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Abstract

Developmental processes rarely occur in isolatdien the growth curves of
two or more variables are interdependémtddition, fequently, growth curves do not
portray aconstanpattern of change. Different stages or segments of development are
present in the data. Bivariate piecewise linear medéeicts models (BPLMEM) are a
usefulstatistical framework tsimultaneouslydescribe two processes that portray
segmented linear trajectories and to investigate their associations over time
Interrelations between the growth curves are measured by assuming a joint distribution
of the randorreffects parameters of each autee variable. Furthermore, associations
in the outcome variables collected from the same subject should be taken into account
when they are modeled jointly. This association is modeled by correlating the error
variance parameters of each outcome variable.

There are several drawbacks in the literature of bivariate piecewise-mixed
effects modelsAn important limitation inthe BPLMEMSs literature is that researchers
have assumed uncorrelated residual emorsss the two longitudinal processehich
is somehing unlikely to hold in practice. Alsaurrent modeling choices for the
randomeffectsin bivariate piecewise mixeéffects modehave shortcoming$or
instanceresearcherbaveunintentionallyimposed dependencies amdhg elements of
the covariancematrix associated witthe randorreffects; or they have modeled only
few of itscovariance parameters determinedhsy research interesh addition
simulation studies using BPLMEd/are scarce. Little is known about the performance

of bivariatepiecewise mixegffects modelsinder different correlational scenarios of
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the randorreffects parameters and the error variances. Furtheraargicism tothe

piecewisdinear model is a hypothesized abrupt change between oae segment to
anothermecause this performaneeay not be true for all empirical scenaribl®wever,
although amooth transition or adaptation period between linear segments might be
more realisticthe piecewise linear model is extensively used in pradtiogs, it is
naturalto wonder under which scenarios thigmsacceptable choice.
The purpose of the present study was to develop a BPLMEM using a Bayesian
inference approach allowing the estimation of the associatiwreba error variances
and prowvding a more robust modelg choice for the randowiffects. Furthermore, the
performance of the BPLMEM was investigated via a Monte Carlo simulation study
focusing on the strength of the associations of the error variance parametées and t
growth curves (represented the randorreffectsO correlational structure). An
additional purpose was to empirically characterize scenarios for which the piecewise
linear model gives a reasonable approximation to an underlying smoothed segmented
trajectory given by a quadratic bend joining tmeér phases of growth. Lastly, the
contribution of bivariate mixeéffects modeling approaches is illustrated by using a
BPLMEM to investigate the joirdevelopmenbf mathematics and reading
achievement and the association between their longitudinaitvags. This constitutes
a novel approach to examine associations between educational domains over time.
Simulation results showed that the strength of the association between the
growth curves and the sample size had a significant effect on the perternfahe

BPLMEM. Specifically, lower relative bias of parameter estimates and higher model



convergence was related to a stronger correlational structure betweandbes
effects of thegrowth curves. Likewise lightly higher coverage ratesd better
convergenceavere associated witl smaller sample sizén addition, it was possible to
identify cases for whicthe piecewisdinearmodelhadan acceptable performance
when the true underlying trajectdnad an adaptation period or bdretween linear
segnents Scenarios with small or centered bengseaccurately described by a
piecewise linear model.

Results from the illustrative example suggested that mathematics and reading
achievement are positively associated all along their segmented trajeztatig®mthe
strength okuch association decreases over timeaddition,evidence of the same
patterns of association of reading over mathematics and mathematics over reading were

found
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Chapter 1. Introduction

Correlated data emergénen there is a grouped or clustered structure in the
units of analysis. Longitudinal or repeated measures data constitute a particular type of
correlated datawhere measurements of the same individuals are gathered over time
(Fitzmaurice, Laird, & Ware, 2011l is used to describe the patterns of change over
time, that is, the growth trajectory of the indivals and the irependent variables
associated witht (Fitzmaurice et al., 2011Mixed-effects models constitute an
analytical approach comonly used to analyze longitudinal data where the focus is on
describing the typical trajectory over time and the extent to which individuals deviate
from the typical trajectory (individual differencg§)avidian & Giltinan, 2003;
Fitzmaurice et al., 2011)n mixedeffects models the total variability of the outcome
variable is decomposed into withgubject (ntra-individual or levell) and betwen
subjectsifiter-individual or level2) variability.

Analyses of a single outcome variable are common. However, usually multiple
variables of interest are collected in a repeated measures design. Thgtivayiate
longitudinal data aresadily available. For instance, generally, in educadibsettings
achievement data aoellected on more than one domain, such as reading and
mathematics.

Analyzing each process or outcome variable separately prevents our ability to

account for the multivariateature of the data and to reveal important relationships
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between the developmental procegsesuws & Verbeke, 2004; Verbeke, Fieuws,

Molenberghs, & Davidian, 2014 many situations, me&ding multivariate
longitudinal data jointly is suitable to answer substantive research questions of interest.
For example, modeling two or more longitudinal processes simultaneously is
appropriate when the focus is on investigating what is the assodatwaen outcome
variables over time (e.g., comparing whether all response variabieaseor decrease
at the same rater the associations of initial points with respect to their development),
what is the relation between a predictor and all outcomes simultaneously, or on how
outcomespecific parameters are related to each dffieuws & Verbeke, 2004,
Verbeke et al., 2014)n other words, when the interest is in revealing interrelations
between two or more variables of interest while at the same time describing their
patterns over time, the use of modeling techniques for multivariate longitudinal data is
relevant because they allastudying the joint evolution of multiple variables over time.
Examples of logitudinal outcome variables thiaave been analyzed
simultaneously are hearigiditorythresholds measured at different frequencies
(Fieuws & Verbeke, 2004piochemical and physiological markers in the analysis of
renal graft failurgFieuws, Verbeke, Maes, & Vanrenterghem, 20@@)sodic,
semantic, anevorking memory and perceptual speed in the study of cognitive decline
(Beckett, Tancredi, & Wilson, 2004differentbiomarkers in a pregnancy study
(Marshall, De la CruMes’a, Bar—n, Rutleglg& Zerbe, 2006)and daily use of alcohol
and marijuana in the study of addictigviikulich-Gilbertson, Wagner, Riggs, & Zerbe,

2015)
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Multivariate mixedeffects models are an extension of univariate mpfects

models (mixeeeffects models for a single outcome measure) whereetelopmenof
two or more outcome variablesasalyzed simultaneously and the interest is on
investigating associations between the growth curvedtiMriate longitudinal data
exhbit correlationin threeforms: within the repeated measures of the same individual
for each outcome variable (withubject or levell errors for each procesdetween
the multiple response variabledleoted from the same subject (correlation between the
level1 errors), and between individuals (betwseibjects or leve? errors). Such
correlations should be takenardccount when jointly modeling two or more processes
over time. Multivariate mixeeffects models are discussed in detalChapter 2

One of the most importaaspects when modeling repeated measures data is to
accurately describe the trajectory over tifRgzmaurice et al., 2011)n other words,
choosing a functional form to describe the ¢rexhibited by the data is crucial for
understanding the underlying growth process, and for the implications of the study.
Piecewise models are a flexible statistical framework to describe nonlinear trajectories
that have different rates of growtbrrespading to different segmesibf development
over time(Cudeck & Klebe, 2002)To elaborate, distinct phases or segments of growth
can be accommodated within a single growth curve or trajectory over time. The time
point at which the trajectory changes from one phase to the other is called knot or
changepoint, which is one of theost interesting attributes of the mog€éudeck &

Klebe, 2002)



Bivariatepiecewise mixegkffects models (BPMEBW) are a speéc type of
mixed-effects modelshat describe two outcome variables following a segmented
growth curve and the associations over time between thpiégewisdrajectories.
BPMEMSs have been useddoal/ze measures of fluid and crystalized intelligence
simultaneouslf{McArdle & Wang, 2008)to investigate t correlation between
changepoints of longitudinal trajectories of physical and cognitive measures in a
dementia studyYang & Gao, 2013)and todescribe the association at the starting point
of cogntive measures in an Alzheimstudy(Hall et al., 2001) Estimation of BPMEMs
is not an easy task. Bayesian inference has been the preferred method to estimate
BPMEMs(Hall et al., 2001; Wang & McArdle, 2008; Yang & Gao, 2013)

An important limitation in the BPMEM literatuiie that it fails to model the
correlationbetween théwo outcomevariables ctiected from the same subject. That is,
current methodological developments in BPMEM do not consider associagtwmsen
thetwo response variables interest at the level erors. Having uncorrelated levél
errors is hardly fulfilledn practice and failing to account for that correlation can
potentially bias estimation resultsimportant waygFieuws & Verbeke, 2004; Shah,
Laird, & Schoenfeld, 997). Moreover, the choice of the priors used to model between
subjects (leveR) variability might impact posterior inferences in one of the most
important features of the BPMEM, the covariance maifithe randomeffects, which

is where the associatl between trajectories is captured.



This leads to a need for extending the current literaturéMBM by
modeling associations tével1 errors and also by proposing alternative priors to
model betweersubjects variability.

Piecewise models allodifferent functional forms to descrileach stage or
phase of change. Howeydinear functional formsire a simple angesourceful
framework © model a variety of problenf&ohli, Hughes, Wang, Zopluoglu, &
Davison, 2015; Kohli, Peralta, Zopluoglu, & Davison, 20 gcewise models using
linear segments to describe each phase of develo@reensually referred to as
piecewise linear models or brokstick modelgYang & Gao, 2013)

Thus, the mai purpose of the present studysia develop a bivariate piecewise
linear mixedeffects model (BPLMEM) under a Bayesian inference framework to allow
the estimation of the correlation betwdewel1 errors by assuming that the two
outcome variables of interest follow a bivariate normal distribution. Also, a different
prior specification that overcomes the liations of previous literature wagroposed to
model betweessubjects variability. Moeover, the performance of the modelsw
investigated via a simulation study where the focus difb@rent levels of correlation
for thelevell and leveR (within- and betweeisubject$ errors.

A criticism against piecewise linear models is the assumption of a sudden
change between phases of development. That is, an abrupt transition between the linear
segments is assumed, whitlay not occum some research settingéhus, a smooth
transition ketween segments of development is more rea(Bacon & Watts, 1971,

Yang & Gao, 2013)Yet, the piecewise linear model is frequently used to describe



segmented growth change. Thereforether objective of thistsdy was to
investigate whether there are scenarios for which an abrupt transition adequately
approximates a smooth change between segments of development.

In addition, an application of the BPLMEM to educational literature is presented
to illustrate the dvantages of modeling bivariate longitudinal data simultaneotsly.
elaboratgjoint analyses of mathematics and reading achievement are scarce in the
educational literatutelo datejntrinsically nonlinear models have not been used to
examinethe assoation of mathematics and reading achievenr@pctories. Thus, the
BPLMEM was usedto investigate the relations between mathematics and reading
achievementrajectories over timewhich constitutes a novel approach to examine
temporal associations of thetwo educational domains.

In summary the objectives of this study weseveral fold: (1) to develop a
BPLMEM using a Bayesian inference approach that allows the estimation of the
association étween levell errors and provies a more robust modeling lnétween
subjects variability; (2) to investigate the performance of the BPLN\ respect to
the accuracy and precision of model parametsirsy a simulation study focusing on
the strength of the correlational structures of the model; (3) to empiratelhacterize
scenarios for which the piecewise linear model will give a reasonable approximation to
an underlying smooth transition between segments of development; and (4) to illustrate
the use of a BLMEM to investigate the joirgvolution of mathematgecand reading

achievement and the association between their longitudinal trajectories over time.
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This study is organized as follows. Chapter 2 provides a literature review of

multivariate mixeeeffects model, BPMEMSs, and different options that have beeth us
to characterize smooth change between segments of development. Chapter 3 describes
the models that are used throughout this document. Chapter 4 presents the application of
the BPLMEM to mathematics and reading achievement. Chapter 5 describes the
simuldion designs to complete objectives (2) and (3) described in the previous
paragraph. Simulation results are presented in Chapter 6, and Chapter 7 discusses the
major findings of this study, limitations, and future research.

In the remainder of thistudy, models for a singleohgitudinal outcome are
calledunivariatemodels. Similarlythe terminologybivariate andmultivariatemodels
indicate joint longitudinal models for two or more outcomes, respectividgwise, the
termsdevelopmental processgsocessesandoutcomeor responsev/ariablesare used

interchangeably



Chapter 2. Literature Review

2.1 Multivariate Mixed -Effects Models

Multivariate mixedeffects models (MMEMSs) constitute a resourceful statistical
framework tosimultaneouslynodel two or more developmental processes of interest
over time while also focusing on revealing the interrelations among them. la such
framework,a mixedeffects model is assumed for each response variable and the
association among the different trajectories is captured by imposing a joint multivariate
distribution on the random effects of each mpedfdcts mode(Fieuws & Verbeke,
2004; Fieuws, Verbeke, & Molenberghs, 2007; Shah et al., 1997; Verbeke & Davidian,
2009; Verbeke et al., 2014{MEMs have several advantages. For example, model
exploration and model building can be done for each outcome separately, and when
analyzed simultaneously model parameters have the same interpretation as in the
univariate caséFieuws et al., @07). In addition, MMEMs allow the analysis of different
types of outcome variables (continuous or categorical) and different types of trajectories
(linear or nonlinear). For instance, linear, generalized linear, and nonlinear univariate
mixed-effects nodels have been combined to model multivariate longitudinal data in a
joint modeling frameworKe.g., Fieuws et al., 2008)\Iso, response variables do not
need to be measured at the same time points and the number of repeated measures
available for each response variable may Yarguws & Verbeke, 2004; Fieuws &.,

2007; Verbeke & Davidian, 2009; Verbeke et al., 2014)
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Bivariate mixedeffects models (BMEM) constitute a special case of MMEMs

when only two outcome variables are analyzed. A general BMEM is specified below.
The generalization to more than two outcome variables is straightforward. Subsequent
discussion of mogl assumptions and literature in the field is tied back to this model
description.

Let yx;; denote thé-th outcome variable measured on t+h individual at thg-
th measurement occasion angdenotes thg¢-th time of measurement for inddual,
wherek = 1!';i=1,...,N;andj = 1, ...,n;. Hence, the model for subjedhas the

general form

Yiij :fl(Bl'bli'xij) + eq5! (1)
)’Zij:!.(!!!!!!!!ij)! Fypd )
where! (1110 0 (e (0, 1 1) bis an array of functions that

can be either linear or nonlinear! 111 {!lisal! ! vector of fixed effects
representing the mean structure of the mddel, !! {,!! |,)" is arx1 vector of random
effects, andg; ! ley;;!!, )" is the vector of error terms. It is assumed that
b;~MVN(! !l I and! ;~I"# 1111 1 where! is!! ! and! is!!!.In addition, itis
assumed thdt, and! , are independent and identically distited (i.i.d.) for all'. The
matrix! captures betweesubjects ifter-individual or level2) variability, andmatrix!

captures withirsubject (ntra-individual or levell) variability.

The covariance matrix for the withsubject errord, , has thegeneral form

) ©
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where! {, and! |, represent the error variance of the first and second outcome

variables, respectively, and ,, represents the covariance between the two errors at
measuremerdaccasion .

Notice that the vectors of fixed and random effectandb;, contain the fixed
and random effects of both outcome variables, respectively. For instance,lif bath
I, in Equationg1) and(2) are the classical linear function, themas four elements: two
intercepts(,, and! ) and two sloped (- and! ,,). Likewise, assuming that both
parameters in each modelJe random efies associated witthem,b, is a! x1 vector

with an associated covariance matrix of the form

2
0By,
0842t

D= | 1
08,1811 " !rlaz 0B,y

I (4)
oy !!!!!1" !!!!!!" !;!!
whereo; , and! i . represent the variance of the intercept and slope of the first outcome,

respectively, andl| . and! | , represent the variance of the intercept and slope of the

second outcome, respectively. The rest of the elemehtsefiect associations between

random effects. Particularly interesting are the covariance pararheters,! ., ,

! ,and!, . because these are the additional parameters that the joint modeling

Pwoay
framework is able to capture in comparison with univariate analyses. These parameters
allow the researcher to compute associations between the two processes. For instance,

'y.1, represets the covariance between the initial pointhef fird outcomevariable

and the initial point othe secon@utcomevariable and
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©)

is the correlation between both initial statuses. Likewesgarchers can compute
associations between the initial point of one outcome and the rate of change of the other,
or between the two rates of change. This type of information is not captured when using
separate univariate mixegffects models to descrileach process. Hence, MMEMs
provide information ommportant relations among processekich enriches the
description of the evolution of the outcome variables over. titogvever, it is also worth
noticing that having multivariate longitudinal data shaudd be the only reason to use
MMEMs. The use of joint modeling techniques should be guided by research questions
such as assessing the relation between some covariaté antdt@nes simultaneously,
or investigating the association between the trajedaiall outcome variables
(Verbeke et al., 2014A gain in efficiency is noAnargument for the use of MMEMSs. If
there is no research question thdlsclar its use, univariate analyses should be preferred
(Fieuws et al., 2007)Therefore, of special interest in this reviewow researchers have
modeled and! matrices and their elements, especially for models in Sectipn 2.2
because these two parts of the model are the ones that contain unique pieces of
information beyond a univariate setting

The growth trajectories for each developmental process may either follow linear,
curvilinear or polynomial (e.g., quadratic or cubic), or intrinsically nonlinear (e.g.,
exponential or piecewise) patterns of change. This is reflected in the choicemnof,

in Equationg1) and(2). Although easier to use and interpret, linga@wth models
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assume that the relation between initial differences and subsequent growth is constant

across time, which might be unrealistic or could conceal important developmental aspects
of the phenomenon under investigat{®arrila, Aunola, Leskinen, Nurmi, & Kirby,
2005) Parameters of polynomial models, on the other hand, might be difficult to interpret
in the theoretical context of the response vari@Bimeron, Grimm, Steele, Castro
Schilo, & Grissmer, 2015; Kohli, Harring, & Hancock, 2018}rinsically nonlinear
models are usually related to unsteady change over time, asymptotic behaviors, or
developmental phases, where modetymeters are directly related to substantive
guestiongDavidian, 2009; Davidian & Giltinan, 1995)

A review of linear and nonlinedIMEMs is presented below, followed Iblye
literature in bivariate piecewise mixedfects models, which constitute a flexible

framework to describe phases or segta®f development.

2.1.1 Multivariate linear mixed -effects models

Multivariate linear mixeeeffects models (MLMEMS) are an extension of the
linear mixedeffects model of Laird and Wa(&982)and were introduced by Shah and
colleaguegShah et al., 1997)n MLMEMs the functions in (! 1! ,!! ) are linear in
parameters.

The focus of MLMEMshas variedSome researchehnsveput emphasis in the
association between the trajectories over {isee e.g., Fieuw& Verbeke, 2004;
Mikulich-Gilbertson et al., 2015; Zucker, Zerbe, & Wu, 19%@8)d others in the
multivariate modeling per gsee e.g., Beckett et al., 2004; Gueorguieva, 2001,

Gueorguieva & Agresti, 2001; Sammel, Lin, & Ryan, 1999; Shah et al., 1997; Thum,
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1997) However, regardless of the focus of the study, when multiple outcomes need to

be analyzed, besides the parameters estimated in a univariate framework (fixed effects,
covariance of random effects, and covariance of wishipject error), the model should
also account for the correlation structure among the different outcomes. Such correlation
has been taken into account by assuming a joint distribution of the random effects. It has
been shown algebraically and empirically that correlations between rarfidans ef
distinct outcome variables are best measured by assuming a joint distribution of random
effects rather than using alternative methods such as computing the correlation of
individual deviations obtained by using univariate mpedigcts models foeach
response variable, and the correlation of OLS individual estimates for each outcome
(Beckett et al., 2004)

In addition to assuming a joint distribomi of the random effects, two different
covariance matrix structures have been studied in the literature for the-suthect
errors,! : (1) conditional independencge.g., Gueorguieva, 200Mikulich-Gilbertson et
al., 2015; Zucker et al., 1998nd(2) association of the outcome variables at the same
measurement occasiofesg., Fieuws & Verbeke, 2004; Shah et al., 19€onditional
independence means that, caiotial on the random effects, the processes are assumed to
be independent; they do not share variability due to measuremenir@isoassumption

is reflectedn the MMEM by settind ,,,, ! ! in Equation(3). In structure(2), it is

assumed that residual errors of both response variables are associated! That id,,

and thecovariance between levélerrorsis estimated.
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The use of multivariate linear mixexdfects models to investigate the

association of the trajectories over time has been thoroughly invest{§aaads&

Verbeke, 2004)Of particdar interest is the discussitimatFieuws and Verbek&004)

provide about the implications that different aaptions of the withirerrors covariance

matrix have on interpreting associations between response variables. The interpretation of
model parameters is conditional on the resheparameters in the mod@ucker et al.,

19%). Thus, the results of computing associations between outcome variables as a
function of covariances between random effects can vary significantly when assuming
different within-errors covariance structuréSeuws & Verbeke, 2004)

Besides the conditional independence assumption, and assuming correlation at the
same measurement ocitass, extensions to the withgrrors covariance matrix have
been proposed in the literature. For instance, estimation procedures for MLMMs in which
the errors are assumed to be serially correlated according to an autoregressive process
have been discuss@d/ang & Fan, 2010)

Scholars have analyzed different ways to compute the correlation between
developmental processes in MLMEMSs. For instance, estimattinge farm of regression
parameters describing the relatioviseen growth curve coefficients after adjusting for
all remaining coefficients between the response variables in a bivariate linear mixed
effects model have been discusé@dcker et al., 1995)n addition, a model
reparaneterizaton that allowglirectestimation ofassociation coefficients of interest as
model parameters by using partial correlation and partial regression coefficients has also

been presentglikulich-Gilbertson et al., 2015 his procedure has two advantages.
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First, it provides standard errors based on the inverse of the Hessian matrix as part of

the model estimation instead of ngithe delta method to achesuch in an additional
step asvas done in the literatufe.g., Fieuws & Verbeke, 2004; Gueorguieva, 2001,
Zucker et al., 1995Second,ikelihood ratio tests can be used to directly compare two
models and test for the significance of the parameter of interest instead of using
univariate tests such as Wdigpe ttests.

It is surprising the lack of simulation studies to investigate thestabas of
parameter recovery in MLMEMs. Because, even though they are extensions of the
univariate framework, the number of parameters that must be estimatgaifisantly

larger, which calls for more investigation.

2.1.2 Multivariate nonlinear mixed -effectsmodels

The lterature for multivariate nonlinear mixedfects models (MNLMEMS) is
sparse. Fewer studies have been carried out in comparison with MLMEMs. What
distinguishes MNLMEMs from MLMEM s is that the functions!ifi !! ,!! . ) are
intrinsically nanlinear, or nonlinear in parameters.

Similar to the linear case, the focus has been on investigating associations
between response variables over ti@g., Fieuws et al., 2008; Rutledge, 19%%)in the
joint modeling per s@_uwanda & Mwambi, 2016Db, e.g., 2016a; Marshall et al., 2006;
Wang, 2015)Most studies presenting methodological impleragoms(Luwanda &
Mwambi, 2016b; Marshall et al., 2006; Rutledge, 199%)characterized by the absence

of simulation analyses to investigate the robustnepammeter estimates.
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Models assuming conditional independence have been estimated for the

nonlinear cas@_uwanda & Mwambi, 2016b, e.g., 2016a¥y well as assuming within
errors to be correlated at the same measurement occésipndarshall et al., 2006;
Wang, 2015)In addition, different types of structures for the witkimor variance
covariance matrix have been explored, such agpoond symmetric and setibanded
(e.g., Rutledge, 1995)

Different types of nonlinear functions have been used in the literature of
MNLMEMSs, such as exponenti@Rutledge, 1995 logistic(Marshall et al., 2006; Wang,
2015) logit (Luwanda & Mwambi, 2016b, 2@h), logarithmic(Luwanda & Mwambi,
2016b, 2016aWang, 2015)linearlinear transitior(Fieuws et al., 2008 and piecewise
(Hall et al., 2001Wang & McArdle, 2008; Yang & Gao, 2013)ote that only some of
these studie@Rutledge, 1995Vang & McArdle,2008; Yang & Gao, 2013)onsidered
random effects for the intrinsically nonlinear model paramé¢iexs variances of
nonlinear randoreffects) which are known to be more difficult to estimébavidian,
2009; Davidian & Giltinan, 1995)

In summary, a aspect that is worth noticing is thesmeness of information
regarding the robustness of the joint modeling migldcts framework, either in
MLMEMs or MNLMEMSs. With the undeniable increase in the number of parameters to
be estimated, a natural question that arises is how well the modalgbars.are

recovered under different scenarios that are typically found in real data analysis.
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2.2 Bivariate Piecewise MixedEffects Models

Piecewise ochang@oint models constitute a versatile statistical tool to model
longitudinal data allowing for differeg phases of growth within a single trajectory over
time (Cudeck & Klebe, 2002; Kohli, Harring, & Zopluoglu, 201&)n important element
of these typsof models is the knot or charm@nt, which characterizes thiene point at
which the trajectory changes from one phase to an@theteck& Klebe, 2002) The
knot or changgoint can be fixed or estimated as an additipaahmeter of the model
(Kohli et al., 2018) Changeoints are usually unknown in real data applications, so its
estimation is extremely important.

Piecewise models have been usedescribe developmental processes such as
mathematicge.g., Kohli, Hughes, et al., 2015; Klg Sullivan, Sadeh, & Zopluoglu,
2015)and reading achievemef&.g., Hindman, Cromley, Skibbe, & Miller, 2011,
Kieffer, 2012; Sullivan, Kohli, Farnsworth, Sadeh, & Jones, 2016; Yeo, Kim, Branum
Martin, Wayman, & Espin, 2012yocabulary developmefe.g., Kohli & Harring,

2013) nonverbal performance over the life sp@ng., Cudeck & Klebe, 2002)
executive dysfunction and verbal intelligerfegg., Grober et al., 2008nhemory decline
(e.q., Grober et al., 2008; Hall et al., 2001; Hall, Ying, Kuo, & Lipton, 2083
response times to medical treatmdpetg., Cudeck & Klebe, 2002)

Bivariate piecewise mixeg&ffects models (BPMEMS) are a special case of
MNLMEMs. In BPMEMSs two processes depicting a segmented trajectory are modeled
simultaneously with thécus on investigating the relatiohstween the nonlinear

processesver time BPMEMSs hae not been extensively used in the litera. Studies
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that have used BREMs are described belowlall and colleague®001)edimated a

bivariate changsoint model to describe the association at the starting point of cognitive
measures in an AlzheimerQOs disease study. Profile likelihood and Bayesian methods were
used to estimate the model. The authors estimated only one coggraameter to
measure correlation in the two outcomes: the association between the intercept
parameters of both processes. The rest of the covariance parameters to measure
associations between outcomes were set equal to zero. The use of Bayesian gechnique
was preferred when a random knot or more than two change points needed to be
estimateqHall et al., 2001)

McArdle and Wang2008)used, among other models, a quadriiear BPMEM
to describe crystalized and fluid intelligence scores. The authors estimated all pegamet
in the covariance matrix of randeeffects. That is, all covariance parameters that
measure the association of the outcome variables along the nonlinear trajectories were
estimated. In addition, error variances were assumed to be independent. Natiagsoci
between levell errors was assumegurthermore, a discussion of the association of the
nonlinear trajectories was not presented.

