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Abstract 

Developmental processes rarely occur in isolation; often the growth curves of 

two or more variables are interdependent. In addition, frequently, growth curves do not 

portray a constant pattern of change. Different stages or segments of development are 

present in the data. Bivariate piecewise linear mixed-effects models (BPLMEM) are a 

useful statistical framework to simultaneously describe two processes that portray 

segmented linear trajectories and to investigate their associations over time. 

Interrelations between the growth curves are measured by assuming a joint distribution 

of the random-effects parameters of each outcome variable. Furthermore, associations 

in the outcome variables collected from the same subject should be taken into account 

when they are modeled jointly. This association is modeled by correlating the error 

variance parameters of each outcome variable. 

There are several drawbacks in the literature of bivariate piecewise mixed-

effects models. An important limitation in the BPLMEMs literature is that researchers 

have assumed uncorrelated residual errors across the two longitudinal processes, which 

is something unlikely to hold in practice. Also, current modeling choices for the 

random-effects in bivariate piecewise mixed-effects model have shortcomings. For 

instance, researchers have unintentionally imposed dependencies among the elements of 

the covariance matrix associated with the random-effects; or they have modeled only 

few of its covariance parameters determined by the research interest. In addition, 

simulation studies using BPLMEMs are scarce. Little is known about the performance 

of bivariate piecewise mixed-effects models under different correlational scenarios of 



   

 

iv 
the random-effects parameters and the error variances. Furthermore, a criticism to the 

piecewise linear model is a hypothesized abrupt change between one linear segment to 

another because this performance may not be true for all empirical scenarios. However, 

although a smooth transition or adaptation period between linear segments might be 

more realistic, the piecewise linear model is extensively used in practice. Thus, it is 

natural to wonder under which scenarios this is an acceptable choice. 

The purpose of the present study was to develop a BPLMEM using a Bayesian 

inference approach allowing the estimation of the association between error variances 

and providing a more robust modeling choice for the random-effects. Furthermore, the 

performance of the BPLMEM was investigated via a Monte Carlo simulation study 

focusing on the strength of the associations of the error variance parameters and the 

growth curves (represented by the random-effectsÕ correlational structure). An 

additional purpose was to empirically characterize scenarios for which the piecewise 

linear model gives a reasonable approximation to an underlying smoothed segmented 

trajectory given by a quadratic bend joining the linear phases of growth. Lastly, the 

contribution of bivariate mixed-effects modeling approaches is illustrated by using a 

BPLMEM to investigate the joint development of mathematics and reading 

achievement and the association between their longitudinal trajectories. This constitutes 

a novel approach to examine associations between educational domains over time. 

Simulation results showed that the strength of the association between the 

growth curves and the sample size had a significant effect on the performance of the 

BPLMEM. Specifically, lower relative bias of parameter estimates and higher model 



   

 

v 
convergence was related to a stronger correlational structure between the random-

effects of the growth curves. Likewise, slightly higher coverage rates and better 

convergence were associated with a smaller sample size. In addition, it was possible to 

identify cases for which the piecewise linear model had an acceptable performance 

when the true underlying trajectory had an adaptation period or bend between linear 

segments. Scenarios with small or centered bends were accurately described by a 

piecewise linear model. 

Results from the illustrative example suggested that mathematics and reading 

achievement are positively associated all along their segmented trajectories and that the 

strength of such association decreases over time. In addition, evidence of the same 

patterns of association of reading over mathematics and mathematics over reading were 

found. 
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Chapter 1. Introduction  

Correlated data emerge when there is a grouped or clustered structure in the 

units of analysis. Longitudinal or repeated measures data constitute a particular type of 

correlated data where measurements of the same individuals are gathered over time 

(Fitzmaurice, Laird, & Ware, 2011). It is used to describe the patterns of change over 

time, that is, the growth trajectory of the individuals and the independent variables 

associated with it (Fitzmaurice et al., 2011). Mixed-effects models constitute an 

analytical approach commonly used to analyze longitudinal data where the focus is on 

describing the typical trajectory over time and the extent to which individuals deviate 

from the typical trajectory (individual differences) (Davidian & Giltinan, 2003; 

Fitzmaurice et al., 2011). In mixed-effects models the total variability of the outcome 

variable is decomposed into within-subject (intra-individual or level-1) and between-

subjects (inter-individual or level-2) variability.      

Analyses of a single outcome variable are common. However, usually multiple 

variables of interest are collected in a repeated measures design. That is, multivariate 

longitudinal data are readily available. For instance, generally, in educational settings 

achievement data are collected on more than one domain, such as reading and 

mathematics.  

Analyzing each process or outcome variable separately prevents our ability to 

account for the multivariate nature of the data and to reveal important relationships 



 

 

2 
between the developmental processes (Fieuws & Verbeke, 2004; Verbeke, Fieuws, 

Molenberghs, & Davidian, 2014). In many situations, modeling multivariate 

longitudinal data jointly is suitable to answer substantive research questions of interest. 

For example, modeling two or more longitudinal processes simultaneously is 

appropriate when the focus is on investigating what is the association between outcome 

variables over time (e.g., comparing whether all response variables increase or decrease 

at the same rate, or the associations of initial points with respect to their development), 

what is the relation between a predictor and all outcomes simultaneously, or on how 

outcome-specific parameters are related to each other (Fieuws & Verbeke, 2004; 

Verbeke et al., 2014). In other words, when the interest is in revealing interrelations 

between two or more variables of interest while at the same time describing their 

patterns over time, the use of modeling techniques for multivariate longitudinal data is 

relevant because they allow studying the joint evolution of multiple variables over time. 

Examples of longitudinal outcome variables that have been analyzed 

simultaneously are hearing auditory thresholds measured at different frequencies 

(Fieuws & Verbeke, 2004); biochemical and physiological markers in the analysis of 

renal graft failure (Fieuws, Verbeke, Maes, & Vanrenterghem, 2008); episodic, 

semantic, and working memory and perceptual speed in the study of cognitive decline 

(Beckett, Tancredi, & Wilson, 2004); different biomarkers in a pregnancy study 

(Marshall, De la Cruz-Mes’a, Bar—n, Rutledge, & Zerbe, 2006); and daily use of alcohol 

and marijuana in the study of addiction (Mikulich-Gilbertson, Wagner, Riggs, & Zerbe, 

2015). 
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Multivariate mixed-effects models are an extension of univariate mixed-effects 

models (mixed-effects models for a single outcome measure) where the development of 

two or more outcome variables is analyzed simultaneously and the interest is on 

investigating associations between the growth curves. Multivariate longitudinal data 

exhibit correlation in three forms: within the repeated measures of the same individual 

for each outcome variable (within-subject or level-1 errors for each process), between 

the multiple response variables collected from the same subject (correlation between the 

level-1 errors), and between individuals (between-subjects or level-2 errors). Such 

correlations should be taken into account when jointly modeling two or more processes 

over time. Multivariate mixed-effects models are discussed in detail in Chapter 2.  

One of the most important aspects when modeling repeated measures data is to 

accurately describe the trajectory over time (Fitzmaurice et al., 2011). In other words, 

choosing a functional form to describe the trend exhibited by the data is crucial for 

understanding the underlying growth process, and for the implications of the study. 

Piecewise models are a flexible statistical framework to describe nonlinear trajectories 

that have different rates of growth corresponding to different segments of development 

over time (Cudeck & Klebe, 2002). To elaborate, distinct phases or segments of growth 

can be accommodated within a single growth curve or trajectory over time. The time 

point at which the trajectory changes from one phase to the other is called knot or 

changepoint, which is one of the most interesting attributes of the model (Cudeck & 

Klebe, 2002).  
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Bivariate piecewise mixed-effects models (BPMEMs) are a specific type of 

mixed-effects models that describe two outcome variables following a segmented 

growth curve and the associations over time between the two piecewise trajectories. 

BPMEMs have been used to analyze measures of fluid and crystalized intelligence 

simultaneously (McArdle & Wang, 2008), to investigate the correlation between 

changepoints of longitudinal trajectories of physical and cognitive measures in a 

dementia study (Yang & Gao, 2013), and to describe the association at the starting point 

of cognitive measures in an Alzheimer study (Hall et al., 2001). Estimation of BPMEMs 

is not an easy task. Bayesian inference has been the preferred method to estimate 

BPMEMs (Hall et al., 2001; Wang & McArdle, 2008; Yang & Gao, 2013). 

An important limitation in the BPMEM literature is that it fails to model the 

correlation between the two outcome variables collected from the same subject. That is, 

current methodological developments in BPMEM do not consider associations between 

the two response variables of interest at the level-1 errors. Having uncorrelated level-1 

errors is hardly fulfilled in practice and failing to account for that correlation can 

potentially bias estimation results in important ways (Fieuws & Verbeke, 2004; Shah, 

Laird, & Schoenfeld, 1997). Moreover, the choice of the priors used to model between-

subjects (level-2) variability might impact posterior inferences in one of the most 

important features of the BPMEM, the covariance matrix of the random-effects, which 

is where the association between trajectories is captured.  



 

 

5 
This leads to a need for extending the current literature in BPMEM by 

modeling associations of level-1 errors and also by proposing alternative priors to 

model between-subjects variability.   

Piecewise models allow different functional forms to describe each stage or 

phase of change. However, linear functional forms are a simple and resourceful 

framework to model a variety of problems (Kohli, Hughes, Wang, Zopluoglu, & 

Davison, 2015; Kohli, Peralta, Zopluoglu, & Davison, 2018). Piecewise models using 

linear segments to describe each phase of development are usually referred to as 

piecewise linear models or broken-stick models (Yang & Gao, 2013).  

Thus, the main purpose of the present study was to develop a bivariate piecewise 

linear mixed-effects model (BPLMEM) under a Bayesian inference framework to allow 

the estimation of the correlation between level-1 errors by assuming that the two 

outcome variables of interest follow a bivariate normal distribution. Also, a different 

prior specification that overcomes the limitations of previous literature was proposed to 

model between-subjects variability. Moreover, the performance of the model was 

investigated via a simulation study where the focus is on different levels of correlation 

for the level-1 and level-2 (within- and between-subjects) errors. 

A criticism against piecewise linear models is the assumption of a sudden 

change between phases of development. That is, an abrupt transition between the linear 

segments is assumed, which may not occur in some research settings. Thus, a smooth 

transition between segments of development is more realistic (Bacon & Watts, 1971; 

Yang & Gao, 2013). Yet, the piecewise linear model is frequently used to describe 
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segmented growth change. Therefore, another objective of this study was to 

investigate whether there are scenarios for which an abrupt transition adequately 

approximates a smooth change between segments of development. 

In addition, an application of the BPLMEM to educational literature is presented 

to illustrate the advantages of modeling bivariate longitudinal data simultaneously. To 

elaborate, joint analyses of mathematics and reading achievement are scarce in the 

educational literature. To date, intrinsically nonlinear models have not been used to 

examine the association of mathematics and reading achievement trajectories. Thus, the 

BPLMEM was used to investigate the relations between mathematics and reading 

achievement trajectories over time, which constitutes a novel approach to examine 

temporal associations of these two educational domains. 

In summary, the objectives of this study were several fold: (1) to develop a 

BPLMEM using a Bayesian inference approach that allows the estimation of the 

association between level-1 errors and provides a more robust modeling of between-

subjects variability; (2) to investigate the performance of the BPLMEM with respect to 

the accuracy and precision of model parameters using a simulation study focusing on 

the strength of the correlational structures of the model; (3) to empirically characterize 

scenarios for which the piecewise linear model will give a reasonable approximation to 

an underlying smooth transition between segments of development; and (4) to illustrate 

the use of a BPLMEM to investigate the joint evolution of mathematics and reading 

achievement and the association between their longitudinal trajectories over time. 
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This study is organized as follows. Chapter 2 provides a literature review of 

multivariate mixed-effects model, BPMEMs, and different options that have been used 

to characterize smooth change between segments of development. Chapter 3 describes 

the models that are used throughout this document. Chapter 4 presents the application of 

the BPLMEM to mathematics and reading achievement. Chapter 5 describes the 

simulation designs to complete objectives (2) and (3) described in the previous 

paragraph. Simulation results are presented in Chapter 6, and Chapter 7 discusses the 

major findings of this study, limitations, and future research. 

In the remainder of this study, models for a single longitudinal outcome are 

called univariate models. Similarly, the terminology bivariate and multivariate models 

indicate joint longitudinal models for two or more outcomes, respectively. Likewise, the 

terms developmental processes, processes, and outcome or response variables are used 

interchangeably.  
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Chapter 2. Literature Review 

2.1 Multivariate Mixed -Effects Models 

Multivariate mixed-effects models (MMEMs) constitute a resourceful statistical 

framework to simultaneously model two or more developmental processes of interest 

over time while also focusing on revealing the interrelations among them. In such a 

framework, a mixed-effects model is assumed for each response variable and the 

association among the different trajectories is captured by imposing a joint multivariate 

distribution on the random effects of each mixed-effects model (Fieuws & Verbeke, 

2004; Fieuws, Verbeke, & Molenberghs, 2007; Shah et al., 1997; Verbeke & Davidian, 

2009; Verbeke et al., 2014). MMEMs have several advantages. For example, model 

exploration and model building can be done for each outcome separately, and when 

analyzed simultaneously model parameters have the same interpretation as in the 

univariate case (Fieuws et al., 2007). In addition, MMEMs allow the analysis of different 

types of outcome variables (continuous or categorical) and different types of trajectories 

(linear or nonlinear). For instance, linear, generalized linear, and nonlinear univariate 

mixed-effects models have been combined to model multivariate longitudinal data in a 

joint modeling framework (e.g., Fieuws et al., 2008). Also, response variables do not 

need to be measured at the same time points and the number of repeated measures 

available for each response variable may vary (Fieuws & Verbeke, 2004; Fieuws et al., 

2007; Verbeke & Davidian, 2009; Verbeke et al., 2014). 
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Bivariate mixed-effects models (BMEM) constitute a special case of MMEMs 

when only two outcome variables are analyzed. A general BMEM is specified below. 

The generalization to more than two outcome variables is straightforward. Subsequent 

discussion of model assumptions and literature in the field is tied back to this model 

description.  

Let !!"# denote the k-th outcome variable measured on the !-th individual at the !-

th measurement occasion and !!" denotes the !-th time of measurement for individual !, 

where ! = 1!! ; ! = 1,… ,!; and ! = 1,… ,!!. Hence, the model for subject ! has the 

general form 

!!!" = !! !!,!!! , !!" + !!!"! (1) 

!!!" = ! ! ! ! ! ! ! ! ! ! !" ! ! ! !" ! (2) 

where ! ! ! ! ! ! ! !" ! ! ! ! ! ! ! ! ! ! ! !" ! ! ! ! ! ! ! ! ! ! ! !"  is an array of functions ! !  that 

can be either linear or nonlinear, ! ! ! ! !
! ! ! !

! ! ! is a ! ! !  vector of fixed effects 

representing the mean structure of the model, ! ! ! ! ! ! !
! ! ! ! !

! )′ is a !×1 vector of random 

effects, and !! ! !!!!"! ! ! !" )′ is the vector of error terms. It is assumed that 

!!~MVN(! ! ! !  and ! !~!"# ! ! ! ! !  where !  is ! ! !  and !  is ! ! ! . In addition, it is 

assumed that ! !  and ! !  are independent and identically distributed (i.i.d.) for all !. The 

matrix !  captures between-subjects (inter-individual or level-2) variability, and matrix !  

captures within-subject (intra-individual or level-1) variability. 

The covariance matrix for the within-subject errors, ! , has the general form 

! !
! ! !

!

! ! ! ! !
! ! !

! !! (3) 
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where ! ! !

!  and ! ! !
!  represent the error variance of the first and second outcome 

variables, respectively, and σ!!! !
 represents the covariance between the two errors at 

measurement occasion ! .  

Notice that the vectors of fixed and random effects, !  and !!, contain the fixed 

and random effects of both outcome variables, respectively. For instance, if both ! !  and 

! !  in Equations (1) and (2) are the classical linear function, then !  has four elements: two 

intercepts (! !!  and ! !" ) and two slopes (! !"  and ! !!). Likewise, assuming that both 

parameters in each model have random effects associated with them, !!  is a ! ×1 vector 

with an associated covariance matrix of the form 

! =

σ!!!!

σ!!"! !!
! ! !"

!

σ!!"!!! ! ! !" ! !" σ!!"!

! ! !! ! !!
! ! !! ! !"

! ! !! ! !"
! ! !!

!

!! (4) 

where σ! !!
!  and ! ! !"

!  represent the variance of the intercept and slope of the first outcome, 

respectively, and ! ! !"
!  and ! ! !!

!  represent the variance of the intercept and slope of the 

second outcome, respectively. The rest of the elements in !  reflect associations between 

random effects. Particularly interesting are the covariance parameters ! ! !" ! !!
, ! ! !" ! !"

, 

! ! !! ! !!
, and ! ! !! ! !"

 because these are the additional parameters that the joint modeling 

framework is able to capture in comparison with univariate analyses. These parameters 

allow the researcher to compute associations between the two processes. For instance, 

! ! !" ! !!
 represents the covariance between the initial point of the first outcome variable 

and the initial point of the second outcome variable, and 
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! ! !" ! !!
!

! ! !" ! !!

! ! !!
! ! ! !"

!
!

(5) 

is the correlation between both initial statuses. Likewise, researchers can compute 

associations between the initial point of one outcome and the rate of change of the other, 

or between the two rates of change. This type of information is not captured when using 

separate univariate mixed-effects models to describe each process. Hence, MMEMs 

provide information on important relations among processes, which enriches the 

description of the evolution of the outcome variables over time. However, it is also worth 

noticing that having multivariate longitudinal data should not be the only reason to use 

MMEMs. The use of joint modeling techniques should be guided by research questions 

such as assessing the relation between some covariate and all outcomes simultaneously, 

or investigating the association between the trajectories of all outcome variables 

(Verbeke et al., 2014). A gain in efficiency is not an argument for the use of MMEMs. If 

there is no research question that calls for its use, univariate analyses should be preferred 

(Fieuws et al., 2007). Therefore, of special interest in this review is how researchers have 

modeled !  and !  matrices and their elements, especially for models in Section 2.2, 

because these two parts of the model are the ones that contain unique pieces of 

information beyond a univariate setting. 

The growth trajectories for each developmental process may either follow linear, 

curvilinear or polynomial (e.g., quadratic or cubic), or intrinsically nonlinear (e.g., 

exponential or piecewise) patterns of change. This is reflected in the choices of ! !  and ! !  

in Equations (1) and (2). Although easier to use and interpret, linear growth models 
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assume that the relation between initial differences and subsequent growth is constant 

across time, which might be unrealistic or could conceal important developmental aspects 

of the phenomenon under investigation (Parrila, Aunola, Leskinen, Nurmi, & Kirby, 

2005). Parameters of polynomial models, on the other hand, might be difficult to interpret 

in the theoretical context of the response variable (Cameron, Grimm, Steele, Castro-

Schilo, & Grissmer, 2015; Kohli, Harring, & Hancock, 2013). Intrinsically nonlinear 

models are usually related to unsteady change over time, asymptotic behaviors, or 

developmental phases, where model parameters are directly related to substantive 

questions (Davidian, 2009; Davidian & Giltinan, 1995). 

A review of linear and nonlinear MMEMs is presented below, followed by the 

literature in bivariate piecewise mixed-effects models, which constitute a flexible 

framework to describe phases or segments of development. 

2.1.1 Multivariate linear mixed -effects models 

Multivariate linear mixed-effects models (MLMEMs) are an extension of the 

linear mixed-effects model of Laird and Ware (1982) and were introduced by Shah and 

colleagues (Shah et al., 1997). In MLMEMs the functions in ! ! ! ! !! ! !"  are linear in 

parameters. 

The focus of MLMEMs has varied. Some researchers have put emphasis in the 

association between the trajectories over time (see e.g., Fieuws & Verbeke, 2004; 

Mikulich-Gilbertson et al., 2015; Zucker, Zerbe, & Wu, 1995), and others in the 

multivariate modeling per se (see e.g., Beckett et al., 2004; Gueorguieva, 2001; 

Gueorguieva & Agresti, 2001; Sammel, Lin, & Ryan, 1999; Shah et al., 1997; Thum, 
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1997). However, regardless of the focus of the study, when multiple outcomes need to 

be analyzed, besides the parameters estimated in a univariate framework (fixed effects, 

covariance of random effects, and covariance of within-subject error), the model should 

also account for the correlation structure among the different outcomes. Such correlation 

has been taken into account by assuming a joint distribution of the random effects. It has 

been shown algebraically and empirically that correlations between random effects of 

distinct outcome variables are best measured by assuming a joint distribution of random 

effects rather than using alternative methods such as computing the correlation of 

individual deviations obtained by using univariate mixed-effects models for each 

response variable, and the correlation of OLS individual estimates for each outcome 

(Beckett et al., 2004). 

In addition to assuming a joint distribution of the random effects, two different 

covariance matrix structures have been studied in the literature for the within-subject 

errors, ! : (1) conditional independence (e.g., Gueorguieva, 2001; Mikulich-Gilbertson et 

al., 2015; Zucker et al., 1995), and (2) association of the outcome variables at the same 

measurement occasions (e.g., Fieuws & Verbeke, 2004; Shah et al., 1997). Conditional 

independence means that, conditional on the random effects, the processes are assumed to 

be independent; they do not share variability due to measurement error. This assumption 

is reflected in the MMEM by setting ! ! ! ! !
! !  in Equation (3). In structure (2), it is 

assumed that residual errors of both response variables are associated. That is, ! ! ! ! !
! ! , 

and the covariance between level-1 errors is estimated. 
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The use of multivariate linear mixed-effects models to investigate the 

association of the trajectories over time has been thoroughly investigated (Fieuws & 

Verbeke, 2004). Of particular interest is the discussion that Fieuws and Verbeke (2004) 

provide about the implications that different assumptions of the within-errors covariance 

matrix have on interpreting associations between response variables. The interpretation of 

model parameters is conditional on the rest of the parameters in the model (Zucker et al., 

1995). Thus, the results of computing associations between outcome variables as a 

function of covariances between random effects can vary significantly when assuming 

different within-errors covariance structures (Fieuws & Verbeke, 2004). 

Besides the conditional independence assumption, and assuming correlation at the 

same measurement occasions, extensions to the within-errors covariance matrix have 

been proposed in the literature. For instance, estimation procedures for MLMMs in which 

the errors are assumed to be serially correlated according to an autoregressive process 

have been discussed (Wang & Fan, 2010). 

Scholars have analyzed different ways to compute the correlation between 

developmental processes in MLMEMs. For instance, estimators in the form of regression 

parameters describing the relation between growth curve coefficients after adjusting for 

all remaining coefficients between the response variables in a bivariate linear mixed-

effects model have been discussed (Zucker et al., 1995). In addition, a model 

reparameterization that allows direct estimation of association coefficients of interest as 

model parameters by using partial correlation and partial regression coefficients has also 

been presented (Mikulich-Gilbertson et al., 2015). This procedure has two advantages. 
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First, it provides standard errors based on the inverse of the Hessian matrix as part of 

the model estimation instead of using the delta method to achieve such in an additional 

step as was done in the literature (e.g., Fieuws & Verbeke, 2004; Gueorguieva, 2001; 

Zucker et al., 1995). Second, likelihood ratio tests can be used to directly compare two 

models and test for the significance of the parameter of interest instead of using 

univariate tests such as Wald-type t-tests. 

It is surprising the lack of simulation studies to investigate the robustness of 

parameter recovery in MLMEMs. Because, even though they are extensions of the 

univariate framework, the number of parameters that must be estimated is significantly 

larger, which calls for more investigation.  

2.1.2 Multivariate nonlinear mixed -effects models 

The literature for multivariate nonlinear mixed-effects models (MNLMEMs) is 

sparse. Fewer studies have been carried out in comparison with MLMEMs. What 

distinguishes MNLMEMs from MLMEMs is that the functions in ! ! ! ! ! ! ! !"  are 

intrinsically nonlinear, or nonlinear in parameters. 

Similar to the linear case, the focus has been on investigating associations 

between response variables over time (e.g., Fieuws et al., 2008; Rutledge, 1995), or in the 

joint modeling per se (Luwanda & Mwambi, 2016b, e.g., 2016a; Marshall et al., 2006; 

Wang, 2015). Most studies presenting methodological implementations (Luwanda & 

Mwambi, 2016b; Marshall et al., 2006; Rutledge, 1995) are characterized by the absence 

of simulation analyses to investigate the robustness of parameter estimates. 
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Models assuming conditional independence have been estimated for the 

nonlinear case (Luwanda & Mwambi, 2016b, e.g., 2016a), as well as assuming within-

errors to be correlated at the same measurement occasions (e.g., Marshall et al., 2006; 

Wang, 2015). In addition, different types of structures for the within-error variance 

covariance matrix have been explored, such as compound symmetric and semi-banded 

(e.g., Rutledge, 1995). 

Different types of nonlinear functions have been used in the literature of 

MNLMEMs, such as exponential (Rutledge, 1995), logistic (Marshall et al., 2006; Wang, 

2015), logit (Luwanda & Mwambi, 2016b, 2016a), logarithmic (Luwanda & Mwambi, 

2016b, 2016a; Wang, 2015), linear-linear transition (Fieuws et al., 2008), and piecewise 

(Hall et al., 2001; Wang & McArdle, 2008; Yang & Gao, 2013). Note that only some of 

these studies (Rutledge, 1995; Wang & McArdle, 2008; Yang & Gao, 2013) considered 

random effects for the intrinsically nonlinear model parameters (i.e., variances of 

nonlinear random-effects), which are known to be more difficult to estimate (Davidian, 

2009; Davidian & Giltinan, 1995). 

In summary, an aspect that is worth noticing is the scarceness of information 

regarding the robustness of the joint modeling mixed-effects framework, either in 

MLMEMs or MNLMEMs. With the undeniable increase in the number of parameters to 

be estimated, a natural question that arises is how well the model parameters are 

recovered under different scenarios that are typically found in real data analysis.  
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2.2 Bivariate Piecewise Mixed-Effects Models 

Piecewise or changepoint models constitute a versatile statistical tool to model 

longitudinal data allowing for different phases of growth within a single trajectory over 

time (Cudeck & Klebe, 2002; Kohli, Harring, & Zopluoglu, 2016). An important element 

of these types of models is the knot or changepoint, which characterizes the time point at 

which the trajectory changes from one phase to another (Cudeck & Klebe, 2002). The 

knot or change-point can be fixed or estimated as an additional parameter of the model 

(Kohli et al., 2018). Changepoints are usually unknown in real data applications, so its 

estimation is extremely important.  

Piecewise models have been used to describe developmental processes such as 

mathematics (e.g., Kohli, Hughes, et al., 2015; Kohli, Sullivan, Sadeh, & Zopluoglu, 

2015) and reading achievement (e.g., Hindman, Cromley, Skibbe, & Miller, 2011; 

Kieffer, 2012; Sullivan, Kohli, Farnsworth, Sadeh, & Jones, 2016; Yeo, Kim, Branum-

Martin, Wayman, & Espin, 2012), vocabulary development (e.g., Kohli & Harring, 

2013), non-verbal performance over the life span (e.g., Cudeck & Klebe, 2002), 

executive dysfunction and verbal intelligence (e.g., Grober et al., 2008), memory decline 

(e.g., Grober et al., 2008; Hall et al., 2001; Hall, Ying, Kuo, & Lipton, 2003), and 

response times to medical treatments (e.g., Cudeck & Klebe, 2002).   

Bivariate piecewise mixed-effects models (BPMEMs) are a special case of 

MNLMEMs. In BPMEMs two processes depicting a segmented trajectory are modeled 

simultaneously with the focus on investigating the relations between the nonlinear 

processes over time. BPMEMs have not been extensively used in the literature. Studies 
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that have used BPMEMs are described below. Hall and colleagues (2001) estimated a 

bivariate changepoint model to describe the association at the starting point of cognitive 

measures in an AlzheimerÕs disease study. Profile likelihood and Bayesian methods were 

used to estimate the model. The authors estimated only one covariance parameter to 

measure correlation in the two outcomes: the association between the intercept 

parameters of both processes. The rest of the covariance parameters to measure 

associations between outcomes were set equal to zero. The use of Bayesian techniques 

was preferred when a random knot or more than two change points needed to be 

estimated (Hall et al., 2001).  

McArdle and Wang (2008) used, among other models, a quadratic-linear BPMEM 

to describe crystalized and fluid intelligence scores. The authors estimated all parameters 

in the covariance matrix of random-effects. That is, all covariance parameters that 

measure the association of the outcome variables along the nonlinear trajectories were 

estimated. In addition, error variances were assumed to be independent. No association 

between level-1 errors was assumed. Furthermore, a discussion of the association of the 

nonlinear trajectories was not presented.  

Wang and McArdle (2008) used Bayesian inference methods in a simulation 

study to investigate the effect of three levels of error variance in the parameter estimates 

of a quadratic-linear BPMEM. The authors estimated the whole covariance matrix of 

random-effects (an 8x8 matrix) and assumed conditional independence of level-1 errors. 

They used inverse-Gamma priors for each level-1 error variance parameter, and an 

inverse-Wishart8(I) prior with 8 degrees of freedom and an identity 8x8 matrix as its scale 
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for the covariance matrix of random-effects. The conclusion of the study was that 

fixed-effects and level-1 error variance parameters were recovered well regardless of the 

level of error variance in the data. However, the estimates of the covariance matrix of the 

random-effects were biased when true error variances were high (Wang & McArdle, 

2008).  

Yang and Gao (2013) compared the performance of three types of changepoint 

models: piecewise linear, Bacon-Watts, and smooth polynomial models, with a focus on 

the correlation between the changepoints of the two trajectories using Bayesian 

techniques. Differences among the models reside in their parameterization, parameter 

interpretation, and the mathematical definition of the changepoint. A complete definition 

of the models and the parameter interpretation is given in the next section. The authors 

estimated only one covariance parameter associated with the joint random-effects, the 

covariance between the changepoints of the two outcome variables. They also estimated 

the covariance between slopes for both processes. In total, they estimated three 

covariance parameters from the whole covariance matrix of random-effects, but only one 

corresponding to the association of the two growth curves. They also assumed 

conditional independence of level-1 errors. Yang and Gao (2013) performed a small 

simulation study with two scenarios, large and small variances of changepoints and level-

1 errors, to assess parameter recovery of the three models under the assumption that the 

true model was the smooth polynomial because they considered it to be the most 

comprehensive. They used inverse-Gamma priors for each level-1 error variance 

parameter, and inverse-Wishart2(I) prior with 2 degrees of freedom and an identity 2x2 
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matrix as its scale for the covariance matrix of the pairs of random-effects in which 

they were interested. Simulation results suggested that smaller variances of changepoints 

and level-1 errors led to parameter estimates with smaller bias. Authors also favored the 

smooth polynomial model over the others (Yang & Gao, 2013).   

2.2.1 Estimation of BPMEMs 

Estimation of BPMEMs has been mainly performed under Bayesian modeling 

techniques. Bayesian procedures avoid high order numerical integration by sampling 

repeatedly from the conditional posterior distribution for each model parameter. 

Researchers have suggested that the Bayesian inference approach is more robust than 

maximum likelihood (Hall et al., 2001; Wang & McArdle, 2008; Yang & Gao, 2013). 

Even when working with simpler models, such as univariate piecewise mixed-effects 

models, parameters can be estimated more accurately (Kohli, Hughes, et al., 2015; Wang 

& McArdle, 2008). In addition, computationally speaking, Bayesian approaches are more 

able to handle complex models, such as BPMEMs (Hall et al., 2001; OÕHagan & Luce, 

2003; Yang & Gao, 2013). Thus, Bayesian inference is preferred over maximum 

likelihood for the estimation of BPMEMs.  

2.2.2 Limitations of literature in BPMEMs  

The main purpose of using MMEMs is to investigate the association between the 

multiple outcomes either through the within- or between-subjects (level-1 or level-2) 

covariance matrices, !  and ! . Hence, the limitations of simulation studies using 

BPMEMs are discussed in light of their choices for the !  and !  matrices and their 

elements.   
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Two small simulation studies have been performed using BPMEMs. Wang and 

McArdle (2008) estimated the full covariance matrix of the random-effects. That is, they 

estimated all elements in the !  matrix. Yang and Gao (2013) focused only on estimating 

three elements of the covariance matrix !  that answered their research questions and set 

the rest of the elements equal to zero, and only one of those elements spoke to the 

associations between outcomes. In addition, both studies assumed a conditional 

independence structure for the within-subject errors. That is, the error covariance, ! ! ! ! !
, 

was set equal to zero in the !  matrix.  

An important limitation in these two studies is the assumption of conditional 

independence of level-1 errors. The assumption of residual errors being uncorrelated 

rarely holds in practice and failing to account for that correlation can potentially bias 

estimation results (Fieuws & Verbeke, 2004; Shah et al., 1997). Moreover, except for 

cases where the outcome variables come from different data collection studies, the 

assumption of conditional independence is unlikely to hold (Shah et al., 1997). Hence, it 

is important to consider the estimation of the error covariance in the !  matrix. 

