α∗]) as follows

sqi([α∗]) = [α∗ `r−i α
∗]

=

∑
j

bje
j `r−i

∑
j

bje
j


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=

∑
j,k

bjbk(e
j `r−i e

k)


=

∑
j,k,l

bjbka
j,k
l f l

 .
Again here, aj,kl counts the number of times, modulo 2, that ej⊗ek appears in the image

of each basis element fl ∈ Cr+i under ∇r−i. Then for this computation of sqi([α∗]), we

are only interested in the terms ej ⊗ ek where ej and ek are both in α∗.



Chapter 5

Examples

In this section, we go through two examples of computing sqi in detail. First, we

construct sq1 for the left-handed trefoil. Then, we construct sq2 for the disjoint union

of two left-handed trefoils. This latter example in particular is quite long, but both

examples should give the interested reader a clear walk-through of these Steenrod square

computations.

5.1 sq1 : H−3,−7(T ;Z/2)→ H−2,−7(T ;Z/2)

First, we will go through the computation of

sq1 : H−3,−7(T ;Z/2)→ H−2,−7(T ;Z/2)

for T the left-handed trefoil. We note that the cohomological degree p = −3 corresponds

to semi-simplicial degree

r = p+ n− − 1

= (−3) + 3− 1

= −1,

where n− = 3 is the number of negative crossings in our link. Thus, here X−1 is the set

of generators of C−3,−7(T ;Z/2). This is the set in B containing all labelings by v+ and

71
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v− in quantum degree −7 of vertices at height 0, which corresponds to cohomological

degree−3. Similarly, cohomological degree p = −2 corresponds to semi-simplicial degree

0. Thus, X0 is the set of generators of C−2,−7. In particular, X0 contains all labelings

in quantum degree −7 of vertices at height p+ n− = 1, where here we have p = −2.

Recall that when we refer to Xi, it is for a specific quantum grading. However,

we do not include the quantum grading in the notation. Also, we denote the (Z/2)-

linearization of Xi by Ci := Ci(X•;Z/2) = Z/2〈Xi〉. Notice that Cp+n−−1 is dual to

Cp,q.

Finally, to simplify notation, we will write vertices of the 3-cube as strings of their

coordinates. For example, we write vertex (0, 1, 0) as vertex 010.

5.1.1 Setting up the link

In the top left corner of Figure 5.1, we present a link diagram for the left-handed trefoil.

We make a choice of orientation as shown although this will not affect the Khovanov

homology or the resulting Steenrod square computation.

We have also imposed an arbitrary but fixed order on the crossings of this link, as

shown by the non-underlined number next to each crossing in the trefoil diagram in

the top left corner of Figure 5.1. This ordering corresponds to the coordinates of the

vertices of the 3-cube diagram for this link. For example, vertex 100 corresponds to

the complete smoothing of this link where we resolve crossing 0 via a 1-smoothing, and

where we resolve the remaining crossings via 0-smoothings.

Next, given a complete smoothing of this link, we describe our process for ordering

its cycles. To do this, we start by numbering each strand of the link, where a strand is

a piece of the link between two crossings, regardless of whether that strand goes over in

the cross or goes under. Our labelings of the strands are the underlined numbers shown

in Figure 5.1. Once we have fixed a labeling of the strands, we number a cycle by the

minimum strand labeling involved in that cycle.

For example, in the complete smoothing corresponding to the vertex 100 shown in

Figure 5.1, we see that the larger cycle contains strands 1, 2, 4, and 5. Thus, we label

this cycle by the minimum number in this list, which here is 1, written inside the cycle.

The smaller cycle contains strands 3 and 6, and so we label it as cycle 3, written inside

the cycle. Then, if we refer to the enhanced state (100, v− ⊗ v+), this means that we
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Figure 5.1: Oriented link Diagram of the Left-Handed Trefoil with Crossings and Strands
Labeled with Part of its 3-Cube Diagram

have labeled cycle 1 by v− and cycle 3 by v+.

5.1.2 Defining the Cochains Groups, Augmented Semi-Simplicial Ob-

jects, and Correspondences

In this section, we describe the elements of X−1, which are the enhanced states that

generate C−3,−7, as well as the elements of X0, which are the enhanced states that

generate C−2,−7. To simplify notation throughout the computation, we will also give a
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shorted label to each element of X−1 and X0.

The enhanced states of X−1 correspond to vertices at height 0 since we have

height = r + 1

= −1 + 1

= 0.

There is only one such vertex, namely the vertex 000. The complete smoothing

of the trefoil corresponding to this vertex contains three cycles. For a labeling of this

resolution to be in quantum degree -7, it must have one cycle labeled by v+ and the

remaining two cycles labeled by v−. We can label the cycle 1 in this resolution as a,

cycle 2 as b, and cycle 3 as c. Then, we can refer to one of these enhanced states simply

by the letter of the cycle labeled by v+. The elements of X−1 along with their associated

one-letter label are as follows:

X−1 =
⊔
|A|=0

F−7(A)

=F q(000)

= {a = (000, v+ ⊗ v− ⊗ v−)

b = (000, v− ⊗ v+ ⊗ v−)

c = (000, v− ⊗ v− ⊗ v+)}

The enhanced states of X0 correspond to vertices at height 1. There are three

vertices at this height, and each corresponds to a smoothing with two cycles. In order

for a labeling of one of these complete smoothings to be in quantum degree -7, both of

its cycles must be labeled by v−. Thus, each vertex gives us exactly one enhanced state.

Our simplified notation here comes from ordering the vertices of the 3-cube with height

1 and referring to the enhanced state for each vertex as βj , where j is the place of that

vertex in the overall ordering. The elements of X0 along with their associated label βj

are as follows:

X0 =
⊔
|A|=1

F−7(A)



75

=F−7(100) t F−7(010) t F−7(001)

= {β1 = (100, v− ⊗ v−)

β2 = (010, v− ⊗ v−)

β3 = (001, v− ⊗ v−)}.

Now that we have defined X0 and X−1, the two objects needed for this sq1 con-

struction, we define the correspondences δ0
U between them. Here, the superscript refers

to the degree of the domain group X0. The subscript U is a sequence in P1(0), where

the 0 again refers to the degree of the domain and the 1 comes from the fact that we

are decreasing semi-simplicial degree by 1 from X0 to X−1. There is only one sequence

in P1(0), namely the sequence (0), and so there is only one correspondence from X0

to X−1. We call this correspondence δ0
0 , where the subscript is simplified notation for

the sequence (0). The subscript also refers to the fact that we are replacing the 0-th 1

coordinate with a 0 to go from a height 1 vertex to the height 0 vertex.

In order to define the correspondence δ0
0 , we first write down the images under F−7

of the edge maps of the 3-cube. In particular, the correspondences associated to the

maps from from the height 0 vertex to the height 1 vertices are:

d∗,0,0 = {(a, β1), (b, β1)}

d0,∗,0 = {(a, β2), (c, β2)}

d0,0,∗ = {(b, β3), (c, β3)}.

Note that each height 1 vertex has only one 1-coordinate, and so all of these correspon-

dences above from A′ to A will have the 0-th 1 coordinate in A being a 0 in A′. That

is, we will include all of them when constructing δ0
0 . This gives us:

δ0
0 =X(δ̄0

0)

=
⊔
|A|=1

F−7(dU ′ : (0, 0, 0)→ A)∗

=F−7(d∗,0,0 : (0, 0, 0)→ (1, 0, 0))∗ t F−7(d0,∗,0 : (0, 0, 0)→ (0, 1, 0))∗

t F−7(d0,0,∗ : (0, 0, 0)→ (0, 0, 1))∗
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={(β1, a), (β1, b), (β2, a), (β2, c), (β3, b), (β3, c)}.

For an element (x, y) ∈ δ0
0 with x ∈ X0 and y ∈ X−1 the source and target maps are

defined as follows:

s(x, y) = x

t(x, y) = y.

We fix the ordering of the elements of δ0
0 as shown above, where the first element in the

list is the minimal element, and the last element in the list is the maximal element.

5.1.3 Setting up the Steenrod Square Computation

To define sq1 : H−3,−7(T ;Z/2)→ H−2,−7(T ;Z/2), we use the map `−2: C−1 ⊗ C−1 →
C0. We get the degree −2 from ((−1) − 1), where the −1 term is the semi-simplicial

degree of the domain of sq1 and the 1 is the degree of sq1 itself. To define the map `−2,

we use its dual ∇−2 : C∗ ⊗ C∗ → C∗, where we will have:

∇−2 = AZ/2

(∑
k

∇( k
k−(−2)) ◦∆k

)

= AZ/2

(∑
k

∇( k
k+2) ◦∆k

)
.

Because we want to use this map ∇−2 to define `−2: C−1 ⊗C−1 → C0, we restrict the

domain of ∇−2 to C0, which gives us:

∇−2|C0 = AZ/2

(
∇(02) ◦∆0

)
Recall that the diagonal correspondence ∆0 : X0 → X0 ×X0 is equal to X0. Here,

the source of an element a ∈ ∆0 is a ∈ X0, and the target of a is (a, a) ∈ X0 ×X0.

Next, we want to define the correspondence

∇(02) : X0 ×X0 →
⋃

a+b=2

X0−a ×X0−b.
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Here, the 2 in a + b = 2 in the subscript on the union comes from 2i = 2 · 1, where i

is the index of the Steenrod square we are computing. The 0 in the subscript on X0,

X0−a, and X0−b is the semi-simplicial degree of the domain we restricted ∇−2 to. We

define ∇(02) as follows:

∇(02) =
∑

U∈P2(0)

δ0
U− ∧ δ

0
U+ .

In the line above, P2(0) is the set of non-decreasing sequences of length 2 from the

non-negative integers less than or equal to 0, namely just {0}, where each integer can

be repeated at most twice. There is exactly one such sequence U = (0, 0), which has:

U− = U+ = {0}.

Thus, the correspondence ∇(02) can be simplified to

∇(02) = δ0
0 ∧ δ0

0 .

We define the correspondence δ0
0 ∧ δ0

0 by:

δ0
0 ∧ δ0

0 : X0 ×X0
source←−−−−

∑
(s,t)∈δ00×δ00

Os,t({0})+ target−−−−→ X−1 ×X−1.

The subscripts on the term X−1 ×X−1 come from:

0− |U−| = 0− |{0}| = −1,

0− |U+| = 0− |{0}| = −1.

Normally we would need to restrict ∇(02) to only terms whose target map has image

equal to X−1 ×X−1 because we are using this map to define about the cup-i product

`−2 whose domain is C−1⊗C−1. However, in this example, the only summand in ∇(02)

already meets this criterion.
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5.1.3.1 Determining the Positive Maximal Chains

In this section, we will define Os,t({0})+ for all (s, t) ∈ δ0
0 × δ0

0 . The set Os,t({0})+

contains the maximal chains of (s, t)-good and (s, t)-positive pairs (W ′′,W ◦) of disjoint

subsets of {0}. See Section 4.2.3.2 for the definitions of these terms.

The only pair of disjoint subsets of {0} that could potentially be (s, t)-positive for

any (s, t) is (W ′′,W ◦) = (∅, {0}) since ({0}, ∅) cannot be (s, t)-good. Then, recall that

for the pair (∅, {0}) to be (s, t)-good for (s, t) ∈ δ0
0 × δ0

0 , it must satisfy the following

conditions.

λ0
∅(s) = λ0

∅(t) (5.1)

λ0
∅,0(s) 6= λ0

∅,0(t), (5.2)

where we will define λ0
∅ and λ0

∅,0 shortly. Further, for (∅, {0}) to be (s, t)-positive, since

r + |U−| + |U+| = 0 + 1 + 1 = 2 is even, where r is the semi-simplicial degree of the

restricted domain of ∇−2, we require:

λ0
∅,0(s) < λ0

∅,0(t).

To determine if (∅, {0}) is (s, t)-positive for any (s, t), we first consider λ0
∅:

λ0
∅ : δ0

0
∼−→ δ0

0 ◦ δ0
∅
proj−−→ δ0

∅ .

Because the correspondence δ0
∅ is the identity on X0, the map λ0

∅ takes each element

of δ0
0 to its image under the source map for this correspondence δ0

0 . Thus, the map λ0
∅

makes the following assignments:

(β1, a) 7→ β1

(β1, b) 7→ β1

(β2, a) 7→ β2

(β2, c) 7→ β2

(β3, b) 7→ β3

(β3, c) 7→ β3
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The first condition of (s, t)-goodness requires that the image of s and t be equal under

λ0
∅. The pair (∅, {0}) satisfies this first condition for the following pairs:

{((β1, a), (β1, b)), ((β1, a), (β1, a)),

((β1, b), (β1, a)), ((β1, b), (β1, b)),

((β2, a), (β2, c)), ((β2, a), (β2, a)),

((β2, c), (β2, a)), ((β2, c), (β2, c)),

((β3, b), (β3, c)), ((β3, b), (β3, b)),

((β3, c), (β3, b)), ((β3, c), (β3, c))}.