Wang and McArdl€2008)used Bayesian inference methods in a simulation
study to investigate the effect of three levels of error varianteiparameter estimates
of a quadratidinear BPMEM. The authors estimated the whole covariance matrix of
randomeffects (an 8x8 matrix) and assumed conditional independence ofllewedrs.
They used invers&amma priors for each levélerror varianc@arameter, andn

inverseWisharg(l) prior with 8 degrees of freedom and an identity 8x8 matrix as its scale
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for the covariance matrix of randeeffects. The conclusion of the study was that

fixed-effects and level error variance parameters were recedevell regardless of the
level of error variance in the data. However, ésémates of theovariance matrix of the
randomeffectswerebiasedwhen trueerror variance werehigh (Wang & McArdle,
2008)

Yang and Ga¢2013)compared the performance of targpes of changepoint
models:piecewise linear, Bacewatts, and smooth polynomial models, witfoaus on
thecorrelation between the chamgents of the two trajectories using Bayesian
techniques. Differences among the models reside in their parameterization, parameter
interpretation, and the mathematical definition ofchang@oint. A complete dafition
of the models and the parameter interpretation is given in the next section. The authors
estimated only one covarianparameter associated withe joint randorreffects, the
covarianceébetween the changeints of the two outcome variables. Thegoaéstimated
the covariance between slopes for both processes. In total, they estimated three
covariance parameters from the whole covariance matrix of raeffects, but only one
corresponding to thassociatiorof the twogrowth curvesThey also assurde
conditional independence of levklerrors. Yang and G48013)performed a small
simulation study with two scenasgplarge and small variances of chapgets and level
1 errors, to assess parameter recovery of the three models under the assumption that the
true model was the smooth polynomial because they considered it to be the most
comprehensive. They used inveSamma priors for each levé&lerror variance

parameter, and invera&isharg(l) prior with 2 degrees of freedom and an identity 2x2
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matrix as its scale for the covariance matrix of the pairs of rarefteatsin which

they were intereste@imulation resu$ suggestedat smaller variances of champgents
and levell arors led to parameter estimatesh smaller bias. Authors also favored the

smooth polynomial model over the othérang & Gao, 2013)

2.2.1 Estimation of BPMEMs

Estimation of BPMEMs has been mainly performed under Bayesian modeling
techniques. Bayesian procedures avoid high order numeriegtation by sampling
repeatedly from the conditional posterior distribution for each model parameter.
Researchers have suggested tiaBayesian inference approach is more robust than
maximum likelihoodHall et al., 2001; Wang & McArdl, 2008; Yang & Gao, 2013)
Even when working with simpler models, such as univariate piecewise -eififezds
models, parameters can be estimated more accu(itaEi, Hughes, et al., 201%V/ang
& McArdle, 2008) In addition, computationally speaking, Bayesian approaches are more
able to handle complex models, such as BPMBN! et al., 2001; OOHagan & Luce,
2003; Yang & Gao, 2013 hus, Bayesiamference is preferred over maximum

likelihood for the estimation of BPMEMSs.

2.2.2 Limitations of literature in BPMEMs

The main purpose of using MMEMSs is to investigate the association between the
multiple outcomes either through ththin- or betweersubjecs (level1 or levet2)
covariance matrice$, and! . Hence, the limitations of simulation studies using
BPMEMs are discussed in light of their choices for!thend! matrices and their

elements.
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Two small simulation studies have been performed \BRJEMs. Wang and

McArdle (2008)estimated the full covariance matokthe randorreffects. That is, they
estimated all elements in thematrix. Yang and Ga(2013)focused only n estimating
three elements of the covariance malrithat answeretheir research questions and set
the rest of the elements equal to zero, and only one of those elements spoke to the
associations between outnes. In addition, both studies assuraednditional
independence structure for the witlsabject errors. That is, the error covarianeg , ,
was set equal to zero in thematrix.

An important limitation in these two studies is the assumptionmditonal
independence of levdl errors. The assumption of residual errors being uelebed
rarely hdds in practice and failing to account for that correlation can potentially bias
estimation resultéFieuws & Verbeke, 2004; Shah et al., 19Mpreover, except fo
cases where the outcome variables come from different data collection studies, the
assumption of conditional independence is unlikely to (®k&h et a).1997) Hence, it
is important to consider the estimation of the error covariance in thatrix.

Another limitation is the use of inverd®ishart prior to model the whole
matrix (Wang & McArdle, 2008)or pieces of ifYang & Gao, 2013)It has been shown
that the invers&Vishart prior has a stroraypriori dependency between therrelations
and the variancg®\lvarez, Niemi, & Simpson, 20143elman, 2006; Gelman et al.,
2014; Tokuda, Goodrich, van Mechelen, Gelman, & Tuerlinckx, 2013t is, larger
variances are associated with correlations near1, @nd small variances with

correlations near zero. This implies, for instance, thenthe true variance is small,
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correlations will be estimated close to zero regardless of their true magnitude. Even

when the degrees of freedom of the invatgishart prior are set equal 1 (wherevis

the dimension of the covariance matrix being estimated) in order to place a uniform
distribution on the individual correlation parameters, this impsg®ng constrainmn

the variance parametgiGelman et al., 2014)'hese characteristics of the inverse
Wishart prior may impact posterior inferences on the covariance matrix, and the use of
what is considered a noninformative pnoight in fact be an informative orf{&elman,
2006) which is something we should try to avoid. Ideally, what wela like to use is a
prior that is noninformative on the correlations and also allows variances to be freely
estimatedGelman et al., @1L4). Priors that involve separation strategies to model the
covariance matrix into scale and correlation parameters have been proposed as
alternatives to the widely used inveigashart prior(Alvarez et al., 2014Gelman et al.,
2014; Liu, Zhang, & Grimm, 2016; Tokuda et al., 20 )rthermore, it has been shown
thatfor nonlinear growth modelsriors for the covariance matrix of randeaffects
involving separation strategies aeperior in terms of bias and coverage rate compared
with the inverseéWVishart prior(Liu et al., 2016)

Finally, an aspect that is not fully exploited in these two simulation studies nor in
the applied papers that have used BPMEMs is a comprehensive discussion on the
associations betvea the two outcome variables given the nonlinear trajectories being
estimated. Hall and colleagug01)egimated only one parameter to describe

associatioabetween the two outcome variables; and even though McArdle and Wang
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(2008)estimated all elements in the covariance matrix of rardffetts, no

discussion regarding assations between trajectories svarovided.

2.3 Abrupt Change vs. Smooth Transition

The flexibility of piecewise models allows different functional forms to describe
each stage or phase of growtlonetheless, linear funonal forms constitute a
resourceful frameworlotmodel a variety of problemBy using linear functions to
describe each phase of growth researchers are able to capture the different rates of change
and the impact that other covariates might have onutemme variable at each of those
phasegKohli, Hughes, et al., 2015; Kohli, Sullivan, et al., 2Q0IH)e piecewise linear

model characterizes an individual trajectory as follows:

e e rny (6)

where

| |
() { | ! "#$%&'($ )

There are four parameters that describe the trajedtoidenotes the intercept,
the slope during the first linear segméntthe change in slopes from the first to the
second linear segment, ahds the knot or changepoint. The slope at the secegishent
can be computed dy ! !,.

One of the maitimitations ofthe piecewise linear model is that it assumes an
abrupt transition between phases of development. That is, the linear functions describing

different segments of behavior connect in a eslike point (), often described as a

kink. A sudden change in behavior might not be realistic for several developmental
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processes. In fact, mhay beappropriate when it is knowi (priori) that an abrupt

transition happen@acon & Watts, 1971)Therefore, a smooth transition adaptation
periodbetween linear segments might be more realiBacon & Watts, 1971; Van den

Hout, MunizTerrera, & Matthews, 2011; Yang & Gao, 2013)

2.3.1 Modeling options for a smooth transition
A few models have been introduced in the literature to model a smooth transition
between linear segments describing distinct phases of behavior. These are briefly

discussed below.

2.3.1.1 BaconWatts model

Bacon and Watt&l971)defined a class of models where a transition parameter
and a transition function are defined to join the linear segments. dthel imas six
distinctive parameters: an intercept, a transition parameter, a transition function, two
parameters that depend on the transition function, and the changepoint. When the
trarsition parameter approximates zero, the model approsohesecewis linear
model. The transition function can take various foritge hyperbolic tangent function
has been used in the literateeg., Bacon & Watts, 1971; Van den Hout et al., 2011,
Yang & Gao, 2013)but other forms have been recommended such as a variation of the
arctangent functio(Bacon & Watts, 1971)Although the BacoiWatts model
successfully describes an adaptation period between linear segments, its applicability
might be reduced due to the cumbersome ingg¢agion of its model parametgigan den
Hout et al., 2011; Yang & Gao, 2013)o elaborate, two of the model parameters in the

piecewise linear model are simply and intuitively interpreted as the slopes of the two
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linear segmentdutthey no longer have such interpretation in tlaedyWatts model.

These parameters are linked to the shape of the transition, which depends on the selected

transition function, and no longer have an intuitive interpretation.

2.3.1.2 Polynomial model

The polynomial model was introduced by Van den Hout €R@ll1)as an
alternative to the shortfalls of the Baewratts model in parameter interpretation. Van
den Hout et al(2011)proposed to join the linear segments by a tdedree polynmial.
The interpretation of the two slopes remains the same as in the piecewise linear model.
However, the intercept is no longer a parameter of the model and the definition of the
changepoininvolvestwo model parameters. Furthermore, its implementagqguoires
more computational resources because a-ttegtee polynomial is estimated when a
lower degree polynomial is sufficient to characterize the smooth tran@taanden

Hout, MunizTerrera, & Matthews, 203 3aswill be explained in the next subsection.

2.3.1.3 Bentcable model

The benicable model was initially introduced by Tishler and Z&@81)but the
authors did not name the model. They proposed the model as a continuously
differentiable alternative to the nalifferentiable kink in the piecewise lineanodel. The
model was named benable and further developed by Chiu, Lockhart, and Routledge
(2006)and Chiu and Lockha(R010) It consists of two linear segments joined by a
guadratic bend that depicts a smooth transition between the linear phases. Hdableent

model claracterizes an individual trajectory as follows:
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NN (8)

where

() A T

(9)

Parameter interpretation bf, !, and!, in Equation(8) remains the same as in
the piecewise linear model (see Equati®)); they denote thmtercept, slope of the first
linear segment, and change in slope for the second linear segment, respectively.
Parameters and! are referred to as transition parameters, they denote the center of the
bend and halfvidth of the bend, respectively. Whempproximategero, the bentabke
model approximatethe piecewise lineanodel(Tishler & Zang, 1981)However, due to
the smoothness in the besatble model, the concept of changepoint is not directly
translated to this model. The term critical time point (CTP) has been introduced in the
bentcable literature as an effort to provide a parallel definition to the changepoint in the
piecewise linear mielsO literature. The CTP has been defined as the point Oat which the
response mean structure takes either an upturn from a decreasing trend, or a downturn
from an increasing trendOhiu & Lockhart, 2010, p. 398Buch point occurs when the
bentcableOs slope within thaadratic bend is equal to zgReynolds & Chiu, 2010)
and itisdefinedas# ! I'l 11 (11,111, The concept of CTP is only applicable
when the linear trends in thentcable model present a change in gGhiu &
Lockhat, 2010) When the linear slopes do not exhibit a sign change or when any linear
segment is flat, the CTP concept is no longer applicable. However, in such cases, the

center of the bend, may represent a similar idea to the CTP (or to the changepoint
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the piecewise literature), but care is recommended to distinguish it from the CTPOs

definition (Chiu & Lockhart, 201Q)

Literature related tthebentcable model is scarce. But some insights regarding
the magnitude of the bend and its variability are possible to draw. Examples of real data
applications sbwed small bends covering only 6% of the range of the independent
variable(Chiu et al., 2006)medium bends of around 24 to 3%Zhiu & Lockhart, 2010;
Chiu et al., 2006; Dagne, 2016; Khan, Chiu, & Dubin, 20aadl large bends covering
approximately 60% of the range of the time varigllbiu et al., 2006)Not all these
applications were using repeated measures data. But from the ones that did use
longitudinal datathe variability of the halfvidth bend parameter, was of 8% and 24%
of the range of the time scaleichthe bends were covering 23% and 8% of the time
range, respectivelfDagne, 2016; Khan et al., 2014n one of these examples, the
number of measurement occasions for each subject varied from 127 to 246; in the other,
10 meaasurement occasions were available in a span of 48 weeks. Thus, if a mean bend is
small (8%), that does not mean that it will cover only a small percentage of the total time
scale because it may present a big variability and this could cause the beted dooser
more than a third of the time scale. Actually, in a couple of examples, one of the linear
segments of the bewtble model was neexistent because the center of the béndias
located early/late and the width of the bend would cover thddsstime poin{Chiu et

al., 2006; Dagne,®L6).
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2.3.2 Summary and limitations

In summary, the berdable model is more parsimonious compared with the
BaconWatts and polynomial mode{¥an den Hout et al., 2013]} characterizes a
smooth transition using five parameters only, and the interpretation of such pasaset
intuitive and similar to the piecewise linear modelOs parameters. Therefore, when the
interest is in describing a smoothed segmented trajectory, thedldatmodel is
preferred over the BaceéWwatts and polynomial mode{¥an den Hout et al., 2013)

Given the exnsive use of piecewise linear models to describe segmented
trajectories assuming a sudden change in behavior, it is natural to wonder whether there
would be conditions under which piecewise linear models can accurately describe
phenomena with an underlgmadaptation period between linear segmenhtsdate, there

is no study that had investigated such capabiliti¢dhe piecewise linear model.

2.4 Limitations in the Literature and Contributions of the Present Study
Important limitations have been observedhe BPMEMSs literature such as using
the conditional independence assumption, the invafisbart prior to model between
subjects variability, and the lack of investigation of the association of the trajectories.
Likewise, the lack of in depth simulatiorudies that investigate the performance of
BPMEMs is evidentFurthermore, despite the limitation of assuming an abrupt change in
behavior, the piecewise linear model is extensively used in the literature to characterize
segmented development. Thus, itaagonable to wonder how adequate this
approximation is when the underlying trajectory actually depicts an adaptation period

between linear segments of growth.
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There are two main methodological contributions from this study. First, the

primary purpose isstexamine the accuraaynd precisiorof parameter estimates in a
bivariate piecewise linear mixegffects model (BPLMEM) under different conditions
where the focus is on the strength of the associations between the nonlinear trajectories
both at levell ard level2 errors. To accomplish this, a BPLMEMsdefined where the
two outcome variables follow bivariate normal distribution, which allows for the
estimation of the covariance of levkkrrors. Furthermore, a scaled invevgishart
prior, a type of por using a separation strategyasused for the covariance matrix of
randomeffects. Such prior overcomes the shortcomings of the invérsieart by
introducing a richer structure that adds modeling flexib{l@glman et al., 20147
Monte Carlo simulation study w&onductedo investigate the performance of the
BPLMEM under different levels of correlation for the withand betwen-subjects
structuresFocusing on these two factors suaotivated by the fact that the central point
of modeling multivariate longitudinal data simultaneouslto investigate the association
between the multiple outcomes either throughwtikein- or betweensubjecs
correlational structuregccordingly,the following research questions guidbis part of
the study:

1. Doesthelevel of correlation ofvithin-subject [evel1) errors have an

impact in parameter estimates of the BPLMEM?
¥ To what extent, if any, does the strength of the association of the
within-subject variancesf the two outcome variables have an

effect o0 accuracy of parameter estimates?
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2. Doesthelevel of correlation between the two processes in the-2vel

errors haven effect in parameter estimates of the BPLMEM?
¥ To what extent, if any, does the strength oflibeveersubjects
association of the trajectorie$ the two outcome variables have an
effect o0 accuracy of parameter estimates?
3. Does sample size have an effeic parameter estimates of the BPLMEM?
¥ To what extent, if any, do small and maai sample sizes have an
effect o0 accuracy of parameter estimates?
4. Is there any combination of levels of correlations of ldvehd level2
errors that has positive/negative effect on the accuracy of parameter
estimates of the BPLMEM?

Second, given that the piecewise linear model is extensively used in the literature
to characterize segmented development despite its limitation of assuming an abrupt
change irbehavior; there isretherpurpose of this study. That is, to empirically
determine conditiongnder which the piecewise linear model will give a reasonable
approximation when the transition between segments of development is gfadual.
achieve this objgtve, a Monte Carlo simulation study waonductedvhere the
piecewise linear modelasfitted to data generated under the besitle model. To
elaborate, a true adaptation period between linear segments given by tbaldbent
model wasapproximated by aabrupt transition given by the piecewise linear model.

Consequently, the following research questions gliidis part of the study:
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1. Does the number of measurement occasieng lan impact on the

accuracy withwhich the piecewise linear model could appneate the
bentcable model?

2. Does the location of the bendve an effect on the accuracy withich
the piecewise linear model could approximate the-bable model?

¥ To what extent, if any, doentered or extreme locations of the
bendhave an effectothe approximatiod

3. Does the size of the bend have an impact on the accuracy to which the
piecewise linear model could approximate the {oafiie model?

¥ To whatextent, if any, demall or large bendsave an effectro
the approximation?

4. Is there any combini@n of the location and size of the bend and number
of measurement occasions for which the approximation of the pieeewise
linear model will be particularly precise?

In addition, a real data analysis is presented to illustrate the BPLMEM and the
type ofresearch questions that can be answered with the application of this modeling
framework. Specifically, associations between reading and mathematics ability
throughout theipiecewise linear trajectories veeanalyzed. Data from thgarly
Childhood Longitdinal Study, Kindergarten Class of 1998 (ECLSK) was used for
this study. The research questions that gliile application of the bivariate mixed

effects modeling framework are:
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¥ Is there evidence supporting a smooth transition between linear

segment®f development for univariate mixexfects models of
mathematics and reading achievement?
¥ To what extent, if any, are mathematics and reading achievement
segmented trajectories associated over time?
o0 Does the strength of the association remain the saerdine?
0 Is there evidence ohanterrelation betweeboth educational

domain® developmeht
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Chapter 3. Definition of the Models

This chapter provides the detion of the three models that veeused in this
study: BPLMEM, univariate piecewismear mixedeffects model (UPLMEM), and
univariate bentable mixeedeffects model (UBCMEM). In addition, this chapter also
provides a discussion on parameter estimation and inference under a Bayesian framework

for the most general model, the BPLMEM.

3.1 Bivariate Piecewise Linear MixedEffects Model (BPLMEM)

Let!,,» and!,,» denote two outcome variables of interest of individualtime!,
and! . denote the-th measurement occasion for individuahere! ! 'l 11 and
L1, Hence, a BPLMEM for subjetthas the general form:

By Bl Bl by !!"!(!!"! !!!)! Pl

(10
Ppp D b Dby ! !!!!(!!"! !!!)! Pl

where!II' denotes the positive part function, that is,

(bt te) ! {! } !! ) I"4#$%&'($)
where! I 'l denotes the number of outcome variables.
Let! I 10 10y 10w 10 00 10 10, 11 T denote the vector of fixeeffects,
Py b 0y i e 0 1 1t 1 1 the vector of randoreffects,! ) !

Py M M T i )Y L1 the vector of individual coefficients,
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and!, ! !l .11, .11the vector of error terms. It is assumed that!"# 111 I and

yrg 1l twhere! is!!! and! is!! . In addition, it is assumed thiat and!
are independent and identically distributed (i.i.d.) fot.allhe matrixX captures
betweenrsubjects ifiter-individual or level2) variability, and captures withirsubject
(intra-individual or levetl) variability.

The fixedeffects parameters have the following interpretation:denotes the
average intercept of the first outcome variable;the mean slope of the first linear
segment of growth;,. is the average change in slope raftee changepoint; arid
denotes the average changepoint or kifitthe first outcome variable or developmental
process. Similarly, parametérs , !+ ,!, , and!, have the same interpretation for the
second outcome variable of interest. Becdysealerotes the change in slope after the
changepoint, theh,, ! !, is the slope of the second linear segment! fbr! !,

MatricesD and! have the general forms:

iy
e
e T U
1 !!!!!" !!!!!! !!!!!" !E! | (11
Powe Downy Bopne B, M
".n 'ul,. 'l.l. !!;--!; !!.--.!p- i,
e T T D D Do U,
--!.;!..-.- !.!.;!.”“ -.!.;!-.-.- -.!.;!... !-!.;!..-.- !.!.;!.,-- -!;!”” i,

. ('I '> 42
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The variance of each of thendomeffects parameters is in the main diagonal

of matrix! in Equation(11). For instance), | . represents the variance of the intercept of

the first outcome vaable,! the variance of the slope of the first linear segmafqg,

the variance of the change in slopes, la}r}dthe variance of the changepoint. Likewise, a
similar interpretation is given to the other four elements in the main diagometrix! ,
which areassociated withandomeffects of the second outcome variable. Notice that
there are 16 elements in mattixhat are particular to this model. That is, there are 16
parameters that provide information on the association between the tewise linear
trajectories as described in Equat{@g). Let! . denote the entry in theeth row ando-

th column of matrixX , then all entries within the square formed by entries! » , !,

and! . define the association between the two developmental processes. These entries
are highlighted by a red squareFigurel. The rest of the entries of mattixrepresent
variance or covariance parameters that can be estimated by using a UPLMEM. That is,
the 16 parameters highlightedfkigurel are the ones that can only be estimated when
using a bivariate mixedffects modeling approach. These are the unique pieces of
information that the BPLMEM provides, and the reason of using a bivariate-mixed

effects modeling approach.
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Figurel. Uniqueparameters in the covariance matrix of ranekffects estimated by a
bivariate piecewise linear mixegffects model.

The interpretation of the diagonal of the highlighted parametéfigurel is as

follows:!, ., stands for the covariance between the intercepts of both outcome

variables!

Py by

for the covariance between the two first linear segmeénts;,. for

the covariance between the change in slopes after the changepoint in both trajectories;

and!, ,, stands for the covariance between both changepoints. Similar to Eqi@ation

the correlation coefficient could be computed for each covariance parameter in! matrix

Rather than covariance parameters, reporting correlation coefficients is prefeaadebe

they allow interpretations of the strength of the relationship between two variables. Thus,

when reporting results in this study, variances of randtigcts (main diagonal of matrix

I') and the correlation coefficients for the rest of the elemantstrix! are reported.

A modeling assumption is that the two outcome variablgsand! , -, follow a

bivariate normal distributior(} , - !! | !.-)!! I"# ((' il ”.-)!!! ) where! ., 1 1, !

Py Dl (et 1 )! for! | 11l and matix ! as defined in Equatiofi2).

Modeling the two outcome variables as a bivariate normal process allows for the
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estimation of a covariance parameter between-eeefors. Assuming that levél

errors of the outcome variables of interest are correlated had been advised in the literature
of multivariate mixeeeffects modelg¢Fieuws & Verbeke, 2004; Shah et al., 1930t
such assumption had not been incorporated in BPMEMseébefor

Finally, note that the number of measurement occadignsnay vary between

individuals. This is reflected in the dependency ofthe sub index, ! ! 'l 11, That

is, the BPLMEM allows for missing data. However, notice that because the pairs of
|
outcome variable{,! NRANEC ) follow a bivariate normal distribution, such missingness

has to hold for both outcome variables at measurement oct¢asion

3.1.1 Parameter inference

As discussed in Section 2.2.1, Bayesian modeling techniques are preferred for the
estimation of BPMEMSs. Bayesian procedures avoid high order numerical integration,
they are more robust than maximum likelihood approaftal et al., 2001; Wang &
McArdle, 2008; Yang & Gao, 2013are more able to handle complex modklall et
al., 2001; OOHagan & Luce, 2003; Yang & Gao, 2Gi8) perform better for simpler
models, such as univariate piecewise migffdcts models, in terms of agacy of
parameters estimat@sohli, Hughes, et al., 2015; Wang & McArdle, 2008hus, a
Bayesian inference approach is adopted ferestimation of the BPLMEM defined in
Section 3.1.

This section is organized as follows. First, a brief introduction to Bayesian

inference is provided; then the selection of the prior probability distributions for the
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unknown parameters of the BPLMEM iepented; the section ends with a discussion

of computation of the posterior distribution and convergence criteria.

3.1.1.1 Bayesian inference approach

The formulation of Bayesian statistics dates back to 1763 when Thomas Bayes
introduced the sealled BayesO themn or BayesO rule. Prior to the 19500s researchers
had scarcely contributed to the field of Bayesian statistics but in that decade several
statisticians and researchers from other fields, such as physics and economics, promoted
Bayesian method€arlin & Louis, 2009; Edwards, Lindman, & Savage, 19638)se
were introduced to psychology in 19@dwards eal., 1963) Bayesian inference is

based on a direct application of BayesO theorem, which states that:

TN NIRRT
UL S T TR

Conditional probabilities express the idea of learning from exper{@e@root
& Schervish, 2012; Edwards et al., 1968)other words, they represent the updated
probability of an event after learning from what has alreadyiiwed. These concepts are
reflected directly into Bayesian methods, which allow the use of new data to constantly
update prior beliefs or existing knowled@@OHagan & Luce, 2003)ften known as
Bayesian updating. That is, we start with a pbielief about the state of ¢hworld and
we update that belief with new observed data. This process can be seen as if we learn
from the data. In other words, data add to our knowledge by letting us revise our initial
(prior) beliefs.

Formally, Bayesian inference is based on the posterobability distribution,

P11 1 which is the joint conditional probability distribution of all model parameters,
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given the observed data,! {(1,p!! !0 )IH#S L LI L Imgg L 11 1) By

applying BayesO theorem, the posteriobability distribution is defined as,

HEIY T

(13

where! !l 11'l represents the likelihood function ahd ! the prior distribution of the
unknown parameters. The prior distribution is a mathematical representation of our
beliefs about the unknown parameters; it isagmiori probability distribution of the
parameters. This information is then combined withite#hood of the observed data to
produce the posterior distribution which is used for inference and predi(Belrman &

Hill, 2007). Thus, Bayesian statistics utilizes not only the observed data, like in classic or
frequentist statistics, but provides a formal framework to incdugeori knowledge

about the phenomena of interest through the prior distrib(@arin & Louis, 2009;
OOHagan & Luce, 200#nother key difference between frequentists and Bayesian
statistics is the role of the uncertainty of the parameters. In general, whetteas in
frequentist approach parameters are unknown fixed quantitiBgyesian statistics the
unknown parameters are treated as random variables. This results in the parameters
having probability distributions, which in turn leads to more natural interpretations and
meaningful inferences to directly answer research qumesstising both the observed data

and prior knowledgéCarlin & Louis, 2009; OOHagan & Luce, 2003)

3.1.1.2 Prior distributions
Bayesian inference starts with a prior distribution of the unknown parameters.

That is, all unknown parameters must have prior digiobhe and these be specified
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before the model is fit to the data. Such priors could be subjective or objective. They

could be based on personal knowledge or belief, expert opinion, or previous information.
A commorly used alternative is to choose priortdimitions that play a minimal role in

the computation of the posterior distribution. Thesesyberiors are called

noninformative and are described as vague or diff@Gsdman et al., 2014 he use of
noninformative priors allows inferences that are not affected by external information;
these priors maximize the influence of the data in hand. drsthdy, noninformative

priors wee used for the unknown parameters in the BPLMEM.

