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1. INTRODUCTION 

A finite game consists of a set of players I = {1,2, .• ,n} each of whom 

is characterized by a strategy set X. and a payoff function u. 
1· 1 

II X. -+JR. 
. E I ] ] 

An equilibrium for this game is a strategy ~ector such that no player can 

increase his/her payoff by deviating from his/her equilibrium strategy, 

given that the other players use their equilibrium strategies, i.e., 

x*E II X is an equilibrium if u. (x*) 
iE I i 1 

for all i E I. The above game form and 

* * * * 
max u.(x., .. ,x ,y.,x.+l,··,xn) 

y. EX. 1 1 i-I 1 1 

th~ nofion of equilibrium were 

both introduced in a seminal paper by Nash [10].1 In that same paper 

Nash proved by means of the Brouwer fixed point theorem, the existence 

of an equilibrium for the above game, where strategy sets were subsets of 

JR~, i.e., the ~-fold product of the real numbers. The work of Nash has 

found very interesting applications in Game Theory and MBthematical 

Economics. Generalization of Nash's equilibrium existence theorem to 

games where strategy sets were subsets of arbitrary Hausdorff linear 

topological spaces,were obtained by Fan [5] and Browder [1] among others. 

The results of Fan and Browder were proved by means of infinite dimensional 

fixed point theorems. 

All the above results are deterministic, i.e., players cannot accommo-

date any kind of uncertainty or randomness in their responses to potential 

changes in their primitive environment. In realitv however, there are 

many factors which go beyond the control of players and cannot be in-

fluenced by their actions. In that sense, it seems natural to assume 

that player's payoff functions depend not only on the strategies, but 

on the states of nature of the world as well. In other words payoff 

functions can be random. This is the type of the game we will consider 
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in this paper. Of course with !andom payoff functions the equilibrium 

strategy vector will be random as well, and therefore the equilibrium 

will change from one state of the environment to another. 

It is the purpose of this paper to prove two random equilibrium 

existence results for a quite general form of random games. Our 

results provide as corollaries random versions of the theorems of Nash, 

Fan and Browder. It should be noted that our proofs do not subassume 

any of the ordinary equilibrium existence results of Nash or Fan or 

Browder. Our arguments start from a rudimentary level and provide a dif­

ferent way to prove the deterministic results of the above authors. As 

the deterministic results of Nash, Fan and Browder are based on deter­

ministic fixed point theorems, the proofs of our random equilibrium existence 

theorems are based on random fixed points. In particular, we make use of 

a random version of Fan's [4, Theorem 6, p. 238] coincidence theorem. 

In addition we employ Aumann-tvpe measurable selection theorems and 

some recent Caratheodory-type selections results proved in Kim-Prikry 

and the author [8, 9J. Finally we would like to note that recently 

Nowak [11, 12, 13] employing measure theoretic arRuments has obtained 

random versions of the minimax and inequality results of Fan. Although, 

his techniques are different from ours we have obtained some results 

in a rather similar fashion. 

The paper is organized as follows: Section 2 contains several pre­

liminary results of measure theoretic character. }breover, a random version of 

Fan's coincidence theorem is established. The main results of the paper 

are stated in Section 3. Finally, Section 4 contains the proofs of 

the main results. 
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2. PRELIMINARIES 

2.1 Notation 

2A denotes the set of all subsets of the set A 

conA denotes the convex hull of the set A 

\ denotes the set theoretic subtraction 

IR9. denotes the 9.-fold Cartesian product of the set of real 

numbers IR 

proj denotes projection 

If ¢ : X ~ 2
Y 

is a correspondence, then ¢Iu 

restriction of ¢ to U 

~ denotes the empty set. 

2.2 Upper and Lower Semicontinuous Correspondences 

Y U ~ 2 denotes the 

Let X and Y be sets. The graph G¢ of a correspondence ¢ : X ~ 2
Y 

is 

the set G¢ = {(x, y) E X x Y : yE ¢(x)}. If X and Yare topological spaces, 

¢ : X ~ 2
Y 

is said to have an open graph if the set G¢ is open in X x Y; ¢ 

X ~ 2
Y 

is said to be lower semicontinuous (l.s.c.) if the set {xEX ¢(x)nV:/:~} 

is open in X for every open subset V of Y and; ¢ : X ~ 2
Y 

is said to be upper-

semicontinuous (u.s.c.) if the set {xE X : ¢(x) C V} is open in X for every 

open subset V of Y. It can be easily checked that if a correspondence has 

an open graph, then it is l.s.c., but the reverse is not true. 