Another limitation is the use of inverse-Wishart prior to model the whole !  

matrix (Wang & McArdle, 2008), or pieces of it (Yang & Gao, 2013). It has been shown 

that the inverse-Wishart prior has a strong a priori dependency between the correlations 

and the variances (Alvarez, Niemi, & Simpson, 2014; Gelman, 2006; Gelman et al., 

2014; Tokuda, Goodrich, van Mechelen, Gelman, & Tuerlinckx, 2011). That is, larger 

variances are associated with correlations near 1 or -1, and small variances with 

correlations near zero. This implies, for instance, that when the true variance is small, 
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correlations will be estimated close to zero regardless of their true magnitude. Even 

when the degrees of freedom of the inverse-Wishart prior are set equal to v+1 (where v is 

the dimension of the covariance matrix being estimated) in order to place a uniform 

distribution on the individual correlation parameters, this imposes strong constrains on 

the variance parameters (Gelman et al., 2014). These characteristics of the inverse-

Wishart prior may impact posterior inferences on the covariance matrix, and the use of 

what is considered a noninformative prior might in fact be an informative one (Gelman, 

2006), which is something we should try to avoid. Ideally, what we would like to use is a 

prior that is noninformative on the correlations and also allows variances to be freely 

estimated (Gelman et al., 2014). Priors that involve separation strategies to model the 

covariance matrix into scale and correlation parameters have been proposed as 

alternatives to the widely used inverse-Wishart prior (Alvarez et al., 2014; Gelman et al., 

2014; Liu, Zhang, & Grimm, 2016; Tokuda et al., 2011). Furthermore, it has been shown 

that for nonlinear growth models priors for the covariance matrix of random-effects 

involving separation strategies are superior in terms of bias and coverage rate compared 

with the inverse-Wishart prior (Liu et al., 2016).  

Finally, an aspect that is not fully exploited in these two simulation studies nor in 

the applied papers that have used BPMEMs is a comprehensive discussion on the 

associations between the two outcome variables given the nonlinear trajectories being 

estimated. Hall and colleagues (2001) estimated only one parameter to describe 

associations between the two outcome variables; and even though McArdle and Wang 
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(2008) estimated all elements in the covariance matrix of random-effects, no 

discussion regarding associations between trajectories was provided.  

2.3 Abrupt Change vs. Smooth Transition 

The flexibility of piecewise models allows different functional forms to describe 

each stage or phase of growth. Nonetheless, linear functional forms constitute a 

resourceful framework to model a variety of problems. By using linear functions to 

describe each phase of growth researchers are able to capture the different rates of change 

and the impact that other covariates might have on the outcome variable at each of those 

phases (Kohli, Hughes, et al., 2015; Kohli, Sullivan, et al., 2015). The piecewise linear 

model characterizes an individual trajectory as follows:   

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !
!

! ! ! ! (6) 

  where 

! ! ! !
!

!
! ! ! ! !!!!!!!"!! ! ! ! ! !

! !!!"#$%&'($
 (7) 

There are four parameters that describe the trajectory: ! !  denotes the intercept, ! !  

the slope during the first linear segment, ! !  the change in slopes from the first to the 

second linear segment, and !  is the knot or changepoint. The slope at the second segment 

can be computed by ! ! ! ! ! .      

One of the main limitations of the piecewise linear model is that it assumes an 

abrupt transition between phases of development. That is, the linear functions describing 

different segments of behavior connect in a corner-like point (! ), often described as a 

kink. A sudden change in behavior might not be realistic for several developmental 
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processes. In fact, it may be appropriate when it is known (a priori) that an abrupt 

transition happens (Bacon & Watts, 1971). Therefore, a smooth transition or adaptation 

period between linear segments might be more realistic (Bacon & Watts, 1971; Van den 

Hout, Muniz-Terrera, & Matthews, 2011; Yang & Gao, 2013). 

2.3.1 Modeling options for a smooth transition 

A few models have been introduced in the literature to model a smooth transition 

between linear segments describing distinct phases of behavior. These are briefly 

discussed below.  

2.3.1.1 Bacon-Watts model 

Bacon and Watts (1971) defined a class of models where a transition parameter 

and a transition function are defined to join the linear segments. The model has six 

distinctive parameters: an intercept, a transition parameter, a transition function, two 

parameters that depend on the transition function, and the changepoint. When the 

transition parameter approximates zero, the model approaches the piecewise linear 

model. The transition function can take various forms. The hyperbolic tangent function 

has been used in the literature (e.g., Bacon & Watts, 1971; Van den Hout et al., 2011; 

Yang & Gao, 2013), but other forms have been recommended such as a variation of the 

arctangent function (Bacon & Watts, 1971). Although the Bacon-Watts model 

successfully describes an adaptation period between linear segments, its applicability 

might be reduced due to the cumbersome interpretation of its model parameters (Van den 

Hout et al., 2011; Yang & Gao, 2013). To elaborate, two of the model parameters in the 

piecewise linear model are simply and intuitively interpreted as the slopes of the two 
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linear segments, but they no longer have such interpretation in the Bacon-Watts model. 

These parameters are linked to the shape of the transition, which depends on the selected 

transition function, and no longer have an intuitive interpretation.     

2.3.1.2 Polynomial model 

The polynomial model was introduced by Van den Hout et al. (2011) as an 

alternative to the shortfalls of the Bacon-Watts model in parameter interpretation. Van 

den Hout et al. (2011) proposed to join the linear segments by a third-degree polynomial. 

The interpretation of the two slopes remains the same as in the piecewise linear model. 

However, the intercept is no longer a parameter of the model and the definition of the 

changepoint involves two model parameters. Furthermore, its implementation requires 

more computational resources because a third-degree polynomial is estimated when a 

lower degree polynomial is sufficient to characterize the smooth transition (Van den 

Hout, Muniz-Terrera, & Matthews, 2013), as will be explained in the next subsection. 

2.3.1.3 Bent-cable model 

The bent-cable model was initially introduced by Tishler and Zang (1981) but the 

authors did not name the model. They proposed the model as a continuously 

differentiable alternative to the non-differentiable kink in the piecewise linear model. The 

model was named bent-cable and further developed by Chiu, Lockhart, and Routledge 

(2006) and Chiu and Lockhart (2010). It consists of two linear segments joined by a 

quadratic bend that depicts a smooth transition between the linear phases. The bent-cable 

model characterizes an individual trajectory as follows: 
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! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! (8) 

  where 

! ! ! ! ! ! ! !
! ! ! ! !! ! ! ! !

! !
!!!!!!!!!!!!!!!"##! ! ! !! !!" !

! ! ! !! !!!!!!!!!!!!!!!!!!!!!!!!!!!!"##! ! ! !! ! !
! (9) 

Parameter interpretation of ! ! , ! ! , and ! !  in Equation (8) remains the same as in 

the piecewise linear model (see Equation (6)); they denote the intercept, slope of the first 

linear segment, and change in slope for the second linear segment, respectively. 

Parameters !  and !  are referred to as transition parameters, they denote the center of the 

bend and half-width of the bend, respectively. When !  approximates zero, the bent-cable 

model approximates the piecewise linear model (Tishler & Zang, 1981). However, due to 

the smoothness in the bent-cable model, the concept of changepoint is not directly 

translated to this model. The term critical time point (CTP) has been introduced in the 

bent-cable literature as an effort to provide a parallel definition to the changepoint in the 

piecewise linear modelsÕ literature. The CTP has been defined as the point Òat which the 

response mean structure takes either an upturn from a decreasing trend, or a downturn 

from an increasing trendÓ (Chiu & Lockhart, 2010, p. 398). Such point occurs when the 

bent-cableÕs slope within the quadratic bend is equal to zero (Reynolds & Chiu, 2010), 

and it is defined as !"# ! ! ! ! ! ! ! ! ! ! ! ! . The concept of CTP is only applicable 

when the linear trends in the bent-cable model present a change in sign (Chiu & 

Lockhart, 2010). When the linear slopes do not exhibit a sign change or when any linear 

segment is flat, the CTP concept is no longer applicable. However, in such cases, the 

center of the bend, ! , may represent a similar idea to the CTP (or to the changepoint in 
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the piecewise literature), but care is recommended to distinguish it from the CTPÕs 

definition (Chiu & Lockhart, 2010).  

Literature related to the bent-cable model is scarce. But some insights regarding 

the magnitude of the bend and its variability are possible to draw. Examples of real data 

applications showed small bends covering only 6% of the range of the independent 

variable (Chiu et al., 2006), medium bends of around 24 to 35% (Chiu & Lockhart, 2010; 

Chiu et al., 2006; Dagne, 2016; Khan, Chiu, & Dubin, 2014), and large bends covering 

approximately 60% of the range of the time variable (Chiu et al., 2006). Not all these 

applications were using repeated measures data. But from the ones that did use 

longitudinal data, the variability of the half-width bend parameter, ! , was of 8% and 24% 

of the range of the time scale; and the bends were covering 23% and 8% of the time 

range, respectively (Dagne, 2016; Khan et al., 2014). In one of these examples, the 

number of measurement occasions for each subject varied from 127 to 246; in the other, 

10 measurement occasions were available in a span of 48 weeks. Thus, if a mean bend is 

small (8%), that does not mean that it will cover only a small percentage of the total time 

scale because it may present a big variability and this could cause the bend to extend over 

more than a third of the time scale. Actually, in a couple of examples, one of the linear 

segments of the bent-cable model was non-existent because the center of the bend, ! , was 

located early/late and the width of the bend would cover the first/last time point (Chiu et 

al., 2006; Dagne, 2016). 
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2.3.2 Summary and limitations 

In summary, the bent-cable model is more parsimonious compared with the 

Bacon-Watts and polynomial models (Van den Hout et al., 2013). It characterizes a 

smooth transition using five parameters only, and the interpretation of such parameters is 

intuitive and similar to the piecewise linear modelÕs parameters. Therefore, when the 

interest is in describing a smoothed segmented trajectory, the bent-cable model is 

preferred over the Bacon-Watts and polynomial models (Van den Hout et al., 2013). 

Given the extensive use of piecewise linear models to describe segmented 

trajectories assuming a sudden change in behavior, it is natural to wonder whether there 

would be conditions under which piecewise linear models can accurately describe 

phenomena with an underlying adaptation period between linear segments. To date, there 

is no study that had investigated such capabilities of the piecewise linear model. 

2.4 Limitations in the Literature and Contributions of the Present Study 

Important limitations have been observed in the BPMEMs literature such as using 

the conditional independence assumption, the inverse-Wishart prior to model between-

subjects variability, and the lack of investigation of the association of the trajectories. 

Likewise, the lack of in depth simulation studies that investigate the performance of 

BPMEMs is evident. Furthermore, despite the limitation of assuming an abrupt change in 

behavior, the piecewise linear model is extensively used in the literature to characterize 

segmented development. Thus, it is reasonable to wonder how adequate this 

approximation is when the underlying trajectory actually depicts an adaptation period 

between linear segments of growth.  
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There are two main methodological contributions from this study. First, the 

primary purpose is to examine the accuracy and precision of parameter estimates in a 

bivariate piecewise linear mixed-effects model (BPLMEM) under different conditions 

where the focus is on the strength of the associations between the nonlinear trajectories 

both at level-1 and level-2 errors. To accomplish this, a BPLMEM was defined where the 

two outcome variables follow a bivariate normal distribution, which allows for the 

estimation of the covariance of level-1 errors. Furthermore, a scaled inverse-Wishart 

prior, a type of prior using a separation strategy, was used for the covariance matrix of 

random-effects. Such prior overcomes the shortcomings of the inverse-Wishart by 

introducing a richer structure that adds modeling flexibility (Gelman et al., 2014). A 

Monte Carlo simulation study was conducted to investigate the performance of the 

BPLMEM under different levels of correlation for the within- and between-subjects 

structures. Focusing on these two factors was motivated by the fact that the central point 

of modeling multivariate longitudinal data simultaneously is to investigate the association 

between the multiple outcomes either through the within- or between-subjects 

correlational structures. Accordingly, the following research questions guided this part of 

the study: 

1. Does the level of correlation of within-subject (level-1) errors have an 

impact in parameter estimates of the BPLMEM? 

¥ To what extent, if any, does the strength of the association of the 

within-subject variances of the two outcome variables have an 

effect on accuracy of parameter estimates? 
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2. Does the level of correlation between the two processes in the level-2 

errors have an effect in parameter estimates of the BPLMEM? 

¥ To what extent, if any, does the strength of the between-subjects 

association of the trajectories of the two outcome variables have an 

effect on accuracy of parameter estimates? 

3. Does sample size have an effect on parameter estimates of the BPLMEM? 

¥ To what extent, if any, do small and medium sample sizes have an 

effect on accuracy of parameter estimates? 

4. Is there any combination of levels of correlations of level-1 and level-2 

errors that has a positive/negative effect on the accuracy of parameter 

estimates of the BPLMEM? 

Second, given that the piecewise linear model is extensively used in the literature 

to characterize segmented development despite its limitation of assuming an abrupt 

change in behavior; there is another purpose of this study. That is, to empirically 

determine conditions under which the piecewise linear model will give a reasonable 

approximation when the transition between segments of development is gradual. To 

achieve this objective, a Monte Carlo simulation study was conducted where the 

piecewise linear model was fitted to data generated under the bent-cable model. To 

elaborate, a true adaptation period between linear segments given by the bent-cable 

model was approximated by an abrupt transition given by the piecewise linear model. 

Consequently, the following research questions guided this part of the study: 
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1. Does the number of measurement occasions have an impact on the 

accuracy with which the piecewise linear model could approximate the 

bent-cable model? 

2. Does the location of the bend have an effect on the accuracy with which 

the piecewise linear model could approximate the bent-cable model? 

¥ To what extent, if any, do centered or extreme locations of the 

bend have an effect on the approximation? 

3. Does the size of the bend have an impact on the accuracy to which the 

piecewise linear model could approximate the bent-cable model? 

¥ To what extent, if any, do small or large bends have an effect on 

the approximation?  

4. Is there any combination of the location and size of the bend and number 

of measurement occasions for which the approximation of the piecewise-

linear model will be particularly precise?   

 In addition, a real data analysis is presented to illustrate the BPLMEM and the 

type of research questions that can be answered with the application of this modeling 

framework. Specifically, associations between reading and mathematics ability 

throughout their piecewise linear trajectories were analyzed. Data from the Early 

Childhood Longitudinal Study, Kindergarten Class of 1998-99 (ECLS-K) was used for 

this study. The research questions that guided the application of the bivariate mixed-

effects modeling framework are:  
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¥ Is there evidence supporting a smooth transition between linear 

segments of development for univariate mixed-effects models of 

mathematics and reading achievement? 

¥ To what extent, if any, are mathematics and reading achievement 

segmented trajectories associated over time? 

o Does the strength of the association remain the same over time? 

o Is there evidence of an interrelation between both educational 

domainsÕ development?  
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Chapter 3. Definition of the Models 

This chapter provides the definition of the three models that were used in this 

study: BPLMEM, univariate piecewise linear mixed-effects model (UPLMEM), and 

univariate bent-cable mixed-effects model (UBCMEM). In addition, this chapter also 

provides a discussion on parameter estimation and inference under a Bayesian framework 

for the most general model, the BPLMEM. 

3.1 Bivar iate Piecewise Linear Mixed-Effects Model (BPLMEM) 

Let ! ! !"  and ! ! !"  denote two outcome variables of interest of individual ! at time ! , 

and ! !"  denote the !-th measurement occasion for individual !, where ! ! ! ! ! ! !  and 

! ! ! ! ! ! ! ! . Hence, a BPLMEM for subject ! has the general form: 

! ! !" ! ! !" ! ! ! !! ! ! !" ! ! !" ! ! !" ! ! ! !
!

! ! ! !"  

! ! !" ! ! !" ! ! ! !" ! ! !" ! ! !! ! ! !" ! ! ! !
!

! ! ! !"  
(10) 

where ! !! !  denotes the positive part function, that is, 

! !! ! ! !"
!

!
! !" ! ! !" !!!!!!!"!! !" ! ! !" ! !

! !"#$%&'($)
 

where ! ! ! ! !  denotes the number of outcome variables.    

Let ! ! ! ! !" ! ! !! ! ! !" ! ! ! ! ! !" ! ! !" ! ! !! ! ! ! ! ! denote the vector of fixed-effects, 

! ! ! ! ! !" ! ! ! !! ! ! ! !" ! ! ! ! ! ! ! !" ! ! ! !" ! ! ! !! ! ! ! ! ! ! ! the vector of random-effects, ! ! !

! !" ! ! ! !! ! ! ! !" ! ! ! ! ! ! ! !" ! ! ! !" ! ! ! !! ! ! ! ! !
! ! ! ! ! !  the vector of individual coefficients, 
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and ! ! ! ! ! ! !" ! ! ! !" ! ! the vector of error terms. It is assumed that ! ! ! !"# ! ! ! ! !  and 

! ! ! !"# ! ! ! ! !  where !  is ! ! !  and !  is ! ! ! . In addition, it is assumed that ! !  and ! !  

are independent and identically distributed (i.i.d.) for all !. The matrix !  captures 

between-subjects (inter-individual or level-2) variability, and !  captures within-subject 

(intra-individual or level-1) variability.   

The fixed-effects parameters have the following interpretation: ! !"  denotes the 

average intercept of the first outcome variable; ! !!  the mean slope of the first linear 

segment of growth; ! !"  is the average change in slope after the changepoint; and ! !  

denotes the average changepoint or knot of the first outcome variable or developmental 

process. Similarly, parameters ! !" , ! !" , ! !! , and ! !  have the same interpretation for the 

second outcome variable of interest. Because ! ! !  denotes the change in slope after the 

changepoint, then ! ! ! ! ! ! !  is the slope of the second linear segment, for ! ! ! ! ! .  

Matrices ! and !  have the general forms: 

! !

! ! !"
!

! ! !! ! !"
! ! !!

!

! ! !" ! !"
! ! !" ! !!

! ! !"
!

! ! ! ! !"
! ! ! ! !!

! ! ! ! !"
! ! !

!

! ! !" ! !"
! ! !" ! !!

! ! !" ! !"
! ! !" ! !

! ! !"
!

! ! !" ! !"
! ! !" ! !!

! ! !" ! !"
! ! !" ! !

! ! !" ! !"
! ! !"

!

! ! !! ! !"
! ! !! ! !!

! ! !! ! !"
! ! !! ! !

! ! !! ! !"
! ! !! ! !"

! ! !!
!

! ! ! ! !"
! ! ! ! !!

! ! ! ! !"
! ! ! ! !

! ! ! ! !"
! ! ! ! !"

! ! ! ! !!
! ! !

!

 (11) 

 

! !
! ! !

!

! ! ! ! !
! ! !

!  (12) 
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The variance of each of the random-effects parameters is in the main diagonal 

of matrix !  in Equation (11). For instance, ! ! !"
!  represents the variance of the intercept of 

the first outcome variable, ! ! !!
!  the variance of the slope of the first linear segment, ! ! !"

!  

the variance of the change in slopes, and ! ! !
!  the variance of the changepoint. Likewise, a 

similar interpretation is given to the other four elements in the main diagonal of matrix ! , 

which are associated with random-effects of the second outcome variable. Notice that 

there are 16 elements in matrix !  that are particular to this model. That is, there are 16 

parameters that provide information on the association between the two piecewise linear 

trajectories as described in Equation (10). Let ! !"  denote the entry in the a-th row and b-

th column of matrix ! , then all entries within the square formed by entries ! !" , ! !" , ! !" , 

and ! !"  define the association between the two developmental processes. These entries 

are highlighted by a red square in Figure 1. The rest of the entries of matrix !  represent 

variance or covariance parameters that can be estimated by using a UPLMEM. That is, 

the 16 parameters highlighted in Figure 1 are the ones that can only be estimated when 

using a bivariate mixed-effects modeling approach. These are the unique pieces of 

information that the BPLMEM provides, and the reason of using a bivariate mixed-

effects modeling approach. 
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Figure 1. Unique parameters in the covariance matrix of random-effects estimated by a 
bivariate piecewise linear mixed-effects model. 

 

The interpretation of the diagonal of the highlighted parameters in Figure 1 is as 

follows: ! ! !" ! !"
 stands for the covariance between the intercepts of both outcome 

variables; ! ! !" ! !!
 for the covariance between the two first linear segments; ! ! !! ! !"

 for 

the covariance between the change in slopes after the changepoint in both trajectories; 

and ! ! ! ! !
 stands for the covariance between both changepoints. Similar to Equation (5), 

the correlation coefficient could be computed for each covariance parameter in matrix ! .  

Rather than covariance parameters, reporting correlation coefficients is preferred because 

they allow interpretations of the strength of the relationship between two variables. Thus, 

when reporting results in this study, variances of random-effects (main diagonal of matrix 

! ) and the correlation coefficients for the rest of the elements in matrix !  are reported.  

A modeling assumption is that the two outcome variables, ! ! !"  and ! ! !" , follow a 

bivariate normal distribution, ! ! !" ! ! ! !"
!
! !"# ! ! !" ! ! ! !"

!
! ! , where ! !"# ! ! ! ! !

! ! ! ! !" ! ! ! ! ! !" ! ! !
!

 for ! ! ! ! !  and matrix !  as defined in Equation (12). 

Modeling the two outcome variables as a bivariate normal process allows for the 
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estimation of a covariance parameter between level-1 errors. Assuming that level-1 

errors of the outcome variables of interest are correlated had been advised in the literature 

of multivariate mixed-effects models (Fieuws & Verbeke, 2004; Shah et al., 1997), but 

such assumption had not been incorporated in BPMEMs before. 

Finally, note that the number of measurement occasions, ! !" , may vary between 

individuals. This is reflected in the dependency on ! of the sub index ! , ! ! ! ! ! ! ! ! . That 

is, the BPLMEM allows for missing data. However, notice that because the pairs of 

outcome variables, ! ! !" ! ! ! !"
!
, follow a bivariate normal distribution, such missingness 

has to hold for both outcome variables at measurement occasion ! .  

3.1.1 Parameter inference 

As discussed in Section 2.2.1, Bayesian modeling techniques are preferred for the 

estimation of BPMEMs. Bayesian procedures avoid high order numerical integration, 

they are more robust than maximum likelihood approaches (Hall et al., 2001; Wang & 

McArdle, 2008; Yang & Gao, 2013), are more able to handle complex models (Hall et 

al., 2001; OÕHagan & Luce, 2003; Yang & Gao, 2013), and perform better for simpler 

models, such as univariate piecewise mixed-effects models, in terms of accuracy of 

parameters estimates (Kohli, Hughes, et al., 2015; Wang & McArdle, 2008). Thus, a 

Bayesian inference approach is adopted for the estimation of the BPLMEM defined in 

Section 3.1. 

This section is organized as follows. First, a brief introduction to Bayesian 

inference is provided; then the selection of the prior probability distributions for the 
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unknown parameters of the BPLMEM is presented; the section ends with a discussion 

of computation of the posterior distribution and convergence criteria. 

3.1.1.1 Bayesian inference approach 

The formulation of Bayesian statistics dates back to 1763 when Thomas Bayes 

introduced the so-called BayesÕ theorem or BayesÕ rule. Prior to the 1950Õs researchers 

had scarcely contributed to the field of Bayesian statistics but in that decade several 

statisticians and researchers from other fields, such as physics and economics, promoted 

Bayesian methods (Carlin & Louis, 2009; Edwards, Lindman, & Savage, 1963). These 

were introduced to psychology in 1963 (Edwards et al., 1963).  Bayesian inference is 

based on a direct application of BayesÕ theorem, which states that: 

! ! ! !
! ! ! ! ! !

! ! ! !
!

! ! ! !! ! ! ! ! !
! ! ! !

! 

Conditional probabilities express the idea of learning from experience (DeGroot 

& Schervish, 2012; Edwards et al., 1963). In other words, they represent the updated 

probability of an event after learning from what has already occurred. These concepts are 

reflected directly into Bayesian methods, which allow the use of new data to constantly 

update prior beliefs or existing knowledge (OÕHagan & Luce, 2003), often known as 

Bayesian updating. That is, we start with a prior belief about the state of the world and 

we update that belief with new observed data. This process can be seen as if we learn 

from the data. In other words, data add to our knowledge by letting us revise our initial 

(prior) beliefs.  

Formally, Bayesian inference is based on the posterior probability distribution, 

! ! ! !! ! , which is the joint conditional probability distribution of all model parameters, ! , 
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given the observed data, ! ! ! ! !" ! ! ! !" ! ! !" !!!"#$! ! ! ! ! ! ! !!"#$! ! ! ! ! ! ! ! . By 

applying BayesÕ theorem, the posterior probability distribution is defined as,  

! ! ! !
! ! ! ! ! !
! ! ! !

!
! ! ! !! ! ! ! ! !

! ! ! !! ! ! ! ! ! ! !
 (13) 

where ! ! ! !! !  represents the likelihood function and ! ! ! !  the prior distribution of the 

unknown parameters. The prior distribution is a mathematical representation of our 

beliefs about the unknown parameters; it is an a priori probability distribution of the 

parameters. This information is then combined with the likelihood of the observed data to 

produce the posterior distribution which is used for inference and predictions (Gelman & 

Hill, 2007). Thus, Bayesian statistics utilizes not only the observed data, like in classic or 

frequentist statistics, but provides a formal framework to include a priori knowledge 

about the phenomena of interest through the prior distribution (Carlin & Louis, 2009; 

OÕHagan & Luce, 2003). Another key difference between frequentists and Bayesian 

statistics is the role of the uncertainty of the parameters. In general, whereas in the 

frequentist approach parameters are unknown fixed quantities, in Bayesian statistics the 

unknown parameters are treated as random variables. This results in the parameters 

having probability distributions, which in turn leads to more natural interpretations and 

meaningful inferences to directly answer research questions using both the observed data 

and prior knowledge (Carlin & Louis, 2009; OÕHagan & Luce, 2003).  

3.1.1.2 Prior distributions 

Bayesian inference starts with a prior distribution of the unknown parameters. 

That is, all unknown parameters must have prior distributions and these be specified 
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before the model is fit to the data. Such priors could be subjective or objective. They 

could be based on personal knowledge or belief, expert opinion, or previous information. 

A commonly used alternative is to choose prior distributions that play a minimal role in 

the computation of the posterior distribution. These types of priors are called 

noninformative and are described as vague or diffuse (Gelman et al., 2014). The use of 

noninformative priors allows inferences that are not affected by external information; 

these priors maximize the influence of the data in hand. In this study, noninformative 

priors were used for the unknown parameters in the BPLMEM.  

When defining the priors for Bayesian models, it is common to have 

hyperparameters, which are parameters of the prior distributions that are also given a 

probability distribution (called hyperprior). The hyperparameters should be constrained 

into a finite region and data could be used to assign the hyperprior distribution (Gelman 

et al., 2014), as it is done in this study. Moreover, following the principle of transparency 

(Gelman & Hennig, 2017), all priors used to define the BLPMEM are described in detail 

below.    

Note that the term conjugate prior is used in the description of some of the prior 

choices. Conjugacy refers to the property that the posterior follows the same parametric 

form as the prior distribution. The observed data, ! , is partitioned as ! ! ! ! ! !" , 

! ! ! ! ! !" , and ! ! ! !"  for ! ! ! ! ! ! ! !!"#$! ! ! ! ! ! ! ! , and this notation is used 

throughout this chapter. 

¥ ! ! ! ! ! ! ! !"! ! ! ! ! ! ! !" !  for ! ! ! ! ! . The normal distribution is a 

conjugate prior of itself. In this context, it is a conjugate prior of the mean 
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of normally distributed random-effects. The prior was centered at zero 

with a wide range of variability. The ! ! ! !" !  prior is a commonly used 

noninformative prior for this type of parameters (Gelman & Hill, 2007).  

¥ ! ! ! ! ! !!! ! !"#$%"! !"#$%&'! !!  for ! ! ! ! ! , where 

! ! !"#$ ! !""!!"#$ ! !"#  and ! ! !"#$ ! !""!!"#$ ! !"#  denote the mid-

point and a quarter of the time scale, respectively. The bounds chosen for 

the changepoint parameters as well as variance of the normal distribution 

are based in previous literature (Lock, Kohli, & Bose, 2017). The normal 

distribution was truncated between the minimum and maximum time 

points to assure plausible changepoint values are within the time frame. 

The normal distribution was centered at the mid-point of the time scale 

with standard deviation given by !  in order to cover all possible values of 

the changepoint in the range of the time scale (Lock et al., 2017). 

¥ The covariance matrix of the within-subject (level-1) errors was written in 

terms of the correlation coefficient as shown below: 

! !
! ! !

!

! ! ! ! !
! ! !

! !
! ! !

!

! ! ! !
! ! !

! ! !
!  

Priors were specified for each unique element of matrix !  as follows: 

¥ ! ! !
! ! !"#$%&'()*+'#"(,-&( ! ! !!! !!!  for ! ! ! ! ! , where !"#$! ! !!! !  

is the sample variance of outcome variable !  at measurement 

occasion ! . The upper bound !"#$%&'$! ! !!! !!  was motivated by 

the observation that the error variance cannot be greater than the 
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minimum value of the variances of the respective outcome 

variable at each time point. 

¥  ! ! !"#$%&'( "!"#!$. A uniform distribution between -1 and 1 is a 

common noninformative prior for a correlation coefficient 

(Gelman & Hill, 2007). 

¥ ! !!  scaled inverse-Wishart. The scaled inverse-Wishart (SI-W) prior is 

noninformative on the correlations and allows variances to be estimated 

more freely. The SI-W prior is based on the inverse-Wishart, but it 

enhances its flexibility by including additional parameters. The SI-W 

prior is based on a separation strategy that was initially proposed by 

OÕMalley and Zaslavsky (2008) and has been investigated and promoted 

by other researchers (e.g., Alvarez et al., 2014; Gelman et al., 2014; 

Gelman & Hill, 2007; Tokuda et al., 2011). Formally, to implement the 

SI-W prior to a ! ! !  covariance matrix ! , the following decomposition is 

needed: 

! ! !"#$%! ! ! ! ! ! ! ! !! !!"#$%! ! ! ! ! ! ! !  

where ! ! ! ! ! ! !  are scale parameters and !  is an unscaled covariance 

matrix that follows the inverse-Wishart prior with ! ! !  degrees of 

freedom and the identity matrix as its scale,  

! ! !!"#$%&$!!"#$%&'! ! ! ! ! 

The initial variance parameters are then given by:  

! !! ! ! !
! ! ! !

! ! !! !!!"#$$! ! ! ! ! ! !  
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and the covariances by: 

! !" ! ! !" ! ! ! ! ! ! !" !!!"#$$! ! ! ! ! ! ! ! ! ! 

If reporting standard deviations and correlations is preferred, then the 

following formulas apply: 

! ! ! ! ! ! !! !!!!"#$$$! !" !
! !"

! ! ! !
! 

respectively. 

Following Gelman and Hill (2007) and also writing the vector of random-

effects a bit different to be able to have control over the estimation of the 

fixed-effects, the SI-W prior was implemented for the covariance matrix 

of random-effects in this study as follows. The vector of random-effects 

was written as ! ! ! ! ! !
!"# , where !  is the vector of scale parameters with 

! ! ! !"#$%&'()*+,))-  for ! ! ! ! ! !!  and ! !
!"# ! !"# ! ! ! !"#  where 

! !"#  is the unscaled covariance matrix that follows the inverse-Wishart 

prior with nine degrees of freedom to set a uniform distribution on the 

correlation parameters and identity matrix as its scale, 

! !"# ! !!"#$%&$"!"#$%&'! ! !     

3.1.1.3 Estimation of the posterior distribution 

The posterior distribution conveys all the current information about the unknown 

parameters; it is the result of the prior distribution being updated by the likelihood 

function of the data in hand. It is common to have posterior distributions that cannot be 

derived analytically, in such cases Markov chain Monte Carlo (MCMC) methods can be 
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applied to simulate draws from the posterior distribution. MCMC methods are iterative 

algorithms that sample parameters from a distribution and construct a Markov chain that 

converges to the target posterior distribution (Carlin & Louis, 2009). In this study, the R 

package rjags  (Plummer, 2016) is used to interface with JAGS software which uses 

Gibbs sampling, an MCMC algorithm, to draw samples from the posterior distribution. In 

short, Gibbs sampling simplifies a multivariate problem by sampling from a series of 

conditional distributions in an iterative fashion until convergence is reached. 

Theoretically, the algorithm ensures that for an n sufficiently large, where n is the number 

of iterations for which a full vector of model parameters has been sampled, the n-th 

vector of model parameters converges to the joint posterior distribution of interest (Carlin 

& Louis, 2009). As any iterative algorithm, Gibbs sampling requires a set of initial 

parameter values to start the process. The total posterior draws or posterior samples are 

divided in two: a set of draws that is discarded (called burn-in period), and the remainder 

posterior samples that are used for inference. It is standard practice to discard the first 

posterior draws because they might not be representative of the target posterior 

distribution. That is, samples after the burn-in period are used to create summary 

statistics for the posterior distribution of interest. In this study, the mean of the posterior 

samples after the burn-in is reported as a summary statistic for the parameters of interest. 

In addition, the 95% credible interval (CI) is also reported. The upper and lower bounds 

of the CI are the 2.5th and 97.5th percentiles, respectively, of the posterior samples of 

each parameter after the burn-in period. Credible intervals are the Bayesian equivalent of 



 

 

45 
confidence intervals in the frequentist approach, but in Bayesian one actually make 

probability statements (Carlin & Louis, 2009).  