When defining the priors for Bayesian models, it is common to have
hyperparameterswhich are parameters of the prior distributions that are also given a
probability distribution (called hyperprior). Thepgsrparameters should be constrained
into a finite region and data could be used to assign the hyperprior distrifgaélmnan
et al., 2038), as it is done in this study. Moreover, following the principle of transparency
(Gelman & Hennig, 2017l priors used to define the BLPMEM are described in detail
below.

Note that the termonjugateprior is used in the descriptioh some of the prior
choices. Conjugacy refers to the property that the posterior follows the same parametric
form as the prior distribution. The observed datais partitioned as, ! {!,},

L {tye)and P {tedfortt piiumE$H L LI 11, andthis notation is used
throughout this chapter.
¥ L rran Hyfor! 1ol The normal distribution is a

conjugate prior of itself. In this context, it is a conjugate prior of the mean
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of normally distriluted randorveffects. The prior wacentered at zero

with a wide range of variability. The(! !!" ') prior is a commonly used
noninformative prior for this type of parameté@&elman & Hill, 2007)
L) E$0" 1 1"#$%& 1! for! | 111 where

LIS FIMIgg 11 and! T 1"E#$ TI™IMES 1 1'% denote the mid
point and a quarter of the time scale, respectively. The bounds chosen for
the changepoint parameteas well as variance of the normal distribution
are based in previous literatyteock, Kohli, & Bose, 2017)The normal
distribution wa truncated between the minimum and maximum time
points to assure plausible changepoint values are within thérame.

The normal distribution weacentered at the migbint of the time scale
with standard deviation given byin order to cover all poddie values of
the changepoint in the range of the time sfabek et al., 2017)

The covariance matrix of the withsubject (levell) erors wa written in

terms of the correlation coefficient as shown below:

RN CARNTS LN TS

Priors wee specified for each unique element of maitrias follows:
¥ ES%& () HH(-&( Ly forl LTI, wherel"#$! !
Is the sample variance of outcome varidblt measurement
occasion. The upper bounti#$%&'$, , !! was motivated by

the observation that the error variance cannot be greater than the



¥

42
minimum value of the variances of the respective outcome

variable at each time point.
¥ 1 I"E$%&'(M"#1$. A uniform distribution betwee-1 and 1 is a

common noninformative prior for a correlation coefficient

(Gelman & Hill, 2007)
'l scaled inveseWishart. The scaled invers&ishart (StW) prior is
noninformative on the correlations and allows variances to be estimated
more freely. The SW prior is based on the inver§éishart, but it
enhances its flexibility by including additional parametére SIW
prior is based on a separation strategy that was initially proposed by
OOMalley and Zaslavskg008)and has been investigated and promoted
by other researche(s.g., Alvarez et al., 2014; Gelman et al., 2014;
Gelman & Hll, 2007; Tokuda et al., 2011fFormally, to implement the

SI-W priorto a!' ! ! covariance matrix , the following decomposition is

needed:

Pl IS0, 1 1T T HS0H, 1 1T ]
where!, ! I, are scale parameters ands an unscaled covariance
matrix that follows the invers@/ishart prior with! ! ! degrees of

freedom and the identity matrix as its scale,
L1 I"H$%&SB #$%&' 1 (1)!
The initial variance parameters are then given by:

Dorbr i, SR 1 1
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and the covariances by:

O N TR B P Y PR R T A R AR A
If reporting standard deviations and correlations is preferred, then the

following formulas apply:

Loy /! o IHSSE, | II;II

respectively.

Following Gelman and Hil{2007)and also writing the vector of randem
effects a bit different to be able to have control over the estimation of the
fixed-effects the StW prior was implemented for the gariance matrix

of randomeffectsin this studyas follows The vector of randoraffects

was writtenad , ! !!{*  where! is the vector of scale parameters with
L1 1"H#$%&'()*+,))- for! ! 111 1 and!{# 1 1"# (111" ) where

I " is the unscaled covariance matrix that follows the invéVhart

prior with nine degrees of freedom to set a uniform distribution on the

correlation parameters and identity matrix as its scale,

L% 1HS%&S HS%& (1)!

3.1.1.3 Estimation of the posteriodistribution

The posterior distribution conveys all the current information about the unknown
parameters; it is the result of the prior distribution being updated by the likelihood
function of the data in hand. It is common to have posterior distributiahgannot be

derived analytically, in such cases Markov chain Monte Carlo (MCMC) methods can be
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applied to simulate draws from the posterior distribution. MCMC methods are iterative

algorithms that sample parameters from a distribution and construakawsnain that
converges to the target posterior distributiGarlin & Louis, 2009) In this study, the R
packagejags (Plummer, 2016is used to interface with JAGS software which uses
Gibbs sampling, an MCMC algorithm, to draw samples from the posterior distribution. In
short, Gibbs ampling simplifies a multivariate problem by sampling from a series of
conditional distributions in an iterative fashion until convergence is reached.
Theoretically, the algorithm ensures that fomaufficiently large, whera is the number

of iteratiors for which a full vector of model parameters has been sampleaflthe

vector of model parameters converges to the joint posterior distribution of ifjf@aelat

& Louis, 2009) As any iterative algorithm, Gibbs sampling reqs a set of initial
parameter values &iart the process. The totadsterior draws gposterior samples are
divided in two: a set of draws that is discarded (cdl@ah-in period), and the remainder
posterior samples that are used for inference stialsdard practice to discard the first
posterior draws because they might not be representative of the target posterior
distribution. That is, samples after the bimrperiod are used to create summary

statistics for the posterior distribution of intdrda this study, the mean of the posterior
samples after the buin is reported as a summary statistic for the parameters of interest.
In addition, the 95% credible interval (Cl) is also reported. The upper and lower bounds
of the CI are the 2.5th and .8th percentiles, respectively, of the posterior samples of

each parameter after the bamperiod. Credible intervals atke Bayesian equivalent of
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confidence intervals ithefrequentist approach, but in Bayes@meactually make

probability statemest(Carlin & Louis, 2009)

In practice, more than one Gibbs sampling chain can be run in parallel. This
facilitates convergence assessmenthingresent study, three chaingeveun in paallel
and sampler convergence svassessed by using the potential scale reduction factor
(PSRF). The PSRF is a measure of mixing between chains that tends to 1 as convergence
is reachedBrooks & Gelman, 1998; Gelman & Rubin, 1992j)alues of the PSRF
smaller than 1.2 have beegt as thresholds to grant satisfactory convergéBicmks &
Gelman, 1998; Sinharay, 2004ccordingly, a mean PSRF over all parameter of less
than 1.2 was used as a convergence measure in this study.

Stating valuedor the Gibbs sampling chains meegenerated randomly by JAGS
software. Originally, it was also explored to generate starting values at an initial stage
where a simplified model was estimated. Posterior means of those parameters were then
used as starting values to initialize the chains of the BPLMEM. However, convergence
rate was significantly smaller. See Appendix A for details. Hencepnalydyenerated
starting values we used to initialize the BPLMEM.

In addition, a pilot simulation stly was carried out to investigate the effect of
prior specification of key model parameters on the BPLMEM performance. Specifically,
the priors that were manipulated were those specified for the covariance matrices for
within- and betweessubjects variatio,! and! . Four different scenarios were
investigated where combinations of invel§eshart, uniform, and SW priors were

usal. See Appendix B for details tfis pilot study. Results favored the priors used for
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matrices and! as described in thisection: uniform priors for elements in matrix

and StW prior for matrix! .

3.2 Univariate Piecewise Linear MixedEffects Model (UPLMEM)
The UPLMEM is a special case of the BPLMEM defined in the previous section.

The difference is that the UPLMEM descshenly one outcome variable. Hencd, if
denotes the outcome variable of interest of individ@ltime!, and! - the!-th
measurement occasion for individdialvhere! I 'l 11 and! ! I'Il 11, the

UPLMEM for subject has the general form

R I R (IS A R (14
where!!!I' denotes the positive part function,
(1o !!)! ! {! " I! l !””f::” ol !.! I
! "#$%&'($)
In this case, the matrix is!! !, and consists only @he first 4 rows and
columns described in Equati¢hl); and!.! ! 1111 /1. Parameter interpretation is similar

to the one described in Secti8ri. Likewise, parameter inference and the choice of prior
distributions are equivalent as described in Se@iarl The only difference is in the
prior distribution for the level error variancd,/ . For the UPLMEM, this prior is for a
single parameter and not all the unique elements ih thatrixas in the BPLMEM.
Thus, in this case:
¥ L IES%& )+ (-&( Ty !, wherel"#$!,, ! is the sample variance
of the outcome variable at measurement occdsidhe upper bound

"#$%&'$  I! was motivated by the observation that the error variance
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cannot be greater than the minimum value of the variances of the

outcome variable at each time point.

3.3 Univariate Bent-Cable Mixed-Effects Model (UBCMEM)
Let! . denote the outcome variable of interest of individwaltime!, and! -
the!-th measurement occasion for individuawhere! ! 111 11 and!'! 111 11, The

UBCMEM for subjectl has the general form:

O e O O T TR A R N R A O B (15
where
M b
!(!!"”!”!)! T THTTTTTTeLAge !!!|! I
L P A
In this case! ! !l 11, 111111 denotes the vector of fixeeffects,! | !
FEy 10,1 10 1 the vector of randoreffects,! 1 (1, 1, 1 10 LT the
vector of individual coefficients. It is assumed thdt!"# 111 1 where! is!!!;and
error terms are i.i.d. with.! ! 11111 Matrix! captures betweesubjects ioter-

individual or level2) variability, and | captureswithin-subject intra-individual or
level1) variability.

Parameters, , !, and! , have the same interpretation as in Equatiah of the
UPLMEM. That is,! |, represents the mean interceptithe average slope of the first
linear segment;, the average change in slope for the second linear segment.
Parameters and! are referred to as transition parameters and denote the center of the

bend and halfvidth of the bend, i.e., the center and the-atfth of the quadratic



48
transition interval between linear developmental stages. When the linear slopes do not

exhibit a sign change or when any linear segment is flat, the center of thé beag,
represent aimilar idea to the changepoint in the piecewise literdtdheu & Lockhart,
2010) For a more in depth discussion of this aspect, interested readers are referred to
Section2.3.1.3
The discussion of parameter irdace and posterior distribution computation
presented in Sectior®s1.1.1and3.1.1.3apply to the UBCMEM as well. The choices of
prior distributions are equivalent as described in Se&ibri.2for model parametels ,
I/, and!, . The haltwidth of the bend parametér, has the same prior distribution as the
changepoint in the piecewise model;This choice was motivated by the fact thaind
I parameters represent equivalent ideas in both modelseiffaningprior choicedor
the UBCMEM are described below:
¥ O (T IEHS%& (1M IH#S T L, wherel | I"HS TIMIMES 11
denotes the quartgmoint of the time scal&.he normal distribution wa
centered in the quartg@oint of the time scale because in the scenario in
which the center of the bend parameter is located exactly at thgomid
of the time scald, ! "#$ /1"'I"#$ /1"# | then the halvidth from there
to the maximum time point"#$ /!) would be! . The standard deviation
was kept at to cover all plausible values of theparameter. Because the
half-width of the bend in the bewable model has to be positive and the
maximum value that could take is half of the timgcale, the nanal

distribution wa truncated between 0 and the +paint of the time scale.
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¥ L HS%&' ) +#(-&( 'y !, wherel"#$!,,! is the sample variance

of the outcome variable at measurement occdsidhe rationale of the
upper bound is the same agphkained in the previous section.

¥ 1 Il scaled invers&Vishart The vector of randoraffects wa written as
I, 1% wherel is the vector of scale parameters with

L1 1"H#$%& ()*+,))- for! ! 11 1 and!{# 1 1"# (111" ) where

I " is the unscaled covariance matrix that follows the invéVhart

prior with six degrees of freedom to set a uniform distribution on the

correlation parameters and identity matrix as its scale,

LU 1HS%&S HS%6&, (1)!
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Chapter 4. Case Study The Association Between

Mathematics and Reading Achievement Over Time

This chapter describes an application of the bivariate rexiedts modeling
framework to the educational field. Sgemally, the UPMEM and UBCMEM wee fitted
separately to mathematiaad reading achievement longitudinal data to find the best
fitting model. Basd on these results, the BPLMEM si#ted to investigate the relations
between mathematics and reading trajectories over time. This chapter presents an
introduction to the topiditerature review, research questions, a desonf the data
that wa used, results of univariate mixetfects models, and results from the BPLMEM

and their implications.

4.1 Introduction

Mathematics and reading proficiency are basic skills essenparticipate irnthe
modern economyReyna & Brainerd, 2007; Ritchie & Bates, 201Bjey are not only
relatedto higher educational achieveméetg., Duncan et al., 20QHut they are also
associated with higher socioeconomic status, successful financial choices and health
decision makingReyna & Brainerd, 2007; Ritchie & Bates, 2018athematics and
reading achievement are active areas of research where the focus is to better understand
the factors associated with théelg., Duncan et al., 2007; Kieffer, 201&)e

performance of different palations(e.g., Jordan, Hanich, & Kaplan, 2003; Mazzocco &
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RSsSnen, 2013; Moon & Hofferth, 201#)d the relation between mathematics and

reading ability(e.g., Abedi & Lord, 2001; Grimm, 2008; Shin, Davison, Long, Chan, &
Heistad, 2013)Some scholars have approached the latter area of research philosophically
(e.g., Carey, 2004; Mix, Huttenlocher, & Levine, 2088} others empirically, finding
correlationalle.g., Abedi & Lord, 2001; Chen, 2010; Cummins, Kintscbusger, &
Weimer, 1988; Grimm, 2008; Jordan et al., 2003; Kiplinger, Haug, & Abedi, 2000; Shin
et al., 2013; YYksel, 2014nd causa(lsphording, Piopiunik, & Rodr'gueRlanas, 2016)
effects of reading on mathematies well as correlational effects of mathematics scores
on readng performancée.g., Duncan et al., 2007; Lerkkanen, RaBkiitonen, Aunola,
& Nurmi, 2005) Studies have used cressctionale.g., Abedi & Lord, 2001; Cummins
et al., 1988; Kiplinger et al., 200@hd longitudinal datée.g., Grimm, 2008; Lerkkanen
et al., 2005; Shin et al., 201®) analyze the associations between mathematics and
reading ability. However, longitudinal studies contribute in a unique way to our
understanding of academic achievement. They are theradys to reveal mathematics
and reading trajectories, inform theories of change tme and factors associated with
them(Mazzocco & RSsSnen, 2013; Shanley, 2016; Williamson, Appelbaum, &
Epanchin, 1991)Furthermore, when the interest is in investigating interrelations between
two or more variables over time and in describing their trajectories, joint growth
modeling techniques are appropri@erbeke et al., 2014)

Despite he undeniable relationship between the two cognitive domains and the
advantages of using longitudinal data, little is known about the association between

mathematics and reading trajectories over time. Few bivariate analyses of educational
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achievement havieeen carried oytLerkkanen et al., 2005; Moon & Hofferth, 2016;

Shin et al., 2013)and associains between mathematics and reading trajectories have
been discussed scarcébee Shin et al., 2013y hese investigations are essential to better
understand the relation bet@remathematics and reading ability as the two processes
unfold over time. Knowledge of these relations could inform educators and policy makers
in important ways about instruction and potential interventions to reduce opportunity
gaps.Such studies couldso inform the measurement of reading and mathematics and
the extent to which the constructs are defined in ways that are more or less independent
so that the measures result in scores with the intended correlation.

The aim of the proposed study is to hat investigate the relation between
mathematics and reading ability using a bivariate mpdéeicts modeling framework.
The contributions of this chapter are twofold. First, it investigates the best fitting model
for mathematics and reading achievemeptsately by using the UPLMEM and the
UBCMEM. Second, it presents a novel approach to examine the relation between the two

cognitive domains using the BPLMEM proposed in Sec3idn

4.2 Literature Review

Longitudinal analyses of mathemati{esg., Chen, 2010; Mok, Mcinerney, Zhu, &
Or, 2015; Shanley, 2016; Wei, Lenz, & Blackorby, 204:3) readinge.g., Crijnen,
Feehan, & Kellam, 1998; Hindman et al., 2011; Kieffer, 2012; Wei, Blackorby, &
Sdhiller, 2011; Yeo et al., 2012&chievement separately are common. And, although
informative, univariate longitudinal analyses prevent our ability to investigate important

relations between the two developmental processes as they unfold ovifiduves &
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Verbeke, 204; Verbeke et al., 2014Bivariate models that allow analyzing the

association of growth features are warranted to better understand the relation of
mathematics and reading achievement trajectories. To the best of my knowledge, there
are only three stdies that have used a bivariate modeling approach in the literature.
These are described below.

Moon and Hoffert{2016)used a bivariate latenhange score model to analyze
the relation between parental involvement and child effort with changes in mathematics
and reading performance for immigrant children. Given that the authorsO interest was in
the association of explanatory variables to thedagnitive domains, a mean trajectory
of the latent change scores was not modeled and relations between mathematics and
reading performance were not explored.

Lerkkanen et ali2005)analyzed croskagged effects between mathematics and
reading during 1st to 2nd grades using a bivariate autoregressivéaggsd model and
seven waves of data. Authors found that iniglding skills were associated with
mathematics achievement at time one, and that mathematics scores were related to
subsequent reading performance at year one.

Shin and colleagug2013)investigated the associations between mathematics
and reading trajectories of students from 4th to 7th grades usingiadagbivariate
latent growth model. The nonlinearity in mathematics and reading scores over time was
taken into account by modeling the logarithm of time instead of the time variable. The

authors foungbositive associations between both initial reading and mathematics
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statuses, between both rates of growth, and betinéh reading statuand

mathematicsfate of change.

Potential limitations of educational literature aiming to investigate the
interrelations between mathematics and reading ability longitudinally are discussed
below.

Autoregressive models analyze the structural relations of repeated metztares
they describe the stability of individual data from one measurement occasion to the next
(Selig & Little, 2012; Voelkle, 2008)Autoregressive models capture overall patterns of
influence over time. But it is not possible to describe ¢tajges over time or to
investigatendividual differencegSelig & Little, 2012) For instance, a large
autoregressive coefficient could mean, among other possibilities, that individuals did not
change over time or that they did so uniformly (increased or decreased). This pattern will
be captured regdless of the trajectory followed by the data. Thus, the use of
autoregressive models, as in Lerkannen €2D5) limits our ability to discuss theories
of change.

An important aspect when modeling longitudinal data is to accurately describe the
trajectory over time of the phenomena under investigg@oleck & Harring, 2007;
Fitzmaurice et al., 2011)n other words, choosing a functional form to describe the trend
exhibited by the data iswcial for our understanding of the underlying growth process,
and for the implications of the study. Further, because associations between outcome
variables are captured by the covariance matrix of rareffects, the functional form

determines the typd associations that can be analyzed in a bivariate growth modeling
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approach. Generally, educational achievement does not develop in a linear fashion,

diminishing rates of reading and mathematics achievement have been reported in the
literature(e.g., Crijnen et al., 1998; Lee, 2010; Lichten, 2004; Mok et al., 2015; Parrila et
al., 2005; Shin et al., 2013; Speece & Ritchey, 2005; Wei et al., 2011, Fot3)

instance, recent studies in the univariate case have shown that linear patterns of change
are not ideal to describe mathematfi€shli, Sullivan, et al., 20159r reading(Sullivan

et al., 2016 achievement. Moreover, scholars haeeommended the use of intrinsically
nonlinear models to capture complexities inherent in trends of educational outcomes
(Cameron et al., 201%8)nd diffeent functional forms have been applied to describe
mathematicge.g., Cameron et al., 2015; Kohli, Sullivan, et al., 2015; Mok et al., 2015)
and readinde.g., Hindman et al., 2011; Kieffer, 2012; Sullivaralet2016; Yeo et al.,
2012)ability.

Comparing competing theories of change is imperative to accurately describe the
developmental process under study. It is recommended to carefully investigate the fit of
several functions before picking a mo@eludeck & Harring, 2007)in this sense, a
potential limitation of Shin et a{2013)is the lack of further investigation about the
functional form before adopting a ldignear model. Potentially, this has important
implications because the ldmear model determined the analysis of the associations
between mathematics and reading over time. Possible associations were limited to initial
achievement and its rate of changea ilogtime scale. Further investigation about the
bestfitting model for each cognitive domain is warranteshecially including nonlinear

trajectories as plausible options.
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Recent studies explored a series of longitudinal models to better describe

mathematics and reading achievement. Specifically, it has been shown that piecewise
models offer superior fit over linear or polynomial models for mathemg@€misli,
Sullivan, et al., 2015nd readingSullivan et al., 2016&chievement.

Lastly, another important aspect to consider in the investigation of the association
between mathematics and reading achievement is that numerous findings suggest that
reading proficiency affects mathematics achievement at several levels. There is a body of
research that supports the idea that language ability is an important factor in the
development of students® mathematics $kilis, Abedi & Lord, 2001; Chen, 2010;
Cummins et al., 1988; Grimm, 2008; Himmele, 2001; Jordan et al., 2003; Kiplinger et al.,
2000; Shin et al., 2013; YYksel, 201#hereas few empirical studies indicate an effect
of mathematics achievement on reading proficigizyncan et al., 2007; Lerkkanen et
al., 2005) For instance, scholars have found that students who have reading difficulties
are likely to perforniess wellin math assessmer(tiordan et al., 2003)hat English
language proficiency impacts studentsO performance and understanding of mathematical
conceptgHimmele, 2001)Moreover, some studies suggest gwhe of the difficulty
that students experience with mathematics word problems could be attributed to
challenges in understanding sophisticated or ambiguous linguistic stryetgre#\bedi
& Lord, 2001; Cummins adl., 1988) Results from the National Assessment of
Educational Progress (NAEP) indicate that students perform 10 to 30% worse on
arithmetic word problems than on comparable problems presented in numeric(farmat

P. Carpenter, Corbitt, Kepner, Lindquist, & Reys, 198biferences in performance of
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this magnitudesuggest that text comprehension is crucial to successfully solve math

word problemdT. P. Carpenter et al., 1980; Kiplinger et al., 206)wever, it is also
important to note that only few studies have challenged the idea that language precedes
numerical Kills (Gelman & Butterworth, 2005)This reinforces theignificanceof
investigating the temporal association between the evolution of mathematics and reading
achievement development simultaneously.

Therefore, when the focus of the study is to capture variatibmwand
betweenrindividuals, the trajectory over time, and potential relations between variables of

interest, multivariate mixedffects models present a promising alternative.

4.3 Summary and Research Questions

Summarizing, modeling mathematics and reg@ohievement trajectories
separately misses the opportunity to examine the relation between the two domains over
time. Joint analyses of mathematics and reading achievement are scarce in the
educational literature. Specifically, there is only one studi/lths modeled both
processes simultaneously and explored the association between trajectories using a log
linear mode(Shin et al., 2013)Furthermore, to date, no studies have investigated the
associatia of mathematics and reading achievement trajectories using an intrinsically
nonlinear model despite the body of literature favoring this type of models over linear or
polynomials to describe educational trajecto(eeg., Cameron et al., 2015)

In this study, an investigation of the temporal association of mathematics and
reading trajectoriesyban application of the BBEMEM was conductedIn addition, based

on literature showing that piecewise models offer superior fit over linear or polynomial
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models for mathemati¢&onhli, Sullivan, et al., 2015and readingdSullivan et al.,

2016)achievenent, a compaon between UPLMEM and UBCMEM walsocarried
out The rationale of this comparison s investigate whether an abrupt or a smooth
change between linear segments is supported by the data. Therefore, the research
guestions addressed inglghapter are:
¥ |Is there evidence supporting a smooth transition between linear segments
of development for univariate mixexffects models of mathematics and
reading achievement?
¥ To what extent, if any, are mathematics and reading achievement
segmented tjactories associated over time?
o Does the strength of the association remain the same over time?
o Isthere evidence of an interrelation between both educational

domainsO development

4.4 Data

The Early Childhood Longitudinal Study, Kindergarten Class of aD&ECLS
K) data is a multisource, multimethod study that focused on childrenOs early school
experiences from kindergarten through eighth g(dderangeaulNord, L, Sorongon, &
Najarian, 2009)It followed a nationally representative cohort of children who entered
kindergarten in the 19989 school year through middle school. The total number of
baseyear respondents includes 21,260 children.

The ECLSK used a multistage probability sample design. In the base year, 100

primary sampling units were selected consisting of counties or gobgpunties. The
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secondstage units were public and private schools offering kindergarten programs

sampled within th@rimary sampling units. Finally, the thistage units were students
sampled within schools. Asian and Pacific Islanders were oversampled to meet the
studyOs precision goals.

Data collection was carried out at seven time points: fall and spring of
kindergarten and first grade, and spring of third, fifth, and eighth grades. Children were
assessed in each round of data collection. Mathematics and reading were the two
cognitive domains that were assessed at all measurement occasions and whose score
comparabity over time was intended by ECL developers. Mathematics and reading
assessments were tvgtage adaptive tests. In each subject area, children took an initial
routing test. Then, based on their performance on the routing test, a-seagadest was
administered to be more appropriate for childrenOs ability level. Item response theory
(IRT) scale scores were generated for each cognitive domain using the overall patterns of
correct/incorrect responses and the common items across assessment formakdsis
possible longitudinal measurement of achievement over time. IRT calibration was carried
out usingthe PARSCALE computer program and a thpseameter logistic (3PL) model.

As recommended by ECLK developers, the IRT scaleses wee used in thistady as
longitudinal measures of mathematics and reading achievéhagarian, Pollack, &
Sorongon, 2009)The IRT scores for mathematics achievement range from 0 to 174, and
from 0 to 212 for reading achievemeNbte that each domain was scaled separately

(Najarian et al., 2009)Thus, scores are not comparable across educational domains.
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In addition, theECLSK documentation provides information on the

specification of the tests and the general content and constructs that were intended to
measure. But the instruments are not available to the public. Thus, it is not possible to
know whether the mathematicstrument, for example, was heavily verbal or if it was

rather symbolic.

4.4.1 Analytic sample

The analytic sample used for this study consists of a random sample of 1,000
students who had complete observations of both mathematics and reading IRT scores.
Time was coded according to the data collection occasions as 0, 0.5, 1, 1.5, 3.5, 5.5, and
8.5, respectivelyTablel shows descriptive statistics of sociodemographicsahdol
variables of the population of children who entered kindergarten in thea8énool
year, the ECLSK base sample (without considering all those children who had no
information of mathematics and reading achievement at any measurement occagion), a
the analytic sample. The analytic sample is somewhat diffeeenthe ECLSK base
sample. The proportion of White, néfispanic students is bigger, and also the
proportion of students whose mothers have a BachelorOs degree or higher educational
level. Table2 presents means and standard deviations for both cognitive domains for the
ECLSK base and analytic samples. The mean scores of the-EGIn@lytic sample are
slightly higher.Figure2 andFigure3 present the observed mean trajectories for reading
and mathematics achievement, respectively. It is clear that a nonlinear trajectory is

depicted; an initial inciesing stage i®llowed by aleveledoff segment of growth.



