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Abstract

Due to the strong coupling between the spin, lattice, and orbital degrees of freedom,
transition metal oxides exhibit a wealth of exotic phases, such as ferroelectricity, super-
conductivity, and magnetic ordering. In this thesis, | focus on the magnetic properties
of three transition metal oxides. The rst study I discuss in this thesis is on the botal-
lackite cuprate Cu,(OH)3Br [1]. | present the results for the excitation spectrum of the
material, obtained through a combination of rst-principles methods, linear spin wave
theory and exact diagonalization. Our calculations of the dynamical structure factor
highlight the coexistence of magnon and spinon excitations in the system, and our re-
sults qualitatively agree with experimental results obtained through inelastic neutron
scattering.

| then turn to the rare-earth titanates (RTiO3) compounds, which are well-known to
transition from a predominantly ferromagnetic state to a predominantly G-type antifer-
romagnetic state with increasing rare earth radius. This extraordinary behavior arises
from the high sensitivity of the exchange interactions to the crystal structure of RTiOs.
As such, the rare-earth titanates are natural candidates for exploring the possibility of
controlling a system’s magnetic behavior through the application of uniaxial or biaxial
strain. | discuss the results of our comprehensive study of the rare-earth titanates, in
which we used a combination of rst-principles and analytical methods to show that the
application of uniaxial or epitaxial strain in RTiO3 should lead to a host of magnetic
and structural phase transitions. This study is then followed by a description of the
collaborative works | have participated in [2, 3], in which I provided rst-principles and
analytical calculations to complement experimental and theoretical analyses of RTiOs.

I then discuss my contribution to the joint experimental and theoretical investigation
of (Pry yYy)1 xCaxCoO3z (PYCCO) [4]. In this work, my coauthors demonstrate
that simultaneous rst-order spin-state/valence-state/metal-insulator transitions can be
experimentally induced in PYCCO with applied epitaxial strain. Studying this system
from rst-principles, | provide evidence that the strain-tunable phase transitions in
PYCCO are directly analogous to the rst-order thermal phase transitions observed in
Prg:5Cap:5C00s3.
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function of x for xed t [panel (b)]. Panels (c) and (d) show the specic
heat C=T /| @f=@% as a function oft for xed x and as a function
of x for xed t, respectively. The maxima correspond to the Widom line
[dotted line in Fig. 4.8(c)]. Figure reproduced from Ref. [3]. . . . . . .. 149
4.10 Strain \phase diagram" of (Pro.s5Y 0:15)0:7Cap:3C003 and DFT results.
(a) Experimental temperature vs. T \in-plane strain" "y« phase diagram
for (Pro-s5Y0:15)0:7Cap:3C00z . Thin Im (solid points, 30-unit-cell-
thick) and bulk (open point) data are shown, with the relevant substrate
indicated at the top. The substrates on which (Prg.g5Y 0:15)0:7Cap:3C003
was grown are YAIO3(101) (YAQ), SrLaAIO 4(001) (SLAO), LaAlO 3(001)
(LAO), SrLaGaO 4(001) (SLGO), and Lag-18Sro:82Al 0:50Tap:4103(001) (LSAT).
The valence transition temperature T,; (circles) and Curie temperature
Tc (squares) are plotted. Green, white, and blue phase elds indicate
\nonmagnetic insulator”, \paramagnetic metal”, and \long-range ferro-
magnet (FM)", respectively. (b) Energy di erence between the low- and
high-unit-cell-volume states of Pry.5CagsCo03 vs. "y« (left axis, solid
points) as obtained from DFT calculations. On the right axis is the cor-
responding energy gapEg (open points) of the ground-state structure,
obtained from DFT DOS calculations. Figure reproduced from [4]. . . 156
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4.11 (a-c) DFT+U-calculated energy di erences between low-volume insulat-
ing and high-volume metallic states in Pry.5sCap.sCoO3 (PCCO) as a func-
tion of the in-plane lattice constant (and thus biaxial strain), for di erent
sets of U on Pr and Co. Since all reasonabl&p, and U, values were
found to underestimate the experimental volumes of both the high- and
low-volume states, we report results usingU values such that the DFT-
predicted di erence in bulk volumes is similar to that seen in experiment
(Upr = 4 eV and Ug, = 3 eV) L. Panel (d) shows the results for DFT-
calculated volumes of bulk PCCO, compared to experiment (horizontal
dashed lines). The absolute volumes of both the low- and high-volume
states are underestimated by DFT, as noted above.Up, values of 5 eV
and higher, in combination with Uc, values higher than 3 eV, overesti-
mate the volume di erence between the low- and high-volume states in
bulk PCCO. . . . . . . e

4.12 DFT-calculated (a) CoOg octahedral volume and (b) unit cell volume in
both the low and high-volume phases as a function of in-plane lattice
constant (and thus biaxial strain), for Uco = 3 eV and Up; = 4 eV. The
background color denotes which phase is energetically favorable. The
gray lines highlight the trends within a given phase, while the dashed
lines track the behavior of the lower-energy phase across the transition.
To obtain the location of the phase boundary, we nd the in-plane lattice
constant for which the energy di erence between the two phases is zero.
This is accomplished using linear interpolation of the energy di erences
between neighboring data points (see the dashed line in Fig. 4.11(b).)
In panel (c), we reproduce data from Ref. [6], showing the experimental
behavior of the octahedral and unit cell volumes as a function of tempera-
ture in Pro.5Cap.5C003. We nd good qualitative agreement between the
DFT calculations and the experimental data across the phase transition
(compare (a,b) with (c)). . ... .. .. .. .. ... .. .. .. ...
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4.13 (a) DFT-calculated band gaps as a function of in-plane lattice constant
for the low and high-volume states of Pg.5Cag.5sCo03 (PCCO), for Uge=3
eV and Up,=4 eV. The background color denotes whether the ground
state is the high- or low-volume unit cell state, and the phase transition
boundary is obtained where there is zero energy di erence between the
two phases, as described in the caption to Fig. 4.12. The gray lines
highlight the trends within each phase, while the dashed line tracks the
behavior of the band gap of the ground state across the transition. The
dashed line was obtained in a similar manner to the dashed lines in Figs.
4.12(a,b). (b) Corresponding density-of-states (DOS) vs. energy plots
(Er is the Fermi energy) for each in-plane lattice constant, i.e., each
substrate. The top row shows the results for the low-volume unit cell
states, while the bottom row is for the high-volume unit cell states. We
see that the low-volume unit cell states are insulating, while the high-
volume unit cell states are metallic. These calculations therefore show
that there is a high-volume metallic state under tensile biaxial strain
and a low-volume insulating state under compressive biaxial strain, in
agreement with experiment. . . . . . . .. ... L. 160
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Chapter 1

Introduction

1.1 Density Functional Theory

All of the varied properties of a material{ its color, structure, conductivity, magnetic
behavior, etc.{ fundamentally derive from quantum mechanics. In theory, one should be
able to derive the behavior of any desired property of a compound through an application
of the Schmdinger equation to the  10%® particles in the compound [7]. This point
was understood as early as 1929, when Dirac noted that \the underlying physical laws
necessary for the ... whole of chemistry are thus completely known" [8]. Unfortunately,
a theoretical investigation of the Schmdinger equation, as applied to a large number of
interacting particles, is a highly nontrivial problem, which has been intensely studied
since the advent of the Schmdinger equation itself [9, 10, 11, 12, 13, 14, 15]. Indeed, Dirac
in the same sentence as above, concludes that the many-electron Schredinger equation is
\much too complicated to be soluble," and argues that \approximate practical methods
of applying quantum mechanics should be developed.”

The di culty of the so-called many-body problem may not be surprising in retro-
spect, given the hindsight provided by the many decades of experimental and theoretical
developments since the birth of quantum mechanics. Some materials are metallic, while
others are insulating. Some are spin ices [16], while others are superconductors [17].
A whole host of exotic phenomena appear in materials, including ferroelectricity [18],
super uidity [19], magnetism [20], and the quantum Hall e ect [21]. Yet all materi-
als are simply a collection of atoms. In short, the whole is more than the sum of its
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parts. Simply understanding the underlying fundamental laws governing the individual
particles in a material does not in any way imply that one understands the emergent,
collective behavior of the entire system. This adage was emphasized by Anderson, who
eschewed the reductionist philosophy of Dirac, and emphasized the emergent behavior
that can arise in the many-body systems, proclaiming that \More is di erent" [22].

This is not to say that an ab-initio analysis of the many-body problem is hopeless.
In particular, in the following section | provide an overview of density functional theory
(DFT), which in theory allows one to obtain the ground state of a many-body system
by mapping it to a one-electron problem [23, 24, 25]. While various approximations
employed in practice imply that the results obtained from DFT are not exact, DFT
has become an invaluable tool to study the chemistry and physics in many materials
from rst-principles. Indeed, even when DFT cannot capture the subtle correlations
which give rise to various emergent phenomena, it can often provide useful rst steps
for di erent analytical or computational approaches.

1.1.1 The Many-body Schiedinger equation

We begin with a review of the many-body problem. The energy of a system of interacting
electrons and nuclei is given by [7]

Etot = h jHj i (1.1

in which is the many-body wavefunction, and H is the many-body Hamiltonian

X -2 X 2 1X e 11X &z1z;, X €z
. 2me . 2My 2. i 2 i Ryj oo dri R
2 } i6j i;
| —— |—f—} | —z—} | —fz—}
kinetic energy operators Coulomb repulsion Coloumb repulsion Coulomb attraction
for the nuclei and electrons between electrons between nuclei between the
electrons
and nuclei
(1.2)

Here, we use lowercase indices to denote the electrons and uppercase indices to denote
the nuclei. Therefore,r; is the position operator acting on theith electron and r; is the
position operator acting on the | th nucleus. Similarly, Z, and M, denote the charge
and mass of thel th nucleus, while e and m¢ denote the charge and mass of an electron.



~ is the reduced Planck constant.
In general, solutions to the Schrodinger equationH = E , may contain cross
terms between the electrons and nuclei. However, the nuclei are much more massive
than the electrons, and therefore timescales describing the motion of nuclei are much
longer than those of electrons. Because of this, one can think of the nuclei as xed. In
this case, the operator P | %r |2 describing the kinetic energy of the nuclei, gives
zero. Meanwhile, the operator% 6] %’ describing the repulsion between nuclei,
yields a constant term, which can be subtracted from the energy without a ecting the
wavefunction solutions. This approximation is called the clamped-ion approximation,
and can be summarized by the following Hamiltonian:
H o= X 22 r i2+ }X i X i
Iri Rij

i 2me 2i6j jri rjj

(1.3)
il
in which now denotes only the electronic part of the many-body wavefunction, that
is, = ( ra;ro;:irn). To make this more clear, we can rewrite the operator describing
the interaction between the electrons and ions as:

X Z

Vn(r) = m

(1.4)
[

so that the Hamiltonian can be written as a function of only the electronic operators:
X 22 X 1 X e?

24 Vh(r)+ 2 —— 1.

H(ri;ro;inrn) =

Even with the clamped-ion approximation, the Schredinger equation resulting from this
Hamiltonian is di cult to solve. Analytically, it has only been solved exactly for a
system with one electron. To solve it numerically for anything but the simplest of
systems would require a great deal of computational resources [26, 25]. This is because,
for a system of N electrons, this is a function of N variables, as it is a function of the
position of each electron in the system. For a real-space sampling gf points along one
direction (that is, a grid of size g®), we would need to storeg®™ numbers. The storage
required, then, scales exponentially with the number of electrons in the system, and this
makes working with this Hamiltonian (Eg. 1.5) infeasible.



1.1.2 Kohn-Sham equations

Because it is not viable to solve the Schrodinger equation resulting from the above
Hamiltonian (Eqg. 1.5), we must reformulate the problem of nding physical observables
in a way that circumvents solving the many-body Schrodinger equation. It is to this
end that we turn to the Hohenberg-Kohn theorems [23], which provide the central ideas
behind density functional theory. The rst Hohenberg-Kohn theorem states that given
the ground state electron density ngs(r), one can in principle reconstruct the ground
state wavefunction , and therefore obtain any ground-state observable of interest.
Focusing on the ground-state energy, this theorem states that there exists a functional
F[n], such that F[ngs] = Egs. This is by itself quite profound, implying that rather
than requiring the entire many-body wavefunction ( rq;r»;:::rn), which is a function
of 3N coordinates, to obtain the ground-state energy, one only requires the ground-state
density ngs(r), a function of only 3 variables. The second Hohenberg-Kohn theorem
states that this functional F[n]is minimized whenn(r) equals the ground state density
Ngs(r).

These two theorems lead to a drastic reformulation of the many-body problem.
Rather than solving the N -electron Schrodinger equation, the Hohenberg-Kohn theo-
rems imply that it is su cient to minimize the energy functional F[n] and obtain the
ground-state electron density ngs(r). From ngs(r), we can then obtain any observable
of interest. Unfortunately, the Hohenberg-Kohn theorems do not explicitly construct
the functional F[n], but only prove that such a functional exists. In order to nd the
appropriate functional, we can try to evaluate the expectation value of Eq. 1.5,

- P+ : Vn(ri) + e @ =) [ nli (1.6)

E = F[n]= h[ n]j .
m=hing o fe T

where j [ n]i is the many-body wavefunction. Of the three terms in the expectation
value, the second term, which describes the interaction between the electrons and the
nuclei, can be written in terms of the density n(r) as follows:
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h[ nlj Va(ri)j[ nli = drhl nlj (r ri)Va(r)j[ nli 1.7)
i Zi X
= drVu(r)  h[nlj (r ri)j[ ni (1.8)
Z i
= drVa(r)n(r): (1.9)
Using this, the energy then becomes
_ z Kooz 1 X o
Bl = deOn b 00l g Bl REly il (110
I {Tz b 'z }
Hee

Unfortunately, there is no simple method to rewrite the latter two contributions in
terms of the electron density n(r). As such, we make an approximation in order to
nd the electron-electron and the kinetic energy terms. Assume that we begin with a
wavefunction that is a product state:

(rorzunrn) = a(ry) 20r2)i n(rn): (1.11)
Using this, we nd
X Z r2
T= dr i(r)ﬁ i(r): (1.12)

i
Additionally, using our product state wavefunction, we can write
Z Z
n(r)n(r
drdro ( ) ( Cb

1
Hee HHartree = > W, (1.13)

in which n(r) = P il i(r)j2 is the electron density for our product state wavefunction.
To obtain the above expression, traditionally referred to as the Hartree energy, we had
to include extra terms in the sum wherei = j { in other words, the above expression
includes arti cial self-interaction energies. This is not the only issue with the Hartree
energy. In particular, since we obtained this expression by using a wavefunction that
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doesn't satisfy the Pauli exclusion principle, the Hartree energy neglects all the e ects
of exchange. Moreover, using a product state as our wavefunction means we are also
ignoring the e ects of correlations. Similar qualms hold for the kinetic energy, which
we also obtained using our product state ansatz.

