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THE STEFAN PROBLEM WITH SMALL SURFACE TENSION*
AVNER FRIEDMAN{} aAND FERNANDO REITICH}]

Abstract. The Stefan problem with small surface tension € is considered. Assuming that the classical
Stefan problem (with ¢ = 0) has a smooth free boundary I', we denote the temperature of the solution by
6y and consider an approximate solution g + eu for the case where € # 0, € small. We first establish the
existence and uniqueness of u, and then investigate the effect of u on the free boundary I'. It is shown
that small surface tension affects the free boundary I' radically differently in the two-phase problem than
in the one-phase problem.

1980 Mathematics Subject Classification (1985 Revision). Primary: 35R35; Secondary: 35K20,
35K85.

§0. Introduction. In the classical formulation of the two—phase Stefan problem the
temperatures 6, and 6; of water and ice satisfy the following conditions on the interface

{®(z,t) = 0}:

(0.1) Vb Vi ® -V, 0,V =0,
(0.2) 0, =6;=0;

the first condition is the conservation of energy. The functions 8,,, 8; further satisfy the heat
equation in the water and ice sets, respectively, as well as initial and boundary conditions
on the fixed portions of the boundary.

The one phase Stefan problem arises when 6; = 0 in the ice region, or 8, = 0 in the
water region. Taking for definiteness the case 8; = 0, the interface conditions are

(0.3) Voo Ved =3,
(0.4) 6, =0.

Molecular considerations attempting to explain dendritic growth of crystals suggest
replacing (0.4) by the Gibbs-Thomson relation

(0.5) 0w = —yoK
where
(0.6) k = £ mean curvature of the interface,
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o is the surface tension and 7 is a positive constant; for details see [1] [2] [8] [12] [17] [18]
and the references given there. Gurtin [9] and [10] has established (0.5) and its counterpart

(0.7) 0y =0, = —70K

for the two—phase case by thermodynamic considerations (see also Langer [14]). The sign
in (0.6) is positive (negative) if a line segment Tz of the segment Tpyp connecting the
interface point zo to the center of curvature yo lies in the ice (water) or, roughly, if the
intersection of the ice region (water region) with a small ball centered at the interface point

1S convex.

It is well known that the Stefan problem with interface conditions (0.1), (0.2) or (0.3),
(0.4) has a unique global weak solution; see, for instance, [6]. Further, for the one-phase
problem the free boundary is known to be smooth (for ¢t > 0) under some conditions on
the initial geometry and the initial and boundary data (see [7], [6]); smoothness for large
time only (i.e. for ¢t > t¢) was established by Matano [15] under fairly weak assumptions
on the data. For the 1- and 2-phase Stefan problems, smoothness of the free boundary
was established by Meirmanov [16] and Hanzawa [11] for small time (0 < ¢ < §), provided
the initial data are smooth and satisfy some compatibility conditions.

On the other hand, for the Stefan problem with surface tension (i.e., (0.2) or (0.4) are
replaced by (0.5) or (0.7)) no existence results are known; not even for small time. The
nearest results in this direction are due to Duchon and Robert [3] for the one phase Stefan
problem in two dimensions, whereby the heat equation §; — A8 = 0 is replaced by the
Laplace equation Af = 0; they established local existence and uniqueness. Visintin [19)
proved existence of a weak solution after replacing (0.5) by another condition which is an
approximation to the Gibbs—Thomson law.

In this paper we consider the Stefan problem with small surface tension o and linearize
the problem about o = 0. The linearized problem turns out to be a non-standard parabolic
problem. We establish existence and uniqueness of a weak solution u and then investigate
the effect of u on the original shape of the free boundary of the Stefan problem with zero
surface tension.

The one-phase Stefan problem is considered in §§1-7 and the two—phase Stefan problem
is considered in §§8,9.

In §1 we introduce the approximation § = 8y + you and derive a linear parabolic
problem for u; 6 is the solution of the Stefan problem with ¢ = 0. In §2 we give a weak
formulation and in §3 it is proved that a weak solution u exists. Uniqueness of the weak
solution is established in §4. In §§6,7 we investigate the perturbation of the free boundary
of 6y due to the term u. Assuming that the negative sign holds in (0.6) we prove that

small surface tension decreases

(0.8)

the water region, for all small times.
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We also prove (and this is the main result of §§6,7) that

small surface tension increases the

(0.9)

water region for all large times.

More precisely, the free boundary for large times is approximately of the form |z| =
M+/t (M > 0) in the absence of surface tension and |z| = M V't + €M, in the presence of

surface tension (M and M, are positive constants).
Some ODE results needed in §§6,7 are derived in §5.

In §§8,9 we deal with the two—phase Stefan problem. In §8 we prove the existence and
uniqueness of a weak solution v = (uy,uz) such that 8y + eu is an approximate solution
to the two-phase Stefan problem with small surface tension. In §9 we investigate the
perturbation of the free boundary due to the term u. Assuming that the water region
when o = 0 is locally convex near the interface, we find that (0.8) is valid for all times;
this is radically different (for large times) from the 1-phase situation whereby (0.9) holds.

§1. The approximating system. Let D be a bounded domain in R™*(n > 2) with
C?* boundary 8D. Let Gy be a bounded domain in R™ with C?% boundary such that
D C Gy. Set G = Go\ﬁ

For any T > 0, set D1 = 9D x (0,T]. Consider the one—phase Stefan problem with
surface tension:

(1.1) 6, —A§=0 in Gr,
(1.2) =6 on ODpU(G x{0}),

(1.3) 6 = ex on the free boundary T'y, € >0,
(1.4) (X¢+V8)-N=0 on TI7.

Here I'r = U I'(t) and for each t € [0,T], the free boundary I'(¢) (i.e., the interface)
0<I<T

is given by z = X(s,t) where s is (n — 1)-dimensional parameter, k = «(s,t) is the mean

curvature of the surface s — X(s,t) at s, and N = N(s,t) is the outward unit normal of

this surface. Thus,

(n — 1)k = trace of M(s,t)

where M(s,t) is the matrix in R"*™ defined by the relations
MN =0, MX,, =N,, (j=1,...,n—1).

In (1.3) € = yo where 7,0 are as in (0.5).



In the sequel, the initial and boundary data, designated by g in (1.2), are assumed to

~

be positive valued on D1 U (G x {0}), and 6(z,0) = 0 on 0Gy.
The water region at time t is designated by G(t), and Gp = U G(t); note that
0<I<T

dG(t) = OD(t) UT(t)

where 0D(t) = 0D x {t}.
Existence theorems for (1.1)—(1.4) have not been established up to now.

Consider next the Stefan problem with zero surface tension:

(1.5) §,— A9 =0inGr,

(1.6) 8 =6 on dD7 U (G x {0}),
(1.7) 9 = 0 on the free boundary I'r,
(1.8) (2¢+V8)- Ny =0 on 'y

where I'r = |Jy<;<7 I'(t) and, for each ¢, the free boundary I'(¢) is given by

(1.9) s — x = z(s,t), $=1(81y--+58n-1), 0<s;<L;;

thus z(s,t) is defined in the rectangle

n—1
L=JJ{0<si <L}
i=1

and is L;-periodic in s; for each 7. The vector Ny in (1.8) is an exterior normal, and
Gr = U G(t), where G(t) is the region occupied by water.
0<t<T
From the results of Hanzawa [11] and Meirmanov [16] it follows that a solution of
(1.5)—(1.9) exists for small T and I' € CV*P provided

a(w, 0) and 0G, are sufficiently smooth, say
in C™ 1P and 5(3:,0) satisfies the compatibility

conditions of order m; — 2 at 0G,.

As for global existence of smooth solutions, the following result was proved by Friedman

and Kinderlehrer [7]:



Suppose D is a ball {|z| < r¢} and Gy is star-shaped with respect to any point in
{lz] < 6o} for some 0 < §y < r¢. Using polar coordinates (r,8,,...,8,_1) about 0, write

Av = rl_”(r”_lvr)r +7r2Av

and assume that

(r"16(z,0)), <0, z € G,

t

~ ~ 1 ~
9(x,t)—9(x,0)—;g A (/G(x,s)ds) >0, |z|=rp, 0<t<T.

0

Thus the solution of (1.5)—(1.9) exists and the free boundary is given by
(110) T:p(el,"'aen—ht)) OStSTa

where
p€C°° in (01,...,9n_1,t), O0<t<<T.

By combining the local and global results we obtain a solution of (1.5)—(1.8) with the
boundary given by (1.10) such that

peCTPifO<t<tr. peC®if0<t<T

(1.11)
for some small t* > 0.

We shall henceforth denote the solution to (1.5)-(1.8) by (6o, 2); the free boundary
will be denoted by I'r and the water region {§y > 0} by G1. We shall always assume that
ze€C*Pforse L, 0<t<T.

We shall try to find an approximate solution to (1.1)-(1.4) of the form
0 =6y + eu,

with free boundary
= z(s,t) + e(s, ).

We shall choose an outward normal N = Ny to z = 2(s,t) and an outward normal

N = Ny + €eN; to 2 = z + €( as follows:



Ny has components

92 Ozic1  Ozip 9zn
0s; 1 0s 0s1 7 0Osy
No; = (-1
021 0zi—1  Oziy 0z,
aSn—l o aSn—l aSn—l o 6-Sn-—l
and N; has components N ; obtained from
0(z1 + (1) O0(zi—1 + €Ci—1)  O(zig1 + €Cit1) O0(zn + €(n)
631 631 681 831
Nyiie) = (-1
0(z1 + €(1) O(zi-1 + €Ci—1)  O(zit1 + €(it1) O(zn + €(n)
08n—1 Osn—1 Dsn—1 Dsn—1

d ~
by Nl,i = E Nl,i(€)|e=0-

One can easily deduce the structure

n—1 ac
(1.12) Ny = ; A; 25,

where A; are matrices with elements which depend on 0z;/0sj in general. From (1.3) we
get
o(z + €(,t) + eu(z + €(,t) = ex + O(€?) ;

in view of (1.7), this gives
(1.13) V- (+u=k on z=2z(s,t).
Next, from (1.4) we have
[2¢ + €C; + Vo(2 + €, t) + eVu(z + €, t)] - (Nog + eNy) =0 .

Recalling (1.8) we get

(¢ 4+ Vb)) - N1+ (- No+ Vu- Ny

(1.14)
+ (V0,60 -¢,...,VO0;,600-()-Ng =0 on z = z(s,t) .

In equations (1.13), (1.14), the mean curvature « of s — z(s,t) is known, Ny and V8, are
also known, but u and { are unknown (by (1.12) N; is known once ( is known). We wish
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to eliminate (, so as to obtain a single relation for u on the free boundary I'r : z = 2(s, t).
To do this, we write ¢ in the form

(1.15) C(s,t) = R(s,t)Ny(s,1) .