In practice, more than one Gibbs sampling chain can be run in parallel. This 

facilitates convergence assessment. In the present study, three chains were run in parallel 

and sampler convergence was assessed by using the potential scale reduction factor 

(PSRF). The PSRF is a measure of mixing between chains that tends to 1 as convergence 

is reached (Brooks & Gelman, 1998; Gelman & Rubin, 1992).  Values of the PSRF 

smaller than 1.2 have been set as thresholds to grant satisfactory convergence (Brooks & 

Gelman, 1998; Sinharay, 2004). Accordingly, a mean PSRF over all parameter of less 

than 1.2 was used as a convergence measure in this study.  

Stating values for the Gibbs sampling chains were generated randomly by JAGS 

software. Originally, it was also explored to generate starting values at an initial stage 

where a simplified model was estimated. Posterior means of those parameters were then 

used as starting values to initialize the chains of the BPLMEM. However, convergence 

rate was significantly smaller. See Appendix A for details. Hence, randomly generated 

starting values were used to initialize the BPLMEM. 

In addition, a pilot simulation study was carried out to investigate the effect of 

prior specification of key model parameters on the BPLMEM performance. Specifically, 

the priors that were manipulated were those specified for the covariance matrices for 

within- and between-subjects variation, !  and ! . Four different scenarios were 

investigated where combinations of inverse-Wishart, uniform, and SI-W priors were 

used. See Appendix B for details of this pilot study. Results favored the priors used for 
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matrices !  and !  as described in this section: uniform priors for elements in matrix!! , 

and SI-W prior for matrix ! . 

3.2 Univariate Piecewise Linear Mixed-Effects Model (UPLMEM) 

The UPLMEM is a special case of the BPLMEM defined in the previous section. 

The difference is that the UPLMEM describes only one outcome variable. Hence, if ! !"  

denotes the outcome variable of interest of individual ! at time ! , and ! !"  the !-th 

measurement occasion for individual !, where ! ! ! ! ! ! !  and ! ! ! ! ! ! ! ! , the 

UPLMEM for subject ! has the general form:   

! !" ! ! ! ! ! ! ! ! ! !" ! ! ! ! ! !" ! ! !
!

! ! !"  (14) 

where ! !! !  denotes the positive part function,  

! !" ! ! !
!

!
! !" ! ! ! !!!!!!!"!! !" ! ! ! ! !

! !"#$%&'($)
 

In this case, the matrix !  is ! ! ! , and consists only of the first 4 rows and 

columns described in Equation (11); and ! !" ! ! ! ! ! ! !
! ! . Parameter interpretation is similar 

to the one described in Section 3.1. Likewise, parameter inference and the choice of prior 

distributions are equivalent as described in Section 3.1.1. The only difference is in the 

prior distribution for the level-1 error variance, ! !
! . For the UPLMEM, this prior is for a 

single parameter and not all the unique elements in the !  matrix as in the BPLMEM. 

Thus, in this case: 

¥ ! !
! ! !"#$%&'()*+'#"(,-&( ! !!! !!! , where !"#$! !!! !  is the sample variance 

of the outcome variable at measurement occasion ! . The upper bound 

!"#$%&'$! !!! !!  was motivated by the observation that the error variance 
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cannot be greater than the minimum value of the variances of the 

outcome variable at each time point. 

3.3 Univariate Bent-Cable Mixed-Effects Model (UBCMEM) 

Let ! !"  denote the outcome variable of interest of individual ! at time ! , and ! !"  

the !-th measurement occasion for individual !, where ! ! ! ! ! ! !  and ! ! ! ! ! ! ! ! . The 

UBCMEM for subject ! has the general form:   

! !" ! ! ! ! ! ! ! ! ! !" ! ! ! ! ! ! ! !" ! ! ! ! ! ! ! ! ! !"  (15) 

 where  

! ! !" ! ! ! ! ! ! !
! ! !" ! !! ! ! ! ! !

!

! ! !
!!!!!!!!!!!!!"##! !" ! !! ! ! ! !

! !" ! !! ! !!!!!!!!!!!!!!!!!!!!!!!!!!!!"##! !" ! !! ! ! ! !

 

In this case, ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! denotes the vector of fixed-effects, ! ! !

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! the vector of random-effects, ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !
! ! ! ! ! !  the 

vector of individual coefficients. It is assumed that ! ! ! !"# ! ! ! ! ! , where !  is ! ! ! ; and 

error terms are i.i.d. with ! !" ! ! ! ! ! ! !
! ! . Matrix !  captures between-subjects (inter-

individual or level-2) variability, and ! !
!  captures within-subject (intra-individual or 

level-1) variability. 

Parameters ! ! , ! ! , and ! !  have the same interpretation as in Equation (14) of the 

UPLMEM. That is, ! !  represents the mean intercept; ! !  the average slope of the first 

linear segment; ! !  the average change in slope for the second linear segment.       

Parameters !  and !  are referred to as transition parameters and denote the center of the 

bend and half-width of the bend, i.e., the center and the half-width of the quadratic 
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transition interval between linear developmental stages. When the linear slopes do not 

exhibit a sign change or when any linear segment is flat, the center of the bend, ! , may 

represent a similar idea to the changepoint in the piecewise literature (Chiu & Lockhart, 

2010). For a more in depth discussion of this aspect, interested readers are referred to 

Section 2.3.1.3.  

The discussion of parameter inference and posterior distribution computation 

presented in Sections 3.1.1.1 and 3.1.1.3 apply to the UBCMEM as well. The choices of 

prior distributions are equivalent as described in Section 3.1.1.2 for model parameters ! ! , 

! ! , and ! ! . The half-width of the bend parameter, ! , has the same prior distribution as the 

changepoint in the piecewise model, ! . This choice was motivated by the fact that !  and 

!  parameters represent equivalent ideas in both models. The remaining prior choices for 

the UBCMEM are described below: 

¥ ! ! ! ! !!! ! !"#$%&'("! !""!!"#$ ! !"#  ! , where ! ! !"#$ ! !""!!"#$ ! !"#  

denotes the quarter-point of the time scale. The normal distribution was 

centered in the quarter-point of the time scale because in the scenario in 

which the center of the bend parameter is located exactly at the mid-point 

of the time scale, ! ! !"#$ ! !""!!"#$ ! !"# , then the half-width from there 

to the maximum time point (!"#$ ! ! ) would be ! . The standard deviation 

was kept at !  to cover all plausible values of the !  parameter. Because the 

half-width of the bend in the bent-cable model has to be positive and the 

maximum value that it could take is half of the time scale, the normal 

distribution was truncated between 0 and the mid-point of the time scale.  
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¥ ! !

! ! !"#$%&'()*+'#"(,-&( ! !!! !!! , where !"#$! !!! !  is the sample variance 

of the outcome variable at measurement occasion ! . The rationale of the 

upper bound is the same as explained in the previous section. 

¥ ! !!  scaled inverse-Wishart. The vector of random-effects was written as 

! ! ! ! ! !
!"# , where !  is the vector of scale parameters with 

! ! ! !"#$%&'()*+,))-  for ! ! ! ! ! !!  and ! !
!"# ! !"# ! ! ! !"#  where 

! !"#  is the unscaled covariance matrix that follows the inverse-Wishart 

prior with six degrees of freedom to set a uniform distribution on the 

correlation parameters and identity matrix as its scale, 

! !"# ! !!"#$%&$"!"#$%&'! ! ! 
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Chapter 4. Case Study: The Association Between 

Mathematics and Reading Achievement Over Time  

This chapter describes an application of the bivariate mixed-effects modeling 

framework to the educational field. Specifically, the UPMEM and UBCMEM were fitted 

separately to mathematics and reading achievement longitudinal data to find the best-

fitting model. Based on these results, the BPLMEM was fit ted to investigate the relations 

between mathematics and reading trajectories over time. This chapter presents an 

introduction to the topic, literature review, research questions, a description of the data 

that was used, results of univariate mixed-effects models, and results from the BPLMEM 

and their implications. 

4.1 Introduction  

Mathematics and reading proficiency are basic skills essential to participate in the 

modern economy (Reyna & Brainerd, 2007; Ritchie & Bates, 2013). They are not only 

related to higher educational achievement (e.g., Duncan et al., 2007), but they are also 

associated with higher socioeconomic status, successful financial choices and health 

decision making (Reyna & Brainerd, 2007; Ritchie & Bates, 2013). Mathematics and 

reading achievement are active areas of research where the focus is to better understand 

the factors associated with them (e.g., Duncan et al., 2007; Kieffer, 2012), the 

performance of different populations (e.g., Jordan, Hanich, & Kaplan, 2003; Mazzocco & 
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RŠsŠnen, 2013; Moon & Hofferth, 2016), and the relation between mathematics and 

reading ability (e.g., Abedi & Lord, 2001; Grimm, 2008; Shin, Davison, Long, Chan, & 

Heistad, 2013). Some scholars have approached the latter area of research philosophically 

(e.g., Carey, 2004; Mix, Huttenlocher, & Levine, 2002) and others empirically, finding 

correlational (e.g., Abedi & Lord, 2001; Chen, 2010; Cummins, Kintsch, Reusser, & 

Weimer, 1988; Grimm, 2008; Jordan et al., 2003; Kiplinger, Haug, & Abedi, 2000; Shin 

et al., 2013; YŸksel, 2014) and causal (Isphording, Piopiunik, & Rodr’guez-Planas, 2016) 

effects of reading on mathematics; as well as correlational effects of mathematics scores 

on reading performance (e.g., Duncan et al., 2007; Lerkkanen, Rasku-Puttonen, Aunola, 

& Nurmi, 2005). Studies have used cross-sectional (e.g., Abedi & Lord, 2001; Cummins 

et al., 1988; Kiplinger et al., 2000) and longitudinal data (e.g., Grimm, 2008; Lerkkanen 

et al., 2005; Shin et al., 2013) to analyze the associations between mathematics and 

reading ability. However, longitudinal studies contribute in a unique way to our 

understanding of academic achievement. They are the only means to reveal mathematics 

and reading trajectories, inform theories of change over time and factors associated with 

them (Mazzocco & RŠsŠnen, 2013; Shanley, 2016; Williamson, Appelbaum, & 

Epanchin, 1991). Furthermore, when the interest is in investigating interrelations between 

two or more variables over time and in describing their trajectories, joint growth 

modeling techniques are appropriate (Verbeke et al., 2014).  

Despite the undeniable relationship between the two cognitive domains and the 

advantages of using longitudinal data, little is known about the association between 

mathematics and reading trajectories over time. Few bivariate analyses of educational 
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achievement have been carried out (Lerkkanen et al., 2005; Moon & Hofferth, 2016; 

Shin et al., 2013), and associations between mathematics and reading trajectories have 

been discussed scarcely (see Shin et al., 2013). These investigations are essential to better 

understand the relation between mathematics and reading ability as the two processes 

unfold over time. Knowledge of these relations could inform educators and policy makers 

in important ways about instruction and potential interventions to reduce opportunity 

gaps. Such studies could also inform the measurement of reading and mathematics and 

the extent to which the constructs are defined in ways that are more or less independent 

so that the measures result in scores with the intended correlation. 

The aim of the proposed study is to further investigate the relation between 

mathematics and reading ability using a bivariate mixed-effects modeling framework. 

The contributions of this chapter are twofold. First, it investigates the best fitting model 

for mathematics and reading achievement separately by using the UPLMEM and the 

UBCMEM. Second, it presents a novel approach to examine the relation between the two 

cognitive domains using the BPLMEM proposed in Section 3.1. 

4.2 Literature Review  

Longitudinal analyses of mathematics (e.g., Chen, 2010; Mok, Mcinerney, Zhu, & 

Or, 2015; Shanley, 2016; Wei, Lenz, & Blackorby, 2013) and reading (e.g., Crijnen, 

Feehan, & Kellam, 1998; Hindman et al., 2011; Kieffer, 2012; Wei, Blackorby, & 

Schiller, 2011; Yeo et al., 2012) achievement separately are common. And, although 

informative, univariate longitudinal analyses prevent our ability to investigate important 

relations between the two developmental processes as they unfold over time (Fieuws & 
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Verbeke, 2004; Verbeke et al., 2014). Bivariate models that allow analyzing the 

association of growth features are warranted to better understand the relation of 

mathematics and reading achievement trajectories. To the best of my knowledge, there 

are only three studies that have used a bivariate modeling approach in the literature. 

These are described below. 

Moon and Hofferth (2016) used a bivariate latent change score model to analyze 

the relation between parental involvement and child effort with changes in mathematics 

and reading performance for immigrant children. Given that the authorsÕ interest was in 

the association of explanatory variables to the two cognitive domains, a mean trajectory 

of the latent change scores was not modeled and relations between mathematics and 

reading performance were not explored.   

Lerkkanen et al. (2005) analyzed cross-lagged effects between mathematics and 

reading during 1st to 2nd grades using a bivariate autoregressive cross-lagged model and 

seven waves of data. Authors found that initial reading skills were associated with 

mathematics achievement at time one, and that mathematics scores were related to 

subsequent reading performance at year one.  

Shin and colleagues (2013) investigated the associations between mathematics 

and reading trajectories of students from 4th to 7th grades using a log-linear bivariate 

latent growth model. The nonlinearity in mathematics and reading scores over time was 

taken into account by modeling the logarithm of time instead of the time variable. The 

authors found positive associations between both initial reading and mathematics 
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statuses, between both rates of growth, and between initial reading status and 

mathematicsÕ rate of change. 

Potential limitations of educational literature aiming to investigate the 

interrelations between mathematics and reading ability longitudinally are discussed 

below. 

Autoregressive models analyze the structural relations of repeated measures data, 

they describe the stability of individual data from one measurement occasion to the next 

(Selig & Little, 2012; Voelkle, 2008). Autoregressive models capture overall patterns of 

influence over time. But it is not possible to describe trajectories over time or to 

investigate individual differences (Selig & Little, 2012). For instance, a large 

autoregressive coefficient could mean, among other possibilities, that individuals did not 

change over time or that they did so uniformly (increased or decreased). This pattern will 

be captured regardless of the trajectory followed by the data. Thus, the use of 

autoregressive models, as in Lerkannen et al. (2005), limits our ability to discuss theories 

of change. 

An important aspect when modeling longitudinal data is to accurately describe the 

trajectory over time of the phenomena under investigation (Cudeck & Harring, 2007; 

Fitzmaurice et al., 2011). In other words, choosing a functional form to describe the trend 

exhibited by the data is crucial for our understanding of the underlying growth process, 

and for the implications of the study. Further, because associations between outcome 

variables are captured by the covariance matrix of random-effects, the functional form 

determines the type of associations that can be analyzed in a bivariate growth modeling 
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approach. Generally, educational achievement does not develop in a linear fashion, 

diminishing rates of reading and mathematics achievement have been reported in the 

literature (e.g., Crijnen et al., 1998; Lee, 2010; Lichten, 2004; Mok et al., 2015; Parrila et 

al., 2005; Shin et al., 2013; Speece & Ritchey, 2005; Wei et al., 2011, 2013). For 

instance, recent studies in the univariate case have shown that linear patterns of change 

are not ideal to describe mathematics (Kohli, Sullivan, et al., 2015) or reading (Sullivan 

et al., 2016) achievement. Moreover, scholars have recommended the use of intrinsically 

nonlinear models to capture complexities inherent in trends of educational outcomes 

(Cameron et al., 2015) and different functional forms have been applied to describe 

mathematics (e.g., Cameron et al., 2015; Kohli, Sullivan, et al., 2015; Mok et al., 2015) 

and reading (e.g., Hindman et al., 2011; Kieffer, 2012; Sullivan et al., 2016; Yeo et al., 

2012) ability.   

Comparing competing theories of change is imperative to accurately describe the 

developmental process under study. It is recommended to carefully investigate the fit of 

several functions before picking a model (Cudeck & Harring, 2007). In this sense, a 

potential limitation of Shin et al. (2013) is the lack of further investigation about the 

functional form before adopting a log-linear model. Potentially, this has important 

implications because the log-linear model determined the analysis of the associations 

between mathematics and reading over time. Possible associations were limited to initial 

achievement and its rate of change in a log-time scale. Further investigation about the 

best-fitting model for each cognitive domain is warranted, especially including nonlinear 

trajectories as plausible options. 
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Recent studies explored a series of longitudinal models to better describe 

mathematics and reading achievement. Specifically, it has been shown that piecewise 

models offer superior fit over linear or polynomial models for mathematics (Kohli, 

Sullivan, et al., 2015) and reading (Sullivan et al., 2016) achievement. 

Lastly, another important aspect to consider in the investigation of the association 

between mathematics and reading achievement is that numerous findings suggest that 

reading proficiency affects mathematics achievement at several levels. There is a body of 

research that supports the idea that language ability is an important factor in the 

development of studentsÕ mathematics skills (e.g., Abedi & Lord, 2001; Chen, 2010; 

Cummins et al., 1988; Grimm, 2008; Himmele, 2001; Jordan et al., 2003; Kiplinger et al., 

2000; Shin et al., 2013; YŸksel, 2014), whereas few empirical studies indicate an effect 

of mathematics achievement on reading proficiency (Duncan et al., 2007; Lerkkanen et 

al., 2005). For instance, scholars have found that students who have reading difficulties 

are likely to perform less well in math assessments (Jordan et al., 2003), that English 

language proficiency impacts studentsÕ performance and understanding of mathematical 

concepts (Himmele, 2001). Moreover, some studies suggest that some of the difficulty 

that students experience with mathematics word problems could be attributed to 

challenges in understanding sophisticated or ambiguous linguistic structures (e.g., Abedi 

& Lord, 2001; Cummins et al., 1988). Results from the National Assessment of 

Educational Progress (NAEP) indicate that students perform 10 to 30% worse on 

arithmetic word problems than on comparable problems presented in numeric format (T. 

P. Carpenter, Corbitt, Kepner, Lindquist, & Reys, 1980). Differences in performance of 
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this magnitude suggest that text comprehension is crucial to successfully solve math 

word problems (T. P. Carpenter et al., 1980; Kiplinger et al., 2000). However, it is also 

important to note that only few studies have challenged the idea that language precedes 

numerical skills (Gelman & Butterworth, 2005). This reinforces the significance of 

investigating the temporal association between the evolution of mathematics and reading 

achievement development simultaneously. 

Therefore, when the focus of the study is to capture variation within- and 

between-individuals, the trajectory over time, and potential relations between variables of 

interest, multivariate mixed-effects models present a promising alternative.  

4.3 Summary and Research Questions 

Summarizing, modeling mathematics and reading achievement trajectories 

separately misses the opportunity to examine the relation between the two domains over 

time. Joint analyses of mathematics and reading achievement are scarce in the 

educational literature. Specifically, there is only one study that has modeled both 

processes simultaneously and explored the association between trajectories using a log-

linear model (Shin et al., 2013). Furthermore, to date, no studies have investigated the 

association of mathematics and reading achievement trajectories using an intrinsically 

nonlinear model despite the body of literature favoring this type of models over linear or 

polynomials to describe educational trajectories (e.g., Cameron et al., 2015).  

In this study, an investigation of the temporal association of mathematics and 

reading trajectories by an application of the BPLMEM was conducted. In addition, based 

on literature showing that piecewise models offer superior fit over linear or polynomial 
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models for mathematics (Kohli, Sullivan, et al., 2015) and reading (Sullivan et al., 

2016) achievement, a comparison between UPLMEM and UBCMEM was also carried 

out. The rationale of this comparison was to investigate whether an abrupt or a smooth 

change between linear segments is supported by the data. Therefore, the research 

questions addressed in this chapter are: 

¥ Is there evidence supporting a smooth transition between linear segments 

of development for univariate mixed-effects models of mathematics and 

reading achievement? 

¥ To what extent, if any, are mathematics and reading achievement 

segmented trajectories associated over time? 

o Does the strength of the association remain the same over time? 

o Is there evidence of an interrelation between both educational 

domainsÕ development? 

4.4 Data 

The Early Childhood Longitudinal Study, Kindergarten Class of 1998-99 (ECLS-

K) data is a multisource, multimethod study that focused on childrenÕs early school 

experiences from kindergarten through eighth grade (Tourangeau, Nord, L•, Sorongon, & 

Najarian, 2009). It followed a nationally representative cohort of children who entered 

kindergarten in the 1998-99 school year through middle school. The total number of 

base-year respondents includes 21,260 children.  

The ECLS-K used a multistage probability sample design. In the base year, 100 

primary sampling units were selected consisting of counties or groups of counties.  The 
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second-stage units were public and private schools offering kindergarten programs 

sampled within the primary sampling units. Finally, the third-stage units were students 

sampled within schools. Asian and Pacific Islanders were oversampled to meet the 

studyÕs precision goals.    

Data collection was carried out at seven time points: fall and spring of 

kindergarten and first grade, and spring of third, fifth, and eighth grades. Children were 

assessed in each round of data collection. Mathematics and reading were the two 

cognitive domains that were assessed at all measurement occasions and whose score 

comparability over time was intended by ECLS-K developers. Mathematics and reading 

assessments were two-stage adaptive tests. In each subject area, children took an initial 

routing test. Then, based on their performance on the routing test, a second-stage test was 

administered to be more appropriate for childrenÕs ability level. Item response theory 

(IRT) scale scores were generated for each cognitive domain using the overall patterns of 

correct/incorrect responses and the common items across assessment forms. This makes 

possible longitudinal measurement of achievement over time. IRT calibration was carried 

out using the PARSCALE computer program and a three-parameter logistic (3PL) model. 

As recommended by ECLS-K developers, the IRT scale scores were used in this study as 

longitudinal measures of mathematics and reading achievement (Najarian, Pollack, & 

Sorongon, 2009). The IRT scores for mathematics achievement range from 0 to 174, and 

from 0 to 212 for reading achievement. Note that each domain was scaled separately 

(Najarian et al., 2009). Thus, scores are not comparable across educational domains.  
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In addition, the ECLS-K documentation provides information on the 

specification of the tests and the general content and constructs that were intended to 

measure. But the instruments are not available to the public. Thus, it is not possible to 

know whether the mathematics instrument, for example, was heavily verbal or if it was 

rather symbolic.  

4.4.1 Analytic sample 

The analytic sample used for this study consists of a random sample of 1,000 

students who had complete observations of both mathematics and reading IRT scores. 

Time was coded according to the data collection occasions as 0, 0.5, 1, 1.5, 3.5, 5.5, and 

8.5, respectively. Table 1 shows descriptive statistics of sociodemographic and school 

variables of the population of children who entered kindergarten in the 1998-99 school 

year, the ECLS-K base sample (without considering all those children who had no 

information of mathematics and reading achievement at any measurement occasion), and 

the analytic sample. The analytic sample is somewhat different from the ECLS-K base 

sample. The proportion of White, non-Hispanic students is bigger, and also the 

proportion of students whose mothers have a BachelorÕs degree or higher educational 

level. Table 2 presents means and standard deviations for both cognitive domains for the 

ECLS-K base and analytic samples. The mean scores of the ECLS-K analytic sample are 

slightly higher. Figure 2 and Figure 3 present the observed mean trajectories for reading 

and mathematics achievement, respectively. It is clear that a nonlinear trajectory is 

depicted; an initial increasing stage is followed by a leveled-off segment of growth.  
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Table 1. Descriptive Characteristics of ECLS-K Participants and Analytic Sample 

Variable 
Population of 

kindergartners, 
1998 

ECLS-K base 
sample 

(N=20,862) 

ECLS-K 
analytic 
sample 

(N=1,000) 

Male 0.51 0.51 0.49 
Race    

 
White, non-Hispanic 0.58 0.56 0.66 

 
Black 0.15 0.15 0.11 

 
Hispanic 0.19 0.17 0.12 

 
Asian 0.03 0.06 0.04 

 
Other 0.05 0.05 0.07 

Mother's education    

 
Less than high school 0.15 0.14 0.06 

 
High school diploma 0.31 0.30 0.28 

 

Some post-secondary 
education 0.32 0.32 0.34 

 
Bachelor's degree or higher 0.22 0.24 0.32 

School type    

 
Public 0.78 0.78 0.76 

  Private 0.22 0.22 0.24 
 

Table 2. Mean and Standard Deviation of Reading and Mathematics IRT Scores for the 
ECLS-K Base and Analytic Samples 

Measurement occasion 
ECLS-K base sample 

(N=20,862)   
ECLS-K analytic sample 

(N=1,000) 
Mean SD   Mean SD 

Reading           

 
Kindergarten, fall 35.22 10.20 

 
36.75 10.39 

 
Kindergarten, spring 46.46 14.03 

 
49.09 14.86 

 
First grade, fall 53.33 18.20 

 
55.71 18.62 

 
First grade, spring 77.36 23.87 

 
82.71 24.83 

 
Third grade, spring 126.67 28.04 

 
133.36 27.01 

 
Fifth grade, spring 150.10 26.39 

 
155.94 24.92 

 
Eighth grade, spring 171.05 27.59 

 
174.97 25.65 

Mathematics 
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Kindergarten, fall 25.97 9.09 

 
28.49 10.02 

 
Kindergarten, spring 36.35 11.99 

 
39.45 12.34 

 
First grade, fall 43.29 14.39 

 
46.68 15.12 

 
First grade, spring 61.29 18.08 

 
65.23 18.28 

 
Third grade, spring 98.74 24.70 

 
104.06 24.09 

 
Fifth grade, spring 123.69 24.79 

 
128.10 23.67 

  Eighth grade, spring 142.22 22.01   144.69 21.17 
 

 

 

Figure 2. Observed mean trajectory for reading IRT scores. 
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Figure 3. Observed mean trajectory for mathematics IRT scores. 

 

4.5 Univariate Mixed-Effects Models 

To estimate a BMEM, univariate mixed-effects models can be estimated for the 

two outcome variables separately in order to choose the best fitting model for each 

process. Linear, polynomial, and piecewise linear models have been already fitted to 

ECLS-K data of mathematics (Kohli, Sullivan, et al., 2015) and reading (Sullivan et al., 

2016) achievement. Literature shows that both domains are better described by a 

piecewise linear trajectory (Kohli, Sullivan, et al., 2015; Sullivan et al., 2016). However, 

those studies did not consider the option of having a smooth transition between the linear 

segments being modeled. The bent-cable model can be used when there is no reason to 

believe that there is an abrupt transition between developmental segments. Thus, the 

focus of this section is to investigate whether an abrupt or a smooth change between 
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linear segments is supported by the ECLS-K data. Accordingly, the UPLMEM and the 

UBCMEM defined in Sections 3.2 and 3.3 were fitted to the reading and mathematics 

IRT scores. Different numbers of iterations were used for burn-in and posterior sampling 

for each case. Gibbs sampling for the UPLMEM was run for 150,000 iterations for burn-

in for reading, and 400,000 for mathematics, and both were run for 100,000 posterior 

draws. The UBCMEM was run for 250,000 iterations for burn-in, and 100,000 for 

posterior samples for both outcome variables. Three MCMC chains were used in each 

case. The four models converged satisfactorily based on the mean PSRF over all model 

parameters (see Table 3). Once the models were fitted via the MCMC algorithm, the 

deviance information criterion (DIC) was used to compare model fit, which is considered 

a Bayesian version of the Akaike information criterion (Gelman et al., 2014). The DIC is 

used to select models with better predictive ability and lower complexity. Lower DIC 

values are preferred.  

Table 3. Mean PSRF and DIC Indexes for Univariate Mixed-Effects Models 

Domain 
Piecewise Linear   Bent-Cable 

Mean PSRF DIC   Mean PSRF DIC 
Reading 1.06 53997.81   1.05 53319.56 
Mathematics 1.06 49578.26   1.05 49111.23 
 
 

Mean PSRF and DIC values for each model are reported in Table 3. UBCMEM 

showed lower DIC values for both reading and mathematics scores. However, the gain in 

reduction of DIC values was 1.26% and 0.94% for reading and math, respectively. 

Furthermore, the estimation of the UBCMEMs required far more computational 

resources than the UPLMEMs even for mathematics, where more burn-in iterations were 
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required to achieve convergence. The average estimation time for each UBCMEM was 

146 hours, whereas it was 25 and 41 hours for the UPLMEMs for reading and 

mathematics, respectively. Meaning that the estimation time required for the bent-cable 

model is approximately four times that required for the piecewise linear model 

(considering the number of iterations used in each model). In addition, the number of 

parameters in the UBCMEM is greater than in the UPLMEM. Therefore, given that the 

data-model-fit of the two models was very close, the computational expensiveness of the 

bent-cable model compared with the piecewise linear, and the parsimony principle of 

choosing a model that accurately describes the data with less parameters, the UPLMEM 

was preferred over the UBCMEM. Parameter estimates and their CIs for each model are 

shown in Table 4 and Table 5. Likewise, Figure 4 shows the estimated trajectories of 

both models for reading achievement, and Figure 5 for mathematics achievement. Both 

plots confirm how close in fit the two models are. 

Table 4. Univariate Piecewise Linear Mixed-Effects Model Estimates, with 95% Credible 
Interval (CI), for Reading and Mathematics 

Parameter 
Posterior 

mean 
95% CI 

Reading 

 
! !  33.29 (32.55, 34.02) 

 
! !  30.70 (30.03, 31.37) 

 
! !  -23.94 (-24.66, -23.23) 

 
!  3.76 (3.68, 3.85) 

 
! !

!  98.12 (93.56, 102.82) 

 
! ! !

!  92.32 (80.05, 105.53) 

 
! ! !

!  77.50 (68.10, 87.76) 

 
! ! !

!  83.71 (72.61, 95.59) 

 
! !

!  0.62 (0.52, 0.73) 

 
! ! ! ! !

 0.69 (0.61, 0.77) 
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! ! ! ! !

 -0.70 (-0.79, -0.61) 

 
! ! ! ! !

 -0.95 (-0.97, -0.94) 

 
! ! ! !

 -0.75 (-0.82, -0.67) 

 
! ! ! !

 -0.86 (-0.91, -0.82) 

 
! ! ! !

 0.75 (-0.66, 0.83) 
Mathematics 

 
! !  27.83 (27.22, 28.43) 

 
! !  23.04 (22.55, 23.53) 

 
! !  -17.28 (-17.80, -16.73) 

 
!  4.21 (4.11, 4.31) 

 
! !

!  51.40 (48.95, 53.96) 

 
! ! !

!  74.27 (65.78, 83.48) 

 
! ! !

!  45.59 (40.68, 51.05) 

 
! ! !

!  49.20 (43.11, 55.88) 

 
! !

!  0.96 (0.81, 1.14) 

 
! ! ! ! !

 0.64 (0.57, 0.71) 

 
! ! ! ! !

 -0.67 (-0.74, -0.60) 

 
! ! ! ! !

 -0.95 (-0.96, -0.93) 

 
! ! ! !

 -0.63 (-0.71, -0.54) 

 
! ! ! !

 -0.83 (-0.87, -0.79) 
  ! ! ! !

 0.66 (0.57, 0.74) 
 

Table 5. Univariate Bent-Cable Mixed-Effects Model Estimates, with 95% Credible 
Interval (CI), for Reading and Mathematics 

Parameter 
Posterior 

mean 95% CI 

Reading 

 
! !  33.42 (32.74, 34.11) 

 
! !  29.36 (28.73, 29.99) 

 
! !  -22.91 (-23.59, -22.23) 

 
!  3.99 (3.89, 4.08) 

 
!  0.02 (0.00, 0.07) 

 
! !

!  83.82 (79.68, 88.17) 

 
! ! !

!  64.20 (54.01, 75.07) 

 
! ! !

!  62.21 (54.13, 71.08) 

 
! ! !

!  77.80 (66.78, 89.73) 

 
! !

!  0.56 (0.47, 0.66) 

 
! !

!  2.14 (1.69, 2.69) 

 
! ! ! ! !

 0.84 (0.77, 0.90) 
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! ! ! ! !

 -0.77 (-0.86, -0.68) 

 
! ! ! ! !

 -0.92 (-0.94, -0.91) 

 
! ! ! !

 -0.94 (-0.99, -0.89) 

 
! ! ! !

 -0.83 (-0.87, -0.78) 

 
! ! ! !

 0.70 (0.61, 0.77) 

 
! ! ! !

 0.18 (0.05, 0.31) 

 
! ! ! !

 0.08 (-0.07, 0.22) 

 
! ! ! !

 -0.31 (-0.44, -0.16) 

 
! !"  -0.05 (-0.23, 0.11) 

Mathematics 

 
! !  27.74 (27.13, 28.38) 

 
! !  22.55 (21.97, 23.11) 

 
! !  -17.58 (-18.45, -16.72) 

 
!  4.45 (4.33, 4.58) 

 
!  0.59 (0.16, 1.04) 

 
! !

!  46.41 (44.14, 48.82) 

 
! ! !

!  71.31 (62.77, 80.73) 

 
! ! !

!  38.71 (34.00, 44.04) 

 
! ! !

!  57.25 (48.70, 66.46) 

 
! !

!  0.62 (0.51, 0.75) 

 
! !

!  2.98 (2.29, 3.86) 

 
! ! ! ! !

 0.73 (0.66, 0.80) 

 
! ! ! ! !

 -0.71 (-0.79, -0.63) 

 
! ! ! ! !

 -0.93 (-0.95, -0.90) 

 
! ! ! !

 -0.77 (-0.85, -0.67) 

 
! ! ! !

 -0.79 (-0.84, -0.72) 

 
! ! ! !

 0.56 (0.45, 0.68) 

 
! ! ! !