To correct for these e ects, we must include a correction term in our functional,
Exc[n] { this is referred to as the exchange-correlation functional. Using this, we nally
have

4 4 Z Z
X ro

_ rz 1 n(r)n(
E[n]=  drVa(r)n(r) dr i(r)ﬂ i(r)+ > drdroﬁ

+ Exc[n]
(1.14)

With this, we now have a density functional which is in principle exact! Although
we obtained the kinetic and Hartree energies using a product state wavefunction, all
exchange and correlation e ects neglected by this ansatz are in principle accounted
for by the correction term Exc[n]. At this point, one only needs to derive a suitable
expression forEy:[n]. This has been the subject of intense study over the years, and
there are many di erent exchange-correlation functionals which have been proposed
[27, 28, 29, 30, 31, 32].

With this, we can obtain the ground state energy by minimizing this functional with
respect to the density. Sincen(r) is given in terms of the Kohn-Sham orbitals (r),
we can minimize E[n] by setting the functional derivative E= (r) = 0, subject to
the constraint that the Kohn-Sham orbitals are orthonormal, dr ;(r) j(r)= j. We
then obtain the Kohn-Sham equations:

o 2 Va0 (1) olr) (D)= 1100 (1.15)

where

Z
Va)= & aro )

jr 9
and Vic[n] = E x.=n. Solving these Kohn-Sham equations self-consistently gives the

(1.16)

Kohn-Sham orbitals which satisfy the minimum energy condition, and thus gives the
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ground state density. Schematically, the method one uses to solve the Kohn{Sham
equations self-consistently is shown in the following diagram:

nr) b Vi (r)iVie(r) ! i(r) (1.17)
~~

In words, we begin with some initial guess for the electron densityn(r). Using this
guess, we obtain the Hartree potentialV4 (r) and the exchange-correlation potential
Vyc(r). The nuclear potential V,(r) is independent of the electron density, and is solely
determined through the atomic positions. We can then use these potentials in the
Kohn-Sham equations, solving for the Kohn-Sham orbitals i(r) and eigenvalues";.
With these orbitals, we can again obtain the electron density usingn(r) = ;j i(r)jz.
This iterative process until the output density agrees with the input density within
some desired tolerance. In fact, it is more e cient in practice to instead check for the
convergence of the energies rather than the densities.

1.1.3 DFT+U and spin-polarized calculations

Although DFT includes the e ects of electron-electron repulsion through the exchange
correlation functional and Hartree terms, these terms are sometimes not su cient to
account for the strength of correlations in the system. For example, for some systems
such as NiO and MnO, DFT will predict a metal when the system is in fact a Mott
insulator [33, 34, 35, 36]. This is due to the fact that the exchange correlation functionals
used in DFT calculations are determined assuming that the electronic densities vary
slowly as a function of position. As such, they work best in this limit, rather than in
systems that have more localized orbitals. To account for this, DFT can be extended
to explicitly include a Hubbard U [37, 38] on di erent orbitals, for example on highly
localized orbitals such asd- or f -orbitals [39, 40, 36]. By construction, then, DFT+U
includes the e ects of correlations better than DFT alone. To be more concrete, consider
the following Hubbard Hamiltonian given by

Hingx Nm: Nmo. +U 3

2

mm© mé m©o

Nm; Nmo (1.18)

This Hamiltonian gives the Coulomb repulsion on a single atom. Herem and m°



8
label the orbital degrees of freedom on the atom (i.e. theal or f levels), labels the spin
degree of freedom, andh,, is the occupation of the orbital m and spin . In essence,
Eg. 1.18 says that electrons on an atom repel each other with energyy. However, if
two electrons have the same spin, they interact with energyl J, i.e. the Hubbard
repulsion is reduced by the Hund interactionJ.

With this, one can add Hj, to the DFT energy functional and better model the
correlations on the correlatedd and f levels. However, when addingHj; to the energy
functional, one should also in principle subtract out the repulsion and correlations al-
ready included at the LDA or GGA level, as to avoid double counting. This is a highly
nontrivial issue, and there are multiple methods which have been proposed in the liter-
ature [41, 40, 39, 42]. In any case, once one has decided on a double-counting correction
Egc, one can addHjy Egc to the DFT energy functional. This is essentially what
was done by Dudarev et al [36], starting from the above expression foH . We note
that in the above expression forHiy, the Coulomb repulsion between two electrons is
always U, regardless of which orbitals the two electrons occupy. This only holds if one
assumes that the overlap integrals are approximately independent of the two orbitals
being occupied. A similar statement holds for the Hund interaction J. In principle,
one should instead take the orbital structure into account when writing Hin;. Doing so
leads to a more re ned interaction [40].

Lastly, we note that so far, we have not discussed what values df and J are appro-
priate to use. In practice, it is common to considerU and J as free parameters, which
should be determined by tting the resulting structure, band gap, or other empirical
guantities to experiment. Alternatively, Cococcioni and de Gironcoli have proposed a
method to calculate the correctU values from rst-principles [43].

This introduction of spin implies a generalization of the DFT formalism to include
spin density as well as electron density in the energy functional. In the early 1970s,
Barth and Hedin [44] and Rajagopal and Callaway [45] extended the formalism of DFT
to include relativistic e ects, making it possible to use DFT to study magnetic materials.
While Kohn and Sham had previously shown that only the electron density is needed
to nd the ground state energy of a system (that is, the ground state energy is a
functional of the electron density, E = F[n(r)]), Rajagopal and Callaway, starting from
the Dirac equation, showed that the energy of a magnetic system is a functional of
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the relativistic 4-current. This 4-current is actually composed of three quantites, which
are the electron density, the spin density, and the electron current density. In typical
spin-DFT implementations, however, only the electron and spin densities are needed,
while the electron current density can be neglected. That is, the energy is a functional
of only n(r) and s(r). Both the spin and electron densities can be written in terms of
the density matrix as follows:

X
n(r) = n (r) (1.19)

~X
s(r) = > n (r) (1.20)

where the density matrix, n  (r) is given by

X
n (r)= i(ry ) i(rs ) (1.21)

i
De ning both n(r) and s(r) in this way shows that the ground state energy is a functional
of the density matrix (E = F[n (r)]). From here, everything follows in analogy to the

nonmagnetic DFT formalism.

1.2 Group Theory

In materials science, group theory is both a convenient and powerful tool for study-
ing scenarios in which the states of a system can be classi ed by their symmetries
[46, 47, 48, 49]. This is because group theory is, essentially, the study of symmetriés.
To illustrate this idea, we can use the perovskite crystal structure in its cubic and
distorted forms. Fig. 1.1 shows a perovskite crystal belonging to the cubid® m3m
space group (Fig. 1.1(a)), and the orthorhombicP nma space group (Fig. 1.1(b)). To
study the Pnma crystal structure, we might try evaluating the total displacement of
each atom away from its non-displaced counterpart in the cubic structure. We could
then try to understand the e ect of each atomic displacement on quantities of interest

More rigorously, group theory is the study of groups, but every group is the symmetry group of
some graph (from Frucht's theorem [50]).
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(such as magnetic exchange constants, microscopic electric dipole moments, free ener-
gies, etc.). Because distortions can become quite complicated, this would not in general
be an easy task. Additionally, all physical quantities of interest, such as free energies,
magnetizations, or electric polarizations, can be classi ed by their symmetry proper-
ties. As such, it is more natural and useful to consider how these properties couple
to distortion modes (i.e. phonons) rather than individual atomic displacements, since
these modes have well-de ned symmetry properties (i.e. they belong to some irreducible
representation) and are therefore more interpretable. Even disregarding this point of
interpretability, it would be infeasible to study how each atomic displacement a ects a
quantity of interest, since a crystal is composed of 10?® atoms. If we instead use the
tools that group theory provides, we can decompose the total distortion into di erent
displacement modes, which di er by their symmetries. This provides a way to system-
atically evaluate how each distortion mode a ects quantities we care about and how
each mode might be in uenced by external, tunable means.

a) parent structure b) distorted structure

Figure 1.1: Cubic Pm3m parent LaTiO 3 structure and the distorted structure

To reiterate, we want to understand the total distortion (and its e ect on various
guantities) by decomposing it into simpler, linearly independent distortions. These basis
distortions are called nhormal modes or distortion modes, and are determined from group
theoretical considerations. Because distortion modes are reasonable to individually vi-
sualize, they may provide more intuition for an overall distortion than an exhaustive list
of displacement coordinates for each atom in a distorted supercell. Moreover, di erent
distortion modes may be caused by separate energy lowering mechanisms (for example,
by being unstable on its own, or by being brought in through coupling to an unstable
mode) and so separating a distortion into its contributions from each distortion mode
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may also help with understanding the mechanisms of a phase transition.
In this chapter, | will introduce some essential concepts in group theory. These
include representations, irreducible representations (irreps), and order parameter direc-
tions (OPD's).

1.2.1 Representations

A representation of a group G is de ned as a homomorphism :G! GL(V) [46, 47,
49]. Here, GL(V) is the general linear group on a vector spac® , which for our purposes
will always be C", the vector space consisting of alh-tuples of complex numbers. The
general linear group GL(C") is composed of the set ol  n invertable matrices with
complex coe cients, and we can think of a representation as a function mapping
group elements to matrices with complex coe cients. For to be a homomorphism,
the set of matrices must obey the group's multiplication rules, i.e. if a group element
a is represented by matrix (a) and a group elementb is represented by (b), then

(& (b) = (ab. In the following, | will further explain representations and motivate
their use through examples. Representations are not unique, which | will illustrate by
constructing four di erent representations of the same group.

Consider a square with identical atoms attached to each of its corners. We take
this square molecule to sit in two-dimensional space. The point group to which this
molecule belongs isD4, which consists of four-fold rotations about the center of the
square, as well as re ections about the square's diagonals and theand y axes, i.e.D4 =
fE;Ca4;(Ca)%C3 vii v2; d1; ¢20- Here, E is the identity operation, C, corresponds
to n-fold rotations, f y1; v2g correspond to re ections through the x and y axes, and
f 41; 429 correspond to re ections through the square's diagonals. Recall that linear
operators are determined by how they transform basis vectors. Therefore, to obtain a
representation, we must rst choose a basis.

To obtain our rst representation, we choose the basis shown in Figure 1.2, where
we have attached two basis vectors to each of our atoms.

We see that under aC,4 operation, basis vectoru 1 is taken into u,y, basis vectoru 1y
is taken into u,y, and so on. Since we know hokC4 acts on each basis vector, we can con-

struct the matrix representation C4 in our basis (U1x; U1y ; U2x; U2y ; U3y ; U3sy; Uax; Usy).
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U2x Uix

u 3x u4x

u3y u4y

Figure 1.2: a square molecule (atoms at corners) with two basis vectors attached to
each atom

This matrix (Cy) is 8 8, and reads

0 1
000000O0O0T1
00000O0O01
0100000
. 1000000 @ 1.2
0001000
0010000
000010
00001000

The above construction can be done for any symmetry operation of the point group.
The set of 8 8 matrices obtained this way is a representation of the point groupD 4,
which we shall denote g. Since the matrices of our representation are 8 8, we call the
representation 8-dimensional. In general, a representation composed af n matrices
is referred to asn-dimensional.

Although the above set of matrices was constructed using the 8-dimensional basis
shown in Figure 1.2, we could have instead used the basis shown in Figure 1.3. In
this case, each atom has one basis vector associated with it. Since there are four basis
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ui
uz

Uy

us

Figure 1.3: Square molecule with a single basis vector attached to each atom

vectors in total, the matrices describing our point group would now be 4 4, leading to
a 4-dimensional representation 4.

As another a representation of our point group, consider the two distortions shown
in Figure 1.4, which we denote 1 and ,. Note that 1 and ; only transform between
themselves under all operations of theD4 point group. For example, (C4) 1 = 1,

() 1= 2, () 2= 1,etc. Thus, we can use ; and » as basis vectors to construct
a 2-dimensional representation ».

As a last example of a representation, consider the map 1 which takes every

group element to the number 1. This map is a valid representation, since it satis es

1(a) 1(b) = 1(ab) for any group elementsa and b. This representation is referred to as
the trivial representation, and exists for any group G. A basis vector which transforms
under the trivial representation is discussed in the following section.

With the above four examples, we have demonstrated that there can be many dif-
ferent representations of any given group. In passing, we note that a representation also
does not need to befaithful . A representation s faithful if it is injective [49]. That
is, the matrices corresponding to two di erent group elementsa and b, (a) and (b),
must be distinct. The trivial representation 1 is an exemplary example of an unfaithful
representation, since 1 maps all group elements to 1 by de nition.
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a) 1 basis vector b) » basis vector

Figure 1.4: The basis vectors ; and », related by re ections through the  mirror
plane

1.2.2 Irreducible representations

At this point, we have constructed four di erent representations 1, », 4, and g ofthe
point group D 4. However, we have not discussed why representations are useful, nor why
one would prefer any given representation over any other. Indeed, to the latter point,
in the above examples, only the 8-dimensional basis may seem natural, since the basis
vectors naturally describe atomic displacements of this square molecule. To address
these questions, we rst de ne reducible and irreducible representations. Assume we
are given a representation : G! GL(V). If there exists a nontrivial proper subspace
W  V such that (g)w 2 W for all g 2 G and w 2 W, then the representation

is reducible . If a representation is not reducible, it is irreducible . To make these
de nitions more concrete, we will refer to the previous example of the square molecule
and its D4 point group.

Examples of reducible and irreducible representations

One example of a reducible representation is the 8-dimensional representatiory that we
introduced above. This can be seen by noticing that the four basis vectorbus; us; usz; usg
of 4 span a 4-dimensional subspace of the 8-dimensional space spanned by the basis
vectors fuyy; Uyy; :::g. Since all group elements take this 4-dimensional space into itself,
our original criterion for reducibility is established, i.e. our 8-dimensional representation

g is reducible.
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As a second example, consider the 2-dimensional representation constructed above
in Fig. 1.4, furnished by the basis vectors 1 and ». Now, instead of using 1 and »
as our basis vectors, we could have chosen, = 1+ 5 and = o 1 as the basis
to describe our representation. As one can visually verify from Figure 1.5, under every
point group operation, + is mapped onto itself. Mathematically, + can be used as a
basis vector for a one-dimensional subspad®/. of our original vector space (spanned by
linear combinations of ; and ,.) Since . is mapped into itself under every symmetry
operation g of our group D4, by de nition, our original representation ; is reducible.
One could have also proven the reducibility of , using . Like 4, only transforms
into or under operations of the symmetry groupD 4.

The important point is that .+ and do not transform into each other under
any group operation. Thus, if we choose . and as a basis, our new 2-dimensional
representation becomes diagonal, i.e. each matrix of our representation(C4), ( ), etc.
is diagonal. In fact, an equivalent de nition of reducibility is that there exists a basis
in which all representation matrices are block-diagonal. Representations which can be
obtained via a unitary change of basis are said to besquivalent . In this language, a
representation is said to be reducible if it is equivalent to a block-diagonal representation.

a) = 9 1 b)+=1+2

Figure 1.5: The basis vectors . and

If we change basis fromf 1; o,gto f .; @, as discussed above, we obtain a
new, block-diagonal representation. From this representation, we may de ne a new
1-dimensional representation, furnished by the one basis vector,.? We can do the
same with , obtaining a di erent 1-dimensional representation. We note that the

ZNote that . is unchanged by any of the symmetry operations of the group. As such, the 1 1
representation matrices are all given by 1. Therefore, the irreducible representation furnished by the
basis vector . is also the trivial representation introduced in the previous section.
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1-dimensional representations furnished by . and are irreducible, since there is no
way to further diagonalize a 1 1 matrix. As a notational aside, the names of these
irreducible representations (irreps) areA; and Ao, respectively.