Substituting this into (1.13) we get

(1.16) R(s,t) = ———— = ho(u — &), ho =

>
V0, - No 2m >0

1
Véy - No

where m is a constant; the positivity of hy follows from the maximum principle applied to
6y (6o takes minimum at the free boundary).

Substituting ¢ from (1.15) into (1.14) and recalling (1.12), we get
(Zt + Veo) . ZAj(st No + RNO,s,-) + No . RtNo + NO . RNo,t
+ Vu- Ng <+ NQ . (V@,IGO . RN(), e ,V@zn% . RNo) =0

or

Ny NoR: + E(Zt + Veo) . (AjNo)jo
(117) + {(Zt + Veo) . EA]‘N(),‘QJ. + N() . NO,t + N() . (Vazleo . N(), ey V@znﬁo . N())}R

Substituting R from (1.16) into (1.17), we obtain

d d
NO . NO ;ﬁ (hou — holi) + (Zt + Veo) . ZA]NO ZS— (hou — hoK,)
J

(1.18)  +{(2¢+ V) XA;No,; + No - Noy+ No- (V0,60 - No,...,V0;, 6 No)}(hou — hok)
+Vu-Ng=0.
The function u also satisfies
(1.19) ur —Au =20 in Gr,

(1.20) u=0 ondDyrandon G x {0} .
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If u is a solution to (1.18)—(1.20), then defining ¢ by (1.15) where R is given by (1.16),

the pair
(1.21) 0=60+eu, z=z+¢

will form a first order approximation to problem (1.1)—(1.4)

We wish to study the linear problem (1.18)—(1.20) and to analyze the effect of the term

u on the free boundary I'r. Note that (1.18) can be written in the form

d du
(1.22) a— + Bbj—— ids; + No - Vu + cu = fo
where
a= Ny - Nohg ,
b] = (Zt + VOO) . A]Noh() ,
dh dhg
(1.23) c=Ny- No—d—0+(zt+V90) zJ:A]NOd_SJ
+ {(Zt + Veo) . ZAjNOasj + NO . NO,t + NO . (V6x190 . No, ce
J
f N() NO (hof‘&) + (Zt + Veo) YA NO—(holii)
+ {(2¢ + Vbp) - LA; Ny s; + No - Not + N - (V05,6 - Ny, ...,
In (1.22)

u = u(z(s,t),t) and

Z Ou 0z; __u
Ox; Bt ’

du 0w 0s
ds; _i=1 dz; 0s;

Similarly one understands the expressions dhg/dt, dho/ds, etc. in (1.23).

8

, V0., 80 - No)}ho,

V@zneo . No)}h()li .



REMARK 1.1. Since z € C3+# the coefficients @ and b; belong to C?*#, ¢ belongs
to C'*# and f, belongs to CP. For the results of §§2-4 it actually suffices that ¢, fy are

continuous functions and a, b; are continuously differentiable.

§2. Definition of weak solution. In Section 1 we derived for u = [06/0¢]=o the
parabolic system

(2.1) us—Au=0 in Gr,
(2.2) u=0 on 8Dy and on G x {0},
du 2 du
(23) aa+;b]d—s]+N0Vu+cu:f0 on FT

where a,bj, ¢, fo are defined in (1.23);

(2.4) a>ag>0 (ap constant).

The boundary condition (2.3) is non-standard. To prove existence (and uniqueness)
we shall resort to working with a weak formulation of (2.1)-(2.3).

Let ¢(z,t) be any smooth function such that ¢ = 0 on 0Dz and on G(T)).
Formally,

T
0= /cp(ut — Au) = / / p(uy — Au) dzdt
Gr 0 G(1)
T T T
= / dz /goutdt—//gou,,datdt+//ch-Vu
G(T) #(z) 0 T(t) 0 G(t)

where v is the outward unit normal and t(z) = min{to;(z,t9) € Gr} (recall that the
sets G(t) increase with t). Observe that by definition of the surface area do¢, on I'(%),
do; = || No|| ds. Hence we get

T

0=-— / dz /t,otu - / (ou)(z,t(z))dz + /Vu - Vu
Gr

G(T) t(z) G(T)\G(0)

T
—//(,ou,,”NoH dsdt
0 L



and u,||No|| = Vu - Ny. Also

9z(s, 1)

(s.0) dsdt

(ou)(e,H(x)) dz = / / (pu)(2(s, ), )| 2
G(T)\G(0)

by the change of variables z — z(s,t). It follows that

/ugot + /V(p Vu —//u(z(s t),t) p(z(s,t),t)|=——

Gr

d(s,1)
a(s t)

(2.5)
T
_//¢(z(3,t),t)Vu~N0 dsdt = 0.
0 L

In the last integral we substitute Vu - Ny from (2.3) and integrate by parts in the integrals

[[<ae [[va
We then obtain from (2.5):
— /ugot-l—/Vgo-Vu
Gr

Gr

06 - /T / u(z(s,t),t>{ G(@0)+ () e ‘a((j)) go} dsdt
0 L

T
=//cpf0 dsdt.
0 L

Ar ={p € CY(GT1), ¢=0 on G(T)UdDr}.

Set

DEFINITION 2.1. A function u is a weak solution of (2.1)-(2.3) if
(2.7) u, Vu € L*(Gr),

(2.6) holds for any ¢ € A7, and v = 0 on 0D and on G X {0} in the usual continuous
sense.

Notice that, by (2.7), u € L*(Tr).

Notice also that (2.6) implies that (2.1) holds in Gr and therefore u is a smooth
function away from the free boundary I'7.
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§3. Existence of weak solution. The existence of a weak solution depends upon
an energy inequality. We first proceed to derive this inequality in a formal manner, as-
suming that u is smooth up to I'r (and thus it satisfies (2.3)). Multiplying (2.1) by u and
integrating over G, = GprN{t <7} (7 €(0,T)) we get

0=2 [utui- 20— [ ](uz)t s

Gr G(7) t(z)
2/|Y7u|2 ——2/ / uu,doy dt
G, 0 8G(1)
= / w?(z,7) dz — / u?(z,t(z)) dz + 2 / |Vul|?
G(r) G(m\G(0) G-

—2O/L/u(Vu-N0) dsdt
—/ 2($7‘)dm+2/|Vu|2 //

G(r)

+2//u(a +2b< +cu—f0)

by (2.3). Hence, after integration by parts in the last integral,

/ u2+2/|Vu|2+L/a(z(s,r),T)u2(z(s,'r),T) ds

G(7)

(3.1) =//u2 {
+ / L/ wfodsdt

+ e “ﬂ
d

0z
(s t)

- 2c] dsdt

11



where the argument in each function in the integrands on the right-hand side is (2(s, t),t).
Since the right-hand side of (3.1) is bounded by

il

we obtain, after using Gronwall’s inequality, the desired energy inequality

o<t<T

sup /uz(x,t)dw+/|Vu|2 dzdt
G(1) Gr

(3.2)

+ sup /uz(z(s,t),t) ds < Cr .
0<t<T

The strategy for constructing a weak solution is to first work with a finite-difference
scheme, establish existence and an energy-type inequality analogous to (3.2), and then
pass to the limit.

We shall use the finite differences

uy (2, k) = -’I—L(u(m, kh) — u(e,(k — 1)h)) (backward),

ue(z, k) = %(u(:c, (k+1)h) — u(z,kh)) (forward)
where h is any positive number. We introduce a finite-difference version of (2.1)-(2.3):
(3.3) uy —Au=0 in G(kh)=GF,

‘du

i e +No-Vu+cu = fy on I'(kh) = T'*¥,
j

(3.4) a% [u(z(s, kh), kh)—u(z(s, (k—1)R), (k—1)h)]+5b

(3.5) u=0 on O8D(kh)=0D*
for k=1,...,m, where T — h < mh < T. If we set

uf = u(z, kh), a* = a(z, kh) , etc,
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then (3.3)—(3.5) read:

1
(3.3k) % uf — Auf = 7 w71 in GF,
1 duF 1
(3.4x) 7 a*uf + NF . Vu —|—be Ta + cFuk = 7@ a*uF~t 4 fFonTF |
j
(3.5) uF =0 on ODF.

Since u*¥~! is defined only in G*¥~' and G*~! C G*, before we can study the system

(3.3k) — (3-5k) we must extend the definition of uF~! into all of G¥\G*~1. We define this

extension using the boundary values of uF—1:

w1 (z(s,1)) = u* 7 (2(s, (k = Dh), (k — 1)h)
(3.6)
fors€ L,(k—1)h <t < kh.

Thus, for each s € L, uF~!(z) is constant along the curve t — z(s,t) passing through
(z,t(2)).

The system (3.3x) — (3.5x) is now well defined elliptic problem for u*. Since the
boundary condition (3.4x) has the form

ou ouk
0(06—4-201]8 —|—5u =

where v is the outward unit normal and ag, are positive functions, (if h is sufficiently
small), the system (3.3x) — (3.5x) (or equivalently (3.3)—(3.5)) has a unique solution with
u(z,0) = 0.

We proceed to derive energy inequality for the u*’s, analogous to (3.2). We shall need
the identity [13; p. 246]

(3.7) 20, up(Uy — Up_1) = apuZ — ap_qui_| — (@p — ap_y)u?_ | 4+ ap(ur —up_q)? .

Taking a, = a” we get

ko ko—1

21 ) a*utug (k) = a*o(uh)? —a®(u®)? —h D ay(k)(u)?
k=1 k=0
(3.8)
ko
+h% ) a(ug (k)
k=1

13



where u; (k) is the function u; (z, k), and as(k) is a¢(z, k).
Set
A(z) = min{j; = € G7)

Multiplying (3.3;) by u*, integrating over G* and then summing over k,1 < k < ko, we
get

ko kO
O:QhZ/u;u—QhZ/uAu
k=1

k=1
ko kO
:/Zh Z ut_u—QhZ/uAu
oro  k=A() k=1
(3.9) (by (3.8) with a=1)

= /u2(x,k0h)— /u2(:c,(/\(x)—1)h)+h2/ f: (ug)?

Gko Gko Gko k=X(z)

ko Ou ko
—2h ) / u6—+2hZ/|Vu|2.
v k=1

k=laGk

The second integral on the right-hand side can be written in the form

ko
z / u?(z,(k —1)h) dz
k=1 Gk\Gk-1

0z(s,t)
J(s, 1)

g, kh
-3 / /u (2(s, (k — 1)h), (k= 1)h) dsdt

=100 L

(by (3.6) and change of variables).

Ou
/ uss :/ukVuk-NOk ds ,

oGk L

Also,

14



and in the last integrand we can substitute Vu* - N} from (3.4x). Using these remarks,
we can transform the right-hand side of (3.9) to obtain

0= /uz(:c,koh)+2h§:/|Vu|2+h2/ i (uy )?