 0.32 (0.17, 0.46) 

 
! ! ! !

 0.23 (0.01, 0.43) 

 
! ! ! !

 -0.49 (-0.66, -0.30) 
  ! !"  0.12 (-0.12, 0.34) 
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Figure 4. Estimated trajectories of piecewise linear and bent-cable models for reading 
ability. 

 

 

Figure 5. Estimated trajectories of piecewise linear and bent-cable models for 
mathematics ability. 
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4.6 Estimation of the BPLMEM  

Given that the UPLMEM was the preferred model for both mathematics and 

reading ability in the previous section, the estimation results of the BPLMEM are 

presented in this section. The relation between mathematics and reading ability was 

investigated through matrices !  and !  defined in Equations (11) and (12). First, the 

relation between mathematics and reading achievementÕs trajectories was investigated 

through elements of the variance-covariance matrix of random effects, ! , as discussed in 

the following section. Second, the definition of matrix !  represents the assumption that 

conditional independence did not hold for the ECLS-K data. Because the reading and 

mathematics assessments were conducted the same day, at the same facility, one after the 

other (Tourangeau et al., 2009), it was reasonable to assume correlated measurement 

errors of both domains (Shah et al., 1997). Such association was captured in matrix !  by 

the covariance parameter. 

Three MCMC chains were run for 100,000 iterations for burn-in and 50,000 

additional iterations for posterior inference. The model took over 84 hours to be 

estimated, and converged satisfactorily with a mean PSRF over all parameters of 1.04.  

Following the notation for the BPLMEM specified in Section 3.1 and Equation 

(10), ! !"  denotes the intercept of the developmental process 1, i.e., the initial reading 

achievement status; ! !!  the slope of the first segment of growth, i.e., the rate of growth of 

reading achievement over the first linear segment; ! !"  is the change in slope during the 

second linear segment, i.e., the change in the rate of growth of reading achievement from 

the first to the second linear segment; and ! !  denotes the changepoint associated with 
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reading achievement. Similarly, parameters ! !" , ! !" , ! !! , and ! !  have the same 

interpretation for mathematics achievement. 

Parameter estimates and 95% credible intervals for fixed-effects, variances of 

random-effects and the elements of the covariance matrix of the within-subject errors are 

reported in Table 6. Both academic trajectories showed an initial segment of growth 

followed by a slower growth rate during the second linear segment. The changepoint for 

reading achievement occurred at time point 3.73, and for math at 4.14. That is, the time 

point at which reading changed its initial rate of growth occurred earlier than for 

mathematics achievement. Figure 6 shows both reading and mathematics trajectories 

estimated by the BPLMEM. 

Table 6. Bivariate Piecewise Linear Mixed-Effects Model Estimates, with 95% Credible 
Interval (CI), for Reading and Mathematics 

Parameter 
Posterior 

Mean 
95% CI 

Reading 

 
! !"  33.25 (32.49, 34.02) 

 
! !!  30.65 (29.97, 31.33) 

 
! !"  -23.80 (-24.52, -23.08) 

 
! !  3.73 (3.65, 3.81) 

 
! ! !"

!  96.13 (83.64, 109.99) 

 
! ! !!

!  71.46 (63.14, 80.41) 

 
! ! !"

!  77.60 (67.45, 88.78) 

 
! ! !

!  0.57 (0.48, 0.67) 
Mathematics 

 
! !"  27.65 (27.04, 28.28) 

 
! !"  23.05 (22.59, 23.56) 

 
! !!  -17.13 (-17.68, -16.59) 

 
! !  4.14 (4.04, 4.23) 

 
! ! !"

!  75.05 (66.32, 84.44) 

 
! ! !"

!  41.76 (37.15, 46.83) 

 
! ! !!

!  47.33 (41.55, 53.67) 
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! ! !

!  0.79 (0.67, 0.94) 
Level-1 errors 

 
! ! !

!  99.21 (94.68, 104.03) 

 
! ! !

!  51.16 (48.78, 53.63) 
  ! ! ! ! !

 0.36 (0.33, 0.39) 
 

 

 

Figure 6. Estimated trajectories of the bivariate piecewise linear mixed-effects model for 
reading and mathematics. 

 
 

Estimates of the whole covariance matrix of the random-effects and the associated 

correlation matrix are presented separately in Table 7 and Table 8, respectively. 

Correlation coefficients presented in Table 8 will be discussed in light of the relations of 

interest in the following section. 
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Table 7. Covariance Matrix of Random-Effects, Bivariate Piecewise Linear Mixed-
Effects Model for Reading and Mathematics 

Parameter ! !"   ! !!   ! !"   ! !   ! !"   ! !"   ! !!   ! !   
! !"  96.13 

       ! !!  55.95 71.46 
      ! !"  -59.21 -70.80 77.60 

     ! !  -5.57 -5.45 4.90 0.57 
    ! !"  68.52 48.45 -49.68 -4.26 75.05 

   ! !"  26.00 39.51 -35.97 -2.93 36.36 41.76 
  ! !!  -29.05 -40.74 35.93 3.23 -39.58 -42.11 47.33 

 ! !  -3.69 -4.08 4.14 0.30 -4.94 -4.56 3.74 0.79 
 

Table 8. Correlation Matrix Associated with Random-Effects, Bivariate Piecewise Linear 
Mixed-Effects Model for Reading and Mathematics 

Parameter ! !"   ! !!   ! !"   ! !   ! !"   ! !"   ! !!   ! !   
! !"  1.00 

       ! !!  0.68 1.00 
      ! !"  -0.69 -0.95 1.00 

     ! !  -0.75 -0.85 0.74 1.00 
    ! !"  0.81 0.66 -0.65 -0.65 1.00 

   ! !"  0.41 0.72 -0.63 -0.60 0.65 1.00 
  ! !!  -0.43 -0.70 0.59 0.62 -0.66 -0.95 1.00 

 ! !  -0.42 -0.54 0.53 0.44 -0.64 -0.79 0.61 1.00 
 
 

4.6.1 Association Between Mathematics and Reading Achievement 

The associations between mathematics and reading achievement trajectories are 

discussed at both level-1 and level-2 errors (within- and between-subjects). The 

correlation coefficient between error variances in matrix !  represents the association of 

within-subject errors. Estimation results of the BPLMEM showed that such correlation 

was 0.36 (see estimate of ! ! ! ! !
 in Table 6). 
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Regarding the association of the estimated piecewise linear trajectories, all 

parameter estimates highlighted in Figure 1 could be interpreted and discussed. But the 

focus of the present study is on the strength of the association between trajectories at each 

segment of development, and also to investigate whether there is evidence of an 

interrelation among the developmental segments of both mathematics and reading 

achievement. Figure 7 shows the parameters that describe the temporal associations 

between the two trajectories in a circle, and those that describe interrelations among the 

growth curves of both educational domains in a small square. Accordingly, Table 9 

presents definitions, interpretations and examples of substantive questions that can be 

answered with each of the highlighted elements of matrix !  in Figure 7. Parameters in 

pink squares in Figure 7 have an analogous interpretation as their counterpart in orange 

rectangles.  

 

Figure 7. Parameters of interest describing the association between the piecewise linear 
trajectories and a delayed effect. 

Note: Circles denote parameters describing the temporal association at each point in time. 
Small squares in orange denote parameters describing associations between a previous 
stage of reading development and the mathematics achievement trajectory. Small squares 
in pink denote parameters describing associations between a previous stage of 
mathematics development and the reading achievement trajectory. 
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Table 9. Definition and Interpretation of Parameters of Interest of the Covariance Matrix 
of Random-Effects for Reading and Mathematics 

Parameter Definition Interpretation 
Parameters that capture the relation between mathematics and reading 
trajectories at each segment of development 

! ! !" ! !"
 

Covariance 
between intercepts 
of mathematics 
and reading 
achievement 

It captures the relation between starting 
points of achievement.                   
Substantive question: What is the 
association between initial achievement in 
mathematics and initial achievement in 
reading? 

! ! !" ! !!
 

Covariance 
between the 
slopes of the first 
segment of growth 
of mathematics 
and reading 
achievement 

It captures the relation between the first 
segments of growth of both processes.                                             
Substantive question: What is the 
association between the rates of growth of 
mathematics and reading at the first stage 
of development? 

! ! !! ! !"
 

Covariance 
between change in 
slopes of 
mathematics and 
reading 
achievement 

It captures the relation between the second 
segments of growth of both processes.                                             
Substantive question: What is the 
association between the change in rates of 
growth of mathematics and reading at the 
second stage of development? 

! ! ! ! !
 

Covariance 
between the 
changepoints of 
mathematics and 
reading 
achievement 

It captures the relation between the two 
changepoints.                               
Substantive question: What is the 
association between the time at which 
mathematics achievement changes its 
trajectory and the time at which reading 
achievement does so? 

Parameters that capture association between a previous stage of reading 
development and the mathematics achievement trajectory 
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! ! !" ! !"
 

Covariance 
between initial 
rate of growth of 
mathematics and 
reading intercept 

It captures the relation between the rate of 
growth of math at the first stage of 
development and the initial reading ability.                                     
Substantive question: Is there an 
association between initial reading 
achievement and the first rate of growth of 
mathematics achievement? Do students 
that have higher initial reading 
achievement present a higher mathematics 
rate of growth at the first stage of 
development? 

! ! ! ! !!
 

Covariance 
between 
changepoint of 
mathematics and 
initial rate of 
growth of reading 

It captures the relation between the time 
point at which the mathematics 
achievement trajectory changes and the 
initial reading rate of growth.         
Substantive question: To what extent the 
changepoint in math achievement is 
associated with the initial reading rate of 
growth? Do students that have higher 
reading rates of growth have earlier 
changepoints in mathematics 
achievement? 

! ! !! ! !
  

Covariance 
between the 
change in 
mathematics rate 
of growth and the 
changepoint of 
reading 

It captures the relation between the change 
in mathematics rate of growth and the time 
point at which reading achievement 
changes its trajectory.                            
Substantive question: To what extent the 
change in math achievement 
developmentÕs rate is associated with the 
time at which reading changes its 
trajectory? Do students for which the 
change in reading trajectory occurs later in 
time present a larger change of rate of 
growth in the second phase of mathematics 
achievement?   

 

Results showed that reading and mathematics ability trajectories from 

kindergarten through eighth grade are positively associated at each segment of 

development. Table 8 shows that the values of correlation coefficients portraying the 
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association at each moment in time between the trajectories are: ! ! !" ! !"

= .81, ! ! !" ! !!
= 

.72, ! ! !! ! !"
= .59, and ! ! ! ! !

= .44. That is, the correlation between mathematics and 

reading ability was strong at the initial stages and also during the first segment of 

development; it started decreasing at the changepoints and it reduced to a moderate 

correlation during the second linear segment of development.    

Students with higher initial reading achievement tended to grow faster in 

mathematics at the first stage of development (! ! !" ! !"
= .41, as shown in Table 8). Also, 

students that had higher reading rates of growth were inclined to have earlier 

changepoints in mathematics achievement (! ! ! ! !!
= -.54, see Table 8), meaning that 

students with higher growth in reading achievement at the first segment of development 

tended to have earlier changepoints in math. In addition, students for whom the change in 

reading trajectory occurred later in time had a larger change of rate of growth in the 

second phase of mathematics achievement (! ! !! ! !
= .62, see Table 8). This means that the 

longer students took transitioning between reading developmental stages, the bigger the 

mathematics achievement growth during the second linear phase. 

The latter result might seem counterintuitive. However, when considering the 

development of each process independently, the findings of the associations among the 

developmental processes analyzed jointly seem reasonable. By examining the correlation 

coefficients corresponding to the random-effects of each outcome variable, it can be seen 

that the patter of development was exactly the same for both educational domains. The 

higher initial achievement, the higher the growth during the first segment will be, the 

faster the changepoint will be reached (meaning earlier changepoints will be achieved), 
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and the lower the growth during the second linear segment. Then, given the high and 

positive association at each segment of development between growth curves (given by 

! ! !" ! !"
= .81, ! ! !" ! !!

= .72, ! ! !! ! !"
= .59, and ! ! ! ! !

= .44), a chain effect happens when 

looking at associations between a previous stage of reading development and the 

mathematics achievement trajectory. Higher initial achievement in reading was highly 

associated with higher initial achievement in mathematics; higher initial achievement in 

mathematics was associated with higher initial rates of growth in math. Thus, higher 

initial achievement in reading was associated with higher initial rates of growth in 

mathematics; and so forth, higher initial growth in reading was associated with earlier 

changepoints in mathematics. Consequently, earlier changepoints in reading were 

associated with lower mathematics growth during the second segment. Furthermore, the 

same pattern was also found when examining associations between a previous stage of 

mathematics development and the reading achievement trajectory (parameters 

highlighted with a pink rectangle in Figure 7). 

In summary, both growth curves are highly associated at each segment of 

development with a decreasing tendency. Moreover, similar patterns of association 

between reading over mathematics and vice versa were found. 

4.6.1.1 Comparing estimation results with previous literature 

In this section, a comparison between previous findings and the ones provided by 

the estimation results of the BPLMEM is presented. Because there is only one study that 

has analyzed both processes simultaneously and described their association over time, the 

focus of the comparison is on that study. Shin and colleagues (2013) found a high 
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positive association (!  = .90) between initial math and reading achievement; a 

moderate positive correlation (!  = .55) between both rates of growth; and a small positive 

association (!  = .12) between initial reading status and mathematicsÕ growth rate. In 

addition, they also reported a negative association (!  = -.20) between initial math status 

and the growth rate of reading, which was a counterintuitive finding. 

The results of the present study confirmed previous findings of math and reading 

achievement being positively associated over time. Furthermore, they also confirmed the 

tendency of such association decreasing over time. However, unlike previous literature, 

the current study provided information on the association between both educational 

domains at four moments in time instead of only two, which gives a more detailed 

description of the evolution of the associations.  

In addition, the results of the current study also showed a positive association 

between initial reading status and the growth rate of mathematics, but that association 

was higher than in previous literature (! ! !" ! !"
= .41 compared to !  = .12 in Shin et al. 

(2013)). In contrast, a positive correlation between initial math status and the growth rate 

of reading was found in this study (! ! !" ! !!
= .66 compared to !  = -.20 in Shin et al. 

(2013)), which is consistent with the other positive associations found between the two 

domains.  

Furthermore, the results of the BPLMEM provided information on several 

associations between the two educational domains all along the segmented growth 

curves. Investigating different types of associations such as the ones of reading over 

mathematics achievement and the other way around was possible thanks to the 
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availability of such information. The pattern of association was the same for reading 

over mathematics than for mathematics over reading. This result gives a more complete 

understanding of the simultaneous development of both phenomena. Lastly, the estimated 

association between level-1 errors in this study (! ! ! ! !
= .36) is a bit higher than previous 

findings (which ranged from .08 to .21, (Shin et al., 2013)). 

4.7 Discussion 

In this chapter, an application of the BPLMEM illustrated the benefits of using a 

bivariate mixed-effects modeling framework to investigate important relations between 

the segmented trajectories depicted by the outcome variables. To date, the temporal 

relations between reading and mathematics had not been explored using this framework. 

This study presented a novel approach to investigate the association of mathematics and 

reading achievement trajectories using an intrinsically nonlinear model to describe both 

domains simultaneously.  

The present study helped understanding the relation between mathematics and 

reading achievement over time at different stages of student development. It was found 

that reading and mathematics achievement are positively related at each segment of 

development and that such relation decreases over time. Note that the instruments applied 

by the ECLS-K are not publicly available. Thus, the extent to which the mathematics 

tests were heavily verbal is unknown, which in turn might aid having such strong 

associations between the two domains 

Moreover, evidence of the same patterns of association of reading over 

mathematics and mathematics over reading were found. These findings imply that 
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reading and mathematics achievement are positively and strongly associated from the 

last year of kindergarten through middle school, and that the associations are going both 

ways. It was not possible to find a directional effect but rather an interrelation between 

the academic developments in these two domains. The latter finding brings a more 

complete understanding of the dynamics in reading and mathematics development. This 

knowledge implies that both educational domains are equally important and that 

prioritizing achievement in one domain over the other might not be the best practice. 
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Chapter 5. Methodology 

This chapter presents two simulation study designs. The first simulation study 

aimed to evaluate the performance of the BPLMEM described in Section 3.1 under 

different conditions; the second focused on characterizing cases in which the piecewise 

model will have an acceptable performance when the true underlying trajectory depicts a 

smooth transition between linear segments. Both simulation studies used the parameter 

estimates of the application of the BPLMEM to reading and mathematics achievement 

presented in Chapter 4 as a starting point. 

5.1 Simulation Study I 

A Monte Carlo simulation study was used to investigate the accuracy of 

parameter estimates of the BPLMEM described in Section 3.1 where the focus was on the 

strength of the association between the trajectories at level-1 and level-2 error structures. 

Fixed and independent (manipulated) factors are explained below. Values of both fixed 

and manipulated factors were based on the estimation results of the BPLMEM presented 

in Chapter 4. Time points were rescaled to the interval [0, 6] with 7 consecutive 

measurement occasions to make the results more generalizable rather than using the 

original [0, 8.5] non-consecutive scale of the ECLS-K data. Fixed-effects and variances 

of random-effects resulting from the BPLMEM estimation were scaled accordingly to the 

new time scale. 
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5.1.1 Fixed factors 

A series of parameter values were held constant across all simulated scenarios. 

Such values were based on the estimation results of the BPLMEM presented in Chapter 

4. All fixed-effects parameters, error variances, variances of random-effects, and the 

correlation coefficients associated with the covariances within each outcome variable 

were held constant across all simulated scenarios. More precisely, parameters outside the 

highlighted rectangle in Figure 1 were considered fixed factors in this simulation design. 

The rationale of fixing the correlation parameters in matrix !  instead of the covariance 

parameters themselves was motivated by the idea of keeping constant the correlational 

structure found in the real data application for each outcome variable. The values of the 

whole matrix !  changed accordingly as explained in the following section. Table 10 

shows the values of the fixed factors.  

Table 10. Fixed Factors for Simulation Study I 

Parameter Value           
Fixed-effects 

 
! !"  33 

     
 

! !!  44 
     

 
! !"  -34 

     
 

! !  2.6 
     

 
! !"  28 

     
 

! !"  32 
     

 
! !!  -23 

     
 

! !  3 
     Error variances 

 
 

! ! !
!  90 

     
 

! ! !
!  50 

     Variances of random-effects 

 
! ! !"

!  95 
     

 
! ! !!

!  145 
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! ! !"

!  155 
     

 
! ! !

!  0.4 
     

 
! ! !"

!  75 
     

 
! ! !"

!  80 
     

 
! ! !!

!  85 
     

 
! ! !

!  0.6 
     Correlation matrix 

 
   ! !"   ! !!   ! !"   ! !   ! !"   ! !"   ! !!   ! !  

 
! !"  1.00 

! ! !     
 

! !!  0.70 1.00 
! !     

 
! !"  -0.70 -0.90 1.00 

!     
 

! !  -0.80 -0.80 0.70 1.00 
    

 
! !"  ! ! !" ! !"

 ! ! !" ! !!
 ! ! !" ! !"

 ! ! !" ! !
 1.00 

! ! !

 
! !"  ! ! !" ! !"

 ! ! !" ! !!
 ! ! !" ! !"

 ! ! !" ! !
 0.70 1.00 

! !

 
! !!  ! ! !! ! !"

 ! ! !! ! !!
 ! ! !! ! !"

 ! ! !! ! !
 -0.70 -0.90 1.00 

!

 
! !  ! ! ! ! !"

 ! ! ! ! !!
 ! ! ! ! !"

 ! ! ! ! !
 -0.60 -0.80 0.60 1.00 

                    
 

5.1.2 Independent factors 

Conditions that were hypothesized to impact model performance are sample size, 

level of association of the within-subject error variances, and level of association between 

trajectories reflected by the highlighted parameters in Figure 1 from the between-subjects 

covariance matrix. 

¥ Sample size, N. Two levels of sample size were chosen based on the 

previous literature using a bivariate mixed-effects modeling framework: 

N=100 (Wang & McArdle, 2008) and N=250 (Yang & Gao, 2013). 

¥ Association of level-1 errors (matrix ! ). Three levels of association were 

used for the correlation coefficient between error variances, ! ! ! ! !
, zero, 

small and medium. 
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o ! ! ! ! !

= 0 intended to represent cases for which conditional 

independence holds. 

o ! ! ! ! !
= 0.15, intended to represent a small correlation of error 

variances based on findings from educational literature (Shin et al., 

2013). 

o ! ! ! ! !
 = 0.35, intended to represent a medium correlation of error 

variances based on estimation results in Chapter 4 and findings 

from health sciences literature (Fieuws & Verbeke, 2004; Shah et 

al., 1997). 

¥ Association between trajectories at level-2 errors (matrix ! ). Two levels 

of association between the piecewise trajectories were proposed based on 

estimation results in Chapter 4 and findings reported in the educational 

literature. The parameters that were manipulated for this factor were the 

ones highlighted in Figure 1 from matrix ! , or equivalently, the 

correlation coefficients denoted as !  in the correlation matrix in Table 10. 

Two levels of general association (considering both level-1 and level-2 

associations) were considered to set the values of those parameters: 

o High association = 0.80. The educational achievement literature 

has suggested 0.80 as a high-level of association between two 

educational domains such as reading and mathematics (Shin et al., 

2013). In addition, results from the BPLMEM in Chapter 4 also 

support this level of high association. 
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o Low association = 0.30. Low levels of association between 

reading and mathematics, such as 0.3, have also been reported in 

the literature (Lerkkanen et al., 2005).     

The two sets of correlation coefficientsÕ values were assigned empirically 

using a grid search. That is, to come up with the two sets of correlation 

coefficients that yielded the high and low overall levels of association 

(0.80 and 0.30) between the outcome variables, several data sets were 

generated using the fixed correlational structure presented in Table 10 and 

also considering the three levels of correlation of the !  matrix proposed in 

the previous bullet point.  

Table 11 shows the values of each level of the independent factors. Table 12 

shows descriptive statistics of correlation coefficients found empirically in generated data 

using the correlational structures explained in Table 10 and Table 11. When both level-1 

and level-2 errors have high levels of correlation, correlation at each moment in time 

goes from 0.57 to 0.79; whereas when both level-1 and level-2 errors have low levels of 

correlation, the correlation at each moment in time goes from 0.20 to 0.32. These 

correlation levels resemble the ones previously found in the educational literature 

(Lerkkanen et al., 2005; Shin et al., 2013). 

Table 11. Levels of Independent Factors for Simulation Study I 

Factor Value   
Sample size 

 
Small N = 100 

 
 

Medium N = 250 
 Association of level-1 errors 

 
Zero ! ! ! ! !

= 0.00 
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Small ! ! ! ! !

= 0.15 
 

 
Medium ! ! ! ! !

= 0.35 
 Association between trajectories at   

level-2 errors 

 
High overall correlation = 0.80 

 

Segment of the correlation matrix !  

 
   ! !"   ! !!   ! !"   ! !  

 
! !"  0.85 0.80 -0.80 -0.80 

 
! !"  0.50 0.75 -0.65 -0.65 

 
! !!  -0.50 -0.75 0.65 0.65 

 
! !  -0.50 -0.60 0.60 0.55 

      
 

Low overall correlation = 0.30 

 

Segment of the correlation matrix !  

 
   ! !"   ! !!   ! !"   ! !  

 
! !"  0.40 0.30 -0.30 -0.30 

 
! !"  0.10 0.25 -0.20 -0.20 

 
! !!  -0.10 -0.25 0.20 0.20 

 
! !  -0.10 -0.15 0.15 0.10 

            
 

Table 12. Overall Mean, Maximum and Minimum Correlations Found Empirically for 
Design of Simulation Study I 

Correlation 
level-1 
errors 

Correlation 
level-2 
errors 

Overall correlations found in the 
generated data 

Mean Max Min 
0.00 High 0.60 0.76 0.45 
0.00 Low 0.24 0.32 0.20 
0.15 High 0.62 0.76 0.50 
0.15 Low 0.26 0.33 0.21 
0.35 High 0.65 0.79 0.57 
0.35 Low 0.29 0.38 0.24 

 

In summary, for this simulation study, a fully crossed factorial design was 

implemented with the conditions previously explained resulting in 2! 3! 2 = 12 total cells 
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or simulation scenarios. Table 13 shows the combinations of levels of each factor for 

all cells. For each scenario, 100 complete data sets with seven measurement occasions 

were generated, giving a total of 1,200 replications. For each replication, the MCMC 

algorithm presented in Section 3.1.1 was applied with three chains, 100,000 iterations for 

burn-in, and 50,000 iterations for posterior inference. 

Table 13. Combination of Levels of the Factors for each Cell in Simulation Study I 

Cell Sample size 
Correlation 

level-1 
errors 

Correlation 
level-2 
errors 

1 100 0.00 High 
2 100 0.00 Low 
3 100 0.15 High 
4 100 0.15 Low 
5 100 0.35 High 
6 100 0.35 Low 
7 250 0.00 High 
8 250 0.00 Low 
9 250 0.15 High 
10 250 0.15 Low 
11 250 0.35 High 
12 250 0.35 Low 

 

5.1.3 Outcome measures 

The BPLMEM was fit to data generated from a population model with known 

(also called true) parameters, which were delineated in the two previous sections. Then, 

parameter estimates of the BPLMEM were compared with their respective true values 

according to each simulated condition to evaluate parameter recovery. Percent 

convergence is reported for each cell where convergence was assessed by having an 
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overall mean PSRF less than 1.2. Considering converged replications, posterior mean 

estimates and their standard deviation are also reported. 

Three outcome measures to assess the accuracy of parameter estimates of the 

BPLMEM were considered: 

¥ Mean bias: average difference between the estimated parameter, ! ! , and 

its true value, ! ! , over the converged replications, ! ! . 

!"#$%&'#( ! ! ! !
! ! !

! !

! ! !

! !  

¥ Relative bias: relative difference between the estimated parameter, ! ! , and 

its true value, ! ! , with respect to the true values over the converged 

replications, ! ! . 

!"#$%&'"()&$*!
! ! !

! ! !

! !

! !

! ! !

! !  

¥ Coverage rate: proportion of the times that the corresponding 95% 

credible interval contains the estimated parameter over converged 

replications. 

Additionally, factorial ANOVA with main effects and eta squared (! ! ) were used 

to investigate the effects of the manipulated factors and their practical significance on 

relative bias and coverage rate. Eta squared, ! ! , measures the proportion of variation in 

an outcome variable that is attributable to a specific factor (Lakens, 2013). According to 

Cohen (as cited in Lakens, 2013), benchmarks to define small, medium, and large effects 

are ! !  = 0.01, ! !  = 0.06, and ! !  = 0.14, respectively.  
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Note that both outcome measures were transformed before ANOVA analyses 

were performed. The absolute value function was applied to relative bias in order to 

avoid cancellation of positive and negative bias in the results. To the coverage rate, the 

arcsine-square root transformation was applied. This was done because coverage rate 

takes values between [0,1], and this type of data is generally not normally distributed. 

The arcsine-square root transformation intends to make the data closer to normal (Sokal 

& Rohlf, 1995). 

5.2 Simulation Study II  

The piecewise is a very flexible model that can accommodate a variety of 

trajectories to be estimated. However, one of the main concerns with this model is its 

assumption that change between linear segments is abrupt. Subsequently, a smooth 

transition or adaptation period between linear segments might be more realistic in some 

settings (Bacon & Watts, 1971; Van den Hout et al., 2011; Yang & Gao, 2013). Despite 

this criticism, the piecewise model is used frequently to characterize segmented 

trajectories. Thus, it is natural to wonder whether there are conditions under which 

piecewise linear models can accurately describe phenomena with a true underlying 

smooth transition between linear segments. 

Hence, the goal of this Monte Carlo simulation study was to empirically 

characterize the conditions under which the piecewise model yields reasonable estimates 

for a true underlying phenomenon that depicts a gradual change between linear segments. 

This simulation study was performed in a univariate approach. That is, a UBCMEM (as 

described in Section 3.3) was used for data generation and a UPLMEM (as described in 
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Section 3.2) was fitted to the generated data. Choosing a univariate rather than a 

bivariate approach was motivated by the fact that when using a bivariate mixed-effects 

modeling framework, univariate models are fitted separately to the outcome variables in 

order to choose the best fitting model, as it was illustrated in Section 4.5 of Chapter 4.   

Values of both fixed and manipulated factors were based on the estimation results 

of the UPLMEM for mathematics achievement presented in Chapter 4, and also in results 

reported in the bent-cable modelÕs literature. Time points were rescaled to the interval [0, 

6] with 7 consecutive measurement occasions to make the results more generalizable 

rather than using the original [0, 8.5] non-consecutive scale of the ECLS-K data. 

Accordingly, fixed-effects and variances of random-effects parameters were scaled 

accordingly to the [0, 6] time scale to maintain the coefficient of variation based on the 

estimation results of the UBCMEM for mathematics achievement. 

5.2.1 Fixed factors 

Parameters that were not directly relevant to the approximation of the piecewise to 

the bent-cable model were fixed across all simulation scenarios. The fixed factors were 

the average intercept and slopes, error variance, variances and covariances of random-

effects. Note that the values of the linear model parameters, the intercept and slopes, 

change as a function of the manipulated factors, as shown in Table 14, but they are 

actually fixed factors. The covariances associated with the random-effects are computed 

by keeping constant the estimated correlation matrix of the random-effects based on the 

UBCMEM estimation for mathematics achievement. 



 

 

91 
5.2.2 Independent factors 

Factors that were hypothesized to impact the conditions under which the 

piecewise model provides an adequate approximation to the bent-cable model are the 

number of time points, the location of the bend, and the size of the bend. 

¥ Time points, m. Two levels of this factor were proposed: 

o m = 7. This number of time points was motivated by the empirical 

example presented in Chapter 4, which corresponds to types of 

educational assessments that are applied yearly over a period of 

seven years, say from 2nd to 8th grade. 

o m = 19. This level was based on cases where there is data available 

from a multiple-period cognitive assessment where students are 

followed from 2nd to 8th grade, as an example. An example of 

such data is the Measures of Academic Progress (MAP) from 

Northwest Evaluation Association (NWEA). MAP is a K-12 

assessment system that provides information on the learning 

trajectories of students. In particular, MAP for mathematics and 

reading was developed for students in grades 2-12 and it can be 

administered multiple times per year (NWEA, 2017). For this 

level, it is assumed that students were followed over the same time 

period (seven years), but the test administration was more intense 

(three times per year, such as fall, winter and spring). Thus, the 
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range of the time scale will be the same as the previous level, [0, 

6], but this level will have more densely measured occasions.  

¥ Location of the bend. The bend location in the bent-cable model is given 

by the !  parameter. As explained in Section 2.3.1.3, when the linear slopes 

do not exhibit a sign change, !  may represent an equivalent concept to the 

changepoint in the piecewise model. The piecewise modelÕs literature 

shows that the location of the changepoint has an effect in model 

performance (Kohli & Harring, 2013; Kohli, Hughes, et al., 2015), hence 

the motivation of including the location of the bend as a manipulated 

factor. Two bend locations were hypothesized: 

o Centered location, given by !  = 3.40 

o Early location, given by !  = 2   

¥ Size of the bend. The !  parameter in the bent-cable model represents the 

half-width of the bend. The hypothesis of this study was that when the 

transition between segments happens within two consecutive time points Ð 

thus, the bend of the model is small Ð the piecewise model will provide an 

acceptable fit to the data. Two bend sizes were proposed: 

o Small bend, !  = 0.40, based on estimation results of the application 

of the UBCMEM to mathematics achievement presented in 

Chapter 4. This value of delta gives a total bend of 0.80, which 

represents about 13% of the range of the time scale. Notice that 

smaller bends have been reported in the bent-cable literature, such 
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as 6% (Chiu et al., 2006) or 8% (Khan et al., 2014) of the time 

scale range. However, I wanted to base one of the levels of this 

factor on the estimation results of the empirical example of 

Chapter 4 to represent educational data with a clear bend in the 

simulation design. 

o Large bend, !  = 1.80, based on a bend covering 60% of the range 

of the time scale in an application of the bent-cable model to 

environmental sciences data (Chiu et al., 2006). 

In summary, for this simulation study, a fully crossed factorial design was 

implemented with the conditions previously explained resulting in 2! 2! 2 = 8 cells or 

simulation scenarios. An additional cell, called Cell 0, was added as a benchmark 

scenario where conditions were hypothesized to be ideal for the piecewise model 

estimation. In Cell 0, the size of the bend was small and its variability was set equal to 

zero, in addition the variability of the center of the bend was set equal to 0.10. Table 14 

shows the combinations of levels of each factor for all cells. For each scenario, 100 

complete data sets were generated with medium sample size (N=250), giving a total of 

900 replications. For each replication, the MCMC algorithm presented in Section 3.1.1 

was applied with three chains, 100,000 iterations for burn-in, and 50,000 iterations for 

posterior inference. 
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5.2.3 Outcome measures 

The outcome measures for simulation study II were the same as the ones 

described for simulation study I in Section 5.1.3. Readers are referred to that section for 

details on the outcome measures.  
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Table 14. Manipulated and Fixed Factors for each Cell in Simulation Study II 

Cell 
Manipulated factors   Fixed factors 

Time 
points Bend location !  

  
! !  ! !  ! !  ! !

!  ! ! !
!  ! ! !