With this, we now provide some intuition for irreducible representations and how
they give us information about symmetry. Since the states . and  are never mapped
into each other under point group operations, one can loosely say that they have di erent
symmetry properties. When we diagonalize our representation, what we are doing then
is breaking up our vector space spanned by ; and » into dierent subspaces, each
of which have their own symmetry. The two di erent irreducible representations then
describe the di erent symmetries of their respective basis vectors. To see this, note that
if we take + and  to correspond to distortions of this square molecule, ;. leads to a
molecule which is still a square. The distortion however, leads to a rotated square,
which no longer aligns with the diagonal mirror planes.

Although the above example involves 1-dimensional irreducible representations, in
general, one can imagine a distortion that has components of a higher dimensional irrep.
For this, we rst describe a 2-dimensional irrep of our point group D4. Consider the
following vectors 3 and 4, as shown in Fig. 1.6. Under all point group operations,
they transform into each other. Using these vectors as a basis, we can create a hew 2-
dimensional representation ofD 4. Actually, the resulting representation is irreducible,
though we do not prove this here; it is denotedE.

a) 3 basis vector b) 4 basis vector
Figure 1.6: The basis vectors 3 and 4
In fact, it is possible to nd all the irreducible representations for any nite group,

without ever referencing a speci c basis. This is due to the Great Orthogonality The-
orem, which is beyond the scope of this paper [47, 49]. Using the Great Orthogonality
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Theorem and its corollaries, any representation (which is not already irreducible) can
be reduced into di erent irreducible representations.

With the formalism of reducible and irreducible representations in hand, we now
return to the questions posed at the beginning of this section, regarding the utility of
representations. We begin by discussing the question of why any given representation
would be preferred over any other. Typically, a representation is chosen depending on
the physical context. For example, if one wishes to classify the normal modes of the
square molecule discussed above, the 8-dimensional representatiog is most natural,
since the basis vectors describe all of the possible displacive degrees of freedom of the
system. If instead, one wished to obtain the energy eigenstates of a given compound,
one could instead use atomic orbitals as basis states to furnish a representation of the
symmetry group of the compound. Once one has a representation, one can reduce

into a sum of irreducible representations ;. The basis vectors of each irreducible
representation then \have the same symmetry”, while basis vectors corresponding to
di erent irreducible representations \have di erent symmetries”. This symmetry infor-
mation is quite useful, in that we expect states corresponding to the same irrep to have
the same energy, and we expect states corresponding to di erent irreps to have di er-
ent symmetries. As such, by only using symmetry considerations, one can predict the
degeneracies of di erent normal modes (in the case of atomic displacements) or energy
eigenstates (in the case of quantum mechanics.)

Moreover, given a set of irreps of interest (perhaps obtained through the above
procedure), one can expand any quantity of interest in powers of the amplitudes of
the given irreps. This allows one to analyze how a given irrep a ects the quantity of
interest, even in cases where a microscopic model may be di cult to understand. We
shall discuss this further below, when we discuss the coupling between distortion modes
and magnetic couplings in the free energy.

1.2.3 Order parameter directions (OPD)

Before we de ne an order parameter, we must discuss how one breaks up a given dis-
tortion into irreducible representations. As a trivial example, consider the distortion
generated from .. As previously discussed, . transforms under the 1-dimensional
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irreducible representation A;. When describing this distortion, we then say it is com-
posed solely ofA;, rather than describing the distortion with a vector of 8 elements and
denoting the displacements of each atom. This way, it is easier to see the symmetry of
the distortion: it is the vector that does not change under any symmetry operation of
the point group.

As another example, consider the distortion 1, which can be seen in gure 14.
Since 1= ++ ,we would describe the distortion as having equal partsA; and A,
+ transforming under A; and transforming under A,.

Figure 1.7: The = 3+ 4 distortion

Although the above examples involve 1-dimensional irreducible representations, in
general, one can imagine a distortion that has components of a higher dimensional irrep.
Consider the distortion in gure 1:7. As one can see, = a( 3+ 4), wherea is the
amplitude of the distortion. As noted above, 3 and 4 transform under the E irrep.
Thus, we would describe the distortion as being composed of thE irrep. However, since
the E irrep is 2-dimensional, we must be more speci ¢ when describing our distortion.
In our case, is equally composed of 3 and 4, which we denote @;a), where a
again denotes the amplitude of the distortion. This 2-component vector tells us how
much of each basis vector we have. We call this vector the order parameter direction. In
summary, given a distortion of our molecule, we can break it up into linear combinations
of di erent distortions, which are basis vectors of irreducible representations. In an
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abuse of language, we instead say that we break up our original distortion into di erent
irreps (rather than basis vectors of dierent irreps). For example, if an irrep is 5-
dimensional, we must also specify an order parameter direction, a 5-component vector,
to tell us how much of the ve basis vectors we have in our speci ¢ distortion.

1.2.4 Space groups and their representations

| originally introduced the utility of group theory using the example of distortions of

a crystal. However, in the case of a crystal, we are not concerned with a point group
but instead the symmetry group of a crystal. If we consider an in nite crystal, the
symmetry group is called the space group. | now briey review space groups, and
provide the formalism to describe their representations.

Any crystal lattice has translational symmetry. In particular, for any crystal, there
are basis vectorsa, b, and c¢ such that the crystal is symmetric under translations by
any t = nja+ nyb + nsc for any integers ny, ny, and n3. The set of translations T
constitutes a subgroup of the space group and is known as the translation subgroup
T of the space groupG. In addition to this translational symmetry, a crystal may
also contain point group symmetry elements, such as mirror planes or inversion centers.
Moreover, a crystal may contain symmetry elements such as glide planes or screw axes,
which do not exist in any point group. In this case, the space group is referred to
as nonsymmorphic . In general, all symmetry operations of a space groups can
be written as fRjtg, where R is a point-group operation, andt is a translation. In
particular, fRjtg takes a pointr to fRjtgr = Rr + t. For an extensive discussion of
space groups and their symmetry elements, | refer the reader to [49, 51].

First, we restrict ourselves to the translation subgroup and its representations. Since
all translations f 1jtg commute with one another, the groupT is abelian2 As such, all
irreducible representations of T are one-dimensional [49]. Moreover, each irreducible
representation  can be labeled by some crystal momentunk residing in the Brillouin
zone of the crystal.

Under some translationf 1jt g, a basis vectorvy of the irreducible representation
transforms as

(fljtg)vi = € tyy: (1.23)

3A group is abelian if all of its elements commute [49].
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Any state v satisfying the above (and therefore transforming under some irreducible
representation ) is referred to as a Bloch state. In words, Bloch states are mapped
into themselves under translations, up to some phase factoe® t. Note that for this to
be true, any Bloch state vy must be delocalized over the entire crystal structure.

This can also be seen from the following: Consider a vector, which is localized in
some unit cell of the crystal. Depending on the physical contexty could correspond to
an atomic displacement, an atomic orbital, or a spin ip of some magnetic moment, to
list a few examples. With this v, we de ne vy as follows:

Vi = : (f1jtige " tiv; (1.24)
|
where the sum runs over all the translations of the crystal. This de nition of v satis es
(flitg)vik = €Xtv,. From this equation for vy, it is easy to see thatvy has nonzero
weight in all unit cells of the crystal and is therefore delocalized.

From this discussion, it is straightforward to construct states which transform under
irreducible representations of the translation subgroupT. Given some set of localized
statesv , applying the above formula immediately yields a set of Bloch states/ .

So far, we have only discussed irreducible representations of the translation subgroup
T of some space grougs. However, as previously discussed, in general a space group
may also contain other symmetry operations, corresponding to either point group or
nonsymmorphic symmetry operations. These operation$ Rj g (where is a fractional
translation if fRj g is nonsymmorphic) map a Bloch state with momentum k into
another Bloch state with momentum RK. Intuitively then, if we want to understand the
symmetry properties of a Bloch state with momentum Rk, it is su cient to understand
the symmetry properties of the Bloch states with momentumk. This intuition will be
made precise in the below discussion.

With this, it is useful to de ne the star of k as the set of inequivalent momenta
ki which can be obtained by acting the symmetry operationsf Rjtg of space groupG
on k. Two momenta k; and k, are considered equivalentk; ko, if they are equal
up to some reciprocal lattice vector, i.e. k1 = ky + K. Rewording our intuition of
the previous paragraph, if we understand the symmetry properties of our Bloch states
at k, we automatically know the symmetry properties of the Bloch states for all other
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momenta in the star of k.

From the above, it is su cient to restrict ourselves to a speci c momentum K in the
star of k when trying to construct irreducible representations of a space groupG. In
particular, given some momentumk, we de ne the little group Gy, also known as the
group of k, as the set of symmetry operationsf Rjtg of G such that Rk k. One can
show that any representation of the little group Gk uniquely determines a representation
of the entire space groupG. Indeed, if we have a set of vectors,  which furnish a basis
of a representation  of the little group Gy, we can construct a basis of a representation

k " G of the entire space groupG simply by acting the space group operationd Rjtg on
the basis vectorsvy . This naturally leads to basis vectors forall momenta in the star
of k. This representation of G, " G, is referred to as the induced representation. This
formalizes our above intuition that the symmetry properties of our Bloch basis can be
understood by focusing on a singlé in the star. The task of constructing representations
of the whole space groupG is therefore equivalent to constructing representations of
the little group Gk.

First, note that for all k, Gk contains the translation group T as a subgroup. This
is because translations do not a ect the momentumk of a Bloch state, instead only
modifying the phase of a Bloch statev, by €K', It is therefore convenient to work
instead with the quotient group Gk = Gg=T, known as the little cogroup of k [52].
One can think of Gy as the set of symmetry operationsf Rjtg of Gy, ignoring the
translations by primitive lattice vectors t. If G is symmorphic, Gx contains only point
group operations, and its irreducible representations can be easily found (and are indeed
tabulated for all 32 crystallographic point groups.) If however G is nonsymmorphic, then
Gk may contain screw or glide operations, which contain fractional translations . This
implies that G is not a point group, and complicates the task of constructing irreducible
representations ofGg. In this case, one must turn to projective representations, which
is beyond the scope of this discussion. | refer the interested reader to Refs. [53, 49].

After obtaining a representation of G, one can nd a representation ofG, " G
through the induction procedure described above. So far, the process of obtaining
irreducible representations for space groups has been quite general and abstract. To
make this discussion more concrete, | determine the irreducible representations that the
A-, G-, C-, and F-type magnetic orders correspond to in the cubic space grou m3m.
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1.2.5 Determining Irreducible Representations of Magnetic Orders in
the Pm3m space group

We rst brie y review the method discussed above for determining the irreducible rep-
resentation that a set of basis vectors transforms as, applied to the magnetic order
parameters discussed here. Given a set of basis vectors describing a given magnetic
order, we rst determine their wavevectors k in the Brillouin zone of the crystal. More
precisely, the wavevectors of these basis vectors correspond to the star of some wavevec-
tor k. We then specialize to one wavevector in the star ok, using the point group of
the crystal to determine the little cogroup of k, Gx. For convenience, we will also refer
to Gk as the group ofk. We then nd how our basis transforms under operations ofGy,
and obtain the irrep that this basis corresponds to. This last step is done by calculating
the characters of our representation [49], and comparing the characters of our represen-
tation to online character tables on the Bilbao crystallographic server [54, 55, 56]. We
work in the undistorted cubic structure of an ABO 3 perovskite, which has space group
Pm3m (221).

A-type AFM

We rst consider the A-type AFM mode shown in Fig. 1.8, where the moments are
aligned with the wavevector. Here, the spins are located at the 1b Wycko positions
(the corners of the cube drawn in Fig. 1.8), and the inversion center is on the A-site (the
center of the cube drawn in Fig. 1.8.) There are three inequivalentX -points, that is,
X -points that are not related by reciprocal lattice vectors, and hence, three vectors in
the star of X: f(; 0;0);(0; ; 0);(0;0; )g.* After applying the point group operations
of Pm3m to a given X point, we nd that the group of X is D4y,. This is illustrated in
Fig. 1.8, where we have drawn the four-fold axis in pink. In addition to the four-fold
axis, there are also two-fold axes about the cubix and y axes, the diagonalx + y and
X Yy axes, an inversion center at the center of the cube, as well as several mirror planes.
With this, we can apply the symmetry operations of D4, to nd how our A-type
AFM mode transforms. We nd that this mode only transforms into itself (or minus
itself) under operations of the group ofX , implying that the representation described by

“We work in units where the cubic lattice parameter ais 1.



23

Figure 1.8: A basis vector for A-type AFM magnetic order. This vector transforms
under the mX, irrep.

Dan |[E[CE[CZ|CO |1 [C3I[CZl [CY
11111 1] 1] 1

Table 1.1: The characters for the A-type AFM magnetic order, which corresponds to
the mX; irrep. We do not show the characters for all of the point group operations
here, nding that the characters presented here are su cient to determine the irrep
label.

this A-type AFM order is one-dimensional. The characters we obtain from applying the
operations of theD 4, point group are shown in Tab. 1.1° Comparing these characters to
online tables from the Bilbao crystallographic server, we nd that this mode corresponds
to the mX, irrep. The m in front of the irrep name is to emphasize that this is a
magnetic irrep. In particular, under inversion, the magnetic moments are unchanged.
This is in contrast to atomic displacements, which obtain a minus sign under inversion.

Using this one-dimensional irrep, we can induce a representation of the fulP m3m
space group® Since there are three points in the star ofX, the full order parameter
corresponding to this induced representation is 3 1 = 3 dimensional.

If we instead consider the AFM-A mode where the moments are normal to the
wavevector, the corresponding representation of the group oK is two-dimensional.

®Characters are de ned as the traces of the various representation matrices. Since this magnetic
order corresponds to a one-dimensional basis, the representation matrices are equal to their characters.

®We use the same name (heremX , ) to label both the representation of the group of k and its
induced representation, describing the entire space group. However, it should be understood that these
representations are in general not identical. We emphasize this in Sec. 4.2.2 by prepending a star to
the labels of the induced representations.
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Figure 1.9: The basis vectors of the G-type type AFM order, which we nd transform
as under themRg irrep.

This is because if the wavevector is, say, (@D; ), the moments can point along the
pseudocubicx or y axes). Therefore, the dimension of the induced representation is
3 2 = 6-dimensional. Working analogously to the above example, we nd that this
AFM-A mode corresponds to themXg irrep.

G-type AFM

The G-type AFM magnetic order alternates in sign along all three cubic axes, and
therefore corresponds to arR-point mode (; ; ). Since the magnetic moment of the
G-type AFM order can point in the X, y, or z direction, this representation is three-
dimensional. These basis vectors are sketched in Fig. 1.9. Note that there is only one
R-point in the star of R, since all corners of the cubic Brillouin zone are related by
reciprocal lattice vectors. As such, all symmetry operations of our point group map the
R point to itself, and the group of R is simply the entire point group of Pm3m, Oy,. In
Tab. 1.2, we detail how these basis vectors transform into each other under di erent
symmetry operations of group ofR.

