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I. Introduction

In this paper we study local and global existence of solutions to the initial value problem

at’ll/ = E‘lﬂ:m Aaaa(cxu + F(u,@zu, o '78?_1’“)7 z € RN7 t> Oa

(1.1)
u(z,0) = ¢(z), z€RY,

where m is an integer greater than 1, u = (uy,u2, -, uy), F = (F1,F2,---,F,;) and ¢ =
(p1,92,*+,¥n) are n-dimensional real (resp. complex) vector functions, A,’s are constant
real (resp. complex) n x n matrices, a’s represent indices in Z f , and 0%u represents the set
of functions {0%u1, 0%us, - - -, 0%u, : |a| = k}, which we regard as a vector function. We are
only concerned with parabolic problems, i.e., if we denote by A(¢) (¢ € CV) the maximum
of real parts of all eigenvalues of the matrix 3, _,,(i()* A4, then it satisfies the following
assumption:

(A1) there exist positive constants a and b such that
A(¢) < —a|Re¢|™ + b|Im¢|™, v¢ e o, (1.2)

(Remark: As one can easily verify, the above assumption implies that m is an even number.)
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A typical example is the following reaction-diffusion-convection system:
Ou = AAu + F(u,0,u), € RN, t>0, (1.3)

where A is a diagonal matrix with positive diagonal elements. Another example is as follows:
m=2l,n=1and
D 4,08 = (-1)tAl

la|=m
It is easy to verify that (1.2) is satisfied by both of the above examples.

The first major topic of this paper is concerned with local existence of solutions to (1.1).
As is well-known, under the assumption that nonlinear lower-order terms satisfy Lipchitz
condition, local existence of solutions to semilinear evolution equations can be obtained
rather widespreadly. In fact, such results have been proved for almost all the semilinear
evolution equations whose linear principal parts are well-posed (c.f. [1, 2] for instance). A
natural as well as important problem is whether local existence of solutions can be obtained
under weaker conditions such as the nonlinear lower-order terms are only continuous. For
nonlinear ordinary differential equations and systems, such result, called Peano’s theorem, is
well-known (c.f. [1, Theorem 4, p.4] and [3, Theorem 1, Chapter 4]). For semilinear parabolic
equations and systems, we can use the theory of semilinear evolution equations associated
to compact Cy semigroup established by Pazy [4] and Lightbourne and Martin [5] to get
similar results for their initial-boundary value problems on bounded domains and periodic
initial value problems (c.f. also [2, Section 6.2 and Section 8.2]. However, as far as general
initial value problems are concerned, since the corresponding semigroups are not compact,
this theory is no longer applicable. Our first part of the main results fills partially in this
gap. By following a different approach, we prove directly (without applying the semigroup
theory) that under the assumption (A1), if F' is continuous, not required to satisfy Lipchitz
condition, then for any ¢ € Cp ' (RY) (see the following section for this notation) (1.1) has
a local weak solution; if in addition F' satisfies the assumption

(Az) for any M > 0 there exists a corresponding consatant Cps > 0 such that
|F'(wo, w1, -+, wm—1)| < Cum(Jwol + |wi| + -+ + |wm-1]) (1.4)
for all (wo, w1, -+, wm—1) satisfying |w;| < M (j =0,1,---,m — 1),

then for any ¢ belonging to W™ L1(RN) N Cxt(RYN), (1.1) has a local strong solution.
When F is locally Holder continuous, these solutions are naturally classical solutions.

The second major topic of this paper is concerned with global existence of solutions.
We prove that if F' is continuous and satisfies the assumption

(As) there exist constants C >0, M >0and p; > 1+ (m—j)/(N+j) (=0,1,---,
m — 1) such that

|F(wo, w1, Wrm—1)| < C(lwo|P + |wi|P* + -+ + |wp—1[Pm1) (1.5)
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for all (wo, w1, -+, wm—1) satisfying |w;| <M (j =0,1,---,m — 1);
then there exists § > 0 such that for any ¢ € W™~L1(RN) N O ' (RN) satisfying

[ Y I — (L6)

the problem (1.1) has a global strong solution which decays to zero as t — co.

The problem of global existence of solutions to nonlinear evolution equations and sys-
tems has drawn wide interest since 1960’s when it was found that solutions to certain nonlin-
ear evolution equations did not exist globally and, more remarkablly, that global existence
of solutions were crucially influenced by the space dimension (c.f. [6-14] and the references
cited therein). Related to the problem (1.1), we mention here the literatures of Fujita [7],
Kobayashi et al [8], Weissler [9], Ponce [10] and Zheng [11]. By Fujita [7], Kobayashi et al
[8] and Weissler [9], the problem

O = Au+uP, in RN x (0,00),

u=¢, onRN

has no global solution for any nontrivial nonnegative ¢ provided 1 < p < 1+ 2/N, while it
has such solution for small nonnegative ¢ provided p > 1 + 2/N. The literature of Ponce
[10] extends, among other contributions, the positve part of the above results to the fully
nonlinear equation

Oyu = Au + f(u, dyu, 02u).

He proves that if f(u,w;,ws) is sufficiently smooth (e.g. of C?-class) and satisfies the
condition

| (uywr,w2)| < C(lul + hwa| + [wal)?, p>1+42/N (L.7)

for small (u, w7, ws), then the corresponding initial value problem has global solutions for
sufficiently small initial data. When the function f does not apparently depends on u,
namely, f(u,w;,w2) = f(w1,w2), Zheng [11] proves that the above condition can be replaced
by the following weaker one:

|f (w1, w2)| < C(lw] + w2])>.

(Remark: We note that the condition (1.7) combined with the condition that f is sufficiently
smooth implies p > 2). These results have recently been systematically generalized to general
autonomous nonlinear parabolic systems ([15-17]).

Restricting both the result of G. Ponce [10] and that of the present paper to the semi-
linear reaction-diffusion-convection equation

O = Au + f(u,d,u), (1.8)
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we see that the structure condition on f imposed in this paper is weaker than in G. Ponce
[10]. Indeed, the assumption (A3) now reads as follows: for |u| < M and |wi| < M,

|f(w,w1)| < C(lul’ + [wi]?), p>1+2/N, ¢>1+1/(N+1),

which is obviously weaker than (1.7) applied to the function f(u,wi,ws) = f(u,w1). We
believe, though unable to prove, that the condition ¢ > 1+ 1/(NN + 1) can not be weakened.

Although this paper is presented in a rather general skeleton, it is primarily motivated
by and focused on the equation (1.8) and the system (1.3), which have not been studied
sufficiently up to the present. From our results we see that in order to get a better un-
derstanding to these equation and system the divergence term 0,u should not be treated
simply like an additional w; instead, it should be handled, to certain extent, separately.
Other related problems concerning (1.8) are studied in [12-14, 18, 19].

We point out that though the assumption (A4s) for global existence of solutions with
small initial data seems to be unweakenable for scalar equations, it is not optimal for systems
(c.f. [20-21]). However, the results obtained in this paper are basic for more delicate analysis
to the corresponding problems concerning systems (c.f. [21] for the example).

Let us now give an example of applications of our results. Consider the equation
Ou = Au + uP|Vul?, (1.9)
where p > 0, ¢ > 0. Applying Young’s inequality, we get
WP |Vul? < MuX +(1-XN)|Vu|Tx, u>0, 0<A< 1.

In order to have p/A > 1+ 2/N and ¢/(1 — ) > 1+ 1/(N + 1) for some A € (0,1), it is
necessary and sufficient that p and ¢ satisfy

N(N +2)p+ (N +1)%¢ > (N + 1)(N + 2). (1.10)

Therefore, if (1.10) is satisfied then by our results the initial value problem of (1.9) has
global solutions for sufficiently small nonnegative initial functions. We note that neither p
nor q is required to be greater than 1 because no Lipchitz condition is needed.