We will need the following facts. 

(F.2.l) Let X be a topological space and Y be a linear topological 

If the correspondence ¢ : X ~ 2
Y 

is l.s.c. then the correspondence space. 

l/I: X~ 2Y defined by l/I(x)=con¢(x) is also los.c. [9, Proposition 3.6, p. 366]. 
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(F.2.2) Let X be a topological space and {Y
i 

: iEI}, (I can be any 

finite or infinite set) be a family of compact spaces. Let Y = n Y.· If 
.E 1 
1 ·'1 

for each iE I, the correspondence F. : X -+ 2Yi is u.s.c. and closed valued 
1 

Y then the correspondence F : X -+ 2 defined by F(x) = n Fi(x) is also u.s.c. 
iE I 

[3, Lemma 3, p. 124]. 

2.3 Auxi11iary Measure Theoretic Facts 

Let X, Y be topological spaces and ~ : X -+ 2
Y 

be a nonempty valued 

correspondence. A continuous selection for ~ is a continuous function 

f : X -+ Y such that f(x) E ~(x) for all x E X. 

Let (~,a) be a measurable space, Y be a topological space and ~ : ~ -+ 2
Y 

be a nonempty-va1ued correspondence. A measurable selection for ~ is a 

measurable function f : ~ -+ Y such t:hat few) E ~(w) for all wE~. 

We now define the concept of a Caratheodory selection which combines the 

notion of continuous selection and measurable selection. 

Let (X,a) be a measurable space and Y and Z be topological spaces. 

y 
Let ~ : X x Z -+ 2 be a (possibly empty-valued) correspondence. Let 

U = {(x,z) E X x Z : ~(x,z) :f cpL A Caratheodory selection for ~ is a 

function f : U -+ Y such that f(x,z) E ~(x,z) for all (x,z) E U and; for each 

xEX, f(x,·) is continuous on U
X = {zEZ : (x,z)EU} and for each zEZ, f(·,z) 

z 
is measurable on U = {x E X (x,z)EU}. 

If (X,Q) and (y,S) are measurable spaces and ~ : X -+ 2
Y 

is a corre-

spondence, ~ is said to have a measurable graph if G~ belongs to the product 

a-algebra a00). We are usually interested in the situation where (X,C() is 

a measurable space, Y is a topological space and ~= ~(Y) is the Borel 

a-algebra of Y. For a correspondnece ~ from a measurable space into a topological 

space, if we say that ~ has a measurable graph, it is understood that the 
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topological space is endowed with its Borel a-algebra (unless specified 

otherwise). In the same setting as above i.e., (X,a) a measurable space 

and Y a topological space, cP is said to be lower measurable if 

{x : ¢(x)nV:f cp}EQ for every V open in Y. 

The following facts will be useful in the sequel. 

(F.2.3) Let (Q,a,~) be a complete finite measure space X be a separable 

X metric space and ¢ : Q + 2 be a nonempty valued correspondence having a 

measurable graph, i.e., G¢ E Q® ~ (X). Then there exists a measurable 

selection for ¢ [2, Theorem 111.22, p. 22, or 6, Theorem 5.2, p. 60]. 

(F.2.4) Let (~,a,~) be a complete finite measure space, X be a ,complete 
Q, 

separable metric space and ¢ ~ x X + fR be a convex (possibly empty-) 

valued correspondence such that 

(i) ¢(o,o) is lower measurable with respect to the a-algebra a@(B(x)' 

and 

(ii) for each wEQ, ¢(w,o) is los.c. 

Then there exists a Caratheodory selection for ¢ [7, Theorem 3.2]. 

(F.2.5) The previous fact remains true if ¢ is a correspondence from 

~ x X into 2Y, where Y is a separable Banach space and (i) and (ii) are 

replaced by 

(i') G¢ E Gl.@~(X) 0 ~(Y) and 

(ii') for each wEQ, ¢(w,o) has an open graph, Le., for each wEQ 

the set G¢(W,o) = {(x,y) E X x Y : yE ¢(W,x)} is open in X x Y 

[8, Main Theorem]. 
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(F.2.6) Let D be a measurable space {y. : i E I}, (where I is a countable 
- 1 

set) be a family of second countable topological spaces. Let Y = IT Y .. 
. E 11 

y. 1 
2 1 is lower measurable then the correspondence If for each iEI, F. : D-+-

1 

F : D -+- 2Y defined by F(W) = IT F.(w) is also lower measurable [6, Propo­
iE 11 

sition 2.3, p. 55]. 