Notice that if (∅, {0}) satisfies this criterion for the pair (s, t), then it also does for the

pair (t, s). We also get all pairs of the form (s, s).

Next, we consider λ0
∅,0:

λ0
∅,0 : δ0

0
∼−→ δ0

∅ ◦ δ
0
0 ◦ δ−1

∅
proj−−→ δ0

0

This map λ0
∅,0 is the identity. Thus, the second condition of (s, t)-goodness, which says

λ0
∅,0(s) 6= λ0

∅,0(t), is equivalent to the condition s 6= t. Therefore, (∅, {0}) satisfies the

second (s, t)-goodness criterion for all of the pairs (s, t) with s 6= t. Combining this

with the (s, t) pairs from the first condition, we get that (∅, {0}) is (s, t)-good for the

following pairs:

{((β1, a), (β1, b)),

((β1, b), (β1, a)),

((β2, a), (β2, c)),

((β2, c), (β2, a)),

((β3, b), (β3, c)),

((β3, c), (β3, b))}.

We then restrict our view to (s, t)-positivity, where, we require λ0
∅,0(s) < λ0

∅,0(t).
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Again, since λ0
∅,0 is the identity map, this reduces to s < t. Thus, (∅, {0}) is (s, t)-

positive only for the following pairs:

{((β1, a), (β1, b)),

((β2, a), (β2, c)),

((β3, b), (β3, c))}

Now, we want to determine the maximal chains of (s, t)-positive pairs. Recall that

the length of a maximal chain is |U− ∩ U+| = 1 and the top element is (∅, U− ∩ U+),

which here is (∅, {0}). Thus, the only maximal chain is the singleton (∅, {0}), and this

chain is positive for the three (s, t) pairs above. That is, Os,t({0})+ is only nontrivial for

(s, t) in the list of three pairs above, and for each of these (s, t) pairs, the set Os,t({0})+

is (∅, {0}).

5.1.3.2 Defining ∇(02)

Recall that the correspondence ∇(02) simplifies as follows:

∇(02) = δ0
0 ∧ δ0

0 .

Thus, we need to define the correspondence

δ0
0 ∧ δ0

0 : X0 ×X0
source←−−−−

∑
(s,t)∈δ00×δ00

Os,t({0})+ target−−−−→ X−1 ×X−1.

Using the values for Os,t({0})+ that we determined in the last section, we have that the

correspondence δ0
0 ∧ δ0

0 is given by:

δ0
0 ∧ δ0

0 = O((β1,a),(β1,b))({0})
+ t O((β2,a),(β2,c))({0})

+ t O((β3,b),(β3,c))({0})
+

= (∅, {0})((β1,a),(β1,b)) t (∅, {0})((β2,a),(β2,c)) t (∅, {0})((β3,b),(β3,c)).

The subscript on each element in the last line tells us what the source and target of

that element is, since they are all copies of the same element. We define the source and
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target of these elements as follows

source((∅, {0})((β1,a),(β1,b))) = source((β1, a), (β1, b)) = (β1, β1)

target((∅, {0})((β1,a),(β1,b))) = target((β1, a), (β1, b)) = (a, b)

source((∅, {0})((β2,a),(β2,c))) = source((β2, a), (β2, c)) = (β2, β2)

target((∅, {0})((β2,a),(β2,c))) = target((β2, a), (β2, c)) = (a, c)

source((∅, {0})((β3,b),(β3,c))) = source((β3, b), (β3, c)) = (β3, β3)

target((∅, {0})((β3,b),(β3,c))) = target((β3, b), (β3, c)) = (b, c).

Finally, note that pre-composing this correspondence with ∆0 leaves everything the

same, except for the source map. Instead of the source map sending an element to

(βi, βi), it gets mapped simply to βi.

Putting this all together, we get:

∇(02) ◦∆0 =
∑

U∈P2(0)

(
δ0
U− ∧ δ

0
U+

)
◦∆0

=
(
δ0

0 ∧ δ0
0

)
◦∆0

=
[
O((β1,a),(β1,b))({0})

+ ◦∆0

]
t
[
O((β2,a),(β2,c))({0})

+ ◦∆0

]
t
[
O((β3,b),(β3,c))({0})

+ ◦∆0

]
= ∆0((∅, {0})((β1,a),(β1,b))) t∆0((∅, {0})((β2,a),(β2,c))) t∆0((∅, {0})((β3,b),(β3,c))).

The source and target of each element in this composition of correspondences is given

in the following table:

element source ◦∆0 in X0 target in X−1 ×X−1

(∅, {0})((β1,a),(β1,b)) β1 (a, b)

(∅, {0})((β2,a),(β2,c)) β2 (a, c)

(∅, {0})((β3,b),(β3,c))) β3 (b, c)

Table 5.1: The Elements of ∇(02) ◦∆0 and their Sources and Targets
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5.1.4 Taking the (Z/2)-linearization to get ∇−2

Now that we have constructed the correspondence ∇(02) ◦ ∆0, we will take its (Z/2)-

linearization to get the homomorphism ∇−2 restricted to the domain C0. Recall that

the (Z/2)-linearization of a correspondence counts the number of ways to get from an

element in the image of the source map to an element in the image of the target map.

As we can see in Table 5.1, each element of X0 appears exactly once as the source

of an element of ∇(02) ◦∆0, and each pair from X−1×X−1 appears at most once as the

target of an element. Thus, we can define ∇−2 on the generators of C0 as follows:

∇−2(β1) = (a, b)

∇−2(β2) = (a, c)

∇−2(β3) = (b, c).

5.1.5 The Steenrod Square sq1

Finally, we can define sq1 : H−3,−7(T ;Z/2) → H−2,−7(T ;Z/2). Recall from Example

2.12 that we have

H−3,−7(T ;Z/2) = Z/2〈[a+ b+ c]〉

H−2,−7(T ;Z/2) = Z/2〈[β1]〉, where [β1] = [β2] = [β3].

We will start by taking the dual of

∇−2 : C0 → C−1 ⊗ C−1

to get

`−2: C−1 ⊗ C−1 → C0.

Note that since the image of ∇−2 only hits each of (a, b), (a, c), and (b, c) exactly once,

when we take the dual of ∇−2, we get the following assignments for `−2:

a `−2 b = β1

a `−2 c = β2
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b `−2 c = β3.

The `−2 products of any other two basis elements is zero.

Now, to determine the value of sq1 on the cohomology class [a + b + c] ∈ H−3,−7,

we start with the following computation:

(a+ b+ c) `−2 (a+ b+ c) =(a `−2 a) + (a `−2 b) + (a `−2 c)

+ (b `−2 a) + (b `−2 b) + (b `−2 c)

+ (c `−2 a) + (c `−2 b) + (c `−2 c)

=(a `−2 b) + (a `−2 c) + (b `−2 c)

=β1 + β2 + β3

Note that all three of these terms in the last line above are in the same cohomology class,

namely [β1] of H−2,−7(T ;Z/2). Thus, when we pass from the cochain group C−2,−7 to

the cohomology group H−2,−7, we get the value for sq1([a+ b+ c]) to be:

sq1([a+ b+ c]) = [(a+ b+ c) `−2 (a+ b+ c)]

= [β1 + β2 + β3]

= [β1] + [β2] + [β3]

= 3 · [β1]

≡ [β1] mod 2

That is, sq1 takes the generator of H−3,−7(T ;Z/2) to the generator of H−2,−7(T ;Z/2)

and thus is nonzero.

5.2 sq2 : H−6,−14(T t T ;Z/2)→ H−4,−14(T t T ;Z/2)

In this section, we will determine the Steenrod square

sq2 : H−6,−14(T t T ;Z/2)→ H−4,−14(T t T ;Z/2)
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following the method described above. Here, by T t T , we mean the disjoint union

of two left-handed trefoils. We note that cohomological degree p = −6 corresponds to

semi-simplicial degree r = −1, and so the set X−1 contains the generators of C−6,−14.

Cohomological degree −5 corresponds to semi-simplicial degree 0, and so the set X0

contains the generators of C−5,−14. Similarly, cohomological degree −4 corresponds to

semi-simplicial degree 1, and so the set X1 contains the generators of C−4,−14. Also as

in the previous example, we denote the (Z/2)-linearization of Xj by Cj = Z/2〈Xj〉.
Note that we could compute this Steenrod square using a Cartan formula. This is

because the link in question is the disjoint union of two trefoils, and in the previous

section, we computed sq1 for a single trefoil. We present this example to help clarify

the definitions and constructions described earlier in this paper.

5.2.1 Setting up the Link

We start by describing the link in this example, which is the disjoint union of two left-

handed trefoils. Then we will explain how we order its cycles. To simplify notation in

this again, we will again write vertices without parentheses or commas. For example,

we will write vertex (1, 0, 0, 1, 0, 1) as vertex 100101.

In Figure 5.2, we present a link diagram for the disjoint union of two trefoils. We

do not show the relevant portion of the 6-cube here since it is quite large. Since the

two components of this link are each left-handed trefoils, and they do not interact, the

reader can reference Figure 5.1 for each component, where the other component will be

left as is along edges of the cube diagram.

Since the two components of this link do not interact and are each a single component

link, the choice of orientation of each component will not interact with the choice of

orientation of the other component and will have no effect on the final Steenrod square.

Thus, we arbitrarily impose some choice of orientation, which is as shown in Figure 5.2.

This gives us n+ = 0 and n− = 3.

We have also imposed an arbitrary but fixed order on the crossings of this link, as

shown by the number next to each crossing in Figure 5.2. This ordering corresponds to

the coordinates of the vertices of the 6-cube diagram for this link. For example, vertex

100101 shown in Figure 5.3 corresponds to the complete smoothing of this link where

we resolve crossings 0, 3, and 5 via 1-smoothings, and where we resolve the remaining
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Figure 5.2: Oriented Link Diagram of the Disjoint Union of Two Trefoils with Crossings
and Strands Labeled

crossings via 0-smoothings.

Next, we describe our process for ordering the cycles of a complete smoothing of this

link. To do this, we start by numbering each strand of the original link, where a strand

is a piece of the link between two crossings, regardless of whether that strand goes over

in the cross or goes under. See Figure 5.2 for our labeling of the strands, which are

the underlined numbers shown. From this, we number a cycle as the minimum strand

labeling involved in that cycle.

For example, in the complete smoothing corresponding to vertex 100101 shown in

Figure 5.3, we see that the larger cycle from the left trefoil contains strands 1, 2, 4, and

5. We label this cycle by the minimum number in this list, which, here, is 1, which is

written inside the cycle. The smaller cycle from this left trefoil contains strands 3 and

6, and so we label it as cycle 3, written inside the cycle. Since there is only one cycle

resulting from the right trefoil, it contains all of the strands 7 through 12. The minimum

number here is 7, so we label this as cycle 7. Rather than for specific cycles numbers

though, we use this system to order the cycles in a complete smoothing. Thus, if we

refer to the enhanced state (100101, v−⊗v+⊗v−), this means that we have labeled cycle

1 by v−, cycle 3 by v+, and cycle 7 by v−. That is, we order the cycles in increasing

order so that cycle 1 is first, cycle 3 is second, and cycle 7 is third.
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Figure 5.3: Complete Smoothing Corresponding to Vertex 100101 for the Disjoint Union
of Two Trefoils with Cycles Labeled

5.2.2 Defining the Cochains Groups, Augmented Semi-Simplicial Ob-

jects, and Correspondences

In this section, we present the elements of X−1, which are the enhanced states that

generate C−6,−14, the elements of X0, which are the enhanced states that generate

C−5,−14, and the elements of X1, which are the enhanced states that generate C−4,−14.

To simplify notation throughout the computation, we will also give a shortened label to

each element of X−1, X0 and X1.

The enhanced states of X−1 correspond to vertices at height 0 since we have

height = r + 1

= −1 + 1

= 0.

There is only one vertex at height 0, namely the vertex 000000. The complete

smoothing of the trefoil corresponding to this vertex contains six cycles. For a labeling

of this resolution to be in quantum degree -14, it must have two cycles labeled by v+

and the remaining four cycles labeled by v−. Following Morán’s method for labeling

these enhanced states from his example 8.5, we label the cycles in this resolution as

a, b, c, d, e, and f , as shown in Figure 5.4 [Mor20]. Then, we refer to one of these

enhanced states in C−6,−14 simply by the two letters of the two cycles labeled by v+.