Comparing this to online tables, we nd that this G-type AFM mode corresponds
to the mRy irrep. Note that unlike the X modes discussed above, the induced repre-
sentation of the G-type AFM mode has the same dimension as the representation of
the group of R. This is due the star of R only consisting of one wavevector. We have
also repeated this analysis for the FM mode and the C-type AFM modes, listing the
results in Tab. 1.3. Also listed in the Tab. 1.3 are the dimensions of the irreps. These
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Oh|E | Cs | C | Cs | CY | Cal [ Cal | Cal | CHI
Gx [Gx| G,| Gx| Gy Gy| G,| G, | Gy Gy | Gy
Gy | Gy | G Gy | Gx| Gx| Gx| Gx| Gy | Gx | G«
G; |G, | Gy| G; G;| G; Gy | Gy G, | G G;
3] 0 1| -1 1 -3 0 1 1 1

Table 1.2: The characters for the AFM-G magnetic order, which corresponds to the
mR; irrep. Asin Tab. 1.1, we do not show the characters for all point-group operations.

order parameters| FM | AFM-G | AFM-A k | AFM-A ? | AFM-C k | AFM-C ?
irreps m ;| mMRg mX ; mX g mM mM &
dimension 3 3 3 6 3 6

Table 1.3: The magnetic irreps obtained from our analysis. Here, the notation AFM-
A k and AFM-A ? indicates a magnetic order which is parallel to the wavevector,
respectively. Regarding the C-type AFM modes, recall that the spins in the C-type
mode alternate in a checkerboard pattern within a plane, but is unchanged along an
axis normal to this plane. Given this, AFM-C k (AFM-C ?) describes the C-type AFM
mode where the moment is parallel (perpendicular) to this special axis. We have also
listed the dimension of each representation, which is the product of the size of the star
of k and the size of the representation of the group ok, for a given wavevectork.

dimensions correspond not to the little cogroups, but to the induced representations
describing the full space group.

1.2.6 Ginzburg-Landau Free Energy Expansion

One particularly fruitful application of the above machinery of representation theory is
in the study of phase transitions. It is often quite di cult to obtain insights into a phase
transition by looking at the microscopic details of a system. As such, to study the physics
near a phase transition, it is common to employ a phenomenological Ginzburg-Landau
approach, in which the free energy is expanded in terms of the relevant order parameters
of the transition. Examples of possible order parameters include the magnetization in
the case of a phase transition into a magnetically ordered phase (e.g. see Sec. 4.2),
the electric polarization in the case of a transition into the ferroelectric phase, the
superconducting gap for a phase transition into a superconducting phase, and structural
mode amplitudes when dealing with structural phase transitions.

In the Ginzburg-Landau approach, one expands the free energy¥ in powers of
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the relevant order parameters, with the constraint that F must be invariant under all
operations of the symmetry group of the system. For example, consider the case of
a isotropic ferromagnet, which we shall assume has time-reversal symmetry and spin-
rotational symmetry. The order parameter of this system is the magnetizationm, which
is a three-dimensional vector. Time reversal mapsn to m, while a spin rotation maps
m to Rm. Here,R is a3 3 matrix in SO(3).

In this case, the free energy reads

F=am m+bm m)? (1.25)

wherem is the vector-valued magnetization, and the coe cients a and b are determined
by the microscopic details of the system. Here, we have kept terms only to quartic order,
though one may include higher order terms if desired. Note thatF by construction has
both time-reversal and spin-rotational symmetry. Although this example is relatively
simple, one would like to have a general formalism to obtain terms in the free energy for
any symmetry group and any set of order parameters. To this end, we note that since
F is invariant under all operations of the symmetry group, F transforms as the one-
dimensional trivial irrep. © Therefore, we may construct terms inF for a given powern
by taking a generic polynomial of ordern composed of products of the order parameter
components and applying the projection operator corresponding to the trivial irrep
[47, 49]® From this, a simple algorithm to generate all terms in the free energy of order
n is to apply the aforementioned projection operator to all possible monomials, stopping
when one has obtained all invariant polynomials of ordem [58]. In practice, we use the
INVARIANTS software [59] to obtain the invariant polynomials. A concrete application

of this formalism is given in Sec. 4.2, in which | obtain the invariant polynomials
in the Ginzburg-Landau free energy expansion coupling the structural and magnetic
degrees of freedom in the rare-earth titanates. Throughout the course of my research,
I make extensive use of the Isotropy Software Suite [60, 61, 62] as well as the Bilbao
Crystallographic Server [54, 55, 56].

’In the case of point groups, this irrep is denoted Aig.
8In the case of a continuous group such as SO(3), there may be complications in de ning the pro-
jection operator. We refer the interested reader to Ref. [57] for more details.
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1.3 Theoretical Methods for Studying Magnetism

There are many theoretical methods for examining the magnetic properties of materials.
In this chapter, | provide an overview of the methods which have been useful in my
research.

1.3.1 Calculating Exchanges from Linear Regression and DFT

Using spin-polarized DFT calculations, we extract magnetic exchange constants as fol-
lows: after calculating the energy of di erent spin con gurations using spin-DFT, we
use linear regression to t the energies to a classical Heisenberg Hamiltoniarl =
Eo+ % i Ji Si S .2 Each spin con guration will have an associated equation, deter-
mined by the particular S; S; terms. If we have N spin con gurations, then we have

N corresponding equations, which can be condensed into matrix form as follows:

0 1

0 1 O 1 g,
=51 1 11 12 0 im

J1
E> 1 21 22 10 om

. &=RB. . . . J2 (1.26)

En 1 N1 N2 50 Nm

JIm

where j is the coe cient of J; for spin con guration i. In practice the right and left-
hand sides are not equal. We do not know the values for the set of exchangésand the
paramagnetic energyEqg. We can only try to nd the set of values which minimizes a

®Although density functional theory in principle only allows us access to the ground state, we can
in practice obtain the energy of many di erent spin con gurations. In particular, the energy barrier
between di erent spin con gurations is often large, and a system will often stay in the spin con guration
in which it was initialized. As such, we can initialize the system in di erent spin con gurations and
calculate their energies, even if these spin con gurations do not correspond to the ground state.
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measure of the di erence in the RHS and LHS. As such, we de ne a cost function

o 1,
0 1 0 1 Eq
Ex 1 11 12 0 im
J1
E, 1 21 22 Ll 2m
= . . . . . . \]2 (1'27)
En 1 N1 N2 50 Nm
JIm
for which the optimal parameters of our model, Eg, J1, ..., are obtained when is

minimized.

1.3.2 The Generalized Luttinger-Tisza Method

We begin with a brief overview of the Luttinger-Tisza method [63] and its generaliza-
tion [64, 65]. Assume that the spin Hamiltonian of our system is given by a classical
Heisenberg model:

H = 1x IS, Sjp (1.28)
ijab

In the above, Sj; corresponds to the spin in unit celli, on atom a. In the classical
version of this model, the Hamiltonian is a function of Np spins S5, where S5 is a
three-dimensional vector,N is the number of unit cells, andp is the number of spins per
unit cell. To obtain the classical ground state, we must minimize this N p-dimensional
function subject to the constraint that all spins are normalized to unity (SZ = 1.)
This has been termed the \strong" constraint. We recall that the spins are normalized
to unity, because all factors of S have been absorbed into the de nition ofJ"@b. This
minimization problem can be phrased as a Lagrange multiplier problem by introducing
a di erent Lagrange multiplier for each spin. That is, we can minimize the Lagrangian

1X ab X ia a2
L = > ‘Jij Sia Sjp 7(Sia 1); (1.29)

ijab ia
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where i, are the Np introduced Lagrange multipliers and we have introduced a factor
of 1=2 for convenience. Though conceptually straightforward, minimization of this La-
grangian is in general intractable. To get around this, Luttinger and Tisza considered
the following Lagrangian instead:

1 X X )
S T (1.30)

L = > Ji?bsia Sip >
ijab ia
Minimizing this Lagrangian is eguivalent to replacing the Np \strong" constraints with
one \weak" constraint Np = ia Sé. Setting the gradient of this Luttinger-Tisza

Lagrangian with respect to spin Sj; equal to zero, we obtain

ISy = Sia (1.31)
ib

Moving to momentum space, this equation becomes

J(k)Sy(k) = Sa(k); (1.32)
b

P : _P .
where J3(k) = = ; J@ek Ri Ri) and Sa(k) = 1=pN e kRig, . This can be

viewed as an eigenvalue problem, wherd®(k) isap p - dimensional matrix.

We can diagonalize this matrix at eachk to nd p eigenvalues, which are guaranteed
to be real from the hermiticity of J2°(k). Repeating this at each momentum, one obtains
p eigenvalue bands which extend throughout the Brillouin zone. The momentumq of
the optimal spin con guration is obtained by searching for the minimum eigenvalue

min (q) of this band structure. The eigenvector S;(q) corresponding to this eigenvalue
minimizes the original Hamiltonian subject to the weak constraint. At this point, one
checks if the resulting spin con guration satis es the strong constraint, as required.

One can show that the eigenvector corresponding to spin con guratiorS, (k) satis es
the strong constraint if all of its components are equal in magnitude. If so, the spin
con guration is physically allowed, and the energy of the spin con guration is E =
N min (0)=2.

However, there is no guarantee that the resulting spin con guration satis es the
strong constraint. In fact, though this method works for Bravais lattices (p = 1), it
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often fails in the case when there is more than one spin per primitive unit cell § > 1).
Indeed, when applied to our system, the original Luttinger-Tisza method fails to produce
a spin con guration which satis es the strong constraint.

We therefore employ the generalized Luttinger-Tisza method [64] of Lyons and Ka-
plan, and minimize the following Lagrangian:
_ 1 X ab X 22 2y.

L= 2 Jij Sia Sjb 2 ( 2Sia a): (1.33)

ijab ia

Minimizing this Lagrangian is equivalent to replacing the previous weak constraint with
a generalized weak constraintN  , 2= 2S2, where we have introducedp pa-
rameters 4. In doing so, we expand the constraint space, since there are more spin
con gurations which satisfy this generalized weak constraint than the original weak con-
straint. Therefore, we can possibly obtain a solution to this generalized minimization
problem which also satis es the strong constraint. Minimizing this new Lagrangian with
respect toS; and moving to momentum space, we obtain

JBK)Sp(k) = 2Sa(k): (1.34)
b
We now de ne Pa(k) = 2Sa(k) and J 2(k) = J2(k)=( . p), where no sum is implied

over a or b. With these de nitions, Eq. 1.34 becomes

J ®K)Py(k) = Pa(k): (1.35)
b

This is an eigenvalue problem for the matrixJ 2°(k). We can now work as in the orig-
inal Luttinger-Tisza method to obtain the optimal eigenvalue and eigenvector P 5(K).
The parameters , are determined by requiring the resulting spin con guration to sat-
isfy the strong constraint. One can show that the eigenvector corresponding to spin
con guration S,(k) satis es the strong constraint if all of its components are equal in
magnitude. In this case, the resulting spin con guration can be written as

Si =cos(kp Ri+ )0+sin(kg Ri+ )%; (1.36)

for some wavevectorkg and phases . Here, @ and ¢ are arbitrary orthonormal
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vectors, re ecting the spin-rotational SU(2) symmetry of the Heisenberg Hamiltonian.

1.3.3 Calculation of Mean- eld Transition Temperatures

With the exchange parameters obtained from the rst principle calculations, we can
estimate the magnetic transition temperature T, based on a mean- eld treatment of the
classical Heisenberg model [66]:

1 X
H= - Jij Si S§j; (2.37)

2 i
where Jj is the Heisenberg interaction coupling spinsi and j, and the spins are nor-
malized by jS;j = 1. Unlike in the previous section, the indicesi and j do not label a
unit cell, but speci ¢ spins in the system. The sums are then over all of the spins of the
system. With this, the above Hamiltonian is general enough to describe systems with
any number of spins per unit cell. TakingS; = hS;i + S; and expanding the Heisenberg
Hamiltonian to O( S ?), we have

1 X
H = é Jij Si Sj (1.38)
i
X 1 X
= Jitgi S 5 Jjtsi hSji+ O( S?): (1.39)
i i
We now ignore spatial uctuations and take hSji = mS®S, where 0 m 1 is the

order parameter andS®S is the ground-state con guration. The mean- eld Hamiltonian
becomes

X GS m?2 X GS oGS
Hme = m Jij Sj Si > Jjj Si Sj (1.40)
i i
X m2 X
=m M S SES Mi; (1.41)

where the mean- eld M ; felt by spin S; is de ned as
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X
Mi=  J;SP% (1.42)

With this, the partition function Z is

4
Y dsin
z= didisin i 'd4's'” lg Hour (1.43)
i
4 .

ez 1.44
e 2 (L.44)

Expanding the dot product M; S; and evaluating the ; integrals, we obtain

Z
P Y Cain
Zze—"‘z2 { SCS M disin e MM 7 cos |
2

q
lo msin i (MX)2+(MY)2 ; (1.45)

where 1 o(z) is a modi ed Bessel function of the rst kind. Since we are only interested
in the transition temperature Tyr, we expand the integrand takingm 1. Completing
the ; integrals, we obtain

2P 2m2
z % iSPMi 1y g‘M? : (1.46)
i
and
F= Tihz (1.47)
2 X 1X 22
= M7 ges My, =7 o1+ Mgz (1.48)

2

i [
The order parameter m is found by enforcing @F=@m 0, which gives

X M 2
SiGS Mi+§ 2nl12 2:
i i 1+ ——M;

0: (1.49)

To nd the transition temperature, we take m =0, nding
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P
 M?

: 1.50

Tve =

So far, we have not assumed anything about the periodicity of our system. We will
now assume that we have a periodic system withp spins per unit cell. With this, the
Heisenberg Hamiltonian can be rewritten as

1 X
H=> 3, S S; (1.51)

2 I
ij

and the formula for the transition temperature can be rewritten as
P

Di

3 T

Mi M;
SES M

Tvme = (152)

i
Here the labelsi and index the unit cell and spin sublattice, respectively. We rewrite
the above formula in momentum space, obtaining

M M
k k
TME = f

3 LSS M

(1.53)

To simplify this, we rst present a few useful relations. First, due to the translational

symmetry of our system, we haveJij = J (d), whered = R;j Rj. Moreover,
the spin-exchange symmetry impliesJ; = J; , or equivalently J (d) = J ( d).
Recallingthat ) (k)= 4J (d)e 'k 9, the reality of the exchange constants implies

that 3 ( k) = J (k) . Combining these two properties, we also have that the
J (k) =J (k),i.e. the matrix given by J (k) is Hermitian. Rewriting M in
momentum-space and using the Hermiticity ofJ (k), one nds My = J (k)Sk .
Inserting this into the formula for the transition temperature, the numerator becomes

M M« J (K)J ( KISk S« (1.54)

J (K)J (KSk S «: (1.55)
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To continue, we must have an expression for the ground-state spin con guration. We
will assume that the ground-state spin con guration is of the form one would nd from
Luttinger-Tisza, i.e.

Si =cos(kg Ri+ )0+sin(kg Rij+ )¢ (1.56)

Here, &t and ¢ are arbitrary orthonormal vectors, the phases re ect the relative angles
between the spins in a unit cell, andky is the wavevector re ecting the periodicity of
the spin con guration. Using this, we can obtain Sy calculate the dot product and
sum overk, after which the above becomes

X X _ .
MM ¢ =N e' J (ko)J (ko€ ; (1.57)
k
where N is the number of unit cells in the system. De ning the p-component vector
=( € 1;¢ 2;:€ »)T andthep p matrix J(k), whose matrix elements areJ  (k),
we can condense the above formula to

X
Mk M =N YJ(ko)? : (1.58)
k
L P .
With similar algebra, we ndthat =, SSS M , =N YJ(ko), sothat Ty is given

by

YJ (ko)?
T = _ 1.
MF 3 V3 (ko) (1.59)
In the case of a single spin per unit cell, the above reduces toyr = J(kg)=3.