(F.2.7) Let D be a measurable space, X be a separable metric space 

and for each i E I, (where I is a countable set) F. : D -+- 2
X 

is a lower 
1 

measurable and closed valued correspondence. Suppose that for each wED, 

F.(w) is compact for at least one iEI. Then the correspondence F : D -+- 2
X 

1 

defined by F(w) = n F. (w) is lower measurable [6, Theorem 4.1, p. 58]. 
iE I 1 

If (X,(l.) , (Y,(\) and (Z,}) are measurable spaces, U~ X x Z and 

f : U -+- Y, we call f jointly measurable if for every B E~, f-l(B) = Un A 

for some AE a 0).. It is a standard result that if Z is a separable 

metric space, Y is metric and f : X x Z -+- Y is such that for each fixed 

xE X, f(x,·) is continuous and for each fixed zE Z, fCo ,z) is measurable, 

then f is jointly measurable (where B = CD (Y), } (j) (Z». It turns out, 

that in several instances U is a proper subset of X x Z, and this situation 

is more delicate. However, in this more delicate situation it can be shown 

that f is still jointly measurable. In particular, we have the following 

fact. 

(F.2.8) Let (D,q) be a measurable space, X be a separable metric space, 

Y be a metric space and U CD x X be such tha t 

(i) for each wE D the set If {xE X (w ,x) E U} is open in X, and 

(ii) for each x E X the set UX 
= {w ED (w,x) E U} belongs to (l. 
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Let f : U -+ Y be a function such that for each wE st, f(w,o) is continuous 

w x 
on U and for each x E X, f( 0 ,x) i-s measurable on U. Then f is jointly 

relatively measurable with respect to the a-algebra 11..0 ~ (X), i.e. for 

every open subset V of Y, {(w,x) E U f(w,x)EV} = UnA for some 

A E a. 0iB (X) [7, Lennna 4 .12] . 

(F.2.9) Let (st,a) be a measurable space and X be a complete separable 

metric space. If 0 belongs to a@ ~(X) its projection projst(O) belongs 

toQ, [2, Theorem III.23, p. 75]. 

2.4 The Random Coincidence Theorem 

The result below is a random version of Fan's Coincidence Theorem, 

[4, Theorem 6, p. 238]. 

Theorem 2.4.1: Let X be a compact convex nonempty subset of a locally 

convex separable and metrizable linear topological space Y and let (st,1,v) 

be a complete finite measure space. Let y : st x X -+ 2Y and ~ : st x X -+ 2
Y 

be two nonempty, convex,closed and at least one of them is compact valued 

correspondences such that: 

(i) ~(o,o) and YCo,o) are lower measurable, 

(ii) for each fixed wE st, the correspondences ~(w, 0) 
Y 

X -+2 and 

Y(w,o) :X-+ Y 
2 are u.s.c. 

(iii) for every wE st and every x E X, there exist three points yE X, 

uEy(w,x), vE~(w,x) and a real number" > 0 such that y - x 

,,(u-v) • 

Then there exists a measurable function x*: st -+ X such that 

y(w,x*(w)) n p(w,x~«w)) of ¢ for almost all wE st. 



8 

Proof: Define the correspondence W : ~ x X + 2
Y 

by W(w,x) = 

y(w,x) n~(w,x). Since y(-,-) and ~(-,-) are closed valued and lower 

measurable and at least one of them is compact valued, it follows from (r.2.7) 

that W(-,-) is lower measurable. Define the correspondence ~ : ~ + 2
X 

by 

~ (w) W(w,x) "f: <pL 

Observe that 

{(w,x)E~xX xE~(w) } {(w,x) E ~ x X 

{(w',x) E ~ x X 

W(w, x) "f: <p} 

W(w, x) n Y "f: <P}, 

and the latter set belongs to )0 ~(X) since W(-,-) is lower measurable. 