The elements of X−1, which are the generators of C−6,−14, along with their associated
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two letter label are as follows:

X−1 =
⊔
|A|=0

F−14(A)

= {ab = (000000, v+ ⊗ v+ ⊗ v− ⊗ v− ⊗ v− ⊗ v−),

ac = (000000, v+ ⊗ v− ⊗ v+ ⊗ v− ⊗ v− ⊗ v−),

ad = (000000, v+ ⊗ v− ⊗ v− ⊗ v+ ⊗ v− ⊗ v−),

ae = (000000, v+ ⊗ v− ⊗ v− ⊗ v− ⊗ v+ ⊗ v−),

af = (000000, v+ ⊗ v− ⊗ v− ⊗ v− ⊗ v− ⊗ v+),

bc = (000000, v− ⊗ v+ ⊗ v+ ⊗ v− ⊗ v− ⊗ v−),

bd = (000000, v− ⊗ v+ ⊗ v− ⊗ v+ ⊗ v− ⊗ v−),

be = (000000, v− ⊗ v+ ⊗ v− ⊗ v− ⊗ v+ ⊗ v−),

bf = (000000, v− ⊗ v+ ⊗ v− ⊗ v− ⊗ v− ⊗ v+),

cd = (000000, v− ⊗ v− ⊗ v+ ⊗ v+ ⊗ v− ⊗ v−),

ce = (000000, v− ⊗ v− ⊗ v+ ⊗ v− ⊗ v+ ⊗ v−),

cf = (000000, v− ⊗ v− ⊗ v+ ⊗ v− ⊗ v− ⊗ v+),

de = (000000, v− ⊗ v− ⊗ v− ⊗ v+ ⊗ v+ ⊗ v−),

df = (000000, v− ⊗ v− ⊗ v− ⊗ v+ ⊗ v− ⊗ v+),

ef = (000000, v− ⊗ v− ⊗ v− ⊗ v− ⊗ v+ ⊗ v+)}

The enhanced states of X0 correspond to vertices at height 1. There are 6 vertices at

height 1, and each corresponds to a smoothing with five cycles. In order for a labeling of

one of these complete smoothings to be in quantum degree -14, exactly one of its cycles

must be labeled by v+ and the rest must be labeled by v−. Thus, each vertex gives

us five enhanced states. We will refer to one of these enhanced states as αi,j , where i

refers to the index of the vertex in the fixed, but arbitrary order we specify below, and

j refers to the cycle in that complete resolution that is labeled by v+. Note here that

the index j will be between 1 and 5, where we first label the cycles via the the method

we described above, and then we order them in increasing order. The elements of X0
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Figure 5.4: Complete Smoothing of the Disjoint Union of Two Trefoils Corresponding
to Vertex 000000 with Cycles Labeled

along with their associated label αi,j are as follows:

X0 =
⊔
|A|=1

F−14(A)

= {α1,1 = (100000, v+ ⊗ v− ⊗ v− ⊗ v− ⊗ v−),

α1,2 = (100000, v− ⊗ v+ ⊗ v− ⊗ v− ⊗ v−),

α1,3 = (100000, v− ⊗ v− ⊗ v+ ⊗ v− ⊗ v−),

α1,4 = (100000, v− ⊗ v− ⊗ v− ⊗ v+ ⊗ v−),

α1,5 = (100000, v− ⊗ v− ⊗ v− ⊗ v− ⊗ v+),

α2,1 = (010000, v+ ⊗ v− ⊗ v− ⊗ v− ⊗ v−),

α2,2 = (010000, v− ⊗ v+ ⊗ v− ⊗ v− ⊗ v−),

α2,3 = (010000, v− ⊗ v− ⊗ v+ ⊗ v− ⊗ v−),

α2,4 = (010000, v− ⊗ v− ⊗ v− ⊗ v+ ⊗ v−),

α2,5 = (010000, v− ⊗ v− ⊗ v− ⊗ v− ⊗ v+),

α3,1 = (001000, v+ ⊗ v− ⊗ v− ⊗ v− ⊗ v−),

α3,2 = (001000, v− ⊗ v+ ⊗ v− ⊗ v− ⊗ v−),

α3,3 = (001000, v− ⊗ v− ⊗ v+ ⊗ v− ⊗ v−),

α3,4 = (001000, v− ⊗ v− ⊗ v− ⊗ v+ ⊗ v−),

α3,5 = (001000, v− ⊗ v− ⊗ v− ⊗ v− ⊗ v+),
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α4,1 = (000100, v+ ⊗ v− ⊗ v− ⊗ v− ⊗ v−),

α4,2 = (000100, v− ⊗ v+ ⊗ v− ⊗ v− ⊗ v−),

α4,3 = (000100, v− ⊗ v− ⊗ v+ ⊗ v− ⊗ v−),

α4,4 = (000100, v− ⊗ v− ⊗ v− ⊗ v+ ⊗ v−),

α4,5 = (000100, v− ⊗ v− ⊗ v− ⊗ v− ⊗ v+),

α5,1 = (000010, v+ ⊗ v− ⊗ v− ⊗ v− ⊗ v−),

α5,2 = (000010, v− ⊗ v+ ⊗ v− ⊗ v− ⊗ v−),

α5,3 = (000010, v− ⊗ v− ⊗ v+ ⊗ v− ⊗ v−),

α5,4 = (000010, v− ⊗ v− ⊗ v− ⊗ v+ ⊗ v−),

α5,5 = (000010, v− ⊗ v− ⊗ v− ⊗ v− ⊗ v+),

α6,1 = (000001, v+ ⊗ v− ⊗ v− ⊗ v− ⊗ v−),

α6,2 = (000001, v− ⊗ v+ ⊗ v− ⊗ v− ⊗ v−),

α6,3 = (000001, v− ⊗ v− ⊗ v+ ⊗ v− ⊗ v−),

α6,4 = (000001, v− ⊗ v− ⊗ v− ⊗ v+ ⊗ v−),

α6,5 = (000001, v− ⊗ v− ⊗ v− ⊗ v− ⊗ v+)}.

The enhanced states of X1 correspond to vertices at height 2. There are 15 vertices

at height 2, and each corresponds to a smoothing with four cycles. In order for a labeling

of one of these complete smoothings to be in quantum degree -14, all four of its cycles

must be labeled by v−. Thus, each vertex gives us exactly one enhanced state. Then,

our simplified notation here comes from ordering the vertices of the 6-cube with height

2 and referring to the one enhanced state for this vertex as βj , where j is the place in

the overall order of that vertex. The elements of X1 are their associated label βj are as

follows:

X1 =
⊔
|A|=2

F−14(A)

= {β1 = (110000, v− ⊗ v− ⊗ v− ⊗ v−), β9 = (010001, v− ⊗ v− ⊗ v− ⊗ v−)

β2 = (101000, v− ⊗ v− ⊗ v− ⊗ v−), β10 = (001100, v− ⊗ v− ⊗ v− ⊗ v−)

β3 = (100100, v− ⊗ v− ⊗ v− ⊗ v−), β11 = (001010, v− ⊗ v− ⊗ v− ⊗ v−)
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β4 = (100010, v− ⊗ v− ⊗ v− ⊗ v−), β12 = (001001, v− ⊗ v− ⊗ v− ⊗ v−)

β5 = (100001, v− ⊗ v− ⊗ v− ⊗ v−), β13 = (000110, v− ⊗ v− ⊗ v− ⊗ v−)

β6 = (011000, v− ⊗ v− ⊗ v− ⊗ v−), β14 = (000101, v− ⊗ v− ⊗ v− ⊗ v−)

β7 = (010100, v− ⊗ v− ⊗ v− ⊗ v−), β15 = (000011, v− ⊗ v− ⊗ v− ⊗ v−)}.

β8 = (010010, v− ⊗ v− ⊗ v− ⊗ v−),

Now, we will present the correspondences between these augmented semi-simplicial

objects that we will use in constructing sq2. We start with the correspondences δ0
0 :

X0 → X−1, δ1
0 : X1 → X0, and δ1

1 : X1 → X0:

δ0
0 =X(δ̄0

0)

=
⊔
|A|=1

F−14(dU ′ : 000000→ A)∗

=F−14(d∗,0,0,0,0,0 : 000000→ 100000)∗ t F−14(d0,∗,0,0,0,0 : 000000→ 010000)∗

t F−14(d0,0,∗,0,0,0 : 000000→ 001000)∗ t F−14(d0,0,0,∗,0,0 : 000000→ 000100)∗

t F−14(d0,0,0,0,∗,0 : 000000→ 000010)∗ t F−14(d0,0,0,0,0,∗ : 000000→ 000001)∗

= {(α1,1, ab), (α2,1, ac), (α3,1, ab), (α4,1, ad), (α5,1, ad), (α6,1, ae),

(α1,2, ac), (α2,2, ab), (α3,1, ac), (α4,1, ae), (α5,1, af), (α6,1, af),

(α1,2, bc), (α2,2, bc), (α3,2, bc), (α4,2, bd), (α5,2, bd), (α6,2, be),

(α1,3, ad), (α2,3, ad), (α3,3, bd), (α4,2, be), (α5,2, bf), (α6,2, bf),

(α1,3, bd), (α2,3, cd), (α3,3, cd), (α4,3, cd), (α5,3, cd), (α6,3, ce),

(α1,4, ae), (α2,4, ae), (α3,4, be), (α4,3, ce), (α5,3, cf), (α6,3, cf),

(α1,4, be), (α2,4, ce), (α3,4, ce), (α4,4, de), (α5,4, df), (α6,4, de),

(α1,5, af), (α2,5, af), (α3,5, bf), (α4,5, df), (α5,5, de), (α6,4, df),

(α1,5, bf), (α2,5, cf), (α3,5, cf), (α4,5, ef), (α5,5, ef), (α6,5, ef)}

δ1
0 =X(δ̄1

0)
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=
⊔
|A|=2

F−14(dU ′ : A′ → A)∗

=F−14(d∗,1,0,0,0,0 : 010000→ 110000)∗ t F−14(d∗,0,1,0,0,0 : 001000→ 101000)∗

t F−14(d0,∗,1,0,0,0 : 001000→ 011000)∗ t F−14(d∗,0,0,1,0,0 : 000100→ 100100)∗

t F−14(d0,∗,0,1,0,0 : 000100→ 010100)∗ t F−14(d0,0,∗,1,0,0 : 000100→ 001100)∗

t F−14(d∗,0,0,0,1,0 : 000010→ 100010)∗ t F−14(d0,∗,0,0,1,0 : 000010→ 010010)∗

t F−14(d0,0,∗,0,1,0 : 000010→ 001010)∗ t F−14(d0,0,0,∗,1,0 : 000010→ 000110)∗

t F−14(d∗,0,0,0,0,1 : 000001→ 100001)∗ t F−14(d0,∗,0,0,0,1 : 000001→ 010001)∗

t F−14(d0,0,∗,0,0,1 : 000001→ 001001)∗ t F−14(d0,0,0,∗,0,1 : 000001→ 000101)∗

t F−14(d0,0,0,0,∗,1 : 000001→ 000011)∗

= {(β1, α2,1), (β4, α5,1), (β7, α4,1), (β10, α4,2), (β13, α5,4),

(β1, α2,2), (β4, α5,2), (β7, α4,3), (β10, α4,3), (β13, α5,5),

(β2, α3,1), (β5, α6,1), (β8, α5,1), (β11, α5,2), (β14, α6,4),

(β2, α3,2), (β5, α6,2), (β8, α5,3), (β11, α5,3), (β14, α6,5),

(β3, α4,1), (β6, α3,1), (β9, α6,1), (β12, α6,2), (β15, α6,4),

(β3, α4,2), (β6, α3,2), (β9, α6,3), (β12, α6,3), (β15, α6,5)}

δ1
1 =X(δ̄1

1)

=
⊔
|A|=2

F−14(dU ′ : A′ → A)∗

=t F−14(d1,∗,0,0,0,0 : 100000→ 110000)∗ t F−14(d1,0,∗,0,0,0 : 100000→ 101000)∗

t F−14(d1,0,0,∗,0,0 : 100000→ 100100)∗ t F−14(d1,0,0,0,∗,0 : 100000→ 100010)∗

t F−14(d1,0,0,0,0,∗ : 100000→ 100001)∗ t F−14(d0,1,∗,0,0,0 : 010000→ 011000)∗

t F−14(d0,1,0,∗,0,0 : 010000→ 010100)∗ t F−14(d0,1,0,0,∗,0 : 010000→ 010010)∗

t F−14(d0,1,0,0,0,∗ : 010000→ 010001)∗ t F−14(d0,0,1,∗,0,0 : 001000→ 001100)∗

t F−14(d0,0,1,0,∗,0 : 001000→ 001010)∗ t F−14(d0,0,1,0,0,∗ : 001000→ 001001)∗

t F−14(d0,0,0,1,∗,0 : 000100→ 000110)∗ t F−14(d0,0,0,1,0,∗ : 000100→ 000101)∗
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t F−14(d0,0,0,0,1,∗ : 000010→ 000011)∗