Tablel. Descriptive Characteristics of ECLS Participants and Analytic Sample

Population of ECLSK base E\gglit:f:
Variable kindergartners  sample sample
1998 (N=20,862) (N=1,000)
Male 0.51 0.51 0.49
Race
White, nonHispanic 0.58 0.56 0.66
Black 0.15 0.15 0.11
Hispanic 0.19 0.17 0.12
Asian 0.03 0.06 0.04
Other 0.05 0.05 0.07
Mother's education
Less than high school 0.15 0.14 0.06
High school diploma 0.31 0.30 0.28
Some pos‘secondary 0.32 032 034
education
Bachelor's degree or higher 0.22 0.24 0.32
School type
Public 0.78 0.78 0.76
Private 0.22 0.22 0.24
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Table2. Mean and Standard Deviation of Reading and Mathematics IRT Sootbg

ECLSK Base and Analytic Samples

ECLSK base sample

ECLSK analytic sample

Measurement occasiol (N=20,862) (N=1,000)
Mean SD Mean SD
Reading

Kindergarten, fall 35.22 10.20 36.75 10.39
Kindergarten, spring 46.46 14.03 49.09 14.86
First grade, fall 53.33 18.20 55.71 18.62
First grade, spring 77.36 23.87 82.71 24.83
Third grade, spring 126.67 28.04 133.36 27.01
Fifth grade, spring 150.10 26.39 155.94 24.92
Eighth grade, spring 171.05 27.59 174.97 25.65

Mathematics



Kindergarten, fall
Kindergarten, spring
First grade, fall

First grade, spring
Third grade, spring
Fifth grade, spring
Eighth grade, spring

25.97
36.35
43.29
61.29
98.74

123.69
142.22

9.09
11.99
14.39
18.08
24.70
24.79
22.01

28.49
39.45
46.68
65.23
104.06
128.10
144.69

10.02
12.34
15.12
18.28
24.09
23.67
21.17

200~

150 -

Reading IRT score
-
cee o

4
Time (years)

Figure2. Observed mean trajectory for reading IRT scores.
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Figure3. Observed mean trajectory fiarathematics IRT scores.

4.5 Univariate Mixed-Effects Models

To estimate a BMEM, univariate mixedfects models can be estimated for the
two outcome variables separately in order to choose the best fitting model for each
process. Linear, polynomial, and piegge linear models have been already fitted to
ECLSK data of mathematiddohli, Sullivan, et al., 20159nd readingSullivan et al.,
2016)achievement. Literature shows that both domains are better described by a
piecewisdinear trajectoryKohli, Sullivan, et al., 2015; Sullivan et al., 201B8pwever,
those studies did not considbe option of having a smooth transition between the linear
segments being modeled. The beable modetan be usedhen there is no reason to
believethatthere is an abrupt transitidmetween developmental segments. Thus, the

focus of this section is to investigate whether an abrupt or a smooth change between
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linear segments is supported by the E€{ 8ata. Accordingly, the UPLMEM and the

UBCMEM defined in Section3.2and3.3were fitted to the reading and mathematics

IRT scoresDifferent numbers of it&tions were used for buin and posterior sampling

for each case. Gibbs sampling for the UPLMEM was run for 150,000 iterations fer burn
in for reading, and 400,000 for mathematics, and both were run for 100,000 posterior
draws. The UBCMEM was run for 280 iterations for burm, and 100,000 for

posterior samples for both outcome variables. Three MCMC chains were used in each
case. The four models converged satisfactorily based on the mean PSRF over all model
parameters (seBable3). Once the models were fitted via the MCMC algorithm, the
deviance information criterion (DIC) was used to compare model fit, which is considered
a Bayesian version of the Akaike infornaet criterion(Gelman et al., 2014he DIC is

used to select models with better predictive ability and lower complexity. Lower DIC

values are preferred.

Table3. Mean PSRF and DIC Indexes for Univariate Miteffiects Models

Domain Piecewise Linear BentCable
Mean PSRF DIC Mean PSRF DIC
Reading 1.06 53997.81 1.05 53319.5€
Mathematics 1.06 49578.2€ 1.05 49111.23

Mean PSRF and DIC values for each madelreported ifable3. UBCMEM
showed lower DIC values for both reading and mathematics scores. However, time gain
reduction of DIC values wak26% and 0.94% for reading and math, respectively.
Furthermore, thestimation of the UBCMEMSs required far more computational

resources than the UPLMEMSs even for mathematics, where moréniterations were
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required to achieve convergence. The average estimation time for each UBCMEM was

146 hours, whereas it was 25 atidhours for the UPLMEMSs for reading and
mathematics, respectively. Meaning that the estimation time required for theabént
model is approximatelyolur times thatequired for the piecewise linear model
(considering the number of iterations used icheaodel). In addition, the number of
parameters in the UBCMEM is greater than in the UPLMEM. Therefore, given that the
data-modelfit of the two models wavery close, the computational expensiveness of the
bentcable model compared with the piecewisedin and the parsimony principle of
choosing a model that accurately describes the d#tdesgs parameters, the UPLMEM
was preferred over the UBCMENParameter estimates and their Cls for each mazel
shown inTable4 andTable5. Likewise,Figure4 shows the estimated trajectories of

both models for reading achievement, &imglre5 for mathematicaichievement. Both

plots confirm how close in fit the two models are.

Table4. Univariate Piecewise Linear Mixeffects Model Estimates, with 95% Credible
Interval (ClI), for Reading and Mathematics

Parameter Posterior 95% CI
mean

Reading
¥ 33.29 (32.55, 34.02)
! 30.70 (30.03, 31.37)
¥ -23.94 (-24.66,-23.23)
! 3.76  (3.68, 3.85)
! 98.12 (93.56, 102.82)
§ 92.32 (80.05, 105.53)
i, 7750 (68.10, 87.76)
¥ 83.71 (72.61, 95.59)
! 0.62 (0.52,0.73)
Pror, 0.69 (0.61, 0.77)



Mathematics

-0.70
-0.95
-0.75
-0.86

0.75

27.83
23.04
-17.28
421
51.40
74.27
45.59
49.20
0.96
0.64
-0.67
-0.95
-0.63
-0.83
0.66

(-0.79,-0.61)
(-0.97,-0.94)
(-0.82,-0.67)
(-0.91,-0.82)
(-0.66, 0.83)

(27.22, 28.43)
(22.55, 23.53)
(-17.80,-16.73)
(4.11, 4.31)
(48.95, 53.96)
(65.78, 83.48)
(40.68, 51.05)
(43.11, 55.88)
(0.81, 1.14)
(0.57, 0.71)
(-0.74,-0.60)
(-0.96,-0.93)
(-0.71,-0.54)
(-0.87,-0.79)
(0.57, 0.74)
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Table5. Univariate BentCable MixedEffects Model Estimates, with 95% Credible
Interval (ClI), for Reading and Mathematics

Posterior
Parameter mean 95% ClI
Reading
Ly 33.42 (32.74,34.11)
L 29.36 (28.73, 29.99)
L -22.91 (-23.59,-22.23)
! 3.99 (3.89, 4.08)
! 0.02  (0.00, 0.07)
I 83.82 (79.68, 88.17)
i, 64.20 (54.01, 75.07)
i, 62.21 (54.13, 71.08)
i, 77.80 (66.78, 89.73)
! 0.56  (0.47, 0.66)
H 2.14  (1.69, 2.69)
Moy 0.84  (0.77,0.90)



Por, -0.77
Por, -0.92
My, -0.94
My, -0.83
My, 0.70
Pio, 0.18
P, 0.08
Pro -0.31
e -0.05

I 27.74
Ly 22.55
I -17.58
! 4.45
! 0.59
Iy 46.41
1 71.31
' 38.71
g 57.25
0.62
2.98
Por, 0.73
Por, -0.71
Por, -0.93
Moy -0.77
Moy -0.79
Pir, 0.56
P, 0.32
Pio, 0.23
Pio, -0.49
Iy 0.12

(-0.86,-0.68)
(-0.94,-0.91)
(-0.99,-0.89)
(-0.87,-0.78)
(0.61, 0.77)
(0.05, 0.31)
(-0.07, 0.22)
(-0.44,-0.16)
(-0.23, 0.11)

(27.13, 28.38)

(21.97,

23.11)

(-18.45,-16.72)
(4.33, 4.58)

(0.16,
(44.14,

(62.77,
(34.00,
(48.70,

1.04)
48.82)

80.73)
44.04)
66.46)

(0.51, 0.75)
(2.29, 3.86)
(0.66, 0.80)

(-0.79,-
(-0.95,-

0.63)
0.90)

(-0.85,-0.67)
(-0.84,-0.72)
(0.45,0.68)
(0.17, 0.46)
(0.01, 0.43)
(-0.66,-0.30)
(-0.12, 0.34)

67



68

200-

"
—’”’
——
/‘/—”
150 - = riaa
| 4
o J ¢
5 0 4
@ -/
= o
24 ,;/
2 s
o P d
g 100 4
o .;./
L 4
v
.},
'l
L4
50 "
0 2 4 6 8
Time (years)

* * Piecewise linear = = Bent-cable

Figure4. Estimated trajectories of piecewise linear and-sabte models for reading
ability.
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4.6 Estimation of the BPLMEM

Given that the UPLMEM was the preferred model for both mathematics and
reading ability in the previous sectidhe estimation results of the BPLMEM are
presented in this section. The relation between mathematics and ralaititggvas
investigated through matricésand! defined in Equationgll) and(12). First, the
relation between mathematics and iagdichievementOs trajectories wevestigated
through elements of the variancevariance matribof random effectd, , as discussed in
the following section. Second, the definition of matrixepresents the assumptiomath
conditional independence dmbt hold for the ECLSK data. Because the reading and
mathematics assessments waosaducted the same day, at the same facility, one after the
other(Tourangeau et al., 20Q9) was reasonable to assumm@relatedneasurement
errors of both domainShah et al., 1997B5uchassociation wacaptured in matrik by
the covariance parameter.

Three MCMC chains were run for 100,000 iterations for harand 50,000
additional iterations for posterior inference. The model took over 84 hours to be
estimated, and converged satistaity with a mean PSRF over all parameters of 1.04.

Following the notation for the BPLMEM specified in Sectihf and Equation
(10), ! » denotes the intercept of the developmental process 1, i.e., the initial reading
achievement status;, the slope of the first segment of growth, i.e., the rate of growth of
reading aclevement over the first linear segment; is the change in slope during the
second linear segment, i.e., the change in the rate of growth of reading achievement from

the first to the second linear segment; andenoes the changepoint associated with
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reading achievement. Similarly, parametefs, ! - , !, , and!, have the same

interpretation for mathematics achievement.

Parameter estimates and 95% credible intervals for-tieatts, variances of
randomeffects and the elements of the covariance matrix of the wsthbect errors are
reported inTable6. Both academic trajectories showed an initial segment of growth
followed by a slower growth rate during the second linear segment. The changepoint for
reading achievement occurred at time point 3.73, and for math at 4.14. Thatiseh
point at which reading changed its initial rate of growth occurred earlier than for
mathematics achievemeRigure6 shows both reading and mathematics ttajees

estimated by the BPLMEM.

Table6. Bivariate Piecewise Linear MixeHffects Model Estimates, with 95% Credible
Interval (ClI), for Reading and Mathematics

Posterior
Parameter Mean 95% ClI

Reading

! 33.25  (32.49, 34.02)

Ly 30.65  (29.97,31.33)

!y -23.80  (-24.52,-23.08)

l 3.73 (3.65, 3.81)

i, 96.13  (83.64, 109.99)

i, 71.46  (63.14, 80.41)

i, 77.60  (67.45, 88.78)

, 0.57 (0.48, 0.67)
Mathematics

" 27.65  (27.04, 28.28)
» 23.05  (22.59, 23.56)
L, 17.13  (-17.68,-16.59)
3 4.14 (4.04, 4.23)
" 75.05  (66.32, 84.44)
i, 41.76  (37.15, 46.83)
P 4733  (41.55, 53.67)
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i, 0.79 (0.67, 0.94)

1 99.21  (94.68, 104.03)
n 51.16  (48.78, 53.63)
m 0.36 (0.33, 0.39)
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Figure6. Estimated trajectories of the bivariate piecewise linear metisdts model for
reading and mathematics.

Estimates of the whole covariance matrix of the raneédfiects and the associated
correlation matrix are presented separatelljahle7 andTable8, respectively.
Correlation coefficients presentedTiable8 will be discussed in lighof therelations of

interestin the following section.
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Table7. Covariance Matrix of Randoiaffects, Bivariate Piecewise Linear Mixed
Effects Model for Reading and Mathematics

Paramete| ! Iy I I I Iy Iy I

o 96.13

I 55.95 71.46

o -59.21 -70.80 77.60

I -557 -545 4.90 0.57

o 68.52 48.45 -49.68 -4.26 75.05

o 26.00 39.51 -35.97 -2.93 36.36 41.76

I -29.05 -40.74 35.93 3.23 -39.58 -42.11 47.33

I -3.69 -4.08 414 030 -494 -456 3.74 0.79

Table8. Correlation Matrix Associated witRandomEffects, Bivariate Piecewise Linear
MixedEffects Model for Reading and Mathematics

Paramete| ! Iy I I I Iy Iy I
Iy 1.00
I 0.68 1.00
Iy -0.69 -0.95 1.00
I -0.75 -0.85 0.74 1.00
o 0.81 066 -0.65 -0.65 1.00
o 041 0.72 -063 -060 0.65 1.00
I -043 -0.70 059 0.62 -0.66 -095 1.00
I -042 -054 053 044 -064 -0.79 0.61 1.00

4.6.1 Association BetweerMathematics and Reading Achievement

The associations between mathematics and reading achievement trajectories are
discussed at both lev&land level2 errors (within and betweersubjects). The
correlation coefficient between error variances in matrnepresents the associatioh
within-subject errors. Estimation results of the BPLMEMwéd that such correlation

was0.36 (see estimate bf,,, in Table6).
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Regarding the association of the estimated piecewise linear trajectories, all

parameter estimates highlightedrigurel could be interpreted and discussed. But the

focus of the present study is on the strength of the association between trajectories at each
segment of developmerand also to investigate whether therevglence of an

interrelation aong the developmental segments of both mathematiagaduohg
achievement-igure7 shows the parameters thisscribehe temporal associations

between the two tragtories in a circle, and those that descimberrelations among the

growth curves of both educational domams snall square. AccordinglyTable9

presents defiitions, interpretations and examples of substantive questions that can be
answered with each of the highlighted elements of mhatiixFigure7. Parameters in

pink squares ifrigure7 have an analogous interpretation as their counterpart in orange

rectangles.

2 E-..E E".E E"'S S--.E E".E E-.-s E“.E
0-810 feeed el H feeed feed HH feeel

2 E'“E Eu-s E'“E E'“E E.ns snui

0-311 BlO 0-311 feeed H feaed feeed H feedd
0'312310 0-812311 0‘312

D GYIBlO GYlBll 0Y1312 GYl Lol Lol fad fod

2 HE HE HE

OB20B1g 0B20B12 9B20v1 08,0 dod Bk fd
2 E..-s s...s

0B,1B10 08,1B12 0B,1B20 0321 dod feecd

2 HE

0B,2B10  OB22B11 0B,2v1| OB22B20  OB22B21 08,, foeed
< )

0-1(2[310 GYan @ 0-Yzﬁzo 0-\(2[321 GYZBZZ GYZ

¢

Figure7. Parameters ohterest describing the association between the piecewise linear
trajectories and a delayed effect.

Note:Circles denote parameters describing the temporal association at each point in time.
Small squares orangedenoteparameters describingsociatios betweera previous

stage of reading development and the mathematics achievement trajectory. Small squares
in pink denote parametedgscribing associations between a previous stage of

mathematics development and the reading achievemagedtory
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Table9. Definition and Interpretation of Parameters of Interest of the Covariance Matrix
of RandorrEffects for Reading and Mathematics

Parameter

Definition Interpretation

Parameters that capture the relation between mathematiosaatiag
trajectories at each segment of development

It captures the relation between starting
i points of achievement.

Substantive question: What is the

association between initial achievement

mathematics and initial achievement in

reading?

Covariance
between intercep
of mathematics
and reading
achievement

Covariance
between the
slopes of the first
segment of growtl
of mathematics
and reading
achievement

It captures the relation between the first
segments of pwth of both processes.
Substantive question: What is the
association between the rates of growth
mathematics and reading at the first stas
of development?

Covariance It captures the relation between the sect
between change i segments of growth of both processes.
slopes of Substantive question: What is the
mathematics and association between the change in rates
reading growth of mathentics and reading at the
achievement second stage of development?

It captures the relation between the two
changepoints.

Substantive question: What is the
association between the time at which
mathematics achievement changes its
trajectory and the time at which reading
achievement does so?

Covariance
between the
changepoints of
mathematics and
reading
achievement

Parameters that captuaissociation betweemprevious stage of reading
development and thmathematics achievementjgetory
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It captures the relation between the rate
growth of math at the first stage of
development and the initial reading abili

Covariance Substantive questiots there a

between initial association betweanitial reading

bt rate of growth of achievementrad the first rate of growth of

mathematics and mathematics achievement? Do students

reading intercept that have higher initial reading
achievement present a higher mathema
rate of growth at the first stage of
development?

It captures the relation between the time
point at which the mathematics
achievement trajectory changes and the
initial reading rate of growth.
Substantive question: To what extent thu
changepoint in math achievement is
associateavith the initial reading rate of
growth? Do students that have higher
reading rates of growth have earlier
changepoints in mathematics
achievement?

It capures the relation between the char
in mathematics rate of growth and the tii
point at which reading achievement

Covariance
between
changepoint of
mathematics and
initial rate of
growth of reading

Covariance changes its trajectory.
between the Substantive question: To what extent th
change in change in math achievement

by mathematics rate developmentOs rateassociated with the
of growth and the time at which reading changes its
changepoint of  trajectory? Do students for which the
reading change in reading trajectory occurs later
time present a larger change of rate of
growth in the second phase of mathems
achievement?

Resultsshowed that reading and mathematics ability trajectories from
kindergarten through eighth grade are positively associated at each segment of

developmentTable8 shaws that the values of correlation coefficients portraying the
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association at each moment in time between the trajectoriels are: = .81,T, ., =

72,0y, 1. =.59,and’, , = .44. That is, the correlation betweeathematics and

reading ability wa stong attheinitial stages and also during the firegsnent of
development; it startedecreasing ahe changepoints and it redudeca moderate
correlation during the secdrinear segment of development

Students with higher initial reading achievent tended tgrow faster in

mathematics at the first stage of development (.. = .41, as shown ifiable8). Also,

students that had higher reading rategrofvth were inclined to have earlier

changepoints in mathematics achievemeént (, = -.54, seel'able8), meaning that

students with higher growth in reading achievetra the first segment of development
tended to have earlier changepoints in miakaddition, students for whothe change in
reading trajectory occurred later in tirnada larger change of rate of growth in the
second phase of mathematics achieverffent,, = .62, seéable8). This means that the
longer students took transitioning between reading developmental, steggbgyger the
mathematics achievement grovadtiring the second linear phase.

The latter result might seem counterintuitive. However, when considering the
development of each process independently, the findings of the associations among the
developmental processasalyzed jointlyseem reasonable. Byxamining the correlation
coefficients corresponding to the randeffects of each outcome variabitegcan be seen
thatthe patter of development waxactly the same ftwoth educational domains. The
higher initial achievement, the higher the growth during the first segment will be, the

faster the changepoint will be reached (meaning earlier changepoints will be achieved),
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and the lower the growth during the second lirsegyment. Then, given the high and

positive association at each segment of development between growth curves (given by
oo =8L0 ., =.72,7 1. =.59,and’, |, = .44), a chain effect happens when
looking atassociatioabetween a previous stagkereading development and the
mathematics achievement trajectory. Higher initial achievemenadimg wa highly
associated with higher initial achievement in mathematics; higher imiiaévement in
mathematics waassociated with higher initial ratelsgrowth in math. Thus, higher
initial achievement in reading wassociated withigher initial rates of growth in
mathematics; and so forthghier initial growth in reading vgaassociated with earlier
changepoints in mathematics. Consequently, eati@ngepoints in reing were
associated with lowanathematics growth during thecead segment. Furthermore, the
same pattern was also found when examining associdtween a previous stage of
mathematics development and the reading achievemermttrgj€parameters
highlighted with a pink rectangle Figure?).

In summary, both growth curves are highly associated at each segment of
development with a decreasitepdency. Moreover, similar patterns of association

between reading over mathematics and vice versa were found.

4.6.1.1 Comparing estimation results with previous literature

In this section, a comparison between previous findings and the ones provided by
the estination results of the BPLMEM is present8gcause there is only one study that
has analyzed both processes simultaneouslylescribed their association over time, the

focus of the comparison is on that stu8fin and colleagug2013)found ahigh
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positive associatio(l = .90)betweennitial math and reading achievemgat

moderate positive correlatidh = .55)betweerbothrates of growth; and a small positive
association{ = .12) between initial reading statusdamathematicsO growth rdte
addition, they also reportednegative associatiofi € -.20) between initial math status
andthe growth rate of reading, which was a counterintuitive finding.

The results of the present study contdprevious findings ofmath and reading
achievement being positively associated over time. Furthermore, they also editifiem
tendency of such association decreasing over titaeiever, unlikgorevious literature
the current study providadformation on the association beten both educational
domains at four moments in time instead of only,twhich gives a more detailed
description of thevolution of the associatisn

In addition the results of the current study also showed a positive association
between initial readp status and the growth rate of mathematics, but that association

was higher than in previous literatufg (, . = .41compared td = .12 in Shin et al.

(2013). In contrast, a positive correlation betwesitial math stata and the growth rate

of reading was found in this stud; (. ,, = .66 compared tb =-.20 in Shin et al.

(2013), which is consistent with the other positive associations found between the two
domains.

Furthermorethe results of the BPLMEM provided information on several
associations between the two educational donairadong the segmented growth
curves Investigatingdifferent types of associations such asdhes ofreading over

mathematics achievemestd theother way arounevas possible thanks to the
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availability of suchnformation.The pattern of association was the same for reading

over mathematics than for mathematics over reading. This result gives a more complete
understanding of the simultaneous depehent of both phenomenaastly, the estimated

association between levélerrors in this study'(,,, = .36) isa bit higher than previous

findings (vhich ranged from08 to .21(Shin et al., 2013)

4.7 Discussion

In this chapter, an application of the BPLMEM illustrated the benefits of using a
bivariate mixeeeffects modeling framework to investigate important relations between
the segmented trajectories depicted by the outcome variables. To date, thaltempor
relations between reading and mathematics had not been explored using this framework.
This study presented a novel approach to investigate the association of mathematics and
reading achievement trajectories using an intrinsically nonlinear model tabeeisoth
domains simultaneously.

The present study helpedderstanding the relation between mathematics and
reading achievement over time at diffdretages of student developmdntvas found
that reading and mathematics achievement are positiealed at each segment of
development and that such relation decreases overNiote that the instruments applied
by the ECLSK are not publicly available. Thus, the extent to which the mathematics
tests were heavily verbal is unknown, which in turnhmhggd having such strong
associations between the two domains

Moreover, evidence of the same patterns of association of reading over

mathematics and mathematics over reading were fdureke findings imply that
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readingandmathematics achievemeste positively and strongly associated from the

last year of kindergarten through middle school, and that the associations are going both
ways It was not possible to find a directional effect but rather an interrelation between
the academic developmemmtsthese two domain3he latter finding brings a more

complete understanding of the dynamics in reading and mathematics develdpnsent.
knowledgeimplies that both educational domains are equally important and that

prioritizing achievement in one domasrer the other might not be the best practice
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Chapter 5. Methodology

This chapter presents two simulation study desighs.first simulation study
aimedto evaluate the performance of the BPLMEM described in Se8ticimder
differert conditions; the second focused characterizing cases in which the piecewise
model will have an acceptable performance when the true underlying trajectory depicts a
smooh transition between linear segments. Both simulation studieshesparameter
estimate®f the application of the BPLMEM to reading and mathematics achievement

presented itChapter 4as a starting point.

5.1 Simulation Study |

A Monte Carlo simulation study was used to investigatatoarracy of
parameter estimated the BPLMEM described in Sectiédhl where the focus was on the
strength of the association between the trajectories atlemedl level2 error structures.
Fixed and independent (manipulated) factors are explained below. Values of both fixed
and manipulated facts were based on the estimation results of the BPLMEM presented
in Chapter 4Time points were rescaled to the interval [0, 6] with 7 consecutive
measurement ocsmns to make the results more generalizable rather than using the
original [0, 8.5] norconsecutive scale of the ECIkKSdata. Fixeeeffects and variances
of randomeffects resulting from the BPLMEM estimation were scaled accordingly to the

new time scale.
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5.1.1 Fixed factors

A series of parameter values were held constant across all simulated scenarios.
Such values were based on the estimation results of the BPLMEM prese@texptar
4. All fixed-effects parameters, error variances, variances of rawmdi@cts, and the
correhtion coefficients associated witte covariances within each outcome variable
were held constant across all simulated scenarios. More precasemeters outside the
highlighted rectangle ikigurel were considered fixed factors in this simulation design.
The rationale of fixing the correlation parametermatrix! instead of the agriance
parameters themselves suamotivated by the idea of keeping constant thieetational
structure found in theeal data application for each outcome variable. The values of the
whole matrix! change accordingly as expined in the following sectio.able10

shows the values of the fixed factors.

