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Abstract

The goal of this thesis is to develop and validate the global optimal forcing analysis in
our in-house massively parallel unstructured grid solver, MPCUGLES, for the eventual
application to a jet in cross ow. Global optimal forcing analysis provides the capability
of identifying the optimal time-periodic forcing shape and forcing frequency that causes
the greatest energy gain of a ow. Forcing a jet at the preferred frequency can, in speci c
con gurations, cause signi cant spreading, and forcing at the preferred frequency of a
jet in cross ow may provide the same results. To validate the optimal forcing method,
the lid-driven cavity problem at Re = 100 was subject to forcing and compared to
the results of Brynjell-Rakola (2017)[10]. The energy gain at multiple frequencies was
shown, as well as the forcing and response pro les of the optimal and sub-optimal
singular values. The gain results show excellent agreement with the reference material,
validating the method for a simple ow in which all boundaries were walls. The method
was then validated for spatially evolving ows once applied to the Blasius boundary layer
at Re = 1000. In validating this problem, the need for adjusted boundary conditions
became necessary. The results showed good agreement with the reference material of
Monokrousos (2010)[456]. The work presented was able to identify the correct trends in
the forcing and response pro les for each frequency, as well as nd the optimal forcing
frequency successfully.
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Chapter 1

Introduction

1.1 Motivation and Background

The ultimate goal of this thesis is to develop and validate optimal forcing analysis for the
eventual application to jets in cross ow. This analysis has the capability of identifying
the optimal spatial shape and frequency of time-periodic forcing applied to a complex
ow. Given these capabilities, optimal forcing analysis can be used as a tool to identify
the optimal control for a jet in cross ow.

Jets in cross ow, or transverse jets, describe the system where a at plate bound-
ary layer interacts with a wall-normal jet with an exit prole created by a nozzle.
Transverse jets are used in many engineering applications, such as dilution holes in gas
turbine combustor engines used to yield more uniform exit temperatures, Im cooling
for turbine blades to protect from temperatures exceeding blade melting point, and
thrust vector control of space vehicles, turbojets, and V/STOL aircraft [38]. Margason
[40], Karagozian [33], and Mahesh [38] have compiled reviews of the experimental and
computational research surrounding jets in cross ow.

The ow exhibits complex instabilities described by a counter-rotating vortex pair
in the far wake of the jet [67], horseshoe vortices wrapped around the base of the jet
[35], shear layer vortices and Kelvin-Helmholtz instability upstream of the jet [24], and
upright wake vortices between the at plate and the the jet [24] [34]. At low velocity
ratios (ratio between the jet exit and boundary layer), hairpin vortices appear for low
Reynolds numbers [38]. The need to study the instabilities governing this ow as well as
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how to control the transverse jet to better serve its applications has become apparent.

Figure 1.1: Flow features of the jet in cross ow [33].

Periodic pulsing of the transverse jet has been shown experimentally to maximize
jet penetration and spread under the right forcing conditions [20] [43] [50] [62]. Direct
numerical simulation of pulsed jets by Sau and Mahesh [59] characterized the response
into three regimes - hairpin vortices, upstream tilted vortex ring, and downstream tilted
vortex ring with trailing shear layer. These regimes were based on stroke ratio (stroke
length to nozzle exit diameter) and velocity ratio (free stream to jet exit velocity). They

later found that optimal jet penetration under a variety of conditions collapse to a single
line on the regime map [60].

Figure 1.2: Pulsed JICF regimes based on velocity ratio and stroke ration from Sau and
Mahesh (2010) [60].
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Axisymmetric time-periodic excitations applied to the jet in the form of square
[63] and sinusoidal [64] waveforms have been explored experimentally. Jet penetration,
spread, bifurcation, cross-sectional symmetry, and molecular mixing were quanti ed as
a function of excitation frequency and amplitude, as well as momentum ux ratio. For
transverse jets with an absolutely unstable upstream shear layer, forcing with su cient
amplitude leads to lock-in of the upstream shear layer at the dominant forcing frequency
[65]. External helical excitation has also been explored [9] at a xed momentum ux
ratio that has a convectively unstable upstream shear layer. This helical excitation can
be characterized by a circumferential time-delayed pulsing around the jet nozzle. In this
work, it was found that frequencies near or below the fundamental frequency enhanced
symmetrization of the counter-rotating vortex pair and molecular mixing.

The predecessor to forcing of a jet in cross ow was forcing of a free jet (no cross ow).
Crow and Champagne [16] were among the rst to experimentally force a jet at a
controlled frequency, nding that excitation at the right Strouhal number ampli es
instabilities of the mixing layer. The perturbation resulting from this optimal excitation
is referred to as the preferred mode. Often, forcing at the frequency of the sub-harmonic
of the preferred frequency has been shown to enhance mixing and momentum transport
[30] [28] [45].