Gko k=1 Gko k=A(z)
ko kh t=koh
14
- E/[uk(z(s,(k —1)R)))? / 9z(s,t) dsdt + /auz(z(s,t),t) ds
(s, 1) —o
k=17, (k=1)h L '
(3.10)
ko—1 ko
—h /atu2ds + h? Z /(ut Vads
k=0 7 k=17
ko db. ko ko
2 j 2
_hZ/u Zauh}:/w ds—2hZ/uf0 .
k=17 k=17 k=17,

Notice that in the last five integrals the integrand u is evaluated at z(s,kh); the same
applies to a,bj,c, fo and the finite difference a;. In deriving (3.10) we have used (3.8) in
order to “integrate by parts” the expression

ko
Z /auut_ds .
k=1 7
From (3.10) we get
ko
(3.11) / u?(z, koh) + /a u®(2(s, koh), koh) ds + QhZ / Vul? < —J
G*o L k=15
where J represents all the remaining terms in (3.10) with the exception of

h? /z(u;)2+h22/(u;)2a
L

G*ko
which have been dropped. It is easily seen that
ko kO
17| < ChZ/u2(z(s,kh),kh)ds + hZ/f& .
k=17 k=17
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Substituting this into (3.11) and using Gronwall’s inequality, we find that

(3.12) sup / u?(z, koh)dx—l—hz /|Vu|2d:c+ sup /uz(z(s,koh),koh) ds < Cr
1<ko<m = 1<ko<m J

Gko

where Cr is a constant independent of k. This inequality is analogous to (3.2).

Define a function u* by
(3.13) uh(z,t) = u(z, kh) for = € G**1, t € [kh, (k + 1)R).

Denote by W the completion of the set of smooth functions 3 which vanish on G x {0}
and on 0D7 with the respect to the norm

(3.14) !l = / W + Vo P);
Gr

W is a Hilbert space.

From (3.12) we conclude that there exists a sequence u® with h = h; — 0 which is
weakly convergent to a function u in W; we can choose the h’s so that T/h = m, m an
integer.

THEOREM 3.1. The function u is a weak solution of (2.1)—(2.3).

Proof. 1t suffices to show that (2.6) is satisfied for any ¢ € Ap. Indeed, this will imply
that (2.1) holds in the usual sense away from I'7. Since further v = 0 on (G x {0})UdD7
in some weak sense, it follows by standard parabolic theory that v = 0 on (G x {0})UdDr
in the usual continuous sense.

To prove (2.6) we multiply (3.3;) by ¢, integrate over G*, and sum over k:
0=nh Z /(uh)t_(:l:, kh)o(z,kh) —h Z /Auh(:c, kh)o(z, kh)
k:le k:le

(3.15) / Z (w7 (z, kh)p(z, kh)-{—hZ/Vu Ve

m

—hZ/ B ds .

L

16



Breaking the first integral on the right-hand side into m integrals taken over the sets
Ma)=j (0<j<m), we get

/kZA(:)(u )tSO—hZ / Z(uh)tgo—l—h/z:(u ) @
Gm z

]lGJ\GJlk] go k=1

=Y [ Aluemh)e(emb) — u(a, (G = D)o, G - D)

I=1gi\Gi-1
—h Z u(z, kh)p(z, kh)}dr — /Z u(z, kh)pi(z, kh)dz
k=j-1

_-y / / u(z, (j — Dh)p(z, (j — Dh)| 2oz

=G0 L

0z(s,t)
%0 dsdt

= / u(z, kh)p(z, kh) d,
k=1 sk 41
since p(z,mh) = ¢(z,T) = 0, u(z,0) = 0; here we used (3.13). Using the last computation
in (3.15), we obtain

?"

m
=l
(j—

/ (G = Dtz (= DB G| dsa

)h L

<.

(3.16)

m—1 m
h Z / u(z, kh)pi(z,kh) — h Z / Vul . Ve
k=1 G k=15

i/ Vul - NEYo(z,kh) ds =0 .
k=17

Since [ [|u"| < C, the first sum on the left-hand side of (3.16) is equal to
0L

T

//uh(z(s,t),t)(,o(z(s,t),t)

0 L

0z(s,t)
3(s.1) + O(h).

17



Next, for any smooth function 7,

L GHDR
/uhn:Z / dt/ n—hZ/u(xjh)n(m]h)
Gr =1 G(1) =lg/,,

m_q GHDR  GHDR

/uh(z,jh)n(z,jh) Ox(s, ) dsdr
— (s, 1)
=1 7 t L
oy GHDh
w3 [ [ inne - o, i) de
=1 g G(t)

and the last two sums are O(h) since

i

Next we obtain

hZ/vuh-wz /vu".w+0(h)
k=15

Gr

since f |Vu"| < C. Finally, to evaluate the last term on the left-hand side of (3.16) we

use (3 4) and perform “integration by parts” in the t-variable. This leads to

/T/ "(2(s,1), t){ (ap) +2—— (bjeo)—ccp}

T
+0/L/<pf0 dsdt + O(h).

Taking h — 0 in (3.16) and using the above estimates (with n = ¢;) we obtain the
relation (2.6). This completes the proof of Theorem 3.1.

18



REMARK 3.1. Notice that the uj’s satisfy

sup /(uh)Q(:c,t) dz + /(uh)z(m',t)dat(a:') <Cr

0<t<T
G(1) (1)

with Cr independent of h. Thus we may conclude that

(3.17) sup /uQ(m,t)-l— /u2(x',t)d0t(m') <Cr.
0<t<T
G(t) (1)

REMARK 3.2. Multiplying (2.1) by u?™~! (m positive integer) and integrating over
G, we can formally obtain an energy inequality analogous to (3.2), from which we deduce
that

(3.18) sup / u?™(z,t) dz + / w™(z,t) dz p < Crp -
0<t<T
G(t) I'(¢t)

This can also be proved rigorously by finite differences.
8§4. Uniqueness.
THEOREM 4.1. The weak solution of (2.1)-(2.3) is unique.

Proof. Suppose u1,u; are two solutions and let u = u; — uz. From (2.6) we deduce,
fro every n € Arp,

—/unt-l—/Vu-Vn
Gr Gr

(4.1)

°\,~3

L/u{ (an)+2 - (o) - cn-{—\a(éz;)n} dsdt =0 .

Let 7 € (0,T) and define

t
— fu(z,t) dt' if t<7T
(4.2) n(e,t) =49 7

0 if t>1.

19



Then n = 0 on D7 U G(T) and

¢
— [Vu(z,t') dt’ if t<r

(4.3) Vn(z,t) =
0 if t>7,
—u if t<rT
(4.4) Nt = {
0 if t>71.

Notice that n, Vn,n:, Vn; € L?(Gr) and therefore n,n;, Vn € L?*(T'r).

Now let ¢, be a sequence of smooth functions satisfying:

Yn=0 on ODr,

on =0 for t>r

and
pn—mn in W
where the norm in W is given by (3.14) (in particular, ¢, — n; in L2(T'1)).
Then, if

t

®,(z,t)=— /gon(x,t')dt'

T
we have ®, € Ar so that, by (4.1),

—/ufbnt—i—/Vu-V@n
Gr

Gr

_O/T/u{ (a(I)n)+E——(b<I>) c®, +‘a(azt)q> }—o.

But since ¢, — n and ®,; — n; in W, if we let n — oo in the above relation we
conclude that (4.1) holds also for 7.

From (4.1) we get

(4.5) /nt /Vn Vnt+//77t z,t) {a—-+Eb~ +777} 0

20



where de(s.t)|  d b
dCALPN BN Sl A
9(s,1) + dt +2d3j .

We next wish to evaluate the expression

dT[ n—1 dT]
aE + Z bj;ls_j = an
=1

(4.6)

n—1
+ hO{”NO”ZV?? “ze + Z(Zt + V) - A;jNo(Vn - zsj)} )
j=1
LEMMA 4.2.
(4.7) (AjNo)-No =0,
(4.8) (AjNo) -z, = —6i5||Nol|® .

Assuming the lemma for the moment, we claim that

n—1
2zt N() 1
(4.9) 2y = WNQ — W Z(zt . AjNo)Zsj .
Jj=1

Indeed, for z; = Ny this follows from (4.7) whereas for z; = z,,; this follows from (4.7) and
(4.8). Since the vectors Ny, z4,,...,2s, span the entire space R™, (4.9) holds for any z,.

From (4.7) it follows that V6, - A;Nog = 0 (since V8, is parallel to Ny). Therefore,
from (4.6),

d d n—1 ~
GEZ' + beﬁnj = an: + h0”N0||2V77 : {Zt + ;(Zt : AjNO)Zsj ”No” 2}
(4.10)
z¢ + N,
=an: + h0||N0||2V7] ) ”tNO”;]NO =ans+ Vn- Ny
since )
Zt'NO :—VOO'N() :h_ .
0

The absence of tangential derivatives of 7 on the right hand side of (4.10) is crucial for the
proof of uniqueness.
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Substituting (4.10) into (4.5) results in

/77?—/W-Vm+//(an?+Vn-Nom+7m7t)=0.
G- 0 L

G,

By integration by parts,

1 1 1
~[onva=—5 [wr+g [oil@odrs [ 9P a) da
G- G(7) G(0) G(7)\G(0)

and Vn = 0 on G(7). In the last integral we change variables = (z(s,t),t) to get

//|V77|2(z(3,t),t)(—v90 - Np) dsdt ,
0 L

since
21t 21,81 e 21,851
6 ( t) 22’1 22’31 e 2’2)3"_1
AR
———| = |det =2z Ny = =V, - Ny.
(s, 1) . . .
Z’n,t Zn,81 . Zn,sn—l

It follows that

r 1 | No|?
2 il 2(_V6, - N, — o 2 .
0 L

G,
£
0 L
for any € > 0.

By the Cauchy inequality, the expression in brackets in the integrand on the left-hand
side of (4.11) is bigger than

(4.11)

1 1 | No|?
=~ |Vn|2(-V6, - N, e e bl W
6 I 77| ( 0 0) + 8 N+ (_veo ] NO)
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Choosing € small we get

and since

@)= [n

v
we deduce that n = 0 if 7 is small enough. This proves uniqueness for ¢t < 7. We can now
proceed step-by-step to prove uniqueness for all ¢ < T'.

Proof of Lemma 4.2. We first consider a special case.

LEMMA 4.3. Suppose that

0 ..
z’(st)_o‘”, 1<i,j<n-—1,
0zp .

2n _ . 1<j<n—1.
55, =i <j<n

Then
(a)

1
o¢; 3(; 06 .

. . <;<n—
Z(@sz h 33] T s’ lsesn—1,
J=1
J#z

(b)

—; if k=j, 1<i<n-—-1,1#7
Yk if 1=3, 1<k<n-1,k#:2
Aj:(a{k)=J 1 if i=j, k=n
if i=n, k=3
0 otherwise
for1<j<n-1;
(c) For1<j<n-1
AjNo-No =0,

AjNg - z5; = =6;j|No|? (1<:<n—1),
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-N
-2
where Ny = .