= {(β1, α1,1), (β4, α1,3), (β7, α2,3), (β10, α3,3), (β13, α4,4),

(β1, α1,2), (β4, α1,5), (β7, α2,4), (β10, α3,4), (β13, α4,5),

(β2, α1,1), (β5, α1,4), (β8, α2,3), (β11, α3,3), (β14, α4,4),

(β2, α1,2), (β5, α1,5), (β8, α2,5), (β11, α3,5), (β14, α4,5),

(β3, α1,3), (β6, α2,1), (β9, α2,4), (β12, α3,4), (β15, α5,4),

(β3, α1,4), (β6, α2,2), (β9, α2,5), (β12, α3,5), (β15, α5,5)}

Next, we define δ1
0,1 : X1 → X−1 in its two equivalent forms, as the composition

δ0
ψ0(1) ◦ δ

1
0 = δ0

0 ◦ δ1
0 and as the composition δ0

0 ◦ δ1
1 . We write the elements of these

compositions as triples since this will be more useful in the sq2 computation than just

considering the elements as pairs in δ1
0,1. The compositions are defined as follows:

δ0
ψ0(1) ◦ δ

1
0 = δ0

0 ◦ δ1
0

∼= δ1
0,1

∼={(β1, α2,1, ac), (β6, α3,1, ab), (β10, α4,3, ce),

(β1, α2,2, ab), (β6, α3,1, ac), (β11, α5,2, bd),

(β1, α2,2, bc), (β6, α3,2, bc), (β11, α5,2, bf),

(β2, α3,1, ab), (β7, α4,1, ad), (β11, α5,3, cd),

(β2, α3,1, ac), (β7, α4,1, ae), (β11, α5,3, cf),

(β2, α3,2, bc), (β7, α4,3, cd), (β12, α6,2, bd),

(β3, α4,1, ad), (β7, α4,3, ce), (β12, α6,2, bf),

(β3, α4,1, ae), (β8, α5,1, ad), (β12, α6,3, cd),

(β3, α4,2, bd), (β8, α5,1, af), (β12, α6,3, cf),

(β3, α4,2, be), (β8, α5,3, cd), (β13, α5,4, df),

(β4, α5,1, ad), (β8, α5,3, cf), (β13, α5,5, de),

(β4, α5,1, af), (β9, α6,1, ae), (β13, α5,5, ef),

(β4, α5,2, bd), (β9, α6,1, af), (β14, α6,4, de),

(β4, α5,2, bf), (β9, α6,3, ce), (β14, α6,4, df),
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(β5, α6,1, ae), (β9, α6,3, cf), (β14, α6,5, ef),

(β5, α6,1, af), (β10, α4,2, bd), (β15, α6,4, de),

(β5, α6,2, be), (β10, α4,2, be), (β15, α6,4, df),

(β5, α6,2, bf), (β10, α4,3, cd), (β15, α6,5, ef)}

δ0
0 ◦ δ1

1
∼= δ1

0,1

∼={(β1, α1,1, ab), (β6, α2,1, ac), (β10, α3,5, cf),

(β1, α1,2, ac), (β6, α2,2, ab), (β11, α3,4, be),

(β1, α1,2, bc), (β6, α2,2, bc), (β11, α3,4, ce),

(β2, α1,1, ab), (β7, α2,3, ad), (β11, α3,5, bf),

(β2, α1,2, ac), (β7, α2,3, cd), (β11, α3,5, cf),

(β2, α1,2, bc), (β7, α2,5, af), (β12, α3,4, be),

(β3, α1,3, ad), (β7, α2,5, cf), (β12, α3,4, ce),

(β3, α1,3, bd), (β8, α2,3, ad), (β12, α3,5, bf),

(β3, α1,4, ae), (β8, α2,3, cd), (β12, α3,5, cf),

(β3, α1,4, be), (β8, α2,5, af), (β13, α4,4, de),

(β4, α1,3, ad), (β8, α2,5, cf), (β13, α4,5, df),

(β4, α1,3, bd), (β9, α2,3, ad), (β13, α4,5, ef),

(β4, α1,4, ae), (β9, α2,3, cd), (β14, α4,4, de),

(β4, α1,4, be), (β9, α2,5, af), (β14, α4,5, df),

(β5, α1,3, ad), (β9, α2,5, cf), (β14, α4,5, ef),

(β5, α1,3, bd), (β10, α3,4, be), (β15, α4,4, df),

(β5, α1,4, ae), (β10, α3,4, ce), (β15, α4,5, de),

(β5, α1,4, be), (β10, α3,5, bf), (β15, α4,5, ef)}

The equivalence between δ0
ψ0(1) ◦ δ

1
0 and δ0

0 ◦ δ1
1 matches up two triples where the

first and third coordinate are the same. For example (β1, α2,1, ac) is equivalent to
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(β1, α1,2, ac). Also, we define the source map of all of these correspondences maps to

send each pair or triple to its first coordinate, and we define the target map to send

each pair or triple to its last coordinate.

Note that it will be necessary to fix an ordering on the elements within each cor-

respondence. As with the other choices of ordering that we have had to make, the

particular choice will not affect the resulting sq2 map though. For the correspondences

δ0
0 , δ1

0 , and δ1
1 , we order the elements increasing down the column and then increasing

from left to right. That is, the first element in the first column is the smallest. The sec-

ond smallest element is the one in the second row of the first column. The last element

in the right-most column is the largest element.

Since δ0
ψ0(1)◦δ

1
0 and δ0

0 ◦δ1
1 are equivalent to δ1

0,1, we want all of these correspondences

to have the same order. Here, we will order the elements of δ0
ψ0(1) ◦ δ

1
0 as described for

the other correspondences. This means that the elements of δ0
0 ◦ δ1

1 do not quite appear

in order.

5.2.3 Setting up the Steenrod Square Computation

To define sq2 : H−6,−14(T t T ;Z/2) → H−6,−14(T t T ;Z/2), we use the map `−3:

C−1 ⊗ C−1 → C1. We get the degree −3 from ((−1) − 2), where the −1 term is the

semi-simplicial degree of the domain of sq2 and the 2 term is the degree of sq2 itself.

To define the map `−3, we use its dual ∇−3 =: C∗ ⊗ C∗ → C∗, where we will have:

∇−3 = AZ/2

(∑
k

∇( k
k−(−3)) ◦∆k

)

= AZ/2

(∑
k

∇( k
k+3) ◦∆k

)
.

Because we want to use this map ∇−3 to define `−3: C−1 ⊗C−1 → C1, we restrict the

domain of ∇−3 to C1, which gives us:

∇−3|C1 = AZ/2

(
∇(14) ◦∆1

)
Recall that the diagonal correspondence ∆1 : X1 → X1 ×X1 is equal to X1. Here,

the source of an element a ∈ ∆1 is a ∈ X1, and the target of a is (a, a) ∈ X1 ×X1.
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Next, we want to define the correspondence

∇(14) : X1 ×X1 →
⋃

a+b=4

X1−a ×X1−b.

The 4 in a + b = 4 in the subscript on the union comes from 2i = 2 · 2, where i is the

index of the Steenrod square we are computing. The 1 in the subscript on X1, X1−a,

and X1−b is the semi-simplicial degree of the domain we restricted ∇−3 to. We define

∇(14) as follows:

∇(14) =
∑

U∈P4(1)

δ1
U− ∧ δ

1
U+ .

Recall that P4(1) is the collection of non-decreasing sequences of length 4 from the

integers {0, 1}, where each integer can be repeated at most twice. There is exactly one

such sequence, namely U = (0, 0, 1, 1), which has both U− and U+ equal to {0, 1}.
Thus, the correspondence ∇(14) can be simplified to

∇(14) = δ1
0,1 ∧ δ1

0,1.

We define the correspondence δ1
0,1 ∧ δ1

0,1 as follows:

δ1
0,1 ∧ δ1

0,1 : X1 ×X1
source←−−−−

∑
(s,t)∈δ10,1×δ10,1

Os,t({0, 1})+ target−−−−→ X−1 ×X−1.

The set {0, 1} inside the terms of the summation is U− ∩ U+, and the degree of the

augmented semi-simplicial objects in the domain is 1−|U−| and 1−|U+|, where |U−| =
|U+| = 2.

The main work of this Steenrod square construction comes from definingOs,t({0, 1})+

for each (s, t) ∈ δ1
0,1 × δ1

0,1, which contains the positive, maximal chains of {0, 1}. We

will do this in the next section.

5.2.3.1 Determining the Positive Maximal Chains

As we saw at the end of the previous section, the correspondence ∇(14) simplifies as

follows:

∇(14) = δ1
0,1 ∧ δ1

0,1.
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Thus, in this section, we will define the correspondence

δ1
0,1 ∧ δ1

0,1 : X1 ×X1
source←−−−−

∑
(s,t)∈δ10,1×δ10,1

Os,t({0, 1})+ target−−−−→ X−1 ×X−1.

That is, for each pair of disjoint subsets (W ′′,W ◦) of U− ∩ U+ = {0, 1}, we will find

all pairs (s, t) ∈ δ1
0,1 × δ1

0,1 such that (W ′′,W ◦) is (s, t)-positive. Then, we will organize

these pairs of subsets into maximal chains for each (s, t).

Given our sequence U = (0, 0, 1, 1) with U− = {0, 1} and U+ = {0, 1}, there are five

disjoint subsets (W ′′,W ◦) of U− ∩ U+ = {0, 1} that might be (s, t)-positive for some

pair (s, t) ∈ δ1
0,1 × δ1

0,1. These pairs of subsets are:

(∅, 0)

(∅, 1)

(0, 1)

(1, 0)

(∅, {0, 1}).

Note that we drop the curly braces around the singleton sets to reduce notation.

Let us now consider each of these pairs (W ′′,W ◦) and determine for which (s, t)

pairs, (W ′′,W ◦) is (s, t)-good and (s, t)-positive. Recall that for a pair (W ′′,W ◦) to be

(s, t)-good for (s, t) ∈ δ1
0,1 × δ1

0,1, it must satisfy the following conditions:

λ1
W ′′(s) = λ1

W ′′(t) (5.3)

λ1
W ′′,W ◦(s) 6= λ1

W ′′,W ◦(t). (5.4)

Then, since r+ |U−|+ |U+| = 1 + 2 + 2 = 5 is odd, where r is the semi-simplicial degree

of the restricted domain of ∇−3, in order for a pair (W ′′,W ◦) to be (s, t)-positive, we

further require:

λ1
W ′′,W ◦(s) > λ1

W ′′,W ◦(t).

We will combine the concepts of (s, t)-good and (s, t)-positive since (s, t)-positive simply
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further restricts from the set of (s, t)-good pairs. Thus, here we will check the first (s, t)-

goodness criterion and the (s, t)-positive criterion.

Now, let us consider each of the (W ′′,W ◦) pairs in turn.

• Consider (W ′′,W ◦) = (∅, 0). The first criterion for (s, t)-goodness requires that s

and t have the same image under the map λ1
W ′′ = λ1

∅. We define λ1
∅ as follows:

λ1
∅ : δ1

0,1
∼−→ δ1

0,1 ◦ δ1
∅
proj−−→ δ1

∅ .

Recall that the correspondence δj∅ is the identity correspondence on Xj for all j.

Thus, this map λ1
∅ projects onto the source of each element of δ1

0,1. That is, if we

write an element of δ1
0,1 as a triple (a, b, c), its image under λ1

∅ is a. Thus, for the

first (s, t)-goodness criterion, we are looking for pairs (s, t) = ((a, b, c), (d, e, f))

such that

λ1
∅(a, b, c) = λ1

∅(d, e, f)

a = d.

The criterion for (s, t)-positivity involves the map λ1
W ′′,W ◦ = λ1

∅,0, which we define

as follows:

λ1
∅,0 : δ1

0,1
∼−→ δ0

ψ0(1) ◦ δ
1
0 ◦ δ1

∅
proj−−→ δ1

0 .

Recall that by definition we have ψ0(1) = 0. Note that we defined the middle

composition of correspondences in λ1
∅,0 in the previous section as δ0

0 ◦ δ1
0 whose

elements we wrote as triples (a, b, c). Since the first arrow in λ1
∅,0 is a bijection,

we can think of δ1
0,1 as simply being δ0

0 ◦ δ1
0 . Then, the map λ1

∅,0 sends an element

(a, b, c) ∈ δ0
0 ◦ δ1

0 to (a, b) ∈ δ1
0 . Thus, for the (s, t)-positivity criterion, we are

looking for pairs (s, t) = ((a, b, c), (d, e, f)) such that

λ1
∅,0(a, b, c) > λ1

∅,0(d, e, f)

(a, b) > (d, e).