Lee and Reynolds [36] showed that the combination of axisymmetric (in the same
direction as the jet ow) and helical (along the circumference of the nozzle) forcing
dramatically increased jet spreading. This is referred to as jet bifurcation, where the
jet spreads in one plane but spreading remains nearly unchanged in the perpendicular
plane. Reynolds [58] showed how this dual-mode forcing causes jet blooming experi-
mentally, and Danaila and Boersma [17] computationally demonstrated the relationship
between the axisymmetric and orbital forcing modes. They were able to create apping
and bifurcating jets by solely by modifying the ratio between axisymmetric and orbital
frequencies. Gohil [26] numerically explored the e ect the frequency ratio has on bloom-
ing jets and their spread, testing ratios previously seen in experiments or computations.
It was found that a ratio of 2 resulted in bifurcating, 3 in trifurcating, and non-integer
into blooming.

Clearly, identifying the preferred mode of a jet is an important analysis, as with
proper forcing, a signi cant increase in spreading could occur. The preferred modes of



Figure 1.3: Types of periodic excitation applied to a jet inlet by Danaila and Boersma
(2000) [18].

the free jet have been identi ed through local analysis by Crighton [14] and Michalke
[44], who identi ed shear-layer instabilities as the dominant indicator of the preferred
mode of the jet. Crighton and Gastor [15] used the WKJB approximation to describe
the spatial development of this instability. The parabolized stability equations have
also been used to study compressible jets in the local framework [55] [27] and agreed
with experimental work. Global stability analysis [61] has also been employed to further
understand the stability modes governing the behavior of a jet. Nichols and Lele [51]
found two global modes associated with a cold supersonic jet: downstream propagating
Kelvin-Helmholtz waves as well as upstream propagating modes, agreeing with results
from linear stability analysis of locally parallel ow.

Optimal forcing analysis diers from what has previously been performed in the
present framework for a jet in cross ow. The three other stability analyses are linear
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stability analysis [57], adjoint sensitivity analysis [56], and optimal perturbation anal-
ysis [56]. Linear stability demonstrates the dominant instability modes at asymptotic
times [68], adjoint sensitivity analysis demonstrates the dominant sensitivity modes
that correspond to the linear stability modes [29], and optimal perturbation analysis
demonstrates the location of initial perturbations that cause the greatest energy growth
over various nite times [61]. Optimal perturbation analysis is a form of input-output
analysis carried out in the temporal domain, where the goal is to optimize the energy
over some time given an initial perturbation.

Optimal forcing analysis is similar to optimal perturbation analysis, but instead of
being subject to an initial perturbation, it is instead subject to time harmonic forcing
over an asymptotic time. The goal of the analysis is to evaluate the ow's response
to this forcing alone. Through the optimization process, described in the numerical
method chapter, the optimal location of forcing and optimal frequency of that forcing
can be determined. As with optimal perturbation analysis, the optimal forcing location
can also provide insight into the instability mechanism a ecting the ow.

Optimal disturbance of a ow subject to time harmonic forcing was rst described
by Trefethen et al. [69]. The method was rst applied to non-parallel ow con gurations
as a projection onto a reduced space spanned by a set of eigenmodes [1]. The current
work is based on the methods described by Monokrousos et al. [46] who computed the
resolvent norm from the linearized Navier-Stokes equations and applied it to a Blasius
boundary layer. Optimal forcing has been used to study the aeroacoustics of high speed
isothermal turbulent jets acoustically by Nichols [32] as well as by Garnaud [25] who
used it to study the preferred mode of a jet subject to axial forcing.

Optimal forcing analysis on a boundary layer in a global three-dimensional frame-
work was rst done by Monokrousos [46], but the analysis has been applied to a bound-
ary layer in di erent frameworks and applications: to evaluate noise ampli ers [66], to
determine optimal actuation locations [7], in the supersonic regime [11], in the context
of shock/boundary layer interaction [19], and with roughness [23], highlighting the valu-
able insight this analysis has on this type of ow. This resolvent based method has been
performed extensively by explicit formation of the resolvent operator, but the current
work focuses on a matrix-free method described in Monokrousos [46]. Further detail is
provided in section 2.2.
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The validation for optimal forcing analysis is compared to the results obtained
by Brynjell-Rahkola et al. [10] and Monokrousos [46], who applied the analysis to a
lid-driven cavity and Blasius boundary layer, respectively. The lid-driven cavity is a
common problem with which to validate the method with relatively straight-forward
boundary conditions [3] and eliminates complications caused by more complex ows.
The Blasius boundary is not only a key ow feature of the jet in cross ow, it also rep-
resents a spatially evolving ow. It is also more complex than the lid-driven cavity in
the sense that it provides valuable insight into the boundary conditions, mesh spacing,
and simulation parameters needed to converge the solution.