The layout of the remaining parts of this paper is as follows. In the following section
we illustrate some essential notation and give the statement of our main results. Section
ITT is devoted to deducing decay and continuity-modulus estimates for the solutions to
the corresponding homogeneous linear problem. Section IV is devoted to deducing similar
estimates for the solid potential integral associated to the operator 0; — P(9;). In Section V
we present the proofs of local existence theorems (Theorems 2.1 and 2.2). The last section,
VI, is arranged to give the proof of global existence theorem (Theorem 2.3).
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II. Notation and Main Results

Before stating the main results, let us introduce some notation. We use LP(RM)(1 <
p < 00) to denote both the scalar L? space and the N-dimensional vector L? space on R,
and similarly for W*P(RN) (k € Zy, 1 < p < 00), C°(RY) and S(RY) (which, evidently,
does not produce confusion). The norm on the space LP(RY) (1 < p < 00) is writen as ||- ||,
and that on the space W*P(RN) (k € Z,,1 < p < o) is writen as || - ||x,,. We also use the
following notation:

Wer(RN) = (| W*P(RN) (1<p< o).

The notation Cpy (RY) denotes both the space of bounded, uniformly continuous scalar
functions on RN and the space of bounded, uniformly continuous N-dimensional vector
functions on RYN. The notation C&,(RN) (k € Z,) has similar meaning. We use the
notation C5t?(RN) (k € Zy, 6 € (0,1)) to denot both the scalar Holder space and the
N-dimensional vector Holder space on RY. For a given positive integer m, we denote by
C% (RN) both the scalar and the N-dimensional vector Zygmund space, i.e., p € Cpg(RY)
if and only if ¢ € C;; ' (RYN) and

|0%p(z +y) + 0%p(x — y) — 20%p(x)|
|y|

sup < 00.

N
z,YER |a|=m—1

Besides, we identify a function u(z,t) in two variables z and t with a function in one
variable ¢ with values taken in some function space on R, and often simply write as u(t). For
a given function space B on RY, we use the notation C([a, b); B) (resp. C([a, b]; B), C((a,d);
B)) to denote the set of continuous functions from [a, b) (resp. [a, b], (a,b)) to B, and L ([a,

b); B) (resp.Wli’cp([a, b); B)) to denote the set of measurable (resp. weakly differentiable)
functions from [a, b) to B such that for any c € (a,b),

/ (@) 15z < oo (resp. / L)1 + ! (115} d < oo).

For 6 € (0,1), the notation C?([a,b]; B) (resp. C%((a,b); B), C%((a,b]; B)) denotes the
space of uniformly (resp. locally) 6-th order Holder continuous functions from [a, b] (resp.
[a,b), (a,b]) to B. The notation C'#([a,b); B) (resp. C*#((a,b); B)) represents the space
of continuous functions u from [a,b) (resp. (a,b)) to B such that for any b’ € (a,b) (resp.
for any o', V' € (a, b), a’ < b') there exists a corresponding constant C' > 0 such that

—

lu(t) —w(t)lls < =Clt—t'|In[t—t|, Vt, ¢' € (a, V') (resp. (a'd)) (0 < [t—t| < =),

namely, u € C'#([a,b); B) (resp. C'#((a,b); B)) if and only if u is locally ¢In(1/t)-Dini
continuous on [a, b) (resp. (a,b)).

€
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For a given function ¢ € LP(RN) (1 < p < 00), the function u(z,t) on RN x [0,T) (T >
0) is said to be a weak solution of the problem (1.1) if it satisfies the following two conditions:

(i) uw € C([0,T); LP(RY) N Lj,.((0, T); W™ HP(RN);

loc
(i1) u satisfies the equations in (1.1) on RN x (0, T) in distribution sense, and u(0) = ¢.

u is said to be a strong solution of (1.1) if it satisfies the following stronger conditions:
(é48) u € C([0, T); LP(RN)) N LL,((0,T); Wgs' (RN)) N Wy (0, T); Li,.(R™));

loc loc loc loc

(iv) u satisfies the equations in (1.1) a.e. in RY x (0,T) and u(0) = ¢.
Now we are able to state our first two main results.

Theorem 2.1 Suppose that the assumption (A;) is satisfied. Suppose furthermore
that F is continuous. Then for any ¢ € Cly;'(RY), there exists a corresponding T* > 0
such that the problem (1.1) has a weak solution u on RN x [0, T*) which belongs to

C([0,T7); O (RY)) N Lig.((0, T*); CEy (RY)) N C#((0,T%); Cpu(RY)).

Moreover, if we denote by the same notation the supremum of all such T*, then either
T* =00 or T* < o0 and

i (fu(t) 0 = 00 (2.1)

Theorem 2.2 Suppose that the assumption (A;) is satisfied. Suppose furthermore
that F is continuous and satisfies the assumption (As). Then for any o € W™ L1(RN) N
CHi " (RN), there exists a corresponding T* > 0 such that the problem (1.1) has a strong
solution u on RN x [0,T*) which belongs to

c(o,T*); Wmn=LYRN) N CRZ (RN) N LE,
NWL2([0,T*); LP(RN)), Vp € (1,m].

loc

([0,7*); w™P(RN))

Moreover, if we denote by the same notation the supremum of all such T*, then either
T* =00 orT*" < o0 and

im u@lnva + 60 ln-1.00} = 0. (2.2)

To give a clear expression of the next main result, we assume that in addition to the
assumption (Aj3) the following conditions are satisfied:

pj <14 —n? for j > m — N. (2.3)

- N+j—m

This does not in essence strengthen the assumption (A3) because the condition (2.3) is
compatiple with the condition p; > 1+ (m — j)/(N +j) (j =0,1,---,m — 1); if (2.3) is



S. B. CUI 7

not satisfied by a p; then we can substitute it with another one satisfing (2.3). Let

. N+jp; — N
Y = ming<j<m—1 <—( 1)p; ) ) (2.4)
m
and define a number 1 < p; < o0 for every j =0,1,---,m — 1 as follows:
i 00, if N-—my+j <0,
p; = (2.5)
N/(N —my +3j), if N—my+j>0.

It is not difficult to verify that 1 < v < N/(N — 1) and, consequently, p; > pj for every
j=0,1,---,m—1.

Our another main result is the following

Theorem 2.3 Suppose that the assumptions (A1) is satisfiesd. Suppose that F is
continuous and satisfies the assumption (As). Then there exists § > 0 such that for any
o € WLL(RN) N CE Y (RN) satisfying

llollm—1,1 + llollm-1,00 <6, (2.6)

the problem (1.1) has a strong solution u on RN x [0,00) which belongs to

C([0,00); W™ LY (RN) N CF;H(RN)) N LY,
NWLEP([0, 00); LP(RY)), Vp € (1,m).

loc

([0, 00); W™P(RN))

Moreover, this solution possesses the following decay estimates:

C+t) =07, for 1 < p<pf,

0% u(®)llp < (k=0,1,---,m—1);  (2.7)

C1+t)7", for p > pg,

/ 6™ u(t)|[dt + / Beu(t) [2dt < o0, Vp € (1,m). (2.8)
0 0

Here and hereafter 8%u represents the vector function (z,t) = {0%u;(z,t) : |a| =k, j =
1,2,---,n}.
Remark. If the function F' is locally Hélder continuous, then the solutions to the prob-

lem (1.1) obtained by the above theorems are classical ones. This can be proved by following
the standard arguement in the theory of parabolic differential equations (c.f. [22,23]).

Remark. If the function F' does not involve {0%u: k < |a|<m—-1}(1<k<m-1),
then the condition on the initial function ¢ can be replaced with the weaker condition
¢ € CE M (RN) in Theorem 2.1 (resp. ¢ € WE LH(RN) N Ch ' (RY) in Theorem 2.2 and
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Theorem 2.3). Of course, the conclusions should be correspondingly modified. See the proofs
of these theorems.

