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EXACT SOLUTIONS OF HYDRODYNAMIC TYPE EQUATIONS
HAVING INFINITELY MANY CONSERVED DENSITIES

YUJI KODAMAj}

Abstract. We give a scheme to construct exact solutions of hydrodynamic type equations which possess
an infinite number of conserved densities. The solutions are given in an implicit (hodograph) form which
is expressed only in terms of the conserved densities.

”

There has been significant progress in the study of hydrodynamic type equations having
infinitely many symmetries [1-5], which take the following form,

oW ow
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where W = (Wy,...,Wn)* € RN and A, is an N x N matrix function of W only. Here
we assume Ay = I = N x N identity matrix, that is, the systems (1) are translationally
invariant. By the term symmetries, we mean that (1) are compatible, i.e. 8*W/8T,0T,, =
9*W/0T, 0T, (the flows commute). The systems (1) include many interesting equations
such as,

a) N-reduction of Benney’s moment equations (the dispersionless I{ P hierarchy [6]),
b) g-gap averaged equation of the KdV equation (N = 2¢ + 1) [7],
c) gas-dynamical equations with additional symmetries [3,8].

The purpose of this letter is to construct exact solutions of (1) in an implicit (hodo-
graph) form which is a point transformation of the dependent and independent variables.
The hodograph solutions of hydrodynamic type equations (1) have been found first by
Tsarev [2], and later by Gibbons and Kodama [9, 10]. They presented the schemes for
constructing the solutions, but did not give any explicit formula for the solutions. In this
letter, we derive the explicit and simple formulae for the hodograph solutions which are
given only in terms of the conserved densities. This may give a meaning of the integrability
of (1), which is nsually defined as the existence of infinitely many conserved densities (or
symmetries). Throughout this letter, we assume that (1) has infinitely many conserved
densities, say {H.(W)}52,. Consequently, (1) may be written in Hamiltonian form (if
there exists),
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=J(VH,),, for n=12,...,




where J is a (nondegenerate) Hamiltonian operator (see e.g. [3]) and VH, =
(6H,/0W1,--- ,0H,/0Wpy). For given systems (1), it may not be easy to find the Hamilto-
nian structure in (2), and sometimes there is no Hamiltonian formalism. In our discussion,
we only need the following relations among H,’s (instead of the explicit form (2)),

0H, OH,
) | Tm ~ 0w

for n,m=1,2,...

which may be derived from the compatibility conditions for (1). We also assume that the
first V conserved densities are functionally independent, that is, the Jacobian does not
vanish

3(H1}'” 5HN)
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so that dim(Span{VH;}%,) = dim(Span{4;}$2,) = N. This can hold at least locally. It
should be noted that these assumptions are not very restrictive; in particular, they are all
satisfied for the examples mentioned earlier,

Under these assumptions (3) and (4), we first note that for each I > 1 the matrix Ay,
in the (¥ +1) th flow lies in the span of {4}, i.e.

N
(5) ANy = Zu; A;

=1

where pf = pi(W) are scalar functions of W ¢ RN, (This follows from the remark after
(4).) Equivalently, in terms of H,’s, we have

N
(6) VHyui= ) piVH;.

=1
This can be obtained from (5) and (3) with 8H,,/8X = 0H, /3T, (giving VH, = VH, Ap).
Because of (4), the higher conserved densities Hy.; are expressible in terms of the first N
densities, {H;},, i.e. Hyyr = Ki(Hi, -+, Hy). Therefore we obtain, from (6),

. aKI z’:l,-..,N.
7 i=—=——, for
() a BH,' {[:1,2,...

We now, as in [10], show that the function y} gives a hodograph solution of (1). From (5),
the (IV 4 I)th flow in (1) can be written by
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which implies that W is a constant vector along the characteristics,

dIN 11 dT;
9 = ] 3
©) -1 (W)

The integrals of (9) are straight lines given by
(10) C T =T+ (W) T,

where T} determine the initial positions of the characteristics in the space (1, ,Tw) at
Tn4i1=0for all ] > 1. Then the solution of (1) can be written in the form,

(11) W(T13T2: " ) = WO(Tlov £ 1T1%')1

where W9 is the initial function W at Tny; = 0 for all I > 1, ie. WO(Ty,---,Ty) =
W(T, -+ ,Tn,0,---), and WO(T}, -+ , T} satisfies the first N equations in (1),
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(12)

for n=1,---,N.

Since the systems (1) are translationally invariant under T4y — Tv4;+C; with arbitrary
constant Cj, the hodograph solutions of (12) can be obtained from (10), that is,

(13) ) =w(W)Cr , Vix1.

Consequently, we obtain from (7) and (13) the hodograph solutions in terms of the con-
served densities,

(14) T,O = -B%ZCI I{[(Hl,--- 7HN)1 for i:l,...N,
t=1

where Hyy; = K;(Hy, - ,Hy). Note that from (14), we have the hodograph equations
of (3),

are  aTo
(15) oH. = 3H. for n,m=1,---,N .