1.2 Overview

The ultimate goal of this thesis is to develop and validate optimal forcing analysis,
which has the capability of identifying the optimal spatial shape and frequency of time-

periodic forcing. Two ows have been validated: the lid-riven cavity and the Blasius

boundary layer. The success of this capability in the massively parallel, unstructured
nite volume code allows for large, complex problems such as the jet in cross ow to be
solved with a high- delity solution.

This analysis shows its importance in informing the mechanisms that contribute to
the stability of a ow, as well as more practically guiding the location and frequency to
force a ow that would cause the greatest energy gain. For a jet, this is closely related
to the preferred mode, where that information can possibly be used to cause a blooming
response. The intention of this thesis is to validate this analysis so that it can be used
to inform the jet in cross ow's preferred mode, which could similarly be forced near the
jet inlet to cause a blooming response.

The contributions of this thesis are:

A novel computational capability was developed for optimal forcing analysis with
the potential to be applied to a fully three-dimensional base ow. The framework
utilizes unstructured grids and is massively parallel, with robust and high- delity
numerical methods. This allows this analysis to be performed for a wide variety
of ow elds.
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Optimal forcing analysis captures the optimal and sub-optimal forcing location
and responses. A variety of frequencies can be tested, and the optimal frequency
can be identi ed. The visualization of both the forcing and response pro les is
demonstrated as a useful tool in dissecting the mechanisms dominating a ow.

The analysis was applied to a low-Reynolds number lid-driven cavity, where the
results compared to reference material were extremely close. The general pattern
of increasing forcing frequency and sub-optimal pro les were shown.

The Blasius boundary demonstrated the need for alternative boundary conditions
in the streamwise direction where disturbances are damped. The periodic bound-
ary condition in the streamwise condition was necessary for the numerical stability
of this more complex, spatially evolving ow, and will likely be needed for similar
ows, such as the JICF, in the future.

This thesis is organized as follows. Chapter 1 introduces the motivation and goals
pursued in this thesis. A literature review is included. Chapter 2 presents the numerical
methodology used for direct numerical simulation and optimal forcing analysis. Chapter
3 validates the procedure for the two-dimensional lid-driven cavity problem and discusses
the results. Chapter 4 presents results obtained for the Blasius boundary layer problem
and reviews issues encountered when simulating spatially evolving ows. Chapter 5
concludes with a nal discussion of the results obtained throughout the thesis.



Chapter 2

Numerical Methodology

2.1 Direct Numerical Simulation

Throughout this thesis, only direct numerical simulation (DNS) is used. The following
unstructured, nite volume code (MPCUGLES) developed by Mahesh et al (2004) [39]
was used for all simulations. MPCUGLES is an algorithm that ensures discrete energy
conservation of rst and second order quantities, which allows for simulation of high
Reynolds number ow without added numerical dissipation. This algorithm has vali-
dated for a variety of complex ows, most relevantly a gas turbine combustor [39], free
jet entrainment, and transverse jets [4] [47] [48] [49] [31] [57] [56].

The simulations were performed based on the constant density, incompressible Navier-
Stokes equations:

@, _
ox-° 2.1)

@i, @  , - @p Gu o 2.2)
@t @x @x  @x@x

Equation 2.1 is the continuity equation, and 2.2 the momentum equation, both in
index notation for simplicity. The symbols t, ui(x;y;z), p(x;y;z), , and f (x;y;z)
denote time, velocity vector, pressure, kinematic viscosity, and external forcing, respec-
tively. Since all simulations are constant density, the density term is included in the



pressure term.

A predictor-corrector method is used to solve the above described Navier-Stokes
equations. The second-order Adams-Bashforth scheme is used for explicit time ad-
vancement in the predictor step. This is applied to the momentum equation (2.2) to
solve for the predictor velocities.

u, uk h i

iti:% 3(NL + VISC+ F)* (NL+ VISC+ F)k 1! (2.3)

where u; (x;y;z) are the predictor velocities, and the supercriptsk and k 1 denote
the two previous time steps. The term NL stands for the non-linear convective term,

@—%uiuj. VISC stands for the viscous term, @@;gr and F is for the forcing term, f ;.
The divergence thereom is then applied to the momentum equation. Velocity,u;i,
and pressure,p;, are stored at each control volume (CV) center, making them volume
terms. However, the use of the divergence theorem necessitates the need for surface
terms, calculated in 2.5 and 2.6. After taking the divergence and converting to discetized

form, the non-linear term becomes:

X
@@uiuj = ul voA' (2.4)
¥ faces
f Uicv1 + Uicv2
ui — I,CV 2 1,CV (25)

where thef denotes each faceA' is face area, and the subscriptevl and cv2 are the
control volumes on either side of the face.v, is face-normal velocity and is calculated

by:

Ny + Ui
v = el ez (2.6)

where n; unit vector in the face-normal direction.
The viscous term after divergence and discretization becomes:

@Ui — X uj
@x@x

The forcing is kept as a volume term. Equations 2.4 and 2.7 along with the forcing

n; Af (2.7)

X
faces !

term are used in 2.3 to calculate the predictor velocity,u; .
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The following describes the derivation of the Poisson equation, which is used as the
corrector step.

u!<+1 u _ @p 28)
t @x
The pressure term can then be projected to the face-normal:
k+1 1
Wl v @P (2.9)
t @n

The continuity equation 2.1 can then be rewritten after applying the divergence
theorem and considering the discrete form:

VKL AT =0 (2.10)

faces

whereA; if he face area. Equations 2.9 and 2.10 can now be combined to solve gt :
X @p Al = X

@n
faces

The Algebraic Multi-Grid (AMG) solver from the HYPRE library [21] is used to
solve the above Poisson equation. Oncg*? is solved, the pressure gradient is computed

t v, Af (2.11)

faces

using a least squares formulation:

X
@p At @hs (2.12)
faces @X @n
k+1

Equation 2.12 and 2.8 are used to solve fou and 2.11 and 2.9 are used to solve

vk+L,

2.2 Optimal Forcing Analysis

2.2.1 Linearized Navier Stokes Equations

Optimal forcing analysis is based on the linearized Navier-Stokes (LNS) equations, which
decomposes the ow eld into the base ow, u and the small perturbations, &. The
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base ow is subject to these small perturbations, which areO( ).

Ui = uj + oy (2.13)

Similar to the momentum equation used for DNS, equations 2.1 and 2.2 can be
rewritten as

Qui + o) _
o 0 (2.14)
Qui+ &) @, e . @pi+ p)  @ui+ ) -
T"'@(W*‘ gi)(uj + tj) = @x + @x@x +(f;+ 3)
(2.15)

After subtracting the base ow and neglecting the 2 terms, the LNS equations
become:

=0 2.16
@x (2.16)
@, Quiu + —@uiu- . @, Gu f (2.17)
@ @x ' @x ' @x @y@x
The boundary conditions are:
ui(S;t) =0 (2.18)

where S is the boundary of the spatial domain. In vector notation:

r o=20 (2.19)

%t+(u rYe+(ru) = r p+ rlu+f (2.20)

These equations are solved in a similar matter to the corresponding equation in
DNS. Equations 2.19 and 2.20 can be rewritten as a system of linear equations:
@
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where A is the LNS operator.

2.2.2 Adjoint Navier Stokes Equations

The continuous adjoint approach is used since the discrete approach requires the explicit
formation of the matrix A that would have to be transposed. This is prohibitively
expensively as this matrix can beO(10° 10°). Therefore, the continuous adjoint
equations follow. The derivation is shown in more detail from Hill [29] and in the
doctoral dissertation of Regan[57].

@ _
o 0 (2.22)
y y
@é't ' @iuyuj ¥ brjy@@’?(uj = gi @@;a + g (2.23)

where br?’ and p¥ are the adjoint velocity perturbation and pressure, respectively. g; is
the forcing term in the adjoint equation.
The boundary conditions are:

#(S;t) =0 (2.24)
where S is the boundary of the spatial domain. In vector notation:
r a#¥=0 (2.25)
@
@t

All terms except (r uT) &Y were computed in a similar matter to those described in

+(ur)wW+(ru’) w=r p rw+g (2.26)

the DNS section. This term is simply computed by nding the gradient of the base ow
velocity eld, r uT, then nding the dot product with the adjoint perturbation velocity,
e,

These equations can also be written as a system of linear equations:

@
@t
where AY is the adjoint LNS operator.

= AV + g, (2.27)
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2.2.3 The Optimization Problem

Since a time-periodic forcing of a given frequency is being applied, it is convenient to
work in the frequency domain. The perturbation and forcing can now be written as:

ti(X;y;z;t) = RfQi(x;y;z)e" g (2.28)
(X y;z;t) = Rf 1"\i(x;y;z)e”t g (2.29)
o:f'2C; ! 2R (2.30)

Equation 2.21 can then be written as:

il 0= A+ (2.31)
o =(it 1 A) (2.32)
R=(itl A)!? (2.33)
where (! I A) !is sometimes referred to as the resolvent operatoR .