Before ending this section we introduce some more notation to be used later. For
s>0,1<p<oandl<r < oo, we denote by BIS,T(RN) both the scalar and the N-
dimensional vector Besov space on RY. Recall that for s = k+u(k € ZY¥, 0 < p < 1),
B;,.(RN) is made up of functions ¢ € W*?(RN) satifying [¢], p,» < 00, where

(5 o S (106 (- + 9) — 0%plly/[y]#)dy/ly ™),

fo<pu<l,1<r <oo;

[lspr = 4 X o Srn (10%0( + y) + 8%0(- — y) — 20%l|,/y])"dy/|y|V) 7,
ifu=1,1<r < oo;

\limrr_wo[go]s’pmr, if r = oo.
The norm on Bj,.(R") is defined by

llells,pr = l@llep + [#ls,p,r-

We will need an equivalent expression of the seminorm [-];, . To introduce it let ¢ be a
scalar function in C§°(RY) such that

0<$<1, suppp C{£€RY: 1/2<|¢|<2}, and > 9(27%)=1, Vée RN\ {0},

j=—o0

and let p; = F~1(1(277-)¢) ( = 0,+1,£2,---), where F and “~” represent Fourier trans-
formation. Then we have

[@ls,pr ~{ Z (2js||90j||p)r}%’ if 1 <r <oo;

j=—o0

[‘P]s,P,oo ~ Ssup (2j5||(Pj||p) .
—oc0<y<o0

In the above (and in the following as well) the symbal “~” represents equivalence between

seminorms. In the following sections we will as usual denote by [¢]op,r the seminorm ob-
tained from taking s = 0 at the right sides of the above formulae. Obviously, we have

[Plo.p.co < llllp- (2.9)

To end this section we point out that since [¢]sp.r, < [@]s,p,r, When r1 < 7y (c.f. [24,
Theorem 6.3.1, p.147]), any bounds for [¢], 5,1 from above are also similar bounds for [¢]; p »
for arbitrary r € [1, 00]. In the sequel we will use this fact without further explanation.
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I11. Decay and Continuity Modulus Estimates
for the Fundamental Solution

To simplify the notation, from here on we denote by P(9;) the operator Zlalzm A, 0%.
Then A(¢) is the maximum of the real parts of all eigenvalues of the matrix P(i{). Let

O(¢,t) = exp(tP(i()), YC e CN, Vit > 0.

Our discussion is started with a basic estimate on this matrix function.

Lemma 3.1 Under the assumption (A1), there exists a constant C > 0 depending
only on n and max¢|— ||P(i()|| such that

QG )l < C(L+t|¢|™) e o™+ "y e O, vt > 0. (3.1)

Here (and hereafter) we use the notation || - || to denote the norm for matrices.

Proof. By [25, the Lemma following Theorem 1 in Section 6, Chapter 2, Vol.III], we
see that for arbitrary ( € CN and t > 0,
QGBI < (1 +2t| PG| +-- - + 2t PO ) €4

Therefore, (3.1) follows directly from the assumption (4;). Q. E. D.

‘We now define
Q(z,t) = / eEQ(€,t)d'E, Yz € RN, Vi >0,
RN

where d’¢ = (27)~Nd¢. By Lemma 3.1, Q is well-defined. It is not other but the fundamental
solution of the initial value problem associated to the operator d; — P(0,).

Theorem 3.2 Suppose that the assumption (A,) is satisfied. Let a € ZY , k € Z and
1 < p < 0. Then there exist constants C; > 0 and C2 > 0 depending only on a, b, m, n,
max|¢|—1 || P(i¢)|| and (for C2) p such that for all t > 0 and = € RN,

la|+m(ntk—1) -

o e PV . 3
6k Q(a, )| S Ct RRk (14 | wal) 7T eI (39)

1850 Q) (-, t)l, < €t w(1-3) k) (3.3)

where b' = (m — l)m_ﬁb_ﬁ.

Proof. By Cauchy’s contour integral theorem, we have
y Yy g

005Qait) = [ e mn(ie — ) Pli— 1) Qe +inOdE, Vo e R, Ve,
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where 7 is an arbitrary vector in RY independent of the integral variable . Let v = |a|+km.
Then by Lemma 3.1 we have

10£05 Q(z, t)[|<Ce™*" /RN(IEI+|77|)”||Q(£+in,t)lld’§

<Ce =™ [ (€[4 ) (1t + th ) e o€ g
RN

<CeenHhl™ ST ST e [ g1 demyteere g
A+p=v p+g=n—1 RN
n—1
<Ot~ me emtbn™ NNy e, (3.4)
Atp=v p=0
Now for z # 0 take
2—m
n = (mb)iﬁtiﬁlxlm‘w’
and put it into (3.4). Then we obtain (3.2). (3.3) follows directly from (3.2). Q. E. D.

Now for t > 0 we denote by S(t) the mapping from S'(RM) to C°(R") defined as
follows:

S(t): o= St)p =Q(,t)xp, VpeS'(RY),
where “x” represents convolution. By applying Theorem 3.2 and Young’s inequality for
convolution, we get

Theorem 3.3 Suppose that the assumption (A;) is satisfied. Let 1 < p < oo and
suppose that ¢ € LP(RN). Then S(-)¢ € C°((0, 00); W>P(RN)NW > (RN)) and for any
k€ Z,,a€ ZY and q € [p, ] there exists a corresponding constant C' > 0 such that

_lel

19fa*S(t)glly < Ct=m (G=3)= = ¥ |lo|l,, ¥t > 0. (3.5)

If furthermore p € W*P(RN) (k € Z4, 1 < p < 00), then we have

19Fa*S(t)plly < Ct—=G=2)=*|18%¢||,, Yt >0, V]a| <k, Vg€ [poo)  (3.6)

In particular,

Lol
lo*S(t)elly < Ct™ = [lellp, VE>0; (3.7)
16%S(@)ellp < Cllo%ellp, Vi > 0; (3.8)

whenever the right side makes sense. Q). E. D.

Corollary 3.4 Suppose that the assumption (A;) is satisfied and 1 < p < ¢ < 0.
Then

|| _N(1_ 1
10°S(t)plly < Ct=5 (1 +8) = GD (loll, + llglla), V> 0; (3.9)

_ 1_1)_lel
18°S()¢lly < C(1+ ) =G=D=% (loll, + 10%¢lly), VE> 0 (3.10)
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whenever the right side makes sense. Q). E. D.

Theorem 3.5 Suppose that the assumption (A;) is satisfied. Let k € Z,,a €
ZN,r > 0,5 >0and |a| +km+r > s. Let1 < p < q < oco. Then there exists a
constant C > 0 such that

la|+r—s
m

[0F0%S(£) @]y g1 < Ct~m (55)= “Flglspoos V>0, (3.11)

whenever the right side makes sense.
Proof. Since 9FS(t)p = P(9)*S(t)y, we see that

(0708 (t)¢lrq1 < CISOPlrt]al+kmar-

Thus we only need to consider the case where = 0 and £k = 0. Let ¥ be as in the
above section, and let ¢ ~ Z;’;foo @; be the corresponding homogeneous Littlewood—Paley
decomposition of ¢, i.e., §;(§) = ¥(279€)@(€) (j = 0,£1,+2,---). Then, as one can easily
verify, the corresponding decomposition of S(t)p is 370 wj(-,t), where

Ji(6,t) = Q& 1)55(8), §=0,%£1,%2,---
Take a scalar function x € C§°(RY) such that
suppx C{E€ RY: 1/4<[¢[<4}; x(€)=1 for 1/2<[¢] <2

and let 4;(£,t) = x(277€)Q(&,t) (j = 0,+1,42,---). Then w;(&,t) = A;(§,6)6;(8) (7 =
0,£1,+2,---) because x(277€)¢;(§) = ¢;(§). Therefore, we have

oo

SO = 3 sl < S 2 My(AsG O)ligs e (3.12)

j=—c0 j=—oc0

where M, (A;(-,t)) is the modulus of A;(-,t) as Fourier multiplier on L4(R"N). By virtue of
Carlson-Beurling’s inequality (c.f. [24, Lemma 6.1.5, p.135]) we have, for arbitrary integer
L> N/2,
- N
My(A; (1)) < CllA; ()]l (lsTlp 187 4;(-, ) l2) 2E,
where C is a positive constant depending only on n, N and L (hence, it is independent of j).
Since A;(£,t) is identically zero outside the region 20=2 < |¢| < 29+2, by applying Lemma
3.1 we get

(3.13)

||AJ(§’ t)” S Ce_%at‘ﬂm S Ce—ct2jm’
P45 l<c Y |emibliebated” < opliteetr
1B8]/m<i<|B
where ¢ = 4=("m+1)q, Hence, due to the same reason, we have

iN 18] ct2im

14 ()]l < C27 e 198 A; (-, 1)l < C2% tme™
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Putting these estimates into (3.13), we obtain
My(A;(-, 1)) < C2% tmme ™ Wt >0, j=0,+1,42,---. (3.14)
Similarly, by writing ¢; = F~!(x(277-)p;), we get
lpslla < C2NGDllgjllp, Ve >0, 5= 0,41, %2, (3.15)
Combining (3.12), (3.14) and (3.15) together, we get

o0

[S@)¢lrgr<Ctdn Y (NG )=t g,

j=—00
w .