!  ! ! !
!  ! !

!  ! !
!  

0 7 Center (!  = 3.4) 0.4 
 

28 29 -21 45 70 64 75 0.10 0 
1 7 Center (!  = 3.4) 0.4 

 
28 29 -21 45 70 64 75 0.40 2 

2 7 Center (!  = 3.4) 1.8 
 

28 29 -21 45 70 64 75 0.40 2 
3 7 Early (!  = 2) 0.4 

 
28 54 -49 45 70 64 75 0.40 2 

4 7 Early (!  = 2) 1.8 
 

28 54 -49 45 70 64 75 0.40 2 
5 19 Center (!  = 3.4) 0.4 

 
28 29 -21 45 70 64 75 0.40 2 

6 19 Center (!  = 3.4) 1.8 
 

28 29 -21 45 70 64 75 0.40 2 
7 19 Early (!  = 2) 0.4 

 
28 54 -49 45 70 64 75 0.40 2 

8 19 Early (!  = 2) 1.8   28 54 -49 45 70 64 75 0.40 2 
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Chapter 6. Results of Simulation Studies 

This chapter presents results of the simulation studies described in Chapter 5. 

First, results of the simulation study concerning the BPLMEM are presented. Then, 

results of the simulation study regarding UPLMEM are examined. Computational 

resources, percent convergence, relative bias, and coverage rate for both studies are 

discussed in light of the manipulated factors and the research questions presented in 

Section 2.4.  

6.1 Results of Simulation Study I 

6.1.1 Computational resources 

A function was created to estimate the BPLMEM specified in Section 3.1 in R to 

interface with JAGS software via the R package rjags  (Plummer, 2016). For each 

replication in this simulation study, 100,000 iterations for burn-in, and 50,000 iterations 

for posterior inference and three MCMC chains were used. Each replication in the first 

six simulation scenarios took, on average, approximately 10.7 hours. That is, the total 

CPU time for the first six cells was 6,423 hours. In addition, on average, each replication 

in the last six simulation scenarios took approximately 35.2 hours; a total of 21,111 CPU 

hours. Overall, the total CPU time for this simulation study was 27,534 hours. 
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6.1.2 Convergence 

Percent convergence of the BPLMEM over the different simulation scenarios is 

reported in Table 15. Overall, convergence was higher when sample size was smaller. 

The percent of replications that converged for Cells 1 to 6 ranged from 73% to 93%, 

whereas for Cells 7 to 12 from 34% to 85%. In addition, higher percent convergence was 

found for scenarios with high association at level-2 errors (between-subjects or random-

effects structure). In other words, the percent of replications that converged for scenarios 

with high correlation at level-2 errors was between 73% and 93%, whereas for scenarios 

with low correlation at level-2 errors between 34% and 84%. Lastly, convergence was 

especially difficult for scenarios with low levels of association of level-2 errors (between-

subjects structure) and medium sample size. To elaborate, percent convergence was at its 

lowest for Cells 8, 10, and 12, ranging from 34% to 37%. Summarizing, sample size and 

the level of correlation between trajectories at level-2 errors were the two factors that 

seemed to have an effect on the percent of replications that converged. Furthermore, 

smaller sample size and higher correlation between trajectories were the two most 

favorable conditions for percent convergence.   

Table 15. Percent Convergence for all Cells in Simulation Study I 

Cell 
Manipulated factors 

Percent 
convergence  Sample size 

Correlation 
level-1 errors 

Correlation 
level-2 errors 

1 100 0.00 High 88 
2 100 0.00 Low 73 
3 100 0.15 High 93 
4 100 0.15 Low 74 
5 100 0.35 High 91 
6 100 0.35 Low 84 
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7 250 0.00 High 73 
8 250 0.00 Low 34 
9 250 0.15 High 78 
10 250 0.15 Low 36 
11 250 0.35 High 85 
12 250 0.35 Low 37 

 

6.1.3 Mean bias, relative bias, and coverage rate 

Table 16 to Table 21 show posterior mean estimates, standard deviation, mean 

bias, relative bias, and coverage rate for all cells. Results of pairs of cells that are very 

similar and whose only difference is in sample size are presented side by side. Thus, 

results from Cell 1 and Cell 7, Cell 2 and Cell 8, Cell 3 and Cell 9, Cell 4 and Cell 10, 

Cell 5 and Cell 11, and Cell 6 and Cell 12 are shown in Table 16 to Table 21, 

respectively.  

Overall, the BPLMEM performed well under most simulation scenarios. Relative 

bias for fixed-effects parameters was between -0.01 and 0.03, with most values ranging 

from -0.01 to 0.01. This means that fixed-effects parameters were recovered successfully 

over all simulation scenarios.  

The variance parameters associated with random-effects showed mostly small 

relative bias. There were some cases with relative bias superior to 10%. However, those 

cases were for the variance of the changepoint parameters, which are parameters difficult 

to estimate (Kohli et al., 2016) and, in this study, were small compared with the 

remaining variances of random-effects. In addition, by examining the mean bias of those 

cases, it could be concluded that estimates were acceptable. For instance, in Cell 12, the 

relative bias of ! ! !
! was 0.18 but the mean bias was 0.11 because the true value was 0.6 
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and the estimated value 0.71. And this was one of the extreme values of relative bias, 

for other cases in which relative bias was over 10% for variance parameters of random-

effects, the difference was even smaller. Thus, overall, the recovery of the variance 

parameters associated with random-effects was acceptable in terms of relative bias. 

Coverage rate for these parameters ranged between 0.76 and 1.00. The lowest coverage 

rate was for ! ! !
!  in Cell 12 with only 76%. That is, lower coverage rates were found for 

the variance of changepoint parameters, which are known to be more difficult to recover 

(Kohli et al., 2016).    

The correlation parameters that measure the associations between the nonlinear 

trajectories presented some variability in their recovery across simulation scenarios. To 

elaborate, recovery of these parameters seemed more difficult for scenarios with low 

correlation at level-2 errors. That is, relative bias was particularly higher for Cells 2, 4, 6, 

8, 10 and 12. Values of absolute relative bias between 15% and 50% were found for those 

scenarios. However, even though the relative bias for those parameters may seem large, 

the mean bias shows that the actual mean difference is not that big. For example, several 

values of relative bias of 30% correspond to a true value of 0.1 compared to an estimated 

value of 0.13 for ! ! !" ! !"
 (see, for example, Cell 4 in Table 19), whose mean bias is of 

0.03. 

Overall, Cells 6 and 12 seemed to have the worst results, in terms of having 

several parameters with a relative bias greater than 10% and coverage rates below 90%. 

Scenarios with the most difficult conditions were those with high level of correlation of 
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the error variances and low correlation between trajectories at level-2 errors (Cells 6 

and 12).  

Regarding precision of parameter estimates, by examining the standard deviation, 

there was a clear pattern of having smaller standard deviations of parameter estimates for 

cases with bigger sample size (N=250). This means that the precision of parameter 

estimates was higher the bigger the sample size. 
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Table 16. Results of Cell 1 (N=100, zero correlation in ! , high correlation in ! ) and Cell 7 (N=250, zero correlation in ! , high 
correlation in ! ), Simulation Study I 

Parameter 
True 
value 

Cell 1   Cell 7 

Mean SD Mean 
bias 

Relative 
bias 

Coverage 
rate 

  Mean SD Mean 
bias 

Relative 
bias 

Coverage 
rate 

! !"  33 33.03 1.35 0.03 0.00 0.97 
 

33.05 0.83 0.05 0.00 0.95 
! !!  44 43.90 1.41 -0.10 0.00 0.97 

 
43.91 0.87 -0.09 0.00 0.97 

! !"  -34 -34.09 1.52 -0.09 0.00 0.97 
 

-33.89 0.99 0.11 0.00 0.95 
! !  2.6 2.62 0.10 0.02 0.01 0.90 

 
2.60 0.06 0.00 0.00 0.96 

! !"  28 28.18 1.03 0.18 0.01 0.97 
 

28.01 0.78 0.01 0.00 0.93 
! !"  32 31.79 0.98 -0.21 -0.01 0.94 

 
31.94 0.67 -0.06 0.00 0.96 

! !!  -23 -22.75 1.03 0.25 -0.01 0.97 
 

-22.91 0.68 0.09 0.00 0.96 
! !  3 3.01 0.12 0.01 0.00 0.97 

 
3.01 0.08 0.01 0.00 0.95 

! ! !
!  90 94.19 6.87 4.19 0.05 0.90 

 
91.68 4.23 1.68 0.02 0.95 

! ! !
!  50 51.68 3.97 1.68 0.03 0.95 

 
51.20 2.25 1.20 0.02 0.95 

! ! !"
 0 0.01 0.06 0.01 - 0.91 

 
0.01 0.03 0.01 - 0.93 

! ! !"
!  95 97.03 25.50 2.03 0.02 0.93 

 
94.91 14.72 -0.09 0.00 0.97 

! ! !!
!  145 139.36 28.09 -5.64 -0.04 0.92 

 
144.30 19.06 -0.70 0.00 0.95 

! ! !"
!  155 146.60 30.87 -8.40 -0.05 0.93 

 
152.18 21.74 -2.82 -0.02 0.92 

! ! !
!  0.4 0.41 0.10 0.01 0.02 0.92 

 
0.40 0.06 0.00 0.00 0.96 

! ! !"
!  75 74.87 14.53 -0.13 0.00 0.95 

 
73.63 9.89 -1.37 -0.02 0.95 

! ! !"
!  80 76.22 14.70 -3.78 -0.05 0.92 

 
79.84 9.27 -0.16 0.00 0.96 

! ! !!
!  85 78.03 16.64 -6.97 -0.08 0.91 

 
82.21 11.57 -2.79 -0.03 0.95 

! ! !
!  0.6 0.60 0.18 0.00 -0.01 0.91 

 
0.60 0.10 0.00 0.01 0.96 

! ! !! ! !"
 0.7 0.71 0.08 0.01 0.01 0.99 

 
0.72 0.07 0.02 0.03 0.97 
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! ! !" ! !"
 -0.7 -0.71 0.09 -0.01 0.01 0.97 

 
-0.73 0.08 -0.03 0.04 0.95 

! ! !" ! !!
 -0.9 -0.88 0.03 0.02 -0.02 0.92 

 
-0.89 0.02 0.01 -0.01 0.95 

! ! ! ! !"
 -0.8 -0.73 0.08 0.07 -0.09 0.94 

 
-0.78 0.05 0.02 -0.03 0.99 

! ! ! ! !!
 -0.8 -0.80 0.06 0.00 0.00 0.93 

 
-0.80 0.03 0.00 0.01 0.99 

! ! ! ! !"
 0.7 0.72 0.09 0.02 0.02 0.95 

 
0.72 0.06 0.02 0.02 0.97 

! ! !" ! !"
 0.85 0.76 0.07 -0.09 -0.10 0.94 

 
0.81 0.05 -0.04 -0.05 0.92 

! ! !" ! !!
 0.8 0.82 0.06 0.02 0.02 0.95 

 
0.83 0.04 0.03 0.03 0.90 

! ! !" ! !"
 -0.8 -0.80 0.07 0.00 0.00 0.98 

 
-0.81 0.05 -0.01 0.01 0.92 

! ! !" ! !
 -0.8 -0.77 0.07 0.03 -0.03 0.98 

 
-0.81 0.05 -0.01 0.01 0.97 

! ! !" ! !"
 0.5 0.55 0.12 0.05 0.10 0.93 

 
0.54 0.08 0.04 0.09 0.92 

! ! !" ! !!
 0.75 0.75 0.06 0.00 0.00 0.98 

 
0.75 0.05 0.00 0.00 0.93 

! ! !" ! !"
 -0.65 -0.67 0.08 -0.02 0.02 0.94 

 
-0.65 0.07 0.00 0.00 0.90 

! ! !" ! !
 -0.65 -0.66 0.10 -0.01 0.01 0.97 

 
-0.67 0.06 -0.02 0.02 0.99 

! ! !" ! !"
 0.7 0.73 0.08 0.03 0.04 0.98 

 
0.72 0.06 0.02 0.02 0.96 

! ! !! ! !"
 -0.5 -0.55 0.12 -0.05 0.09 0.95 

 
-0.54 0.08 -0.04 0.09 0.92 

! ! !! ! !!
 -0.75 -0.74 0.07 0.01 -0.01 0.98 

 
-0.75 0.05 0.00 0.00 0.96 

! ! !! ! !"
 0.65 0.66 0.09 0.01 0.01 0.99 

 
0.65 0.08 0.00 0.00 0.89 

! ! !! ! !
 0.65 0.64 0.11 -0.01 -0.01 0.95 

 
0.66 0.06 0.01 0.02 0.97 

! ! !! ! !"
 -0.7 -0.72 0.08 -0.02 0.03 0.98 

 
-0.71 0.07 -0.01 0.02 0.96 

! ! !! ! !"
 -0.9 -0.89 0.04 0.01 -0.01 0.95 

 
-0.90 0.02 0.00 0.00 0.95 

! ! ! ! !"
 -0.5 -0.53 0.12 -0.03 0.06 0.97 

 
-0.53 0.10 -0.03 0.06 0.89 

! ! ! ! !!
 -0.6 -0.63 0.11 -0.03 0.06 0.94 

 
-0.63 0.07 -0.03 0.04 0.90 

! ! ! ! !"
 0.6 0.63 0.10 0.03 0.05 0.97 

 
0.62 0.08 0.02 0.03 0.90 

! ! ! ! !
 0.55 0.58 0.12 0.03 0.06 0.97 

 
0.58 0.09 0.03 0.06 0.89 

! ! ! ! !"
 -0.6 -0.64 0.09 -0.04 0.07 0.97 

 
-0.63 0.08 -0.03 0.06 0.92 

! ! ! ! !"
 -0.8 -0.77 0.08 0.03 -0.03 0.97 

 
-0.80 0.04 0.00 0.00 0.97 
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! ! ! ! !!
 0.6 0.62 0.11 0.02 0.03 0.95   0.63 0.08 0.03 0.05 0.92 

 

Table 17. Results of Cell 2 (N=100, zero correlation in ! , low correlation in ! ) and Cell 8 (N=250, zero correlation in ! , low 
correlation in ! ), Simulation Study I 

Parameter 
True 
value 

Cell 2   Cell 8 

Mean SD 
Mean 
bias 

Relative 
bias 

Coverage 
rate   Mean SD 

Mean 
bias 

Relative 
bias 

Coverage 
rate 

! !"  33 33.03 1.39 0.03 0.00 0.95 
 

33.07 0.82 0.07 0.00 0.94 
! !!  44 44.31 1.57 0.31 0.01 0.93 

 
44.42 1.14 0.42 0.01 0.94 

! !"  -34 -34.44 1.59 -0.44 0.01 0.99 
 

-34.46 1.15 -0.46 0.01 0.91 
! !  2.6 2.59 0.09 -0.01 0.00 0.97 

 
2.59 0.05 -0.01 0.00 0.97 

! !"  28 27.88 0.96 -0.12 0.00 0.97 
 

28.12 0.67 0.12 0.00 0.91 
! !"  32 31.98 1.08 -0.02 0.00 0.90 

 
32.43 0.82 0.43 0.01 0.88 

! !!  -23 -23.00 1.14 0.00 0.00 0.97 
 

-23.46 0.90 -0.46 0.02 0.91 
! !  3 3.02 0.11 0.02 0.01 0.97 

 
2.99 0.08 -0.01 0.00 0.94 

! ! !
!  90 92.03 7.10 2.03 0.02 0.90 

 
91.35 4.53 1.35 0.01 0.94 

! ! !
!  50 52.80 3.90 2.80 0.06 0.93 

 
50.73 2.63 0.73 0.01 0.94 

! ! !"
 0 0.01 0.05 0.01 - 0.97 

 
0.00 0.03 0.00 - 0.97 

! ! !"
!  95 100.39 21.96 5.39 0.06 0.99 

 
97.28 15.70 2.28 0.02 0.94 

! ! !!
!  145 146.01 29.27 1.01 0.01 0.96 

 
136.14 20.39 -8.86 -0.06 0.85 

! ! !"
!  155 153.23 32.62 -1.77 -0.01 0.95 

 
143.29 21.63 -11.71 -0.08 0.85 

! ! !
!  0.4 0.45 0.12 0.05 0.13 0.95 

 
0.44 0.10 0.04 0.10 0.85 

! ! !"
!  75 76.64 16.81 1.64 0.02 0.96 

 
75.39 9.51 0.39 0.01 0.97 

! ! !"
!  80 77.00 17.39 -3.00 -0.04 0.92 

 
81.06 13.92 1.06 0.01 0.85 

! ! !!
!  85 78.64 19.34 -6.36 -0.07 0.92 

 
82.80 13.59 -2.20 -0.03 0.91 
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! ! !
!  0.6 0.65 0.22 0.05 0.08 0.90 

 
0.68 0.13 0.08 0.14 0.94 

! ! !! ! !"
 0.7 0.69 0.10 -0.01 -0.01 0.99 

 
0.69 0.09 -0.01 -0.02 0.97 

! ! !" ! !"
 -0.7 -0.68 0.10 0.02 -0.02 0.99 

 
-0.70 0.08 0.00 0.00 1.00 

! ! !" ! !!
 -0.9 -0.88 0.03 0.02 -0.02 0.96 

 
-0.89 0.02 0.01 -0.01 0.97 

! ! ! ! !"
 -0.8 -0.72 0.07 0.08 -0.10 0.99 

 
-0.71 0.08 0.09 -0.11 0.79 

! ! ! ! !!
 -0.8 -0.80 0.06 0.00 0.00 0.96 

 
-0.80 0.04 0.00 0.00 0.97 

! ! ! ! !"
 0.7 0.71 0.09 0.01 0.02 0.96 

 
0.71 0.06 0.01 0.02 1.00 

! ! !" ! !"
 0.4 0.32 0.14 -0.08 -0.21 0.89 

 
0.33 0.09 -0.07 -0.16 0.85 

! ! !" ! !!
 0.3 0.32 0.11 0.02 0.07 1.00 

 
0.29 0.09 -0.01 -0.02 1.00 

! ! !" ! !"
 -0.3 -0.31 0.13 -0.01 0.05 0.97 

 
-0.29 0.09 0.01 -0.03 0.97 

! ! !" ! !
 -0.3 -0.28 0.13 0.02 -0.06 0.99 

 
-0.28 0.10 0.02 -0.08 0.94 

! ! !" ! !"
 0.1 0.13 0.14 0.03 0.31 0.99 

 
0.11 0.08 0.01 0.06 0.97 

! ! !" ! !!
 0.25 0.22 0.12 -0.03 -0.13 0.96 

 
0.21 0.10 -0.04 -0.16 0.82 

! ! !" ! !"
 -0.2 -0.18 0.13 0.02 -0.08 0.97 

 
-0.17 0.10 0.03 -0.14 0.88 

! ! !" ! !
 -0.2 -0.15 0.16 0.05 -0.24 0.90 

 
-0.15 0.12 0.05 -0.24 0.76 

! ! !" ! !"
 0.7 0.71 0.09 0.01 0.01 0.99 

 
0.70 0.07 0.00 0.00 1.00 

! ! !! ! !"
 -0.1 -0.13 0.15 -0.03 0.25 0.96 

 
-0.12 0.09 -0.02 0.21 0.97 

! ! !! ! !!
 -0.25 -0.21 0.12 0.04 -0.17 0.97 

 
-0.22 0.10 0.03 -0.11 0.88 

! ! !! ! !"
 0.2 0.17 0.12 -0.03 -0.14 0.96 

 
0.18 0.10 -0.02 -0.11 0.91 

! ! !! ! !
 0.2 0.15 0.16 -0.05 -0.26 0.89 

 
0.18 0.11 -0.02 -0.12 0.91 

! ! !! ! !"
 -0.7 -0.71 0.08 -0.01 0.01 1.00 

 
-0.71 0.06 -0.01 0.02 1.00 

! ! !! ! !"
 -0.9 -0.89 0.04 0.01 -0.01 0.99 

 
-0.90 0.02 0.00 0.00 0.88 

! ! ! ! !"
 -0.1 -0.12 0.16 -0.02 0.23 0.95 

 
-0.09 0.09 0.01 -0.13 0.97 

! ! ! ! !!
 -0.15 -0.15 0.16 0.00 0.03 0.95 

 
-0.12 0.11 0.03 -0.18 0.88 

! ! ! ! !"
 0.15 0.16 0.16 0.01 0.08 0.96 

 
0.13 0.10 -0.02 -0.15 0.94 

! ! ! ! !
 0.1 0.10 0.18 0.00 0.02 0.92 

 
0.07 0.12 -0.03 -0.33 0.94 
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! ! ! ! !"
 -0.6 -0.59 0.11 0.01 -0.01 0.99 

 
-0.58 0.09 0.02 -0.04 0.91 

! ! ! ! !"
 -0.8 -0.80 0.06 0.00 0.00 0.97 

 
-0.81 0.04 -0.01 0.01 0.94 

! ! ! ! !!
 0.6 0.65 0.10 0.05 0.08 0.90   0.63 0.09 0.03 0.05 0.91 

 

Table 18. Results of Cell 3 (N=100, medium correlation in ! , high correlation in ! ) and Cell 9 (N=250, medium correlation in ! , 
high correlation in ! ), Simulation Study I 

Parameter 
True 
value 

Cell 3   Cell 9 

Mean SD 
Mean 
bias 

Relative 
bias 

Coverage 
rate 

  Mean SD 
Mean 
bias 

Relative 
bias 

Coverage 
rate 

! !"  33 32.97 1.24 -0.03 0.00 0.96 
 

33.01 0.88 0.01 0.00 0.91 
! !!  44 43.98 1.57 -0.02 0.00 0.91 

 
44.01 0.99 0.01 0.00 0.92 

! !"  -34 -33.93 1.64 0.07 0.00 0.88 
 

-33.99 1.02 0.01 0.00 0.94 
! !  2.6 2.61 0.09 0.01 0.00 0.94 

 
2.61 0.06 0.01 0.00 0.92 

! !"  28 28.01 1.10 0.01 0.00 0.94 
 

28.08 0.72 0.08 0.00 0.95 
! !"  32 31.83 1.02 -0.17 -0.01 0.95 

 
32.09 0.70 0.09 0.00 0.94 

! !!  -23 -22.84 1.07 0.16 -0.01 0.97 
 

-23.05 0.74 -0.05 0.00 0.97 
! !  3 3.02 0.12 0.02 0.01 0.89 

 
2.99 0.07 -0.01 0.00 0.95 

! ! !
!  90 94.52 6.94 4.52 0.05 0.90 

 
92.44 4.85 2.44 0.03 0.87 

! ! !
!  50 51.90 4.51 1.90 0.04 0.92 

 
51.11 2.14 1.11 0.02 0.96 

! ! !"
 0.15 0.15 0.05 0.00 0.03 0.97 

 
0.15 0.03 0.00 0.03 0.94 

! ! !"
!  95 97.83 24.60 2.83 0.03 0.96 

 
93.48 16.00 -1.52 -0.02 0.94 

! ! !!
!  145 137.88 24.79 -7.12 -0.05 0.97 

 
140.59 15.27 -4.41 -0.03 0.95 

! ! !"
!  155 145.72 30.63 -9.28 -0.06 0.92 

 
149.12 18.74 -5.88 -0.04 0.97 

! ! !
!  0.4 0.40 0.10 0.00 0.01 0.97 

 
0.40 0.06 0.00 0.01 0.94 

! ! !"
!  75 76.27 15.58 1.27 0.02 0.95 

 
74.18 9.48 -0.82 -0.01 0.96 
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! ! !"
!  80 73.83 13.58 -6.17 -0.08 0.94 

 
77.19 8.42 -2.81 -0.04 0.96 

! ! !!
!  85 76.60 15.68 -8.40 -0.10 0.92 

 
81.45 9.94 -3.55 -0.04 0.97 

! ! !
!  0.6 0.59 0.16 -0.01 -0.02 0.94 

 
0.59 0.10 -0.01 -0.02 0.92 

! ! !! ! !"
 0.7 0.72 0.09 0.02 0.03 0.98 

 
0.72 0.08 0.02 0.03 0.94 

! ! !" ! !"
 -0.7 -0.73 0.09 -0.03 0.04 0.99 

 
-0.72 0.09 -0.02 0.03 0.90 

! ! !" ! !!
 -0.9 -0.88 0.03 0.02 -0.02 0.94 

 
-0.89 0.02 0.01 -0.01 0.92 

! ! ! ! !"
 -0.8 -0.73 0.08 0.07 -0.08 0.98 

 
-0.77 0.06 0.03 -0.03 0.97 

! ! ! ! !!
 -0.8 -0.81 0.06 -0.01 0.01 0.96 

 
-0.80 0.04 0.00 0.00 0.95 

! ! ! ! !"
 0.7 0.72 0.10 0.02 0.03 0.95 

 
0.71 0.07 0.01 0.01 0.94 

! ! !" ! !"
 0.85 0.78 0.07 -0.07 -0.09 0.90 

 
0.81 0.05 -0.04 -0.05 0.91 

! ! !" ! !!
 0.8 0.81 0.06 0.01 0.02 0.96 

 
0.82 0.05 0.02 0.03 0.88 

! ! !" ! !"
 -0.8 -0.79 0.07 0.01 -0.01 0.97 

 
-0.81 0.05 -0.01 0.01 0.96 

! ! !" ! !
 -0.8 -0.78 0.07 0.02 -0.03 0.98 

 
-0.80 0.05 0.00 0.00 0.99 

! ! !" ! !"
 0.5 0.56 0.12 0.06 0.13 0.90 

 
0.55 0.08 0.05 0.09 0.95 

! ! !" ! !!
 0.75 0.74 0.08 -0.01 -0.01 0.90 

 
0.76 0.04 0.01 0.01 0.95 

! ! !" ! !"
 -0.65 -0.64 0.10 0.01 -0.01 0.92 

 
-0.66 0.06 -0.01 0.01 0.96 

! ! !" ! !
 -0.65 -0.67 0.10 -0.02 0.02 0.95 

 
-0.68 0.05 -0.03 0.04 0.97 

! ! !" ! !"
 0.7 0.73 0.09 0.03 0.04 0.94 

 
0.72 0.07 0.02 0.03 0.94 

! ! !! ! !"
 -0.5 -0.57 0.14 -0.07 0.14 0.89 

 
-0.54 0.08 -0.04 0.07 0.95 

! ! !! ! !!
 -0.75 -0.74 0.09 0.01 -0.02 0.94 

 
-0.76 0.04 -0.01 0.01 0.99 

! ! !! ! !"
 0.65 0.65 0.10 0.00 0.00 0.95 

 
0.66 0.06 0.01 0.01 0.97 

! ! !! ! !
 0.65 0.67 0.11 0.02 0.03 0.94 

 
0.67 0.05 0.02 0.03 1.00 

! ! !! ! !"
 -0.7 -0.73 0.09 -0.03 0.04 0.97 

 
-0.71 0.08 -0.01 0.02 0.94 

! ! !! ! !"
 -0.9 -0.89 0.04 0.01 -0.02 0.94 

 
-0.90 0.02 0.00 -0.01 1.00 

! ! ! ! !"
 -0.5 -0.53 0.13 -0.03 0.06 0.95 

 
-0.53 0.09 -0.03 0.06 0.95 

! ! ! ! !!
 -0.6 -0.61 0.13 -0.01 0.02 0.91 

 
-0.61 0.08 -0.01 0.02 0.90 
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! ! ! ! !"
 0.6 0.60 0.14 0.00 0.00 0.90 

 
0.61 0.07 0.01 0.01 0.97 

! ! ! ! !
 0.55 0.57 0.13 0.02 0.04 0.96 

 
0.58 0.09 0.03 0.05 0.90 

! ! ! ! !"
 -0.6 -0.62 0.13 -0.02 0.04 0.96 

 
-0.63 0.08 -0.03 0.05 0.96 

! ! ! ! !"
 -0.8 -0.78 0.08 0.02 -0.03 0.95 

 
-0.79 0.04 0.01 -0.02 0.97 

! ! ! ! !!
 0.6 0.62 0.12 0.02 0.03 0.92   0.60 0.08 0.00 0.00 0.94 

 

Table 19. Results of Cell 4 (N=100, medium correlation in ! , low correlation in ! ) and Cell 10 (N=250, medium correlation in ! , 
low correlation in ! ), Simulation Study I 

Parameter 
True 
value 

Cell 4   Cell 10 

Mean SD 
Mean 
bias 

Relative 
bias 

Coverage 
rate 

  Mean SD 
Mean 
bias 

Relative 
bias 

Coverage 
rate 

! !"  33 33.20 1.26 0.20 0.01 0.97 
 

33.10 0.74 0.10 0.00 1.00 
! !!  44 44.13 1.60 0.13 0.00 0.96 

 
44.23 0.95 0.23 0.01 0.97 

! !"  -34 -34.17 1.66 -0.17 0.00 0.96 
 

-34.31 1.06 -0.31 0.01 0.94 
! !  2.6 2.60 0.09 0.00 0.00 0.93 

 
2.61 0.06 0.01 0.00 0.97 

! !"  28 28.03 1.16 0.03 0.00 0.93 
 

28.08 0.75 0.08 0.00 0.92 
! !"  32 32.11 1.10 0.11 0.00 0.92 

 
32.60 0.61 0.60 0.02 0.92 

! !!  -23 -23.06 1.25 -0.06 0.00 0.92 
 

-23.58 0.75 -0.58 0.03 0.92 
! !  3 3.01 0.10 0.01 0.00 0.96 

 
2.99 0.07 -0.01 0.00 0.92 

! ! !
!  90 92.52 7.24 2.52 0.03 0.92 

 
92.05 4.46 2.05 0.02 0.94 

! ! !
!  50 52.34 3.46 2.34 0.05 0.95 

 
50.34 2.56 0.34 0.01 0.94 

! ! !"
 0.15 0.17 0.05 0.02 0.15 0.86 

 
0.17 0.03 0.02 0.10 0.97 

! ! !"
!  95 106.80 22.13 11.80 0.12 0.93 

 
92.12 14.22 -2.88 -0.03 0.94 

! ! !!
!  145 139.39 31.34 -5.61 -0.04 0.89 

 
146.72 30.16 1.72 0.01 0.81 

! ! !"
!  155 149.01 33.99 -5.99 -0.04 0.95 

 
152.31 25.61 -2.69 -0.02 0.92 
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! ! !
!  0.4 0.44 0.12 0.04 0.10 0.99 

 
0.44 0.12 0.04 0.10 0.83 

! ! !"
!  75 80.06 15.77 5.06 0.07 0.99 

 
72.77 9.17 -2.23 -0.03 1.00 

! ! !"
!  80 79.72 18.16 -0.28 0.00 0.91 

 
85.10 12.84 5.10 0.06 0.89 

! ! !!
!  85 80.15 17.82 -4.85 -0.06 0.92 

 
85.42 12.30 0.42 0.00 0.94 

! ! !
!  0.6 0.70 0.23 0.10 0.17 0.89 

 
0.71 0.16 0.11 0.19 0.81 

! ! !! ! !"
 0.7 0.68 0.09 -0.02 -0.04 1.00 

 
0.72 0.09 0.02 0.02 0.92 

! ! !" ! !"
 -0.7 -0.69 0.10 0.01 -0.02 0.99 

 
-0.72 0.08 -0.02 0.03 0.97 

! ! !" ! !!
 -0.9 -0.87 0.04 0.03 -0.03 0.95 

 
-0.89 0.02 0.01 -0.01 0.92 

! ! ! ! !"
 -0.8 -0.69 0.09 0.11 -0.14 0.95 

 
-0.74 0.06 0.06 -0.07 1.00 

! ! ! ! !!
 -0.8 -0.78 0.07 0.02 -0.03 0.93 

 
-0.80 0.06 0.00 0.00 0.83 

! ! ! ! !"
 0.7 0.68 0.10 -0.02 -0.03 0.95 

 
0.71 0.08 0.01 0.01 0.89 

! ! !" ! !"
 0.4 0.32 0.13 -0.08 -0.19 0.95 

 
0.32 0.10 -0.08 -0.21 0.86 

! ! !" ! !!
 0.3 0.32 0.14 0.02 0.08 0.95 

 
0.30 0.07 0.00 -0.02 1.00 

! ! !" ! !"
 -0.3 -0.32 0.13 -0.02 0.07 0.97 

 
-0.29 0.07 0.01 -0.03 1.00 

! ! !" ! !
 -0.3 -0.28 0.15 0.02 -0.06 0.95 

 
-0.27 0.09 0.03 -0.09 1.00 

! ! !" ! !"
 0.1 0.13 0.16 0.03 0.30 0.89 

 
0.12 0.10 0.02 0.16 0.92 

! ! !" ! !!
 0.25 0.24 0.14 -0.01 -0.06 0.95 

 
0.22 0.07 -0.03 -0.14 1.00 

! ! !" ! !"
 -0.2 -0.20 0.14 0.00 -0.02 0.95 

 
-0.18 0.08 0.02 -0.10 0.97 

! ! !" ! !
 -0.2 -0.17 0.15 0.03 -0.14 0.97 

 
-0.17 0.08 0.03 -0.17 0.97 

! ! !" ! !"
 0.7 0.72 0.10 0.02 0.03 0.97 

 
0.70 0.06 0.00 0.01 1.00 

! ! !! ! !"
 -0.1 -0.12 0.17 -0.02 0.24 0.91 

 
-0.12 0.10 -0.02 0.16 0.97 

! ! !! ! !!
 -0.25 -0.23 0.14 0.02 -0.09 0.95 

 
-0.21 0.07 0.04 -0.16 0.97 

! ! !! ! !"
 0.2 0.19 0.14 -0.01 -0.04 0.96 

 
0.17 0.08 -0.03 -0.17 0.97 

! ! !! ! !
 0.2 0.17 0.16 -0.03 -0.15 0.93 

 
0.17 0.08 -0.03 -0.16 0.97 

! ! !! ! !"
 -0.7 -0.71 0.09 -0.01 0.01 0.99 

 
-0.71 0.08 -0.01 0.01 1.00 

! ! !! ! !"
 -0.9 -0.89 0.04 0.01 -0.02 0.96 

 
-0.90 0.02 0.00 0.00 0.94 
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! ! ! ! !"
 -0.1 -0.11 0.16 -0.01 0.08 0.95 