Putting these two criteria together for (s, t)-goodness and (s, t)-positivity, we have

that (∅, 0) is (s, t)-positive for the following (s, t) ∈ δ1
0,1× δ1

0,1, written as elements
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of δ0
0 ◦ δ1

0 :

{((β1, α2,2, ab), (β1, α2,1, ac)), ((β6, α3,2, bc), (β6, α3,1, ab)), ((β10, α4,3, ce), (β10, α4,2, bd)),

((β1, α2,2, bc), (β1, α2,1, ac)), ((β6, α3,2, bc), (β6, α3,1, ac)), ((β10, α4,3, ce), (β10, α4,2, be)),

((β2, α3,2, bc), (β2, α3,1, ab)), ((β7, α4,3, cd), (β7, α4,1, ad)), ((β11, α5,3, cd), (β11, α5,2, bd)),

((β2, α3,2, bc), (β2, α3,1, ac)), ((β7, α4,3, cd), (β7, α4,1, ae)), ((β11, α5,3, cd), (β11, α5,2, bf)),

((β3, α4,2, bd), (β3, α4,1, ad)), ((β7, α4,3, ce), (β7, α4,1, ad)), ((β11, α5,3, cf), (β11, α5,2, bd)),

((β3, α4,2, bd), (β3, α4,1, ae)), ((β7, α4,3, ce), (β7, α4,1, ae)), ((β11, α5,3, cf), (β11, α5,2, bf)),

((β3, α4,2, be), (β3, α4,1, ad)), ((β8, α5,3, cd), (β8, α5,1, ad)), ((β12, α6,3, ce), (β12, α6,2, be)),

((β3, α4,2, be), (β3, α4,1, ae)), ((β8, α5,3, cd), (β8, α5,1, af)), ((β12, α6,3, cf), (β12, α6,2, bf)),

((β4, α5,2, bd), (β4, α5,1, ad)), ((β8, α5,3, cf), (β8, α5,1, ad)), ((β12, α6,3, ce), (β12, α6,2, be)),

((β4, α5,2, bd), (β4, α5,1, af)), ((β8, α5,3, cf), (β8, α5,1, af)), ((β12, α6,3, cf), (β12, α6,2, bf)),

((β4, α5,2, bf), (β4, α5,1, ad)), ((β9, α6,3, ce), (β9, α6,1, ae)), ((β13, α5,2, de), (β13, α5,1, df)),

((β4, α5,2, bf), (β4, α5,1, af)), ((β9, α6,3, ce), (β9, α6,1, af)), ((β13, α5,2, ef), (β13, α5,1, df)),

((β5, α6,2, be), (β5, α6,1, ae)), ((β9, α6,3, cf), (β9, α6,1, ae)), ((β14, α6,2, ef), (β14, α6,1, de)),

((β5, α6,2, be), (β5, α6,1, af)), ((β9, α6,3, cf), (β9, α6,1, af)), ((β14, α6,2, ef), (β14, α6,1, df)),

((β5, α6,2, bf), (β5, α6,1, ae)), ((β10, α4,3, cd), (β10, α4,2, bd)), ((β15, α6,2, ef), (β15, α6,1, de)),

((β5, α6,2, bf), (β5, α6,1, af)), ((β10, α4,3, cd), (β10, α4,2, be)), ((β15, α6,2, ef), (β15, α6,1, df))}.

• Consider (W ′′,W ◦) = (∅, 1). The first criterion for (s, t)-goodness is that s and t

have the same image under the map λ1
W ′′ = λ1

∅. We define λ1
∅ as follows:

λ1
∅ : δ1

0,1
∼−→ δ1

0,1 ◦ δ1
∅
proj−−→ δ1

∅ .

Recall that the correspondence δj∅ is the identity correspondence on Xj for all j.

Thus, this map λ1
∅ projects onto the source of each element in δ1

0,1. That is, if we

write an element of δ1
0,1 as a triple (a, b, c), its image under λ1

∅ is a. Thus, for the

first (s, t)-goodness criterion, we are looking for pairs (s, t) = ((a, b, c), (d, e, f))
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such that

λ1
∅(a, b, c) = λ1

∅(d, e, f)

a = d.

The criterion for (s, t)-positivity involves the map λ1
W ′′,W ◦ = λ1

∅,1, which we define

as follows:

λ1
∅,1 : δ1

0,1
∼−→ δ0

0 ◦ δ1
1 ◦ δ1

∅
proj−−→ δ1

1 .

Note that we defined the middle composition of correspondences in λ1
∅,1 in the

previous section as δ0
0 ◦ δ1

1 whose elements we wrote as triples (a, b, c). Since the

first map in λ1
∅,1 is a bijection, we can think of δ1

0,1 as simply being δ0
0 ◦ δ1

1 . Then,

the map λ1
∅,1 sends an element (a, b, c) ∈ δ0

0 ◦ δ1
0 to (a, b) ∈ δ1

0 . Thus, for the

(s, t)-positivity criterion, we are looking for pairs (s, t) = ((a, b, c), (d, e, f)) such

that

λ1
∅,1(a, b, c) > λ1

∅,1(d, e, f)

(a, b) > (d, e).

Putting these two criteria together for (s, t)-goodness and (s, t)-positivity, we have

that (∅, 1) is (s, t)-positive for the following (s, t) ∈ δ1
0,1× δ1

0,1, written as elements

of δ0
0 ◦ δ1

1 :

{((β1, α1,2, ac), (β1, α1,1, ab)), ((β6, α2,2, ab), (β6, α2,1, ac)), ((β10, α3,5, cf), (β10, α3,4, be)),

((β1, α1,2, bc), (β1, α1,1, ab)), ((β6, α2,2, bc), (β6, α2,1, ac)), ((β10, α3,5, cf), (β10, α3,4, cd)),

((β2, α1,2, ac), (β2, α1,1, ab)), ((β7, α2,5, af), (β7, α2,3, ad)), ((β11, α3,5, bf), (β11, α3,4, be)),

((β2, α1,2, bc), (β2, α1,1, ab)), ((β7, α2,5, af), (β7, α2,3, cd)), ((β11, α3,5, bf), (β11, α3,4, ce)),

((β3, α1,4, ae), (β3, α1,3, ad)), ((β7, α2,5, cf), (β7, α2,3, ad)), ((β11, α3,5, cf), (β11, α3,4, be)),

((β3, α1,4, ae), (β3, α1,3, bd)), ((β7, α2,5, cf), (β7, α2,3, cd)), ((β11, α3,5, cf), (β11, α3,4, ce)),

((β3, α1,4, be), (β3, α1,3, ad)), ((β8, α2,5, af), (β8, α2,3, ad)), ((β12, α3,5, bf), (β12, α3,4, be)),

((β3, α1,4, be), (β3, α1,3, bd)), ((β8, α2,5, af), (β8, α2,3, cd)), ((β12, α3,5, bf), (β12, α3,4, ce)),
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((β4, α1,4, ae), (β4, α1,3, ad)), ((β8, α2,5, cf), (β8, α2,3, ad)), ((β12, α3,5, cf), (β12, α3,4, be)),

((β4, α1,4, ae), (β4, α1,3, bd)), ((β8, α2,5, cf), (β8, α2,3, cd)), ((β12, α3,5, cf), (β12, α3,4, ce)),

((β4, α1,4, be), (β4, α1,3, ad)), ((β9, α2,5, af), (β9, α2,3, ad)), ((β13, α4,5, df), (β13, α4,4, de)),

((β4, α1,4, be), (β4, α1,3, bd)), ((β9, α2,5, af), (β9, α2,3, cd)), ((β13, α4,5, ef), (β13, α4,4, de)),

((β5, α1,4, af), (β5, α1,3, ad)), ((β9, α2,5, cf), (β9, α2,3, ad)), ((β14, α4,5, df), (β14, α4,4, de)),

((β5, α1,4, af), (β5, α1,3, bd)), ((β9, α2,5, cf), (β9, α2,3, cd)), ((β14, α4,5, ef), (β14, α4,4, de)),

((β5, α1,4, cf), (β5, α1,3, ad)), ((β10, α3,5, bf), (β10, α3,4, be)), ((β15, α5,5, de), (β15, α5,4, df)),

((β5, α1,4, cf), (β5, α1,3, bd)), ((β10, α3,5, bf), (β10, α3,4, ce)), ((β15, α5,5, ef), (β15, α5,4, df))}.

• Consider (W ′′,W ◦) = (∅, {0, 1}). The first criterion for (s, t)-goodness is that s

and t have the same image under the map λ1
W ′′ = λ1

∅. We define λ1
∅ as follows:

λ1
∅ : δ1

0,1
∼−→ δ1

0,1 ◦ δ1
∅
proj−−→ δ1

∅ .

Recall that the correspondence δj∅ is the identity correspondence on Xj for all j.

Thus, this map λ1
∅ projects onto the source of each element in δ1

0,1. That is, if we

write an element of δ1
0,1 as a triple (a, b, c), its image under λ1

∅ is a. Thus, for the

first (s, t)-goodness criterion, we are looking for pairs (s, t) = ((a, b, c), (d, e, f))

such that

λ1
∅(a, b, c) = λ1

∅(d, e, f)

a = d.

The criterion for (s, t)-positivity invovles the map λ1
W ′′,W ◦ = λ1

∅,{0,1}, which we

define as follows:

λ1
∅,{0,1} : δ1

0,1
∼−→ δ0

∅ ◦ δ
1
0,1 ◦ δ1

∅
proj−−→ δ1

0,1.

Note that this map λ1
∅,{0,1} is the identity map on δ1

0,1. Thus, for the (s, t)-positivity

criterion, we are looking for pairs (s, t) = ((a, b, c), (d, e, f)) such that

λ1
∅,{0,1}(a, b, c) > λ1

∅,{0,1}(d, e, f)

(a, b, c) > (d, e, f).
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Putting these two criteria together for (s, t)-goodness and (s, t)-positivity, (∅, 0)

is (s, t)-positive for the following (s, t) ∈ δ1
0,1 × δ1

0,1, written as elements of δ0
0 ◦ δ1

0 :

{((β1, α2,1, ac), (β1, α2,2, ab)), ((β6, α3,1, ac), (β6, α3,1, ab)), ((β10, α4,3, ce), (β10, α4,3, cd)),

((β1, α2,2, bc), (β1, α2,1, ac)), ((β6, α3,2, bc), (β6, α3,1, ac)), ((β10, α4,3, ce), (β10, α4,2, be)),

((β1, α2,2, bc), (β1, α2,2, ab)), ((β6, α3,2, bc), (β6, α3,1, ab)), ((β10, α4,3, ce), (β10, α4,2, bd)),

((β2, α3,1, ac), (β2, α3,1, ab)), ((β7, α4,1, ae), (β7, α4,1, ad)), ((β11, α5,2, bf), (β11, α5,2, bd)),

((β2, α3,2, bc), (β2, α3,1, ac)), ((β7, α4,2, cd), (β7, α4,1, ae)), ((β11, α5,3, cd), (β11, α5,2, bf)),

((β2, α3,2, bc), (β2, α3,1, ab)), ((β7, α4,2, cd), (β7, α4,1, ad)), ((β11, α5,3, cd), (β11, α5,2, bd)),

((β3, α4,1, ae), (β3, α4,1, ad)), ((β7, α4,2, ce), (β7, α4,2, cd)), ((β11, α5,3, cf), (β11, α5,3, cd)),

((β3, α4,2, bd), (β3, α4,1, ae)), ((β7, α4,2, ce), (β7, α4,1, ae)), (β11, α5,3, cf), (β11, α5,2, bf)),

((β3, α4,2, bd), (β3, α4,1, ad)), ((β7, α4,2, ce), (β7, α4,1, ad)), ((β11, α5,3, cf), (β11, α5,2, bd)),

((β3, α4,2, be), (β3, α4,2, bd)), ((β8, α5,1, af), (β8, α5,1, ad)), ((β12, α6,2, bf), (β12, α6,2, be)),

((β3, α4,2, be), (β3, α4,1, ae)), ((β8, α5,3, cd), (β8, α5,1, af)), ((β12, α6,3, ce), (β12, α6,2, bf)),

((β3, α4,2, be), (β3, α4,1, ad)), ((β8, α5,3, cd), (β8, α5,1, ad)), ((β12, α6,3, ce), (β12, α6,2, be)),

((β4, α5,1, af), (β4, α5,1, ad)), ((β8, α5,3, cf), (β8, α5,3, cd)), ((β12, α6,3, cf), (β12, α6,3, ce)),

((β4, α5,2, bd), (β4, α5,1, af)), ((β8, α5,3, cf), (β8, α5,1, af)), ((β12, α6,3, cf), (β12, α6,2, bf)),