<ctdn S oot N G ) oo™ gup (299 g5),)
j==o0 J
oo 27

ok 32 1 D
j=—00 Y27

N(1

<0t 5 G gl
This finishes the proof. Q. E. D.
By making application of the above theorem and (2.9), we get
Corollary 3.6 Let 1 < p < ¢ < 00,0< 8 < 1anda € Ziv. Then under the
assumption (A;) we have
o _lal+e _N(1-1)
[0S (t)plo,gr < Ct™ (L +8) =27/ ([lollp + [lellg) , VE>0, (3.16)

1 1

[0°5()plogn < Ct (1 +8)7 = =G0 (gl + 19°lly), Ve >0,  (3.17)
whenever the right side makes sense. Q. E. D.
Hereafter we let S(0)p = .
Theorem 3.7 (i) Suppose that the assumption (A;) is satisfied. Let 1 < p < oo and
suppose that ¢ € LP(RY). Then S(-)¢ € C([0, 00); L?(RN))NC((0, 00); W?(RN)). More-

over, for arbitrary a € Z, and s > 0 there exist corresponding constants C; = C1(a,p) > 0
and C2 = Cy(s,p) > 0 such that

18°S(£)p — *S()plp < Ci(min(t, #)) 1 5 [t — #[llgllp, V2, ¢ € (0500);  (3.18)
[S(t)¢ = S(t)¢lspa < Ca(min(t,t')) " " [t = t'lllgllp, VE,¢' € (0,00).  (3.19)
If furthermore ¢ € W™~ 1-2(RN), then S(-)¢ € C([0,00); W™= LP(RN)) N C((0,0);
WeP(RN)). Moreover, for any a € Z (Ja| < m—2) and s € (0,m—1) there exist corre-
sponding constants C; = C1(a,p) > 0 and C2 = C2(s,p) > 0 such that

al+1

1028 (B)p — 8*S(E)plly < Calt = /=5 [[@llm—1,p, ¥, ¢ € (0;.00); (3.20)

s+1

[S(t)()o - S(tl)@]s,p,l S C2|t - tlll_ m ”(p”mfl,pa Vta t € (O’ OO) (321)
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(i) Suppose that the assumption (A,) is satisfied and ¢ € Cpy(RN). Then S(-)p €
C([0,00); Cu(RN)) N C((0,00); W= (RN)). Moreover, (3.18) and (3.19) are valid with
p replaced with co. If furthermore ¢ € Cly;;* (RN), then S(-)¢ € C([0,00); Cr ' (RN)) N
C((0,00); W>°(RN)). Moreover, for any o € Z (Ja| < m —2) and s € (0,m — 1) there
exist corresponding constants C; = Ci(a,p) > 0 and C2 = Cs(s,p) > 0 such that (3.20)
and (3.21) are valid with p replaced by co.

Proof. The assertion that S(-)¢ € C([0,00); LP(RN)) (resp. S(-)p € C([0,0);
W™ L2(RN))) when ¢ € LP(RN) (resp. when ¢ € W™ 1P(RN)) follows from (3.18) and
the fact that lim; oy S(t)¢ = ¢ in LP(RY) (resp. in W™~12(RY)), of which the later can
be proved by using the standard method for similar arguements in potential theory (c.f. the
proof of [26, Theorem 1 and 2, Chapter III, p.62-64]) and is hence omitted here. To prove
(3.18), without loss of generality we may assume t' > t. Then by virtue of Theorem 3.3 we
have
t' t'
10%S(t) — 0*S(t)ellp=Il J, 0-0S(T)¢drll, < [, 110-0%S(T)¢llpdT
<C f/ TR dr-Jlpll, < R (@ = Dy,

which proves (3.18). The proof of (3.19) is similar. To prove (3.20), we assume that ¢’ > ¢
and write

9S(t')p — S ()= 8.0°S(r)pdr = [} P(8)8°S(r)pdr
t o
= 1812la+1 2ol j=m—1 CBar f; 0°S(7)0% dr,
where Cgo’s are constant matrices. If |a| < m—2 then |3| < m—1. Thus by (3.7), Theorem
3.3, we get
! 18] '
l0S(t") ¢ — 0*S(t)¢ll,<C Z|ﬁ\:|a\+1 E|al\:m_1 ftt T [|0% pllpdr

la]+1

<Ot =) llellm-1,p-

This proves (3.20). The proof of (3.21) is similar. The conclusion (i:) follows from a similar
procedure as above, thus its proof is omitted. Q. E. D.

Theorem 3.8 Suppose that the assumption (A;) is satisfied. Suppose that 1 < p < oo

and ¢ € B;;,(l_;)(RN) (if m(1—1/p) is not an integer) or ¢ € WFP(RN) (if m(1—1/p) =
k € Z;). Then S(-)p € L? ([0,00); W™P(RN)) N WhP([0, 00); LP(R"N)). Moreover, there

exists a constant C' > 0 independent of ¢ such that

| nas@elga+ S [ leeselpa <ol )

la|=m

if m(1 — ]13) 7. (3.22)

P’

T T
k 1
[ 1aselpac+ [ 1es@elgd < CTEII,, VT30, if mi1 - )=k € 2..
0 0
lal=m

(3.23)
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Proof. Let w(-,t) = St)p(-) = Q(-,t) * v(-). We first assume that m(1 —1/p) &€ Z,.
Denote by k the largest integer smaller than m(1 — 1/p). Then since [y 87Q(z,t)dz =0
for B # 0, we have

By (z, 1) / Qy, t)p(a— ydy—/ P(8,)Q(u, t)p(z—y)dy
= ¥ Y[ oh0wnozele—vhy
|Bl=m—k |a|=k

= ¥ Y[ dowoeee-—v-ote@ry, (320

|Bl=m—Fk |a|=k

where Cyp’s are constant matrices. From the above equality, by making application of
Holder’s inequality we obtain

100 (, Dllp<C X g1 i San 105Q @, OII10%0(-—y) — 8%¢llpdy
<CY plemoi D ([an 105Q(y, 1)lldy) 7
(fan 192Q(y, O1118%0(-—y) — 8*¢|I2dy)

"=

Applying (3.3) of Theorem 3.2 we get

181

/ 105Q(y,t)|ldy < Ct =, Vt>0. (3.25)

Therefore,
181 (1-1) o o »
(-, t)llp<C Y. Yt (/Nllan(y,t)lllla o(-—y)—0 wllﬁdy> .
|Bl=m—k |a|=k R
Consequently,
,i a a
[Tlwtopa<e S ¥ [ ( [ Fevesan.e )mt) 10 —y)— 0oy,
0 |B|=m—k |a|=k

Applying (3.2) of Theorem 3.2 we get for |§| =m — k and y # 0,

Jeot B0 88Q(y, llde< C [t T EIE (L= y|) maet 1t TP gy

< Oy (=) 4=,

where v = m—k+m(n—1). We note that the integrals in the above inequalities make
—k N_ mk_mbk, N . 1
sense because “7E(p—1)+ 0+ 2% = TE2p+ 0 > 1 by the hypothesis m(1—:) > k, and
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. b
lim; o+ t %t

- w(-, )% ~p(m=3) k)N 90, _ ) —8%|[Pdy = p
| lowt.ig<e s [ 10 p(- — )~ eIy =Clelr, )

= 0 for arbitrary positive a, b and c. Hence

|a|:k —p sD,P
(3.26)
Similarly we can obtain
@ . p p
> [ lesutola <, ), (3.27)

lee|=m

Combining (3.26) and (3.27) together we get (3.22). The proof of (3.23) is similar and easier.
We omit it here. Q. E. D.