For the optimal forcing problem, the objective is to maximize the energy of the
response,t. Since this is an optimization problem, the Lagrange multiplier technique
can be used to de ne the objective function as well as incorporate additional constraints.
The additional constraints require the response to be a solution to the linearized Navier-
Stokes equations subject to forcing, and that the forcing be normalized. The Lagrange
function becomes:

L(a;0;f% )=m:ai he;(t1 A i (5 1) (2.34)
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The variables ¢ and are the Lagrange multipliers of the constraints. The vector
inner product shown above is de ned as:

kgk® = hg; qi (2.35a)
hopidzi = gff gz d (2.35b)
where is the computational volume, ¢ is an arbitrary vector, and H is the Hermitian.
In order to ful ll rst order optimality conditions, the rst variations of the Lagrange

function must be simultaneously zero. Taking the variations with respect to ¢, ¥, f’\,
and

‘@t et @ s @ (239
_ . Yy - i
L= (0 (il A0+ (i1 A 59 (2.37)

+ (0 )+ 1)

For all terms to simultaneously be zero, the problem becomes, in order of terms:

e=( il AY) ‘o (2.38a)
a=(it1 A) ¥ (2.38b)
¢= f (2.38¢)

H =1 (2.38d)

Equation 2.38a is the adjoint equation, equation 2.38b is the direct equation, equa-
tion 2.38d is the normalization condition, and equation 2.38c is the optimality condition.

2.2.4 Singular Value Decomposition

From equations 2.32 and 2.33, consider thaf’ is the input and @ the output, with R as
the transfer function between them. The gain of the system can be computed by taking
the ratio of the norm of the output to the input:

S s

kok kR 'k R R H RYRT]
G(1) = — = - = — = _— 2.39
¢) Kt k8o kf"k KT k80 kf"k K1 k80 H £ K k80 H™ £ (2.39)
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This is considered a singular value decomposition (SVD) problem, with the resolvent
operator being able to be decomposed as:

R=0 F (2.40)

where F is the input, in this case the forcing, U is the output, in this case the ow
response, and consists of the singular values, , on the diagonal. The solution to the
SVD problem in eigenvalue form is:

F = RYRF (2.41)
where the 's on the diagonal of correspond to the square of the gain ( = 2) and
must be real and positive. RY is the adjoint of the resolvent operator:

RY=( it1 AY) 1! (2.42)

Combining equations 2.42 and 2.41 gives:

¢=( il AY) 'oa=RY0 (2.43)

Based on this, the ow responset is the forcing for the adjoint problem. See section
2.2.3 on how equation 2.43 can be found using the Lagrange method. The full eigenvalue
problem becomes:

= it1 AY) Yit1 A) H'=v¢ (2.44)

¢ is the matrix-vector product that is calculated in the present code.

2.2.5 Localized Forcing

Considering the forcing to only occur in a speci ¢ location in the domain is a capability
that can be easily extrapolated from this analysis. Instead of the forcing vector being
initialized and normalized at all spatial locations, only the points within the desired
region would be kept non-zero:

N =1 (2.45)
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where|j indicates the non-zero part of the domain in which the forcing is applied.

The forcing vector is then used as was shown before; the respons, is found in
the whole domain as in equation 2.38b, then the response is used as the forcing for the
adjoint problem as in equation 2.38a. The adjoint responsey, will be in the entire
domain. This is used to solve for the gain, , as in equation 2.38c.

The new localized forcing vector can simply be found as:

i = 19 (2.46)

2.2.6 Matrix-free Approach

For complex eigenvalue problemsA becomes far too expensive to solve directly. There-
fore, a matrix-free approach is used, where the matrix-vector producty, is used to solve
for the eigenvalues with the Implicitly Restarted Arnoldi Method, an extension of the
Arnoldi method [2].

The IRAM was implemented with the parallel version of the library ARPACK [37],
PARPACK [42]. Because the eigenvector’ is complex, the complex PARPACK subrou-
tines must be used. This produces complex eigenvalues and eigenvectors, but because
this is a singular value decomposition problem, the complex parts of the eigenvalues
should be nearly zero. The eigenvectors (forcing pro les) and response pro les have
non-zero complex parts; however, the shape of the complex part carries the same useful
information as the real parts, therefore only the real parts have been plotted in the
results sections.

In order to calculate ¢, rst the response & is computed after a long time horizon
that approximates asymptotic time. must be long enough to ensure that the frequency
of response is due to the external forcing only. The time integration of the evolution
operator being used as a way to solve an eigenvalue problem is often referred to as the
time-stepper technique [70].

z z
tji= = (Aw+f)dt=  (Aw+ Rff'e' g)dt (2.47)
0 0

Note that this is in physical space and that f~ must be real. In the PARPACK
library, f~is initialized randomly. The response,tji= , must be transformed to gettt at
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the prescribed frequency! . This is done by taking the Fourier transform of the response
over the last period of forcing at! after time

The Fourier coe cient @ is then used as a forcing term for the adjoint equations,
which must be solved backwards in time due to negative viscosity [8]. The time in-
tegration is converted back to physical space, sat should be converted back to wave
form.

Zy Zy
Vji=o = (AYv + o) dt = (AYw + Rfae" g)dt (2.48)

Once again, vji=g, must be transformed to get ¢ by taking the Fourier transform
over the last period of forcing.