 
-0.09 0.08 0.01 -0.08 0.97 

! ! ! ! !!
 -0.15 -0.16 0.15 -0.01 0.06 0.93 

 
-0.13 0.09 0.02 -0.15 0.94 

! ! ! ! !"
 0.15 0.16 0.16 0.01 0.09 0.93 

 
0.14 0.10 -0.01 -0.04 0.92 

! ! ! ! !
 0.1 0.10 0.16 0.00 0.01 0.97 

 
0.08 0.09 -0.02 -0.22 0.97 

! ! ! ! !"
 -0.6 -0.60 0.12 0.00 0.00 0.96 

 
-0.58 0.08 0.02 -0.04 0.94 

! ! ! ! !"
 -0.8 -0.80 0.07 0.00 0.00 0.93 

 
-0.81 0.05 -0.01 0.01 0.81 

! ! ! ! !!
 0.6 0.64 0.11 0.04 0.06 0.92   0.64 0.08 0.04 0.07 0.86 

 

Table 20. Results of Cell 5 (N=100, high correlation in ! , high correlation in ! ) and Cell 11 (N=250, high correlation in ! , high 
correlation in ! ), Simulation Study I 

Parameter 
True 
value 

Cell 5   Cell 11 

Mean SD Mean 
bias 

Relative 
bias 

Coverage 
rate 

  Mean SD Mean 
bias 

Relative 
bias 

Coverage 
rate 

! !"  33 33.00 1.28 0.00 0.00 0.95 
 

33.02 0.81 0.02 0.00 0.95 
! !!  44 43.81 1.31 -0.19 0.00 0.96 

 
43.99 0.77 -0.01 0.00 0.98 

! !"  -34 -33.84 1.43 0.16 0.00 0.96 
 

-33.91 0.88 0.09 0.00 0.96 
! !  2.6 2.61 0.08 0.01 0.01 0.99 

 
2.60 0.05 0.00 0.00 0.96 

! !"  28 28.05 0.99 0.05 0.00 0.98 
 

28.05 0.60 0.05 0.00 0.99 
! !"  32 31.79 0.96 -0.21 -0.01 0.96 

 
32.02 0.71 0.02 0.00 0.93 

! !!  -23 -22.71 1.13 0.29 -0.01 0.95 
 

-22.90 0.85 0.10 0.00 0.89 
! !  3 3.00 0.10 0.00 0.00 0.98 

 
3.00 0.07 0.00 0.00 0.98 

! ! !
!  90 94.42 5.93 4.42 0.05 0.92 

 
92.41 4.62 2.41 0.03 0.91 

! ! !
!  50 51.40 4.14 1.40 0.03 0.91 

 
50.73 2.41 0.73 0.01 0.91 

! ! !"
 0.35 0.35 0.04 0.00 -0.01 0.96 

 
0.35 0.03 0.00 0.01 0.96 

! ! !"
!  95 91.09 22.40 -3.91 -0.04 0.95 

 
91.88 14.49 -3.12 -0.03 0.95 
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! ! !!
!  145 138.12 25.18 -6.88 -0.05 0.93 

 
143.08 18.16 -1.92 -0.01 0.94 

! ! !"
!  155 150.94 30.67 -4.06 -0.03 0.93 

 
151.32 20.71 -3.68 -0.02 0.96 

! ! !
!  0.4 0.39 0.10 -0.01 -0.02 0.93 

 
0.41 0.06 0.01 0.02 0.92 

! ! !"
!  75 76.40 14.74 1.40 0.02 0.95 

 
76.13 9.80 1.13 0.02 0.96 

! ! !"
!  80 76.04 14.21 -3.96 -0.05 0.91 

 
78.53 10.28 -1.47 -0.02 0.91 

! ! !!
!  85 79.29 16.31 -5.71 -0.07 0.95 

 
84.40 9.61 -0.60 -0.01 0.99 

! ! !
!  0.6 0.60 0.18 0.00 0.00 0.92 

 
0.59 0.10 -0.01 -0.01 0.94 

! ! !! ! !"
 0.7 0.73 0.09 0.03 0.04 0.98 

 
0.74 0.09 0.04 0.05 0.89 

! ! !" ! !"
 -0.7 -0.74 0.08 -0.04 0.05 1.00 

 
-0.75 0.09 -0.05 0.07 0.86 

! ! !" ! !!
 -0.9 -0.88 0.03 0.02 -0.02 0.98 

 
-0.90 0.02 0.00 -0.01 0.94 

! ! ! ! !"
 -0.8 -0.73 0.08 0.07 -0.08 0.97 

 
-0.78 0.06 0.02 -0.03 0.96 

! ! ! ! !!
 -0.8 -0.80 0.05 0.00 0.00 0.99 

 
-0.81 0.04 -0.01 0.02 0.89 

! ! ! ! !"
 0.7 0.72 0.09 0.02 0.03 0.96 

 
0.73 0.07 0.03 0.04 0.91 

! ! !" ! !"
 0.85 0.78 0.07 -0.07 -0.08 0.91 

 
0.82 0.04 -0.03 -0.03 0.94 

! ! !" ! !!
 0.8 0.82 0.05 0.02 0.02 0.96 

 
0.82 0.05 0.02 0.03 0.88 

! ! !" ! !"
 -0.8 -0.80 0.06 0.00 0.00 1.00 

 
-0.82 0.05 -0.02 0.02 0.92 

! ! !" ! !
 -0.8 -0.77 0.07 0.03 -0.04 0.97 

 
-0.80 0.05 0.00 0.00 0.96 

! ! !" ! !"
 0.5 0.55 0.13 0.05 0.11 0.87 

 
0.54 0.10 0.04 0.08 0.87 

! ! !" ! !!
 0.75 0.75 0.07 0.00 0.00 0.97 

 
0.75 0.05 0.00 0.01 0.92 

! ! !" ! !"
 -0.65 -0.66 0.09 -0.01 0.01 0.97 

 
-0.66 0.06 -0.01 0.02 0.93 

! ! !" ! !
 -0.65 -0.66 0.09 -0.01 0.01 0.97 

 
-0.66 0.07 -0.01 0.01 0.94 

! ! !" ! !"
 0.7 0.72 0.10 0.02 0.03 0.96 

 
0.72 0.08 0.02 0.03 0.91 

! ! !! ! !"
 -0.5 -0.56 0.13 -0.06 0.12 0.90 

 
-0.54 0.11 -0.04 0.08 0.88 

! ! !! ! !!
 -0.75 -0.74 0.08 0.01 -0.01 0.96 

 
-0.75 0.05 0.00 0.00 0.93 

! ! !! ! !"
 0.65 0.66 0.10 0.01 0.01 0.96 

 
0.65 0.06 0.00 0.01 0.95 

! ! !! ! !
 0.65 0.66 0.10 0.01 0.01 0.96 

 
0.66 0.08 0.01 0.02 0.96 
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! ! !! ! !"
 -0.7 -0.72 0.10 -0.02 0.03 0.98 

 
-0.72 0.08 -0.02 0.02 0.92 

! ! !! ! !"
 -0.9 -0.89 0.03 0.01 -0.01 0.99 

 
-0.90 0.02 0.00 0.00 0.99 

! ! ! ! !"
 -0.5 -0.52 0.13 -0.02 0.04 0.97 

 
-0.52 0.09 -0.02 0.04 0.94 

! ! ! ! !!
 -0.6 -0.62 0.10 -0.02 0.03 0.98 

 
-0.61 0.07 -0.01 0.02 0.92 

! ! ! ! !"
 0.6 0.61 0.12 0.01 0.02 0.96 

 
0.62 0.08 0.02 0.03 0.94 

! ! ! ! !
 0.55 0.57 0.11 0.02 0.04 0.98 

 
0.56 0.09 0.01 0.02 0.93 

! ! ! ! !"
 -0.6 -0.62 0.10 -0.02 0.03 0.97 

 
-0.62 0.07 -0.02 0.04 0.94 

! ! ! ! !"
 -0.8 -0.77 0.07 0.03 -0.03 0.98 

 
-0.79 0.04 0.01 -0.01 0.96 

! ! ! ! !!
 0.6 0.60 0.11 0.00 0.01 0.93   0.61 0.07 0.01 0.01 0.98 

 

Table 21. Results of Cell 6 (N=100, high correlation in ! , low correlation in ! ) and Cell 12 (N=250, high correlation in ! , low 
correlation in ! ), Simulation Study I 

Parameter True 
value 

Cell 6   Cell 12 

Mean SD 
Mean 
bias 

Relative 
bias 

Coverage 
rate   Mean SD 

Mean 
bias 

Relative 
bias 

Coverage 
rate 

! !"  33 33.10 1.19 0.10 0.00 0.98 
 

33.34 1.00 0.34 0.01 0.95 
! !!  44 44.23 1.36 0.23 0.01 0.96 

 
44.29 1.05 0.29 0.01 0.95 

! !"  -34 -34.24 1.64 -0.24 0.01 0.96 
 

-34.34 1.18 -0.34 0.01 0.89 
! !  2.6 2.59 0.08 -0.01 0.00 0.98 

 
2.59 0.04 -0.01 0.00 1.00 

! !"  28 28.19 1.04 0.19 0.01 0.95 
 

28.19 0.71 0.19 0.01 0.92 
! !"  32 32.03 1.13 0.03 0.00 0.92 

 
32.20 0.83 0.20 0.01 0.92 

! !!  -23 -23.02 1.40 -0.02 0.00 0.89 
 

-23.29 0.94 -0.29 0.01 0.92 
! !  3 3.00 0.11 0.00 0.00 0.96 

 
3.01 0.07 0.01 0.00 0.97 

! ! !
!  90 91.92 7.03 1.92 0.02 0.93 

 
91.55 4.34 1.55 0.02 0.95 

! ! !
!  50 51.81 4.03 1.81 0.04 0.92 

 
51.31 2.51 1.31 0.03 0.95 
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! ! !"
 0.35 0.35 0.05 0.00 0.01 0.99 

 
0.36 0.03 0.01 0.03 0.97 

! ! !"
!  95 97.39 22.28 2.39 0.03 0.96 

 
94.86 15.43 -0.14 0.00 0.97 

! ! !!
!  145 141.78 25.94 -3.22 -0.02 0.96 

 
149.51 20.25 4.51 0.03 0.92 

! ! !"
!  155 154.75 26.20 -0.25 0.00 0.98 

 
154.98 20.18 -0.02 0.00 0.95 

! ! !
!  0.4 0.44 0.13 0.04 0.10 0.90 

 
0.45 0.10 0.05 0.13 0.84 

! ! !"
!  75 79.18 16.68 4.18 0.06 0.95 

 
75.49 13.07 0.49 0.01 0.86 

! ! !"
!  80 79.03 15.92 -0.97 -0.01 0.92 

 
83.74 11.35 3.74 0.05 0.89 

! ! !!
!  85 81.66 17.02 -3.34 -0.04 0.96 

 
85.22 12.09 0.22 0.00 0.95 

! ! !
!  0.6 0.64 0.20 0.04 0.07 0.90 

 
0.71 0.15 0.11 0.18 0.76 

! ! !! ! !"
 0.7 0.69 0.10 -0.01 -0.02 1.00 

 
0.71 0.07 0.01 0.02 0.95 

! ! !" ! !"
 -0.7 -0.69 0.09 0.01 -0.01 1.00 

 
-0.72 0.07 -0.02 0.03 0.97 

! ! !" ! !!
 -0.9 -0.88 0.03 0.02 -0.02 0.95 

 
-0.90 0.02 0.00 0.00 0.97 

! ! ! ! !"
 -0.8 -0.69 0.08 0.11 -0.14 0.95 

 
-0.73 0.06 0.07 -0.09 0.95 

! ! ! ! !!
 -0.8 -0.78 0.06 0.02 -0.02 0.99 

 
-0.80 0.05 0.00 0.01 0.89 

! ! ! ! !"
 0.7 0.70 0.08 0.00 -0.01 0.99 

 
0.72 0.06 0.02 0.03 0.95 

! ! !" ! !"
 0.4 0.33 0.11 -0.07 -0.17 0.98 

 
0.37 0.10 -0.03 -0.09 0.84 

! ! !" ! !!
 0.3 0.31 0.12 0.01 0.05 0.95 

 
0.33 0.10 0.03 0.11 0.89 

! ! !" ! !"
 -0.3 -0.30 0.13 0.00 0.00 0.94 

 
-0.33 0.09 -0.03 0.10 0.95 

! ! !" ! !
 -0.3 -0.28 0.12 0.02 -0.07 0.96 

 
-0.29 0.10 0.01 -0.05 0.92 

! ! !" ! !"
 0.1 0.13 0.15 0.03 0.31 0.93 

 
0.15 0.09 0.05 0.46 0.92 

! ! !" ! !!
 0.25 0.21 0.14 -0.04 -0.17 0.94 

 
0.23 0.07 -0.02 -0.07 0.97 

! ! !" ! !"
 -0.2 -0.16 0.15 0.04 -0.19 0.90 

 
-0.20 0.08 0.00 -0.02 1.00 

! ! !" ! !
 -0.2 -0.15 0.14 0.05 -0.26 0.96 

 
-0.19 0.07 0.01 -0.05 1.00 

! ! !" ! !"
 0.7 0.71 0.10 0.01 0.01 0.95 

 
0.72 0.07 0.02 0.02 0.97 

! ! !! ! !"
 -0.1 -0.14 0.14 -0.04 0.39 0.96 

 
-0.15 0.08 -0.05 0.53 0.95 

! ! !! ! !!
 -0.25 -0.21 0.14 0.04 -0.14 0.94 

 
-0.23 0.07 0.02 -0.08 1.00 



 

 

113 

! ! !! ! !"
 0.2 0.17 0.15 -0.03 -0.17 0.93 

 
0.19 0.08 -0.01 -0.06 1.00 

! ! !! ! !
 0.2 0.16 0.14 -0.04 -0.19 0.99 

 
0.19 0.07 -0.01 -0.06 1.00 

! ! !! ! !"
 -0.7 -0.70 0.09 0.00 0.00 0.98 

 
-0.73 0.07 -0.03 0.04 0.95 

! ! !! ! !"
 -0.9 -0.89 0.03 0.01 -0.01 0.96 

 
-0.90 0.02 0.00 0.00 0.92 

! ! ! ! !"
 -0.1 -0.10 0.16 0.00 -0.01 0.93 

 
-0.10 0.10 0.00 0.02 0.97 

! ! ! ! !!
 -0.15 -0.12 0.16 0.03 -0.19 0.93 

 
-0.16 0.10 -0.01 0.04 0.95 

! ! ! ! !"
 0.15 0.13 0.16 -0.02 -0.14 0.93 

 
0.16 0.11 0.01 0.09 0.92 

! ! ! ! !
 0.1 0.07 0.15 -0.03 -0.27 0.98 

 
0.11 0.08 0.01 0.05 1.00 

! ! ! ! !"
 -0.6 -0.60 0.12 0.00 0.00 0.98 

 
-0.59 0.09 0.01 -0.01 0.95 

! ! ! ! !"
 -0.8 -0.79 0.07 0.01 -0.02 0.93 

 
-0.82 0.05 -0.02 0.03 0.89 

! ! ! ! !!
 0.6 0.63 0.11 0.03 0.04 0.96   0.66 0.09 0.06 0.10 0.78 

  



 

 

114 

6.1.4 Factorial ANOVA re sults 

Factorial ANOVA was used to investigate the effects of the independent factors 

on the absolute relative bias and the transformed coverage rate. Results of the main 

effects are presented in Table 22; results of the interaction effects are presented later only 

if a significant result was found. Table 22 shows the overall mean within each level of 

main effects, p-values and ! !  values for practical significance. The level of correlation 

between the piecewise linear trajectories portrayed in the covariance matrix of level-2 

errors had a moderate significant effect on the absolute relative bias, explaining about 

10% of the total variability (! ! =0.095). Results improved with higher levels of 

correlation between trajectories. For scenarios with small correlation at level-2 errors, the 

overall average absolute relative bias was 0.07, and for scenarios with high correlation 

was 0.03. In addition, sample size had a small significant effect on coverage rate, 

explaining 1% of the total variability (! ! =0.010). Slightly higher coverage rates were 

associated with a smaller sample size. The overall mean of the untransformed coverage 

rate for small sample size (N=100) was 0.95, and for medium sample size (N=250) was 

0.94. Note that this effect is very small and it may be related to the fact that lower 

convergence was found for scenarios with larger sample size, which in consequence 

might hinder coverage rates. It might be the case that for those scenarios convergence 

was harder and the convergence criterion (mean PSRF being less than 1.2) was barely 

satisfied. Then, as a result, coverage rates for some parameters were slightly lower.     
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Table 22. ANOVA p-values, Eta-squared, and Mean Effects for Simulation Study I 

Factors and 
levels 

Absolute 
relative bias 

Transformed 
coverage rate  

Sample size 

 
N=100 0.05 1.35 

 
N=250 0.04 1.34 

 
p-value 0.175 0.015 

 
! !  0.003 0.010 

Correlation at level-1 errors 

 
! ! ! ! !

= 0 0.05 1.34 

 
! ! ! ! !

= 0.15 0.05 1.34 

 
! ! ! ! !

= 0.35 0.05 1.35 

 
p-value 0.966 0.714 

 
! !  0.000 0.001 

Correlation at level-2 errors 

 
Small 0.07 1.35 

 
High 0.03 1.34 

 
p-value <0.001 0.489 

  ! !  0.095 0.001 
 

Moreover, a statistically significant interaction was found for sample size and 

correlation at level-1 errors at the p<.05 level (F(2, 554) = 5.62, p = .004) for the 

transformed coverage rate. This interaction explains 2% of the total variance (! ! =0.02). 

The overall mean of the transformed and untransformed coverage rate for each 

combination of these two factors is presented in Table 23. Scenarios with smaller sample 

size (N=100) and low/high level-1 correlations showed higher coverage rates.   

Table 23. Overall Transformed Coverage Rate Mean by Sample Size and Correlation at 
Level-1 Errors 

Correlation at 
level-1 errors 

Transformed coverage rate Coverage rate 
Sample size Sample size 

N=100 N=250 N=100 N=250 
! ! ! ! !

= 0 1.36 1.33 0.95 0.93 
! ! ! ! !

= 0.15 1.33 1.35 0.94 0.94 
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! ! ! ! !

= 0.35 1.37 1.33 0.95 0.94 
 

6.1.5 Summary 

Summarizing, the Bayesian estimation algorithm described in Section 3.1.1 

showed an overall good performance to recover the model parameters of the BPLMEM. 

Estimates of fixed-effects parameters were recovered accurately under all simulation 

scenarios. Variances of random-effects showed mostly small relative bias. However, 

there were some cases with low coverage rates. Intuitively, recovery of correlation 

parameters measuring the association between the piecewise curves was more difficult 

for scenarios with low correlation at level-2 errors. 

In terms of convergence, sample size and the level of correlation between 

trajectories at level-2 errors were the two factors that seemed to have an effect on the 

percent of replications that converged. To elaborate, higher percent convergence was 

found for scenarios with high association at level-2 errors and also for scenarios with 

smaller sample size. 

Moreover, higher precision in parameter estimates was achieved for scenarios 

with larger sample size. Standard deviations were consistently smaller for all parameter 

estimates in those cases. 

Additionally, based on the results of the factorial ANOVA analysis, to answer the 

research questions outlined in Section 2.4: 

1. The correlation of level-1 errors by itself did not have an impact on 

parameter estimates of the BPLMEM. 



 

 

117 
2. The strength of the association of the trajectories of the two outcome 

variables at level-2 errors had a medium effect in accuracy of parameter 

estimates in terms of relative bias. Results improved with higher levels of 

correlation between trajectories. 

3. Sample size had a small effect in coverage rate. Slightly higher coverage 

rates were associated with a smaller sample size.  

4. There was no significant interaction between levels of correlation at level-

1 and level-2 errors, but there was a small association between sample size 

and correlation at level-1 errors. Scenarios with smaller sample size 

(N=100) and low/high level-1 correlations showed slightly higher 

coverage rates. 

6.2 Results of Simulation Study II 

6.2.1 Computational resources 

A function was created to estimate the UPLMEM specified in Section 3.2 in R to 

interface with JAGS software via the R package rjags  (Plummer, 2016). This function 

can be seen as a special case of the one created for the BPLMEM. For each replication in 

this simulation study, 100,000 iterations for burn-in, and 50,000 iterations for posterior 

inference and three MCMC chains were used. Each replication in the first five simulation 

scenarios took, on average, approximately 8.5 hours. That is, the total CPU time for the 

first five cells was 4,256 hours. In addition, on average, each replication in the last four 

simulation scenarios took approximately 15.3 hours; a total of 12,256 CPU hours. 

Overall, the total CPU time for this simulation study was 16,512 hours. 
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6.2.2 Convergence 

Percent convergence of the UPLMEM over the different simulation scenarios is 

reported in Table 24. Percent convergence was higher for scenarios with an early bend. 

The percent of replications that converged for Cells 3, 4, 7, and 8 ranged between 80% 

and 100%; whereas for the rest of the cells the convergence rate was between 41% and 

73%. By a graphical inspection of Figure 8 to Figure 10 versus Figure 11 and Figure 12, 

comparing the plots corresponding to cells with a centered bend and those with an early 

bend, it seems that a segmented trajectory is more evident in cells with an early bend, 

which may explain a higher convergence for those cells. Notice how the percent of 

replications that converged in the benchmark scenario, Cell 0, is superior to the 

convergence in Cell 1 for over 30%. The difference between these two cells is the 

variability associated with the transition parameters in the bent-cable model, which 

suggests that, other things constant, higher variance in the transition parameters is 

associated with lower convergence for the piecewise linear model. To elaborate, the 

higher the variability of the adaptation period between linear segments, the harder it 

seems to describe the phenomenon by a piecewise trajectory. 

Table 24. Percent Convergence for all Cells in Simulation Study II 

Cell 
Manipulated factors 

Percent 
convergence  Time 

points 
Bend location !  

0 7 Center (!  = 3.4) 0.4 73 
1 7 Center (!  = 3.4) 0.4 41 
2 7 Center (!  = 3.4) 1.8 54 
3 7 Early (!  = 2) 0.4 80 
4 7 Early (!  = 2) 1.8 98 
5 19 Center (!  = 3.4) 0.4 46 
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6 19 Center (!  = 3.4) 1.8 63 
7 19 Early (!  = 2) 0.4 88 
8 19 Early (!  = 2) 1.8 100 

 

6.2.3 Mean bias, relative bias, and coverage rate 

Table 25 to Table 29 show posterior mean estimates, standard deviation, bias, 

relative bias, and coverage rate for all simulation scenarios. Results of pairs of cells that 

are very similar and whose only difference is in the number of time points are presented 

side by side. Thus, results from Cell 1 and Cell 5, Cell 2 and Cell 6, Cell 3 and Cell 7, 

and Cell 4 and Cell 8 are shown in Table 26 to Table 29, respectively. For the purpose of 

completeness, the tables show results for all parameter estimates of the piecewise model 

(fixed-effects, error variance, variance of random-effects, and correlations between 

random-effects). However, in order to elaborate in the discussion of approximating a 

smooth transition between linear segments by using a piecewise linear model, Table 30 

shows relative bias of fixed-effects parameters only for all simulation scenarios. See a 

further explanation below. 

Because the data was generated under the bent-cable model and then fitted to the 

piecewise model, it is not expected that all parameters will be recovered successfully. Not 

all data parameters are going to be comparable across models. However, fixed-effects 

parameters (! ! , ! ! , ! ! , ! ) are of special interest because of their comparability in 

interpretation. As described in Section 3.3, the linear parameters in the bent-cable model, 

! ! , ! ! , and ! ! , have the same interpretation as in the piecewise linear model. In addition, 

because the slopes of the two linear segments do not change in sign, the true value of the 
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center of the bend in the bent-cable model, ! , is compared with the estimated 

changepoint in the piecewise model, ! , as suggested by Chiu and Lockhart (2010). 

Hence, a general description of simulation results is presented first, followed by a 

discussion on the relative bias results of the fixed-effects parameters only. 

Cell 0 was included as a benchmark case, intended to represent an ideal scenario 

for the estimation of the piecewise linear model. In Cell 0, the size of the bend is small, 

there is no variability associated with the half-width of the bend (! !
! =0), and the 

variability of the center of the bend is very small (! !
! =0.1). The rest of the parameters are 

equivalent to the ones in Cell 1. Table 25 shows simulation results for this benchmark 

scenario. Mean and relative biases were very small or nonexistent, especially for the 

fixed-effects parameters. Coverage rate ranged from 0.92 to 0.96 for the fixed-effects, 

and from 0.82 to 0.97 for the rest of the parameters. Moreover, Figure 8 shows how close 

are the true and estimated mean trajectories. They overlap in almost all the time scale 

range. To elaborate, both trajectories overlap in all the observed data points; the only time 

interval in which they do not overlap is between years 3 and 4. This is expected because 

the bend happens within that interval, meaning that the changepoint of the piecewise 

model should be estimated in that interval as well, originating the difference in the two 

trajectories. In summary, the benchmark case had satisfactory results, suggesting an 

acceptable approximation of the piecewise linear model to data with a true underlying 

smooth segmented trajectory. 
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Table 25. Results for Benchmark Scenario, Cell 0 (m=7, ! =3.4, ! =0.4, variance of 
! =0.1, variance of ! =0), Simulation Study II 

Parameter 
True 
value 

Cell 0 

Mean SD 
Mean 
bias 

Relative 
bias 

Coverage 
rate 

! !  28 28.13 0.63 0.13 0.00 0.95 
! !  29 28.91 0.53 -0.09 0.00 0.92 
! !  -21 -20.80 0.69 0.20 -0.01 0.92 
!  3.4 3.41 0.04 0.01 0.00 0.96 

! !
!  45 45.01 1.94 0.01 0.00 0.97 

! ! !
!  70 72.28 8.83 2.28 0.03 0.97 

! ! !
!  64 62.35 7.84 -1.65 -0.03 0.89 

! ! !
!  75 70.27 11.27 -4.73 -0.06 0.82 

! !
!  0.1 0.10 0.04 0.00 0.04 0.93 

! ! ! ! !
 0.7 0.68 0.07 -0.02 -0.03 0.92 

! ! ! ! !
 -0.7 -0.70 0.09 0.00 0.00 0.93 

! ! ! ! !
 -0.9 -0.91 0.02 -0.01 0.01 0.88 

! ! ! !
 -0.8 -0.68 0.09 0.12 -0.15 0.86 

! ! ! !
 -0.8 -0.83 0.06 -0.03 0.03 0.95 

! ! ! !
 0.55 0.69 0.12 0.14 0.25 0.88 
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Figure 8. True and estimated mean trajectories for benchmark scenario, Cell 0 (m=7, 
! =3.4, ! =0.4, variance of ! =0.1, variance of ! =0), simulation study II 

 
 

For the rest of the cells, coverage rate is not satisfactory for most fixed-effects 

parameters in any of the simulation scenarios, with the exception of the intercept in Cell 

8. Likewise, relative bias is big and coverage rate is poor for error variance and 

parameters of the covariance matrix of random-effects in all simulation scenarios. These 

results are not surprising because the UPLMEM is misspecified, that is, the piecewise 

model is fitted to data generated by the bent-cable model. The UPLMEM has fewer 

parameters to account for all the variability in the data. This is especially important for 

the variance of the changepoint in the UPLMEM. Two transition parameters with a 

significant amount of variability are used to generate data under the UBCMEM. Such 

variability is located around the bend, which is where the changepoint of the UPLMEM 

should be estimated. Thus, it is not expected that the true variability associated with the 
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center of the bend parameter, ! , will be accurately recovered by the variance 

associated with the changepoint parameter, ! !
! , in the UPLMEM. In other words, it is not 

reasonable to expect an accurate recovery of the true error variance and random-effects 

parameters under the UBCMEM by the UPLMEM. Thus, simulation results should be 

taken with caution, especially for the random-effects parameters. However, it is plausible 

to characterize conditions under which the bent-cable mean trajectory will be accurately 

represented by a piecewise linear model. For example, Figure 8, Figure 9 and Figure 11 

show that the estimated trajectory closely resembles the true trajectory. On the other 

hand, Figure 12 shows true and estimated trajectories more distant from each other. 

Notice that, for the fixed-effects parameters, parameter estimates are often close 

to the true parameters, especially for Cells 1 and 5. That is, scenarios with a small 

centered bend seemed to be accurately described by a piecewise linear trajectory. 