Thus the conserved densities are directly connected to the solutions of (1), and the existence
of infinitely many integrals derives a large class of solutions. It is also interesting to note
that the formula (14) may be useful to derive a general form of the conserved densities
(see the example discussed below). In a future communication, we will study the class of
solutions given by (14), which obviously includes shock waves and simple waves. It may
. be also interesting to discuss some geometrical meaning of (14).
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We now apply the result (14) to the following well-known examples: (Hereafter we
omit the zeros in the superscript in {12) and (14).)

i) For N = 2 we study the equations of gas dynamics [3],

(16) 9 (Wi _ ( We Wi\ 0 (W
0T, \Wy )~ \f(Wy) W) 8X \ W, /)’
where W; and W, represent the density and the velocity, respectively, and the function

f(W7) is related to the pressure P(W;) according to the equation f(W;) = P'(W;)/W;.
Infinitely many conserved densities of {16) are found explicitly in [3]; and they are

H =W, Hy=WW;, )
1
H; = '?: W1W22 +F(W1)
. 1 _
(17) =3 H{'H + F(Hy), ,
1
Hy = ¢ WAW; + WoF(W3)

1 _
= ZH"H} + H HyF(H))

where F''(Wy) = & F/dW{ = f(W;). In this case, the hodograph solutions given by (14)

are

Th=X= a—Hl(C1H3 +CoHy+---)
_ a , 1 3 W2 1]
=C —-2-W2 +F (W) |+ C —§W *—F(Wl)‘*'WZF (W1}
T —51?;(01334-0254‘5* -)
=C1W2+Cz( W2+""_F(W ))

/

where Cy’s are arbitrary constants. For this example, our result (14) can be easily and
directly verified from the hodograph equations of (16): For the point transformation,
X = X(W1,W3) and T = To(W,, Ws), we have

2 fwn)y wo) \-2% )"
where we have used OW, /0Ty = —JOX/OW,, OWL[OX = J OT2/0W, , OWL /0T, =
J 8X/0W, and 8W,/0X = —J 0T,/0W;, with the Jacobian J = 8(W,, W,)/8(X,T;).
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Using the change of variables H; = Wy and Hy = W W;, we obtain

oX _ oT
3H, ~ °H,

(20) ax H, 8T, H? OT 6T
oxX _ Hy 3T, Hi Ty T
om, ~ ’mom  mam, T/ Hag;

(Note that the first equation in (20) gives (15).) The equation (20a) implies that there
exists a function K(Hy, H;) satisfying X = T} = 8K/0H, and T, = 0K /3H;. One may
also show from (20b) that 8K /0T, is a total derivative with respect to X, ie. K is a
conserved density. This result maybe useful to derive a general form of the conserved
density. As an example, we take the Born-Infeld equation in the Riemann invariant form

[12],

o 2 (Yo (% 0) 2 (n
aTz Vz - 0 Vl oX Vz
which can be transformed into the gas dynamic equation (16} with f(W;) = W and

Vi = Wo + W Vo = We — Wi {13]. From the hodograph equations of (21)which give
a wave equation for T;, we find

(22) = ¢(V1) + ¥ (V) , }

T1 X = 3(V1) — Vi¢(V1) + ¥(V2) — Vayp(Va),

where ¢(V1) and ¢(V,) are arbitrary functions of V) and V3, respectively, and @ = ¢, ¥’ =
. Then using (14), T; = 8K/0H;(i = 1,2), we obtain H(V4,V;) = K(H1, H,).

(23) H(V1,V2) = 2(2(V1) + ¥(V2)) / (Vi — V2).
(This, of course, can also be derived from the equation for the conserved density, 8H /0T, =

OG[8X with some function G(V4,¥2).)

i) For N = 3, we study the Lax reduction of Benney’s moment equations [6, 9, 10];

a (Wl) ( "o 0) : (Wl) |
— W | =1t -2, 0 1 W, |,
0T, Wa -W, 0 0 oX Wa

a Wl — Wl 0 1 6 ' W]
3. Wy |l=|-W, -W; 0 X Wiy .
W 0 W, ' Wi W, J
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The conserved densities of the systems (24) satisfying (3) are

1 3
Hy =Wy, H; =W, H3=—§W12+W3
H, =0,
1.3 | 1.,
(25) Hy =—§W1 -I—W1W3+§W2 = H,H; +§H2 . 7
U 1
He = —WiWo + WoW; = —EHfﬂz + HyHj
P,

We then obtain
T —X——-————a (C1Hs + CoHg +--+)
V=4 T 5, e T e

=0, (—%Wf + Wg) — Wi Wy 4o

a
(26) I; = 5‘}"1*2"(0155 +CeHg +-++) >
= C1Wp + Co(—W7 + Wa) +---
d
T3 = 3E (CiHs + CoHg +--+)

=C Wy +CoWy +--+ . )

Note that T3 consists of the conserved densities themselves. Furthermore, one can show
[6] that the hodograph solutions (26), T; = T?(Wh,--- ,W3), 1 = 1,2,3, satisfy

oIy TS 9Ty _ OT
oT, 08X ° oIy 8X

(27)

Thus, TP and 7§ are the fluxes for 75— and 73— flows, respectively. (This is true for any
Lax reduction of Benney’s Equation [9-11}.)

In a later publication, we will study the class of solutions derived from (14), and the
applications of our results to physically interesting initial (as well as boundary) value
problems.
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