1.3.4 Linear Spin Wave Theory

In this section, | review how we obtain the magnon spectrum from the Heisenberg

Hamiltonian:
1 X
H = > S S§: (1.60)
j



35
Unlike the previous sections, we will not work with the classical Heisenberg Hamiltonian,
i.e. §j and S; should be understood as operators. To nd the magnon spectrum however,
we assume that we are given some classical ground state, which for example might be
obtained via the Luttinger-Tisza method described above. With this Hamiltonian, we
transform from spin operators S; to bosons, using the Holstein-Primako transformation
[67, 68]. In this method, rather than working in the structural unit cell, we work
with a magnetic unit cell, which can in general be larger than the structural unit cell.
To be specic, assume that we havem spins in a magnetic unit cell. We will also
assume that the magnetic ground state is collinear, i.e. all spins are aligned or anti-
aligned along a speci c direction. For magnetic ground states which are non-collinear
or incommensurate with the ground state, a more general analysis should be performed
[69, 70].

For collinear systems, in which each spin can be considered to point either up or
down, we introduce m types of bosons, each corresponding to a di erent spin (pointing
either up or down) in the magnetic unit cell. For those spins which point up in the
classical ground state, we introduce the Holstein-Primako bosonsa;, as follows:

The index i runs over the N spins which point up in the magnetic unit cell, while the
index n runs over the di erent magnetic unit cells. Similarly, we introduce the following
bosons for the spins which point down in the magnetic unit cell:

Siy = S+ alain (1.63)
q

i:n

After rewriting the Hamiltonian using the above transformation, we then expand the
Hamiltonian in powers of 1=S. The lowest order term is a constant which gives us the en-
ergy of the classical ground state. The next term is quadratic in the Holstein-Primako
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bosonsa;.n , and diagonalizing this gives the spin wave spectrum to lowest order in £S.
Linear spin wave theory (LSWT) , Which we consider here, corresponds to ignoring
higher order terms that lead to a renormalization of the spin wave spectrum as well as
magnon decay terms.

With this transformed Hamiltonian, we then move to momentum-space. The Hamil-
tonian can be written as

X ak
H = al a x Ho(k) y (1.65)
2
k ke

whereHg(k) isa 2N 2N matrix. The goal of LSWT is to transform this Hamiltonian
into a form X
H=Eg+ "n(K) %;k nik s (1.66)
k:n
which counts the magnons and correspondingly ascribes an enerdy to them. Here,
7« and oy are creation and annihilation operators for magnons in bandn with
momentum k, respectively1©
To do so, note that if H is diagonalized, then [ mq;H]1=[ mgq; P (M ﬁ;k ik +
%)] = "mq mgq. With this, we candene a2N 2N matrix M, such that [v;H] = Mv,
where v is the column vector (ay;a’ I()T. One can show that M is block diagonal
and composed of twoN N matrices. Moreover, it is only necessary to diagonalize
one of these blocks, which we denotd (k). By diagonalizing M (k), we can nd the
Bogoliubov operators .k and their associated energy eigenvaluées,x . For eachk, there
will be N positive bands andN symmetric negative bands. This symmetric spectrum
is a consequence of the redundancy of our description. In particularay and ayk are
not independent degrees of freedom. Accordingly, these negative eigenvalues do not
imply negative magnon energies, but rather that our Bogoliubov operator is instead a
creation operator ﬁ;k (and not an annihilation operator . as originally assumed).
Additionally, it turns out that each of the magnon bands are two-fold degenerate. This
can be understood from the fact that in an antiferromagnetic ground state (which

we consider here), there are two symmetry-equivalent excitations: magnons which have

OWe note that Eo here includes not only the classical ground state energy, but also the zero-point
energy of the new Holstein-Primako ground state.
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S, = 1 (which lower S, on the spin-up sublattice), and magnons which have S, =1

(which raise S; on the spin-down sublattice). As such, although there areN magnon
bands, there are in reality only N=2 distinct magnon energies per momentunk.

1.3.5 Exact Diagonalization

Although LSWT allows one to calculate the magnon spectrum of a spin system, it
is signi cantly more di cult to access multi-magnon states, since one must take into
account higher-order corrections to the Hamiltonian which allow for magnon-magnon
interactions. Additionally, since LSWT calculations are built on magnon excitations,
one cannot access spinon states, which are fractionalized magnon excitations. Exact
diagonalization presents a solution to both di culties. A thorough review of how to
computationally implement exact diagonalization can be found in Ref. [71]. Here, |
simply provide a brief overview of the underlying theory.

The idea behind exact diagonalization is straightforward. Given a system which
we would like to investigate, we consider a nite-size cluster ofN lattice sites. For
this cluster, we then explicitly construct the exact Hamiltonian matrix, which can be
diagonalized numerically. With the resulting energies and eigenstates, one can calculate
any desired observable. Unlike with LSWT, there is no obstruction to nding multi-
magnon (or multi-spinon) states.

However, since one is typically concerned with the thermodynamic limit, exact di-
agonalization is useful only if we can work with large system sizes so as to mitigate
nite-size e ects. This is a signi cant drawback, since the basis grows exponentially
with system size (the size of the basis folN spin-1=2 particles is 2V.) This makes
implementing exact diagonalization computationally intensive.!' However, exact diag-
onalization results on small system sizes may still yield important physical insights, as
we discuss below.

Since we are concerned in this Thesis with magnetic properties of materials, we re-
strict ourselves to spin Hamiltonians. Assume we have a cluster dfl spin-1=2 particles,

1 Luckily, in practice we are only interested in the lowest-energy states. This allows us to use spe-
cialized, more computationally e cient diagonalization routines, such as the Lanczos algorithm. We
discuss this further at the end of this section.
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which occupy the sites of some lattice. To construct the matrix describing our Hamilto-
nian, we must rst construct a basis on which our Hamiltonian acts. One natural basis
is the set of product states, in which a single spin in a given product state is eithej"i
or j#i. It is convenient to refer to j"i asjli, and j#i asjOi. This allows us to assign a
number to each product state through its binary representation. For example, the state
j"#'#i 1] 1010. Since 1010 is 2+ 21 = 10, j"#'#i is the tenth state in this basis of
product states (the zeroth state isj####i). More generally, given anN -spin system, we
can map each state to anN -digit binary number.

With this basis, we can in principle loop through each basis state and calculate how
the Hamiltonian acts on each of the 2 basis states. Using this information to construct
a2l 2V matrix, the spectrum can then be found by computationally diagonalizing
this matrix. However, even for moderately sized values ofN, this method becomes
computationally intractable. For example, for a cluster with N = 20 spins, the memory
needed to simply store the 20 220 Hamiltonian matrix is 137 gigabytes!

Therefore, in order to implement exact diagonalization, we must nd a way to reduce
the size of the basis. This may be done by exploiting the symmetries of the system
to block diagonalize the Hamiltonian. An added benet of block diagonalizing the
Hamiltonian is that we also obtain more information about the symmetries of di erent
states of the system.

I now discuss how one would block diagonalize the Hamiltonian. Assume we have
an operator A which commutes with the Hamiltonian H, i.e. [A;H] = 0. One can
show that the Hamiltonian is block-diagonal in the basis of eigenstates oA. That is,
if Ajai = ajai and Ajbi = bjbi for a & b, then hajH jbi = 0. In other words, H only
mixes states with the same quantum numbers. Therefore, instead of diagonalizing the
original 2N 2N matrix, it is su cient to diagonalize the smaller blocks (labeled by
di erent quantum numbers) separately. Each block describes how the eigenstates ok
of a given quantum number are transformed under action of the HamiltonianH. To
implement this computationally, we must be able to construct a basis which spans the
eigenstates ofA with eigenvalue a. We can then see how the Hamiltonian acts on our
basis and construct the block Hamiltonian in this subspace.

The above method of block diagonalization can easily be extended given more oper-
ators that commute with H. For example, assume we have three operatorg\, B, and
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C which commute with each other andH . one may block diagonalizeH by working in
the basis of simultaneous eigenstates ok, B, and C, labeled by ja; b; d. Each block is
then labeled by the quantum numbersa, b, and c.

In practice, operators which commute with H are found by examining the symme-
tries of our system. In this Thesis, we are concerned with studying the Heisenberg
model as applied to lattice systems. As a concrete example, let us work in two dimen-
sions and label the lattice vectors of the crystala and b. To model the lattice structure,
we impose periodic boundary conditions on our nite-size cluster. With these boundary
conditions, translations by multiples of a or b leave the system invariant. The system
therefore has translational symmetry, implying that translations corresponding to any
integer multiple of a or b commute with H. Recall from our earlier discussion of group
theory that translations by some lattice vector R leave Bloch states invariant up to a
phase factorek R. As such, the eigenstates of translation are simply the Bloch states,
and the quantum number labeling each state is the crystal momentunk. From this, if
we work in a basis composed of momentum eigenstates, the Hamiltonian then is block
diagonal in k.

Other than translational symmetry, our Heisenberg Hamiltonian is symmetric under
rotation of all the spins in our system. That is, the Hamiltonian has SU(2) symmetry.
Therefore, we may block diagonalize bySZ, and S2,. In practice, one does not typ-
ically block diagonalize by S2, for computational convenience’? A system may also
by symmetric under spatial-inversion and spin-inversion, for example, which could be
useful for further block diagonalization.

| now discuss how to construct a basis of eigenstates fdBg,, given an eigenvalue
st - For convenience, we will instead label our states by the equivalent quantum number
numup, which is the number of "-spins in a given product state. A natural method to
construct a basis corresponding to a givemumup is to loop through all 2N product states
and check if each state has the desiredumup spins. However, this is computationally
inconvenient for large system sizes, since one has to loop through all2product states,
when there are only nu’r\,‘mp states which we would like to obtain.

We therefore use a di erent method which generates all the states with a given

2 According to [71], block diagonalizing by S, makes the Hamiltonian dense rather than sparse,
which is undesirable because this requires more memory to store.
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numup. Consider the spin con guration corresponding to 2™ 1. When converted
to binary, one sees that this is the spin con guration with " in the rst numup positions,
and 0 otherwise. We then generate all other states with this by shifting the positions
where the" spins are located. By construction, each state generated by shifting these
positions still has the same amount olhumup spins. By continually shifting the positions
of the " spins, we can obtain all states with a givennumup e ciently.

Having discussed how we generate the basis &, states, we now turn to the issue
of generating eigenstates of translation. Since the eigenstates of translation are Bloch
states, generating eigenstates of translation is equivalent to generating Bloch states
from our original spin con gurations. This can be done by applying Eq. 1.24 from our
discussion of group theory. In particular, given a spin con guration jcon gi, a Bloch
state with momentum k can be constructed using the de nition below:

jk(cong)i = Ax e KRiT(Rj)jcongi: (1.67)
i
In the above, A is a normalization factor to be determined andT(R;) is the trans-
lation operator corresponding to the lattice vector R;. To use this basis to construct
the block Hamiltonian, we must calculate the normalization factor A. To this end, we
rst note that the above de nition of jk(con g)i is sometimes redundant. For example,
consider a chain of six spins arranged on a ring. If we apply the above de nition for
jk(con g) i to the con guration corresponding to the classical Neel statgfNi = j"#"#"#i ,
we nd

E E E
jk(N)i:AjNi+eika N +eZikajNi+e3ika N +e4ikajNi+e5ika N
(1.68)
. _ _ E
=A@+e #re W) Nitel® N (1.69)
E
where we have dened N = I'El'(a)jNi = j#"#'#"i for notational convenience. In

the above, the statesjNi and N both appeared three times. This is becausgN i
is periodic under translations of length 2a. Furthermore this redundancy led, upon
simpli cation, to the sum of phase factors in the second line above. The normalization
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factor A in the above example can now be seen to b& = ( P3 (1+ e 2ka 4 g 4kayy 1

For some values ok, the above sum of phase factors may be zero. This is equivalent
to the statement that a given spin con guration is incompatible with certain values of k.
For example, it is not possible to create a state with a nonzerdk from the ferromagnetic
spin con guration. To see if a given spin con guration is compatible with momentum
k, we calculate the sum of phase factors above and see if it is nonzero. If so, we add the
momentum state generated from the spin con guration to our basis. To be more speci c,
given a spin con guration, we loop through all translations R of our lattice. If some
translation T(R;) leaves the spin con guration invariant, we store the corresponding
phase factore 'K Ri_ If the sum of these phase factors is nonzero, the momentum state
jk(cong)i is allowed. We then calculate and store the corresponding normalization
factor A corresponding to this state.

With this, we can now construct the basis given quantum numbersnumup and k.
The block Hamiltonian is then obtained by acting H on each of the eigenstates in our
basis, and storing the corresponding matrix element$2 With this Hamiltonian matrix,
we can numerically diagonalize the block Hamiltonians for di erent quantum numbers
to obtain the spectrum of our nite-size cluster. In practice, we are not interested
in the entire spectrum, but only the lowest-energy states. As such, we employ the
Lanczos algorithm, which given some Hermitian matrix M and number n, obtains the
n lowest eigenvalues as well as their corresponding eigenstates [72, 73, 71]. Sincis
typically much smaller than the size of our basis, using the Lanczos algorithm yields
the desired eigenstates and eigenvalues much more e ciently than brute-force matrix
diagonalization.

After obtaining the eigenstates and eigenvalues, one can in principle calculate any
desired observable. In particular, given some operato©O, we can actO on our basis
states to see how they transform. This then allows us to obtain the matrix elements
of O in our basis. With these matrix representation of O, we can then calculate any
desired expectation value. We note that this construction of O is essentially identical
to the construction of the Hamiltonian matrix H.

3Even after implementing these symmetries, the block sizes can be relatively large. As such, it
is more e cient to only store the nonzero matrix elements rather than the entire matrix. Since the
Hamiltonian matrix turns out to be sparse, this leads to a signi cant reduction in the memory required
to store the block.
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Additionally, by looking at the symmetry of the states appearing in the ground-
state manifold (also referred to as the tower of states [74]), group theory can be used
to determine the possible symmetry-breaking long-range ordered states which occur in
the thermodynamic limit [75, 76, 77].



Chapter 2

The magnetic excitation
spectrum of the botallackite
cuprate Cu -Br(OH) 3

This chapter is adapted from my work First-principles characterization of the magnetic
properties of Cw(OH) 3Br [1].

2.1 Introduction

Low dimensional spin-1/2 transition metal oxides and oxyhalides continue to be at the
forefront of research investigating nonclassical phases such as quantum spin liquids. In
this study, we examine the magnetic properties of the oxyhalide Cu(OH)Br in the
botallackite structure using rst-principles density functional theory, linear spin-wave
theory, and exact diagonalization calculations. This quasi-2D system consists of Cii
S = 1=2 moments arranged on a distorted triangular lattice. Our exact diagonalization
calculations, which rely on a rst-principles-based magnetic model, generate spectral
functions consistent with inelastic neutron scattering (INS) data. By performing com-
putational experiments to disentangle the chemical and steric e ects of the halide ions,
we nd that the dominant e ect of the halogen ions is steric in the Cu>(OH) ;X series
of compounds.