Table10. Fixed Factors for Simulation Study |

Parameter Value
Fixed-effects
Iy 33
P 44
o -34
I 2.6
Iy 28
Iy 32
Ly -23
I 3
Error variances
! {! 90
1 50
Variances of randoraffects
Ly, 95
Ly, 145
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Ly, 155
H, 0.4
75
80
85
y 0.6

p 1.00

Iy 0.70 1.00

p -0.70  -0.90 1.00

I -0.80 -0.80 0.70 1.00

I I T I I NI 1.00

| " ! L 1y ! Lply ! L L ! Lo by 0.70 1.00

T T NI I NI NI -0.70 -0.90 1.00

h H o I M H e I y -0.60 -0.80 0.60 1.00

5.1.2 Independent factors
Conditions thatvere hypothesized to impact model performance are sample size,
level of association of the withisubject error variances, and level of association between
trajectories reflected by the highlighted parametefSgnrel from the betweeisubjects
covariance matrix.
¥ Sample size, NTwo levels of sample size were chosen basaten
previous literature usingbivariate mixeeeffects modeling framework:
N=100(Wang & McArdle, 2008andN=250(Yang & Gao, 2013)
¥ Association of level errors (matrix! ). Three levels of association were

used for the correlation coefficient between error varianegs, zero,

small and medium.
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o !y, =0 intended to represent cases for which conditional

independence holds.

o !y,,,=0.15, intended to represent a droalrelation of error
variances based on findings from educational litergtséen et al.,
2013)

o !y, =0.35, intended to represent a medium correlation of error
variances based on estimation resmt€hapte 4 and findings
from health sciences literatufeieuws & Verbeke, 2004; Shah et
al., 1997)

¥ Association between trajectories at leRetrrors (matrix! ). Two levels
of association between the piecewise trajectories were proposed based on
estimation results i€hapter 4and findings reported ithe educational
literature. The parameters that were manipulated for this factor were the
ones highlighted ifrigurel from matrix! , or equivalently, the
correlation coefficients denotes! in the correlation matrix ifablel10.
Two levels of general association (considering both iéatd level2
associations) were considered to set the valud®eé parameters:

o0 High association = 0.80’he @ucational achievement literature
has suggested 0.80 as a highel of association between two
educational domains such as reading and mathen(@has et al.
2013) In addition, results from the BPLMEM @hapter 4also

support this level of high association.
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0 Low association = 0.30. Low levels of association betwee

reading and mathematics, such as 0.3, have also been reported in
the literaturgLerkkanen et al., 2005)
The two sets of correlation coefficientsO values were assigned empirically
using a grid search. That is, to come up with the two sets of correlation
coefficients thayieldedthe high and low overall levels of association
(0.80 and 0.30) between the outcome variables, several data sets were
generated using the fixed correlational structure presenieabie10 and
also considering the three levels of correlation of tieatrix proposed in
the previous bullet point.
Tablel11 shows the values of each level of the independent fadtaipée 12
shows descriptive statistics of correlation coefficients found empirically iergtsd data
using the correlational structures explainedable10andTablell. When both level
and level2 errors have high levels of correlation, correlation at each moment in time
goes from &7 to 0.79; whereashen both levell and level2 errorshavelow levels of
correlation, the correlation at each moment in time foes 0.20 to 0.32. These
correlation levels resemble the ones previously founldaeducational literature

(Lerkkanen et al., 2005; Shin et al., 2013)

Tablell Levels of Independent Factors for Simulat&indy |

Factor Value
Sample size
Small N =100
Medium N = 250

Association of levell errors
Zero ',1,=0.00
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Small ! !!!!:0.15
Medium ', =0.35
Association between trajectories at
level2 errors
High overall correlation .80

Segment othecorrelation matrix

; . !
~ | 085 080 -0.80 -0.80
» | 050 075 -0.65 -0.65
w | 050 -0.75 065 0.65

! -0.50 -0.60 0.60 0.55

Low overall correlation = 0.30

Segment othecorrelation matrix

» | 040 030 -0.30 -0.30
. | 010 0.25 -0.20 -0.20
', | -0.10 -025 020 0.20
, | -0.10 -0.15 0.15 0.10

Table12 Overall Mean, Maximum and Minimum Correlations Found Empirically for
Design of Simulation Study |

Correlation Correlation Overall correlations found in the

levell level2 generated data

errors errors Mean Max Min
0.00 High 0.60 0.76 0.45
0.00 Low 0.24 0.32 0.20
0.15 High 0.62 0.76 0.50
0.15 Low 0.26 0.33 0.21
0.35 High 0.65 0.79 0.57
0.35 Low 0.29 0.38 0.24

In summary, for this simulation study, a fully crossed factorial design was

implemented with the conditions previously explained resulting 8l 2 = 12 total cells
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or simulation scenario§able13 shows the combinations of levels of each factor for

all cells. For each scenario, 100 complete data sets with seven measurement occasions
were generated, giving a total of 1,200 replications. For each replication, the MCMC
algorithm presented in Secti@nl.1was applied with three chains, 100,000 iterations for

burrrin, and 50,000 iterations for posterior inference.

Table13. Combination otevels of the Factors for each Cell in Simulation Study |

Correlation Correlation

Cell Sample size levell level2

errors errors
1 100 0.00 High
2 100 0.00 Low
3 100 0.15 High
4 100 0.15 Low
5 100 0.35 High
6 100 0.35 Low
7 250 0.00 High
8 250 0.00 Low
9 250 0.15 High
10 250 0.15 Low
11 250 0.35 High
12 250 0.35 Low

5.1.3 Outcome measures

The BPLMEM was fit to data generated from a population model with known
(also called true) parameters, which were delineated in the two previous sections. Then,
parameter estimated the BPLMEM were compared with their respective true values
according to each simulated condition to evaluate parameter recovery. Percent

convergence is reported for each cell where convergence was assessed by having an
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overall mean BRF less than 1.2. Considering converged replications, posterior mean

estimates and their standard deviation are also reported.
Three outcome measures to assesadhbaracy of parameter estimatéshe
BPLMEM were considered:
¥ Mean bias: average differanbetween the estimated parameter,and

its true value! | , over the converged replications,.

I"#$%&'#( | z!‘!!! !!/!!

i
¥ Relative bias: relative difference between the estimated parafetand
its true value! | , with respect to the true values over the converged

replications) ;.

H$968" () &SH Z; / ¥

¥ Coverage rate: proportion of the times that the corresponding 95%
credible interval contains the estimated parameter over converged
replications.

Additionally, factorial ANOVA with main effects and eta squared (vere used
to investigate the effects of the manipulated factors and their practical significance on
relative bias and coverage rate. Eta squdredneasures the proportion of variation i
an outcome variable that is attributable to a specific fdtttkens, 2013)According to
Cohen(as cited in Lakens, 20L3)enchmarks to define small, medium, and large effects

are!' =0.01,!' =0.06, and ' = 0.14, respectively.
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Note that both outconmreasures were transformed before ANOVA analyses

were performed. The absolute value function was applied to relative bias in order to
avoid cancellation of positive and negative bias in the results. To the coverage rate, the
arcsinesquare root transformat was applied. This was done because coverage rate
takes values betwe¢, 1], and this type of daia generally not normally distributed.

The arcsinesquare root transformation intends to make the data closer to r(&okal

& Rohlf, 1995)

5.2 Simulation Study Il

The piecewise is a very flexible model that can accommodate a variety of
trajectories to be estimatddowever, one of the main concerns with this model is its
assumption that change between lirsgments is abrupt. Subseqiygrda smooth
transitionor adaptation periodetween linear segments might be more realistsome
settings(Bacon & Watts, 1971; Van den Hout et al., 2011; Yang & Gao, 203pite
this criticism, the piecewise model is used frequently to characterize segmented
trajecbries. Thus, it is natural to wonder whether there are conditions under which
piecewise linear models can accurately describe phenomena with a true underlying
smooth transition between linear segments.

Hence, the goal of thiMonte Carlo simulation studyaa/ to empirically
characterize the conditions under which the piecewise modesyegdonable estimates
for a true underlying phenomenon that depicts a gradual change between linear segments.
This simulation study was performed in a univariate approdudt. is, a UBCMEM (as

described in Sectio®.3) was used for data generation and a UPLMEM (as described in



90
Section3.2) was fitted to the generated data. Choosing a univariate rather than a

bivariate approach was motivated by the fact that when using a bivariate effeed
modeling framework, univariate rdels are fitted separately to the outcome variables in
order to choose the best fitting model, as it was illustrated in Sectah Chapter 4

Values of both fixed and manipulated factors were based on the estimation results
of the UPLMEM for mathematics achievement presentéchiapter 4and also in results
reported inthebentcable modelQs literature. Time points were rescaled to the interval [0,
6] with 7 consecutive measurement occasions to make the results more generalizabl
rather than using the original [0, 8.5] roonsecutive scale of the EClkKSdata.
Accordingly, fixedeffects and variances of randafiects parameters were scaled
accordingly to the [0, 6] time scale to maintain the coefficient of variation based on the

estimation results of the UBCMEM for mathematics achievement.

5.2.1 Fixed factors

Parameters that were not directly relevant to the approximation of the piecewise to
the bentcable model were fixed across all simulation scenarios. The fixed factors were
the aveage intercept and slopes, error variance, variances and covariances ofrandom
effects. Note that the values of the linear model parameters, the intercept and slopes,
change as a function of the manipulated factors, as showabie14, but they are
actually fixedfactors. The covariances associated witd randornreffects are computed
by keeping constant the estimated correlation matrix of the raieffects based otne

UBCMEM estimation for mathematics achievement.
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5.2.2 Independent factors

Factors that were hypothesized to impact the conditions under which the
piecewise model provides an adequate approximation to theéeletmodel are the
number of time points, thedation of the bend, and the size of the bend.

¥ Time pointsm. Two levels of this factor were proposed:

o0 m = 7. This number of time points was motivated by the empirical
example presented {Dhapter 4which corresponds to types of
educational assessments that are applied yearly over a period of
seven years, say from 2nd to 8th grade.

o m = 19. This level wabased on cases where there is data available
from a multipleperiod cognitive assessment where studargs
followed from 2nd to 8th gradas an exampléAn example of
such data is the Measures of Academic Progress (MAP) from
Northwest Evaluation Association (NWEA). MAP is alR
assessment system that providesrimiation on the learning
trajectories of students. In particular, MAP for mathematics and
reading was developed for sards in grades-22 and it can be
administerednultiple times per yeaiNWEA, 2017).For this
level, it is assumed that students werkowed over the same time
period (seven years), but the test administration was more intense

(three times per yeasuch as fall, winter and springhus, the
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range of the time scale will be the same as the previous level, [0,

6], but this level will hae more densely measured occasions.
¥ Location of the bendlrhe bend location in the becdble model is given
by the! parameter. As explained in Secti®13.1.3 when the linear slopes
do not exhibit a sign changlemay represent an equivalent concept to the
changepoint in the piecewise modEhe pecewise modelOs literature
shows that the location of the changepoint has an effect in model
performancgKohli & Harring, 2013; Kohli, Hughes, et al., 201%)ence
the motivation of including the location of the bend as a manipulated
factor. Two bend locations were hypothesized:
o Centered location, given by= 3.40
o Early location, given by = 2
¥ Size of the bend’he! parameter in the bewtible model represents the
half-width of the bendThe hypothesis of this study s/that when the
transition between segments happens within two consecutive timefoints
thus, the bend of the model is smathe piecewise model Wiprovide an
acceptable fit to the data. Two bend sizes were proposed:
o Small bend! = 0.40, based on estimation results of the application
of the UBCMEM to mathematics achievement presented in
Chapter 4This value of delta gives a total bend of 0.80, which
represents about 13% of the range of the time scale. Notice that

smaller bends have been reportethmbentcable literature, such
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as 6%(Chiu et al., 2006pr 8% (Khan et al., 214)of the time

scale range. However, | wanted to base one of the levels of this
factor on the estimation results of the empirical example of
Chapter 40 repesent educational data with a clear bend in the
simulation design.

o Large bend! =1.80, based on a bend covering 60% of the range
of the time scale in an application of the beable model to
environmental sciences ddthiu et al., 2006)

In summary, for this simulation study, a fully crossed factorial design was
implemented with the conditions previously explained resultind & 2 = 8 cells or
simulation scenarios. An additional cell, called Cell 0, was added as a benchmark
scenario where conditions were hypothesized to be ideal for the piecewise model
estimation. In Cell O, the size of the bend was small and its variabilityatvagsal to
zero, in addition the variability of the center of the bend was set equal ta @614
shows the combinations of levels of each factor for all déliseach scenario, 100
complete data sets were generated with medium sampléNsi2BQ), giving a total of
900 replications. For each replication, the MCMC algorithm presented in S8ctidn
was applied with three chains, 100,000 iterations fordoyrand 50,000 iterations for

posterior inference.
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5.2.3 Outcome measures

The outcome neesures for simulation study Il weethe same as the ones
described for simulationwdly | in Sectiorb.1.3 Readers are referred to that section for

details on the outcome measures.



Table14. Manipulatedand Fixed Factors for each Cell in Simulation Study II

Manipulated factors Fixed factors
Cell pT(;me Bend location ! P T 1 1 ¥ ¥
0 7 Center [ = 3.4) 0.4 28 29 -21 45 70 64 75 0.10 0
1 7 Center [ = 3.4) 0.4 28 29 -21 45 70 64 75 0.40 2
2 7 Center [ = 3.4) 1.8 28 29 -21 45 70 64 75 0.40 2
3 7 Early( =2) 0.4 28 54 -49 45 70 64 75 0.40 2
4 7 Early( =2) 1.8 28 54 -49 45 70 64 75 0.40 2
5 19 Center [ =3.4) 0.4 28 29 -21 45 70 64 75 0.40 2
6 19 Center [ =3.4) 1.8 28 29 -21 45 70 64 75 0.40 2
7 19 Early ( =2) 0.4 28 54 -49 45 70 64 75 0.40 2
8 19 Early ( =2) 1.8 28 54 -49 45 70 64 75 0.40 2

56
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Chapter 6. Results of Simulation Studies

This chapter presents results of the simulation studies descriGécjter 5
First, results of the simulation study concerning the BPLMEM are presented. Then,
results of the simulation study regarding UPLMEM are examined. Computational
resources, percent convergence, relative bias, and coverage rate for both studies are
discussed in light of the manipulated factors and the research questions presented in

Section2.4.
6.1 Results of Simulation Study |

6.1.1 Computational resources

A function was created to estimate the BPLMEM specified in Se8tbim R to
interface with JAGS software via the R packgggs (Plummer, 2016)For each
replication in this simulation study, 100,000 iterations for barrand 50,000 iterations
for posterior inference and three MCMC chains were used. Each replicatienfirst
six simulation scenarios took, on average, approximately 10.7 hours. That is, the total
CPU time for the first six cells was 6,423 hours. In addition, on average, each replication
in the last six simulation scenarios took approximately 3624 a total of 21,111 CPU

hours. Overall, the total CPU time for this simulation study was 27,534 hours.
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6.1.2 Convergence

Percent convergence of the BPLMEM over the different simulation scenarios is
reported inTable15. Overall, convergence was higher when sample size was smaller.
The percent of replications that converged for Cells 1 to 6 ranged from 73% to 93%,
whereas for Cells 7 to 12 from 34% to 85%. In additiogh&r percent convergence was
foundfor scenarios with high association at le2edrrors (betweesubjects or random
effects structure). In other words, the percent of replications that converged for scenarios
with high correlation at leve? errors was leveen 73% and 93%, whereas for scenarios
with low correlation at leveR errors between 34% and 84%. Lastly, convergence was
especially difficult for scenarios with low levels of association of lvetrors (between
subjects structure) and medium sangie. To elaborate, percent convergence was at its
lowest for Cells 8, 10, and 12, ranging from 34% to 37%. Summarizing, sample size and
the level of correlation between trajectories at l&elrors were the two factors that
seenedto have an effect omé percent of replications that converged. Furthermore,
smaller sample size and higher correlation between trajectories were the two most

favorable conditions for percent convergence.

Table15. Percent Convergence for all Cells@mulation Study |

Manipulated factors

. ; Percent
Cell . Correlation Correlation
Sample size levell errors level2 errors convergence
1 100 0.00 High 88
2 100 0.00 Low 73
3 100 0.15 High 93
4 100 0.15 Low 74
5 100 0.35 High 91
6 100 0.35 Low 84
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7 250 0.00 High 73
8 250 0.00 Low 34
9 250 0.15 High 78
10 250 0.15 Low 36
11 250 0.35 High 85
12 250 0.35 Low 37

6.1.3 Mean bias, relative bias, and coverage rate

Tablel6to Table21 show posterior mean estimates, standard deviation, mean
bias, relative bias, and coveragge for all cells. Results of pairs of cells that are very
similar and whose only digfence is in sample size are presestdd by side. Thus,
results from Cell 1 and Cell 7, Cell 2 and Cell 8, Cell 3 and Cell 9, Cell 4 and Cell 10,
Cell 5 and Cell 11and Cell 6 and Cell 12 are shownTiable16to Table21,
respectively.

Overall, the BPLMEM performed well under most simulation scenarios. Relative
bias for fixedeffects parameters was betwe8érD1 and 0.03, with most values ranging
from -0.01 to 0.01. This means that fixetfects parameters were recovered successfully
ove all simulation scenarios.

The variance parameters associated wathdomeffectsshowedmostly small
relative bias. There were some cases with relative bias superior to 10%. However, those
cases were for the varianaethechangepoint parameters, whiate parameters difficult
to estimatgKohli et al., 2016pxnd, in this study, were small compared with the
remainingvariances of randoraffects. In addition, by examining the amebias of those
cases, it could be concluded that estimates were acceptable. For instance, in Cell 12, the

relative bias ofj ,was 0.18 but the mean bias was 0.11 because the true value was 0.6
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and the estimated value 0.71. And this was one of the extralaes of relative bias,

for other cases in which relative bias was over 10% for variance parameters of-random
effects, the difference was even smaller. Thus, overall, the recovery @rihece

parameters associated wiindomeffects was acceptabie terms of relative bias.

Coverage rate for these parameters ranged between 0.76 and 1.00. The lowest coverage
rate was fof| , in Cell 12 with only 76%That is, lower coverage rates were found for
thevariance otthangepoint parameters, which are kndwvbe more difficult to recover

(Kohli et al., 2016)

The correlation parameters that measure the associations between the nonlinear
trajectories presented some variabilitgheir recovery across simulation scenarios. To
elaborate, recovery of these parameters seemed more difficult for scenarios with low
correlation at leveR errors. That is, relative bias was particularly higher for Celis &,
8,10and 12. Values oflmolute relative bias between 15% &6 were found for those
scenarios. However, even though the relative bias for those parameters may seem large,
the mean bias shows that the actual mean difference is not that big. For example, several
values of relatie bias of 30% correspond to a true value of 0.1 comparetdstianated
value of 0.13 fof', . , . (see, for example, Cell 4 ifable19), whose mean bias is of
0.03.

Overall, Cells 6 and 12 seemed to have the worst results, in terms of having
several parameters with a relative bias greater than 10% and coverage rates below 90%.

Scenarios with the most difficult conditions were those with high level of correlation of
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the error variances and low correlation between trajectories atA@redrs (Cells 6

and 12).

Regarding precision of parameter estimates, by examining the standard deviation,
there was a clear pattern of having smaller standard deviations of parastietates for
cases with bigger sample si2¢&=50). This means that the precision of parameter

estimates was higher the bigger the sample size.



Table16. Results of Cell 1 (N=10&erocorrelation in! , high correlation inl ) and Cell 7 (N=250zerocorrelation in! , high
correlation in! ), Simulation Study |

Trie Cell 1 Cell 7
Parametel value Mean SD Mfean Rel_atlve Coverage Mean SD Mfean Rel_atlve Coverage
bias bias rate bias bias rate

- 33 3303 135 0.03 0.00 0.97 3305 083 0.5 0.00 0.95
N 44 4390 141 -0.10 0.00 0.97 4391 087 -0.09 0.00 0.97
- 34 -34.09 152 -0.09 0.00 0.97 -33.89 099 0.1 0.00 0.95
! 26 262 010 0.02 0.01 0.90 2.60 0.06  0.00 0.00 0.96
- 28 2818 1.03 0.18 0.01 0.97 2801 078 0.1 0.00 0.93
- 32 3179 098 -021  -0.01 0.94 3194 067 -0.06 0.00 0.96
Ly 23 2275 1.03 025  -0.01 0.97 -2291 0.68  0.09 0.00 0.96
l 3 301 012 001 0.00 0.97 3.01 008 0.1 0.00 0.95
H, 90 9419 6.87 4.19 0.05 0.00 9168 423 168 0.02 0.95
H 50 51.68 3.97 1.68 0.03 095 5120 225 1.20 0.02 0.95
Ly, 0 001 006 001 - 0.91 0.01 003 0.1 - 0.93
" 95 97.03 2550  2.03 0.02 0.93 9491 1472 -0.09 0.00 0.97
iy, 145 139.36 28.09 -564  -0.04 0.92 14430 19.06 -0.70 0.00 0.95
" 155 146.60 30.87 -8.40  -0.05 0.93 15218 21.74 -2.82  -0.02 0.92
i 04 041 010 0.1 0.02 0.92 0.40 0.06  0.00 0.00 0.96
" 75 74.87 1453 -0.13 0.00 095 7363 9.89 -137  -0.02 0.95
i 80 7622 1470 -3.78  -0.05 0.92  79.84 927 -0.16 0.00 0.96
9 85 78.03 16.64 -6.97  -0.08 091 8221 1157 -279  -0.03 0.95
i 06 060 018 0.00  -0.01 0.91 0.60 0.10  0.00 0.01 0.96
Ly 07 071 008 001 0.01 0.99 0.72 0.07 0.02 0.03 0.97
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Pyny 0.6 0.62 0.11 0.02 0.03 0.95 0.63 0.08 0.03 0.05 0.92

Tablel7. Results of Cell 2 (N=10&erocorrelation in! , low correlation in! ) and Cell 8 (N=250zerocorrelation in! , low
correlation in! ), Simulation Study |

True Cell 2 Cell 8
Parametel Mean Relative Coverage Mean Relative Coverage
value - Mean SD bias bias rate ’ Mean SD bias bias rate ’
Iy 33 33.03 1.39 0.03 0.00 0.95 33.07 0.82 0.07 0.00 0.94
Iy 44  44.31 1.57 0.31 0.01 0.93 44,42 1.14 0.42 0.01 0.94
Iy -34 -34.44 159 -0.44 0.01 0.99 -34.46 1.15 -0.46 0.01 0.91
I 2.6 2.59 0.09 -0.01 0.00 0.97 2.59 0.05 -0.01 0.00 0.97

- 28 27.88 096 -0.12 0.00 097 2812 067 0.12 0.00 0.91
- 32 3198 108 -0.02 0.00 0.90 3243 082 043 0.01 0.88
Ly 23 -23.00 1.14 0.00 0.00 0.97 -2346 090 -0.46 0.02 0.91
l 3 302 011 0.2 0.01 0.97 2.99 008 -0.01 0.00 0.94
! 90 9203 7.10 2.03 0.02 090 9135 453 135 0.01 0.94
] 50 52.80 390 2.80 0.06 093 5073 263 0.73 0.01 0.94
Ly, 0 001 005 001 - 0.97 0.00 0.03  0.00 - 0.97
e 95 100.39 21.96 5.39 0.06 099 9728 1570 2.28 0.02 0.94
', 145 146.01 29.27  1.01 0.01 0.96 136.14 2039 -886  -0.06 0.85
e 155 153.23 32.62 -1.77  -0.01 0.95 14329 21.63 -11.71  -0.08 0.85
H 0.4 045 012 0.05 0.13 0.95 044 010 0.04 0.10 0.85
e 75 76.64 1681 1.64 0.02 096 7539 951  0.39 0.01 0.97
' 80 77.00 17.39 -3.00  -0.04 0.92 8106 1392 1.06 0.01 0.85
B 85 78.64 19.34 -6.36  -0.07 092 8280 1359 -220  -0.03 0.91
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B -0.6  -0.59 0.11 0.01 -0.01 0.99 -0.58 0.09 0.02 -0.04 0.91
B -0.8  -0.80 0.06 0.00 0.00 0.97 -0.81 0.04 -0.01 0.01 0.94
Pyny 0.6 0.65 0.10 0.05 0.08 0.90 0.63 0.09 0.03 0.05 0.91

Table18. Results of Cell 3 (N=10@nediumcorrelation in! , high correlation inl ) and Cell9 (N=250,mediumcorrelation in! ,
high correlation in! ), Simulation Study |

True Cell 3 Cell 9
Parametel value Mean SD Mfean Rel_atlve Coverage Mean SD Mfean Rel_atlve Coverage
bias bias rate bias bias rate

- 33 3297 124 -0.03 0.00 096 3301 088 0.1 0.00 0.91
Ly 44 4398 157 -0.02 0.00 091 4401 099 0.1 0.00 0.92
- 34 -33.93 164 0.7 0.00 0.88 -33.99 102 0.1 0.00 0.94
y 26 261 009 0.01 0.00 0.94 261 0.06 0.01 0.00 0.92
- 28 28.01 110 0.1 0.00 094 2808 072 0.08 0.00 0.95
- 32 31.83 102 -017  -0.01 095 3209 070 0.09 0.00 0.94
Ly 23 -22.84 1.07 016  -0.01 0.97 -23.05 074 -0.05 0.00 0.97
l 3 302 012 0.2 0.01 0.89 2.99 0.07 -0.01 0.00 0.95
] 90 9452 694 452 0.05 0.90 9244 485 2.44 0.03 0.87
] 50 51.90 451  1.90 0.04 092 5111 214 111 0.02 0.96
Ly, 015 015 0.05 0.00 0.03 0.97 0.15 0.03  0.00 0.03 0.94
e 95 97.83 24.60 2.83 0.03 0.96 9348 16.00 -152  -0.02 0.94
iy, 145 137.88 2479 -7.12  -0.05 0.97 14059 1527 -441  -0.03 0.95
" 155 145.72 30.63 -9.28  -0.06 0.92 149.12 1874 -588  -0.04 0.97
H 0.4 040 010 0.0 0.01 0.97 040 0.06 0.00 0.01 0.94
' 75 7627 1558  1.27 0.02 095 7418 948 -0.82  -0.01 0.96
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B 0.6 0.60 0.14 0.00 0.00 0.90 0.61 0.07 0.01 0.01 0.97
Moy 0.55 0.57 0.13 0.02 0.04 0.96 0.58 0.09 0.03 0.05 0.90
B -0.6  -0.62 0.13 -0.02 0.04 0.96 -0.63 0.08 -0.03 0.05 0.96
B -0.8 -0.78 0.08 0.02 -0.03 0.95 -0.79 0.04 0.01 -0.02 0.97
Pyny 0.6 0.62 0.12 0.02 0.03 0.92 0.60 0.08 0.00 0.00 0.94

Table19. Results of Cell 4 (N=10@nediumcorrelation in! , low correlation in! ) and Cell 10 (N=25pmediumcorrelation in! ,
low correlation in! ), Simulation Study |

True Cell 4 Cell 10
Parametel value Mean SD Mfean Rel_atlve Coverage Mean SD Mfean Rel_atlve Coverage
bias bias rate bias bias rate

- 33 3320 126 020 0.01 097 3310 074 0.10 0.00 1.00
’ 44 4413 160 0.13 0.00 096 4423 095 0.23 0.01 0.97
- 34 -3417 166 -0.17 0.00 096 -3431 106 -0.31 0.01 0.94
y 26 260 009 0.0 0.00 0.93 261 006 001 0.00 0.97
o 28 2803 1.16  0.03 0.00 093 2808 075 0.08 0.00 0.92
- 32 3211 110 0.11 0.00 092 3260 061 0.60 0.02 0.92
Iy 23 -23.06 125 -0.06 0.00 092 -2358 0.75 -0.58 0.03 0.92
¥ 3 301 010 001 0.00 0.96 299 007 -0.01 0.00 0.92
g 90 9252 724 252 0.03 092 9205 446 2.05 0.02 0.94
g 50 5234 346 234 0.05 095 50.34 256 0.34 0.01 0.94
Ly 015 0.17 0.05 0.02 0.15 0.86 0.17 0.03  0.02 0.10 0.97
P 95 106.80 22.13 11.80 0.12 093 9212 1422 -2.88  -0.03 0.94
'y, 145 139.39 31.34 -561  -0.04 0.89 146,72 30.16 1.72 0.01 0.81
. 155 149.01 33.99 -599  -0.04 095 15231 2561 -2.69  -0.02 0.92
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-0.04
-0.02
-0.03
-0.14
-0.03
-0.03
-0.19
0.08
0.07
-0.06
0.30
-0.06
-0.02
-0.14
0.03
0.24
-0.09
-0.04
-0.15
0.01
-0.02