Therefore, G~ E 1 e 6?> (X). It follows. from Fan's Coincidence Theorem, 

(Fan [4, Theorem 6, p. 238]) that for eachwE~, ~«(Jj) "f:<P. Therefore, 

the correspondence ~ : ~ + 2X satisfies all the conditions of (F.2.3), 

(the Aumann Measurable Selection Theorem) and consequently, there exists 

a measurable function x* : ~ + l such that x*(w)E~(w) for almost all w in 

~, i.e., y(w,x*(w)) n~(w,x*(w)) "f: <P for almost all w in~. This completes 

the proof of the Theorem. 

An immediate corollary of the above theorem is a random version of the 

Kakutani-Fan fixed point theorem (see [3, Theorem 1, p. 122]). 

Corollary 2.4.1: Let X be a compact, conve~non-empty subset of a 

locally convex separable and metrizable linear topological space Y and 

let (~,J,v) be a complete finite measure space. Let y : ~ x X + 2
X 

be 

a nonempt~ convex, closed valued correspondence such that for each fixed 

wE~, y(w,-) is u.S.c. Then Y(-,-)has a random fixed point, Le., there 

exists a measurable function x* : ~ + X such that x*(w) Ey(w,x*(w)) 

for almost all w in ~. 
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Proof: Let ]..I(w,x) = {xL Clearly for each fixed wE r2, ]..I(w,-) u.s.c. 

and ]..I ( -, -) is convex, nonempty, compact valued. Let x E X and wE r2. By 

choosing uEy(w,x), v = xE]..I(w,x) and \E(O,l)assumption (iii) of 

Theorem 2.4.1 is satisfied (simply notice that since X is convex 

y = x + A(u-v) = AU + (l-A)x E X). Hence, by the previous theorem there 

exists a measurable function x* : r2 -+ X such that y(w,x*(w» n]..l(w,x*(w» '" ¢ 

for almost all wE r2, Le., x*(w)Ey(w,x*(w» for almost all wE r2. 
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3. THE MAIN RESULTS 

3.1 Random Games and Random Equilibria 

Let (~,1,~) be a complete finite measure space. We interpret ~ 

as the states of nature of the world and assume that ~ is large enough 

to include all the events that we consider to be interesting. ~ will 

denote the a-field of events. Denote by I the set of players. I can be 

any finite or countably infinite set. A random game 

E = {(X., P.) : iEI} is a set of ordered pairs (X., p.) where 
1 1 1 1 

(1) 

( 2) 

X. is the strategy set of player i, and 
1 

p. : ~ x X + 2Xi (where X 
1 

~orrespondence of player i. 

IT X.) is the preference (or choice) 
iE I1 

We read y. E P. (w,x) as player i strictly prefers y. to x. at the state 
1 1 1 1 

of nature W, if the (given) components of other players are fixed. 

A random equilibrium for E is a measurable function x* : ~ + X such 

that for all i E I, p. (w, x*(w» 
1 

ifJ for almost all wE~. 

Notice that each player in the game described above is characterized 

by a strategy set and a preference correspondence. We now follow the 

original formulation by Nash [10] (and his generalizations by Fan [5] and 

Browder [1] among others) where preference correspondences are replaced by 

payoff functions, i.e., real valued functions defined on ~ x X. 

Let r = {(X., u.) 
1 1 

iEI} be a Nash-type random game, Le., 

(i) 

(ii) 

X. is the strategy set of player i, and 
1 

u. : ~ x X + IR, (where X = IT X.) is the payoff function of player i. 
1 iE I1 
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tV tV tV 
Let X. n x. and denote the points of X. by x .. 

1 jfi J 1 1 

A random Nash equilibriu1I1. for r is a measurable function x* ~ -+ X such 

that for all i, 

u.(w,x*(w)) = max u.(w,y i'~(w)) for almost all wE~. 
1 EX 1 i 1 

Yi i 

3.2 Main Theorems 

Theorem 3.1: Let E = (eX., P.) : i E r} be a random game satisfying 
1 1 

for each i the following assumptions: 

(a.l.l) 

(a.lo2) 

9-X. is a compact,convex,nonempty subset ofIR , 
1 

conP. (.,-) is lower measurable, i.e., for every open subset 
1 

V of X., the set {(w,x) E ~ x X : conP. (w,x) n V f ¢} belongs 
1 1 

to '} 0 ~ (X), 

(a.l.3) for every measurable function x ~ -+ X, x.(w)EtconP.(w,x(w)) 
1 1 

(a.lo4) 

for almost all wE~, 

for each fixed wE~, P.(w,-) is los.c. 
1 

Then there exists a random equilibrium for E. 