_'Yn—l
Proof. Recall that N; was defined as

o nti 4 0(z1 + €(1) Az + €C:)\~ O(zn + €(p)
um e (Aot (Bt ) s

=0
where 1 <17 <n and
O(z1 + €(1) Az +e6i)\~ O0(zn + €(p)
s o\ T s S
denotes the matrix whose columns are
O(z1 + (1) ( O(zi—1 + €(i_1) O(2iv1 + €Ciy1) O0(zn + €(y)
881 831 881 881
O(z1 + €C1) ) \ O(zi-1 + €(i—1) J\ O(zi+1 + €Cit1) \ I(zn + €(n)
0sp—1 0Sn—1 08n—1 08n—1

Thus

— 0z 0z \~ 0z;_1 O(; 0z; 0z
Ni; = (1) =1 ... : 21 J Jt1 2.
1i=(=1) jz:;det<03’ ’(38)’ " 9s ' 0s’ Os ’ ’83)

J#i

Let

o 621 821' - sz_l % 6z,~+1 an . .
B”_<68’”"(88) B 0s ’88, 0s "”’83 (Z;é])-
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Then, if 1 <i<j<n-1,

o¢;
1 0 0 0 o 0 —7 0 0
( 881 mn \
0 1 0 0 0 o % 0 0
852
. BC .
1 0 0 0 ! 0 _
0 0 I 0 Yi-1
0 0 0O 0 o 0 % 0 0 Yi
0 1 0 0 S 0 ... 0 7ip
0sit1
Bij=|0 o 0 1 0o ...
. ac .
1 J .
0 0 aSj_l 0 0 Yi—-1
a¢;
— 0
0 0 0 Bs, 0
o¢;
0 1 .0 Ay
0 0 83j+1 ’Y]+1
: o, :
1 v,
\0 0 0 D5 0 Yn 1)
that is
a¢;
I;_ i—1)% (j—i— . i—1)x(n—j—
( 1 Oi-1)x (j-i-1) Borryoyy  Qenxt—i-n I )
a¢;
O1x (i-1) O1x(j—i-1) (9_3: O1x(n—j-1) vi
a¢;
Bij = | Og—i-1yx(i-1) Liia ooy QUu=imx(—j-ny T
0 .
O1x(i-1) O1x(j—i-1) B—CJ O1x(n—j—1) ¥;
Sj
a¢;

\O(n—j—l)x(i—l) O(n—j—1)x(j—i-1) In_j4 F3)

a(Sj+1,' . ,Sn—l)
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where
. . .. Exk
I = identity matrix in R**" |

Okx1 = zero matrix in R¥*!

96
ey |
G(Sk,...,sl) %
0s;
Y:
jr: 72 T
Fl f— . s F2 = . and Fg =
Yiz1 Yi-1 Tn—t
Then,
det B;; = det Cj; where
0(;
( le(j—i—l) 6_3,] le(n—j—l) 'Yi\
Ijmia 9Ci/0(sit1s--+585-1)  O(iimtyx(n—j-1) T2
01 j—1—1 =L 01 o e Y
x(J ) 3S]_ x(n—j—1) J
\O(n—j—l)x(j—i—l) 0Ci/0(Sj415--y8n—1) In_j_1 Fs)

and, by moving the column with 9¢;/0s; to the right, det C;; = (—1)"~7~!det D;; where

a¢;
( le(j-—i—l) le(n—j—l) 8_3] Yi
Ii ;4 OG-i-tyx(n—j—1) 0C;/O(sit1, - ,sj_1) T2
Dy =
O1x(j—i-1) O1x(n—j-1) P Vs
J
KO(n—j—l)x(j—i—l) In_j_1 9Ci/0(sj41,"* 1 8n—1) Fs)

After moving downward the rows with 9¢;/0s;,9¢;/0s;, we get
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det B,‘j = (—1)n_j_1(—1)"_i_2(—1)n—j_1 det E,’j, where

(L= O(—i—yx(n-j—1) 0C;/O(sit1,-+,8j-1) T2\
O(n—j—i)X(j—i—l) In—j-1 aCj/a(3j+la“' ,Sn—l) I3
Eij = 9¢;
’ O1x(j—i-1) O1x(n—j-1) 8_3] Vi
o¢;
O (i Ot x(ni_ ¥} N
\ OixG-i-1) 1x(n=j-1) 9, i)
and therefore
_; (0¢; a¢;
4.12 det B;; = (-1)" z(—i')"———]—’yi) .
(412) y= (1 (5 - g
On the other hand, if 1 <:i < j =n,
I Oi—lx(n—i—l) aCn/a(Sh T ,Si—l)
OCn
Bij = Bin = le(i—l) le(n—i—l) Bss

O(n—i-1)x(i—1) In_iy 0Cn/O0(Sit1," ", Sn—1)

and, by moving the row with 8¢, /8s; to the bottom, det B;,, = (—1)*"¢~! % .
Si
Next,if 1 <j <i:=mn,
Iy 8¢ /0(s1,+ 155-1)  Oliayx(n—ion)
Bij = Bnj = O1x(j-1) 9C;/0s; O1x(n—j-1)
O(n—j-1yx(j—1) 0Ci/0(sj41," " ,5n-1) Inj
and thus o
det B; = =L .
© J 88]‘

Finally it is easy to check that formula (4.12) continues to be validif 1 < j <:<n—1.
Hence,if 1<i:<n-1,

Ny; = (=1)"* zn:det B;; = (-1 nz_:l(—l)n_i 9% yi— %7.
j=1 ? j=1 Osi 7 Os;

J

J# J#i
a0 (0 8¢ n
_1\yr—i—1Z57 | ) o 22 )
+ ( 1) 831 } Jz:; (asl 7] 631 72) aSi
J#i
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and
n—1 n—1 8('
Nip =) detBpj=)» L.
= = 0Os;

This completes the proof of (a). Next (b) is an immediate consequence of (a) and the

n—1
relation N; = Z Ajg—c which defines the A;.
S -
=1 ’

Finally, let us prove (c¢). We have

n n—1

(AjNo)i = ZakaOk = Z a{k(_'Yk) + a,]"n =

k=1 k=1
n—1
= 7%i75(1 = 8in)(1 = 855) — 65 Y vi(1 — 6in)
k=1

—6ij —6iny;  (1<j<n-1, 1<i<n)

Hence

AjNo-No =Y (A;No)i- Noi =
=1

= 2_:(_’71'){%'7]‘(1 —6in)(1 — 5ij) — 5,']- 2—:7,%(1 — bik)
=1 k=1

— 615 — 6invi } + (—5)

n—1 n—1
= (=) D (= 85)+7 D (1 —=6) +7 =7 =0
i=1 k=1
and, for 1 <:<n-—1,
ANy -z —i(AN) e
j4Yo0 8 — J4iY0 )k aSi

k=1
= (A;No)i + (A;No)nvi

n—1
= {77 (1 = 6i) — 6i; > vE(1 = 6ix) — 85} + vi(—7;)
k=1
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n—1

= —6ii{vevi + Y (1 — i) + 1}
k=1

n—1

= =651+ D>_77) = =85 Vo> .
k=1

Having completed the proof of Lemma 4.3 we now proceed to prove Lemma 4.2.

Choose a local coordinate system 7 = 7(s) such that z = z(7) satisfies the assumptions
in Lemma 4.3. Then, by Lemma 4.3, the corresponding No = Ng, N1 = Ni and A; = A7
satisfy:

(4.13) AiNg - Ng =0,

(4.14) AjN(;- TR = _61',' ”]\r(‘)r”2 .

(25) () (55).

we deduce by taking determinants of both sides, differentiating in € and setting e = 0,

Since clearly

Nf = 6NT

and, of course, also

Ny =6Ng
where 6§ = det(07/0s); here N§ and N7 denote Ny and N; in the s-coordinates. Since

ﬁ 8C 83,\
aTj 35)‘ 87']

we find that
s 64 . ¢ s,
E A3 = N; = 6N] _65_ AJOT 62 AJ@S)‘aT

It follows that

n—1
0s»
4.15 =8 AT—.
( ) A P ]37']-



Consequently

T 1.63 T T
(ASNg) - N§ = 6% ASN7 - Nj = &° (z:A]a—TA N0> - N{
J
— 5 g‘” ATNG)- N =0
by (4.13). Also
d
SN - z,, = 67 3* = (AFND) - 24
:52 g‘” (ATNo - z,“)aT“

0 or
522 o INTIP6ju gt (b (4:14)

—5223“ o2 NG| = NI = el

and Lemma 4.2 follows.

We conclude this section with several remarks.

REMARK 4.1. In the definition of weak solution u we used a specific parametrization
s of the smooth free boundary, namely z = 2(s,t). If we use another coordinate system 7,
then we get another weak solution u = u”. Using the transformation (4.15) it is easy to
verify that if u is a weak solution with respect to the parametrization s then it is also a
weak solution with respect to the parametrization 7.

REMARK 4.2. If u is a weak solution in G then, as can easily be verified, it is also a
weak solution in G7+ for any T' < T. This remark together with Theorem 4.1 allows us to
construct u for all ¢ > 0 provided (6p, z) is smooth for all £ > 0. In Sections 6, 7 we shall
take (6o, z) smooth for all ¢ > 0 and study the free boundary of 6y + eu, i.e., the surface

2 = 2(s,1) + €¢(s, 1),

for 0 <t < 0.

REMARK 4.3. Uniqueness for smooth solutions of (2.1)—(2.3) can be established by
the maximum principle, as in [4].
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§5. Auxiliary results in ODE. In the next two sections we shall be working with
solutions to the ODE problem

- ~3
(5.1) anz—w”—(ny3+-g-)w'+ny2 w=0, 0<y<l1,
1, 2n —3 2n -1
. = 1) = ,
(5.2) 5 w'(1)+—— w(l) 1
(5.3) w(0+) =0

In this section we establish existence and properties of the solution to (5.1)—(5.3).

THEOREM 5.1. If n > 3 there exists a unique solution w of (5.1)—(5.3); further
(5.4) w(y) > 0, w'(y) >0 if 0<y<1,

(5.5) w(1)>1.

THEOREM 5.2. If n = 2 there exists a solution w of (5.1)-(5.3) satisfying (5.4), (5.5);
w is the (unique) minimal nonnegative solution of (5.1)—(5.3).