0.99
0.99
0.91
0.92
0.89
1.00
0.99
0.95
0.95
0.93
0.95
0.95
0.95
0.97
0.95
0.89
0.95
0.95
0.97
0.97
0.91
0.95
0.96
0.93
0.99
0.96

0.44
72.77
85.10
85.42

0.71

0.72
-0.72
-0.89
-0.74
-0.80

0.71

0.32

0.30
-0.29
-0.27

0.12

0.22
-0.18
-0.17

0.70
-0.12
-0.21

0.17

0.17
-0.71
-0.90

0.12
9.17
12.84
12.30
0.16
0.09
0.08
0.02
0.06
0.06
0.08
0.10
0.07
0.07
0.09
0.10
0.07
0.08
0.08
0.06
0.10
0.07
0.08
0.08
0.08
0.02

0.04
-2.23
5.10
0.42
0.11
0.02
-0.02
0.01
0.06
0.00
0.01
-0.08
0.00
0.01
0.03
0.02
-0.03
0.02
0.03
0.00
-0.02
0.04
-0.03
-0.03
-0.01
0.00

0.10
-0.03
0.06
0.00
0.19
0.02
0.03
-0.01
-0.07
0.00
0.01
-0.21
-0.02
-0.03
-0.09
0.16
-0.14
-0.10
-0.17
0.01
0.16
-0.16
-0.17
-0.16
0.01
0.00

0.83
1.00
0.89
0.94
0.81
0.92
0.97
0.92
1.00
0.83
0.89
0.86
1.00
1.00
1.00
0.92
1.00
0.97
0.97
1.00
0.97
0.97
0.97
0.97
1.00
0.94
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B -0.1 -0.11 0.16 -0.01 0.08 0.95 -0.09 0.08 0.01 -0.08 0.97
Py -0.15 -0.16 0.15 -0.01 0.06 0.93 -0.13 0.09 0.02 -0.15 0.94
B 0.15 0.16 0.16 0.01 0.09 0.93 0.14 0.10 -0.01 -0.04 0.92
Moy 0.1 0.10 0.16 0.00 0.01 0.97 0.08 0.09 -0.02 -0.22 0.97
B -0.6  -0.60 0.12 0.00 0.00 0.96 -0.58 0.08 0.02 -0.04 0.94
B -0.8  -0.80 0.07 0.00 0.00 0.93 -0.81 0.05 -0.01 0.01 0.81
Pyny 0.6 0.64 0.11 0.04 0.06 0.92 0.64 0.08 0.04 0.07 0.86

Table20. Results of Cell 5 (N=10®igh correlation in! , high correlation int ) and Cell 11 (N=250high correlation in! , high
correlation in! ), Simulation Study |

True Cell 5 Cell 11
Parametel value Mean SD Mfean Rel_atlve Coverage Mean SD Mfean Rel_atlve Coverage
bias bias rate bias bias rate

- 33 33.00 1.28 0.00 0.00 0.95 33.02 0.81 0.02 0.00 0.95
Ly 44  43.81 1.31 -0.19 0.00 0.96 43.99 0.77 -0.01 0.00 0.98
Ly -34 -33.84 1.43 0.16 0.00 0.96 -33.91 0.88 0.09 0.00 0.96
Ly 2.6 2.61 0.08 0.01 0.01 0.99 2.60 0.05 0.00 0.00 0.96
- 28 28.05 0.99 0.05 0.00 0.98 28.05 0.60 0.05 0.00 0.99
- 32 31.79 096 -0.21 -0.01 0.96 32.02 0.71 0.02 0.00 0.93
Ly -23  -22.71 1.13 0.29 -0.01 0.95 -22.90 0.85 0.10 0.00 0.89
iy 3 3.00 0.10 0.00 0.00 0.98 3.00 0.07 0.00 0.00 0.98
g 90 94.42 5.93 4.42 0.05 0.92 92.41 4.62 2.41 0.03 0.91
g 50 51.40 4.14 1.40 0.03 0.91 50.73 2.41 0.73 0.01 0.91
e 0.35 0.35 0.04 0.00 -0.01 0.96 0.35 0.03 0.00 0.01 0.96

. 95 91.09 2240 -3.91  -0.04 095 91.88 1449 -3.12  -0.03 0.95
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155
0.4

-0.75
0.65
0.65

138.12
150.94
0.39
76.40
76.04
79.29
0.60
0.73
-0.74
-0.88
-0.73
-0.80
0.72
0.78
0.82
-0.80
-0.77
0.55
0.75
-0.66
-0.66
0.72
-0.56
-0.74
0.66
0.66

25.18
30.67
0.10
14.74
14.21
16.31
0.18
0.09
0.08
0.03
0.08
0.05
0.09
0.07
0.05
0.06
0.07
0.13
0.07
0.09
0.09
0.10
0.13
0.08
0.10
0.10

-6.88
-4.06
-0.01
1.40
-3.96
-5.71
0.00
0.03
-0.04
0.02
0.07
0.00
0.02
-0.07
0.02
0.00
0.03
0.05
0.00
-0.01
-0.01
0.02
-0.06
0.01
0.01
0.01

-0.05
-0.03
-0.02
0.02
-0.05
-0.07
0.00
0.04
0.05
-0.02
-0.08
0.00
0.03
-0.08
0.02
0.00
-0.04
0.11
0.00
0.01
0.01
0.03
0.12
-0.01
0.01
0.01

0.93
0.93
0.93
0.95
0.91
0.95
0.92
0.98
1.00
0.98
0.97
0.99
0.96
0.91
0.96
1.00
0.97
0.87
0.97
0.97
0.97
0.96
0.90
0.96
0.96
0.96

143.08
151.32
0.41
76.13
78.53
84.40
0.59
0.74
-0.75
-0.90
-0.78
-0.81
0.73
0.82
0.82
-0.82
-0.80
0.54
0.75
-0.66
-0.66
0.72
-0.54
-0.75
0.65
0.66

18.16
20.71
0.06
9.80
10.28
9.61
0.10
0.09
0.09
0.02
0.06
0.04
0.07
0.04
0.05
0.05
0.05
0.10
0.05
0.06
0.07
0.08
0.11
0.05
0.06
0.08

-1.92
-3.68
0.01
1.13
-1.47
-0.60
-0.01
0.04
-0.05
0.00
0.02
-0.01
0.03
-0.03
0.02
-0.02
0.00
0.04
0.00
-0.01
-0.01
0.02
-0.04
0.00
0.00
0.01

-0.01
-0.02
0.02
0.02
-0.02
-0.01
-0.01
0.05
0.07
-0.01
-0.03
0.02
0.04
-0.03
0.03
0.02
0.00
0.08
0.01
0.02
0.01
0.03
0.08
0.00
0.01
0.02

0.94
0.96
0.92
0.96
0.91
0.99
0.94
0.89
0.86
0.94
0.96
0.89
0.91
0.94
0.88
0.92
0.96
0.87
0.92
0.93
0.94
0.91
0.88
0.93
0.95
0.96

1T



Doy -0.7  -0.72 0.10 -0.02 0.03 0.98 -0.72 0.08 -0.02 0.02 0.92
Doy -0.9 -0.89 0.03 0.01 -0.01 0.99 -0.90 0.02 0.00 0.00 0.99
B -0.5 -0.52 0.13 -0.02 0.04 0.97 -0.52 0.09 -0.02 0.04 0.94
Py -0.6  -0.62 0.10 -0.02 0.03 0.98 -0.61 0.07 -0.01 0.02 0.92
B 0.6 0.61 0.12 0.01 0.02 0.96 0.62 0.08 0.02 0.03 0.94
Moy 0.55 0.57 0.11 0.02 0.04 0.98 0.56 0.09 0.01 0.02 0.93
B -0.6  -0.62 0.10 -0.02 0.03 0.97 -0.62 0.07 -0.02 0.04 0.94
B -0.8  -0.77 0.07 0.03 -0.03 0.98 -0.79 0.04 0.01 -0.01 0.96
Pyny 0.6 0.60 0.11 0.00 0.01 0.93 0.61 0.07 0.01 0.01 0.98

Table21. Results of Cell 6 (N=10®igh correlation in! , low correlation in! ) and Cell 12 (N=250high correlation in! , low
correlation in! ), Simulation Study |

True Cell 6 Cell 12
Parametel Mean Relative Coverage Mean Relative Coverage
value Mean SD bias bias rate Mean SD bias bias rate

- 33 33.10 1.19 0.10 0.00 0.98 33.34 1.00 0.34 0.01 0.95
Ly 44  44.23 1.36 0.23 0.01 0.96 44.29 1.05 0.29 0.01 0.95
Ly -34 -34.24 1.64 -0.24 0.01 0.96 -34.34 1.18 -0.34 0.01 0.89
Ly 2.6 2.59 0.08 -0.01 0.00 0.98 2.59 0.04 -0.01 0.00 1.00
- 28 28.19 1.04 0.19 0.01 0.95 28.19 0.71 0.19 0.01 0.92
p 32 32.03 1.13 0.03 0.00 0.92 32.20 0.83 0.20 0.01 0.92
I -23  -23.02 1.40 -0.02 0.00 0.89 -23.29 094 -0.29 0.01 0.92
I 3 3.00 0.11 0.00 0.00 0.96 3.01 0.07 0.01 0.00 0.97
g 90 91.92 7.03 1.92 0.02 0.93 91.55 4.34 1.55 0.02 0.95
g 50 5181 4.03 1.81 0.04 0.92 51.31 2.51 1.31 0.03 0.95

ITT
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155
0.4
75
80
85
0.6
0.7
-0.7
-0.9
-0.8
-0.8
0.7
0.4
0.3
-0.3
-0.3
0.1
0.25
-0.2
-0.2
0.7
-0.1
-0.25

0.35
97.39
141.78
154.75
0.44
79.18
79.03
81.66
0.64
0.69
-0.69
-0.88
-0.69
-0.78
0.70
0.33
0.31
-0.30
-0.28
0.13
0.21
-0.16
-0.15
0.71
-0.14
-0.21

0.05
22.28
25.94
26.20

0.13
16.68
15.92
17.02

0.20

0.10

0.09

0.03

0.08

0.06

0.08

0.11

0.12

0.13

0.12

0.15

0.14

0.15

0.14

0.10

0.14

0.14

0.00
2.39
-3.22
-0.25
0.04
4.18
-0.97
-3.34
0.04
-0.01
0.01
0.02
0.11
0.02
0.00
-0.07
0.01
0.00
0.02
0.03
-0.04
0.04
0.05
0.01
-0.04
0.04

0.01
0.03
-0.02
0.00
0.10
0.06
-0.01
-0.04
0.07
-0.02
-0.01
-0.02
-0.14
-0.02
-0.01
-0.17
0.05
0.00
-0.07
0.31
-0.17
-0.19
-0.26
0.01
0.39
-0.14

0.99
0.96
0.96
0.98
0.90
0.95
0.92
0.96
0.90
1.00
1.00
0.95
0.95
0.99
0.99
0.98
0.95
0.94
0.96
0.93
0.94
0.90
0.96
0.95
0.96
0.94

0.36
94.86
149.51
154.98
0.45
75.49
83.74
85.22
0.71
0.71
-0.72
-0.90
-0.73
-0.80
0.72
0.37
0.33
-0.33
-0.29
0.15
0.23
-0.20
-0.19
0.72
-0.15
-0.23

0.03
15.43
20.25
20.18

0.10
13.07
11.35
12.09

0.15

0.07

0.07

0.02

0.06

0.05

0.06

0.10

0.10

0.09

0.10

0.09

0.07

0.08

0.07

0.07

0.08

0.07

0.01
-0.14
4.51
-0.02
0.05
0.49
3.74
0.22
0.11
0.01
-0.02
0.00
0.07
0.00
0.02
-0.03
0.03
-0.03
0.01
0.05
-0.02
0.00
0.01
0.02
-0.05
0.02

0.03
0.00
0.03
0.00
0.13
0.01
0.05
0.00
0.18
0.02
0.03
0.00
-0.09
0.01
0.03
-0.09
0.11
0.10
-0.05
0.46
-0.07
-0.02
-0.05
0.02
0.53
-0.08

0.97
0.97
0.92
0.95
0.84
0.86
0.89
0.95
0.76
0.95
0.97
0.97
0.95
0.89
0.95
0.84
0.89
0.95
0.92
0.92
0.97
1.00
1.00
0.97
0.95
1.00
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0.2
0.2
-0.7
-0.9
-0.1
-0.15
0.15
0.1
-0.6
-0.8
0.6

0.17
0.16
-0.70
-0.89
-0.10
-0.12
0.13
0.07
-0.60
-0.79
0.63

0.15
0.14
0.09
0.03
0.16
0.16
0.16
0.15
0.12
0.07
0.11

-0.03
-0.04
0.00
0.01
0.00
0.03
-0.02
-0.03
0.00
0.01
0.03

-0.17
-0.19

0.00
-0.01
-0.01
-0.19
-0.14
-0.27

0.00
-0.02

0.04

0.93
0.99
0.98
0.96
0.93
0.93
0.93
0.98
0.98
0.93
0.96

0.19
0.19
-0.73
-0.90
-0.10
-0.16
0.16
0.11
-0.59
-0.82
0.66

0.08
0.07
0.07
0.02
0.10
0.10
0.11
0.08
0.09
0.05
0.09

-0.01
-0.01
-0.03
0.00
0.00
-0.01
0.01
0.01
0.01
-0.02
0.06

-0.06
-0.06
0.04
0.00
0.02
0.04
0.09
0.05
-0.01
0.03
0.10

1.00
1.00
0.95
0.92
0.97
0.95
0.92
1.00
0.95
0.89
0.78

-~
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6.1.4 Factorial ANOVA re sults

Factorial ANOVA was used to investigate the effects of the independent factors
on the absolute relative bias and the transformed coverage rate. Results of the main
effects are presented Trable22; results of the interaction effects are presented later only
if a significant result was foun@able22 shows the overall mean within each level of
main effects, pvalues and' values for practical significance. The level of correlation
between the piecewise linear trajectories portrayedeicdlvariance matrix of lev&
errors had anoderatesignificant effect on the absolute relative bias, explaining about
10% of the total variability!( =0.095). Results improved with higher levels of
correlation between trajectories. For scenarios witHlsraaelation at levePR errors, the
ovenall averagebsoluterelative bias wa8.07, and for scenar®with high correlation
was 0.03In addition, sample size had a small significant effect on coverage rate,
explaining 1% of the total variability {=0.010). Slightly higher average rates were
associated witla smaller sample siz&€he overall mean dhe untransformed coverage
ratefor smallsample sizeN=100 was0.95, and for medium sample si2&=@50 was
0.94.Note that this effect is very smalléit may be related to the fact that lower
convergence was found for scenarios with larger sample size, which in consequence
might hinder coverage rates. It might be the case that for those scenarios convergence
was harder and the convergence criterionafm®SRF being less than 1.2) was barely

satisfied. Then, as a result, coverage rates for some parameters were slightly lower.
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Table22. ANOVA pvalues, Etasquared, and Mean Effects for Simulation Study |

Factors and Absolute Transformed
levels relative bias coverage rate
Sample size
N=100 0.05 1.35
N=250 0.04 1.34
p-value 0.175 0.015
I 0.003 0.010
Correlation at levell errors
i, =0 0.05 1.34
'y1,=0.15 0.05 1.34
'1,=0.35 0.05 1.35
p-value 0.966 0.714
I 0.000 0.001
Correlation at leveP errors
Small 0.07 1.35
High 0.03 1.34
p-value <0.001 0.489
I 0.095 0.001

Moreover, a statistically significant interaction was found for sample size and

correlation at level errorsat the .05 level(F(2, 554) = 5.62p = .009 for the

transformectoverage rate. This interaction explains 2% of the total variahe®.02)

The overall mean of the transformed and untransformed coverage rate for each

combination of these two factors is presehinTable23. Scenarios witrsmallersample

size(N=100) and lowhigh levell correlations showelighercoverage rates

Table23. Overall TransformedCoverage Rat&lean bySampé Size and Correlation at

Levd-1 Errors

. _Transformed coverage ra

Coverage rate

Correlation at

levebl errors Sample size Sample size
N=100 N=250

by, =0 1.36 1.33

',1,=0.15 1.33 1.35
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,,,=0.35 1.37 1.33 0.95 0.94

6.1.5 Summary

Summarizing, th&ayesian estimation algorithdescribed in Sectiod.1.1
showed an overall good performance to recoventbdelparametes of theBPLMEM.
Estimates of fixeeeffects parameters were recovered accurately under all simulation
scenarios. Variances of randeaffectsshowedmostly small relative bias. However,
there were some cases with low coverage rates. Intuitively, recovery of correlation
parameters measuring the association between the piecewise curvesngasifficult
for scenarios with low correlation at lev2lerrors

In terms of convergenceample size and the level of correlation between
trajectories at leve? errors were the twa€tors that seeadto have an effect on the
percent of replications that convergda elaboratehigher percent convergence was
foundfor scenarios with high association at le2edrrorsand also for scenarios with
smaller sample size.

Moreover, higher gecision in parameter estimates was achieved for scenarios
with larger sample size. Standard deviations were consistently smaller for all parameter
estimates in those cases.

Additionally, based on the results of the factorial ANOVA analysis, to answer the
research questions outlined in Secti

1. The orrelation of levell errorsby itselfdid not hae an impact o

parameter estimates of the BPLMEM.



117
2. The strength ofhe association of the trajectories of the two outcome

variables at leveR errors had a medium effect in accuracy of parameter
estimates in terms of relative bi&esults improved with higher levels of
correlation between trajectories

3. Sample size hadsmall effect in coverage rat8lightly higher overage
rates were associated walsmaller sample size

4. There was no significant interaction between levels of correlation at level
1 and level2 errors, but there was a small association between saixgle s
and correlation at level errors. $enarios witrsmallersample size
(N=100) and lowhigh levell correlations showeslightly higher

coverage rates

6.2 Results of Simulation Study Il

6.2.1 Computational resources

A function was created to estimate theWMEM specified in Sectio.2in R to
interface with JAGS software via the R packgggs (Plummer, 2016)This function
can be seen as a special cafsthe one created for the BPLMEMor each replication in
this simulation stdy, 100,000 iterations for buin, and 50,000 iterations for posterior
inference and three MCMC chains were used. Each replication in thievérstimulation
scenarios took, on average, approxima8bhours. That is, the total CPU time for the
first five cells was 4,2560urs. In addition, on average, each replication in thédast
simulatian scenarios took approximately 15.3 hours; a totaP@56 CPU hours.

Overall, the total CPU timfor this simulation study was 16,5hdurs
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6.2.2 Convergence

Perent convergence of the UPLMEM over the different simulation scenarios is
reported inTable24. Percent convergence was higher for scenarios with an early bend.
The pecent of replications that converged for Cells 3, 4, 7, arah§ed between 80%
and 100%; wheredsr the rest of the cellhe convergence rate wastween 41% and
73%. By a graphical inspection Bigure8 to Figure10 versusFigurell andFigurel2,
comparing the plots corresponding to cells with a centered bend and those with an early
bend, it seems that a segmented trajectomyoise evident in cells with an early bend,
which may explain a higher convergence for those cells. Notice how the percent of
replications that converged in the benchmark scenario, Cell O, is superior to the
convergence in Cell 1 for over 30%. The differehetwveen these two cellsthe
variability associated witthe transition parameters in the beable model, which
suggests that, other things constant, higher variance in thditnamsrameters is
associated witlower convergenctor the piecewiseihear modelTo elaborate, the
higher the variability of the adaptation period between linear segments, the harder it

seems to describe the phenomenon by a piecewise trajectory.

Table24. Percent Convergence for all Cells in SimidatStudy I

Manipulated factors

: Percent
Cell Jo'zrr'l?s Bend location ! convergence

0 7 Center [ = 3.4) 0.4 73

1 7 Center [ =3.4) 0.4 41

2 7 Center [ = 3.4) 1.8 o4

3 7 Early ( =2) 0.4 80

4 7 Early ( = 2) 1.8 98

5 19 Center [ =3.4) 0.4 46



6 19 Center [ =3.4) 1.8 63
7 19 Early ( =2) 0.4 88
8 19 Early( =2) 1.8 100

6.2.3 Mean bias, relative bias, and coverage rate

Table25to Table29 show posterior mean estimates, standard deviation, bias,
relative bias, and coverage rate for all simulation scenarios. Results of pairs of cells that
are very similar and whose only difference isha humber of time points are presented
side by side. fus, results from Cell 1 and Cell 5, Cell 2 and Cell 6, Cell 3 and Cell 7,
and Cell 4 and Cell 8 are shownTiable26to Table29, respectively. For the purpose of
completeness, the tables show results for all parameter estimates of the piecewise model
(fixed-effects, error variance, variance of randeffects, and correlationgtween
randomeffects). However, in order to elaborate in the discussion of approximating a
smooth transition between linear segments by using a piecewise linear Tiadudie80
shows relative bias of fixedffects parameters only for all simulation scenarios. See a
further explanation below.

Because the data was generated under thechblg model and then fitted to the
piecewise model, it is not expected that albpaeters will be recovered successfully. Not
all data parameters are going to be comparable across models. Howevesfféxed
parameters!(,!,,!,,!) are of special interest because of their comparability in
interpretation. As described in Secti®3, the linear parameters in the beable model,
I'h,!,,and!, have the same interpretation as in the piecewise linear model. In addition,

because the slopestbi two linear segments do not change in sign, the true value of the
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center of the bend in the berdble model!, is compared with the estimated

changepoint in the piecewise modelas suggested by Chiu and LockH{2f10)
Hence, a general description of simulation results is presented first, followed by a
discussion on the relativ®as results of the fixedffects parametely.

Cell 0 was included as a benchmark case, intended to represent an ideal scenario
for the estimation of the piecewise linear model. In Cell O, the size of the bend is small,
thereis no variability associatl withthe halfwidth of the bend!(j =0), and the
variability of the center of the bend is very smal| £0.1). The rest of the parameters are
equivalent to the ones in Cell Table25 shows simulation results for this benchmark
scenarioMean and relative biaswerevery small omonexistent, especially for the
fixed-effects parameters. Coverage rate ranged from 0.92 to 0.96 for thefieets,
and from 0.82d 0.97 for the rest of the parameters. Moreovigre8 shows how close
are the true and estimated mean trajectories. They overédimostall the time scale
range To elaborateboth trajectories overlap all the observed data pointeg only time
interval in whichtheydo not overlap is betwesgmars3 and 4. This is expected because
the bend happens within that interval, meaning that the changepoint ofdbeipe
model should be estimated in that interval as well, originating the difference in the two
trajectories. In summary, the benchmark desgsatisfactory resultsuggestin@n
acceptable approximation of the piecewise linear model to data with anledying

smooth segmented trajectory.
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Table25. Results for Benchmark Scenario, Cell 0 (m3.4, ! =0.4, variance of
1=0.1, variance oft =0), Simulation Study I

CellO
True )
Parametel Mean Relative Coverage
value ) )
Mean SD bias bias rate

¥ 28 2813 0.63 0.13 0.00 0.95
¥ 29 2891 053 -0.09 0.00 0.92
¥ 21 -2080 069 020  -0.01 0.92
! 3.4 341 004 001 0.00 0.96
¥ 45 4501 194 001 0.00 0.97

¥ 70 7228 883 228 0.03 0.97
i, 64 6235 7.84 -165  -0.03 0.89

¥ 75 7027 1127 -473  -0.06 0.82
! 01 010 004 0.00 0.04 0.93
L, 0.7 068 007 -002  -0.03 0.92
Lo, 07 070 009 0.0 0.00 0.93
L 09 091 002 -001 0.01 0.88
", 0.8 -068 009 012 -0.15 0.86
o 08 -083 006 -003 0.03 0.95
0 055 069 012 0.14 0.25 0.88
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Figure8. True and estimated mean trajectories for benchmark scenario, Cell 0 (m=7,
1=3.4,! =0.4,variance oft =0.1,variance ofl =0), simulation study I

For the rest othe cells, coverage rate is not satisfactory for most feféstts
parameters in any of the simulation scenarios, with the exception of the intercept in Cell
8. Likewise, relative bias is big and coverage rate is poor for error variance and
parameters ahe covariance matrix of randeeffects in all simulation scenarios. These
results are not surprising because the UPLMEM is misspecified, that is, the piecewise
model is fitted to data generated by the b=atile model. The UPLMEM has fewer
parameters toc@ount for all the variability in the data. This is especially important for
the variancef the changepoint in the UPLMEM. Two transition parameters with a
significant amount of variability are used to generate data under the UBCMEM. Such
variability is located around the bend, which is whered@ngepoint of the UPLMEM

shouldbe estimated. Thus, it is not expected thatttbe variability associated withe
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center of the bend parameterwill be accurately recoved by the variance

associated witthe changepoint parametét,, in the UPLMEM. In other words, it is not
reasonable to expect an accurate recovery of the true error variance and e#edtsn
parameters under the UBCMEM by the UPLMEM. Thus, simulation results should be
taken with cautiopespecially for the rando®ifects parameters. However, it is plausible
to characterize conditions under which the bmaiile mean trajectory will be accurately
represented by a piecewise linear model. For exarRgare8, Figure9 andFigurell
show that the estimated trajectory closely resembles the true trajectory. On the other
hand,Figure12 shows true and estimated trajectories more distantdiah other.

Notice that, for the fixe@ffects parameters, parameter estimates are often close
to the true parameters, especially for Cells 1 and 5. That is, scenarios with a small
centered bend seemed to be accurately described by a piecewise lingaryraje
Moreover, notice as well that the changepoint estimates in all scenarios fall within the

transition interval of the bertable model, even when the bend is small.