As a Corollary of Theorem 3.1 we obtain a generalized random version of Nash's 

[10, Theorem 1, p. 288] equilibrium existence result. 

Corollary 3.1: Let r = {(X. ,u.) : iE r} be a Nash-type random game 
1 1 

satisfying for each i the following assumptions. 

(c.l.l) 
9-x. is a compact, convex, nonempty subset of IR , 

1 
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Cc.1.2) for each fixed ujE rl, u.Cw,o) is continuous, 
1 

Cc.1.3) for each fixed x E X, u
i 

Co, x) is measurable, 

'\.. E rv rv 
Cc .1.4) for each wE rl and each x. X. II X., u. CW,x. ,x.) is 

1 1 j;i J 111 

a quasi-concave function of x. on X .. 
1 1 

Then there exists a random Nash equilibrium for f. 

Theorem 3.2: Let E = {CX., P.) : iEr} be a random game satisfying 
1 1 

for each i the following assumptions. 

Ca.2.l) 

Ca.2.2) 

X. is a compact, convex, nonempty subset of a separable 
1 

Banach space, 

conP. Co,o) has a measurable graph, i.e., the set 
1 

{Cw,x,y.)Erl x X·x X. : y.Econp.Cw,x)}E1o G>CX)@fi:2.(X
1
.), 

111 1 ij/ 

Ca.2.3) for every measurable function x : rl ~ X, 

x.Cw)EiconP.Cw,x(w» for almost all wErl, 
1 1 

(a.2.4) for each wErl, PiCUJ,o) has an open graph in X x Xi. 

Then E has a random equilibrium. 

The following Corollary of Theorem 3.2 extends Corollary 3.1 to strategy 

sets which can be subsets of arbitrary separable Banach spaces. We thus have 

a random version of Nash's result [10, Theorem 1, p. 288] in separable Banach 

spaces. It should be noted that Corollary 3.2 may be seen as a random 

generalization of the deterministic equilibrium existence results of Fan 

[5, Theorem 4, p. 192] and Browder [1, Theorem 14, p. 277], but only if the 

underlying strategy space is separable. It is worth noting that Fan and 

Browder allow only for a finite number of players whereas in our setting 

the set of players can be any finite or countably infinite set. 
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Corollary 3.2: Replace assumption (c.l.l) in Corollary 3.1 by 

(c.l.l') X. is a nonempty,compact, convex subset of a separable 
1 

Banach space. 

Then the conclusion of Corollary 3.1 remains true. 

A couple of comments are in order. Notice that the continuity 

assumption in Theorem 3.1, i.e., (a.l.4) is weaker than the continuitv 

assumption (a.2.4) of Theorem 3.2. The reason we need a weaker con-

tinuity assumption is that the proof of Theorem 3.1 makes use of (F.2.4) 

which is a Caratheodory selection result for a correspondence which is 

lower measurable in one variable and l.s.c. in the other. However, in 

the proof of Theorem 3.2 a different Caratheodory selection result is 

used, i.e., (F.2.5), which requires a stronger continuity assumption. 

Moreover, observe that Corollary 3.1 follows directly from Corollary 3.2. 

Nevertheless, we choose to state Corollary 3.1 since its proof by 

means of Theorem 3.1 is slightly different than the proof of Corollary 

3.2 which follows from Theorem 3.2. Finally it is important to note that 

the proofs of Theorems 3.1 and 3.2 do not subassume any deterministic equili-

brium existence results. To the contrary, our arguments "start from 

scratch" and provide alternative ways to prove the equilibrium results 

of Nash, Fan and Browder. 
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4 • PROOF OF THE MAl N THEOREMS 

4.1 Lennnata 

We begin by proving two Lennnata which are going to be needed in the 

sequel. 