IV. Decay and Continuity Modulus Estimates
for the Potential Integral

In this section we make estimates to the following potential integral:

¢
w(t) = / S(t — ) F(r)dr (¢ >0), w(0)=0, (4.1)
0
where F(t) = F(-,t) is a suitable measurable function. We need the following preliminary
lemma:

Lemma 4.1 Suppose that 0 < 8 < 1,a > 0 and b > 0. Then there exists constant
C > 0 depending only on a, b and 0 such that for all t > 0,

) C(1+4t) min(atf:b) if max(a+6,b) > 1,
/ (t—7) % (14t—7) "*(1+7) 727 < § C(1+t)™n(@9.5) In(2+¢), if max(a+6,b) =1, (4.2)
0
C(1+t)o 82, if max(a+6,b) < 1.

Proof. First we assume that ¢ < 2. Then
t1—0 21—0
1-0 — 1-6°

1 t
/(t—T)_0(1+t—T)_“(1+T)_bd7'5/(t—T)_edT: (4.3)
0 0

Next we assume ¢t > 2. Then

/Ot(t—T)_G(1+t_7)—a(1+T)_de _ /0% +/;'

2
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For the first integral on the right hand side, we have

(%)_(M) fooo(l—l-T)’de, ifb>1,

/2 (t—7) P(A+t—7) *1+7) Pdr < (4T (1+L),  ifb=1, (4.4)
0
5 ()7 )" <

For the second integral, we have

—b
t(t—T)_€(1+t—T)_a(1+‘T)_bd7' < (1+%) /t(t—T)_g(l-l-t—T)_adT

() () ez ) [ e
( ) ( %) _b+ﬂ(1+t)_b/:(1+7)—“—"d7
)
)
)

—

)

[N

N |

IA
‘ = ‘ =
ce cu

N | =+

fo (1+7)"°%dr, ifa+6>1,

Mﬁ
H
m
g
Q"

%

—_~

oo

v

;..
—-
Qh

1-6-a=b _6(%) *In (1+1£), ifa+60=1, (4.5)
1—-0—a—b

IN
H
m
—~
[IES IR

)lfﬂfafb

0:‘
—

+ Ty (1+3 , ifat+6<1.
Now, (4.2) follows easily from (4.3)-(4.5). Q. E. D.

Theorem 4.2 Suppose that the operator 0; — P(0,) satisfies the assumption (A;).
Suppose that 1 < p < g < oo and 0 < T < co. Suppose furthermore that F' € L*([0,T);
LP(RN)N LY(RN)) and there exist constants k > 0 and M > 0 such that

IE@p + IF@)llg < M(1+1)"", Vte[0,T). (4.6)

Then for any 0 < 8 < 1 the function w given in (4.1) belongs to L*°([0,T); BI’,’{_IH(RN) N

B(’;{_HG(RN)). Moreover, for any 0 < k < m—1(k € Z;) and 0 < 6 < 1, there exist
corresponding constants C1 = C4(k,p,q) > 0 and Cy = C2(0,p,q) > 0 independent of T, M
and F such that for all t € [0,T),

(CL M1 +1) =in(EH R G-Dm),

if max(%%— N(%—%),n) > 1,
CiM(1+4)~™n(E+HEG-D%) In214),

if max (ﬁ + %(% - l),f~z) =1,
CiM(14+t)mmGmD)r,

if max (£ + 2(1 - 1),x) <1,

m

0% w(t)llq < (4.7)
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—1+6 | N (1
et

(CM(148)~ ™in( X(E-dw)

if max <m_—1+‘9 Nl _ l),lﬁ}) > 1,

m m\p q

+

—146 N1
molte X (L

Co M (1+8) ™in( mG9%) In(2+1),

. —1+6 N1 1 —
if max (mT'FE(E—E),K,) —1,

[0™ w(t)]p,g0 <

(4.8)

1-m=l+6 N (1_1

CoM(1+8) "= —mG=dr

. —146 N1 1
if max (mT =+ E(; — a),l‘&) < 1.

\

Proof. Since 0 < k <m — 1, by (3.9), Corollary 3.5, we have
t
_x _N(1_1
[0 w(t)lly < C/O =) =1+t =7) mGTD ([P + IF (7)) dr,

where C is a positive constant depending only on k, p, ¢, m,n, N and max¢— || P(i{)||. From
this estimate, by making application of Lemma 4.1, we immediately get (4.7). Similarly,
since m — 1 + 6 < m, by making application of (3.16), Corollary 3.6, and Lemma 4.1 once
again, we get (4.8). Q. E. D.

Theorem 4.3 (i) Let 1<p<oo and 0<T < oo. Suppose that F € L*°([0,T); LP(R"))
and there is a constant M > 0 such that ||F(t)||, < M for all t € [0,T). Then for any 0 <
6 < 1 the function w given in (4.1) belongs to C([0,T); By " **(RN))nC*# ([0, T); LP(RN)).
Moreover, for any 0 < k <m —1(k € Z;) and any 0 < 0 < 1 there exist corresponding
constants C; = C1(k,p) > 0 and C> = C5(0,p) > 0 independent of T, M and F' such that

lw(t) —w(t')|l, < —CiMt—t'|In|t—¢'|, V&, ¢' € (0,T)(0< [t—#|<1i); (4.9)
|0k w(t) — BFw(t')||, < CLM|t —¢'|'=#, Vi, t' € (0,T), 1<k<m-—1; (4.10)

[0 Yw(t) — 0™ Mw(t')]p p1 < CoM|t — t'|= "5, V¢, t' € (0.T). (4.11)

(i) Suppose that F € L°°([0,T); Cgy(RYN)) and there is a constant M > 0 such that
[|[F(t)]loo < M for all t € [0,T). Then for any 0 < 6 < 1 the function w given in (4.1)
belongs to C([0,T); Cy P (RN)) N C'#([0,T); Cpu(RYN)). Moreover, for any 0 < k <
m—1(k € Z,) and any 0 < 0 < 1 there exist corresponding constants C; = C1(k) > 0 and
Cy = C5(0) > 0 independent of T, M and F such that (4.9)—(4.10) are valid with p replaced

with oo.

Proof. We only prove the conclusion (7). The proof of the conclusion (i) is similar and
is thus omitted.

The assertion that w € C([0,T); By; "**(RN)) N C*#([0, T); LP(RYN)) follows directly
from (4.9)—(4.11). To prove (4.9), without loss of generality we assume that 0 < ¢ < ¢' and
write

w(t') — w(t) = /:’ St — 1) F(r)dr + /Ot /tt’ 9, 5(c — 7)F(r)dodr.
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Then by Theorem 3.3 we have

t t '
||w(t)—w(t)||psc/t IF(r)llpdr + C / / (o = 1) [F(r)||,dodr
<CM(t'—=t)+ CM (' Int' —tlnt—(t'—t) In(t' - t)) .

From this one easily gets (4.9). The proof of (4.10) and (4.11) is similar. Q. E. D.

Theorem 4.4 Let 1 < p< oo and 0 < T < 0. Suppose that the assumption (A;)
is satisfied and F € LP((0,T); LP(RY)). Then the function w given in (4.1) belongs to
LP ((0,T); W™?(RN)) N W,2P((0,T); LP(RN)). Moreover, there exists a constant C > 0

loc loc

independent of T and F' such that

T T T
| 1owteigar+ [ lomwieigar<c [ 1@l (4.12)
0 0 0

Proof. We need only to prove that (4.12) is valid for sufficiently smooth F, say, F' €
Cs°((0,T); S(RY)), because the general assertion then follows from a standard limitation
procedure. Let

~

(e’ ) . . T . _
O, 7) = / Qg )dt, F(67) = /0 e~ F(£,1)dt, —o0 < T < 00,

0

Ag(&,7) =i1Q(&,7), Aal(é,T) = (1€)*Q(E,7) (laf = m).

Then since
w(z,t) = (2m) N1 / O(¢, 1) (¢, T)eiE it dgdr,
—ooJd RN
we have
Byw(z, t) = (2m) N1 / Aol€, ) (€, m)e*E+ dgdr,
—00 RN

oo
0%w(a, t) = (2m) N1 / An(&, 7V B (€, 7)™ dgdr, |af = m.
—00 RN
By making application of Lemma 3.1 one may verify that for arbitrary k € Z, and g € Z iv ,

[r[* 17110502 Ao (€, 7| < C(k, B),  |7[*I€]'P11|05 0 Aa(é,7)I| < C(k, B) (la| = m).

Thus by the varied Mihlin’s multiplier theorem (see footnote on [23, p.290]), we get (4.12).
Q. E. D.