((β4, α5,2, bd), (β4, α5,1, ad)), ((β8, α5,3, cf), (β8, α5,1, ad)), ((β12, α6,3, cf), (β12, α6,2, be)),

((β4, α5,2, bf), (β4, α5,2, bd)), ((β9, α6,1, af), (β9, α6,1, ae)), ((β13, α5,4, df), (β13, α5,5, de)),

((β4, α5,2, bf), (β4, α5,1, af)), ((β9, α6,3, ce), (β9, α6,1, af)), ((β13, α5,5, ef), (β13, α5,4, df)),

((β4, α5,2, bf), (β4, α5,1, ad)), ((β9, α6,3, ce), (β9, α6,1, ae)), ((β13, α5,5, ef), (β13, α5,5, de)),

((β5, α1,4, be), (β5, α1,3, ae)), ((β9, α6,3, cf), (β9, α6,3, ce)), ((β14, α6,4, df), (β14, α6,4, de)),

((β5, α1,4, be), (β5, α1,3, af)), ((β9, α6,3, cf), (β9, α6,1, af)), ((β14, α6,5, ef), (β14, α6,4, df)),

((β5, α1,4, bf), (β5, α1,3, ae)), ((β9, α6,3, cf), (β9, α6,1, ae)), ((β14, α6,5, ef), (β14, α6,4, de)),

((β5, α1,4, bf), (β5, α1,3, af)), ((β10, α4,2, be), (β10, α4,2, bd)), ((β15, α6,4, df), (β15, α6,4, de)),

((β5, α2,2, bc), (β5, α2,1, ab)), ((β10, α4,3, cd), (β10, α4,2, be)), ((β15, α6,5, ef), (β15, α6,4, df)),

((β5, α2,2, bc), (β5, α2,1, ac)), ((β10, α4,3, cd), (β10, α4,2, bd)), ((β15, α6,5, ef), (β15, α6,4, de))}.
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• Consider (W ′′,W ◦) = (0, 1). The first criterion for (s, t)-goodness is that s and t

have the same image under the map λ1
W ′′ = λ1

0. We define λ1
0 as follows:

λ1
0 : δ1

0,1
∼−→ δ0

ψ0(1) ◦ δ
1
0
proj−−→ δ1

0 .

Recall that by definition we have ψ0(1) = 0. Note that we defined the middle

composition of correspondences in λ1
0 in the previous section as δ0

0 ◦ δ1
0 whose

elements we wrote as triples (a, b, c). Since the first map in λ1
0 is a bijection, we

can think of δ1
0,1 as simply being δ0

0 ◦ δ1
0 . Then, the map λ1

0 sends an element

(a, b, c) ∈ δ0
0 ◦ δ1

0 to (a, b) ∈ δ1
0 . Thus, for the first (s, t)-goodness criterion, we are

looking for pairs (s, t) = ((a, b, c), (d, e, f)) such that

λ1
∅,0(a, b, c) = λ1

∅,0(d, e, f)

(a, b) = (d, e).

The criterion for (s, t)-positivity involves the map λ1
W ′′,W ◦ = λ1

0,1, which we define

as follows:

λ1
0,1 : δ1

0,1
∼−→ δ−1

∅ ◦ δ
0
ψ0(1) ◦ δ

1
0
proj−−→ δ0

ψ0(1).

Again, we recall that we have ψ0(1) = 0. Note that the middle composition

δ−1
∅ ◦δ

0
ψ0(1)◦δ

1
0 in λ1

0,1 is equivalent to δ0
ψ0(1)◦δ

1
0 , whose elements we wrote as triples

(a, b, c). Since the first map in λ1
0,1 is a bijection, we can think of δ1

0,1 as simply

being δ0
0 ◦ δ1

0 . Then, we say that the map λ1
0,1 sends an element (a, b, c) ∈ δ0

0 ◦ δ1
0

to (b, c) ∈ δ0
0 . Thus, for the (s, t)-positivity criterion, we are looking for pairs

(s, t) = ((a, b, c), (d, e, f)) such that

λ1
0,1(a, b, c) > λ1

0,1(d, e, f)

(b, c) > (e, f).

Putting these two criteria together for (s, t)-goodness and (s, t)-positivity, (0, 1)

is (s, t)-positive for the following (s, t) ∈ δ1
0,1 × δ1

0,1, written as elements of δ0
0 ◦ δ1

0 :

{((β1, α2,2, bc), (β1, α2,2, ab)), ((β6, α3,1, ac), (β6, α3,1, ab)), ((β10, α4,3, ce), (β10, α4,3, cd)),
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((β2, α3,1, ac), (β2, α3,1, ab)), ((β7, α4,1, ae), (β7, α4,1, ad)), ((β11, α5,2, bf), (β11, α5,2, bd)),

((β3, α4,1, ae), (β3, α4,1, ad)), ((β7, α4,3, ce), (β7, α4,3, cd)), ((β11, α5,3, cf), (β11, α5,3, cd)),

((β3, α4,2, bd), (β3, α4.2, be)), ((β8, α5,1, af), (β8, α5,1, ad)), ((β12, α6,2, bf), (β12, α6,2, be)),

((β4, α5,1, af), (β4, α5,1, ad)), ((β8, α5,3, cf), (β8, α5,3, cd)), ((β12, α6,3, cf), (β12, α6,3, ce)),

((β4, α5,2, bf), (β4, α5,2, bd)), ((β9, α6,1, af), (β9, α6,1, ae)), ((β13, α5,5, ef), (β13, α5,5, de)),

((β5, α6,1, af), (β5, α6,1, ae)), ((β9, α6,3, cf), (β9, α6,3, ce)), ((β14, α6,4, df), (β14, α6,4, de)),

((β5, α6,2, bf), (β5, α6,2, be)), ((β10, α4,2, be), (β10, α4,2, bd)), ((β15, α6,4, df), (β15, α6,4, de))}.

• Finally, consider (W ′′,W ◦) = (1, 0). The first criterion for (s, t)-goodness is that

s and t have the same image under the map λ1
W ′′ = λ1

1. We define λ1
1 as follows:

λ1
1 : δ1

0,1
∼−→ δ0

0 ◦ δ1
1
proj−−→ δ1

1 .

Recall that we defined the middle composition of correspondences in λ1
1 in the

previous section as δ0
0 ◦ δ1

1 whose elements we wrote as triples (a, b, c). Since the

first map in λ1
1 is a bijection, we can think of δ1

0,1 as simply being δ0
0 ◦ δ1

1 . Then,

the map λ1
1 sends an element (a, b, c) ∈ δ0

0 ◦ δ1
1 to (a, b) ∈ δ1

1 . Thus, for the first

(s, t)-goodness criterion, we are looking for pairs (s, t) = ((a, b, c), (d, e, f)) such

that

λ1
∅,0(a, b, c) = λ1

∅,0(d, e, f)

(a, b) = (d, e).

The criterion for (s, t)-positivity involves the map λ1
W ′′,W ◦ = λ1

1,0, which we define

as follows:

λ1
1,0 : δ1

0,1
∼−→ δ−1

∅ ◦ δ
0
0 ◦ δ1

1
proj−−→ δ0

0 .

Note that the middle composition δ−1
∅ ◦δ

0
0 ◦δ1

1 in λ1
1,0 is equivalent to δ0

0 ◦δ1
1 , whose

elements we wrote as triples (a, b, c). Since the first map in λ1
1,0 is a bijection, we

can think of δ1
0,1 as simply being δ0

0 ◦ δ1
1 . Then, we say that the map λ1

1,0 sends an

element (a, b, c) ∈ δ0
0 ◦ δ1

1 to (b, c) ∈ δ0
0 . Thus, for the (s, t)-positivity criterion, we
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are looking for pairs (s, t) = ((a, b, c), (d, e, f)) such that

λ1
0,1(a, b, c) > λ1

0,1(d, e, f)

(b, c) > (e, f).

Putting these two criteria together for (s, t)-goodness and (s, t)-positivity, (1, 0)

is (s, t)-positive for the following (s, t) ∈ δ1
0,1 × δ1

0,1, written as elements of δ0
0 ◦ δ1

1 :

{((β1, α1,2, bc), (β1, α1,2, ac)), ((β6, α2,2, bc), (β6, α2,2, ab)), ((β10, α3,5, cf), (β10, α3,5, bf)),

((β2, α1,2, bc), (β2, α1,2, ac)), ((β7, α2,3, cd), (β7, α2,3, ad)), ((β11, α3,4, ce), (β11, α3,4, be)),

((β3, α1,3, bd), (β3, α1,3, ad)), ((β7, α2,5, cf), (β7, α2,5, af)), ((β11, α3,5, cf), (β11, α3,5, bf)),

((β3, α1,4, be), (β3, α1,4, ae)), ((β8, α2,3, cd), (β8, α2,3, ad)), ((β12, α3,4, ce), (β12, α3,4, be)),

((β4, α1,3, bd), (β4, α1,3, ad)), ((β8, α2,5, cf), (β8, α2,5, af)), ((β12, α3,5, cf), (β12, α3,5, bf)),

((β4, α1,4, be), (β4, α1,4, ae)), ((β9, α2,3, cd), (β9, α2,3, ad)), ((β13, α4,5, ef), (β13, α4,5, df)),

((β5, α1,3, bd), (β5, α1,3, ad)), ((β9, α2,5, cf), (β9, α2,5, af)), ((β14, α4,5, ef), (β14, α4,5, df)),

((β5, α1,4, be), (β5, α1,4, ae)), ((β10, α3,4, ce), (β10, α3,4, be)), ((β15, α5,5, ef), (β15, α5,5, de))}.

For each pair of subsets (W ′′,W ◦), we now know whether they are (s, t)-positive for

each (s, t) ∈ δ1
0,1 × δ1

0,1. Now, for each (s, t), we arrange the (W ′′,W ◦) that are (s, t)-

positive into maximal chains. Recall that each maximal chain has length |U−∩U+| = 2,

and the top element of each maximal chain is always (∅, {0, 1}). To do this, for each

(s, t), we find the (W ′′,W ◦) that are (s, t)-positive and, if possible, arrange these pairs

into length 2 maximal chains with maximal element as just mentioned.

Based on our work above, for each pair (s, t) ∈ δ1
0,1 × δ1

0,1, we can describe the set

Os,t({0, 1})+, which contains the positive, maximal chains. We present this information

in Table 5.2, which lists each relevant (s, t) pair, its associated set Os,t({0, 1})+, the

composition source ◦ ∆1, which gives the source of each positive maximal chain pre-

composed with the diagonal correspondence, and the target of each positive maximal

chain. Recall that the source of an element in Os,t({0, 1})+ is the tuple containing the

sources of s and t, and the target of an element in Os,t({0, 1})+ is the tuple containing

the targets of s and t. We use this table of elements to define (14) ◦∆1.
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(s, t) Os,t({0, 1})+ source ◦∆3 target

((β1, ac), (β1, ab)) {(∅, 1) ≺ (∅, {0, 1}) β1 (ac, ab)

((β1, bc), (β1, ac)) {(∅, 0) ≺ (∅, {1, 0}), (0, 1) ≺ (∅, {0, 1})} β1 (bc, ac)

((β1, bc), (β1, ab)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β1 (bc, ab)

((β2, ac), (β2, ab)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β2 (ac, ab)

((β2, bc), (β2, ac)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β2 (bc, ac)

((β2, bc), (β2, ab)) {(∅, 0) ≺ (∅, {0, 1}), (∅, 1) ≺ (∅, {0, 1})} β2 (bc, ab)

((β3, ae), (β3, ad)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β3 (ae, ad)

((β3, bd), (β3, ae)) {(∅, 0) ≺ (∅, {0, 1})} β3 (bd, ae)

((β3, bd), (β3, ad)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β3 (bd, ad)

((β3, be), (β3, bd)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β3 (be, bd)

((β3, be), (β3, ae)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β3 (be, ae)

((β3, be), (β3, ad)) {(∅, 0) ≺ (∅, {0, 1}), (∅, 1) ≺ (∅, {0, 1})} β3 (be, ad)

((β4, af), (β4, ad)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β4 (af, ad)

((β4, bd), (β4, af)) {(∅, 0) ≺ (∅, {0, 1})} β4 (bd, af)

((β4, bd), (β4, ad)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β4 (bd, ad)

((β4, bf), (β4, bd)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β4 (bf, bd)

((β4, bf), (β4, af)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β4 (bf, af)

((β4, bf), (β4, ad)) {(∅, 0) ≺ (∅, {0, 1}), (∅, 1) ≺ (∅, {0, 1})} β4 (bf, ad)

((β5, af), (β5, ae)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β5 (af, ae)

((β5, be), (β5, af)) {(∅, 0) ≺ (∅, {0, 1})} β5 (be, af)