Lennna 4.1: Let (S,a ) be a measurable space and X, Y be 

separable metric spaces. 
Y 

Let ¢ : S x X + 2 be a lower measurable (possibly 

empty-valued) correspondence. Suppose that for each fixed sE S, ¢(s,o) is 

los.c. Let 0 = {(s,x)ES x X : ¢(s,x) f. cp}, and let f : 0 + Y be a Caratheodory 

selection for ¢. Then the correspondence 8 : S x X + 2Y 
defined by 

__ { y{f(S'X)} 

8 (s, x) 

is lower measurable. 

if. (s,x) EO 

if (s, x) fi. 0 

Proof: We begin by making a couple of observations. First notice that, 

since¢(o,o) is lower measurable the set 0 = {(s,x)ES x X: ¢(s,x) f. cp} = 

{(s,x)ES x X : ¢(s,x)ny f. cp} belongs to a 0S(x). By (F.2.9) for each xEX the set 

x 
0= {sES: (s,x)EO} projs ({(s,x)E S x X : ¢(s,x) f. cp}n (S x {x}» 

projs (0 n (S x {x}», 

belongs to q. Moreover, notice that since for each fixed s E S, ¢ (s, .) 

is los.c. it follows that for each sE S the set OS = {x E X 

(s,x) E O} is open in X. Since for each fixed sE S, f(s,o) is con-

tinuous on as and for each fixed xES, f(o,x) is measurable on Ox, by 

(F. 2 .8) f (0,0) is jointly measurable. It can be easily nm", seen that for 

every open subset V of Y the set A = {(s,x) E s x X : 8(s,x) nV f. cp} = BUC 
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where B = {(s,x)EO : f(s,x)EV} and C = {(s,x)ES x X\O : ynV f cP}. 

Clearly, BE 0.0 0) (X) and CEa0lP(X) and therefore A"" B Uc belongs to 

Cl@OJ(x). Consequently, 8(0,0) is lower measurable as was to be shown. 

Lemma 4.2: Let (S,GO be a measurable space, Z be a separable metric ------

space and Y be a metric space. Let g : S x Z ~ Y be a function such that 

for each fixed sES, g(s,o) is continuous and for each fixed xEZ, g(o,z) 

. bl D f' th d K·. S ~ 2Z by 1S measura e. e 1ne e correspon ence ~ 

K(s) = {zEZ: g(s,z) > O}. 

Then, (a) GK E a 0 (P (Z), i.e., K( 0) has a measurable graph, and (b) K( 0) 

is lower measurable. 

Proof: (a) Since for each fixed sES, g(s,o) is continuous and for 

each fixed zEZ, g(o,z) is jointly measurable, it follows from a standard 

result that g(o,o) is jointly measurable. Observe that, 

-1 
g «0,+00» {(s,z)ES x Z g(s,z) > O} 

{(s,z)ES x Z zEK(s)} 

and the latter set belongs to Cl 0 a>(Z) since g(o,o) is jointly measurable. 

(b) We must show that the set {sE S : K(s) nV 'I cp} belongs to a for 

every open subset V of Z. As it was remarked above, g(o,o) is jointly 

measurabl~ i.e., g is measurable with respect to the product 0-algebra 

Cl ~ GD(Z). Let D be a countable dense subset of Z, and let U = (0, +co). 

Observe tha t, 
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{s g(s,z)EU for some zEV} 

= {s g(s,d) E U for some dE D} 

u {s : g(s,d) E U}, 
dE D 

and the latter set belongs toa since for each fixed zEZ, g(·,z) is measurable. 

This completes the proof of the Lemma. 

4.2 Proof of Theorem 3.1 

For each iE I define the correspondence ¢. : st x X -+ 2Xi by ¢. (w,x) 
1 1 

conP.(w,x). Since by assumption (a.l.4) for each fixed wEst, p.(w,·) is 
1 1 

l.s.c. it follows from (F.2.l) that for each fixed wEst, ¢.(w,·) is l.s.c. 
1 

Furthermore, by assumption (a.l.2), ¢.(.,.) is lower measurable and clearly 
1 

convex valued. For iEI let" O. = {(w,x)Est x X : ¢.(w,x) i: ¢}. For 
1 1 

W x 
each (DEstlet O. = {xEX: (W,x)EO.} and for eachxEXlet O. = {wEst 
111 

(W,x)EO.L It follows from (F. 2.4) that there exists a Caratheodory 
1 

selection for ¢., i.e., there exists a function f. : O. -+ X. such that 
1 111 

f.(W,x)E¢.(W,x) for all (w,x)EO. and for each xEX, f.(·,x) is measurable 
1 1 1 1 

X W 
on O. and for each wE st, f. (w,.) is continuous on 0.. For each iE I define 
111 