To get the next theorem we need the following
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Lemma 4.5 Let 1 < p < 00,1 <r < oo, s>0andk,l € Z,. Suppose that
km +1>m + s. Then for arbitrary ¢ € S(RN) the following formulae hold:
1

= (10505 (o)l ) do/o)” (4.13)

1

[0]s,p,r ~ E\a|:l (fooo (0k+

[Plono ~ Ljait SPss0 (04 7105075 (0)ellp) (4.14)

The proof of this lemma is similar to that of [26, Proposition 7’ and Lemma 4’, Chapter
V, p.151-152]. To save pages, we omit its proof here.

We also need the following

Lemma 4.6 Suppose that § > 1, a > 0 and b > 0. Then there exists constant C > 0
such that for any t > 0 and o > 0,

Co?(14¢t)~™in(Hab) if p £ 1 orb=1and a > 0;

t
/ (to—T) " (L+t+o—7) *(1+7) "d7 <
0 Co™*(1-+)In(2+), if b= 1 and a = 0.

(4.15)

proof. First assume that 0 < ¢t < 1. Then
¢ ¢
1
/ (t+o—7) " (14+t+o—7)"2(1+7)bdr < / (t+o—7)"%dr < 0—101$. (4.16)
0 o _

Next assume that ¢ > 1. Then

/Ot(t+a—7‘)_‘9(1+t+U—T)_a(1+T)_de = /0E +/t ' (i

2

‘We have

/2 (t+o—7)0(1+t+o—7)"*(1+7)"tdr
0

g(a+t/2)*9(1+a+t/z)*a/5(1+T)*bd7

<o (t/2)" 1 (141/2)~ / *(147)"r
0

(because (0+t/2)7% = (6+t/2)" P (c+t/2)"" and 1-6 < 0)
Co 0 (1+t)~(Ha), if b>1;

<Q Co?(14+t)~(H) In(2+1), if b=1; (4.18)
Co' b (14t)~ (o), if b < 1;
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/E(t+a—7)ﬂ"(1+t+a—7)ﬂ(1+r)4’dr5 (1+t/2)*/t(t+a—7)ﬂ"d7gcaH(Ht)”. (4.19)

Combining (4.16)—(4.19) together we obtain (4.15). Q. E. D.

Theorem 4.7 Let assumptions and notation be as in Theorem 4.2. Then w €
L>=((0,T); By (RN) N B (RN)) and there exists constant C' = C(p,q) > 0 independent
of T, M and F such that for all t > 0,

CM(1+ t)fmi“(l'k%(%_%)’“), if k21ork=1andp# q;
CM(1+t)'In(2 +¢), if k=1andp=q.

[w(t)]m,q,oo < (4.20)

Proof. Take an integer [ such that [ > 2m. By Lemma 4.5 we have

[W(t)]m.q.00 < Csup o= Z 10%S (o) w(t)|l,-

a>0 /=t
Since 3*S(0)w(t) = [, 8*S(o+t—7)F(r)dr, by (3.9), Theorem 3.3, we get
Y 6@l < M / (t+o—7)F (1+t+o—r)-E G314 ~dr

le|=t

Thus by making application of Lemma 4.6 we get the desired conclusion. Q. E. D.

V. The Proofs of Theorem 2.1 and 2.2

In this section we present the proofs of Theorem 2.1 and 2.2. The method we will use
is to approximate the function F' which does not satisfy Lipchitz condition with a series of
smooth functions. The crucial step is to prove that the corresponding series of solutions
converges to a solution of the problem (1.1), which will be fulfilled with the aid of the
estimates established in the above two sections.

Proof of Theorem 2.1: We first assume that F' is locally Lipchitz continuous. Let
A= llplhn-s.0s Co=sup [ 1Q(z1)]dz.
t>0 JRN

We now prove the following two assertions:

(1) There exists Tp > 0 such that the problem (1.1) has a weak solution u € C([0, To];
Cpt(RN)) such that

lulll = JSup IIU( Mlm—1,00 < ACo +1;
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(73) If we denote by T the supremum of all Ty > 0 such that (3) is valid, then either
T* =00 or T* < co and

lim sup [|u(t)|lm—1,00 = ACo + 1.
t—T*—0

Let L and M be respectively the Lipchitz constant and maximal value of F'(w) on the closed
ball |w| < ACp + 1, and denote by F the mapping defined by

Fu(t) = S({t)p + /0 S(t — 7)F(u(r),du(r), -+, 0™ ‘u(r))dr.

By utilizing (3.8) of Theorem 3.3 to the first term on the right side and (3.7) to the integrand
we see that for arbitrary Ty > 0 and arbitrary u € C([0, To]; Oyt (RY)) satisfying |[|u|| <
ACy + 1, we have!

le]

Y al<m1 10°Fu(t)]lo0<Co ¥ g <imt 10°Plloc + CM Y 4y Jy (t—7) 7 dr
<ACo + CM(To+Ty ™ +---+TJ"), Vit €[0,To],

where C represents positive constant depending only on m, n, N and the coefficients of
P(0,). Therefore, if Ty > 0 is taken sufficiently small, then F maps the closed ball |||u||| <
ACo+1in C([0, Ty]; Cy t(RY)) into itself. Similarly, by making application of (3.7) of The-
orem 3.3 and the Lipchitz continuity of F', we can prove that for u,v € C([0, To]; Cgy HRM)Y)
if they satisfy |||ul|| < ACy + 1, |||v]|] < ACy + 1, then

1 1
> o2 Fu(t) — 8% Fu(t)|loo < CL(To+T, ™ +-+T7)|llu = o|ll, Vte€ [0,Ty).
lo|<m—1
Thus by taking To > 0 sufficiently small, we see that F is a contraction mapping. Conse-
quently, F has a fixed point for such T, > 0. It is obvious that this fixed point is a weak

solution of the problem (1.1) on RY x [0,T,]. The assertion (i) is proved. To prove (ii) we
assume the contrary, i.e., 7" < oo and

lim sup |[u(t)||m—1,00 < ACo + 1. (5.1)
t—T*—-0

Since supg<;cp+ [[u(t)||c < ACo + 1, we have
IF (u(t), u(t), -, 0™ u(t))llo <M, Vte[0,T),

Thus by applying (3.18) of Theorem 3.7 and (4.9)—(4.10) of Theorem 4.3 to the integral
equation satisfied by u we see that u(t) converges in Cy;(RYN) as t — T* — 0. Let ¢ be
the limit function. Then (5.1) implies ||¢||m—1,00 < ACy + 1. By repeating the arguement

! Remark: we note that the constant C' appearing in (3.8) can be taken to be Cp.
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we have just made, we get another number 77 > 0 such that the problem (1.1) has a weak
solution, which we denote as v, on RN x [0,7}] such that v € C([0,T1]; Cp;; (RY)) and

[llv|ll € ACo + 1 (with obvious modification on the definition of ||| - [||). Now we define
u(t) = v(t—T*) for t € [T*, T*+Ty]. Then u € C([0,T*+T1); Ci ' (RM)), |||ul]| < ACp + 1
(with obvious modification on |||-|||) and it is a weak solution of (1.1) on RY x [0, T*+T1].

This is contrary to the assumption on 7*. Hence the assertion (i¢) is also true.

Next we assume that F' is a general continuous function. Let A and Cy be as above and

M= sup |F(w)|.
|[w[<ACo+2

Take a scalar function ¢ € C§°(RN°) (where Ny represents the dimension of the vector w)?2
such that 0 < ¢ < 1, suppp C {w € R™° : |w| <1} and [pn, ¢(w)dw = 1. Define for each
g € (0,1) a function F. on R™° as follows:

1 w—w'

Fs(w) = E_N

F(w')¢ ( ) dw', Yw € RMNo, (5.2)

RNo

Obviously, F. belongs to C°°(R"°), converges uniformly on any compact subset of R0 to
F as € — 0 and satisfies

|Fe(w)| < M, for |w| < ACy+1, Vee (0,1). (5.3)

Now let us consider the problem

Owu = P(8;)u + F.(u,0u,---,0™ tu), in RN x (0, 00), )
ult=o = ¢, on RN. )

By virtue of the conclusion we have just proved, there exists for each ¢ € (0, 1) a correspond-
ing T* € (0, 0] such that the above problem has a weak solution u = u, on RN x [0,T)
satisfying the following two conditions:

(i17) ue € C([0,T); Cgir*(RN)) for any T € (0,T)), and

sup ||ue(t)|lm-1,00 < ACo +1, VT € (0,T);
0<¢<T

(i) if TX < oo, then

lim sup ||ue(t)||m—1,00 = ACo + 1.
t—Tr—0

2 . _[N-1 N N+m-—2
Remark: NO_(N—1>+<N—1>+ —|—< N1 )
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We now prove that there exists Ty > 0 such that T > T for all ¢ € (0,1). In fact, from
(797) and (5.3) we see that

1. (ue (t), Quc(t), -+, 0™ u () |loo < M, Vte€[0,TF), Ve e (0,1).