Table26. Results for Cell (m=7,1=3.4,! =0.4) and Cell 5 (m=19! =3.4,! =0.4), Simulation Study Il

. True Cell 1 Cell 5

arametel Mean Relative Coverage Mean Relative Coverage
value  Mean SD bias bias rate k Mean SD bias bias rate ’

Ly 28 28.41 0.83 0.41 0.01 0.93 28.58 0.65 0.58 0.02 0.89
L 29 29.94 0.70 0.94 0.03 0.71 30.23 0.65 1.23 0.04 0.61
Ly -21  -20.76 0.78 0.24 -0.01 0.93 -20.72 0.60 0.28 -0.01 0.93
! 3.4 3.21 0.07 -0.19 -0.06 0.34 3.15 0.06 -0.25 -0.07 0.00
I 45  49.23 2.21 4.23 0.09 0.51 49.15 1.11 4.15 0.09 0.04
! E! 70 84.40 15.87 14.40 0.21 0.68 93.96 12.83 23.96 0.34 0.33
! E! 64 8298 1450 18.98 0.30 0.51 91.61 13.69 27.61 0.43 0.24
! E! 75 6850 14.02 -6.50 -0.09 0.76 77.48 11.68 2.48 0.03 0.91
L 0.4 0.74 0.16 0.34 0.85 0.12 0.70 0.09 0.30 0.76 0.02
Pro, 0.7 0.58 0.09 -0.12 -0.17 0.71 0.52 0.08 -0.18 -0.26 0.15
Pro, -0.7 -0.60 0.10 0.10 -0.14 0.83 -0.54 0.08 0.16 -0.23 0.28
Pror, -09 -0.94 0.02 -0.04 0.05 0.37 -0.95 0.01 -0.05 0.06 0.07
Lo, -0.8 -0.58 0.10 0.22 -0.28 0.27 -0.53 0.08 0.27 -0.34 0.02
My, -0.8  -0.87 0.04 -0.07 0.09 0.44 -0.87 0.03 -0.07 0.08 0.39
by, 0.55 0.75 0.08 0.20 0.36 0.29 0.74 0.05 0.19 0.34 0.11

ZA)



Table27. Results of Cell 2 (m=7,=3.4,! =1.8) and Cell 6 (m=19!=3.4,! =1.8), Simulation Study I

True Cell 2 Cell 6

Parametel Mean Relative Coverage Mean Relative Coverage

value  Mean SD bias bias rate k Mean SD bias bias rate ’

Ly 28 28.31 0.74 0.31 0.01 0.89 28.69 0.74 0.69 0.02 0.76
L 29 27.13 0.67 -1.87 -0.06 0.13 26.67 0.49 -2.33 -0.08 0.00
Ly 21 -16.17 0.70 4.83 -0.23 0.00 -15.20 0.48 5.80 -0.28 0.00

! 3.4 3.27 0.10 -0.13 -0.04 0.76 3.24 0.06 -0.16 -0.05 0.35
I 45 4494 269 -0.06 0.00 0.87 45.75 1.19 0.75 0.02 0.90

! E! 70 71.11 9.98 1.11 0.02 0.94 76.90 7.19 6.90 0.10 0.94
! E! 64 52.66 8.83 -11.34 -0.18 0.52 47.17 6.07 -16.83 -0.26 0.17
! | 75 40.80 8.10 -34.20 -0.46 0.04 38.00 489 -37.00 -0.49 0.00
L 0.4 0.56 0.16 0.16 0.40 0.81 0.44 0.10 0.04 0.09 0.81
Pro, 0.7 0.51 0.09 -0.19 -0.27 0.39 0.48 0.07 -0.22 -0.31 0.06
Pro, -0.7 -0.57 0.09 0.13 -0.18 0.80 -0.54 0.07 0.16 -0.23 0.27
Pror, -09 -091 0.03 -0.01 0.01 0.93 -0.91 0.02 -0.01 0.01 0.95
Lo, -0.8  -0.45 0.14 0.35 -0.44 0.19 -0.45 0.09 0.35 -0.44 0.02
Lo, -0.8  -0.79 0.06 0.01 -0.01 0.89 -0.75 0.05 0.05 -0.06 0.89
by, 0.55 0.60 0.13 0.05 0.08 0.93 0.53 0.09 -0.02 -0.04 0.95

acl



Table28. Results of Cell 3 (m=7,=2,! =0.4) and Cell 7 (m=19! =2, | =0.4), Simulation Study Il

True Cell 3 Cell 7

Parametel Mean Relative Coverage Mean Relative Coverage

value  Mean SD bias bias rate k Mean SD bias bias rate ’

Ly 28 31.57 1.19 3.57 0.13 0.11 32.60 1.19 4.60 0.16 0.00
L 54 52.23 1.12 -1.77 -0.03 0.60 52.53 1.11 -1.47 -0.03 0.67
'. -49 -45.95 1.07 3.05 -0.06 0.14 -46.19 1.10 2.81 -0.06 0.25

! 2 1.91 0.06 -0.09 -0.04 0.58 1.91 0.05 -0.09 -0.04 0.56
I 45 58.60 3.43 13.60 0.30 0.00 57.68 1.46 12.68 0.28 0.00
H 70 290.15 59.64 220.15 3.14 0.00 304.90 57.25 234.90 3.36 0.00
I, 64 137.80 25.14 73.80 1.15 0.01 184.21 36.37 120.21 1.88 0.00
! :. 75 13441 26.54 5941 0.79 0.19 173.56 36.21 98.56 1.31 0.00
L 0.4 0.53 0.06 0.13 0.32 0.39 0.59 0.06 0.19 0.47 0.03
e 0.7 -0.10 0.12 -0.80 -1.14 0.00 -0.09 0.14 -0.79 -1.13 0.00
by, -0.7 0.17 0.13 0.87 -1.25 0.00 0.15 0.14 0.85 -1.21 0.00
o, -09 -0.97 0.01 -0.07 0.08 0.00 -0.97 0.01 -0.07 0.08 0.00
bir, -0.8 -0.70 0.05 0.10 -0.12 0.38 -0.63 0.06 0.17 -0.21 0.01
bir, -0.8 -0.55 0.10 0.25 -0.32 0.08 -0.61 0.09 0.19 -0.24 0.13
Li, 0.55 0.42 0.12 -0.13 -0.24 0.59 0.50 0.10 -0.05 -0.08 0.81

T



Table29. Results of Cell 4 (m=7,=2, ! =1.8) and Cell 8 (m=19! =2, | =1.8), Simulation Study Il

True Cell 4 Cell 8

Parametel Mean Relative Coverage Mean Relative Coverage

value  Mean SD bias bias rate k Mean SD bias bias rate ’

Ly 28 26.15 0.67 -1.85 -0.07 0.23 27.71 0.67 -0.29 -0.01 0.96
L 54 43.54 0.77 -10.46 -0.19 0.00 42.43 0.73 -11.57 -0.21 0.00
I -49 -35.36 0.76 13.64 -0.28 0.00 -34.14 0.72 14.86 -0.30 0.00

! 2 2.33 0.05 0.33 0.16 0.00 2.37 0.05 0.37 0.19 0.00
I 45 54.74 3.05 9.74 0.22 0.05 51.12 1.34 6.12 0.14 0.00
H 70 75.68 20.08 5.68 0.08 0.78 84.81 16.61 14381 0.21 0.62
Hy, 64 61.09 10.39 -2.91 -0.05 0.92 71.99 10.06 7.99 0.12 0.86
I, 75 61.90 9.97 -13.10 -0.17 0.77 73.49 10.36 -1.51 -0.02 0.90
L 0.4 0.42 0.06 0.02 0.04 0.95 0.44 0.05 0.04 0.11 0.89
e 0.7 0.33 0.15 -0.37 -0.53 0.21 0.16 0.10 -0.54 -0.78 0.00
by, -0.7 -0.37 0.16 0.33 -0.47 0.28 -0.23 0.11 0.47 -0.67 0.00
by, -09 -0.94 0.02 -0.04 0.04 0.55 -0.94 0.01 -0.04 0.04 0.31
by, -0.8 -0.63 0.09 0.17 -0.22 0.52 -0.49 0.07 0.31 -0.39 0.00
by, -0.8 -0.79 0.06 0.01 -0.01 0.92 -0.78 0.04 0.02 -0.02 0.92
by, 0.55 0.67 0.08 0.12 0.22 0.65 0.67 0.06 0.12 0.22 0.47

XA)
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To further investigate the conditions under which a piecewise linear growth

curve can accurately describe an underlying trajectory with an adaptation period between
linear segmentd,able30 showsrelative bias obnly fixed-effects parameters for all
simulation scenariosighlighting different ranges of relative bid$he benchmark

scenarig Cell 0, showed the best results in terms of redatias for fixeeeffects

parameters. Most parametéda nonexistent relative bias; only the change in slope
parametehada small negative bias of 1%.

Apart from the benchmark case, which was specifically added as an ideal
scenarioCell 1 and Cell 5¢mall and centered bend) have the best results given that the
intercept and slopes showed less than 5% relative bias and the changepoint slightly over
5%. On the other hand, Cells 4 and 8 (large and early bend) showed the worst results with
slopes and ch@epoint having more than 10% relative bi@slls 2 and 6 (large and
centered bend) show@thdequateelative bias for both slope parameters. Cells 3 and 7
(small and early bend) showed acceptable relative bias for all parameters except the
intercept. Ths result makes sense because in order for the other three parameters to be
aligned, the intercept in the pmeise model needs to be slightiligher relative to the

bentcable model.

Table30. Relative Bias of Fixe&ffects Paramete Colored by Pattern

Cell - | IRelative bi?? |
0 0.00 0.00 -0.01 0.00
1 0.01 0.03 -0.01 -0.06"
2 0.01 -0.06" -0.23* -0.04
3 0.13* -0.03 -0.06" -0.04
4 -0.07 -0.19* -0.28* 0.16*
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5 0.02 0.04 -0.01 -0.07
6 0.02 -0.08 -0.28* -0.05
7 0.16* -0.03 -0.06* -0.04
8 -0.01 -0.21* -0.30* 0.19+

Note: Relative bias less or equal than 5% $ymbao), between 5 and 10%) and more
than 10% t*)

6.2.4 Factorial ANOVA results

Factorial ANOVA was used to investigate the effects ofritdependent factors
on the absolute relative bias and the transformed coverageratemodel parameters
and in the fixeekffects parameters onliResults considering all model parameters are
presented first, followed by results considering feedfibcs only. Results of the main
effects are presentdxlow, interaction effects were also tested but none was fdVoie
that Cells 1 to 8 were consideried these analyse3he benchmark cell was left out
because its practical difference in terms of manipulated conditions compared to the rest
of the scenarios.

Table31 shows the ovetamean within each level of main effectsyplues and
I'" values for practical significanaeonsidering all model parameters. Location of the
bend and size of the behdd amediumsignificant effect on the absolutdatve bias,
explaining about 6% and 5.9%of the total variability (' =0.064 and ' =0.059,
respectivelyInterestingly, esults improved witleentered and large berfstenarios with
centered bend had awerall averagenderestimation 0f%, andscenarios with early
bend an average ovenesation of 8%. $enarios with small bend had average
overestimation for all model parameters of 16%, while scenarios with a largédxtsual

averageunderestimation 0f0%. Additionally, the three manipulated factors had a



134
significant effect on coveragate. The number of time points explained about 3% of

the total variance, the location of the bend about 9%, and the size of the bend about 4%.

Results for coverage rate improved with less time patetsterecandlargebends.

Table31. ANOVA pvalues, Etasquared, and Mean Effects for Simulation Study Il

Factors and Ar\l;;c;il\%e Transformed  Relative Coverage
levels : coverage rate bias rate
bias

Time points
m=7 0.28 0.70 0.02 0.46
m=19 0.33 0.53 0.04 0.34
p-value 0.617 0.041
I 0.002 0.031

Location of the bend
Centered 0.18 0.76 -0.01 0.49
Early 0.43 0.48 0.08 0.30
p-value 0.004 <0.001
I 0.064 0.085

Size of the bend
Small 0.43 0.52 0.16 0.31
Large 0.18 0.72 -0.10 0.48
p-value 0.006 0.016
I 0.059 0.043

Table32 shows the overall mean within each level of main effeetalpes and
I'" values for practical significanaeonsidering only fixeebffects parameters. Location
of the bend and size of the lodmad a significant effect on the absolutiatige bias,
explaining about 1% and 23%of the total variability (' =0.111 and ' =0.234,
respectivelyThat is, location of the bend had a medium effect on absolute relative bias,
and size of the bend a largdect. Results improved witleentered and small bend=or
location of the bend, overall underestimation of the two levels was very similar, 5% for

scenarios witlcentered bendnd 4% forscenarios with early benHowever, the mean
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absolute relative bsavas 6% when the bend was centered, and 12% when the bend

was early in timeScenarios with smalldnd had no bias on average aerdasscenarios
with a large bend showed ameragaunderestimation of 9%. In addition, the size of the
bend also had a largggnificant effect on coverage rate explaining over 15% of the total

variability (! ' =0.151). Results for coverage rate improved with small bends.

Table32. ANOVA pvalues, Etasquared, and Mean Effects for FixEdfects of
Simulation Study Il

Factors and Ar\l;;c;il\%e Transformed  Relative Coverage
levels bias coverage rate bias rate
Time points
m=7 0.09 0.62 -0.05 0.40
m=19 0.10 0.55 -0.04 0.37
p-value 0.722 0.708
I 0.003 0.004
Location of thebend
Centered 0.06 0.75 -0.05 0.51
Early 0.12 0.42 -0.04 0.26
p-value 0.047 0.058
I 0.111 0.111
Size of the bend
Small 0.05 0.78 0.00 0.51
Large 0.14 0.39 -0.09 0.26
p-value 0.006 0.029
I 0.234 0.151

6.2.5 Summary

As summaryijt was possible to identify scenarios for whtble piecewise model
hadan acceptable performance when the true underlying trajectory depicts a smooth
transition between linear segmentsepiecewisdinearmodelaccurately described

casedor which datgpresentedgmallor centered bersd On the ther hand, scenarios for
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which large and early besdvere hypothesized by the true moaele more difficult

to be represented laymearmpiecewisdrajectory Thus, theJPLMEM successfully
approximatedatrue underlying phenomenavith a gradual change between segments
given by a UBCMEM when the bend wamalland also when the bend was centered.

Additionally, based on the results of the factorial ANOVA analysis for fixed
effects parameters, to answer the research questions outlined in Settion

1. The numler of time points did not have an effect on the accuracy of the
approximation of the UPLMEM to data generated by the UBCMEM.

2. The location of the bend had a medium effect on the accuracy of the
approximation. Specifically, centered bends showed less bsameter
estimates.

3. The size of the bend had a large effect on the accaratyprecisiorof the
approximation. Specifically, small bends showed less bias in parameter
estimates and also higher coverage rates of model parameters.

4. No significant interaddn effects were found between the three factors
considered in this study.

Hence, the most important factor for the approximation ofrteanpiecewise
lineartrajectoryto an underlying smoothed segmented trajectory was the size of the bend,

where small bends yietdl more accurate approximations.



Chapter 7. Discussion

In the present study, a Bayesian framework was used to develop a BPLMEM with
afocus on modeling the correlational structures at tév@lithin-subject) and leve?
(betveensubject) errors. The modeéscribstwo segmented gveth curves
simultaneously anthe associations between the two trajectories over time. The model
also allavs the estimation of the correlation between error variance parameters by
directly modeling the two outcome variables of interest as a bivariate normal process.
Moreover, the BPLMEM developed in this study, uses a scaled inwasd®rt prior for
the covalance matrix of randoreffects, whichs noninbrmative on the correlations,
provides flexibility for thevariances to be estimatadd has been shown to be superior
for nonlinear growth model®vercoming the limitation dhe previouspiecewise
literature that used an inveraishart prior to model betweesubjects variability.

This study provided a detad analysis otheeffects ofthe strength of the
associations between the nonlinear trajectories both atlemadl level? errorsonthe
accuacyandprecisionof parameter estimates in the BPLMEM. Furthermore, the current
study empirically investigated conditions where a piecewise linear trajectory gives a
reasonable approximation to a segmented growth curve with a smooth tramsition
adaptation peod between linear segments given by a bmatile model. Additionally, the
BPLMEM was applied to reading and mathematics achievement data to illustrate a novel

approach to investigate associations between these two domains over time.
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7.1 Major Findings

Resultsof the first simulation study showed a good overall performance of the
BPLMEM under the different simulation scenarios. Intuitivegsuitsof relative bias
improvedsignificantlywith higher levels of correlation between trajectoreftected in
thelevel-2 error® correlational structure. In additidigtgly higher coverage rates were
associateavith a smaller sample sizkikewise, convergence seemed to be related to the
level of correlatiorof thebetweenrsubjectsstructureand to sample size.iggther
association at leve? errorsand smaller sample size were conditions that yielded higher
percent convergenc®n the other hand, the precision of parameter estimates was higher
for scenarios with larger sample size.

In summary, results suggest thaga BPLMEM performed better when the data
had astronger correlational structure between the grawtirtes and parameters were
more precisely estimated with larger sample sireaddition,smaller sample sizes seem
to be assaated withhighermodelconvegence and slightly higher coverage rdtiee
latter result might seem counterintuitive because usually it is expected to have better
results the larger the sample sid@wever, in mixeeeffects models for longitudinal data
the dimension of the paramet@ase increases as the number of subjects (sample size)
increasegCarlin & Louis, 2009) which mightmake convergence more difficult to
achieve withalarger sample sizés a consequence, it is possible that the convergence
criterion was satisfied closer to the limit (closer to 1.2), which in turn made coverage

more difficult to achieveThesefinding suggests that the BPLMEM can be estimated
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accurately using a smaller sample slzat higher precision is achieved with larger

sanple sizes

Regarding the investigation of scenarios under which the piecewise linear model
would offer an adequate approximation to a smoothed segmented trajectory given by the
bentcable modk results suggestithat the location and the size of the banrel
important factors to consider. Centered bends showeddlesisebias in parameter
estimates; small bends showed ledativebias in parameter estimates and also higher
coverage rates of model parameters. The number of time points did not hafeany
on the simulation results. In summaaymean piecewise linear trajectory adequately
describedscenarios for which repeated measures latismall bends or centered bends.
Note that in the berntable model literature smaller bends than the smatl bensidered
in this simulation study have been foui@hiu et al., 2006)Thus, it is expected that the
results of this study apply for bends covering arol®%b of therange of the time scale
or less.

With the application of the BPLMEM to reading and mathematics achievement
ECLSK data it wadound that both domains wee positively associated all along their
segmented trajectories atitht such association decreasedrtime. In addition,
evidence of the same patterns of association of reading over mathematics and
mathematics over reading were fouftiese findings imply that readiagd
mathematics achievemeste equally important and that their development is highly

intertwined This study constitutes a novel approach to investigate the temporal



14C
associations between reading and mathematics achievement; and these findings may

help inform potential interventions.

7.2 Limitations and Future Directions

The present study hasveeal important limitations. First and foremost, the
estimation time required for the models presented in this study is considerable. Literature
from bivariate mixeeeffects modeling framework using piecewise models did not report
the time required for mad estimationBased on the exploratory stages of this
dissertation work and the pilot study reported in Appendix B, the use of the scaled
inverseWishart prior for the covariance matak the randorreffects increased
estimation time substantially. In $piof that, the scaled inver§éishart prior provided
better estimates for matrix, which was one of the main focuses of the present study;
hence, the choice of this prior. However, other priors could be explored based on
separation strategies such as thKJ prior distribution for correlation matrices, as
implemented irthe Stan softwaréStan Development Team, 2017)

Second, in this study, a Gibbs sampling algorithm was used, as implemented in
the JAGS software. Nevertheless, it is important to consider recent developments and
implementation of different MCMC methods. For examfile Stan software performs
MCMC via the NoU-Turn sampler, which is a form of Hamiltonian Monte Carlo (HMC)
sampling(B. Carpenter et al., 201MC is supposed to be more efficient than Gibbs
sampling because it improves the jumping rules that could be time consuming itethe la

(Gelman et al., 2014; Stan Development Team, 200MW)s, trying these new
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implementations along with the priors available in Stan consttutateresting

future direction to consider.

Third, in the second simulation study, it was difficult to make a fair comparison
between true and estimated variance parameters. The simulation design proposed in this
study was greatly based on the estimatesults of the ECLEK data presented in
Chapter 4whose variance estimates were large especially for the transition paraimeters,
and! . It will be interesting tonvestigate whether the level of variability of the random
effects has an effect on the approximation of the piecewise linear model to toalbent
model. In other words, would it be possible to compare more fairly variance parameters
across models whehe variability betweeisubjects is small? Would that be the case
particularly for the variabilityof the transition parameters? These are interesting
guestions that remain unexplored.

Another area for future research is the development of a bivariatte ddde
mixed-effects model in order to describe scenarios for which a piecewise linear trajectory
is not suitable. That is, scenarios where there is a large smooth transition between linear
segments.

A novelty of the BPLMEM model, but at the same timaratation, is the
modeling of the two outcome variables as a bivariate normal process. By doing so, a
requirement imposed to the data is to have both repeated measures for an individual
available at each time point under analysis. When the two outcomblearare modeled
jointly without assuming they follow a bivate normal distribution, asas the case in

previous literaturée.g., Wang & McArdle, 2008; Yang & Gao, 2018)en it is not
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necessary to have data for both outcomes at the same time points. However, the

BPLMEM developed in this study allows measuring the association of error variances,
which is recommended for most practical situatigfisuws & Verbeke, 2004; Shah et

al., 197). Note that the BPLMEM does handle missing dat&.iBdoes so in a joint
manner.

Lastly, a limitation in the application of the BPLMEM to EGKSlata of reading
and mathematics ability is that a complete random samNe D00 was used for the
amalysis.The rational of this choice was twofold. First, a complete random sample was
preferred over a random sample allowing for missing data because exploratory work
showed that the former was more alike to the E®LSpulation than the latter. Second,
asample size d=1,000 was chosen for practical purposes with respect of time given
than the model estimation considering all available observations would have taken a
considerable amount of timeowever, to make the results generalizable, the use of a
more representative sample or all the relevant data, such as all available observations

having at least four measures for both domains, is warranted.

7.3 Conclusions and Recommendations

To summarize, the results of this study suggest that the BPLMEM is aecompl
model whose estimation is not an easy task. There were some scenarios for which
parameter recovery was more difficult, such as bigger sample size and low correlation at
level2 errors. Also, the BPLMEM seems to be a useful and flexible model to iratestig
associations in segmented growth curves in the behavioral sciences. The findings in the

application of the BPLMEM to the reading and mathematics achievement-E@ha&
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speak to the practicality of the model to investigate temporal associationsvala no

way. In addition, it was found that there are scenarios for which the piecewise linear
model successfully approximates smooth transitions between linear segments, which
strengthens the contribution of the development of the Bayesian BPLMEM in this stud

In applied settingst might not be straightforward to know when to apply a
bivariate mixeeeffects modeling approach and whether a BPLMEM is adequate to
address the research questions in hand. First and foremost, in order to decide whether a
piecewisdinear model is appropriate for the longitudinal data in hand, it is important to
visualize the data. That is, create descriptive statistics and spaghetti plots to empirically
decide whether a segmented trajectsrglausible. In addition, it is importato also
consider whether there seems to be an adaptation period between linear segments and
how big such period is. If the mean segmented trajectory has a centered transition period
or if its range is around 15% or less of the time span, then the pseclevaar model will
provide an acceptable fit. This process should be done for each outcome variable of
interest.

Once it has been decided that bo#ivelopmentgbrocesses depict a piecewise
linear trajectory, th& PLMEM should be usedthen the main focus is on investigating
the associations betwetdre segmented trajectories over tinfde additional information
obtained by the estimation of the BPLMEM enriches the description of the correlation of
two longitudinal phenomena. Howevegsearchers must be aware of the additional
computational resources required to estimate the model. The larger the sample size and/or

the number of measurement occasions, the longer the model will take to be estimated.
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When convergence issues are experigniteés recommended to increase the number

of burnin iterations and/or the number of posterior samples.
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Appendix A

Using starting values to initialize the chains of the BPLMEM

This appendix contains simulation results for Cells 2, 5 and 8 of Simulation Study
| as described ifable13 considering starting values to initialize the chains in the
estimation process. The starting values were obtained by estimating a simplified version
of the BLPMEM described in Secti@l To elaborate, Gibbs sampling was performed
for a smaller number of iterations for a model without considering the full covariance
matrix of randorreffects and also without considering ttwo outcomes as bivariate
normally distributed. That is, only th@rance parameters associated \thih random
effects parameters were estimated and no correlation between error variances were
modeled.

Cells 2, 5 and 8 were the ones that presented the highest differences in percent
convergence, absolute relative bias, and coverage rates. Considering starting values for
the chains, the percent of replications that converged was 68%, 71%, and 28% &yr cells
5, and 8. Without starting values, the percent convergence was 73%, 91% and 34%,

respectively, as shown fablel5.