X· 
the correspondence F. : st x X -+ 2 1 by 

1 

F.(W,x)= 
1 

{f. (w,x)} 
1 

X. 
1 

if (w,x) EO. 
1 

if (w, x) (j O .• 
1 

By Lemma 4.1, F.(·,·) is lower measurable, and it is obviously closed, convex, 
1 

nonempty valued. Since for each fixed wE st, ¢. (w,·) is 1. s.c. 
1 

the set 

w 
O. = {xEX : (w,x)EO.} = {xEX : ¢.(w,x) i: rp} '" {xEX : ¢.(w,x)nX. i: rp} 
11111 
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is open in the relative topology of X, and consequently for each fixed wE st, 

F.(w,·) is u.s.c. Define the correspondence F : st x X + 2X by F(w,x) = 
1 

II F. (w, x) • 
iE 11 

Since F.(·,·) is lower measurable it follows from (F.2.6) that 
1 

FC·,·) is lower measurable as well. Obviously FC·,·) is closed, convex and 

nonempty valued. By CF.2. 2) for each fixed wEst, FCw,.) : X + 2X is u.s.c. 

Therefore, FC·,·) satisfies all the conditions of Corollary 2.4.1 and 

consequently there exists a random fixed point, i.e., there exists a 

measurable function x* : st + X such that x*cw)EF(W,x*(W» for almost all 

wE st. We now show that the random fixed point is by construction a random 

equilibrium for the game E. Notice that for each iEI, if (w,x*(w»EO., 
1 

then by the definition of F., x~(w) = f.Cw,x*CW»EconP.(W,x*(W», a con-
111 1 

tradiction to assumption Ca.l.3). Thus, for all iEI, Cw,x*(W»e'O. for 
1 

almost all wEst, Le., for all iEI, conP.(w,x*(w» = cp for almost all 
1 

wEst which in turn implies that for all iEI. PiCw,x*Cw» cP for almost 

all wE st, Le., x* : st + X is a random equilibrium for E. This completes 

the proof of the Theorem. 

4.3 Proof of Corollary 3.1 

h . E d f· h d Q n X ~ 2Xi by For eac 1 I, e lne t e correspon ence . : H x ~ 
1 

'V 
Q.(w,x) {y.EX.: h.Cw,x,y.» a}, where h.(w,x,y.) u.(w,y.,x.) - u.(w,x). 
11111 1 1 111 1 

Setting S = st x X, Z = X., Q=J063(x), g(s,z) = h.Cw,x,y.),K(s) = Ql.CW,X) 
1 1 1 

for s = Cw,x) in Lemma 4.2(b) we can conclude that Q.Co,o) is lower 
1 

measurable. It follows from assumption (c.l.4) that, 0.(· .) is convex 
-1 ' 

valued, and clearly for any measurable function x : st + X, x.(w)EiconO.(w,x(w» 
1 -1 

Q.(w,x(W» for almost all wEst. Hence, the random game E = {(x.,a.) : iEI} 
1 1 "1 

satisfies all the assumptions of Theorem 3.1 and therefore E has a random 

equilibrium, i.e., there exists a measurable function x* : st + X such that 
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for all i, Q.(w,x*(w» = ~ for almost all wEQ. But this implies that for 
1 __ 

rv* 
all i, u.(w,x*(w»= max u.(w'Yi'x.(w», for almost all wEQ, i.e., x* : Q -+ X 

1 EX 1 1. y. . 
is a random Nash equhib~ium for the game r = {(X.,u.) : iEr}. This com-

1. 1. 

p1etes the proof of the Corollary. 

4.4 Proof of Theorem 3.2 

For each i E r define the correspondence <p. : Q x X -+ 2Xi by <p. (w, x) = 
1. 1. 

conP.(w,x). Since by assumption (a.2.4) for each wEQ,P.(w,-) has an open 
1. 1. 

graph in X x X. it can be easily checked that so does <p. (w, -) for each wE Q. 
1. 1. 

Let O. = {(w,x)EQ x X : <P.(w,x) f~}. Since <P.(-,-) has a measurable 
1. 1. 1. 

graph (recall assumption (a.2.2» and it is convex valued appealing to 

(F.2.5) we can ensure the existence of a Caratheodory selection for <p .• 
1 

One can now proceed as in the proof of Theorem 3.1 to complete the proof. 

4.5 Proof of Corollary 3.2 

The proof is identical with that of Corollary 3.1 except with the fact 

that one now has to use Lemma 4.2(b) to show that Q.(-,-) has a measurable 
1. 

graph. 
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FOOTNOTES 

1. Notice that this notion of equilibrium is non-cooperative. No 

communication between players is allowed. 
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