Thus by applying (3.8) and (3.7) of Theorem 3.3 once again to the equivalent integral
equation obtained from (P.) we get

t _ e
o <m—1 10%Ue ()0 <Co X4 <m—1 10%@lloc + CM 32, <oy Jot=T) " dT
<ACo+ CM(t +t'"m + -+ tm), Vtel0,T),
where C represents constant depending only on m, n, N and the coefficients of P(39,). Now

take Ty > 0 sufficiently small such that

1

CM(To+T, ™ +---+Ty) < L.

KIS

Then we have

sup l|te ()|lm=1,00 < ACo + 1.
0<t<min(To,T*)

By virtue of (iv), we conclude from this estimate that 7 > Tj. Our assertion is proved.
Consequently, u. is well-defined on RN x [0, Ty] for every € € (0,1).

We are now going to prove that there is a sequence of numbers {¢,}92, C (0, 1) satisfying
lim; .o €; = 0 such that the corresponding sequence of functions {u., 52, satisfies the
following two conditions:

(v) for any compact subset @ C R", {u.,;}32,; converges in C([0,To]; C™ *(Q));

vi) for any compact subset @ C RM and any § € (0,Tp), {u.,}, converges in
iJi=1 g

C([6, To; C™*(Q)).

For this purpose we take arbitrarily a number 6 € (0,1) and prove that {u. : 0 < e < 1}
is bounded in C=" ([0, To]; C™2+9(RN)) N C =" ([6, To]; C™1+9(RN)) for arbitrary & €
(0,Tp)- In fact, since

¢
ue(t) = S(t)p + / S(t — 1) Fe(ue(T), Oue (1), -+, 0™ tu (1)), (5.4)
0
by making application of (3.20) and (3.21) in Theorem 3.7 and (4.9)—(4.11) in Theorem 4.3
we see that for all ¢, ¢’ € [0, 7],

lal+1

10%uc (t) — 0%ue (t')]| oo < AC|t—t'|* +CM|t—t’|1_%|, V|a|<m—2;

m—146 m—246
™

[0%u.(t) — 0%uc(t")]g < AC|t—t'|"" = + CM|t—t'|" , V|al=m-2,
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where [-]o represent the Holder continuity modulus of functions. From the above estimates
we see that {u. : 0 < &€ < 1} is bounded in c= ([0, Tp]; C™=2+9(RN)). Similarly, by making
application of (3.18) and (3.19) in Theorem 3.7 and, again, (4.9)—(4.11) in Theorem 4.3, we
can prove that {u. : 0 < & < 1} is also bounded in C*=" ([§, To]; C™~+%(R™)) for arbitrary
6 € (0,Tp). From these conclusions, by virtue of the compactness of the embedding mappings
from C%([O, To); C™=2+9(Q)) to C([0,To]; C™2(Q)) and from C%([é, To]; C™149(Q))
to C([6, To]; C™1(Q)) for arbitrary compact subset Q of RY, we can use the diagonal subse-
quence method to prove the existence of the sequence {sj};?‘;l such that the corresponding
sequence of functions {u,}?2, satisfies the conditions (v) and (vi). More precisely, take
arbitrarily a sequence of numbers {§,}52, C (0,7o) such that it is strictly decreasing and
lim;_, §; = 0, and a sequence of compact subsets of RN, say, {ﬁj};’il, such that

[N C§2C"-Cﬁj Cﬁj+1 C--- and UﬁjZRN.
j=1

Then by first taking arbitrarily a sequence of numbers {e7}22; C (0,1) strictly decreas-
ing and converging to zero as the starting sequence, then inductively applying the above-
mentioned compact embedding results to = Q; and § = §; for each j, and finally taking
the diagonal subsequence, we get the desired conclusion. To save pages we omit the details

here.

Now let u be the limit function of the sequence {u.;}?2,. Obviuosly, {0%ue, }32; con-
verges to 0%u pointwisely on (0,Tp] x RY for all |a| <m—1. Besides, we have

F;, (ue;,0uc;,- - -,8m71u5j) — F(u,0u,---,0™ tu)
:{FEJ' (usjaausja o aam_lus]‘) - F(usjaausja o ’6m_1u5]‘)}
+{F(ue;,0uc,,---,0™ tu,,) — F(u,0u,---,0™ Tu)}.

Since 3| <m—1 [10%Ue, (t)|loc < ACo+1forallt € (0,To] and all j € Z;\{0}, by the uniform
convergence of F, to F on compact subset of RNo and the continuity of F, we conclude
from the above equality that F, (uc,,due,,---,0™ 'u,;) converges to F(u,du,---,0™ u)
pointwisely on RY x (0, To]. Therefore, by first taking ¢ = ¢; in (5.4) and then letting j — oo
and employing Lebesque’s dominated convergence theorem, we see that u is a weak solution
of the problem (1.1) on RN x [0, Tp]. Moreover, since sup,;<r, 2al<m—1 10%Ue; (B)loo <
ACy+1(5=1,2,---), we have -

> l02u(z,t)|<ACo +1, Vte(0,Ty], VazeRY, VYaeZY (ja|<m-1).

loe|<m—1

Consequently,

sup ||F(u(t),du(t), -, 0™ u(t))||o < M.
0<t<To
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Thus by making application of Theorems 3.3, 4.2, 4.3 and 4.7 to the integral equation
satisfied by u we get

u € O([0, To; C ' (R™)) N L. ((0, To]; CEi: (RY)) N C*#((0, To]; Cpu (RY)).

To finish the proof of Theorem 2.1, there still remains (2.1) to be proved. Since its
proof is similar to the proof of the corresponding conclusion for the case where F' is locally
Lipchitz continuous, we omit it here. Q). E. D.

Proof of Theorem 2.2: The proof of this theorem is similar to that of Theorem 2.1
given above. Thus we only present the outline here; the details are left to the reader.

First we assume that F' is locally Lipchitz continuous. Then, due to the additional
assumption (A2), we can prove by using (3.7) and (3.8) in Theorem 3.3 that for every
¢ € LY(RN) N O (RN) the following assertions are valid:

(7)" There exists Ty > 0 such that the problem (1.1) has a solution v € C([0, To];
Wm—LY(RN) N Oyt (RY)) satisfying

llull’ = sup > (10%u()ll + 10u(t)llo) < ACo +1,

<t<To |a|<m-—1

where Cj is as before and
A = [lellm-1,1 + ll@llm-1,00-

(73)" If we denote by T™* the supremum of all Ty > 0 such that (¢)’ is valid, then either
T* =00 or T* < oo and

lim sup(||u(é)[lm—1,1 + [[u(®)llm—1,00) = ACo + 1.
t—=T*0

Next we assume that F' is a general continuous function. Without loss of generality we
may assume that F' satisfies the following stronger assumption than (As):

(AL) there exists a constant C' > 0 such that for all w € RN, |F(w)| < C|w|.

Indeed, since our discussion is made for fixed ¢, we can substitute F' which does not satisfy
this condition with another continuous function satifying this condition such that it is equal
to F' on the region |w| < ACo + 2. Let ¢ be as before and

w—uw'

1
G.(w) = 5_N/|w'|>2s F(w')é (T) dw', VYw € RN,

We have
w—w'

G.(w) = F.(w) — siN/ s F(w')¢ (T) dw', VYw € RN,
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where F, is the function given in (5.2). From this relation and the assumption (A}) we see
easily that G, converges to F uniformly on compact subset of RN° as ¢ — 0. Moreover, we

have
|G (w)] < 2C|w|, Yw € RN, Ve € (0,1), (5.5)

where C is the constant appearing in the assumption (45). In fact, it is obvious that

G.(w) =0 for |w| < e. For |w| > ¢ we have

Gew lsgwfw,|>25|w'|¢( o
w_w‘éls dw +C|w|fRN0 ( el)dw’§2C|u}|.