Proof of Theorem 5.1. First notice that, if n = 3, (5.1)—(5.3) becomes

—w"—%w'=0 , 0<y<1,

1, .3 5
§w(1)+zw(1)=z,
w(0+)=0

and this problem can be solved explicitly. Indeed the unique solution w is given by

y

) 2

_ (1-22)/4

w(y) 57 3aq /e dz
0

1
where ay = fe(l_z2)/4 dz > 1. In particular, w satisfies (5.4) and (5.5).
0
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Thus we may assume n > 4. For any € > 0 consider the problem

L,w=0,e<z<],

(P) w(e) =0,
1, 2n -3 _2n-—1

Since n > 4 the coefficient of w in L,w is > 0; hence there exists a unique solution w;
furthermore, the maximum principle can be applied. We deduce that we(y) > 0ife <y <1
and

(5.6) wi(e) >0 .

We compute that

_ 1 2Un —
Low! + <ny S _ —) wl = (Lpwe) + _(ny 3) we >0

and therefore w! cannot take nonpositive minimum in € < y < 1. If w! takes nonpositive
minimum at y = 1 then
w¢ (1) <0, w(1) <0,

and (since we(1) > 0) we get L,w(1) > 0, a contradiction. Recalling finally (5.6) we
deduce that

(5.7) wi(y) >0 if e<y<1l.

By applying the maximum principle to w, we also deduce that w.(y) < w.(1), and by
(5.2), (5.7),

2n —1

. (Y) <7/ ,€eSy<1;
(5.8) we(y) S 5—5, ey <1

by comparison we also have

(5.9) we(y) Swe(y) if e<é€.

It follows that w(y) = lirr(l) we(y) exists and satisfies Lr,w = 0 and the asserted boundary
€E—
condition (5.2) at y = 1, and w'(y) >0if 0 <y < 1.
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Next, for any 0 < A < 1, Loy > 0if 0 < y < yo for some yo € (0,1). Hence,

2n —1
we(y) < Cy* if e<y<yo ( == y()_*>,
n
where (5.8) was used. We conclude that
(5.10) w(y) <Cy*, 0<y<uyo

and, in particular, w(0) = 0.

We have proved that w satisfies (5.1)—(5.3). By the maximum principle, the solution
to (5.1)—(5.3) is unique.

Observe next that the function z(y) = y satisfies the boundary condition (5.2) and
L,z < 0. Hence, by comparison,

w(y) >2(y) if 0<y<1

and, in particular, w(1) > 1.
Proof of Theorem 5.2. Equations (5.1), (5.2) become

1

(511) sz = —w" + (; — %) w — % =0 ,

1 1 3
5.12 — w'(1 - =— .
(5.12) 5 W'D+ wl) =7
Set

Low:—w"-i-(l—g)w'.
y 2

For any € < 1, € near 1, by working with

we((1— €y +e)
1—c¢

We(y) = (0<y<1)

: . . . - 3
which satisfies: W! = O(e), 0(0) = 0, wi(l) =~ 5 we find that there exists a unique

€

solution w,(y) of (P*°) (with n = 2). We denote by ¢, the infimum of € such that for any
€ < € < 1 there exists a unique positive solution we of (PS°) (n = 2). We first establish
some properties of w.

Integrating (5.11) iny, €<y < 1, and using

S (GRS R RICE

€ €
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and (5.12), we get

1
1 3
(5.14) w(1) + /wf rul(=3 , w920,
and, in particular,
m<s
(5.15) We 5 -
Since w
LOwe — — > O
Yy

w, cannot take (nonnegative) minimum in € < y < 1 (we use here the boundary condition

(5.12) and (5.15)) and, further,
(5.16) wi(e) > 0.

It follows that w¢(y) is either monotone increasing in y or else first increases and then
decreases. The latter possibility leads to w’(1) < 0 and then, by (5.12), w¢(1) > 3 which
is a contradiction to (5.15). Consequently,

(5.17) wi(y) >0 for e<y<1.
Next we show that
(5.18) we(y) >we(y) if € <y<1l, e<é.

Indeed, we(y) > Awe(y) for € < y < 1if A is positive and small. Denoting by )¢ the
supremum of all A’s for which the inequality holds, it suffices to show that Ay > 1. Suppose
Ao <1 and consider ( = w, — Agwe. Then

LOC:‘%ZO, e<y<l1
Yy

, 1, 1
¢(e') > 0, §<(1)+ZC(1)ZO'

It follows that ((y) > 0if ¢ <y <1, and thus { > éwe for some § > 0, a contradiction to
the definition of Ag.

By (5.15), (5.17), (5.18), we see that if ¢g > 0 then wy = lim w, exists and is a solution

€—€p

of (P£°), satisfying (5.17). We shall derive a contradiction, thereby proving that e must
be equal to zero.
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Let w be the solution of (5.11) under the boundary cond1t1ons (5.12) and w(l) =

1
wo(1) + 6, ie., w(l) = wo(1) + 6 and w'(1) = 5 + wo(l) - —5 for § > 0, 6 small. Then,

by continuity, (using the fact wy(e) > 0) w(y) > 0 for e < y <1, w(e) =0, for some
€ near €. If € > ¢ then w = w, and we get a contradiction to (5.18) at y = 1. Hence
€ < € and, by varying § we get positive solutions w¢(y) of (P2°) for all ¢, < € < ¢, for
some 0 < €; < €. We claim that w, is the unique nonnegative solution of (P2°). Indeed,
if 1, is another nonnegative solution then we can proceed as in the proof of (5.18) (noting
that we — A\ > 0 implies w’(0) — Aw.(0) > 0) to show that we > A, for all 0 < A < 1,
so that w, > ., and similarly w, > w,.

Having proved that for each €; < € < ¢ there is a unique nonnegative solution of
(P2°), we get a contradiction to the definition of €. It follows that ¢y = 0.

From (5.15), (5.17), (5.18) and the fact that ¢; = 0 it follows that
w(y) = lim w.(y)

exists, and it satisfies (5.1), (5.2), (5.4). (If w'(yo) =0, 0 < yo < 1, then w"(yo) < 0, by
(5.1), so that w'(y) < 0 for y > yo, y — yo small, which is a contradiction.)

To prove (5.3) we integrate (5.11) over € < y < 1 and use (5.12), and (5.13); we get

(5.19) w(1) + 2 / +|wo- 294 S a9 =3

€

Taking € — 0 in (5.14) and comparing with (5.19), we deduce that

tim (w9~ *2) 20

If w(0+) > 0, this leads to w'(€) > ¢/e (¢ > 0) as € — 0, a contradiction. Hence w(0) = 0.
To prove that w(1) > 1 notice that if w(1) < 1 then, from (5.19) it follows that

w(e
w'(e)—¥2c>0, 0<e<e,
for some constants c, e;. Using this in (5.11) we get

C
w"(y)+gw'(y)2§, O<y<e,

or

(wley2/4)l >

< |
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Hence, since w' > 0,

y
w'(y)ey2/42/§dz=clog-?:——>oo if €—0,

€

a contradiction.

We next prove that w(y) is the (unique) minimal nonnegative solution of (5.1)—(5.3).
Let @ by any nonnegative solution of (5.1)—(5.3). Since Lo > 0, w(y) >0if 0 <y < 1.
For any € > 0,% > Aw, for ¢ <y < 11if X is positive and sufficiently small. As before we
can argue that the supremum of such A’s must be > 1, so that & > w.. Taking e — 0 we
see that @ > w, i.e., w is the minimal solution.

§6. The effect of surface tension on the interface (radial case). If G is a
shell {ro < |z| < r1} and the data 6 are radially symmetric, then we can try to solve the
Stefan problem with surface tension by a function é(r,t) where r = |z|. The free boundary
conditions are

6, — ds(t)

€
b= T

on 1 = s(t).

The method of integral equations used in case € = 0 (e.g. [5]) can be used also for € > 0
to show that for any large T there is a small ¢y = €(T") positive such that a solution exists
for 0 <t < T if 0 < € < ¢; furthermore, the solution depends smoothly on e.

In this section we consider a special radial solution with free boundary s(t) = v/t when
e = 0 and investigate the effect of the e-approximating u on the free boundary. Our interest
is not really in this special radial case, but rather in the method which will be developed to
tackle it, for this method will be used in the next section to study the general (non-radial)
case. We consider 6y(z,?), a function of |z| and ¢,

kd

Oo(x,t):f($> , t>1

and the free boundary

lz|=vt, t>1.
One easily finds (see [6; p. 87]) that

f(z) zco/é.l_"e_s“3 d¢ —c; ,

oo

1 1 &2
00:561/4,c1:§el/4/gl e" T d(.
1
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We take
D= {|z|<a} forsome 0<a<l

and this determines the initial and boundary values 6 of 6y on G X {0} (G={a<|z|<
1}) and on 8Dy, = {|z| = @, 0 <t < co}. Notice that

1
~ 1 2
9—)561/4 /6_% (™'d¢ as t— oo on 0D .
0

The free boundary can be represented in the form

(6'15 z=2(s,t) =Vtw, o=

||

Clearly (1.22), (1.23) remain true if we replace Ny by (s, t)Ny and the A;’s and hy
accordingly (i.e., Aj by vA; and ho by ho/7). Thus, we may take

(6.2) NO = Z(S,t) = \/E v .
Since

F() = —g €M Ao e

b

(6.3) 1 1 \
f"(z) — 5 61/4 (5 Z2-n + (n _ 1)Z—n) e~ * /4 ’

we have

(6.4) FO=—3, =221

Next, on the free boundary,

1 T
6.5 zt 9 = — VO ! —_—
(6.5) + Vb, i +f(1)|x|\/£ 0

by (6.4); also

Voo - No = F/(1)—2—  VE vy = F1(1) = 2
so that
(6.6) hy= —— 1 _o
VGO-NO
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Thus

(67) a = N() . N()ho =2t .

Next

]

() e ()% (25

where e; is the vector with components 6;;. Hence, on |z| = Vi,

; ; ; 2n—-1 =z
Vaze 'N: Ill Z; 11 (mz _mz): 1
Y0 0 f()|m|\/£+f() |:II|2 lmlz 4 lml\/i
by (6.4), and
2n—1 1 T
. 80 - No, ..., VO, 6 - = S —
No - (V3,6 - Ny Vo, 6y - Ny) n l:le/im \/lel
(6.8)
_2n-—1
4

From the definition of b; in (1.23) and (6.5) we see that
(6.9) b;=0.

From the definition of ¢ in (1.23) and (6.5), (6.6), (6.8) we get

C:hO{NO'NOt+2n4_1}:2{\/Zi L i-I~2n_1},

2| 2Vt |a] T 4
or,
(6.10) c=2ntl
2
Next
(6.11) No-vu:\/ilil-vu:\/iur
xr
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where r = |z|. Finally, since the mean curvature of |z| = Viis k = 1/W4,

d 2n — 1
_ 12 . 2
fo—tdt(2N)+{N0 No¢ + 4 } K
(6.12)

1\, 32 2n+1 2n-1
=2t —< |t =
( 2) * 2Vt 2/t

Combining (6.7), (6.9)-(6.12) we can rewrite (1.19) in the form

' du 2n+1 2n—1 1
(6.13) 2t?l;+\/fur+ YT g

Since

d dr
Qt_cg =2t (ut + ur%) = 2tus + \/Z Up ,

we can rewrite (6.13) also in the form

2n+1 2n—-1 1
(6.14) tuy 4+ Vit up + 7 Y= 7 on |z|=+%.
The differential equation for u is
-1
(6.15) Ut — Upp — — ur=0.