((β5, be), (β5, ae)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β5 (be, ae)

((β5, bf), (β5, be)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β5 (bf, be)

((β5, bf), (β5, af)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β5 (bf, af)

((β5, bf), (β5, ae)) {(∅, 0) ≺ (∅, {0, 1}), (∅, 1) ≺ (∅, {0, 1})} β5 (bf, ae)

((β6, ac), (β6, ab)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β6 (ac, ab)

((β6, bc), (β6, ac)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β6 (bc, ac)

((β6, bc), (β6, ab)) {(∅, 0) ≺ (∅, {0, 1}), (∅, 1) ≺ (∅, {0, 1})} β6 (bc, ab)

((β7, ae), (β7, ad)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β7 (ae, ad)

((β7, cd), (β7, ae)) {(∅, 0) ≺ (∅, {0, 1})} β7 (cd, ae)

((β7, cd), (β7, ad)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β7 (cd, ad)
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((β7, ce), (β7, cd)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β7 (ce, cd)

((β7, ce), (β7, ae)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β7 (ce, ae)

((β7, ce), (β7, ad)) {(∅, 0) ≺ (∅, {0, 1}), (∅, 1) ≺ (∅, {0, 1})} β7 (ce, ad)

((β8, af), (β8, ad)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β8 (af, ad)

((β8, cd), (β8, af)) {(∅, 0) ≺ (∅, {0, 1})} β8 (cd, af)

((β8, cd), (β8, ad)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β8 (cd, ad)

((β8, cf), (β8, cd)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β8 (cf, cd)

((β8, cf), (β8, af)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β8 (cf, af)

((β8, cf), (β8, ad)) {(∅, 0) ≺ (∅, {0, 1}), (∅, 1) ≺ (∅, {0, 1})} β8 (cf, ad)

((β9, af), (β9, ae)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β9 (af, ae)

((β9, ce), (β9, af)) {(∅, 0) ≺ (∅, {0, 1})} β9 (ce, af)

((β9, ce), (β9, ae)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β9 (ce, ae)

((β9, cf), (β9, ce)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β9 (cf, ce)

((β9, cf), (β9, af)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β9 (cf, af)

((β9, cf), (β9, ae)) {(∅, 0) ≺ (∅, {0, 1}), (∅, 1) ≺ (∅, {0, 1})} β9 (cf, ae)

((β10, be), (β10, bd)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β10 (be, bd)

((β10, cd), (β10, be)) {(∅, 0) ≺ (∅, {0, 1})} β10 (cd, be)

((β10, cd), (β10, bd)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β10 (cd, bd)

((β10, ce), (β10, cd)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β10 (ce, cd)

((β10, ce), (β10, be)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β10 (ce, be)

((β10, ce), (β10, bd)) {(∅, 0) ≺ (∅, {0, 1}), (∅, 1) ≺ (∅, {0, 1})} β10 (ce, bd)

((β11, bf), (β11, bd)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β11 (bf, bd)

((β11, cd), (β11, bf)) {(∅, 0) ≺ (∅, {0, 1})} β11 (cd, bf)

((β11, cd), (β11, bd)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β11 (cd, bd)

((β11, cf), (β11, cd)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β11 (cf, cd)

((β11, cf), (β11, bf)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β11 (cf, bf)

((β11, cf), (β11, bd)) {(∅, 0) ≺ (∅, {0, 1}), (∅, 1) ≺ (∅, {0, 1})} β11 (cf, bd)

((β12, bf), (β12, be)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β12 (bf, be)

((β12, ce), (β12, bf)) {(∅, 0) ≺ (∅, {0, 1})} β12 (ce, bf)

((β12, ce), (β12, be)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β12 (ce, be)
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((β12, cf), (β12, ce)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β12 (cf, ce)

((β12, cf), (β12, bf)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β12 (cf, bf)

((β12, cf), (β12, be)) {(∅, 0) ≺ (∅, {0, 1}), (∅, 1) ≺ (∅, {0, 1})} β12 (cf, be)

((β13, ac), (β13, ab)) {(∅, 1) ≺ (∅, {0, 1})} β13 (ac, ab)

((β13, bc), (β13, ac)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β13 (bc, ac)

((β13, bc), (β13, ab)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β13 (bc, ab)

((β14, ac), (β14, ab)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β14 (ac, ab)

((β14, bc), (β14, ac)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β14 (bc, ac)

((β14, bc), (β14, ab)) {(∅, 0) ≺ (∅, {0, 1}), (∅, 1) ≺ (∅, {0, 1})} β14 (bc, ab)

((β15, ac), (β15, ab)) {(∅, 1) ≺ (∅, {0, 1}), (0, 1) ≺ (∅, {0, 1})} β15 (ac, ab)

((β15, bc), (β15, ac)) {(∅, 0) ≺ (∅, {0, 1}), (1, 0) ≺ (∅, {0, 1})} β15 (bc, ac)

((β15, bc), (β15, ab)) {(∅, 0) ≺ (∅, {0, 1}), (∅, 1) ≺ (∅, {0, 1})} β15 (bc, ab)

Table 5.2: The Correspondence
(
δ1

0,1 ∧ δ1
0,1

)
◦∆1

5.2.4 Taking the (Z/2)-Linearization to get ∇1

In the previous section, we defined the correspondence

∇(14) ◦∆1 =
(
δ1

0,1 ∧ δ1
0,1

)
◦∆1

=
(
δ1

0,1 ∧ δ1
0,1

)
◦∆1.

Now, in this section, we take the (Z/2)-linearization to get the homomorphism ∇−3

restricted to the domain C1, which we will use to define sq2. Recall that AZ/2 counts

the number of ways, modulo 2, to get from an element in the image of the source map

to an element in the image of the target map. In particular, for the map

∇−3|C1 = AZ/2

(
∇(14) ◦∆1

)
,

we define ∇−3 applied to an element (α) ∈ C1 as:

∇−3(α) =
∑
β∈C−1

|source−1(α) ∩ target−1(β)|β,
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where source and target are the source and target maps, respectively, of the correspon-

dence ∇(14) ◦∆1.

Based on the work in the previous section summarized in Table 5.2, we define ∇−3

as making the following assignments on the generators of C1:

∇−3(β1) = (ac, ab) + 2(bc, ac) + 2(bc, ab) = (ac, ab)

∇−3(β2) = 2(ac, ab) + 2(bc, ac) + 2(bc, ab) = 0

∇−3(β3) = 2(ae, ad) + (bd, ae) + 2(bd, ad) + 2(be, bd) + 2(be, ae) + 2(be, ad) = (bd, ae)

∇−3(β4) = 2(ae, ad) + (bd, ae) + 2(bd, ad) + 2(be, bd) + 2(be, ae) + 2(be, ad) = (bd, ae)

∇−3(β5) = 2(ae, ad) + (bd, ae) + 2(bd, ad) + 2(be, bd) + 2(be, ae) + 2(be, ad) = (bd, ae)

∇−3(β6) = 2(ac, ab) + 2(bc, ac) + 2(bc, ab) = 0

∇−3(β7) = 2(af, ad) + (cd, af) + 2(cd, ad) + 2(cf, cd) + 2(cf, af) + 2(cf, ad) = (cd, af)

∇−3(β8) = 2(af, ad) + (cd, af) + 2(cd, ad) + 2(cf, cd) + 2(cf, af) + 2(cf, ad) = (cd, af)

∇−3(β9) = 2(af, ad) + (cd, af) + 2(cd, ad) + 2(cf, cd) + 2(cf, af) + 2(cf, ad) = (cd, af)

∇−3(β10) = 2(bf, be) + (ce, bf) + 2(ce, be) + 2(cf, 8e) + 2(cf, bf) + 2(cf, be) = (ce, bf)

∇−3(β11) = 2(bf, be) + (ce, bf) + 2(ce, be) + 2(cf, 8e) + 2(cf, bf) + 2(cf, be) = (ce, bf)

∇−3(β12) = 2(bf, be) + (ce, bf) + 2(ce, be) + 2(cf, 8e) + 2(cf, bf) + 2(cf, be) = (ce, bf)

∇−3(β13) = (df, de) + 2(ef, df) + 2(ef, de) = (df, de)

∇−3(β14) = 2(df, de) + 2(ef, df) + 2(ef, de) = 0

∇−3(β15) = 2(df, de) + 2(ef, df) + 2(ef, de) = 0

5.2.5 The Steenrod Square sq2

With all of the work from the previous sections, we can now finally define the Steenrod

square

sq2 : H−6,−14(T t T ;Z/2)→ H−4,−14(T t T ;Z/2).

Recall that these cohomology groups are given as follows:

H−6,−14(T t T ;Z/2) = Z/2〈[ad+ ae+ af + bd+ be+ bf + cd+ ce+ cf ]〉

H−4,−14(T t T ;Z/2) = Z/2〈[β3]〉,
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where [β3] = [β4] = [β5] = [β7] = [β8] = [β9] = [β10] = [β11] = [β12].

We will start by taking the dual of

∇−3 : C1 → C−1 ⊗ C−1

to get

`−3: C−1 ⊗ C−1 → C1.

Note that the image of ∇−3 hits each of (bd, ae), (cd, af), and (ce, bf) three times

and hits each of (ac, ab) and (df, de) exactly once. This means that when we take the

dual of ∇−3, we get the following assignments:

bd `−3 ae = β3 + β4 + β5

cd `−3 af = β7 + β8 + β9

cf `−3 be = β10 + β11 + β12

ac `−3 ab = β1

df `−3 de = β13.

Now, to determine the value of sq2 on the cohomology class [ad + ae + af + bd +

be+ bf + cd+ ce+ cf ] ∈ H−6,−14, we start with the following computation:

(ad+ae+ af + bd+ be+ bf + cd+ ce+ cf) `−3 (ad+ ae+ af + bd+ be+ bf + cd+ ce+ cf)

=(ad `−3 ad) + (ad `−3 ae) + (ad `−3 af) + (ad `−3 bd) + (ad `−3 be) + (ad `−3 bf) + (ad `−3 cd)

+ (ad `−3 ce) + (ad `−3 cf) + (ae `−3 ad) + (ae `−3 ae) + (ae `−3 af) + (ae `−3 bd) + (ae `−3 be)

+ (ae `−3 bf) + (ae `−3 cd) + (ae `−3 ce) + (ae `−3 cf) + (af `−3 ad) + (af `−3 ae) + (af `−3 af)

+ (af `−3 bd) + (af `−3 be) + (af `−3 bf) + (af `−3 cd) + (af `−3 ce) + (af `−3 cf) + (bd `−3 ad)

+ (bd `−3 ae) + (bd `−3 af) + (bd `−3 bd) + (bd `−3 be) + (bd `−3 bf) + (bd `−3 cd) + (bd `−3 ce)

+ (bd `−3 cf) + (be `−3 ad) + (be `−3 ae) + (be `−3 af) + (be `−3 bd) + (be `−3 be) + (be `−3 bf)

+ (be `−3 cd) + (be `−3 ce) + (be `−3 cf) + (bf `−3 ad) + (bf `−3 ae) + (bf `−3 af) + (bf `−3 bd)

+ (bf `−3 be) + (bf `−3 bf) + (bf `−3 cd) + (bf `−3 ce) + (bf `−3 cf) + (cd `−3 ad) + (cd `−3 ae)

+ (cd `−3 af) + (cd `−3 bd) + (cd `−3 be) + (cd `−3 bf) + (cd `−3 cd) + (cd `−3 ce) + (cd `−3 cf)

+ (ce `−3 ad) + (ce `−3 ae) + (ce `−3 af) + (ce `−3 bd) + (ce `−3 be) + (ce `−3 bf) + (ce `−3 cd)

+ (ce `−3 ce) + (ce `−3 cf) + (cf `−3 ad) + (cf `−3 ae) + (cf `−3 af) + (cf `−3 bd) + (cf `−3 be)
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+ (cf `−3 bf) + (cf `−3 cd) + (cf `−3 ce) + (cf `−3 cf)

=(bd `−3 ae) + (cd `−3 af) + (cf `−3 be)

=(β3 + β4 + β5) + (β7 + β8 + β9) + (β10 + β11 + β12).

Note that all of the terms in the last line above are in the same cohomology class, namely

[β3] of H−4,−14(T t T ;Z/2). Thus, when we pass from the cochain group C−4,−14 to

the cohomology group H−4,−14, we get the value for sq2([ad+ ae+ af + bd+ be+ bf +

cd+ ce+ cf ]) to be:

sq2([ad+ ae+ af + bd+ be+ bf + cd+ ce+ cf ])

= [(ad+ ae+ af + bd+ be+ bf + cd+ ce+ cf) `−3

(ad+ ae+ af + bd+ be+ bf + cd+ ce+ cf)]

= [β3 + β4 + β5 + β7 + β8 + β9 + β10 + β11 + β12]

= [β3] + [β4] + [β5] + [β7] + [β8] + [β9] + [β10] + [β11] + [β12]

= 9 · [β3]

≡ [β3]

That is, sq2 takes the generator of H−6,−14(T tT ;Z/2) to the generator of H−4,−14(T t
T ;Z/2) and thus is nonzero.