Moreover, notice as well that the changepoint estimates in all scenarios fall within the 

transition interval of the bent-cable model, even when the bend is small.  
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Table 26. Results for Cell 1 (m=7, ! =3.4, ! =0.4) and Cell 5 (m=19, ! =3.4, ! =0.4), Simulation Study II 

Parameter True 
value 

Cell 1   Cell 5 

Mean SD 
Mean 
bias 

Relative 
bias 

Coverage 
rate   Mean SD 

Mean 
bias 

Relative 
bias 

Coverage 
rate 

! !  28 28.41 0.83 0.41 0.01 0.93   28.58 0.65 0.58 0.02 0.89 
! !  29 29.94 0.70 0.94 0.03 0.71 

 
30.23 0.65 1.23 0.04 0.61 

! !  -21 -20.76 0.78 0.24 -0.01 0.93 
 

-20.72 0.60 0.28 -0.01 0.93 
!  3.4 3.21 0.07 -0.19 -0.06 0.34 

 
3.15 0.06 -0.25 -0.07 0.00 

! !
!  45 49.23 2.21 4.23 0.09 0.51 

 
49.15 1.11 4.15 0.09 0.04 

! ! !
!  70 84.40 15.87 14.40 0.21 0.68 

 
93.96 12.83 23.96 0.34 0.33 

! ! !
!  64 82.98 14.50 18.98 0.30 0.51 

 
91.61 13.69 27.61 0.43 0.24 

! ! !
!  75 68.50 14.02 -6.50 -0.09 0.76 

 
77.48 11.68 2.48 0.03 0.91 

! !
!  0.4 0.74 0.16 0.34 0.85 0.12 

 
0.70 0.09 0.30 0.76 0.02 

! ! ! ! !
 0.7 0.58 0.09 -0.12 -0.17 0.71 

 
0.52 0.08 -0.18 -0.26 0.15 

! ! ! ! !
 -0.7 -0.60 0.10 0.10 -0.14 0.83 

 
-0.54 0.08 0.16 -0.23 0.28 

! ! ! ! !
 -0.9 -0.94 0.02 -0.04 0.05 0.37 

 
-0.95 0.01 -0.05 0.06 0.07 

! ! ! !
 -0.8 -0.58 0.10 0.22 -0.28 0.27 

 
-0.53 0.08 0.27 -0.34 0.02 

! ! ! !
 -0.8 -0.87 0.04 -0.07 0.09 0.44 

 
-0.87 0.03 -0.07 0.08 0.39 

! ! ! !
 0.55 0.75 0.08 0.20 0.36 0.29   0.74 0.05 0.19 0.34 0.11 
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Table 27. Results of Cell 2 (m=7, ! =3.4, ! =1.8) and Cell 6 (m=19, ! =3.4, ! =1.8), Simulation Study II 

Parameter True 
value 

Cell 2   Cell 6 

Mean SD 
Mean 
bias 

Relative 
bias 

Coverage 
rate   Mean SD 

Mean 
bias 

Relative 
bias 

Coverage 
rate 

! !  28 28.31 0.74 0.31 0.01 0.89   28.69 0.74 0.69 0.02 0.76 
! !  29 27.13 0.67 -1.87 -0.06 0.13 

 
26.67 0.49 -2.33 -0.08 0.00 

! !  -21 -16.17 0.70 4.83 -0.23 0.00 
 

-15.20 0.48 5.80 -0.28 0.00 
!  3.4 3.27 0.10 -0.13 -0.04 0.76 

 
3.24 0.06 -0.16 -0.05 0.35 

! !
!  45 44.94 2.69 -0.06 0.00 0.87 

 
45.75 1.19 0.75 0.02 0.90 

! ! !
!  70 71.11 9.98 1.11 0.02 0.94 

 
76.90 7.19 6.90 0.10 0.94 

! ! !
!  64 52.66 8.83 -11.34 -0.18 0.52 

 
47.17 6.07 -16.83 -0.26 0.17 

! ! !
!  75 40.80 8.10 -34.20 -0.46 0.04 

 
38.00 4.89 -37.00 -0.49 0.00 

! !
!  0.4 0.56 0.16 0.16 0.40 0.81 

 
0.44 0.10 0.04 0.09 0.81 

! ! ! ! !
 0.7 0.51 0.09 -0.19 -0.27 0.39 

 
0.48 0.07 -0.22 -0.31 0.06 

! ! ! ! !
 -0.7 -0.57 0.09 0.13 -0.18 0.80 

 
-0.54 0.07 0.16 -0.23 0.27 

! ! ! ! !
 -0.9 -0.91 0.03 -0.01 0.01 0.93 

 
-0.91 0.02 -0.01 0.01 0.95 

! ! ! !
 -0.8 -0.45 0.14 0.35 -0.44 0.19 

 
-0.45 0.09 0.35 -0.44 0.02 

! ! ! !
 -0.8 -0.79 0.06 0.01 -0.01 0.89 

 
-0.75 0.05 0.05 -0.06 0.89 

! ! ! !
 0.55 0.60 0.13 0.05 0.08 0.93   0.53 0.09 -0.02 -0.04 0.95 
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Table 28. Results of Cell 3 (m=7, ! =2, ! =0.4) and Cell 7 (m=19, ! =2, ! =0.4), Simulation Study II 

Parameter True 
value 

Cell 3   Cell 7 

Mean SD 
Mean 
bias 

Relative 
bias 

Coverage 
rate   Mean SD 

Mean 
bias 

Relative 
bias 

Coverage 
rate 

! !  28 31.57 1.19 3.57 0.13 0.11   32.60 1.19 4.60 0.16 0.00 
! !  54 52.23 1.12 -1.77 -0.03 0.60 

 
52.53 1.11 -1.47 -0.03 0.67 

! !  -49 -45.95 1.07 3.05 -0.06 0.14 
 

-46.19 1.10 2.81 -0.06 0.25 
!  2 1.91 0.06 -0.09 -0.04 0.58 

 
1.91 0.05 -0.09 -0.04 0.56 

! !
!  45 58.60 3.43 13.60 0.30 0.00 

 
57.68 1.46 12.68 0.28 0.00 

! ! !
!  70 290.15 59.64 220.15 3.14 0.00 

 
304.90 57.25 234.90 3.36 0.00 

! ! !
!  64 137.80 25.14 73.80 1.15 0.01 

 
184.21 36.37 120.21 1.88 0.00 

! ! !
!  75 134.41 26.54 59.41 0.79 0.19 

 
173.56 36.21 98.56 1.31 0.00 

! !
!  0.4 0.53 0.06 0.13 0.32 0.39 

 
0.59 0.06 0.19 0.47 0.03 

! ! ! ! !
 0.7 -0.10 0.12 -0.80 -1.14 0.00 

 
-0.09 0.14 -0.79 -1.13 0.00 

! ! ! ! !
 -0.7 0.17 0.13 0.87 -1.25 0.00 

 
0.15 0.14 0.85 -1.21 0.00 

! ! ! ! !
 -0.9 -0.97 0.01 -0.07 0.08 0.00 

 
-0.97 0.01 -0.07 0.08 0.00 

! ! ! !
 -0.8 -0.70 0.05 0.10 -0.12 0.38 

 
-0.63 0.06 0.17 -0.21 0.01 

! ! ! !
 -0.8 -0.55 0.10 0.25 -0.32 0.08 

 
-0.61 0.09 0.19 -0.24 0.13 

! ! ! !
 0.55 0.42 0.12 -0.13 -0.24 0.59   0.50 0.10 -0.05 -0.08 0.81 
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Table 29. Results of Cell 4 (m=7, ! =2, ! =1.8) and Cell 8 (m=19, ! =2, ! =1.8), Simulation Study II 

Parameter True 
value 

Cell 4   Cell 8 

Mean SD 
Mean 
bias 

Relative 
bias 

Coverage 
rate   Mean SD 

Mean 
bias 

Relative 
bias 

Coverage 
rate 

! !  28 26.15 0.67 -1.85 -0.07 0.23   27.71 0.67 -0.29 -0.01 0.96 
! !  54 43.54 0.77 -10.46 -0.19 0.00 

 
42.43 0.73 -11.57 -0.21 0.00 

! !  -49 -35.36 0.76 13.64 -0.28 0.00 
 

-34.14 0.72 14.86 -0.30 0.00 
!  2 2.33 0.05 0.33 0.16 0.00 

 
2.37 0.05 0.37 0.19 0.00 

! !
!  45 54.74 3.05 9.74 0.22 0.05 

 
51.12 1.34 6.12 0.14 0.00 

! ! !
!  70 75.68 20.08 5.68 0.08 0.78 

 
84.81 16.61 14.81 0.21 0.62 

! ! !
!  64 61.09 10.39 -2.91 -0.05 0.92 

 
71.99 10.06 7.99 0.12 0.86 

! ! !
!  75 61.90 9.97 -13.10 -0.17 0.77 

 
73.49 10.36 -1.51 -0.02 0.90 

! !
!  0.4 0.42 0.06 0.02 0.04 0.95 

 
0.44 0.05 0.04 0.11 0.89 

! ! ! ! !
 0.7 0.33 0.15 -0.37 -0.53 0.21 

 
0.16 0.10 -0.54 -0.78 0.00 

! ! ! ! !
 -0.7 -0.37 0.16 0.33 -0.47 0.28 

 
-0.23 0.11 0.47 -0.67 0.00 

! ! ! ! !
 -0.9 -0.94 0.02 -0.04 0.04 0.55 

 
-0.94 0.01 -0.04 0.04 0.31 

! ! ! !
 -0.8 -0.63 0.09 0.17 -0.22 0.52 

 
-0.49 0.07 0.31 -0.39 0.00 

! ! ! !
 -0.8 -0.79 0.06 0.01 -0.01 0.92 

 
-0.78 0.04 0.02 -0.02 0.92 

! ! ! !
 0.55 0.67 0.08 0.12 0.22 0.65   0.67 0.06 0.12 0.22 0.47 
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Figure 9. True and estimated mean trajectories, Cell 1 (m=7, ! =3.4, ! =0.4) and Cell 5 (m=19, ! =3.4, ! =0.4), simulation study II 
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Figure 10. True and estimated mean trajectories, Cell 2 (m=7, ! =3.4, ! =1.8) and Cell 6 (m=19, ! =3.4, ! =1.8), simulation study II 
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Figure 11. True and estimated mean trajectories, Cell 3 (m=7, ! =2, ! =0.4) and Cell 7 (m=19, ! =2, ! =0.4), simulation study II 
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Figure 12. True and estimated mean trajectories, Cell 4 (m=7, ! =2, ! =1.8) and Cell 8 (m=19, ! =2, ! =1.8), simulation study II 
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To further investigate the conditions under which a piecewise linear growth 

curve can accurately describe an underlying trajectory with an adaptation period between 

linear segments, Table 30 shows relative bias of only fixed-effects parameters for all 

simulation scenarios highlighting different ranges of relative bias. The benchmark 

scenario, Cell 0, showed the best results in terms of relative bias for fixed-effects 

parameters. Most parameters had a nonexistent relative bias; only the change in slope 

parameter had a small negative bias of 1%. 

 Apart from the benchmark case, which was specifically added as an ideal 

scenario, Cell 1 and Cell 5 (small and centered bend) have the best results given that the 

intercept and slopes showed less than 5% relative bias and the changepoint slightly over 

5%. On the other hand, Cells 4 and 8 (large and early bend) showed the worst results with 

slopes and changepoint having more than 10% relative bias. Cells 2 and 6 (large and 

centered bend) showed inadequate relative bias for both slope parameters. Cells 3 and 7 

(small and early bend) showed acceptable relative bias for all parameters except the 

intercept. This result makes sense because in order for the other three parameters to be 

aligned, the intercept in the piecewise model needs to be slightly higher relative to the 

bent-cable model. 

Table 30. Relative Bias of Fixed-Effects Parameters Colored by Pattern 

Cell 
Relative bias 

! !  ! !  ! !  !  
0 0.00 0.00 -0.01 0.00 
1 0.01 0.03 -0.01 -0.06*  
2 0.01 -0.06*  -0.23**  -0.04 
3 0.13**  -0.03 -0.06*  -0.04 
4 -0.07*  -0.19**  -0.28**  0.16**  
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5 0.02 0.04 -0.01 -0.07*  
6 0.02 -0.08*  -0.28**  -0.05 
7 0.16**  -0.03 -0.06*  -0.04 
8 -0.01 -0.21**  -0.30**  0.19**  

Note: Relative bias less or equal than 5% (no symbol), between 5 and 10% (* ), and more 
than 10% (** )  

 

6.2.4 Factorial ANOVA results  

Factorial ANOVA was used to investigate the effects of the independent factors 

on the absolute relative bias and the transformed coverage rate on all model parameters 

and in the fixed-effects parameters only. Results considering all model parameters are 

presented first, followed by results considering fixed-effects only.  Results of the main 

effects are presented below; interaction effects were also tested but none was found. Note 

that Cells 1 to 8 were considered for these analyses. The benchmark cell was left out 

because its practical difference in terms of manipulated conditions compared to the rest 

of the scenarios.   

Table 31 shows the overall mean within each level of main effects, p-values and 

! !  values for practical significance considering all model parameters. Location of the 

bend and size of the bend had a medium significant effect on the absolute relative bias, 

explaining about 6.4% and 5.9% of the total variability (! ! =0.064 and ! ! =0.059), 

respectively. Interestingly, results improved with centered and large bend. Scenarios with 

centered bend had an overall average underestimation of 1%, and scenarios with early 

bend an average overestimation of 8%. Scenarios with small bend had an average 

overestimation for all model parameters of 16%, while scenarios with a large bend had an 

average underestimation of 10%. Additionally, the three manipulated factors had a 
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significant effect on coverage rate. The number of time points explained about 3% of 

the total variance, the location of the bend about 9%, and the size of the bend about 4%. 

Results for coverage rate improved with less time points, centered and large bends. 

Table 31. ANOVA p-values, Eta-squared, and Mean Effects for Simulation Study II 

Factors and 
levels 

Absolute 
relative 

bias 

Transformed 
coverage rate  

  

Relative 
bias 

Coverage 
rate 

Time points 
   

 
m=7 0.28 0.70 

 
0.02 0.46 

 
m=19 0.33 0.53 

 
0.04 0.34 

 
p-value 0.617 0.041 

   
 

! !  0.002 0.031 
   Location of the bend 
   

 
Centered 0.18 0.76 

 
-0.01 0.49 

 
Early 0.43 0.48 

 
0.08 0.30 

 
p-value 0.004 <0.001 

   
 

! !  0.064 0.085 
   Size of the bend 
   

 
Small 0.43 0.52 

 
0.16 0.31 

 
Large 0.18 0.72 

 
-0.10 0.48 

 
p-value 0.006 0.016 

     ! !  0.059 0.043       
 

Table 32 shows the overall mean within each level of main effects, p-values and 

! !  values for practical significance considering only fixed-effects parameters. Location 

of the bend and size of the bend had a significant effect on the absolute relative bias, 

explaining about 11% and 23% of the total variability (! ! =0.111 and ! ! =0.234), 

respectively. That is, location of the bend had a medium effect on absolute relative bias, 

and size of the bend a large effect. Results improved with centered and small bends. For 

location of the bend, overall underestimation of the two levels was very similar, 5% for 

scenarios with centered bend and 4% for scenarios with early bend. However, the mean 
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absolute relative bias was 6% when the bend was centered, and 12% when the bend 

was early in time. Scenarios with small bend had no bias on average, whereas scenarios 

with a large bend showed an average underestimation of 9%. In addition, the size of the 

bend also had a large significant effect on coverage rate explaining over 15% of the total 

variability (! ! =0.151). Results for coverage rate improved with small bends. 

Table 32. ANOVA p-values, Eta-squared, and Mean Effects for Fixed-Effects of 
Simulation Study II 

Factors and 
levels 

Absolute 
relative 

bias 

Transformed 
coverage rate  

  

Relative 
bias 

Coverage 
rate 

Time points 
   

 
m=7 0.09 0.62 

 
-0.05 0.40 

 
m=19 0.10 0.55 

 
-0.04 0.37 

 
p-value 0.722 0.708 

   
 

! !  0.003 0.004 
   Location of the bend 
   

 
Centered 0.06 0.75 

 
-0.05 0.51 

 
Early 0.12 0.42 

 
-0.04 0.26 

 
p-value 0.047 0.058 

   
 

! !  0.111 0.111 
   Size of the bend 
   

 
Small 0.05 0.78 

 
0.00 0.51 

 
Large 0.14 0.39 

 
-0.09 0.26 

 
p-value 0.006 0.029 

     ! !  0.234 0.151       
 

6.2.5 Summary 

As summary, it was possible to identify scenarios for which the piecewise model 

had an acceptable performance when the true underlying trajectory depicts a smooth 

transition between linear segments. The piecewise linear model accurately described 

cases for which data presented small or centered bends. On the other hand, scenarios for 
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which large and early bends were hypothesized by the true model were more difficult 

to be represented by a mean piecewise trajectory. Thus, the UPLMEM successfully 

approximated a true underlying phenomenon with a gradual change between segments 

given by a UBCMEM when the bend was small and also when the bend was centered.  

Additionally, based on the results of the factorial ANOVA analysis for fixed-

effects parameters, to answer the research questions outlined in Section 2.4: 

1. The number of time points did not have an effect on the accuracy of the 

approximation of the UPLMEM to data generated by the UBCMEM. 

2. The location of the bend had a medium effect on the accuracy of the 

approximation. Specifically, centered bends showed less bias in parameter 

estimates. 

3. The size of the bend had a large effect on the accuracy and precision of the 

approximation. Specifically, small bends showed less bias in parameter 

estimates and also higher coverage rates of model parameters.  

4. No significant interaction effects were found between the three factors 

considered in this study. 

Hence, the most important factor for the approximation of the mean piecewise 

linear trajectory to an underlying smoothed segmented trajectory was the size of the bend, 

where small bends yielded more accurate approximations.  
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Chapter 7. Discussion 

In the present study, a Bayesian framework was used to develop a BPLMEM with 

a focus on modeling the correlational structures at level-1 (within-subject) and level-2 

(between-subject) errors. The model describes two segmented growth curves 

simultaneously and the associations between the two trajectories over time. The model 

also allows the estimation of the correlation between error variance parameters by 

directly modeling the two outcome variables of interest as a bivariate normal process. 

Moreover, the BPLMEM developed in this study, uses a scaled inverse-Wishart prior for 

the covariance matrix of random-effects, which is noninformative on the correlations, 

provides flexibility for the variances to be estimated and has been shown to be superior 

for nonlinear growth models, overcoming the limitation of the previous piecewise 

literature that used an inverse-Wishart prior to model between-subjects variability. 

This study provided a detailed analysis of the effects of the strength of the 

associations between the nonlinear trajectories both at level-1 and level-2 errors on the 

accuracy and precision of parameter estimates in the BPLMEM. Furthermore, the current 

study empirically investigated conditions where a piecewise linear trajectory gives a 

reasonable approximation to a segmented growth curve with a smooth transition or 

adaptation period between linear segments given by a bent-cable model. Additionally, the 

BPLMEM was applied to reading and mathematics achievement data to illustrate a novel 

approach to investigate associations between these two domains over time. 
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7.1 Major Findings  

Results of the first simulation study showed a good overall performance of the 

BPLMEM under the different simulation scenarios. Intuitively, results of relative bias 

improved significantly with higher levels of correlation between trajectories reflected in 

the level-2 errorsÕ correlational structure. In addition, slightly higher coverage rates were 

associated with a smaller sample size. Likewise, convergence seemed to be related to the 

level of correlation of the between-subjects structure and to sample size. Higher 

association at level-2 errors and smaller sample size were conditions that yielded higher 

percent convergence. On the other hand, the precision of parameter estimates was higher 

for scenarios with larger sample size. 

In summary, results suggest that the BPLMEM performed better when the data 

had a stronger correlational structure between the growth curves, and parameters were 

more precisely estimated with larger sample sizes. In addition, smaller sample sizes seem 

to be associated with higher model convergence and slightly higher coverage rate. The 

latter result might seem counterintuitive because usually it is expected to have better 

results the larger the sample size. However, in mixed-effects models for longitudinal data 

the dimension of the parameter space increases as the number of subjects (sample size) 

increases (Carlin & Louis, 2009), which might make convergence more difficult to 

achieve with a larger sample size. As a consequence, it is possible that the convergence 

criterion was satisfied closer to the limit (closer to 1.2), which in turn made coverage 

more difficult to achieve. These finding suggests that the BPLMEM can be estimated 
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accurately using a smaller sample size, but higher precision is achieved with larger 

sample sizes. 

Regarding the investigation of scenarios under which the piecewise linear model 

would offer an adequate approximation to a smoothed segmented trajectory given by the 

bent-cable model, results suggested that the location and the size of the bend are 

important factors to consider. Centered bends showed less relative bias in parameter 

estimates; small bends showed less relative bias in parameter estimates and also higher 

coverage rates of model parameters. The number of time points did not have any effect 

on the simulation results. In summary, a mean piecewise linear trajectory adequately 

described scenarios for which repeated measures data had small bends or centered bends. 

Note that in the bent-cable model literature smaller bends than the small bend considered 

in this simulation study have been found (Chiu et al., 2006). Thus, it is expected that the 

results of this study apply for bends covering around 13% of the range of the time scale 

or less. 

With the application of the BPLMEM to reading and mathematics achievement 

ECLS-K data it was found that both domains were positively associated all along their 

segmented trajectories and that such association decreased over time. In addition, 

evidence of the same patterns of association of reading over mathematics and 

mathematics over reading were found. These findings imply that reading and 

mathematics achievement are equally important and that their development is highly 

intertwined. This study constitutes a novel approach to investigate the temporal 
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associations between reading and mathematics achievement; and these findings may 

help inform potential interventions. 

7.2 Limitations and Future Directions 

The present study has several important limitations. First and foremost, the 

estimation time required for the models presented in this study is considerable. Literature 

from bivariate mixed-effects modeling framework using piecewise models did not report 

the time required for model estimation. Based on the exploratory stages of this 

dissertation work and the pilot study reported in Appendix B, the use of the scaled 

inverse-Wishart prior for the covariance matrix of the random-effects increased 

estimation time substantially. In spite of that, the scaled inverse-Wishart prior provided 

better estimates for matrix ! , which was one of the main focuses of the present study; 

hence, the choice of this prior. However, other priors could be explored based on 

separation strategies such as the LKJ prior distribution for correlation matrices, as 

implemented in the Stan software (Stan Development Team, 2017). 

Second, in this study, a Gibbs sampling algorithm was used, as implemented in 

the JAGS software. Nevertheless, it is important to consider recent developments and 

implementation of different MCMC methods. For example, the Stan software performs 

MCMC via the No-U-Turn sampler, which is a form of Hamiltonian Monte Carlo (HMC) 

sampling (B. Carpenter et al., 2017). HMC is supposed to be more efficient than Gibbs 

sampling because it improves the jumping rules that could be time consuming in the latter 

(Gelman et al., 2014; Stan Development Team, 2017). Thus, trying these new 
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implementations along with the priors available in Stan constitute an interesting 

future direction to consider. 

Third, in the second simulation study, it was difficult to make a fair comparison 

between true and estimated variance parameters. The simulation design proposed in this 

study was greatly based on the estimation results of the ECLS-K data presented in 

Chapter 4, whose variance estimates were large especially for the transition parameters, !  

and ! . It will be interesting to investigate whether the level of variability of the random-

effects has an effect on the approximation of the piecewise linear model to the bent-cable 

model. In other words, would it be possible to compare more fairly variance parameters 

across models when the variability between-subjects is small? Would that be the case 

particularly for the variability of the transition parameters? These are interesting 

questions that remain unexplored.  

Another area for future research is the development of a bivariate bent-cable 

mixed-effects model in order to describe scenarios for which a piecewise linear trajectory 

is not suitable. That is, scenarios where there is a large smooth transition between linear 

segments. 

A novelty of the BPLMEM model, but at the same time a limitation, is the 

modeling of the two outcome variables as a bivariate normal process. By doing so, a 

requirement imposed to the data is to have both repeated measures for an individual 

available at each time point under analysis. When the two outcome variables are modeled 

jointly without assuming they follow a bivariate normal distribution, as was the case in 

previous literature (e.g., Wang & McArdle, 2008; Yang & Gao, 2013), then it is not 
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necessary to have data for both outcomes at the same time points. However, the 

BPLMEM developed in this study allows measuring the association of error variances, 

which is recommended for most practical situations (Fieuws & Verbeke, 2004; Shah et 

al., 1997). Note that the BPLMEM does handle missing data. But it does so in a joint 

manner. 

Lastly, a limitation in the application of the BPLMEM to ECLS-K data of reading 

and mathematics ability is that a complete random sample of N=1,000 was used for the 

analysis. The rational of this choice was twofold. First, a complete random sample was 

preferred over a random sample allowing for missing data because exploratory work 

showed that the former was more alike to the ECLS-K population than the latter. Second, 

a sample size of N=1,000 was chosen for practical purposes with respect of time given 

than the model estimation considering all available observations would have taken a 

considerable amount of time. However, to make the results generalizable, the use of a 

more representative sample or all the relevant data, such as all available observations 

having at least four measures for both domains, is warranted.  

7.3 Conclusions and Recommendations 

To summarize, the results of this study suggest that the BPLMEM is a complex 

model whose estimation is not an easy task. There were some scenarios for which 

parameter recovery was more difficult, such as bigger sample size and low correlation at 

level-2 errors. Also, the BPLMEM seems to be a useful and flexible model to investigate 

associations in segmented growth curves in the behavioral sciences. The findings in the 

application of the BPLMEM to the reading and mathematics achievement ECLS-K data 
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speak to the practicality of the model to investigate temporal associations in a novel 

way. In addition, it was found that there are scenarios for which the piecewise linear 

model successfully approximates smooth transitions between linear segments, which 

strengthens the contribution of the development of the Bayesian BPLMEM in this study. 

In applied settings, it might not be straightforward to know when to apply a 

bivariate mixed-effects modeling approach and whether a BPLMEM is adequate to 

address the research questions in hand. First and foremost, in order to decide whether a 

piecewise linear model is appropriate for the longitudinal data in hand, it is important to 

visualize the data. That is, create descriptive statistics and spaghetti plots to empirically 

decide whether a segmented trajectory is plausible. In addition, it is important to also 

consider whether there seems to be an adaptation period between linear segments and 

how big such period is. If the mean segmented trajectory has a centered transition period 

or if its range is around 15% or less of the time span, then the piecewise linear model will 

provide an acceptable fit. This process should be done for each outcome variable of 

interest. 

Once it has been decided that both developmental processes depict a piecewise 

linear trajectory, the BPLMEM should be used when the main focus is on investigating 

the associations between the segmented trajectories over time. The additional information 

obtained by the estimation of the BPLMEM enriches the description of the correlation of 

two longitudinal phenomena. However, researchers must be aware of the additional 

computational resources required to estimate the model. The larger the sample size and/or 

the number of measurement occasions, the longer the model will take to be estimated. 
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When convergence issues are experienced, it is recommended to increase the number 

of burn-in iterations and/or the number of posterior samples.
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Appendix A 

Using starting values to initialize the chains of the BPLMEM  

This appendix contains simulation results for Cells 2, 5 and 8 of Simulation Study 

I as described in Table 13 considering starting values to initialize the chains in the 

estimation process. The starting values were obtained by estimating a simplified version 

of the BLPMEM described in Section 3.1. To elaborate, Gibbs sampling was performed 

for a smaller number of iterations for a model without considering the full covariance 

matrix of random-effects and also without considering the two outcomes as bivariate 

normally distributed. That is, only the variance parameters associated with the random-

effects parameters were estimated and no correlation between error variances were 

modeled.   

Cells 2, 5 and 8 were the ones that presented the highest differences in percent 

convergence, absolute relative bias, and coverage rates. Considering starting values for 

the chains, the percent of replications that converged was 68%, 71%, and 28% for cells 2, 

5, and 8. Without starting values, the percent convergence was 73%, 91% and 34%, 

respectively, as shown in Table 15. 

Table A1. Results of Cell 2, Simulation Study I, without Starting Values 

Parameter True value Mean SD Relative 
bias 

Coverage 
rate 

! !"  33 32.92 1.31 0.00 0.96 
! !!  44 44.43 1.83 0.01 0.90 
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! !"  -34 -34.52 1.90 0.02 0.91 
! !  2.6 2.59 0.09 -0.01 0.94 
! !"  28 28.02 1.02 0.00 0.97 
! !"  32 32.28 1.42 0.01 0.85 
! !!  -23 -23.28 1.58 0.01 0.90 
! !  3 2.99 0.13 0.00 0.97 
! ! !

!  90 91.86 7.40 0.02 0.91 
! ! !

!  50 52.51 3.82 0.05 0.91 
! ! !"

 0 0.02 0.05 - 0.97 
! ! !"

!  95 100.13 22.79 0.05 0.99 
! ! !!

!  145 149.48 31.86 0.03 0.94 
! ! !"

!  155 155.90 37.12 0.01 0.91 
! ! !

!  0.4 0.48 0.17 0.19 0.87 
! ! !"

!  75 77.47 17.47 0.03 0.94 
! ! !"

!  80 77.38 20.34 -0.03 0.87 
! ! !!

!  85 79.17 20.63 -0.07 0.91 
! ! !

!  0.6 0.68 0.32 0.14 0.78 
! ! !! ! !"

 0.7 0.68 0.10 -0.02 1.00 
! ! !" ! !"

 -0.7 -0.68 0.10 -0.04 1.00 
! ! !" ! !!

 -0.9 -0.88 0.03 -0.02 0.96 
! ! ! ! !"

 -0.8 -0.70 0.09 -0.13 0.93 
! ! ! ! !!

 -0.8 -0.81 0.06 0.01 0.96 
! ! ! ! !"

 0.7 0.72 0.09 0.03 0.96 
! ! !" ! !"

 0.4 0.32 0.14 -0.19 0.90 
! ! !" ! !!

 0.3 0.32 0.14 0.06 0.94 
! ! !" ! !"

 -0.3 -0.31 0.15 0.03 0.93 
! ! !" ! !

 -0.3 -0.28 0.15 -0.07 0.94 
! ! !" ! !"

 0.1 0.14 0.14 0.39 0.97 
! ! !" ! !!

 0.25 0.21 0.12 -0.18 0.96 
! ! !" ! !"

 -0.2 -0.18 0.13 -0.11 0.97 
! ! !" ! !

 -0.2 -0.14 0.16 -0.30 0.88 
! ! !" ! !"

 0.7 0.69 0.11 -0.01 0.96 
! ! !! ! !"

 -0.1 -0.13 0.16 0.29 0.96 
! ! !! ! !!

 -0.25 -0.19 0.12 -0.22 0.97 
! ! !! ! !"

 0.2 0.16 0.12 -0.19 0.97 
! ! !! ! !

 0.2 0.13 0.17 -0.33 0.88 
! ! !! ! !"

 -0.7 -0.69 0.08 -0.01 0.99 
! ! !! ! !"

 -0.9 -0.89 0.03 -0.01 0.97 
! ! ! ! !"

 -0.1 -0.12 0.15 0.16 0.97 
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! ! ! ! !!

 -0.15 -0.14 0.17 -0.09 0.90 
! ! ! ! !"

 0.15 0.15 0.17 -0.02 0.93 
! ! ! ! !

 0.1 0.08 0.18 -0.17 0.90 
! ! ! ! !"

 -0.6 -0.57 0.14 -0.06 0.93 
! ! ! ! !"

 -0.8 -0.79 0.07 -0.01 0.96 
! ! ! ! !!

 0.6 0.64 0.10 0.06 0.94 

 

Table A2. Results of Cell 5, Simulation Study I, without Starting Values 

Parameter True value Mean SD 
Relative 

bias 
Coverage 

rate 
! !"  33 33.04 1.29 0.00 0.97 
! !!  44 43.81 1.32 0.00 0.96 
! !"  -34 -33.87 1.47 0.00 0.94 
! !  2.6 2.62 0.08 0.01 0.97 
! !"  28 28.07 1.03 0.00 0.99 
! !"  32 31.78 1.00 -0.01 0.92 
! !!  -23 -22.68 1.16 -0.01 0.92 
! !  3 3.00 0.11 0.00 0.94 
! ! !

!  90 94.36 6.06 0.05 0.93 
! ! !

!  50 51.89 4.46 0.04 0.89 
! ! !"

 0.35 0.34 0.04 -0.02 0.92 
! ! !"

!  95 92.21 21.44 -0.03 0.96 
! ! !!

!  145 135.40 25.45 -0.07 0.96 
! ! !"

!  155 146.86 29.41 -0.05 0.93 
! ! !

!  0.4 0.39 0.10 -0.02 0.94 
! ! !"

!  75 75.84 14.27 0.01 0.97 
! ! !"

!  80 74.27 14.39 -0.07 0.90 
! ! !!

!  85 77.09 15.55 -0.09 0.94 
! ! !

!  0.6 0.58 0.17 -0.03 0.93 
! ! !! ! !"

 0.7 0.73 0.09 0.04 0.97 
! ! !" ! !"

 -0.7 -0.73 0.08 0.05 0.99 
! ! !" ! !!

 -0.9 -0.88 0.03 -0.02 0.93 
! ! ! ! !"

 -0.8 -0.74 0.09 -0.08 0.96 
! ! ! ! !!

 -0.8 -0.80 0.05 -0.01 0.99 
! ! ! ! !"

 0.7 0.71 0.09 0.02 0.97 
! ! !" ! !"

 0.85 0.79 0.07 -0.08 0.92 
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! ! !" ! !!

 0.8 0.82 0.05 0.02 0.97 
! ! !" ! !"

 -0.8 -0.80 0.06 0.00 1.00 
! ! !" ! !

 -0.8 -0.77 0.07 -0.04 0.99 
! ! !" ! !"

 0.5 0.56 0.13 0.13 0.92 
! ! !" ! !!

 0.75 0.75 0.07 0.00 0.94 
! ! !" ! !"

 -0.65 -0.66 0.10 0.02 0.92 
! ! !" ! !

 -0.65 -0.65 0.10 0.01 0.93 
! ! !" ! !"

 0.7 0.74 0.10 0.05 0.93 
! ! !! ! !"

 -0.5 -0.57 0.13 0.13 0.89 
! ! !! ! !!

 -0.75 -0.74 0.08 -0.01 0.96 
! ! !! ! !"

 0.65 0.66 0.10 0.02 0.94 
! ! !! ! !

 0.65 0.65 0.11 0.00 0.96 
! ! !! ! !"

 -0.7 -0.73 0.10 0.04 0.94 
! ! !! ! !"

 -0.9 -0.89 0.03 -0.02 0.99 
! ! ! ! !"

 -0.5 -0.53 0.13 0.06 0.96 
! ! ! ! !!

 -0.6 -0.62 0.10 0.03 0.97 
! ! ! ! !"

 0.6 0.61 0.12 0.01 0.93 
! ! ! ! !

 0.55 0.57 0.12 0.03 0.96 
! ! ! ! !"

 -0.6 -0.62 0.11 0.03 0.94 
! ! ! ! !"

 -0.8 -0.77 0.07 -0.04 0.96 
! ! ! ! !!

 0.6 0.60 0.12 -0.01 0.97 
 

Table A3. Results of Cell 8, Simulation Study I, without Starting Values 

Parameter True value Mean SD 
Relative 

bias 
Coverage 

rate 
! !"  33 33.10 0.97 0.00 0.89 
! !!  44 44.58 1.39 0.01 0.93 
! !"  -34 -34.59 1.30 0.02 0.89 
! !  2.6 2.58 0.07 -0.01 0.93 
! !"  28 28.25 0.56 0.01 0.96 
! !"  32 32.67 1.12 0.02 0.79 
! !!  -23 -23.60 1.25 0.03 0.79 
! !  3 2.97 0.10 -0.01 0.86 
! ! !

!  90 91.73 4.61 0.02 0.93 
! ! !

!  50 51.50 3.24 0.03 0.82 
! ! !"

 0 0.01 0.04 - 0.93 
! ! !"

!  95 99.72 14.69 0.05 0.93 
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! ! !!

!  145 144.74 27.25 0.00 0.89 
! ! !"

!  155 148.31 27.36 -0.04 0.89 
! ! !

!  0.4 0.50 0.23 0.25 0.86 
! ! !"

!  75 75.59 11.17 0.01 0.93 
! ! !"

!  80 81.45 15.26 0.02 0.82 
! ! !!

!  85 81.81 13.95 -0.04 0.89 
! ! !

!  0.6 0.70 0.24 0.17 0.71 
! ! !! ! !"

 0.7 0.71 0.09 0.01 1.00 
! ! !" ! !"

 -0.7 -0.72 0.08 0.02 0.93 
! ! !" ! !!

 -0.9 -0.90 0.02 0.00 0.93 
! ! ! ! !"

 -0.8 -0.73 0.08 -0.09 0.86 
! ! ! ! !!

 -0.8 -0.81 0.04 0.02 0.89 
! ! ! ! !"

 0.7 0.73 0.06 0.04 0.93 
! ! !" ! !"

 0.4 0.36 0.10 -0.10 0.89 
! ! !" ! !!

 0.3 0.31 0.09 0.05 0.93 
! ! !" ! !"

 -0.3 -0.30 0.09 -0.01 0.93 
! ! !" ! !