We wish to analyze the effect of the approximation 6y + eu on the water region. To do this
it will be convenient to perform a change of variables

t=e®, r=ye/?.

and work with the dependent function
(6.16) w(y,s) = ru(r,t) .
By direct calculation we find that

-3 -3
(6.17) ws—wyy—<ﬁ—y—+%)wy+ny—2w20 in Q,

1 2n — 3 2n —1

(618) w3+§wy+ n4 w = n4 on y:1,8>0,
(6.19) w =0 on the remaining part of 91,
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where
Q= {(y,s);aze_s/2 <y<l,0<s< oo} .

Set
Qr=Qn{s<T}, foranyT >0.

In the sequel we shall use parabolic Schauder estimates with norm
2
] Q
loll$Ts = lwoellg™ + Y I Djwll” + Higs (Dyw)
=0

where ||v||g is the 8-Holder norm with respect to the distance function

d((y,), (@) = {ly = 7* + s =3[}/
and H%,, (v) is the Holder coefficient of v in the t variable (with the usual distance function)
2

/\Q .
of exponent (1 + #)/2. We shall also use the “interior” norm ||w||2_:ﬂ whereby ||D§,w[|gf‘"
is replaced by

—_—

”D‘,’,w”/6 =SUPS]|D!],w(y,S)|+sup.sf+ﬁ/2 yw(y,s) qw(7,3)|

[y — 1P + s — 3972

((y,s) € Qr, (¥,5) € Qr and 0 < 3 < s), and similarly for D,w (with the factor s/ replaced
by s?) and H!,, (D,w).

2

We denote the space of functions with finite norm || ||§Z_:ﬁ by C**8(Qr).

‘THEOREM 6.1. There exists a unique solution w of (6.17)—(6.19) such that
w € C(QT) N 02+ﬂ(§T\§)‘)
forany 0 < A < T < oo.

By going back to the original variables we deduce that the unique weak solution of

(2.1)~(2.3) isin C**# in Gp\Gy for any 0 < A < T < oo and in C(Gr).

Proof. Let p(s) be a smooth function, 0 < p <1, p(0)=0,p(s)=1fors>1, 0<
p' <2, and set ‘

pe(s)=p <§) forany € > 0.
Consider the problem (P.) consisting of (6.17), (6.19) and

1 2n —3 2n -1
(6.20) ws+§ wy + n4 w = n4 pe(s) on y=1s>0.
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For this problem the consistency condition is satisfied at y =1, s = 0.

Let
X5 = {w € C**#(Qs), w=0o0n s =0 and on y:ae_s/2} .

" For any w € X let W be the solution of (6.17), (6.19) with

w1,5) = Bu)(e) = [ |25 pr) = 5 (7 = 2

0

w(n)] dr.

Since w, is Holder continuous in s of exponent (1 + f3)/2, we easily find that

§L=A12 1/2(..11%s
(6.21) ||E(w>||1+ﬂ/2scn( s nwnw)-

€

Hence w € X;5. Set w = Uw. If wy, wy belong to X5 then estimating
|E(w1) — E(wz)lli4p72 < Cn8'/?|lwr — wall35 4
and using Schuder’s estimates ([5] [13]) we deduce that
lUw; — U'w2||§2j_ﬂ < Cp6'/?||wy — w2||¥iﬂ ,  C, constant (depending on n).

Therefore, if é is sufficiently small then U is a contraction, and consequently, it has a

unique fixed point we; we is the solution of (6.17), (6.19), (6.20). To extend the solution

for all ¢t > 0, set
Q
m(t) = [well24 -

Proceeding as in the first step we can derive the estimate
(6.22) m(t + 8) < ym(t) + 76 *m(t + 6)
where v,7o are positive constants independent of ¢,8. Choosing § such that
1
7051/ 2= 2

we deduce the estimate
m(t +8) < 2ym(t)
which allows us to extend the solution w step-by-step for all ¢ > 0.

If in the first step we use the interior norm || || mentioned above, then instead of (6.21)
we get

— —
IE(w)|li4p/2 < C +6Y2wll,y 5, C independent of e.
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The mapping U has the unique fixed point we as before, and

— Q6
(6.23) ||w€“2+ﬂ <Co,

where C, and é are independent of e.

We now let e — 0. First observe, by the maximum principle, that
(6.24) 0<we <w, if 0<e<e .

Hence w = lim w, exists. Secondly, by (6.23) and (6.22),

TR Qr\Q
”w”2+ﬂ < Co, ||w||24T.ﬂ " < Cr VT <.

Since w clearly satisfies (6.17)—(6.19), it remains to show that w € C(Qr), or just that
(6.25) - 51_{% w(y,s)=0.

2n—1

But the function
(T small) if n = 2. By the maximum principle we find that

s is a supersolution of (6.17) in any 7 for n > 3 and in Qp

2n —1

UJ(y,S)S s in ‘QT7

and thus (6.25) follows.

DEFINITION 6.1. We depict two subsets on the free boundary I':
I't ={u>k},I" ={u<k}.

From (1.15), (1.16) we see that R > 0 on I'* and R < 0 on I'". This means that the
approximate free boundary = = z + €{ expands near I'* and shrinks near I'", i.e.,

small surface tension increases the water region

(6.26)

near I'" and decreases it near I'™ .

We now state the main result of this section.

THEOREM 6.2. For any 0 < n < 1 the solution w(y,s) of (6.17)-(6.19) satisfies:
(6.27) lim w(y,s) = weo(y) uniformly iny,n <y <1
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where weo is the solution of (5.1)—(5.3) asserted in Theorems 5.1, 5.2.

COROLLARY 5.3. The limit weo(1) = lim w(1,s) exists and weo(1) > 1.

8§—00

In view of (6.16) this means that
u > K on ' \I'y, for some large ¢, > 0,

i.e., the effect of the surface tension is to increase the water region at all times ¢ > ¢y. The
amount of increase is determined by the interface z = z + €. Asymptotically,

¢=2(u— K‘,)\/‘ZI/O ~ 2(weo(1) — )1
which means that the radial increase due to surface tension is, at time t,
~ 26(woo(1) — 1)/+/t  times the original radius.

Notice also that by (6.25),

u<k on Iy

for ¢, sufficiently small, i.e., the surface tension decreases the water region at all small
times.

For n > 3 the operator £, satisfies the conditions for the maximum principle. This
makes the proof of Theorem 6.2 simpler. It will be convenient to first give the proof in
this case, and then establish it separately for n = 2.

Proof of Theorem 6.2 in case n > 3. Comparing w(z, s) with we(z) in Q we immedi-
ately find that

(6.28) w(y,s) < we(y) in Q.

Given any 0 < e < 1, let

o 2
Qe={(z,8);e<y<1,s>s}, s =log :‘_2;

notice that Q. = QN {y > €,5 > s} and (¢, sc) € 9. Consider the problem

ow

§+an=0 in Q,,
(Po) Ow 10w 2n-3 -1 _
s T2y T2 v ;. o v=1l,

w =0 on the remaining boundary of Qe.
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As in the proof of Theorem 6.1, this problem has a unique solution ., continuous in 2,
and in C?*# in Q. N {s > s¢}. By the maximum principle,
(6.29) 0<w.<w in €.

By the maximum principle we also have

We(y + h,s) 2 We(y,8)  (h>0),

so that

oW,

—€ >0.
(6.30) s >0

We claim that

(6.31) o

< Ae™™* for some A >0, A > 0;

A and X may depend on €. Once this is proved, it follows that
We(y,8) = we(y) as s— o0,
uniformly in y, and therefore, by (6.29),
Jim w(y,s) 2 we(y)
uniformly in y. Recalling that w.(y) — weo(y), we then deduce that, for any 0 < n < 1,
Jim w(y, s) 2 weo(y)
uniformly in y, 7 <y < 1. In view of (6.28), the proof of (6.27) is then complete. Thus

it remains to prove (6.31).

Note that
o,
0s

For n > 4 the function W = e~ satisfies

Sge if e<y<1l, s=s.+1.

W,+L,W>0 in .,

2n — 3
4

1
W3+§Wy+ W>0 at y=1
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2n —

provided A = min {n -3, 3 } Applying the maximum principle to

= 4w, A= A0
0s

in Qe N {s > s+ 1} we deduce that ¢ <0, and (6.31) follows.
Now let n = 3. Setting

1
ag = /e(l_”?)/“dz >1,
0
we know from Theorem 5.1 that

Y

5 _52?
woo(y) = 2+3a0 /6(1 )/4 dz 9

(6.32)

5010

5t 3a;

Weo(l) =

Further, for small v > 0, if W, is the solution of
Wyy+% W, +yW =0,0<y<1,

1 3—4
_Wy+ 47

5
W—Z,y—l,
W(0)=0,

then Wy(y) > 0if ¢ < y < 1 provided v is sufficiently small. We can now apply the
maximum principle to
_ 0,

0s
and deduce that ¢ < 0in . N {s > s + 1}, and the assertion (6.31) follows.

¢

— AeTTW(y)

Proof of Theorem 5.2 in case n = 2. The functions
e w(y,s) and e wy(y)
satisfy the same parabolic equation in Q7:

Ws —|-L2W+7W:0,
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with positive lowest order coefficient if

1 _
¥ = — where yo=ae T2

Yo

Applying the maximum principle we conclude that e™"*w < e™ " wqy, in O, ie., w < Weo
in Q7. Since T is arbitrary,

(6.32) w<ws, in Q.

Next we define W, as in case n > 3. Applying the maximum principle to
(=¢e "0 andto (=e (0 — w)
in Q., where v = 1/€%, we deduce that
(6.33) 0<w<w in .
Similarly we deduce that
¢ = Bly,s + Be T _ g (y, 5)e

is > 0 in Q. and, consequently,
oW,

0s

(6.34) >0 in Q..

Recalling (6.32), it follows that diw./ds — 0 “weakly” as s — oo, i.e.,

o+1

00 (y, .

(6.35) /w—;‘gs—)dseﬂ if 0500, foralle<y<1.
Set,
s+1
Wiwr9) = [ty ) ds'

Then

oW, —

—— +LWe=0 in Q,

0s

W, 10W. 1~ 3

95 T2 oy TagWem g v=hs>s,



3
Further, by (6.32) and weo(y) < weo(1) < 5 and (6.35),

—~ 3
OSW«ESE’

OW.
0s

—0 ass— oo, for each y € (¢, 1).