Table Al.Results of Cell 2, Simulation Stuldyvithout Starting Values

Relative Coverage
bias rate

" 33 32.92 1.31 0.00 0.96

Ly 44 44.43 1.83 0.01 0.90

Parameter True value Mean SD




-34
2.6
28
32
-23

90
50

95
145
155
0.4
75
80
85
0.6
0.7
-0.7
-0.9
-0.8
-0.8
0.7
0.4
0.3
-0.3
-0.3
0.1
0.25
-0.2
-0.2
0.7
-0.1
-0.25
0.2
0.2
-0.7
-0.9
-0.1

-34.52
2.59
28.02
32.28
-23.28
2.99
91.86
52.51
0.02
100.13
149.48
155.90
0.48
77.47
77.38
79.17
0.68
0.68
-0.68
-0.88
-0.70
-0.81
0.72
0.32
0.32
-0.31
-0.28
0.14
0.21
-0.18
-0.14
0.69
-0.13
-0.19
0.16
0.13
-0.69
-0.89
-0.12

1.90
0.09
1.02
1.42
1.58
0.13
7.40
3.82
0.05
22.79
31.86
37.12
0.17
17.47
20.34
20.63
0.32
0.10
0.10
0.03
0.09
0.06
0.09
0.14
0.14
0.15
0.15
0.14
0.12
0.13
0.16
0.11
0.16
0.12
0.12
0.17
0.08
0.03
0.15

0.02
-0.01
0.00
0.01
0.01
0.00
0.02
0.05

0.05
0.03
0.01
0.19
0.03
-0.03
-0.07
0.14
-0.02
-0.04
-0.02
-0.13
0.01
0.03
-0.19
0.06
0.03
-0.07
0.39
-0.18
-0.11
-0.30
-0.01
0.29
-0.22
-0.19
-0.33
-0.01
-0.01
0.16

0.91
0.94
0.97
0.85
0.90
0.97
0.91
0.91
0.97
0.99
0.94
0.91
0.87
0.94
0.87
0.91
0.78
1.00
1.00
0.96
0.93
0.96
0.96
0.90
0.94
0.93
0.94
0.97
0.96
0.97
0.88
0.96
0.96
0.97
0.97
0.88
0.99
0.97
0.97
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-0.15
0.15
0.1
-0.6
-0.8
0.6

-0.14
0.15
0.08

-0.57

-0.79
0.64

0.17
0.17
0.18
0.14
0.07
0.10

-0.09
-0.02
-0.17
-0.06
-0.01

0.06

0.90
0.93
0.90
0.93
0.96
0.94

Table A2.Results of Cell 5, Simulation Study I, without Starting Values

Relative Coverage

Parameter True value Mean SD bias rate

! 33 33.04 1.29 0.00 0.97
L 44 43.81 1.32 0.00 0.96
!y -34 -33.87 1.47 0.00 0.94
l, 2.6 2.62 0.08 0.01 0.97

! 28 28.07 1.03 0.00 0.99

! 32 31.78 1.00 -0.01 0.92
Ly -23 -22.68 1.16 -0.01 0.92
¥ 3 3.00 0.11 0.00 0.94
i, 90 94.36 6.06 0.05 0.93
i, 50 51.89 4.46 0.04 0.89
p 0.35 0.34 0.04 -0.02 0.92
i, 95 9221  21.44 -0.03 0.96
i, 145 135.40  25.45 -0.07 0.96
i, 155 146.86  29.41 -0.05 0.93
', 0.4 0.39 0.10 -0.02 0.94
i, 75 75.84  14.27 0.01 0.97
i, 80 7427  14.39 -0.07 0.90
i, 85 77.09 1555 -0.09 0.94
, 0.6 0.58 0.17 -0.03 0.93
NP 0.7 0.73 0.09 0.04 0.97
it 0.7 -0.73 0.08 0.05 0.99
Lty -0.9 -0.88 0.03 -0.02 0.93
Ny -0.8 -0.74 0.09 -0.08 0.96
Ly, -0.8 -0.80 0.05 -0.01 0.99
My 0.7 0.71 0.09 0.02 0.97
N 0.85 0.79 0.07 -0.08 0.92

15¢



0.8
-0.8
-0.8
0.5
0.75
-0.65
-0.65
0.7
-0.5
-0.75
0.65
0.65
-0.7
-0.9
-0.5
-0.6
0.6
0.55
-0.6
-0.8
0.6

0.82
-0.80
-0.77

0.56

0.75
-0.66
-0.65

0.74
-0.57
-0.74

0.66

0.65
-0.73
-0.89
-0.53
-0.62

0.61

0.57
-0.62
-0.77

0.60

0.05
0.06
0.07
0.13
0.07
0.10
0.10
0.10
0.13
0.08
0.10
0.11
0.10
0.03
0.13
0.10
0.12
0.12
0.11
0.07
0.12

0.02
0.00
-0.04
0.13
0.00
0.02
0.01
0.05
0.13
-0.01
0.02
0.00
0.04
-0.02
0.06
0.03
0.01
0.03
0.03
-0.04
-0.01

0.97
1.00
0.99
0.92
0.94
0.92
0.93
0.93
0.89
0.96
0.94
0.96
0.94
0.99
0.96
0.97
0.93
0.96
0.94
0.96
0.97

Table A3.Results of Cell 8, Simulation Study I, without Starting Values

Parameter True value

Mean

SD

Relative Coverage

bias rate
!y 33 33.10 0.97 0.00 0.89
Ly 44 44.58 1.39 0.01 0.93
!y -34 -34.59 1.30 0.02 0.89
l 2.6 2.58 0.07 -0.01 0.93
!y 28 28.25 0.56 0.01 0.96
!y 32 32.67 1.12 0.02 0.79
Ly -23 -23.60 1.25 0.03 0.79
’ 3 2.97 0.10 -0.01 0.86
, 90 91.73 4.61 0.02 0.93
a 50 51.50 3.24 0.03 0.82
Ly, 0 0.01 0.04 - 0.93
i 95 99.72  14.69 0.05 0.93
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145
155
0.4
75
80
85
0.6
0.7
-0.7
-0.9
-0.8
-0.8
0.7
0.4
0.3
-0.3
-0.3
0.1
0.25
-0.2
-0.2
0.7
-0.1
-0.25
0.2
0.2
-0.7
-0.9
-0.1
-0.15
0.15
0.1
-0.6
-0.8
0.6

144.74
148.31
0.50
75.59
81.45
81.81
0.70
0.71
-0.72
-0.90
-0.73
-0.81
0.73
0.36
0.31
-0.30
-0.29
0.11
0.20
-0.17
-0.15
0.69
-0.13
-0.21
0.17
0.16
-0.70
-0.90
-0.08
-0.12
0.13
0.07
-0.55
-0.81
0.64

27.25
27.36
0.23
11.17
15.26
13.95
0.24
0.09
0.08
0.02
0.08
0.04
0.06
0.10
0.09
0.09
0.10
0.09
0.08
0.09
0.10
0.10
0.09
0.08
0.08
0.09
0.09
0.02
0.10
0.10
0.11
0.13
0.12
0.04
0.08

0.00
-0.04
0.25
0.01
0.02
-0.04
0.17
0.01
0.02
0.00
-0.09
0.02
0.04
-0.10
0.05
-0.01
-0.03
0.12
-0.20
-0.17
-0.24
-0.02
0.31
-0.16
-0.14
-0.18
0.00
0.00
-0.16
-0.22
-0.16
-0.31
-0.09
0.01
0.07

0.89
0.89
0.86
0.93
0.82
0.89
0.71
1.00
0.93
0.93
0.86
0.89
0.93
0.89
0.93
0.93
0.96
0.93
0.89
0.89
0.89
0.79
0.93
0.96
0.93
0.96
0.89
0.96
1.00
0.93
0.89
0.89
0.75
0.89
0.93
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Appendix B

Pilot Study for Different Combinations of Prior Distributions for Level -1 and Level
2 Errors in the BPLMEM

This appendix contains simulation results of a small pilot study examining the
effect of prior specification of key model parameters on the BPLMENbpmance. Four
different scenarios were investigated where combinations of inVéid®art, uniform,
and SHW priors were used. Results favored the priors used for matriaad! as
described in SectioB.1.1.2 uniform priors for elements in mattix and SIW prior for
matrix! (which is Scenario 4 described below).

True values for this pilot study were based on a model estimation on a random
sample oN=150 of the ECLSK data. A bivariate model with no covariances at any level
(no covariance between levklerrors and randoseffects) is estimated as a first step to
get initial values for the three chains. Sample size was fixid O (for each process)
and the number of replications per simulation scenario was 20.

A summary of the simulation results is presented in Table B1. Scenarios 3 and 4
had the best convergence rate but also the highest estimation time. Scenarios 3 and 4
showed the best results inrtes of coverage and relative bias as well. Table B2 shows
relative bias, and coverage rate for each parameter in all four scenarios. Tables B3 to B6

present true values, posterior mean and SD for each scenario separately.



Scenario 4 was chosen for the sfieation of the BLPMEM because it

provided good results and because it was the most congruent.

Scenatrio 1:Prior for Levetl: IW, prior for Level2: IW
g 1 1"H$%B " #$%E&' (1 ']
ey (010 ) with T I"H$%&B #$%& (1, ! !

Priors ofthe fixedeffects:

Lt (s (r)w# (1)) fork=1,2

, S UDRA T .
TR (!!W>!!! #3%8&'()$$

LT ("HS%& (1 I"HS%& ) I"HS%I&#()*  for k=1,2

Scenario 2 Prior for Levetl: DecomposeSigmak, prior for Lexv&l IW

with )L | I"HS%& )F# (+,&( 1w ! fork=1,2 and!! "#$%&'(11"1#

where!"#$%&'8 |, !! represents the minimum variance of the outcome variable at the j

time points. The rationale of this upper bound is that the error variance cannot be greater

than the minimum value of the variances at each time point.
ey (0ID) with T I"H$%&B #$%!"# I ]
Priors of the fixeekffects:

Lt (s () (1)) fork=1,2
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, S UDRA T .
TR (!!W>!!! #3%8&'()$$

LT ("HS%& (1 I"HS%& ) I"H#S%I&#()*  for k=1,2

Scenario 3 Prior for Levell: IW, prior for Level2: SIW

[ g | 1"#$%&B"#$%&' (1, " !

Lyl where! U IE# with 1)1 1"#$%&' ! I"#$!! | for i=1,E,8
and ! [# 1L (0T Yy with |1 1MHS%0&8 #3%& (! 11 !

Priors of the fixeeeffects:

Pty 'y rearerrmmg ) for k=1,2

LT ("HS%& (1 I"HS%& ) I"HS%I& #()*  for k=1,2

Scenario 4 Prior for Levell: DecomposeSigmak, prior for Lev&l SIW

with 1 1 1"#$%& OF#'(+,&( | w!!! fork=1,2 and ! ! I"#$%&'(!!"I1#
Lyl b, where! U IE# with 1)1 1"#$%&' ! I"#$!! | for i=1,E,8
and ! [# 1L (0T Yy with |1 1MHS%0&8 #3%& (!, 11 !

Priors of the fixeeeffects:

Ly 1yt qurmng ) fork=1,2

LT ("HS%& (1 I"HS%& ) I"HS%I&#()*  for k=1,2

16C
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Table B1.Summary oPilot Study Results for Different Priors for the BPLMEM

Mean
Scenario Number of iterations estimation time Convergence
(hours)
iters_adapt=5000
1-Levell: W, .~ "— - .
Level2:|W iters_Burnin=300,000 1.59 12 (60%)

iters_sampling=100,000

2 - Levell: iters_adapt=5000

DecSigmaE, iters_Burnin=100,000 2.37 12 (60%)
Level2:IW iters_sampling=50,000

iters_adapt=5000

iters_Burnin=100,000 10.31 20 (100%)
iters_sampling=50,000

4 - Levell: iters_adapt=5000

DecSigmaE, iters_BunIn=100,000 11.99 19 (95%)
Level2: SIW iters_sampling=50,000

3- Levell: IW,
Level2: SIW




Table B2.Relative Bas and Coverage Rate for the Four Scenarios in the Pilot Study

Scenario 4 (Levell:

Scenario 1 (Levell: IW, chnario 2 (Levell: Scenario 3 (Levell: IW, DecSigmaE, Level2:-S
Level2: IW) DecSigmakE, Level2: IW Level2: SIW) ' '
Parameter IW)
Relative = Coverage Relative  Coverage Relative = Coverage Relative  Coverage
bias rate bias rate bias rate bias rate

Lo 0.00 0.83 0.00 0.67 0.01 0.85 0.01 0.89
Ly -0.02 0.92 -0.02 0.92 -0.01 0.90 -0.01 0.89
Iy -0.02 1.00 -0.01 0.92 -0.01 0.95 -0.01 0.95
I 0.02 0.83 0.02 0.83 0.01 0.90 0.01 0.89
L 0.00 0.83 -0.01 0.75 0.00 0.85 0.00 0.95
o -0.01 0.92 -0.01 0.92 0.00 0.90 -0.01 0.95
Ly -0.02 0.92 -0.01 0.92 0.00 0.90 -0.01 0.95
I 0.01 1.00 0.01 1.00 0.00 1.00 0.00 1.00
i, 0.18 0.08 0.18 0.08 0.04 1.00 0.05 1.00
, 0.11 0.50 0.10 0.42 0.02 0.95 0.04 0.95
p 0.07 0.92 0.03 1.00 0.02 1.00 0.01 1.00
! 5!.. -0.24 0.50 -0.23 0.58 0.00 0.95 -0.01 0.95
! 5” -0.14 0.75 -0.15 0.67 -0.06 0.95 -0.06 0.95
! 5!.. -0.23 0.58 -0.24 0.58 -0.06 0.90 -0.06 0.89
, 0.03 0.92 0.02 0.92 -0.04 0.90 -0.04 0.79
! 5!.. -0.26 0.58 -0.21 0.67 -0.05 0.90 -0.07 0.89
i -0.13 0.92 -0.14 0.83 -0.04 0.95 -0.05 0.89
! 5” -0.17 0.92 -0.17 0.83 -0.03 0.95 -0.03 0.95
, 0.02 0.92 0.00 1.00 0.01 0.80 -0.07 0.84
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0.30
0.34
0.02
0.14
0.03
0.13
0.04
0.31
0.39
0.11
0.29
-0.03
0.02
-0.06
0.35
0.32
-0.04
0.01
-0.08
0.37
0.01
0.13
-0.09
-0.09
-0.07
0.16

0.42
0.50
0.83
0.75
0.92
0.75
0.83
0.67
0.58
0.83
0.42
1.00
1.00
1.00
0.33
0.25
0.92
1.00
1.00
0.08
0.83
0.83
0.83
0.92
1.00
0.75

0.31
0.35
0.02
0.14
0.03
0.15
0.05
0.31
0.38
0.11
0.32
-0.02
0.00
-0.04
0.37
0.36
-0.04
0.00
-0.05
0.38
0.01
0.16
-0.09
-0.11
-0.04
0.19

0.33
0.42
0.83
0.75
0.92
0.75
0.83
0.67
0.67
0.92
0.25
0.92
1.00
1.00
0.25
0.17
0.92
1.00
0.92
0.00
0.83
0.75
0.83
0.83
1.00
0.58

0.00
0.01
-0.01
-0.03
0.02
0.06
-0.08
0.08
0.10
0.03
0.03
-0.02
-0.02
-0.01
0.06
0.03
-0.04
-0.01
-0.06
0.06
-0.01
-0.01
-0.06
-0.08
0.01
-0.01

0.90
0.90
0.95
0.95
0.95
1.00
0.95
0.90
0.95
1.00
0.95
0.90
0.90
1.00
0.95
0.90
0.90
1.00
0.95
0.90
0.95
0.90
0.85
0.95
0.90
1.00

-0.01
0.01
-0.01
-0.02
0.02
0.07
-0.08
0.08
0.10
0.02
0.03
-0.01
-0.01
0.00
0.07
0.03
-0.03
0.00
-0.05
0.07
-0.01
0.02
-0.02
-0.04
0.07
0.02

0.95
0.95
0.95
0.95
0.95
0.95
1.00
0.89
0.95
1.00
1.00
0.95
1.00
1.00
0.95
0.95
0.95
1.00
0.95
0.89
0.95
1.00
0.89
0.95
0.84
1.00

-~
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-0.04
-0.01

0.83
0.92

-0.04
-0.01

0.92
0.92

-0.02
-0.01

1.00
1.00

-0.01
0.00

0.95
0.89

79T



16t

Table B3.Simulation Results for Scenario 1 (LetelW, Levé-2: IW)

Parameter VTrue Mean SD Rel_atlve Coverage
alues bias
!y 28  28.13 1.02 0.00 0.83
Iy 215  21.09 0.46  -0.02 0.92
! o 16 -15.66 061  -0.02 1.00
¥ 4.4 4.49 0.13 0.02 0.83
e 34  33.99 1.16 0.00 0.83
e 29  28.60 0.89  -0.01 0.92
Iy 225 -22.15 1.09  -0.02 0.92
¥ 3.9 3.94 0.07 0.01 1.00
, 53  62.66 1.76 0.18 0.08
, 94 104.24  6.65 0.11 0.50
p 0.298 0.32 0.04 0.07 0.92
i, 68.75 5224 10.64 -0.24 0.50
i, 37.29 32,04 497 -0.14 0.75
i 4556 3508  7.85  -0.23 0.58
, 0.72 0.74 0.30 0.03 0.92
' 9572 7116 1517  -0.26 0.58
i, 81.8 7114 914  -0.13 0.92
i, 87.29 72.83 1164  -0.17 0.92
H, 0.62 0.63 0.16 0.02 0.92
Pryoe 0.66 0.86 0.11 0.30 0.42
Prwn -0.61 -0.82 0.13 0.34 0.50
ity 096  -0.98 0.01 0.02 0.83
Prov -0.69 -0.79 0.07 0.14 0.75
Loy 0.77  -0.79 0.08 0.03 0.92
. 0.64 0.72 0.11 0.13 0.75
. 0.76 0.79 0.06 0.04 0.83
Prwny 0.45 0.59 0.12 0.31 0.67
Prwn -0.4 -0.56 0.13 0.39 0.58
SRy -0.48  -0.53 0.13 0.11 0.83
Prwn 0.61 0.78 0.11 0.29 0.42
ity 0.81 0.79 0.06  -0.03 1.00
Prwn -0.78 -0.79 0.04 0.02 1.00
Do, 062  -0.58 0.13  -0.06 1.00
N 0.65 0.88 0.08 0.35 0.33

Doy -0.6 -0.79 0.09 0.32 0.25
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Prw iy -0.73 -0.70 0.07 -0.04 0.92
Pryoe 0.67 0.68 0.06 0.01 1.00
Pryo, 0.62 0.57 0.12 -0.08 1.00
I -0.69 -0.95 0.04 0.37 0.08
I -0.95 -0.96 0.02 0.01 0.83
. -0.61 -0.69 0.09 0.13 0.83
Pry -0.74 -0.67 0.09 -0.09 0.83
. 0.74 0.68 0.08 -0.09 0.92
Prry 0.52 0.48 0.12 -0.07 1.00
Prov -0.68 -0.79 0.07 0.16 0.75
. -0.92 -0.88 0.03 -0.04 0.83
N 0.86 0.85 0.04 -0.01 0.92

Table B4.Smulation Results for Scenario(Revell: DecSigmaELevé-2: IW)

Parameter VTrue Mean SD Rel_atlve Coverage
alues bias

B 28 2801 124  0.00 0.67
'l 215 2115  0.46  -0.02 0.92
» 16 -1577 061  -0.01 0.92
l 44 450 012  0.02 0.83
e 34 3380 127 -0.01 0.75
» 20 2875 091  -0.01 0.92
» 225 2238 108 -0.01 0.92
l 39 393 009 001 1.00
, 53  62.72 2.16 0.18 0.08
, 94 10350  6.45 0.10 0.42
L 0298 031 003 003 1.00
i, 68.75 53.06 1052  -0.23 0.58
i, 3729 31.86 524  -0.15 0.67
i, 4556 3441 640 -0.24 0.58
N 0.72 0.73 0.27 0.02 0.92
i, 9572 7534 1128  -0.21 0.67
i, 818 7016  7.60 -0.14 0.83
', 87.29 7228 1196  -0.17 0.83
H, 0.62 0.62 0.11 0.00 1.00
Dyt 066 087 010  0.31 0.33

Pt -0.61 -0.83 0.12 0.35 0.42



Prwny -0.96 -0.98 0.01 0.02 0.83
Prov -0.69 -0.78 0.07 0.14 0.75
Provy -0.77 -0.79 0.07 0.03 0.92
Prov 0.64 0.73 0.10 0.15 0.75
Prwn 0.76 0.80 0.05 0.05 0.83
Prwny 0.45 0.59 0.11 0.31 0.67
Prwn -0.4 -0.55 0.13 0.38 0.67
Prwn, -0.48 -0.53 0.12 0.11 0.92
Prwn 0.61 0.80 0.10 0.32 0.25
Prwny 0.81 0.79 0.06 -0.02 0.92
I -0.78 -0.78 0.05 0.00 1.00
Prwn, -0.62 -0.60 0.13 -0.04 1.00
Prwn 0.65 0.89 0.08 0.37 0.25
Pryoe -0.6 -0.82 0.06 0.36 0.17
Prw iy -0.73 -0.70 0.07 -0.04 0.92
Pryoe 0.67 0.67 0.07 0.00 1.00
Pryo, 0.62 0.59 0.13 -0.05 0.92
Pryoe -0.69 -0.95 0.04 0.38 0.00
Pryoe -0.95 -0.96 0.02 0.01 0.83
Prov -0.61 -0.70 0.06 0.16 0.75
Provy -0.74 -0.67 0.10 -0.09 0.83
Prov 0.74 0.66 0.09 -0.11 0.83
Prry 0.52 0.50 0.13 -0.04 1.00
Prov -0.68 -0.81 0.06 0.19 0.58
Prov -0.92 -0.88 0.03 -0.04 0.92
N 0.86 0.85 0.05 -0.01 0.92
Table B5.Smulation Results for Scenario(Bevetl: IW, Levé-2: SIW)
Parameter VTrue Mean SD Rel_atlve Coverage
alues bias

o 28 28.19 0.96 0.01 0.85
Ly 215  21.22 0.46 -0.01 0.90
o -16  -15.78 0.56 -0.01 0.95
!! 4.4 4.45 0.13 0.01 0.90

[ o 34  34.11 1.15 0.00 0.85

[ o 29 28.89 1.06 0.00 0.90
Ly 225  -22.40 1.16 0.00 0.90



3.9
53
94

0.298
68.75
37.29
45.56
0.72
95.72
81.8
87.29
0.62
0.66
-0.61
-0.96
-0.69
-0.77
0.64
0.76
0.45
-0.4
-0.48
0.61
0.81
-0.78
-0.62
0.65
-0.6
-0.73
0.67
0.62
-0.69
-0.95
-0.61
-0.74
0.74
0.52
-0.68
-0.92

3.90
55.21
96.34

0.30
68.90
35.02
42.72

0.69
90.52
78.41
85.03

0.63

0.66
-0.62
-0.95
-0.67
-0.79

0.68

0.70

0.49
-0.44
-0.50

0.63

0.79
-0.76
-0.61

0.69
-0.62
-0.70

0.66

0.58
-0.73
-0.94
-0.61
-0.69

0.68

0.53
-0.67
-0.90

0.09
2.52
5.68
0.03
9.17
5.63
8.20
0.26
14.84
13.93
16.69
0.22
0.10
0.10
0.02
0.11
0.07
0.10
0.04
0.10
0.09
0.11
0.09
0.07
0.06
0.12
0.07
0.08
0.07
0.07
0.12
0.07
0.02
0.10
0.14
0.12
0.17
0.07
0.03

0.00
0.04
0.02
0.02
0.00
-0.06
-0.06
-0.04
-0.05
-0.04
-0.03
0.01
0.00
0.01
-0.01
-0.03
0.02
0.06
-0.08
0.08
0.10
0.03
0.03
-0.02
-0.02
-0.01
0.06
0.03
-0.04
-0.01
-0.06
0.06
-0.01
-0.01
-0.06
-0.08
0.01
-0.01
-0.02

1.00
1.00
0.95
1.00
0.95
0.95
0.90
0.90
0.90
0.95
0.95
0.80
0.90
0.90
0.95
0.95
0.95
1.00
0.95
0.90
0.95
1.00
0.95
0.90
0.90
1.00
0.95
0.90
0.90
1.00
0.95
0.90
0.95
0.90
0.85
0.95
0.90
1.00
1.00
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Piny, 0.86 0.85 0.04 -0.01 1.00

Table B6.Smulation Results for Scenario(Bevetl: DecSigmaELevé-2: SIW)

Parameter V;rlﬂt:s Mean SD Riliz;téve Coverage
! 28 2815  0.99 0.01 0.89
N 215 2124 047  -0.01 0.89
! 16 -1579 056  -0.01 0.95
y 4.4 4.46 0.13 0.01 0.89
! 34  34.00 1.08 0.00 0.95
! 29 2883 088 -0.01 0.95
Ly 225 -22.31 1.00  -0.01 0.95
¥ 3.9 3.90 0.08 0.00 1.00
, 53  55.70 2.63 0.05 1.00
, 94  97.63 5.83 0.04 0.95
Ly, 0298  0.30 0.03 0.01 1.00
i, 68.75 68.19  9.14  -0.01 0.95
i, 3729 3501 584  -0.06 0.95
i, 4556 4280 832  -0.06 0.89
, 0.72 0.69 029  -0.04 0.79
i 95.72  89.47 14.89  -0.07 0.89
i, 81.8 7771 1429  -0.05 0.89
i, 87.29 8438 1726  -0.03 0.95
H, 0.62 0.58 0.15  -0.07 0.84

ity 0.66 0.65 0.10  -0.01 0.95
Pyprn -0.61 -0.61 0.10 0.01 0.95
iy -0.96  -0.95 0.02  -0.01 0.95
L -0.69  -0.67 0.10  -0.02 0.95
Brry, -0.77 -0.79 0.07 0.02 0.95
B 0.64 0.69 0.11 0.07 0.95
ity 0.76 0.70 0.04  -0.08 1.00
iy 0.45 0.48 0.10 0.08 0.89
S 04 -0.44 0.10 0.10 0.95
Py, -0.48 -0.49 0.11 0.02 1.00
ity 0.61 0.63 0.08 0.03 1.00
iy 0.81 0.80 0.05  -0.01 0.95

Pt -0.78 -0.77 0.05 -0.01 1.00
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Prwn, -0.62 -0.62 0.11 0.00 1.00
I 0.65 0.69 0.07 0.07 0.95
I -0.6 -0.62 0.07 0.03 0.95
Prw iy -0.73 -0.71 0.06 -0.03 0.95
I 0.67 0.67 0.07 0.00 1.00
Pryo, 0.62 0.59 0.10 -0.05 0.95
I -0.69 -0.74 0.07 0.07 0.89
I -0.95 -0.94 0.02 -0.01 0.95
. -0.61 -0.62 0.08 0.02 1.00
Provy -0.74 -0.73 0.11 -0.02 0.89
Prov 0.74 0.71 0.09 -0.04 0.95
Prry 0.52 0.56 0.15 0.07 0.84
. -0.68 -0.69 0.07 0.02 1.00
i -0.92 -0.91 0.03 -0.01 0.95
Moy 0.86 0.86 0.05 0.00 0.89

Lastly, as a final step, a simulation using a Uniform prior distribdtothe
changepoints in the BPLMEM keeping the rest of the priors as specified in Scenario 4
was also performed. The motivation was to compare Scenario 4 with Scenario 5 where
the only difference is the prior of the changepoints. Simulation resultsastl f

Scenario 4 because Scenario 5 takes even longer estimation time (see Table B7).

Scenario 5 Same as Scenario 4, but with! ! ("#$%&'()$% ) for k=1,2
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Table B7.Summary of Pilot Study Results &renarios 4 and tor the BPLMEM

Mean
Scenario Numberof iterations  estimation time Convergence
(hours)
Se;g?grilié iters_adapt=5000
; ' iters_Burnin=100,000 11.99 19 (95%)
Level2: SIW, . i
CP: Normal iters_sampling=50,000
Se;g?grilié iters_adapt=5000
; ' iters_Burnin=100,000 13.51 18 (90%)
Level2: SIW, . i
CP: Uniform iters_sampling=50,000

Table B8.Smulation Results for Scenario(bevell: DecSigmaELevé-2: SI1W, and
Uniform prior for Changepoint Parametgrs

True Relative
Values Mean SD bias
! 28 2814 093 000  0.89
1, 215 2123 045 -001  0.89
! 16 -1575 054  -0.02 1.00
3 44 445 013 001  0.89
! 34 3408 110 000  0.89
» 29 2892 101 000  0.89
L 225 2237 112 -001  0.89

l 3.9 389 009 000  1.00
i, 53  55.65 2.63 0.05 1.00
i, 94  96.90 6.01 0.03 0.94
Ly, 0298 030 003 001 1.00
P 68.75 6857 1013  0.00  0.94
i, 3729 3522 58 -006  0.89
. 4556  43.06 845  -0.05  0.89
i, 0.72 0.67 0.27  -0.07 0.83

P 9572 9143 1462 -0.04  0.89
i 81.8 7836 1466 -0.04  0.89

P 87.29 8439 17.17 -0.03  0.94
i, 0.62 0.60 020  -0.03 0.78
Pryoe 0.66 0.66 0.11 0.00 0.94

Parameter Coverage




-0.61
-0.96
-0.69
-0.77
0.64
0.76
0.45
-0.4
-0.48
0.61
0.81
-0.78
-0.62
0.65
-0.6
-0.73
0.67
0.62
-0.69
-0.95
-0.61
-0.74
0.74
0.52
-0.68
-0.92
0.86

-0.63
-0.95
-0.67
-0.79
0.69
0.71
0.49
-0.45
-0.49
0.63
0.80
-0.78
-0.62
0.69
-0.62
-0.71
0.67
0.59
-0.73
-0.94
-0.61
-0.71
0.70
0.53
-0.68
-0.91
0.86

0.11
0.02
0.10
0.07
0.11
0.05
0.11
0.10
0.11
0.09
0.06
0.05
0.11
0.08
0.09
0.06
0.06
0.11
0.08
0.02
0.10
0.11
0.10
0.15
0.09
0.03
0.04

0.03
-0.01
-0.03

0.03

0.09
-0.07

0.08

0.12

0.02

0.03
-0.01
-0.01
-0.01

0.06

0.03
-0.03

0.00
-0.06

0.06
-0.01
-0.01
-0.04
-0.06

0.02

0.00
-0.02

0.00

0.94
0.94
0.94
0.94
1.00
0.94
0.89
0.94
1.00
0.94
0.89
1.00
1.00
0.94
0.89
0.94
1.00
1.00
0.89
0.94
0.94
0.78
0.94
0.89
1.00
0.94
0.94
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