The Fourier coe cient ¢ at frequency! is the matrix-vector product that can be
solved for the gain and optimal forcing shape using the PARPACK library. While
this package is necessary to nd the sub-optimal eigenvalues of the system, the power
iteration method may also be used if only the optimal eigenvalue is needed since the
eigenvalues are real.

Since the solutions are in the frequency domain and not time dependant, the initial
condition for both the forward time integration and backward time integration should
be set to zero.



Chapter 3

Lid-driven cavity

This section discusses the validation results obtained for the two-dimensional lid-driven
cavity problem.

3.1 Problem set-up

The base ow for the lid-driven was generated using direct numerical simulation and
stepped forward in time until the ow reached steady state. The boundary conditions

for the base ow were no-slip walls on every side, with the top wall having a streamwise
u velocity of 1:0, and periodic in the spanwise direction. The base ow for the 2D lid

driven cavity at a Reynolds number of 100 is shown in gure 3.1.

Figure 3.1: Base ow for 2D lid-driven cavity at Re = 100

18
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The mesh used for this simulation was fix; ny; n;] = [32;32, 3]. The 3 points in the
spanwise direction was done to approximate a 2D ow in a 3D framework. This mesh
was relatively coarse in order to use minimal resources while validating this analysis,
yet still resulted in extremely accurate numerical results, as discussed in the following
section.

Perturbation velocity conditions at each wall were set to zero. Before direct and
adjoint time integration, both the velocity perturbation and pressure eld were initial-
ized to zero. The forcing coe cient f* was normalized after each iteration. The IRAM
method was utilized to nd the optimal and three largest sub-optimal singular value
results.

3.2 Results

The results of this thesis have been validated against those from Brynjell-Rakohla (2017)
[10]. Figure 3.2 and Table 3.1 show excellent agreement, with the gain at each frequency
showing less than 1 percent relative error.

Figure 3.2: Comparison of optimal gain values to Brynjell-Rahkola (2017)
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Table 3.1: Numerical comparison of optimal gain values
| Frequency || Present | Brynjell-Rahkola (2017) | % Rel. Error

0.0 1.993 1.988 0.269
0.5 1.488 1.485 0.186
1.0 1.031 1.029 0.183
15 0.796 0.801 0.592
2.0 0.642 0.646 0.582
2.5 0.533 0.537 0.778
3.0 0.452 0.455 0.664
5.0 0.273 0.276 0.828

Table 3.2: Sub-optimal gain at selected frequencies
| Frequency | SV1 | SV2 | SV3 | SV4 |

0.0 1.993| 1.120| 0.871| 0.670
1.0 1.031| 0.851| 0.673| 0.659
3.0 0.452| 0.409| 0.392| 0.348
5.0 0.273| 0.267 | 0.257| 0.240

Visual results are presented in the following gures at four chosen frequencies: 0.0,
1.0, 3.0, and 5.0. The rst three sub-optimal forcing and response pro les are shown
in the following gures as well. Forcing at ! = 0:0 causes the greatest energy gain,
notably because at such a low Reynolds number, this is not a convectively unstable
ow. Therefore, the response of the system is not impacted by the frequency of the
forcing.

As shown in the following images, the forcing and response pro les generally look
very similar. At each increasing frequency, these pro les become complex, with more
complex pro les corresponding to increasing frequency. The sub-optimal pro les do
show an interesting pattern for a general optimal forcing analysis output - at lower
sub-optimal frequencies, the pro les becomes more complex.

The sub-optimal gains are included in table 3.2. Interestingly, the greater the opti-
mal gain, the more of a steep drop-0 occurs at the sub-optimal gains.



Figure 3.3: Forcing and response pro le for! =0:0

Figure 3.4: Forcing and response pro le for! =1:0

Figure 3.5: Forcing and response pro le for! =3:0
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Figure 3.6: Forcing and response pro le for! =5:0

Figure 3.7: Forcing and response pro le the rst sub-optimal singular value at! =0:0

Figure 3.8: Forcing and response pro le the rst sub-optimal singular value at! =1:0
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Figure 3.9: Forcing and response pro le the rst sub-optimal singular value at! = 3:0

Figure 3.10: Forcing and response pro le the rst sub-optimal singular value at! =5:0

Figure 3.11: Forcing and response pro le the second sub-optimal singular value at
I =0:0
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Figure 3.12: Forcing and response pro le the second sub-optimal singular value at
I =1:0

Figure 3.13: Forcing and response pro le the second sub-optimal singular value at
I =3:0
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Figure 3.14: Forcing and response pro le the second sub-optimal singular value at
I =5:0

Figure 3.15: Forcing and response pro le the third sub-optimal singular value at! =0:0

Figure 3.16: Forcing and response pro le the third sub-optimal singular value at! =1:0
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Figure 3.17: Forcing and response pro le the third sub-optimal singular value at! = 3:0

Figure 3.18: Forcing and response pro le the third sub-optimal singular value at! =5:0



Chapter 4

Blasius Boundary Layer

The Blasius boundary layer problem proved to be a much more complicated as it is
spatially evolving. A spatially evolving ow with a wave generator at the inlet allows
for wave re ections at the boundaries, polluting the numerical results. As such, the
boundary conditions had to be modi ed to account for this, resulting in a sponge layer
that involved additional forcing to damp the waves by the inlet and outlet.