Chapter 6

The Implementation of sqi and

Some Initial Results

For this project, we implemented code in SageMath to compute the Steenrod square

sqi : Hp,q(L;Z/2) → Hp+i,q(L;Z/2) as constructed by Morán. This code forms a

package called KhovanovSteenrodSquare and is available at https://github.com/

samilstein/KhovanovSteenrodSquare.

6.1 Overview of KhovanovSteenrodSqare

To construct this code, we relied on some of SageMath’s already-implemented link

capabilities [SD22b]. We also pulled some functions directly from Lipshitz and Sarkar’s

KhovanovSteenrod package, which can be found at https://github.com/sucharit/

KhovanovSteenrod. The functions in KhovanovSteenrodSquare that come from or are

based on functions from these other sources are marked as such in the code. Note

that Lipshitz and Sarkar’s KhovanovSteenrod does not work for a link if any of its

components are the unknot or the Hopf link. Because our code relies on theirs, then

our code KhovanovSteenrodSquare also does not work for any such links. However,

our code does work for any other oriented link.

Now, to use the code in KhovanovSteenrodSquare to compute a Steenrod square

sqi : Hp,q(L;Z/2)→ Hp+i,q(L;Z/2),
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the user specifies their oriented link L via its planar diagram code or Dowker-Thistlewaite

code, which are standardized formats for describing links, the desired Steenrod map in-

dex i, and the cohomology degree p and quantum degree q of the domain homology

group. The code will then compute the corresponding map sqi, following Morán’s con-

struction described above. It will return the rank of this map, and for each cohomology

class in Hp,q, it will return the image of that element as a linear combination of the

cohomology classes in Hp+i,q.

6.1.1 Description of the Code

The code in KhovanovSteenrodSquare defines two Sagemath classes. The first is the

Link class. Each instance of this class represents an oriented link. When we instantiate

a Link object, we determine its n-cube diagram and its enhanced states. The code that

computes these is based on functions from Lipshitz and Sarkar’s KhovanovSteenrod.

The other class in KhovanovSteenrodSquare is the KhovanovComplex class. Each

instance of this class represents the Khovanov complex for an oriented link. One of the

data of this class is the Link object for the oriented link we are considering. This class

has a method called compute sqi() for computing the Steenrod square

sqi : Hp,q(L;Z/2)→ Hp+i,q(L;Z/2)

on the Khovanov homology of the given link.

There are three main functions, which are all methods on the KhovanovComplex

class, that do the work of computing the Steenrod square in compute sqi(). The first

is called define khovanov complex(), which takes a quantum degree q as input, and, as

the name suggests, it defines the Khovanov complex in that quantum degree. The con-

tent of this function is pulled directly from the function khovanov homology cached()

in SageMath, except that we removed the last two lines that take the Khovanov complex

that this function has defined so far and compute its homology [SD22a].

The second main function in compute sqi() is called nabla choose(). This func-

tion takes as input the Steenrod square index of interest i, the cohomological degree p of

sqi’s domain group, and the quantum degree q of the map’s domain and range groups.

Its output is the dual mp to Morán’s map
∑

k

(
∇(kn) ◦∆k

)
. Since this is a method on



113

the KhovanovComplex class it already knows the link of interest, as well as its Khovanov

complex in the given quantum degree q.

The work of this function nabla choose() encompasses the construction of

∑
k

∇(kn) ◦∆k.

This correspondence is part of the map ∇r that is dual to sqi, in Morán’s construction.

The name nabla choose comes from having referred to the map ∇(kn) as the “nabla

choose” map while working on this project since the symbol ∇ is called “nabla” and

the superscript is “k choose n”.

As part of the function nabla choose(), we define correspondences on the aug-

mented semi-simplicial object as constructed by Morán. The work for defining all of

these correspondences is one of the more complicated sections of the code. Since face

maps can be compositions of multiple smaller face maps, this means we can represent

elements of a correspondence in different ways. Determining which representations are

equivalent ended up requiring significant effort. To do this, we also relied on Lipshitz

and Sarkar’s code for defining the ladybug matching in KhovanovSteenrod. This gave

us the matchings across an individual 2-dimensional face. However, in order to be able

to compute all higher Steenrod squares sqi for i > 2, we needed to be able to match

properly across arbitrarily long stretches.

In another part of the function nabla choose(), we define the maps λW ′′ and

λW ′′,W ◦ for a pair (W ′′,W ◦) as constructed by Morán and as described above. We

use these maps to determine whether each (W ′′,W ◦) is (s, t)-positive for each (s, t).

This part of the code is the slowest since there are so many different pairs (s, t) and

so many different (W ′′,W ◦) to consider. For example, for the disjoint union of four

trefoils, we had about 81,000 (s, t)-pairs to consider across the entire computation and

65 pairs (W ′′,W ◦). We had to consider each pair of pairs (W ′′,W ◦) and (s, t).

The last main function in compute sqi() is called nabla on kh(). This function

takes as input the output of nabla choose(), which is the dual map to Morán’s map∑
k∇(kn) ◦∆k. From that, this function take the Z/2-linearization and then passes this

result to the quotient. This gives us the Steenrod square sqi. Then, for each generator

of Hp,q, the function nabla on kh() returns the image of that generator as a linear
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combination of the generators of Hp+i,q. Note that these linear combinations may not

be unique. This function also computes and returns the rank of this map modulo 2.

6.2 Results

In this section, we briefly describe some initial results from running our code on different

links. As we will see in this section, while the Steenrod squares that we computed via

KhovanovSteenrodSquare took between seconds and hours to compute, this is still

significantly more efficient than doing these computations by hand. In particular, the

larger computation that took hours to compute using KhovanovSteenrodSquare was

unreasonable to do by hand given the number of (s, t) and (W ′′,W ◦) pairs to consider

and the amount of bookkeeping needed.

6.2.1 Results for Trefoils

To test this code, we started by considering the Steenrod square

sq1 : H−3,−7(T ;Z/2)→ H−2,−7(T ;Z/2),

where T is the left-handed trefoil. We computed this map both by hand and using our

code, and both results matched. We similarly computed both by hand and using our

code the Steenrod square

sq2 : H−6,−14(T t T ;Z/2)→ H−4,−14(T t T ;Z/2),

where T tT is the disjoint union of two left-handed trefoils. The computations by hand

of these sq1 and sq2 maps are presented in the previous section.

Using a Cartan formula for the Khovanov homology of disjoint links combined with

the fact that the above two Steenrod squares are nontrivial, we expect the following

maps to be nontrivial:

sq3 : H−9,−21(T t T t T ;Z/2)→ H−6,−21(T t T t T ;Z/2)

sq4 : H−12,−28(T t T t T t T ;Z/2)→ H−8,−28(T t T t T t T ;Z/2).
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Our code correctly returned this results for both sq3 and sq4.

In Table 6.1, we present the timing of our code on the four above mentions Steenrod

square computations.

link Steenrod square
cohomological and
quantum degrees

rank
modulo 2 code timing

T sq1 (−3,−7)→ (−2,−7) 1 0.0946 s
T t T sq2 (−6,−14)→ (−4,−14) 1 0.2217 s

T t T t T sq3 (−9,−21)→ (−6,−21) 1 22.3647 s

T t T t T t T sq4 (−12,−28)→ (−8,−28) 1
32770.0201 s
(9h, 6m, 10s)

Table 6.1: Timing of Steenrod Squares on Disjoint Unions of Left-Handed Trefoils

6.2.2 The Steenrod Square sq4

Recall from the brief discussion above that Lipshitz and Sarkar, as well as Seed, have

written code to compute Sq1 and Sq2 on the Khovanov homology of a link [LS12, See15].

Again, because of the Adem relations, we can use these computations to define Sq3.

However, we cannot use these Steenrod squares to define Sq4. Thus, we are interested

in any nontrivial Sq4 computations we can find.

As a proof of concept, we computed sq4 on the disjoint union of 4 trefoils, as shown

in the results above. However, because of a Cartan formula for the Khovanov homology

of disjoint links, we did expect that result.

In search of a nontrivial sq4 that we were not necessarily expecting, we turned to the

links in the Knot Atlas [BNM15]. From this source, we were able to download the PD

code or DT code for the knots in the Rolfsen Knot Table, which contains all the prime

knots with 10 crossings or fewer. We also downloaded information about knots with 11,

12, 13, 14, and 15 crossings, available at http://katlas.org/Data. For each knot, we

first looked for quantum degrees where the Khovanov homology groups were 4 cohomo-

logical degrees apart. This would mean that we might possibly have a nontrivial sq4.

Some of these knot tables included the rank of the knot’s integral Khovanov homology

groups. For other knots, these homology groups were not already computed. Instead,

the knot tables included their rational Khovanov polynomials. From this information,

we were able to restrict which Khovanov homology groups we computed. We checked

http://katlas.org/Data
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the Khovanov homology groups for all knots up to 15 crossings and for many knots

with 15 crossings from the sources mentioned above. None of these knots had pairs

of Khovanov homology groups that were 4 cohomological degrees apart. Thus, since

we already knew that none of these knots had a nontrivial sq4, we did not try using

KhovanovSteenrodSquare to compute their Steenrod squares.

6.3 Future Directions

As mentioned above, the only nontrivial sq4 that we found was defined on the disjoint

union of four trefoils. However, also as mentioned, this was not a surprising result, but

was more so a proof of concept. Thus, one future direction of this work is to continue

running the code in KhovanovSteenrodSquare on the 15-crossing knots and other knots

in order to find an unexpected, nontrivial sq4.

Another future direction would be to consider a family of knots or links, like torus

knots. Then we would like to use the code in KhovanovSteenrodSquare to look for

patterns in the Khovanov homology groups and Steenrod squares for the link in one of

these families.

In order to make these searches more tractable, another next step is to find or write

a faster Khovanov homology computation than the current method that we are using

from Sagemath. This step is one of the slowest parts of the computation. In addition

to speeding up functions from elsewhere that we are using, there is certainly work to be

done to speed up our own code in KhovanovSteenrodSquare.
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Appendix A

Morphism Notation

Throughout this paper, we have referenced several different but similar morphisms.

Here, we summarize these morphisms for quick reference to help keep them straight.

• Within the cube category 2n = {0, 1}n, the morphisms are written dU : A′ → A,

where we have A′, A ∈ {0, 1}n and the sequence U ∈ {0, 1, ∗}n. The elements of

the sequence U in {0, 1} tell us which coordinates A′ and A share. The elements

of U that are ∗ tell us for which coordinates A′ and A differ. In the positions that

U has a ∗, A′ has a 0, and A has a 1. We define the cube category in Section

3.2.2.

• For a given quantum degree q, the functor F q : 2n → B, which we present in

Section 3.2.2.1, sends vertices of the n-cube to sets of enhanced states in the

Burnside category. This functor sends morphisms to correspondences, as we saw

in the previous bullet. These correspondences do not have special notation. We

simply denote a morphism by F q(dU ) where we have dU ∈Mor(2n).

• Within the semi-simplicial category ∆inj , the morphisms are maps between ordi-

nals. We denote these maps by ∂iU : [i−|U |]→ [i], where we have U ∈ {0, 1, . . . , i}.

• Within the augmented semi-simplicial category ∆inj∗, the morphisms are the same

maps between ordinals as in semi-simplicial category ∆inj . We now also have a

map from [−1] to [0], the identity morphism on [−1], and a morphism [−1]→ [n]

for each n > 0. To distinguish the maps in the semi-simplicial category from
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those in the augmented semi-simplicial category, even though, when they both

exist, they are the same, we denote the maps in ∆inj∗ by ∂̄iU : [i − |U |] → [i].

Again, we note that we have the equivalence ∂iU = ∂̄iU for all i ≥ 0 and for all

U ∈ {0, 1, . . . , i}. We define ∆inj∗ in Section 3.2.3.2.

• Within the opposite of the augmented semi-simplicial category ∆op
inj∗, which we

define in Section 3.2.3.3, we write the maps as δ̄iU . Here, a morphism δ̄iU is dual

to the morphism ∂̄iU ∈Mor(∆inj∗).

• The functor X : ∆op
inj∗ → B, which we describe in Section 4.1, takes ordinals in

the opposite of the augmented semi-simplicial category to sets of enhanced states

in the Burnside category. In particular, it maps to disjoint unions of F q(A) for

some A ∈ 2n. This functor X takes morphisms δ̄iU to correspondences δiU .
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