43
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Low-dimensional magnetism can give rise to a host of exotic phenomena. For exam-
ple, in quasi-1D systems, the fractionalization of magnons into spinons has been both
theoretically predicted and experimentally observed [78, 79, 80]. In addition to low-
dimensionality, frustration also plays a key role in the magnetic behavior of a system,
as in the Majumdar-Ghosh model, which predicts a valence-bond solid [81, 82] or in the
Kitaev honeycomb maodel, which predicts a spin liquid [83]. In recent years, Kagome
antiferromagnets have garnered extensive interest, especially the Herbertsmithite com-
pound, which contains local spin-1/2 magnetic moments [84]. Despite large antiferro-
magnetic interactions (J 17 meV) which couple nearest-neighbor spins, no signature
of magnetic ordering is measured down to 50 mK [85]. This makes Herbertsmithite
a prime candidate for hosting a quantum spin liquid ground state. Herbertsmithite can
be formed from paratacamite Cw(OH)3Cl by replacing one quarter of the Cu atoms
with Zn atoms [86]. In this study, we shed light on the magnetic properties of a related
series of compounds, the botallackite Cp(OH)3X series, where X = ClI, Br, or |, with a
particular emphasis on Cu(OH) 3Br.

Previous experimental studies [87, 88, 89] show that the spin=2 copper moments of
Cux(OH) ;Br order antiferromagnetically on a distorted triangular lattice. More recent
experiments [90] have used inelastic neutron scattering (INS) to probe the excitation
spectrum, and revealed a di use continuum above the magnon bands, which may indi-
cate a multi-spinon or multi-magnon continuum. While the distorted crystal structure
hosts parallel chains with ferromagnetic and antiferromagnetic spin ordering, a com-
plete picture of the magnetic ground state and excited states of this compound remains
unknown. A detailed rst-principles theoretical study on the magnetic properties of
Cuy(OH)3Br, and the origin of the observed magnetic excitation spectrum is to this
day missing, with the exception of [90] where we used the rst-principles-determined
parameters to obtain a spin wave spectrum which agrees with the experimentally ob-
served magnon bands.

While all oxyhalide botallackite Cu2(OH) ;X compounds are antiferromagnets [89],
the Neel temperature changes dramatically from 7.2 K to 10 K to 14 K upon changing X
from Cl to Br to I. This seemingly suggests that the dominant superexchange pathways
involve the halogen ions [89]. However, this is at the same time counter-intuitive, as the
Cu { O distance is signi cantly smaller than the Cu{halogen distance [88]. This point
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has not been clari ed by using rst-principles methods yet.

In this study, we elucidate the magnetic interactions as well as the resulting ground
state and excitations in Cux(OH) ;Br and related compounds. For this, we use den-
sity functional theory (DFT) to extract parameters of a minimal magnetic Heisenberg
model, and we determine the excitation spectrum using linear spin wave theory and ex-
act diagonalization. We repeat the rst-principles calculations for di erent halide ions
and di erent crystal structures to determine the e ects of the crystal structure and the
chemical di erences between the halide ions on the magnetic interactions. Our results
show that 1) even though the excitation spectrum is seemingly 1-dimensional, the mag-
netic Hamiltonian of Cuy(OH) 4Br is 2-dimensional, 2) the frustration between Cu ions
on di erent 1-dimensional spin chains gives rise to the 1-dimensional-like behavior of
the excitation spectrum, and 3) the predominant e ect of the halide ion on magnetism
is steric, i.e. di erent sizes of the halide ions change the crystal's structural parameters
(such as Cu-0 distances and bond angles), leading to an indirect e ect on the magnetic
exchange interactions, and hence the Neel temperature.

This chapter is organized as follows: In the following section, we discuss the methods
used for our calculations. In Sect. 2.3, we introduce the botallackite structure, the mag-
netic energy expression, and the exchange constants of our model. In the rst subsection
of Sect. 2.4, we extract exchange coupling constants for the two-dimensional Heisenberg
Hamiltonian and examine the classical magnetic ground state. In Subsect. 2.4.2, we
discuss whether magnetic interactions are predominantly mediated through superex-
change via the halogens by performing calculations with di erent structures and ions.
In Subsect. 2.4.3, we use the DFT-obtained exchange constants to calculate the magnon
dispersion relation within linear spin wave theory (LSWT). In Sect. 2.4.4, we perform
exact diagonalization calculations to probe the nature of the quantum excitations. We
conclude with a summary.

2.2 Methods

DFT calculations were performed using the Projector Augmented Wave approach as
implemented in the Vienna Ab Initio Simulation Package (VASP)[91, 92, 93]. Results
were obtained ona 2 1 1 supercell usinga 4 8 8 k-point grid, along with the
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PBEsol approximation to the exchange correlation functional [32]. To properly repro-
duce the local magnetic moments on the Cu ions, the rotationally invariant LSDA+U
scheme introduced by Liechtenstein et al. with U =4 eV and J = 0 eV was used [40].
The trends we report are qualitatively stable against variations of the U and J values
within reasonable ranges. The reported results are obtained from collinear magnetic
calculations. We also performed noncollinear calculations with spin-orbit coupling and
obtained qualitatively very similar results, in line with the quenched orbital magnetic
moments of the Cu ion.

In Sect. 2.4.2, for all comparisons between the di erent botallackite materials, we
used the experimental structures with hydrogen atoms selectively relaxed, as the posi-
tions of the hydrogen atoms were not determined experimentally. This is in contrast
to the results in Tab. 2.2 for Cuy(OH)3Br, in which the experimental H positions are
reported in the literature, and hence no atoms were relaxed.

We performed exact diagonalization calculations using our in-house python code,
following the standard formalism of [71]. To obtain eigenvalues and eigenvectors of
our Hamiltonian matrices, we used the Lanczos algorithm as implemented in SciPy
[72, 94, 95].

2.3 Crystal Structure and Magnetic Model

The botallackite structure consists of weakly bound layers as shown in Fig. 2.1. Itis
monoclinic with the space group P3/m. Each Cu ion is octahedrally coordinated with
anions and has electronic con guration 21°, and therefore a net spin-E2 moment. The
two di erent types of Cu ions (with either one or two halide ions in their coordination
octahedra) form a distorted triangular lattice. Each anion octahedron shares six of its
edges with co-planar neighboring octahedra (Fig. 2.1b). The planes are weakly bound
to each other by hydrogen bonds (Fig. 2.1c). As a result, the electronic structure is
very 2-dimensional, and we ignore all magnetic interactions between neighboring layers.
The Wycko positions for the atoms in space group P2/m are presented in Table
2.1. There are two symmetry-inequivalent Cu atoms at Wycko positions 2a and 2e,
which we denote as Cy and Cu, respectively. The coordination octahedra surrounding
the Cu; atoms are composed of four oxygen ions and two bromine ions. In contrast, the
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Atom Wyck. Pos. Site Sym.

Cul 2a 1
Cuy 2e m

H 2e m

H af 1

O 2e m

O Af 1
X(Br, CI, I) 2e m

Table 2.1: Wycko positions and site symmetries of the atoms in the Cwk(OH)3X
botallackite with space group P2/m.

octahedra surrounding the Cyp atoms are composed of ve oxygen ions and one bromine
ion. The Cu; { Cu; nearest neighbor superexchange pathways are formed from shared O
{ Br edges, while the Cw, { Cu, nearest neighbor superexchange pathways are formed
by shared O { O edges (Fig 2.2a). (Note that direct cation{cation interactions are
often considerable in edge-sharing geometries as well [96].) We denote the exchange
constants arising from the above pathwaysJi and J,, respectively. Both Cu; { Cu;
and Cu, { Cu, neighbors align along theb crystallographic direction. The only nearest-
neighbor exchange interactions along thea direction are between Cy { Cu, pairs.
There are two symmetry-inequivalent Cu; { Cu, pairs, where the two octahedra share
an edge containing either two oxygens, or an oxygen and a halogen ion. This leads to
a signi cant di erence between the exchange pathways and constants. We denote the
exchange constants specifying these two inequivalent pathway3s; and J4 respectively.
Thus, there are four nonequivalent nearest-neighbor Heisenberg couplings, as shown
in Fig. 2.2a. We also consider exchangeds and Jg, describing in-plane next-nearest
neighbor Cw, { Cu, and Cu; { Cu; interactions, but nd them to be negligible as
discussed below. We do not consider any higher order exchange interactions, such as
biquadratic or ring-like terms, since they are not expected to be strong in spin-1/2
systems [68, 97]. In other words, the magnetic model we consider is a Heisenberg model
on a distorted triangular lattice:

X
H=Eo+ Ji S §j: (2.1)

<ij>
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Exchange Shared | Cu{Cu distance
constant (meV) anions (A)
J1 -14 0.1 1Br,10 3.074
J2 48 0.1 20 3.075
J3 08 0.1 20 3.174
J4 04 0.1 1Br,10 3.237
J5 0.1 01 { 5.624
J6 00 01 { 5.624

Table 2.2: Exchange constants for Cd(OH) 3Br in the experimentally determined struc-
ture

We determine the paramagnetic energyEqo and the exchange constants)j by linear
regression from DFT energies. We consider a larger number (19) of magnetic con gu-
rations compared to the number of independent parameters in Eq. 2.1 to ensure that
there is no over- tting despite the number of free parameters in the model. The nal
sets of parameters reproduce the DFT energies with small errors and so no other terms
are needed in the magnetic model. Additional information regarding the calculation
of the spin exchanges, as well as the relative importance of the next-nearest-neighbor
exchanges can be found in the Supplementary material [1].

2.4 Results

2.4.1 Classical magnetic ground state

The exchange values obtained from the DFT+U calculations for the model, including
exchanges with nearest and next-nearest neighbors, are listed in Table 2.2. The next-
nearest neighbor exchange constantds and Jg are both as small as 0.1 meV, which
is comparable to the statistical error of the t. (The systematic error of the DFT
calculations is likely larger.) Furthermore, the values ofJ; through J4 are not a ected
within the statistical error bars when we exclude Js and Jg from our model. As a result,
we henceforth consider only the nearest-neighbor exchangds through Ja.

Regarding the nearest-neighbor couplings, we see thal; and J, are the largest
magnitude exchange constants and are negative and positive, respectively. This gives
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Figure 2.1. a) A unit cell of the botallackite structure and (b) the same diagram but
showing octahedra. c) The botallackite structure forms ab-planes.



50

Figure 2.2: a) De nitions of the magnetic exchange constants and b) the proposed
classical magnetic ground state.
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rise to alternating ferromagnetic and antiferromagnetic chains which extend along they-
direction, in line with the experimental observations. Although the interchain couplings
Js and J4 are small, they are still relevant, in contrast to the negligible Js and Jg
couplings. This seems to contradict the results of inelastic neutron scattering results
[90] which at rst glance suggest that J3 and J4 are zero, since the spin-wave dispersion
is at in the interchain direction. However, as we discuss below, the inclusion ofls and
J4 preserves the relatively at bands in the interchain direction.

The classical magnetic ground state can be determined by allowing the exchange
constants to be satis ed in order of descending magnitude. Neutron measurements
show collinearity within chains and canting between spins on di erent chains [90]. To
include the e ect of this noncollinearity, we would have to include anisotropic spin
exchange and single ion anisotropy terms in the Hamiltonian which arise due to spin-
orbit coupling. These terms are di cult to extract from DFT, due to the low symmetry
of the botallackite compounds and the weakness of SOC therein. Our noncollinear DFT
calculations that include spin-orbit coupling show that the e ect of magnetocrystalline
anisotropy is negligible compared to the symmetric nearest-neighbor exchanges. We
ignore the e ect of spin-orbit coupling in the rest of this study, and assume a collinear
magnetic order.

We begin with satisfying J1 and J,, which results in ferromagnetic and antiferromag-
netic chains extending along theb-direction, as discussed above. Next, the interchain
coupling J3 constrains the relative orientation of spins on neighboring chains, leading
to the classical magnetic ground state shown in Fig. 2.2b. In this con guration, the
spins on every other chain alternate in direction. This magnetic con guration agrees
qualitatively with neutron scattering experiments [90]. We emphasize that the nonzero
interchain coupling J3 is necessary to reproduce the experimentally observed long-range
magnetic order. We separately determine via the Luttinger-Tisza method [63, 98] that
this result is the exact classical magnetic ground state of our model ((see the Supple-
mentary Material of Ref. [1])).

2.4.2 Superexchange interactions

The Neel temperatures of the botallackite cuprates change substantially (from 7.2 K to
10 K to 14 K) when substituting di erent halogen atoms X into Cu »(OH) ;X (from X =
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Figure 2.3: The projected density of states for the system in the antiferromagnetic
ground state. The low energy DOS above the Fermi level has only a small contribution
from the halogen states.

Clto Brto I) [89]. This observation was interpreted as evidence of the halogen ions pro-
viding the dominant exchange pathways between the copper magnetic moments. How-
ever, the crystal structure itself suggests otherwise, since the copper{oxygen distances
are much smaller than the copper-halogen distances. For example, in GUOH) ;X, while
the copper{oxygen distances vary from around 1.9 to 2.3A, the copper{halogen dis-
tances are much larger at 2.88\. In this section, we present the rst-principles projected
density of states and the spin density in real space in order to examine the in uence
of the crystal structure and halogen ion type on the magnetic exchange parameters.
Our results suggest that the dominant contribution to exchange is from direct hopping
between the Cu ions and superexchange through the oxygen ions. Furthermore, we nd
that the largest e ect of the di erent halogen ions is steric. That is, the halogen ions
modify the magnetic interactions through changes in the crystal's structural parameters.
Fig. 2.3 shows the projected density of states (DOS), obtained from DFT calcu-
lations, for the bromide system in the proposed classical magnetic ground state. The
Cu?* ions each have a single hole in the d-shell, which corresponds to peaks in the
DOS between 1-2 eV above the Fermi level. For the halogen-mediated superexchange
to be signi cant, the Cu { Br hoppings would need to be large, which would lead to
hybridization (mixing) of the spin-polarized Cu orbitals with Br{p orbitals. This Cu {
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Br hybridization would appear in the DOS as Br weight in the same energy range as
the low-lying, unoccupied Cu DOS. However, there is seemingly no Br weight in the
DOS in this energy range, despite the high DOS of Br ions at the top of the valence
band. This implies that superexchange is predominantly oxygen-mediated, as expected
from the geometrical and crystal eld considerations explained below.

In order to clarify the nature of hybridization between the Cu and O states, we
explore the system's “orbital ordering'. While the Cu ions are octahedrally coordinated,
the site-symmetries are low enough to split thegy orbitals. The di erent charges of the
ligands enhance the e ects of these low-symmetry crystal elds. As a result, while it is
not possible to talk of a proper orbital ordering or a transition between orbitally ordered
and disordered states, the alignment of the partially occupied d-orbital on each Cu atom
can shed light on the source of the magnetic interactions. Fig. 2.4 shows the isosurface
of spin density obtained from a DFT calculation in the antiferromagnetic state. When
using local coordinate axes on each Cu ion, with the-axis pointing towards the Br ions,
the spin-polarized, half- lled orbitals have dy. . character and lobes pointing towards
the oxygen atoms. This orbital occupation preference can be understood simply by
electrostatic contributions to the crystal eld: Br has -1 charge, as opposed to -2 of O,
and the Cu-Br bond lengths ( 3A) are signi cantly larger than the the Cu-O bond
lengths (- 2A). As a result, the electrons in the dy,2 42 y2 orbital experience a lower
electrostatic repulsion from the Br anions, and thus have lower energy.