4.1 Problem Set-up

411 Base ow

The base ow boundary conditions were chosen to match those of Monokrousos [46] for
easy results comparison. The bottom boundary was a no-slip wall, the top boundary
was a symmetric boundary condition, and the streamwise and spanwise directions were
set to periodic boundary conditions. The Reynolds numberRe = U; (=, was setto
1000, where =341, U; =1,and =1. The domainis [Ly;Ly;L,]=[1000;30;0:1],
wherelL ; is small enough to approximate a two-dimensional problem and allow for easy
comparison to the = 0:0 results of Monokrousos [46]. The base ow fronx = 0 to
x = 800 was generated by interpolating the steady state Blasius analytical solution onto
the mesh.

For the periodic condition in the streamwise direction, since the solution at the
outlet must be exactly the same as the inlet, a fringe technique had to be implemented

27
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[52]. This fringe term allows the outlet condition at x = 800 to smoothly transition into
the inlet condition at x = 1000. This fringe term is only applied 800<x 1000 and is
described as follows:

X Xstart

usL = Us(Xy)+[Us(x Lyy) Us(xy)IS (4.1)

Xend Xstart
where ug_ is the new streamwise velocity,Ug (X;y) is the analytical solution of the
boundary layer, L is the length of the domain not including the fringe region, Xstart
is the streamwise location where the fringe region starts, ankeng is where the fringe
region ends. For this domain,L = 800, Xg@rt = 800, and Xeng = 1000.
The function S(x) smoothly rises from 0 to 1 as x increases from 0 to 1:

8

%O x 0
S(X)=§1=[1+exp(x—1l+%)] 0<x< 1

"1 x> 1

This function has continuous derivatives in all orders.
The base ow generated is shownin gure4.1forO x 1000. Note that 800< x
1000 is the non-physical fringe region for the streamwise periodic boundary condition.

Figure 4.1: Blasius boundary layer base ow at Re = 1000
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4.1.2 Optimal forcing analysis

The boundary conditions for the base ow velocity di er from the perturbation velocity
boundary conditions: the bottom and top boundaries were set to zero, and this analysis
requires that the perturbation at the inlet also be zero [6]. In order to ensure this,
an additional fringe forcing term, f ¢4c , Separate from the forcing used in the input-
output analysis, f, was added in the fringe region to damp perturbations to zero at
the inlet location. The perturbation fringe forcing is separate from the fringe term
described in the base ow section. While the base ow needed a fringe term to ensure
that the base ow velocity match at the inlet and outlet, the perturbation fringe forcing
smoothly damps the perturbation velocity at x = 800 to zero at x = 1000.

ffringe = o (X) (4-2)

This fringe forcing is also necessary for the adjoint equations, and is simply:

fy = o (x) (4.3)

fringe

8
X_ X
ES(A) Xstart <X <X gtart + rise

rise

x)=_1 Xstart ¥ rise <X <X end fall

X X
S(*—=)  Xend  fall <X <X end

where ise = 120 and 5 = 60 based on the values provided by [5]. f fringe and
f ]Yrmge are added to the end of the direct and adjoint momentum equations, respectively.
The function S(x) is from 4.1.1.

The function rises from zero to one over a length of 120 at the start of the fringe
region, stays at one over a length of 20, then falls from one to zero over a length of
60 at the end of the domain. Without this damping, wave re ections greatly a ect the
accuracy of the numerical simulation, especially during the adjoint time-stepping. This
damping force betweenx = 800 and x = 1000 means that the solution in this part of
the domain is meaningless and has not been included in the domain images.

The mesh delity was found to a ect results signi cantly. Although mesh dimensions
were speci ed in Monokrousos [46], it was found that a higher delity was needed to

improve accuracy. Therefore, in the present results, a mesh ohf; ny; n,] = [2000; 407 3]
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was used with growth factor in the y direction of 1.05. The 3 points in the z direction
approximate a 2D problem with a 3D mesh. This was done to match the results for

= 0:0 in Monkrousos [46].

4.2 Results

The present results show good agreement with that of Monokrousos [46]. The forcing
pro le and responses are shown in the following images.