It follows that W,(y,s) T we(y) as s T oo where w, is a solution to problems (P°) (n = 2),
and we(y) > 0if e < y < 1. The convergence is uniform in y, by Dini’s theorem.

Noting that We(y,s) < e(y,s + 1) and recalling (6.33), we get

lim w(y,s) >we(y), €e<y<l.

Finally, letting € — 0 and recalling also (6.32), the assertion (6.27) follows.

§7. The effect of surface tension on the interface (general case). In this section
we shall extend the results of §6 to general shapes of D and G, showing that (small) surface
tension increases the water region for large ¢; the fact that small surface tension decreases
the water region for small ¢ is valid whenever u can be shown to be continuous in G, for
some t, > 0.

If
(7.1) 0<c1§/§(ac,t)§c2<oo forallt >0
8D

then (Matano [15]) there exists a positive number T such that the free boundary has the
form (1.10) with p € C* for all t > Ty. We shall also assume in this section that (1.11)
holds for some T > T,. Finally we assume that, for some T* > T,

§|6Dw is independent of ¢, if t > T ,
(7.2)
and, if n = 2, alal)oo is constant if ¢t > T* .

Under this additional assumption it was proved by Matano [15] that the function p(6,t)
satisfies

(7.3) |p(8,t) — Mt /2| <C,  if t>t
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where M, Cy, 1 are positive constants. From regularity results for the free boundary (cf.
[6]) we further deduce that, for any j > 0,

(7.4) |Di(p(6,t) — Mt*/?) <C; i t>tp.

We can therefore perform a change of variable z — ¢ such that, for ¢ > ¢;, the free
boundary becomes |¢| = Mt'/2 whereas the derivatives dz;/9¢; are §;; + O(t~1/?). Let us

perform another change of variables £ — (y,¥1,...,¢n-1), t = s where
t=e®, y=Itle)?
and ¢1,...,¢,—1 are the spherical coordinates of £&. Then the function

w(yﬂDl»' .. #Pn—l,s) = |§|u

satisfies (we take for simplicity M = 1)

~ ~3 ~3
(7.5) ws+£nw5w3—wyy+Mw—<ny +-g) wy+ny2 w=0 in Q,

1 2n — 3 2n —1
(7.6) ws+§wy+Nw+ T Y= at y=1
where
Muw = Sag 22 4 5, 2
= Yaij7——F— ia
]37%3771' i
ow
Nw = Zci% ’ ("717---,77n) = (y>‘P17'--,(Pn—l),
and
(7.7) Elaij| + Zlb;| + Zlei| < a(s), o(s) >0 if s— o0

Equations (7.5), (7.6) are taken of course in the weak sense corresponding to the definition
of the weak solution u.

THEOREM 7.1. For any 0 < n < 1 the solution w satisfies a.e.

(7.8) w(y,s) = weo(y) ass — oo, unformly iny, n <y <1,
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where weo(y) is the solution of (5.1)-(5.3), as described in Theorems 5.1, 5.2.

Proof. Set

n—3 y n—3
Lpw = —wyy — ” +§ wy+—y2—w

and consider first the case n > 3. Let w.s (& > 0) denote the solution of

ow

(7.9) E—I—an:—é in ﬁez{e<y<1,s>ae},
ow 1 0w 2n-—-3 2n —1
— 4= = = -6 =1
(7.10) 83+2 y—l— v 1 on y ,
(7.11) w=0on{y=¢ s>o0andon {e<y<1, s=0c}

where o, is sufficiently large, depending on é. As in the proof of (6.31) one can show that

g:i%ﬁ—Awgo in Q.
0s
and thus o
We,§ —As
<

‘ 25 | = A (A>0)
It follows that
(7.12) We,6(y,8) = wes(y) as s— oo.

From (7.7) we deduce that if o, is sufficiently large then W, 5 satisfies

0 ~ ~

Xy Zaw<0 in Q.

0s

ow 1 0w 2n — 3 2n —1

e, 2w < =
83+2 y+Nw+ I S on y=1.

If w(y,s) were smooth then by the maximum principle we could deduce that
(7.13) Wes(y,s) < w(y,s) + AW

where W is the function used in the proof of (6.31), with smaller A if n > 4 and slightly
modified when n = 3:

W= e "W, (y)
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where

L3W7—7/V[71,:7, 0<y<l1,

Wy(0)=0, W, (1)+— Wy(1) =7;
with this modification,
We+L,W>0 in Q,
8—VV— 1 -6&+NW+2n-3 W>0 on y=1
ds 2 Oy
not only for n > 4 but also for n = 3.
From (7.13) we deduce that
(7.14) lim w(y,s) > we,s(y) -

§—00

Since further

wes(y) = we(y) if 6§—0
and

we(y) = weo(y) if €—0,

it follows that

(7.15) lim w(y,s) 2 weo(y)
provided w is smooth.

For the actual weak solution w the inequality (7.13) can be established by working

with finite differences, and then (7.15) follows provided “lim” is taken in the “essential lim

inf” sense.

It remains to prove that
(7.16) Im w(y,s) < weol(y) .
8§ —00

(The uniform convergence in y asserted in Theorem 7.1 follows from the estimates from

which (7.15), (7.16) are derived.)
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Let @, s be the solution of

(7.17) Lyw=6 , e<y<l,

1 2n -3 2n —1
(7.18) 3 w'(1) + 1 w(l) = Y s,
(7.19) w(e) =0,

for any 0 < § < 1. Clearly

(7.20) Wes > 0
and we also have an upper bound

(7.21) Wes < C

where C' is a constant independent of €,6. Indeed, if n > 4 then C =14 (2n—1)/(2n—3)
is a supersolution of (7.17)-(7.19) if § < 1, whereas if n = 3 we can take C' — y? as a
supersolution provided C' is a sufficiently large positive constant.

From (7.20), (7.21) and a compactness argument,
liII(l) e s(y) = ws(y) exists (0 <y <1)
for a sequence € — 0, and s satisfies (7.17) with e = 0, and (7.18). Since ¢ = Cy” is a

supersolution (i.e. Ln,{ > 6) in 0 < y < yo for some constants C > 0, 0 < XA < 1 and
small enough yo, we have (cf. (5.10))

ws(y) < Cy™ .

It follows that %in}) ws(y) = w(y) (0 < y < 1) exists for some sequence § — 0, and

satisfies (5.1)—(5.3). By uniqueness, ¥ = wq,, i.e.,

(7.22) Ws(y) | weo(y) if 610 (0<y<1).
Arguing as in the proof of (7.13) we find by comparison that

(7.23) w(y,s) < bs(y) + AW in QN0 {s> &) .

Letting s — 0o we get

m w(y,S) S ’li)&(y) )
8—00
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and together with (7.22), the assertion (7.16) follows in case n > 3.
The proof for n = 2 requires some modifications. For any € € (0,1), if A is a sufficiently
small positive number then, by standard ODE arguments there exists a positive solution

w = we,A(y) Of

Low—dw=0, e<y<l,
1 3

%w'(l)—l—z w(1) = (1) =7,
w(e)=0.

We can then apply the maximum principle to

01 s o 1
CE (:*: Q;S’& — Ae A we,/\) e’ ) 7:6_2

in Q. to deduce that ¢ < 0; hence,

’% <Ae™ (A=),

0s

It follows that (7.12) holds and then also (7.14) is valid, for any small § > 0. The assertion
(7.15) now follows from (7.14), as before.

To prove (7.16) we can establish for n = 2 the existence of unique positive solution
We 5 of (7.17)—(7.19), as in the case § = 0, and also show that

Wes TWs as €70
Ws | wee as 6|0
Thus it remains only to establish an estimate of the form (cf. (7.23))

w(y, s) < ws(y) + Ae™ M w(y) .

This follows by comparison provided we can take w a solution of

Low—-Adw=0, 0<y<l1,

5w ()4 7 w(1) = (1) >0,

But w can be constructed as a limit of solutions w,x» (e | 0) by the method of proof of
§5 for n =2 (with A = 0) provided X is small.
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§8. The two-phase Stefan problem. In this section we consider the two-phase

Stefan problem with surface tension:
691/6t—A91 =0 1in G%ﬂ y
692/8t—A92 =0 in G%-v ,

91 = gl on anlr ) (Gl X {0}) ’
(8.1)
9, =6, on OD*U(Gz x {0}),

6, = 0, = ek on the free boundary I'r ,

(Xt + V(91 — 02)) -N=0 on FT
where 51 >0, 52 < 0. Here D;, Dy,Gy, G, G2 are smooth domains satisfying:
D, C Gy,Gy C Dy, Gy = GO\EI’ G, = Dz\ao .

It is well known that if ¢ = 0 then the problem has a unique weak solution (cf. [7]) whereas
if the initial values are sufficiently smooth and satisfy some consistency conditions at 0Gg
then there exists a classical solution for some small time interval 0 < ¢ < T ([7] [16]). We
shall now assume that a classical solution for € = 0 exists in some time interval 0 <t<T,
and denote it by (8o1, 602, 'r). We consider for small € > 0 the approximate solution

(Bo1 + €uy, B2 + €usy)
with u; defined in the water region G, and u, defined in the ice region G%. We shall

derive a parabolic system for u;,u; and then prove that it has a unique weak solution.

Introducing the notation (1.9) for I'r and denoting by N = Ny + eN; the normal for
the interface z = z 4 €( of the e-perturbed new free boundary, we find as in §1, that if R
is defined by (1.15) then

K — Uy
Véy; - No
Further, analogously to (1.17) we get

1

8.2 t) = _—

= hi(ui — k), h;i= 0.

(8.3)
NO . N()Rt + E(Zt + V(901 — 902)) . A]'N()Raj
+{(2:+V (601 —602))-LA;No,s; +No - Not+No-(Vs, (601 —002) No, -+, Vs, (601 — 002) - No)}R

+V(u1 _UZ)'NO =0.
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Setting

gi = Vi - No
it follows from (8.2) that
(8.4) (—g2)u1 = (—g1)uz — kg (9 =92 = 91,91 < 0,92 <0)
and (cf. (1.22))
(8.5) a %+Ebj %—}-NO-V(ul —ug)+cuy = fo

where

a:Ng'N0h1>0

and b;, ¢, fo are known functions having a structure similar to (1.23).
Set
Gr = Glp ulr'ru G%w

and extend g¢1,¢2 and k smoothly into all of Gr in such a way that ¢g; and g, remain
negative.

Notice that the function
—g2)u in G}
(8.6) U — ( 92) 1 . g"
(—g1)us — kg in Gp
is continuous in G .