The improper orbital ordering? imposed by the strongly asymmetric crystal eld
leads to superexchange interactions dominated by Cu{O{Cu pathways: the oxygerp-
orbitals sigma bond with the half- lled Cu d,> . orbitals, which leads to a large hopping
elementtpo cy. In contrast, the bromine p-orbitals, which point to the center of the Cu

YIn passing, we note that the double occupation of the d,,2 42 y2 orbital would result in a greater
electrostatic repulsion on the Br ions, which would in part be the cause of the longer Cu{Br distances
as well. This can be considered in a similar vein as the Jahn{Teller e ect, though in the botallackites
the symmetry is already broken by the inequivalent anions.

2To clarify the distinction between proper and improper orbital order, consider the case where the
crystal eld is su ciently symmetric so that there are at least two degenerate orbitals per Cu site. In
this case, there are multiple orbital con gurations which are energetically-equivalent. Any orbital order
which arises in this case spontaneously breaks the symmetry of this system, and is referred to as proper
orbital ordering. Improper orbital ordering in contrast occurs when the symmetry of the crystal eld is
su ciently low such that the ground state orbital per Cu site is nondegenerate.
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Figure 2.4: Isosurface of spin density, which shows orbital ordering, in the antiferromag-
netic ground state. Positive and negative spin density are denoted by blue and yellow,
respectively.

dy2 2 orbitals, have very small hoppingtg; cyu due to the equal but opposite contribu-
tions to the hopping integral from di erent lobes of the d,> . orbital. (Note that we
are only considering the hopping elements = h cyjHj oi of the dy. 2 orbital, since
the virtual excitations from the other, fully occupied orbitals to oxygen are forbidden
by the Pauli principle.) Therefore, the Br ions likely have little role in mediating the
magnetic exchange. This is substantiated by the lack of any visible spin-density on the
Br ions, unlike the O ions, in Fig. 2.4.

Our ndings and arguments so far suggest that the halogen cations do not directly
mediate magnetic superexchange, which appears to contradict the large di erences be-
tween the di erent botallackites' Neel temperatures observed experimentally [89]. How-
ever, an attribute of the di erent halogens that we have not yet considered is their
di erent ionic sizes, which lead to changes in the lattice parameters as well as Cu{O{
Cu angles. To disentangle the direct and indirect (crystal structure related) e ect of
the halogen ions on magnetism, we perform the following rst-principles "computational
experiments'. 1) Using the experimentally obtained Cw(OH) 3Br structure, which we
have thus far used to obtain the exchange constantd; through J4, we repeat the DFT
calculations to obtain the exchange constants, but with chlorine or iodine ions replacing
the bromine ions. These calculations display the direct e ect of the halogens without
taking into account the indirect, steric e ects of di erent ionic sizes. 2) We then use
the experimentally measured Cy(OH) 3Cl and Cu,(OH) 3l crystal structure parameters,
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Figure 2.5: Color maps which show how the exchange constants vary with insertion
of di erent halogen types into a given structure. Within a row of a given color map,
the structure type is xed. Moving from column to column corresponds to substituting

di erent halogen atoms into this xed structure. In the Cl and | compounds, the exper-
imental uncertainty did not allow for the determination of the positions of the hydrogen
atoms. Therefore, we have selectively relaxed the hydrogen atoms to obtain the lowest-
energy structures. For consistency, we then also relaxed the hydrogen atoms in the Br
compound. We point out that this relaxed-hydrogen structure is slightly di erent from
the experimental Br structure obtained experimentally, leading to di erent exchange
couplings, as calculated by DFT.
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and calculate J; through J4 for each ionic compound again. Comparing thel values of
a particular compound in di erent crystal structures shows the strength of the indirect
e ect, i.e. the e ect of the crystal structural changes on magnetism. The results of these
calculations are shown in Fig. 2.5. Note that the Cy(OH) 3Br structure used in these
comparison calculations is not identical to the experimental structure used previously
(see Fig. 2.5).

The results in Fig. 2.5 indicate that the intrachain couplings J; and J, are relatively
una ected upon substituting di erent halogen ions while keeping the crystal structure
xed. The largest di erence in J; and J, for a xed structure is no more than 20%. On
the other hand, changing the crystal structure while keeping the stoichiometry xed has
a much stronger e ect on these intrachain exchanges, which can be seen as a steeper
color gradient in the vertical direction. In light of the arguments we introduce above,
this result is not surprising. Since the predominant e ect of the halogen ion is steric,
we expect halogen-mediated exchange to be insigni cant. The e ect of halogen type is
especially weak forJ,, which is the interaction between two Cu ions that share only O
ligands. As a result, we conclude that the intrachain couplings overall are not halogen
mediated, but rather depend on a combination of direct exchange and superexchange
through the oxygen sites

The trends are less clear and opposite for the interchain exchangekl and J4. For
both J; and J4, the changes are smaller in absolute terms compared to the intrachain
exchanges, but larger in relative terms. Also, changing the halogens leads to a stronger
di erence than changing the crystal structure. Js; decreases by more than a factor
of two upon substitution of Cl with I. This is especially surprising, because the J3
interaction couples two Cu ions that do not share a halogen ligand. The only sign
change is observed inJ4, and only for compounds containing |. The di erent sign of
J4 in the iodide compound does not lead to a di erent classical magnetic groundstate,
but relieves the frustration between the interchain exchanges. This stronger dependence
of the interchain exchanges on the halogen ions can be explained by the fact that the

3We can gain insight into the nature of the intrachain interactions by further examining this improper
orbital order. From Fig. 2.4, we see that the Cu ; chains have antiferro-orbital order while the Cu »
chains are ferro-orbitally ordered. From the Goodenough-Kanamori-Anderson rules, we then expect
ferromagnetic coupling between Cu; spins within a chain and antiferromagnetic coupling between Cu ;
spins within a chain. This indeed agrees with the exchange couplings we extract from DFT, in which
we nd J; < 0andJ, > 0.
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direct exchange, which exponentially depends on the Cu-Cu distance, contributes less
to J3 and J4. The interchain nearest-neighbor Cu ions are farther from each other (by
around 0.1 to 0.2A), and thus any change in the anion-mediated superexchange is more
important.

Although we have shown that the largest exchanges in the system]; and J,, are not
halogen-mediated, we note that the exact way in which the Neel temperature depends
on the exchange constants is unclear. In the extreme limit of 1D compounds that host
chains with no shared ligands, such as the 4BB'O g family [99, 100, 101], two separate
transitions with temperatures T, and T, may be observed, which are determined by
intrachain and interchain interactions respectively. However, there is only a single tran-
sition observed in the botallackites. It is likely that the dominant exchange couplings
J1 and J, are not the main energy scales which determine the Neel temperature for this
transition. Instead, Ty is likely determined by the much weaker interchain couplings
J3 and J4, along with the interplanar coupling(s). This would explain the two-fold
di erence between Ty of the di erent oxyhalide botallackites.

2.4.3 Linear spin wave theory

We now apply the Holstein-Primako transformation [68] to our nearest-neighbor Heisen-
berg Hamiltonian to determine the spin wave spectrum of Cy(OH)3X, for X=ClI, Br,
and 1. In this calculation, we take the classical magnetic ground state to be that which
we determined from DFT calculations in Sect 2.4.1 (Fig. 2.2b), and the exchange pa-
rameters determined using the hydrogen-relaxed structures.

The results for our calculations are shown in Fig. 2.6 (dotted lines). We nd that
the bands along the intra-chain (ky) direction are dispersive, while the bands along
the inter-chain (k) direction are relatively at, despite the nonzero values of J3 and
Js4. The relatively at dispersion in the a-direction can be partially explained as due
to the smaller values of the interchain couplingsJs and J4 compared to the intrachain
couplings J; and J,. However, another contributing factor is the competition between
J3 and J4 in the chloride and bromide compounds. Indeed, despite having a smaller
average ofjJsj andjJaj, the iodide compound has the largest bandwidth in the interchain
direction (a,0). This is due to the fact that J, is ferromagnetic in the iodide compound,
in contrast to the chloride and bromide compound. There is therefore no competition
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Figure 2.6: Results of the linear spin wave calculations. In addition to the dynamical
structure factor S(k;! ), the dashed lines show the dispersions of the 4 magnon modes.
At each k-point, only 2 of the 4 modes have non-negligible spectral weight. The structure
factors are broadened by a Gaussian of width 0.3 meV. The exchange constants used
are obtained for the structures with relaxed hydrogen atoms (see discussion at the end
of Sect. 2.4.2).
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betweenJ; and J4, and as a result no frustration in the iodide compounds. To further
test this idea, we setJs = 0 in the chloride and bromide compounds, relieving the
frustration in the system, and recalculate the magnon bandstructure. This leads to an
increase in the bandwidths alonga axis as expected (see the Supplementary Material

of Ref. [1]).
The dynamical structure factor S(k;! ) is given by
X % g it .
S(k;!) = 5 € NS (1S (0] ol (2.2)
X . . .2
= jh nkdSed ol (! En(k) + Eo) (2.3)

n;

We calculate S(k;! ) within linear spin wave theory following Ref. [70] and show the
result in Fig. 2.6 for the three dierent Cu »(OH)3X structures. The magnetic unit
cell has 8 atoms, and as a result, there are four doubly-degenerate magnon modes.
However, at each wavevector, two of the four bands have negligible weight. This agrees
with the neutron scattering data, which observes only two groups of excitations which
are ferromagnetic and antiferromagnetic in character [90].

2.4.4 Exact diagonalization

Although linear spin wave theory is a useful tool to gain insight into the magnon exci-
tations of spin systems, there are other excitations which cannot be probed using this
method. Multi-magnon states require higher-order corrections to take into account the
magnon-magnon interactions. Additionally, there are other, lower spin excitations such
as spinons, which become important in low-spin systems. For example, the 1D antifer-
romagnetic Heisenberg chain shows no magnons in its excitation spectrum, and hosts
only spinon excitations, which are fractionalized spin-1/2 objects.

Previous inelastic neutron scattering work claims to observe the coexistence of
spinons and magnons, localized on the antiferromagnetic and ferromagnetic chains re-
spectively in Cup(OH)3Br [90]. In order to understand the INS results better, it is
necessary to perform calculations that can capture excitations beyond the scope of lin-
ear spin wave theory.
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Figure 2.7: The 24-site cluster used in our exact diagonalization calculations, extending
six unit cells in the b-direction and one unit cell in the a-direction.

For this reason, we performed exact diagonalization calculations. Exact diagonal-
ization involves constructing the exact Hamiltonian matrix for a nite size cluster with
periodic boundary conditions and Heisenberg interactions, which we then diagonalize
numerically [71]. This, in principle, gives the exact spectrum of a material. In particular,
multi-magnon and spinon states can be captured via exact diagonalization.

For our exact diagonalization calculation, we use a 24-site cluster that extends six
unit cells in the b-direction, and one unit cell in the a-direction, shown in Fig. 2.7.
The cluster is comprised of one ferromagnetic chain and one antiferromagnetic chain,
each aligned along theb-direction. We impose periodic boundary conditions in the
b-direction, and open boundary conditions in the a-direction. When obtaining the
spectrum of our Hamiltonian, we exploit the SU(2) symmetry of our Heisenberg Hamil-
tonian and block diagonalize by SI°t. Additionally, we use the translation symme-
try in the b-direction to block diagonalize by crystal momentum k. After implement-
ing these symmetries, the resulting Hamiltonian block containing the ground state is

23,000 23;000. The Lanczos algorithm was used to nd both the energie€, (k)
and the corresponding weightgh .«jS,j oij 2

To investigate the e ect of the interchain coupling, we calculate S(k;! ) for both
decoupled chains J3 = J4 = 0) and coupled chains, whereJs and J4 are the values
extracted from DFT. The results are shown in Fig. 2.8, where we have used the exchange
parameters obtained from the experimentally-determined Br compound (Tab. 2.2.)
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Here, in addition to plotting S(k;! ), we also plot the upper and lower bounds of the 2-
spinon continuum as determined from the Bethe ansatz withJagym = J2 (orange lines)
and the magnon band for a 1D ferromagnetic Heisenberg chain witllgy = J; (green
line).

As expected, in the case of zero interchain coupling, we simply have the superposition
of a magnon band from the ferromagnetic chain, and the two-spinon continuum from the
antiferromagnetic chain (Fig. 2.8a). That is, spinons and magnons coexist in isolated
chains of the material. Once the interchain couplings are introduced, the material no
longer hosts isolated one-dimensional AFM chains, and thus should not have a pure 2-
spinon continuum. Instead, we expect the magnon and spinon excitations to mix with
each other. Indeed, as we increase interchain coupling, the spectral weight inside the
2-spinon continuum smears out signi cantly (Fig. 2.8b).

To highlight the e ect of introducing interchain coupling, we plot S(k;!) as a func-
tion of ! for both the coupled and decoupled chains (Fig. 2.9) at several momenta
(k= %,k = £2, and k = £Z%), which are shown in the inset. In each panel, the
position of the ferromagnetic band is shown as a dashed green line, and the bounds of
the 2-spinon continuum are shaded in orange. The results fog(k;! ) for zero interchain
coupling are shaded in pink, whileS(k;! ) for nonzero interchain coupling is shown in
purple.

For k = %% (bottom panel), we nd that the introduction of nonzero interchain
coupling leads to a smearing of the spectral weight inside the 2-spinon continuum and a
transfer of some weight outside of the bounds predicted by the Bethe ansatz [102, 103].
However, because the ferromagnetic band and the continuum are well-separated in en-
ergy, the ferromagnetic band is only weakly perturbed by the presence of nonzero inter-
chain coupling. In the middle panel (k = %%), the energy of the ferromagnetic band is
closer to the 2-spinon continuum, and the e ect of nonzero interchain coupling is more
pronounced. Here, as withk = %% there is transfer of weight outside the bounds
predicted by the Bethe ansatz. However, there is also appreciable mixing between the
magnon and spinon excitations. In this energy range where mixing occurs, between 2
meV and 4 meV, we expect magnon-spinon interactions to become signi cant. Finally,
for k = %, we see that the ferromagnetic band overlaps with the spinon continuum.
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Figure 2.8: The dynamical structure factor S(k;! ) calculated using exact diagonaliza-
tion for Cu,(OH) 3Br in the case where (a) there is zero interchain coupling and (b) the
interchain couplings Jz and J4 are set to their values obtained from DFT. Also plotted
are the bounds of the 2-spinon continuum (orange) obtained from the Bethe ansatz
where Jakvw = J2 and the magnon band (green) for a 1D ferromagnetic Heisenberg
chain whereJgy = Ji. The exchanges were found for the Ce(OH) 3Br structure ob-
tained from experiment, without any relaxation of atoms.
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From the above arguments, we expect magnon-spinon interactions to become apprecia-
ble at this momentum. Indeed, we observe a substantial modi cation of the spectral
weight at this intersection due to the presence of nonzero interchain coupling. However,
what this implies for the character of the magnon and spinon excitations has yet to be
determined.