In gures 4.2 and 4.3, the gain over a range of frequencies is compared between the
present work and that of Monokrousos [46]. In gure 4.2 and table 4.1, the gain values
show good agreement, within 10 percent. As shown in gure 4.3 and table 4.2, after
normalizing the gain, the present results show excellent agreement, within 5 percent.
This provides con dence that the optimal forcing frequency would be identied in a
general problem. However, for the purposes of this analysis, which are to show which
forcing frequencies cause the greatest energy gain, this work has been successful.

It should be noted that these Blasius boundary layer gain results have a higher
relative error than the lid-driven cavity gain results. Similarly, the present work does
show a slight underestimation at the greatest energy gains. This may indicate that
accuracy deteriorates as the ow becomes more complex. It has been noted that errors
may accumulate when using this time-integration approach [12] [54].

Table 4.1: Numerical comparison of optimal gain values
| Frequency || Present | Monokrousos (2010) [46] % Rel. Error |

0.0 1,023 992 3.13
0.03 8,351 8,614 3.06
0.04 35,271 36,386 3.06
0.05 83,267 88,494 5.91
0.055 87,355 93,795 6.87
0.07 29,014 31,747 8.61
0.08 11,671 12,470 6.42
0.09 5,525 5,783 451

As can be seen in the following images, the forcing pro le is tilted against the shear
in every case. The Orr mechanism [53] in the context of parallel shear ows was termed
the Reynolds stress mechanism [22]. This mechanism extracts energy from the mean
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Figure 4.2: Gain comparison over di erent frequencies to those of Monokrousos (2010)
[46].

shear by borrowing momentum from the base ow. Perturbations leaning against the
shear use the base ow momentum to rotate with the shear until it is aligned. This
forcing pro le indicates that this Reynolds stress mechanism is signi cant to the stability

of the boundary layer. This is con rmed when considering the response pro le is no
longer tilted against the shear.

The response pro le is also further downstream of the forcing, as expected for a
spatially evolving ow. The streamwise separation of the forcing and response maxima
may be related to the separation of the adjoint and direct global eigenmodes, which is
considered an indicator of the convective non-normality in open ows [13][41]. Sipp and
Marquet [66] found the forcing pro le peak aligned with the convectively stable/unstable
branch and the response pro le aligned with the convectively unstable/stable boundary.

At frequencies below! = 0:05, the forcing pro le maximum starts to move further
upstream, and at frequencies higher than! = 0:055, the response maximum starts to
come further upstream as well. This suggests that for frequencies belol = 0:055, the
true response maxima occurs outside the domain. This means the Tollmien-Schlichting
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Figure 4.3: Normalized gain comparison over range of frequencies to those of
Monokrousos (2010) [46].

(TS) mechanism is not a ecting the ow as much as the Orr mechanism. At higher
frequencies, the local maxima region starts to become smaller, again suggesting a weak-
ening of the TS mechanism. It appears that when the TS mechanism is prominent, the
greatest energy gain occurs.

The sub-optimal results are enlightening as well. Notably, the lower singular value
forcing and response pro les show multiple maxima in the streamwise direction, also
shown in [66].This pattern also occurred in the lid-driven cavity results, suggesting that
this may have to do with the orthogonality of the problem. Additionally, the pro les
no longer show a streamwise separation between the forcing maximum and response
maximum. Finally, in table 4.3, it should be noted that for the rst sub-optimal singular
value, ! = 0:07 has the largest gain, and for the second and third singular values,

I = 0:08 had the largest gains, suggesting that forcing at these frequencies would also
result in a higher energy gain.
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Table 4.2: Numerical comparison of normalized optimal gain values
| Frequency || Present | Monokrousos (2010) [46] % Rel. Error |

0.0 0 0 -
0.03 0.085 0.082 3.91
0.04 0.397 0.381 4.10
0.05 0.953 0.943 1.04
0.055 1.0 1.0 0
0.07 0.325 0.331 2.06
0.08 0.123 0.123 0.07
0.09 0.053 0.052 1.89

Table 4.3: Sub-optimal gain at selected frequencies

| Frequency | SV1 | SV2 | SV3 | SV4 |
0.0 1,023 | 563 | 527 | 520
0.03 8,352 | 1,380| 899 | 681
0.04 35,271| 1,368| 951 | 720
0.05 83,267| 1,389 | 1,005| 771
0.055 87,355| 1,497 | 1,050 | 808
0.07 29,014| 1,859 | 1,241 | 944
0.08 11,671| 1,590 1,780 962
0.09 5,525 | 1,291 | 990 | 869

Figure 4.4: Forcing and response pro le for the optimal singular value at! =0:0
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Figure 4.5: Forcing and response pro le for the optimal singular value at! = 0:03

Figure 4.6: Forcing and response pro le for the optimal singular value at! =0:04

Figure 4.7: Forcing and response pro le for the optimal singular value at! =0:05
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