<CE

= N JRNo

Now by applying the conclusions stated at the beginning, we get for each ¢ € (0,1) a number
€ (0, 00] such that the problem (P.) with F. replaced by G. has a weak solution u = u,
satlsfymg

(i13)" ue € C([0, T]; W™ LY RN) N Cgy (RN)) for any T € (0,T)), and

sup (|[ue(®)llm—1,1 + [ue(®)|lm—1,00) < ACo +1, VT € (0,T/);
0<t<T

()" if T < 00, then

lim sup (lue@®llm-1,1 + [[tellm—1,00) = ACo + 1.
t—TF—

By employing the uniform estimates given in (5.5) and making similar arguement as at the
corresponding step in the proof of Theorem 2.1, we conclude from these assertionss that
there exists Ty > 0 such that T > T for all € € (0,1). Besides, by applying Corollaries 3.4,
3.6 and Theorems 3.7, 4.2 and 4.3 we can prove that {u. : 0 < € < 1} is bounded in

= ([0, To]s BiT 2 (RN) 0 €3 (RN)) 0 € (16, To); B ™ (RN) N C ™ (RY))

for arbitrary 8 € (0,1) and 6 € (0,7p). Therefore, by using again the diagonal subsequence
method we get a sequence of numbers {¢;}72; C (0, 1) such that the corresponding sequence
of functions {u,, }32, converges in

C([0, To[; W™ 1(Q) N C57" (@) N C([6, T, W™ (Q) N O ()

for arbitrary § € (0,7p) and arbitrary compact subset 2 of RYY. From the proof of Theorem
2.1 we see that the limit function u is a weak solution of the problem (1.1) on RY x [0, Tp).
To see that u is a strong solution, we note that by virtue of Fatou’s lemma we have

lu@)llm-1,10 < sup{ljue; (¢)llm—1,1,
J
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and by the pointwise convergence of 0%u.; to 0%u we get

|02u(z, t)| < sup [|0%ue, (t)||loo, VtE(0,T0], Vz€RY, V]a|<m-—1.
J
Therefore,
lu(@llm-11 + [[u(@)llm-1,00 < ACo + 1, Vit € (0, To].
Consequently, by the assumption (A5) we get
|1 F (u(t), du(t), - -, 8™ u(t)) [l + | F (u(t), Bu(t), - -, 8™ u(t)llo < C, V€ (0, To].

From this estimate, by making application of Corollary 3.4, Theorems 3.7, 3.8, 4.2, 4.3 and
4.7 to the equivalent integral equation satisfied by u, we finally get

u €C([0, Tol; W™ (RN) N Chy (RN)) N LE
W2 ([0,T%); LP(RYN)), Vpe€ (1,m].

loc

([0, 7*); w™P(RN))

Hence u is actually a strong solution of (1.1) on RY x [0,Tp].

The remaining conclusion in Theorem 2.2, i.e., the validity of (2.2), can be proved by
using similar method as in the case where F' is Lipchitz continuous. Q. E. D.

VI. The Proof of Theorem 2.3

Proof of Theorem 2.3: By Theorem 2.2, we only need to prove that there exists § > 0
such that for any o € W™~ L1(RN) N CE 1 (RY) satisfying (2.6) the corresponding solution
u of (1.1) satisfies

supg<scr ([[w(s )llm—1,0 + [lu(s D)llm-1,00) < M (6.1)

when it exists on RN x [0,T), where T > 0 is an arbitrary finite number and M is the
number appearing in the assumption (A3).

We first assume ¢ < M. Then there must be a maximal Ty € (0, 7] such that
llu(s D)llm—11 + llul Dllm—1,00 < M (6.2)

for all t € [0,Tp). Let

N

_ k kN _ 1
F@O) =@+ 0w 0% u(, 1)l + (L + )= w05 19Fu (-, 1) |1,

+(1 + t)™inG T || 0Fu(, t)|lso}, 0 <t < To,
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where v is the number defined in (2.4). Then by the assumption (A3) we have
“F(u(" t)7 6“(’ t)a T aM71u(" t))Hl
<C{lluC OB + 0uC, )1 + - -+ + 10™  u(-, t) I3
Sobpry (R

<C(L+ )75, F(8)P
<SC(L+ )7 Y05y (supocscy ()™, 0<t<t' <Ty;

1

{1+ )75 |9k u(, 1) |}

”F(u(" t)7 6”(’ t)7 T 8m*1u('a t))”OO
<C{llu 1B + 0u, )IIES + - - + lo™ u(-, ) [[6

Ntk N+k

<O Ty (L4 8) memin(Emm (1 4 ¢)minlTE D) [0Fu -, 1) | oo }P*

<O(L+6)7Y g (supgcyay (1), 0<t<t' <To.

Here C is a constant independent of Ty, ¢ and u. Since v > 1, by applying Corollary 3.4 and
Theorem 4.2 to the equivalent integral equation satisfied by u we get for all 0 < ¢t <t' < Ty
and0<j<m-1,

107u(, 1)l < C(1+8) ™D ||@llm-1,1 + [[@llm—1,00 + SUPg<rcr Do F(E)P*},

; —min{ 2+ (1-35) 7} —
107u(-,t)llp, <C(L+8) ™ 7T et 1+ @ llmet o0+ SuPo << Sy F(E)P}
J

j —min(L4+X -
107 u(:,t)||oo <C(1+t) (ot ’7){||90||m—1,1+||(P||m—1,oo + SUPo<i<y ZZ":ol (t)P+}.

m

Note that the hypothesis (2.3) implies y > % + 81— %) forall j =0,1,---,m — 1. Thus
we finally get

m—1

ft) SC{+supgcscp D FOP}, 0<t<HE < T, (6.3)
k=0
where the constant C' > 0 is independent of § (and hence ¢), v and Tp. Without loss of
generality we may assume C' > 2, for otherwise we can substitute it with 2. Now let us
consider the function

g5(8)=C(6+s 4+ +.--+sPm1)—s, 0<s5< 0. (6.4)
Obviously, there exists §; > 0 such that when 0 < § < §;, the region
Rs={s: s>0, gs(s) >0}

is disconnected, consisting of two disjoint closed intervals, with the left one in the form [0, 4]
(As =the first nonnegative root of gs) and the right one strenching to co. One may easily
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verify that lims_,q+ As = 0 and A5 > C§ with C as in (6.4). Indeed, the first statement
follows from the fact that g; depends continuously on é and As = 0 when § = 0; the second
one follows from the fact that gs(s) > 0 for 0 < s < C4. Therefore, there exists &y € (0,d1]
such that A5 < M for 0 < § < §p. Take a such ¢ and fix it. This § meets our need; namely,
(6.1) is valid, or equivalently, Ty = T'. In fact, (6.3) tells us that the function

t' = supge<p f(t), Yt €10,T0)

takes value in R; for all ¢' € [0,T). Since this function is continuous and takes the value
f(0) €25 <06 < As at t! =0, we conclude that

Supogtgtlf(t) S A6 for all 0 S tl < T(], (65)
which especially implies

lu(-, t)|[m=1,1 + Ju(s O)lm-1,00 < As <M  forall0 <t < Tp.

From this we see that Ty can not be the maximal number such that (6.2) is valid unless
To = T. Our statement is proved.

Hence, by virtue of Theorem 2.2 we conclude that u is global if ¢ satisfies (2.6) with ¢ as
above. Moreover, since A; is independent of T', (6.4) tells us that for every k = 0,1,---,m—1
and all t € [0, c0),

_ [k g N(__1
10%u(, )l < As(L+ 1) %, [|0%u(8)|lp, < As(1+ ) 50750
18%u(-, 8)||oo < As(1 + ) minGrtamm),

From these estimates one may easily get (2.7) by applying (3.10), Theorem 3.3 and (4.7),
Theorem 4.2. As for (2.8), it can also be easily obtained from the above estimates by
applying Theorem 3.8 and Theorem 4.4. The proof of Theorem 2.3 is finished.
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