To define a weak solution, we set
up in G%
u =
U9 in G%
and integrate by parts in
(us — Au)p =0, ¢ smooth .
GLUG2,

Using (8.4), (8.5) and the integration by parts formulas

T
Jow==-[ev- / () z Nodsdt + [ e~ [ ppa

Gl Gl ar(T) G (0)

T
[ow==[ov+ [ow)t)z Nodst + [ e - [ wvds,
&, é2 0 G*(T) (o)
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we find that (cf. (2.6))

GT GT
T
d d
(8.7) _] /“1 {EE(CMP)‘FZ :l;(bj(P) —clcp} dsdt
. j
o L

where g kg
co=c+—2z-No, fi=fo+— 2z-No,
a1 73]

and ¢ in any function in C*(G7) vanishing on G(T) U D7} U 0D7.

If u; is smooth then

(8.8) du;/dt — Au; =0 in Gh,

(8.9) u; =0 on dD% and on G; x {0},
and (8.4), (8.5) hold on I'r. We now define a weak solution.

DEFINITION 8.1. A function u = (u1,uz) is a weak solution of (8.8), (8.9), (8.4), (8.5)
if
u;, Vu; € L*(GY) (1=1,2)
and if (8.9) holds in the usual continuous sense, (8.4) holds in the trace sense, and (8.7)
holds for any test function ¢ as above.

If we substitute ¢ = U in (8.7) and proceed formally, we obtain, after some integrations
by parts (cf. the derivation of (3.2)) an energy estimate:

sup /u2(m,t)d:1:+/|Vu|2
0<t<T
G(t) Gr

(8.10)

+ sup /u%(z(s,t),t) ds < Cr.
0<t<T
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To actually use an estimate of this type in order to establish existence of a weak solu-
tion, we resort to finite-difference approximation as in §3. Instead of the elliptic problem

(3.3) we now have:
(8.11) — uk — Auf =—u*1 in @W* (7=1,2),

where G/* = GJ(kh), and

1
Eaul—{—Nk V(uf - )-I-Ebki + cfu
(8.12)
= % akyk1 +f1k on Tk,
(8.13) (—92)ut = (—g1)us — (kg)*  on T*,
and
(8.14) u;?:O on ODV*

where 0D7F = 9D (kh).
Setting
ok _ {(—gg)kuiC in GU¥

(—g1)*uz — (xg)* in G,

the system (8.11)—(8.13) can be written in the form

(8.15) —div(A*VU*) + BF . vU* & % U* + crU* + F*

(ﬂk au* )6

Ak {(—gé)—l in G

where

(=g1)™" in G2*
and ¢ in the uniform mass of density 1 distributed over I'*.
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Formally, if we multiply (8.15) by U* and integrate over G¥ = G** U T U G?* | we
get

/ AHVUH? +% / (U2 + / (U*(2(s, kh), kR))?® ds
Gk Gk L
(8.16)

kp2 ky2 ky2 ;,3(Uk)2
e/lVU| +C’/(U)+C+ VUM + [ 8} (€ small)
GF Gk 'k Ik >
and the last integral is equal to

3ﬂ

a "3 (Uk)2

Fk

Jarr<Z [wheen [ oo

l"k Gk Gk

But for any small x> 0,

If we substitute this into (8.16) and choose y small enough and then h < p/C, we get

(8.17) /]VU"”|2 + % /(Uk)2 + /(Uk(z(s,kh), kh))? ds < Cr .
Gk G* L

Notice that if we approximate § by smooth functions 5{ (s)6§(A) where ) is the distance
of a point from I'* and 6%()\) — §(0) (= Dirac measure at 0), then (8.15), (8.14) becomes
a diffraction problem and by known results (e.g. [13]) it has a unique solution U*. Since
the derivation of (8.17) is valid also for U¥7 with a constant Cr independent of j, letting
j — oo we obtain a solution U* of (8.11)—(8.14).

We can next derive for the U* an a priori estimate analogous to (3.12) and use it to
conclude that a subsequence of

ut(z,t) = ub(x,kh) if z€ G, kh<t<(k+1)j
converges weakly to a weak solution of (8.8), (8.9), (8.4), (8.5).

THEOREM 8.1. There exists a unique weak solution of (8.8), (8.9), (8.4), (8.5).

Proof. We have already proved existence. To prove uniqueness we take in the definition
of weak solution the test function n defined by

-y =U, n(z,T)=0 (U asin (8.6));
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this can be justified by approximation, as in §4. Then
Mt Ui kg
U = —7— U = — + ,
1 (=g1) * (=91)

(—92) ’

and we can proceed as in §4, making use, in particular, of (4.9). After some integrations

by parts, we end up with an inequality similar to (4.11), with the second integral on the
left-hand side replaced by

T
1 1 1 |.N0|2 2 g }
— |Vn|? - ]+ + Vn - N
/L/{ZI g g[(—gz) (—91) gigz " T e
0

where we have made use of the relation z; - Ny = ¢g. Since ¢ = g, — ¢1, the integrand

is bounded from below by cn? (¢ > 0), and the proof can now be completed by using
Gronwall’s inequality.

REMARK 8.1. In constructing a weak solution we used finite-difference approximation
for both the parabolic equation and the boundary conditions. Actually one can use another
scheme whereby the finite differencing is performed only with respect to the boundary
condition on I'r. Then, for the one-phase problem we define the approximating solution
by

uh(z,t) = ul(z,t), (k—1h<t<kh
du

o Y

and replace a

= (aub)(=(s, ,) — 7 al=(s1), Ol (=(s,t = h), 2~ h)

and thus solve a parabolic equation in each interval (k —1)h <t < kh with u? continuous
across t = kh, for each k. The same procedure can be used for the two-phase problem,
finite differencing only (8.5), and applying [13; Chap. IV, Secs. 1-8] to prove that the
corresponding parabolic system has a unique solution.

§9. The effect of surface tension on the interface. We shall consider in this
section the effect of small surface tension on the free boundary. As we shall see, in contrast
to the facts established in §§6, 7 for the one-phase Stefan problem, small surface tension,
for the two-phase Stefan problem, decreases the water region for all time provided the
data are radial or “close” to radial.

Let K; be a solution of
OK;—AK; >0 in G,
(9.1) K;,=1; on 8DIT (@] (G, X {0}) ,

Ki,i=x on It
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and set U; = u; — K;. Then

OU; —AU; <0 in G,

U;=-1; on 3D§~U (G; x{0}),

9.2)
92U = g1U; on T,

“% + Ebj(fi—? +cls + (VUL = VUz) - No = (VK = VK1) - No on TI'r
J

where a,b;, ¢ are easily determined by comparing with (8.3); in particular, a > 0.

LEMMA 9.1. If k > 0 and, for some [; > 0,

(9.3) (VKy; —VK;)-Ng <0 on TI'r,
and if u; is in C'(G%,), then
(9.4) u; <k on I7.
Proof. 1t suffices to prove that
U;<0 in G_lf .

If the assertion is not true then, since U; < 0 in EZ if ¢, is small, there exists a t, > 0
such that U; < 0 in G! for all t < ¢y but U;(z,t0) = 0 for some (zo,t0) € G_§0 where ¢ =1
or ¢ = 2. By the maximum principle we deduce that (z¢,?¢) must belong to I'7, and

Ui(zo,t0) = Ua(zo,%0) =0,

d d
a U, >0, d_.S]Ul =0, (VU] — VUQ) - Ny >0

at (xo,tp). But then the last equation in (9.2) implies that (VK; — VEK;) - Ny > 0 at
(z0,1t0), a contradiction to (9.3).

Consider the radial case where

G ={a<|z[<B},

~

§=0(r,t), r=le|,
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with the free boundary condition

1
If n > 3 then taking K; = K, = - we have

oK - AK; =22 >0,

Since also u; is in C* (G_EF) is in this case (the proof is similar to that of Theorem 6.1),
we conclude:

THEOREM 9.2. In the radial case, if n > 3, then (9.4) holds, i.e., small surface tension
decreases the water region for all 0 <t < T.

Notice that (still in the radial case), if K} is the solution of (9.1) satisfying

O K? —AK?=0 in G}
1 .
and O<li5l?<;—6 on 0D U(G; x {0})

where 0 < § is sufficiently small, then, by comparison with K; = %, there exists € =

€(6,T) > 0 such that
(VK? —VK?)-Ny>e¢ on Irp.

It then follows that for the non-radial case, if n > 3 and the data are “close” to radial,

we can establish (9.4) for a smooth approximation of u; (as constructed in Remark 8.1).
Hence u; < k on I'p.

Consider finally the radial case with n = 2; we further specialize to a free boundary
|| = t1/2 (¢ > 1), which corresponds to

o0
z -1 —
bo,i = f; (%lT/%) - / (e dg +
lz|/21/2
with appropriate «;, 5; .
Introducing
(9.5) Wiy, s) = ye*/2K;(ye®/?, )
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we find that the system of equations for the K; becomes

;. O*W; 1\ oW, Wi
(9.6) LWQEQEZ—leu—(y )8W’ >

with initial and boundary conditions

W;=1 for y=1,
(9.7)
W; >0 on the remaining part of 0%,

where

O = {(y,8);ae™? <y<1,0<s<T},
Q2 ={(y,s); 1<y<PBe 2 0<s<T} (0<a<pf< o).

Let /W?,- be the solution of L/V[Z =0in ﬁlp where

QL = {(y,9); ae TP <y<1,0<s<T}DO,

0% ={(y,s); 1<y<pB,0<s<T}DO%,

satisfying the initial and boundary conditions:

Wi=1 for y=1,

Wi=0 if y=aeT/?

W2=0 if y:ﬂ,

W;=0 if s=0.

Then, by the maximum principle, W; > Wi in Q% (if we choose W; = /W?i on the parabolic
part of Q%) and

W, oW, oW, oW

9.8
(98) Oy Oy Oy Oy

for y=1.

Applying the maximum principle to ! we deduce that

Os
(9.9) 0_VV1 >0.
0s
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We now integrate by parts in

1 B
/ Lwl(y,s)dy =0, /L/V[?g(y,s)dy =0
1

ae—=T/2

and add the results; we obtain

1 B
Wiy(1,8) = Wa,y(1,8) = / (0s W1 + B Wi) + /(&;Wz + 3 Ws)
ae—T/2 1

Wy (ae™T/2,5) — Way (B, )] -

Recalling (9.8) and noting that the last expression in brackets is positive (by the maximum

principle), it follows that
ley(l,s) - Wz,y(l,s) >0.

and from (9.8), (9.5) we then deduce that the condition (9.3) is satisfied. Therefore, by
Lemma 9.1:

THEOREM 9.3. Ifn = 2 and the free boundary is given by |z| = t'/? then (9.4) holds
for all T > 0, i.e., small surface tension decreases the water region for all t > 0.

REMARK 9.1. One can extend theorem 9.3 also to other radial free boundaries. For
instance, if the free boundary has the form

|z| = s(t) where 3$(t) <0 for 0<t<T

then, by choosing

. 1 1
Ky(z,t) = s_t) and Ky(z,t) = Tt) ,

the conditions of Lemma 9.1 are satisfied; consequently (9.4) holds for all 0 < ¢t < T.
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