Despite the presence of magnon-spinon interactions, the ferromagnetic magnon band
is distinct from the spinon continuum for most wavevectors, which is consistent with the
INS results [90], because of the di erence of the magnitudes of; and J,. As a result,
although there is mixing between magnon and spinon excitations, qualitatively distinct
magnon-like and spinon-like excitations coexist for most wavevectors in Cx(OH) 5Br.

In other words, although the magnetic model for this material is two-dimensional, the
system's magnetic excitations retain a one-dimensional character, because of a combi-
nation of the relative strengths of intrachain interaction, the competition between the
interchain couplings J3 and J4, as well as the weakness of these couplings compared
with J1 and Js.

In addition to the above results, we repeat our calculations ofS(k;! ) in the Cu,(OH) 3X
compounds, where X = CI, Br, and I. In each compound, we have selectively relaxed
the hydrogen atoms before obtaining the exchange constants in DFT (see App. 2.5 for
details.) The results for the dynamical structure factor in each compound are shown
in Fig. 2.10, and are qualitatively similar to the plots discussed above. As before, we
observe a sharp ferromagnetic band and a spinon continuum in each compound. This is
especially striking in the case of the Cl compound (wherel3 is on the order ofJ;), and
the Br compound (where both J3 and J4 are on the order ofJ1.) This continued exis-
tence of the spinon continuum in these compounds suggest that magnons and spinons
may coexist for relatively large values of the interchain couplingsJs and J4.

In the case of X =1, J; and J, are closer in magnitude than for the other oxyhalides,
resulting in a larger range of momenta for which the ferromagnetic band intersects the
spinon continuum. This suggests that magnon-spinon interactions may play a larger
role in this compound, perhaps leading to the increase in spectral weight near the
ferromagnetic band where it crosses the continuum.
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Figure 2.9: The dynamical structure factor S(k;! ) at three momenta: k = 2-, k = 55
and k = %% as shown in the inset of the top panel. In each panel, the dashed green
line shows the position of the magnon band for a 1D ferromagnetic Heisenberg chain
with Jem = J1, while the shaded orange region delineates the bounds of the spinon
continuum, as obtained from the Bethe ansatz, withJagm = J2. The results for the
case of zero interchain coupling are shaded pink, while the results for the case of nonzero

interchain coupling are shown in purple.
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Figure 2.10: The dynamical structure factor S(k;! ) calculated using exact diagonal-
ization for the Cuz(OH)3X compounds, where X = CI, Br, and I. The exchanges are
obtained from the experimental structures with the hydrogen atoms selectively relaxed.
Also plotted are the bounds of the 2-spinon continuum (orange) obtained from the Bethe
ansatz, with Jarm = J2, as well as the magnon band (green) for a 1D ferromagnetic
Heisenberg chain, withJgy = Ji.
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2.5 Summary and Conclusions

In summary, to investigate the magnetic interactions in Cuz(OH)3Br, we performed
rst-principles DFT calculations and found the exchange constants. Using these rst-
principles values, we determined the classical magnetic ground state. We then obtained
the magnon dispersion and dynamical structure factor using linear spin-wave theory,
which are in good agreement with experiment. We nd that the existence of interchain
coupling is necessary to understand the magnetic order in the system. Furthermore, we
nd that the interchain coupling strength can be signi cant while continuing to preserve

at magnon bands in the interchain direction.

Additionally, we investigated the hypothesis that the magnetic exchange is halogen-
mediated, as proposed by previous experimental studies. Through analysis of the pro-
jected density of states, spin-density plots, and calculations of various exchange con-
stants in halogen-substituted structures, we nd that the exchange is instead predomi-
nantly direct or oxygen-mediated.

We also calculated the dynamical spin structure factor using exact diagonalization
to examine the e ect of interchain coupling on the spinon continuum. We found that
the spinon continuum continues to exist, even in the presence of nonzero interchain
couplings. This coexistence of a magnon band and a spinon continuum, in addition
to the general shape of the dynamical structure factor, is consistent with the experi-
mental results. We posit that this is due to the di erent energy scales of spinons and
ferromagnetic magnons, as well as the relative signs of interchain couplingss and Jg.
This is substantiated by linear spin wave theory results, which show that the interchain
bandwidths in the a-direction scale with J3 J4 (see the Supplementary Material of
Ref. [1]) as long asl3 and J4 are not large enough to modify the classical ground state.

To the best of our knowledge, the cuprate oxyhalide botallackites are the rst mate-
rials in which sharp ferromagnetic magnons coexist with decon ned spinons [90]. This
botallackite structure could therefore be used as a model system to study magnon-
spinon interactions. For example, it would be interesting to investigate how the spinon
continuum and ferromagnetic band evolve with increasing interchain coupling, which
can be experimentally induced with uniaxial pressure. Our above exact diagonalization
and linear spin wave theory results suggest that the spinon continuum would continue
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to survive with increasing uniaxial pressure along thea axis. However, as the interchain
couplings become on the order ofl; and J,, competition between the intrachain and
interchain couplings will begin to play an important role. In this regime, both strong
spinon-magnon interactions and signi cant frustration will modify the spectrum, the
lifetime of both quasiparticles, and the dynamical structure factor. While these ques-
tions are outside the scope of this study, we hope our results provide insight for future

investigations.

Appendix

2.5.1 Crystal structure
We present a table of Wycko positions for the P 2,=m space group in Tab. 2.3, extended
to include the atomic coordinates.

Table 2.3: Wycko positions for space group P2;=m. Positions for the atoms of the
cuprate are identi ed.

Atom No_._ of Wyckp Site Coordinates
positions notation symmetry
H2, 02 4 f 1 X.¥,2) (-x,y+1/2,-2) (-X,-y,-2) (X,-y+1/2,2)
Cu2, H1, O1, Br 2 e m (x,1/4,2) (-x,3/4,-2)
{ 2 d -1 (1/2,0,1/2) (1/2,1/2,1/2)
{ 2 C -1 (0,0,1/2) (0,1/2,1/2)
{ 2 b -1 (1/2,0,0) (1/2,1/2,0)
Cul 2 a -1 (0,0,0) (0,1/2,0)

2.5.2 Calculating exchange constants from DFT

As discussed in the Chapter 2, we obtain the exchange constants by using linear re-
gression (also see Sec. 1.3.1) to t the DFT-obtained energies of di erent collinear spin

con gurations to a Heisenberg Hamiltonian

X
H=Eg+ JiSi Sj: (2.4)
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First, we include both nearest-neighbor couplings {; through J4) and next-nearest
neighbor couplings (s and Jg), leading to a 7-parameter model. Due to the large hum-
ber of parameters in this model, we use a large number of spin con gurations (19) to
ensure that the resulting exchange constants are accurate, and not the result of over-
tting. To obtain the set of spin con gurations used in linear regression, we used a
unit cell spanning 2 lattice constants in the a-direction and 1 lattice constant in the
b-direction, thus containing 8 spins in total. We then chose a varied set of spin con g-
urations, spanning the range of total magnetizations available for this choice supercell,
i.,e. from 8 g (the ferromagnetic con guration) to 0 g (complete antiferromagnetic
con gurations).

The results are shown in Fig. 2.11 where we have plotted the energies of the various
spin con gurations predicted from our model against their energies calculated from
DFT. We see that the energies predicted by our model agree well with the energies
calculated from DFT. Moreover, the numerical values forJ; through Jg, presented in
Tab. 2.4, are physically reasonable. In particular, we nd that the next-nearest-neighbor
exchangesJs and Jg are insigni cant compared to the values of the nearest-neighbor
exchanges, suggesting that our model parametersl{ { J4) are not the result of an
over t model.

We can further test this by removing the next-nearest-neighbor exchanges from our
model, and tting the resulting ve-parameter model. The results are shown in Fig.
2.12, and in Tab 2.4. We see that the values of the nearest-neighbor exchanges remain
relatively unchanged, suggesting that we are not over tting. Moreover, the quality of
t remains good, implying that we have not undert by excluding the next-nearest-
neighbor exchanges.

We note that in both cases, the intrachain couplingsJ; and J» are larger in mag-
nitude than the interchain couplings J3z and J4. As noted in the main text, a nonzero
interchain coupling is crucial to stabilizing the magnetic order observed in experiment.
Here, we show that the exclusion ofl3 and J4 from our model also leads to an apprecia-
bly worse quality of t. The results are shown in Fig. 2.13, where there is a signi cantly
larger di erence between the DFT-calculated energies and the energies predicted from
this model, suggesting that we are under tting by excluding J3 and J4 from our model.

Therefore, in the main text, we have included all nearest-neighbor exchanged;
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Figure 2.11: Linear regression t for the model including J;-Js.

Figure 2.12: Linear regression t for the model including J;1-J4 only.

through J4 in our model.

Table 2.4: Exchanges (in meV) found from tting to the 3, 5, and 7-parameter models.

Uncertainties are 0.1 meV.

Model

J1

o J3 Jda Js Jg

J1 and Jo
J1{ J4
Ji{ Js

-1.4
-1.4
-1.4

49 { { { |
48 08 04 { {

48 08 04 01 0.0
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Figure 2.13: Linear regression t for the model including only intrachain exchange
couplings J; and J».

We also include a table of exchanges found with di erent values of U in Tab. 2.5.
Though we use U = 4 eV in the calculations we present, our conclusions hold for a large
range of U. In particular, we see that for all values of U, we havgJ,j > jJ1j > jJ3j >
jJaj. Additionally, we can use the Luttinger-Tisza method(described below) to nd the
classical magnetic ground state of our Heisenberg model for our di erent sets of exchange
parameters. In doing so, we nd that the magnetic ground state is independent of the
U values used, forU > 2 eV. For the case ofU = 2 eV, our Luttinger-Tisza calculations
still give ferromagnetic and antiferromagnetic chains, albeit with canting between chains.
These classical magnetic ground states are shown in Fig. 2.14.
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Figure 2.14: The classical magnetic ground state, as calculated from the Luttinger-Tisza
method.
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Table 2.5: Exchanges (in meV) found from tting to the 5-parameter model with U =
2 eV through U = 6 eV. Uncertainties are 0.1 meV.

Ji1 [ J2 | J3 | Ja
U=2eV |-25|76|21|14
U=3eV |-19|61| 13|08
U=4eV |-14 48| 08|04
U=5eVv |-11|38| 05|03
U=6ev |-09]|29|03|0.2

2.5.3 Luttinger-Tizsa

In this appendix, we apply the generalized Luttinger-Tisza method to the botallackite
structure (see Sec. 1.3.2 for an overview), ignoring all but the nearest-neighbor ex-
changesJ; through J4. In the botallackite structure, there are four spins per structural
unit cell. As an ansatz, we set 1= 3=1and = 4= . Dening =1= for
convenience, we obtain the following matrix forJd 2°(k):

0 . . . . 1
0 (Jg + Jae ik a) Jo(1+ e ik b) (Jse ik b 4 Jae ik (a+b))

S g R - e I
(J3e'k P+ gyeik (a+ b)) 23, + ek by (Jzelk 2+ 3y 0

Using our DFT-obtained values for J; through J4, we numerically nd that the momen-
tum q at which the minimum eigenvalue min(q) occurs isq = ( ; 0) for a large range of

, in agreement with the periodicity of the spin con guration discussed in the text. From
the eigenvectorP (q), we can obtain the spin con guration from Sz(k) = Pa(k)= a.
As desired, the resulting spin con guration satis es the strong constraint, provided we
take 1:7. Additionally, the resulting spin con guration is precisely the collinear
magnetic order obtained in the text. We have thus shown that the collinear magnetic
order discussed in the main text (obtained by satisfying the nearest-neighbor exchange
constants one-by-one) is the exact classical ground state of our model.

A corollary of this discussion is that the noncollinear magnetic state observed in

the experiments cannot be explained by the nearest neighbor Heisenberg model, even
though the predominant features of it can be. Since our DFT results show that the

next-nearest neighbor exchange couplings are negligible, and higher order spin terms
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are not likely to arise in spin-1/2 systems, exchange anisotropy is most likely behind
the experimental ground state magnetic structure.

2.5.4 Linear spin wave theory

In this section, we obtain the magnon spectrum of the botallackite structure from the
Heisenberg Hamiltonian using linear spin wave theory (see Sec. 1.3.4 for an overview
of this method.) As derived in the previous section, the classical magnetic ground
state has momentum (; 0). Since the structural unit cell has 4 spins, we nd that the
magnetic unit cell has 8 spins in total. As described in Sec. 1.3.4, we can obtain the
magnon spectrum through the following steps: (i) rewriting the Hamiltonian H in terms
of the Holstein-Primako bosons aj; and expanding to quadratic order in the bosons,
(ii) rewriting the transformed Hamiltonian in momentum space, so that H is written
in terms of the Fourier operators a, and &), , and (iii) calculating the matrix M (k),
obtained by calculating the commutator [v;H] = Mv. Here, v is the column vector
given by (ax;a’ ,)".

Note that M (k) is 16 16, sinceai is an 8 component vector. However,M (k)
block-diagonalizes into two 8x8 matrices. The 8 8 block of M ,denoted M (k), which
we numerically diagonalize at eachk to obtain the spin-wave spectrum is as follows:

0 232+ J3 Jg) 0 J3 Ja€a 0 Jo(€a + €n) Jagn NECY
0 204 J2 J3) Ja J3 Jo(1+ e a) 0 J3€& a Js€p
J3 Ja 231+ Ja J3) 0 J3 J4€a 0 Ji(€a + ep)
Js€ a J3 0 2(03 J1 Ja) Ja J3 Ji(1+ ey a) 0
0 D1+ es ) s I 202+ 35 Ja) 0 I Jaea
Jo(e at € p) 0 Js€ a J3 0 204 I3 J2) J3 Ja
Jee b Js€a b 0 Ji(l+ e v) I s 203 31 34 0
NEICH Js€ p Ji(e at € ) Y] Js€ a Ja 0 201+ Js J3)

(2.6)
where we have used the shorthana, €k 2. For eachk, we have four positive bands

M (k) =

and four symmetric negative bands. As explained in Sec. 1.3.4, these negative eigenval-
ues do not imply negative magnon energies, but rather that our Bogoliubov operator
is instead a creation operator ﬁ;k (and not an annihilation operator . as originally
assumed).
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2.5.5 Competition between J; and J4: Interchain dispersion

From our linear spin wave theory calculations, we can investigate how the interchain
dispersion depends onJ3 and J4. In the main text, we argued that J3 and J4 should
compete, leading to an interchain dispersion that goes a3 J4. Here, we present results
which substantiate this claim. In Fig. 2.15, we obtain the magnon spectrum using the
values ofJ;, J,, and J3 obtained in the bromide compound, where the hydrogen atoms
have not been relaxed.J, is varied betweenJ, = 0:0 meV and J4 = 0:5 meV. We see
that the interchain bandwidths are largest for J4, =0 meV, i.e. when J3 J4 is largest.
Additionally, we see that as J, is increased (or equivalently,J3 J4 is decreased), the
interchain dispersion becomes atter.
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Figure 2.15: The magnon spectrum obtained using the values af4, J,, and J3 in the
Br compound. We have varied the value ofJ4 from 0 to 0.5 meV to observe its e ect
on the magnon spectrum.
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