 -0.3 -0.29 0.10 -0.03 0.96 
! ! !" ! !"

 0.1 0.11 0.09 0.12 0.93 
! ! !" ! !!

 0.25 0.20 0.08 -0.20 0.89 
! ! !" ! !"

 -0.2 -0.17 0.09 -0.17 0.89 
! ! !" ! !

 -0.2 -0.15 0.10 -0.24 0.89 
! ! !" ! !"

 0.7 0.69 0.10 -0.02 0.79 
! ! !! ! !"

 -0.1 -0.13 0.09 0.31 0.93 
! ! !! ! !!

 -0.25 -0.21 0.08 -0.16 0.96 
! ! !! ! !"

 0.2 0.17 0.08 -0.14 0.93 
! ! !! ! !

 0.2 0.16 0.09 -0.18 0.96 
! ! !! ! !"

 -0.7 -0.70 0.09 0.00 0.89 
! ! !! ! !"

 -0.9 -0.90 0.02 0.00 0.96 
! ! ! ! !"

 -0.1 -0.08 0.10 -0.16 1.00 
! ! ! ! !!

 -0.15 -0.12 0.10 -0.22 0.93 
! ! ! ! !"

 0.15 0.13 0.11 -0.16 0.89 
! ! ! ! !

 0.1 0.07 0.13 -0.31 0.89 
! ! ! ! !"

 -0.6 -0.55 0.12 -0.09 0.75 
! ! ! ! !"

 -0.8 -0.81 0.04 0.01 0.89 
! ! ! ! !!

 0.6 0.64 0.08 0.07 0.93 
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Appendix B 

Pilot Study for Different Combinations of Prior Distributions for Level -1 and Level-

2 Errors in the BPLMEM  

This appendix contains simulation results of a small pilot study examining the 

effect of prior specification of key model parameters on the BPLMEM performance. Four 

different scenarios were investigated where combinations of inverse-Wishart, uniform, 

and SI-W priors were used. Results favored the priors used for matrices !  and !  as 

described in Section 3.1.1.2: uniform priors for elements in matrix!! , and SI-W prior for 

matrix !  (which is Scenario 4 described below). 

True values for this pilot study were based on a model estimation on a random 

sample of N=150 of the ECLS-K data. A bivariate model with no covariances at any level 

(no covariance between level-1 errors and random-effects) is estimated as a first step to 

get initial values for the three chains. Sample size was fixed at N=150 (for each process) 

and the number of replications per simulation scenario was 20. 

A summary of the simulation results is presented in Table B1. Scenarios 3 and 4 

had the best convergence rate but also the highest estimation time. Scenarios 3 and 4 

showed the best results in terms of coverage and relative bias as well. Table B2 shows 

relative bias, and coverage rate for each parameter in all four scenarios. Tables B3 to B6 

present true values, posterior mean and SD for each scenario separately. 
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Scenario 4 was chosen for the specification of the BLPMEM because it 

provided good results and because it was the most congruent. 

 

Scenario 1: Prior for Level-1: IW, prior for Level-2: IW 

! !!""#" ! !"#$%&$!!"#$%&'(!! ! ! !"! !  

! ! ! !"# ! ! !   with  ! ! !"#$%&$!!"#$%&'(!! ! ! !"! !  

Priors of the fixed-effects: 

! ! ! ! ! !"#$ ! ! !!! !!!"# ! ! !!!   for k=1,2 

! ! ! !"! ! ! ! ! ! !
!" ! !

!" ! ! !
!!!"#$%&'()$$ 

! ! ! ! !"#$%&'(! !"#$%&'! ! !"#$%!&'#()!*   for k=1,2 

 

Scenario 2: Prior for Level-1: DecomposeSigmaE, prior for Level-2: IW 

! !!""#" !
! ! !

!

! ! ! ! ! ! ! ! ! !
!    

with  ! !"
! ! !"#$%&'()*'#"(+,&( ! ! !!! !!!  for k=1,2  and   ! ! !"#$%&'( !!"!#  

where !"#$%&'$! ! !!! !!  represents the minimum variance of the outcome variable at the j 

time points. The rationale of this upper bound is that the error variance cannot be greater 

than the minimum value of the variances at each time point. 

! ! ! !"# ! ! !   with  ! ! !"#$%&$!!"#$%!"#!! ! ! !"! !  

Priors of the fixed-effects: 

! ! ! ! ! !"#$ ! ! !!! !!!"# ! ! !!!   for k=1,2 
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! ! ! !"! ! ! ! ! ! !
!" ! !

!" ! ! !
!!!"#$%&'()$$ 

! ! ! ! !"#$%&'(! !"#$%&'! ! !"#$%!&'#()!*   for k=1,2 

 

Scenario 3: Prior for Level-1: IW, prior for Level-2: S-IW 

! !!""#" ! !"#$%&$!!"#$%&'(!! ! ! !"! !  

! ! ! ! ! ! !   where  ! ! ! ! ! !
!"#   with   ! ! ! !"#$%&'! !"#$!! !   for i=1,É,8  

and  ! !
!"# ! !"# ! ! ! !"#  with  ! !"# ! !"#$%&$!!"#$%&'(!! ! ! !"! !  

Priors of the fixed-effects: 

! ! ! ! ! ! ! !"! ! ! ! ! ! ! ! ! !"!!!#   for k=1,2 

! ! ! ! !"#$%&'(! !"#$%&'! ! !"#$%!&'#()!*   for k=1,2 

 

Scenario 4: Prior for Level-1: DecomposeSigmaE, prior for Level-2: S-IW 

! !!""#" !
! ! !

!

! ! ! ! ! ! ! ! ! !
!    

with  ! !"
! ! !"#$%&'()*'#"(+,&( ! ! !!! !!!  for k=1,2  and   ! ! !"#$%&'( !!"!#  

! ! ! ! ! ! !   where  ! ! ! ! ! !
!"#   with   ! ! ! !"#$%&'! !"#$!! !   for i=1,É,8  

and  ! !
!"# ! !"# ! ! ! !"#  with  ! !"# ! !"#$%&$!!"#$%&'(!! ! ! !"! !  

Priors of the fixed-effects: 

! ! ! ! ! ! ! !"! ! ! ! ! ! ! ! ! !"!!!#   for k=1,2 

! ! ! ! !"#$%&'(! !"#$%&'! ! !"#$%!&'#()!*   for k=1,2 
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Table B1. Summary of Pilot Study Results for Different Priors for the BPLMEM 

Scenario Number of iterations 
Mean 

estimation time 
(hours) 

Convergence  

1 - Level1: IW, 
Level2:IW 

iters_adapt=5000 
iters_BurnIn=300,000  
iters_sampling=100,000 

1.59 12 (60%) 

2 - Level1: 
DecSigmaE, 
Level2:IW 

iters_adapt=5000 
iters_BurnIn=100,000  
iters_sampling=50,000 

2.37 12 (60%) 

3 - Level1: IW, 
Level2: S-IW 

iters_adapt=5000 
iters_BurnIn=100,000  
iters_sampling=50,000 

10.31 20 (100%) 

4  - Level1: 
DecSigmaE, 
Level2: S-IW 

iters_adapt=5000 
iters_BurnIn=100,000  
iters_sampling=50,000 

11.99 19 (95%) 
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Table B2. Relative Bias and Coverage Rate for the Four Scenarios in the Pilot Study 

Parameter 

Scenario 1 (Level1: IW, 
Level2: IW)   

Scenario 2 (Level1: 
DecSigmaE, Level2: IW)   

Scenario 3 (Level1: IW, 
Level2: S-IW)   

Scenario 4 (Level1: 
DecSigmaE, Level2: S-

IW) 
Relative 

bias 
Coverage 

rate   
Relative 

bias 
Coverage 

rate   
Relative 

bias 
Coverage 

rate 
  Relative 

bias 
Coverage 

rate 
! !"  0.00 0.83 

 
0.00 0.67 

 
0.01 0.85 

 
0.01 0.89 

! !!  -0.02 0.92 
 

-0.02 0.92 
 

-0.01 0.90 
 

-0.01 0.89 
! !"  -0.02 1.00 

 
-0.01 0.92 

 
-0.01 0.95 

 
-0.01 0.95 

! !  0.02 0.83 
 

0.02 0.83 
 

0.01 0.90 
 

0.01 0.89 
! !"  0.00 0.83 

 
-0.01 0.75 

 
0.00 0.85 

 
0.00 0.95 

! !"  -0.01 0.92 
 

-0.01 0.92 
 

0.00 0.90 
 

-0.01 0.95 
! !!  -0.02 0.92 

 
-0.01 0.92 

 
0.00 0.90 

 
-0.01 0.95 

! !  0.01 1.00 
 

0.01 1.00 
 

0.00 1.00 
 

0.00 1.00 
! ! !

!  0.18 0.08 
 

0.18 0.08 
 

0.04 1.00 
 

0.05 1.00 
! ! !

!  0.11 0.50 
 

0.10 0.42 
 

0.02 0.95 
 

0.04 0.95 
! ! !"

 0.07 0.92 
 

0.03 1.00 
 

0.02 1.00 
 

0.01 1.00 
! ! !"

!  -0.24 0.50 
 

-0.23 0.58 
 

0.00 0.95 
 

-0.01 0.95 
! ! !!

!  -0.14 0.75 
 

-0.15 0.67 
 

-0.06 0.95 
 

-0.06 0.95 
! ! !"

!  -0.23 0.58 
 

-0.24 0.58 
 

-0.06 0.90 
 

-0.06 0.89 
! ! !

!  0.03 0.92 
 

0.02 0.92 
 

-0.04 0.90 
 

-0.04 0.79 
! ! !"

!  -0.26 0.58 
 

-0.21 0.67 
 

-0.05 0.90 
 

-0.07 0.89 
! ! !"

!  -0.13 0.92 
 

-0.14 0.83 
 

-0.04 0.95 
 

-0.05 0.89 
! ! !!

!  -0.17 0.92 
 

-0.17 0.83 
 

-0.03 0.95 
 

-0.03 0.95 
! ! !

!  0.02 0.92 
 

0.00 1.00 
 

0.01 0.80 
 

-0.07 0.84 
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! ! !! ! !"
 0.30 0.42 

 
0.31 0.33 

 
0.00 0.90 

 
-0.01 0.95 

! ! !" ! !"
 0.34 0.50 

 
0.35 0.42 

 
0.01 0.90 

 
0.01 0.95 

! ! !" ! !!
 0.02 0.83 

 
0.02 0.83 

 
-0.01 0.95 

 
-0.01 0.95 

! ! ! ! !"
 0.14 0.75 

 
0.14 0.75 

 
-0.03 0.95 

 
-0.02 0.95 

! ! ! ! !!
 0.03 0.92 

 
0.03 0.92 

 
0.02 0.95 

 
0.02 0.95 

! ! ! ! !"
 0.13 0.75 

 
0.15 0.75 

 
0.06 1.00 

 
0.07 0.95 

! ! !" ! !"
 0.04 0.83 

 
0.05 0.83 

 
-0.08 0.95 

 
-0.08 1.00 

! ! !" ! !!
 0.31 0.67 

 
0.31 0.67 

 
0.08 0.90 

 
0.08 0.89 

! ! !" ! !"
 0.39 0.58 

 
0.38 0.67 

 
0.10 0.95 

 
0.10 0.95 

! ! !" ! !
 0.11 0.83 

 
0.11 0.92 

 
0.03 1.00 

 
0.02 1.00 

! ! !" ! !"
 0.29 0.42 

 
0.32 0.25 

 
0.03 0.95 

 
0.03 1.00 

! ! !" ! !!
 -0.03 1.00 

 
-0.02 0.92 

 
-0.02 0.90 

 
-0.01 0.95 

! ! !" ! !"
 0.02 1.00 

 
0.00 1.00 

 
-0.02 0.90 

 
-0.01 1.00 

! ! !" ! !
 -0.06 1.00 

 
-0.04 1.00 

 
-0.01 1.00 

 
0.00 1.00 

! ! !" ! !"
 0.35 0.33 

 
0.37 0.25 

 
0.06 0.95 

 
0.07 0.95 

! ! !! ! !"
 0.32 0.25 

 
0.36 0.17 

 
0.03 0.90 

 
0.03 0.95 

! ! !! ! !!
 -0.04 0.92 

 
-0.04 0.92 

 
-0.04 0.90 

 
-0.03 0.95 

! ! !! ! !"
 0.01 1.00 

 
0.00 1.00 

 
-0.01 1.00 

 
0.00 1.00 

! ! !! ! !
 -0.08 1.00 

 
-0.05 0.92 

 
-0.06 0.95 

 
-0.05 0.95 

! ! !! ! !"
 0.37 0.08 

 
0.38 0.00 

 
0.06 0.90 

 
0.07 0.89 

! ! !! ! !"
 0.01 0.83 

 
0.01 0.83 

 
-0.01 0.95 

 
-0.01 0.95 

! ! ! ! !"
 0.13 0.83 

 
0.16 0.75 

 
-0.01 0.90 

 
0.02 1.00 

! ! ! ! !!
 -0.09 0.83 

 
-0.09 0.83 

 
-0.06 0.85 

 
-0.02 0.89 

! ! ! ! !"
 -0.09 0.92 

 
-0.11 0.83 

 
-0.08 0.95 

 
-0.04 0.95 

! ! ! ! !
 -0.07 1.00 

 
-0.04 1.00 

 
0.01 0.90 

 
0.07 0.84 

! ! ! ! !"
 0.16 0.75 

 
0.19 0.58 

 
-0.01 1.00 

 
0.02 1.00 
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! ! ! ! !"
 -0.04 0.83 

 
-0.04 0.92 

 
-0.02 1.00 

 
-0.01 0.95 

! ! ! ! !!
 -0.01 0.92   -0.01 0.92   -0.01 1.00   0.00 0.89 
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Table B3. Simulation Results for Scenario 1 (Level-1: IW, Level-2: IW) 

Parameter True 
Values 

Mean SD Relative 
bias 

Coverage 

! !"  28 28.13 1.02 0.00 0.83 
! !!  21.5 21.09 0.46 -0.02 0.92 
! !"  -16 -15.66 0.61 -0.02 1.00 
! !  4.4 4.49 0.13 0.02 0.83 
! !"  34 33.99 1.16 0.00 0.83 
! !"  29 28.60 0.89 -0.01 0.92 
! !!  -22.5 -22.15 1.09 -0.02 0.92 
! !  3.9 3.94 0.07 0.01 1.00 
! ! !

!  53 62.66 1.76 0.18 0.08 
! ! !

!  94 104.24 6.65 0.11 0.50 
! ! !"

 0.298 0.32 0.04 0.07 0.92 
! ! !"

!  68.75 52.24 10.64 -0.24 0.50 
! ! !!

!  37.29 32.04 4.97 -0.14 0.75 
! ! !"

!  45.56 35.08 7.85 -0.23 0.58 
! ! !

!  0.72 0.74 0.30 0.03 0.92 
! ! !"

!  95.72 71.16 15.17 -0.26 0.58 
! ! !"

!  81.8 71.14 9.14 -0.13 0.92 
! ! !!

!  87.29 72.83 11.64 -0.17 0.92 
! ! !

!  0.62 0.63 0.16 0.02 0.92 
! ! !! ! !"

 0.66 0.86 0.11 0.30 0.42 
! ! !" ! !"

 -0.61 -0.82 0.13 0.34 0.50 
! ! !" ! !!

 -0.96 -0.98 0.01 0.02 0.83 
! ! ! ! !"

 -0.69 -0.79 0.07 0.14 0.75 
! ! ! ! !!

 -0.77 -0.79 0.08 0.03 0.92 
! ! ! ! !"

 0.64 0.72 0.11 0.13 0.75 
! ! !" ! !"

 0.76 0.79 0.06 0.04 0.83 
! ! !" ! !!

 0.45 0.59 0.12 0.31 0.67 
! ! !" ! !"

 -0.4 -0.56 0.13 0.39 0.58 
! ! !" ! !

 -0.48 -0.53 0.13 0.11 0.83 
! ! !" ! !"

 0.61 0.78 0.11 0.29 0.42 
! ! !" ! !!

 0.81 0.79 0.06 -0.03 1.00 
! ! !" ! !"

 -0.78 -0.79 0.04 0.02 1.00 
! ! !" ! !

 -0.62 -0.58 0.13 -0.06 1.00 
! ! !" ! !"

 0.65 0.88 0.08 0.35 0.33 
! ! !! ! !"

 -0.6 -0.79 0.09 0.32 0.25 
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! ! !! ! !!

 -0.73 -0.70 0.07 -0.04 0.92 
! ! !! ! !"

 0.67 0.68 0.06 0.01 1.00 
! ! !! ! !

 0.62 0.57 0.12 -0.08 1.00 
! ! !! ! !"

 -0.69 -0.95 0.04 0.37 0.08 
! ! !! ! !"

 -0.95 -0.96 0.02 0.01 0.83 
! ! ! ! !"

 -0.61 -0.69 0.09 0.13 0.83 
! ! ! ! !!

 -0.74 -0.67 0.09 -0.09 0.83 
! ! ! ! !"

 0.74 0.68 0.08 -0.09 0.92 
! ! ! ! !

 0.52 0.48 0.12 -0.07 1.00 
! ! ! ! !"

 -0.68 -0.79 0.07 0.16 0.75 
! ! ! ! !"

 -0.92 -0.88 0.03 -0.04 0.83 
! ! ! ! !!

 0.86 0.85 0.04 -0.01 0.92 
 

Table B4. Simulation Results for Scenario 2 (Level-1: DecSigmaE, Level-2: IW) 

Parameter 
True 

Values 
Mean SD 

Relative 
bias 

Coverage 

! !"  28 28.01 1.24 0.00 0.67 
! !!  21.5 21.15 0.46 -0.02 0.92 
! !"  -16 -15.77 0.61 -0.01 0.92 
! !  4.4 4.50 0.12 0.02 0.83 
! !"  34 33.80 1.27 -0.01 0.75 
! !"  29 28.75 0.91 -0.01 0.92 
! !!  -22.5 -22.38 1.08 -0.01 0.92 
! !  3.9 3.93 0.09 0.01 1.00 
! ! !

!  53 62.72 2.16 0.18 0.08 
! ! !

!  94 103.50 6.45 0.10 0.42 
! ! !"

 0.298 0.31 0.03 0.03 1.00 
! ! !"

!  68.75 53.06 10.52 -0.23 0.58 
! ! !!

!  37.29 31.86 5.24 -0.15 0.67 
! ! !"

!  45.56 34.41 6.40 -0.24 0.58 
! ! !

!  0.72 0.73 0.27 0.02 0.92 
! ! !"

!  95.72 75.34 11.28 -0.21 0.67 
! ! !"

!  81.8 70.16 7.60 -0.14 0.83 
! ! !!

!  87.29 72.28 11.96 -0.17 0.83 
! ! !

!  0.62 0.62 0.11 0.00 1.00 
! ! !! ! !"

 0.66 0.87 0.10 0.31 0.33 
! ! !" ! !"

 -0.61 -0.83 0.12 0.35 0.42 
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! ! !" ! !!

 -0.96 -0.98 0.01 0.02 0.83 
! ! ! ! !"

 -0.69 -0.78 0.07 0.14 0.75 
! ! ! ! !!

 -0.77 -0.79 0.07 0.03 0.92 
! ! ! ! !"

 0.64 0.73 0.10 0.15 0.75 
! ! !" ! !"

 0.76 0.80 0.05 0.05 0.83 
! ! !" ! !!

 0.45 0.59 0.11 0.31 0.67 
! ! !" ! !"

 -0.4 -0.55 0.13 0.38 0.67 
! ! !" ! !

 -0.48 -0.53 0.12 0.11 0.92 
! ! !" ! !"

 0.61 0.80 0.10 0.32 0.25 
! ! !" ! !!

 0.81 0.79 0.06 -0.02 0.92 
! ! !" ! !"

 -0.78 -0.78 0.05 0.00 1.00 
! ! !" ! !

 -0.62 -0.60 0.13 -0.04 1.00 
! ! !" ! !"

 0.65 0.89 0.08 0.37 0.25 
! ! !! ! !"

 -0.6 -0.82 0.06 0.36 0.17 
! ! !! ! !!

 -0.73 -0.70 0.07 -0.04 0.92 
! ! !! ! !"

 0.67 0.67 0.07 0.00 1.00 
! ! !! ! !

 0.62 0.59 0.13 -0.05 0.92 
! ! !! ! !"

 -0.69 -0.95 0.04 0.38 0.00 
! ! !! ! !"

 -0.95 -0.96 0.02 0.01 0.83 
! ! ! ! !"

 -0.61 -0.70 0.06 0.16 0.75 
! ! ! ! !!

 -0.74 -0.67 0.10 -0.09 0.83 
! ! ! ! !"

 0.74 0.66 0.09 -0.11 0.83 
! ! ! ! !

 0.52 0.50 0.13 -0.04 1.00 
! ! ! ! !"

 -0.68 -0.81 0.06 0.19 0.58 
! ! ! ! !"

 -0.92 -0.88 0.03 -0.04 0.92 
! ! ! ! !!

 0.86 0.85 0.05 -0.01 0.92 
 

Table B5. Simulation Results for Scenario 3 (Level-1: IW, Level-2: S-IW) 

Parameter 
True 

Values 
Mean SD 

Relative 
bias 

Coverage 

! !"  28 28.19 0.96 0.01 0.85 
! !!  21.5 21.22 0.46 -0.01 0.90 
! !"  -16 -15.78 0.56 -0.01 0.95 
! !  4.4 4.45 0.13 0.01 0.90 
! !"  34 34.11 1.15 0.00 0.85 
! !"  29 28.89 1.06 0.00 0.90 
! !!  -22.5 -22.40 1.16 0.00 0.90 
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! !  3.9 3.90 0.09 0.00 1.00 
! ! !

!  53 55.21 2.52 0.04 1.00 
! ! !

!  94 96.34 5.68 0.02 0.95 
! ! !"

 0.298 0.30 0.03 0.02 1.00 
! ! !"

!  68.75 68.90 9.17 0.00 0.95 
! ! !!

!  37.29 35.02 5.63 -0.06 0.95 
! ! !"

!  45.56 42.72 8.20 -0.06 0.90 
! ! !

!  0.72 0.69 0.26 -0.04 0.90 
! ! !"

!  95.72 90.52 14.84 -0.05 0.90 
! ! !"

!  81.8 78.41 13.93 -0.04 0.95 
! ! !!

!  87.29 85.03 16.69 -0.03 0.95 
! ! !

!  0.62 0.63 0.22 0.01 0.80 
! ! !! ! !"

 0.66 0.66 0.10 0.00 0.90 
! ! !" ! !"

 -0.61 -0.62 0.10 0.01 0.90 
! ! !" ! !!

 -0.96 -0.95 0.02 -0.01 0.95 
! ! ! ! !"

 -0.69 -0.67 0.11 -0.03 0.95 
! ! ! ! !!

 -0.77 -0.79 0.07 0.02 0.95 
! ! ! ! !"

 0.64 0.68 0.10 0.06 1.00 
! ! !" ! !"

 0.76 0.70 0.04 -0.08 0.95 
! ! !" ! !!

 0.45 0.49 0.10 0.08 0.90 
! ! !" ! !"

 -0.4 -0.44 0.09 0.10 0.95 
! ! !" ! !

 -0.48 -0.50 0.11 0.03 1.00 
! ! !" ! !"

 0.61 0.63 0.09 0.03 0.95 
! ! !" ! !!

 0.81 0.79 0.07 -0.02 0.90 
! ! !" ! !"

 -0.78 -0.76 0.06 -0.02 0.90 
! ! !" ! !

 -0.62 -0.61 0.12 -0.01 1.00 
! ! !" ! !"

 0.65 0.69 0.07 0.06 0.95 
! ! !! ! !"

 -0.6 -0.62 0.08 0.03 0.90 
! ! !! ! !!

 -0.73 -0.70 0.07 -0.04 0.90 
! ! !! ! !"

 0.67 0.66 0.07 -0.01 1.00 
! ! !! ! !

 0.62 0.58 0.12 -0.06 0.95 
! ! !! ! !"

 -0.69 -0.73 0.07 0.06 0.90 
! ! !! ! !"

 -0.95 -0.94 0.02 -0.01 0.95 
! ! ! ! !"

 -0.61 -0.61 0.10 -0.01 0.90 
! ! ! ! !!

 -0.74 -0.69 0.14 -0.06 0.85 
! ! ! ! !"

 0.74 0.68 0.12 -0.08 0.95 
! ! ! ! !

 0.52 0.53 0.17 0.01 0.90 
! ! ! ! !"

 -0.68 -0.67 0.07 -0.01 1.00 
! ! ! ! !"

 -0.92 -0.90 0.03 -0.02 1.00 
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! ! ! ! !!

 0.86 0.85 0.04 -0.01 1.00 
 

Table B6. Simulation Results for Scenario 4 (Level-1: DecSigmaE, Level-2: S-IW) 

Parameter 
True 

Values Mean SD 
Relative 

bias Coverage 

! !"  28 28.15 0.99 0.01 0.89 
! !!  21.5 21.24 0.47 -0.01 0.89 
! !"  -16 -15.79 0.56 -0.01 0.95 
! !  4.4 4.46 0.13 0.01 0.89 
! !"  34 34.00 1.08 0.00 0.95 
! !"  29 28.83 0.88 -0.01 0.95 
! !!  -22.5 -22.31 1.00 -0.01 0.95 
! !  3.9 3.90 0.08 0.00 1.00 
! ! !

!  53 55.70 2.63 0.05 1.00 
! ! !

!  94 97.63 5.83 0.04 0.95 
! ! !"

 0.298 0.30 0.03 0.01 1.00 
! ! !"

!  68.75 68.19 9.14 -0.01 0.95 
! ! !!

!  37.29 35.01 5.84 -0.06 0.95 
! ! !"

!  45.56 42.80 8.32 -0.06 0.89 
! ! !

!  0.72 0.69 0.29 -0.04 0.79 
! ! !"

!  95.72 89.47 14.89 -0.07 0.89 
! ! !"

!  81.8 77.71 14.29 -0.05 0.89 
! ! !!

!  87.29 84.38 17.26 -0.03 0.95 
! ! !

!  0.62 0.58 0.15 -0.07 0.84 
! ! !! ! !"

 0.66 0.65 0.10 -0.01 0.95 
! ! !" ! !"

 -0.61 -0.61 0.10 0.01 0.95 
! ! !" ! !!

 -0.96 -0.95 0.02 -0.01 0.95 
! ! ! ! !"

 -0.69 -0.67 0.10 -0.02 0.95 
! ! ! ! !!

 -0.77 -0.79 0.07 0.02 0.95 
! ! ! ! !"

 0.64 0.69 0.11 0.07 0.95 
! ! !" ! !"

 0.76 0.70 0.04 -0.08 1.00 
! ! !" ! !!

 0.45 0.48 0.10 0.08 0.89 
! ! !" ! !"

 -0.4 -0.44 0.10 0.10 0.95 
! ! !" ! !

 -0.48 -0.49 0.11 0.02 1.00 
! ! !" ! !"

 0.61 0.63 0.08 0.03 1.00 
! ! !" ! !!

 0.81 0.80 0.05 -0.01 0.95 
! ! !" ! !"

 -0.78 -0.77 0.05 -0.01 1.00 
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! ! !" ! !

 -0.62 -0.62 0.11 0.00 1.00 
! ! !" ! !"

 0.65 0.69 0.07 0.07 0.95 
! ! !! ! !"

 -0.6 -0.62 0.07 0.03 0.95 
! ! !! ! !!

 -0.73 -0.71 0.06 -0.03 0.95 
! ! !! ! !"

 0.67 0.67 0.07 0.00 1.00 
! ! !! ! !

 0.62 0.59 0.10 -0.05 0.95 
! ! !! ! !"

 -0.69 -0.74 0.07 0.07 0.89 
! ! !! ! !"

 -0.95 -0.94 0.02 -0.01 0.95 
! ! ! ! !"

 -0.61 -0.62 0.08 0.02 1.00 
! ! ! ! !!

 -0.74 -0.73 0.11 -0.02 0.89 
! ! ! ! !"

 0.74 0.71 0.09 -0.04 0.95 
! ! ! ! !

 0.52 0.56 0.15 0.07 0.84 
! ! ! ! !"

 -0.68 -0.69 0.07 0.02 1.00 
! ! ! ! !"

 -0.92 -0.91 0.03 -0.01 0.95 
! ! ! ! !!

 0.86 0.86 0.05 0.00 0.89 
 

Lastly, as a final step, a simulation using a Uniform prior distribution for the 

changepoints in the BPLMEM keeping the rest of the priors as specified in Scenario 4 

was also performed. The motivation was to compare Scenario 4 with Scenario 5 where 

the only difference is the prior of the changepoints. Simulation results still favor 

Scenario 4 because Scenario 5 takes even longer estimation time (see Table B7). 

 

Scenario 5: Same as Scenario 4, but with  ! ! ! ! !"#$%&'!()$%   for k=1,2 
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Table B7. Summary of Pilot Study Results for Scenarios 4 and 5 for the BPLMEM 

Scenario Number of iterations 
Mean 

estimation time 
(hours) 

Convergence  

4  - Level1: 
DecSigmaE, 

Level2: S-IW,       
CP: Normal 

iters_adapt=5000 
iters_BurnIn=100,000  
iters_sampling=50,000 

11.99 19 (95%) 

5  - Level1: 
DecSigmaE, 

Level2: S-IW,        
CP: Uniform 

iters_adapt=5000 
iters_BurnIn=100,000  
iters_sampling=50,000 

13.51 18 (90%) 

 

Table B8. Simulation Results for Scenario 5 (Level-1: DecSigmaE, Level-2: S-IW, and 
Uniform prior for Changepoint Parameters) 

Parameter 
True 

Values Mean SD 
Relative 

bias Coverage 

! !"  28 28.14 0.93 0.00 0.89 
! !!  21.5 21.23 0.45 -0.01 0.89 
! !"  -16 -15.75 0.54 -0.02 1.00 
! !  4.4 4.45 0.13 0.01 0.89 
! !"  34 34.08 1.10 0.00 0.89 
! !"  29 28.92 1.01 0.00 0.89 
! !!  -22.5 -22.37 1.12 -0.01 0.89 
! !  3.9 3.89 0.09 0.00 1.00 
! ! !

!  53 55.65 2.63 0.05 1.00 
! ! !

!  94 96.90 6.01 0.03 0.94 
! ! !"

 0.298 0.30 0.03 0.01 1.00 
! ! !"

!  68.75 68.57 10.13 0.00 0.94 
! ! !!

!  37.29 35.22 5.88 -0.06 0.89 
! ! !"

!  45.56 43.06 8.45 -0.05 0.89 
! ! !

!  0.72 0.67 0.27 -0.07 0.83 
! ! !"

!  95.72 91.43 14.62 -0.04 0.89 
! ! !"

!  81.8 78.36 14.66 -0.04 0.89 
! ! !!

!  87.29 84.39 17.17 -0.03 0.94 
! ! !

!  0.62 0.60 0.20 -0.03 0.78 
! ! !! ! !"

 0.66 0.66 0.11 0.00 0.94 
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! ! !" ! !"

 -0.61 -0.63 0.11 0.03 0.94 
! ! !" ! !!

 -0.96 -0.95 0.02 -0.01 0.94 
! ! ! ! !"

 -0.69 -0.67 0.10 -0.03 0.94 
! ! ! ! !!

 -0.77 -0.79 0.07 0.03 0.94 
! ! ! ! !"

 0.64 0.69 0.11 0.09 1.00 
! ! !" ! !"

 0.76 0.71 0.05 -0.07 0.94 
! ! !" ! !!

 0.45 0.49 0.11 0.08 0.89 
! ! !" ! !"

 -0.4 -0.45 0.10 0.12 0.94 
! ! !" ! !

 -0.48 -0.49 0.11 0.02 1.00 
! ! !" ! !"

 0.61 0.63 0.09 0.03 0.94 
! ! !" ! !!

 0.81 0.80 0.06 -0.01 0.89 
! ! !" ! !"

 -0.78 -0.78 0.05 -0.01 1.00 
! ! !" ! !

 -0.62 -0.62 0.11 -0.01 1.00 
! ! !" ! !"

 0.65 0.69 0.08 0.06 0.94 
! ! !! ! !"

 -0.6 -0.62 0.09 0.03 0.89 
! ! !! ! !!

 -0.73 -0.71 0.06 -0.03 0.94 
! ! !! ! !"

 0.67 0.67 0.06 0.00 1.00 
! ! !! ! !

 0.62 0.59 0.11 -0.06 1.00 
! ! !! ! !"

 -0.69 -0.73 0.08 0.06 0.89 
! ! !! ! !"

 -0.95 -0.94 0.02 -0.01 0.94 
! ! ! ! !"

 -0.61 -0.61 0.10 -0.01 0.94 
! ! ! ! !!

 -0.74 -0.71 0.11 -0.04 0.78 
! ! ! ! !"

 0.74 0.70 0.10 -0.06 0.94 
! ! ! ! !

 0.52 0.53 0.15 0.02 0.89 
! ! ! ! !"

 -0.68 -0.68 0.09 0.00 1.00 
! ! ! ! !"

 -0.92 -0.91 0.03 -0.02 0.94 
! ! ! ! !!

 0.86 0.86 0.04 0.00 0.94 

 
 

 

 


