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Abstract

New approach to some Shape optimization (i.e., Free boundary) prob-
lems is introduced. The variable domain problem is relaxed so that it
becomes a nonsmooth optimization problem on the fixed domain for the
somewhat singular state equation. State equation is considered, and the
multivalued generalized gradient of the variational functional is studied.
The general approach is discussed here in the case of a perfect fluid flow.
The method is constructive.

1 Statement of the Problem

The general problem in Shape optimization consists in searching for the shape
of the domain where certain pde holds so that the obtained solution exhibits
desired properties. In that broad sense it is closely related to the theory of Free
boundary problems, where, indeed, solution of pde should satisfy additional
condition on the designated (free) part of the boundary of the domain. Never-
theless, aims and means of the two subjects are significantly different. In some
sense the free boundary problems are the most difficult shape optimization prob-
lems, since, broadly speaking, the functional to be minimized is concentrated
on the variable boundary of the domain.

In this paper we introduce a new approach to some Shape optimization (i.e.,
Free boundary) problems. The approach is discussed in one very particular situ-
ation, but we note that the method extends to other more interesting problems,
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like for example the analogous problem for the Stokes equation, which will be
discussed elsewhere.
Consider the set of admissible shapes, i.e., the control set!

(1.1) U={ue H3(-1,1);0 <u(x) <1,-1<z < 1}.
Denote
(1.2) Iy = {(z,u(z)); -1 <z < 1},

and extend u € U as zero outside of (—1,1). Define the domain
(1.3) Q. = {(z,9); |z| < a, u(z) <y < 2}.

Also, let 2 D Q,, be a domain defined by

(1.4) Q= {(z,y); |z|<a, 0 <y<2}.

Now, consider inviscid, incompressible, irrotational flow in a finite channel
with an immersed obstacle I',, with shape u € U. So, the flow actually takes
place in Q,,.

It is well known that such a flow can be described by the stream function
w = w", which is a solution of (to fix ideas, we take flux to be equal to one)

Aw=01in Q,

w=0in{(z,0);—a<z < -lorl<z<a}

w=0inT,

w=2in{(z,2);—a <z < a}

(1.5) wy = 0in {(a,y);0 <y < 1}.

We could also take a = oo in (1.5), i.e., consider a flow in an infinite channel.
Then the last condition in (1.5) is substituted by the requirement that w is
bounded.

If the stream function w is known then, of course, the velocity vector field
v can be computed easily as v =< wy, —w; >.

The problem we propose is the following:

For given g = g(z,y) € W29(Q), ¢ > 2, (occasionally we will not have to
assume that much) and such that

(1.6) g 20,
(1.7) g=0inQn{|z| > 1},

1We note that the regularity requirement U C H3(— 1,1) is for some technical reasons. As
a matter of fact, it is unfortunate to assume ad hoc so much, and we will see later that it is
important to require as little as possible, ideally only H1(—1,1). We shall get back to this
issue when we make some comments about numerical solution.



find (if possible) » € U (the shape of the immersed obstacle) such that, if w* is
the corresponding solution of (1.5), then also

(1.8) [v]| = |Vw*| =g inT,.

By Bernoulli’s law
(1.9) P+ %le“]2 = const.

throughout the fluid (here P denotes the pressure). Hence, we see that the
requesting specific velocity profile on the immersed obstacle is equivalent to
requesting the specific pressure profile. Obviously, this is a problem with wide
possibilities for applications.
We note that this problem is closely related to the following, by now, well
known variational problem (see [2, 3]; see also [11] for numerical considerations):
Find w € H(Q) satisfying the boundary conditions

w=0in {(z,0); —a < z < a}
(1.10) w=2in{(z,2);—a <z < a}

and such that the variational functional

(1.11) I(w) = /Q [IVl? + 02Ty 50y]

is minimized. Here Ip is a characteristic function of the set D, i.e.,
_J1 ifzeD

(1.12) Ip(z) = {0 ifog D"

The reason to develop the method introduced here is that it extends to other
equations for which there is no known analog of J (for example, Stokes problem,
to be discussed in the forthcoming paper).

2 A Relaxation of the Problem

In this section we assume that
(2.1) g € H3(Q).

Suppose that there exists an « € U such that corresponding w* solves (1.5,1.8).
We shall say then that w is an ezact control. Now, extend w* from Q, to Q as

2%

o Jw® onQy
(2.2) ¥ = {O on Q\Q, *

It follows



Lemma 2.1 Ifu € U is an ezact control, then z* € HY(R), and it is a solution
of the following elliptic boundary value problem (with singular right hand side)

Az =&, in Q)
z* =0 {(z,0); —a <z < a}
2* =21 {(z,2);—a <z <a}

(2.3) (2“)z =0 in {(£a,y);0 <y <1}
where &, € H™1(Q) is a measure given by
(24) Eulp) = /F gipdo.

Proof: Obviously, since by elliptic estimates w* is regular in Q,, 2% €
C%1(Q) (regarding regularity near corners see the begining of the proof of the
Theorem 3.1), and in particular z* € H(Q2).

By the Trace Theorem,

eule)] = | [ apie

u

< lgllizzallellLar.,)

(2.5) < cullgllm @ llell )

So, in particular, £, € H=}(2). Also, since g > 0, &, is a measure.
Now, more explicitly, (2.3) can be written as: Find z € H'(Q2) such that

z*=0in{(z,0); —a <z < a}

(2.6) 2*=2in{(z,2);—a <z < a}
and
(2.7) —/ V.V = / gpdo
Q I.
for all ¢ € H'(9) such that
(2.8) ¢=0in {(z,0);—a <z < a}U{(z,2); -a <z < a}.

To check (2.7), we note that by the maximum principle, a solution of (1.5)
is positive. Hence (1.8) and the boundary condition in (1.5) imply that

3 U
(2.9) 3::, = —ginT,,

where v, is the exterior unit normal to d§2,. Hence,

/Vz -V =-— /V'w -V =
(2.10) = [ @wtye " pdo = / gdo,

which completes the proof of the Lemma. O

9, 3 Vy



Lemma 2.2 Let 2* be a solution of (2.6-2.8). If it happens that 2*|p, = 0,
then 2%|q, is a solution of (1.5,1.8), i.e., u is an exact control.

Proof: In the next section we shall prove that z* is regular enough so that
calculations performed here are legitimate. More precisely, by (3.6) below, it
suffices to assume that ¢ € C}(2). We have

/ g(pda:—/ Vz“-ch—/ V¥ - Ve
r. Q. O\Qy

-/ (B / B

u

oz¢ o4
(2.11) —/ —pdo — ——pdo.
a0, ov 8(N\Q.) ov
Let v be exterior to £2,, and let
Zu,int d:‘?f Zulﬂ\ﬂu
(2.12) Fuest 2%|q, -

Then (2.11) implies that

8Zu,int azu,ezt
(2.13) /P g(pddz/r ( " oy >god0, Yo € CH(Q).

So,
(2.14) g=

3zu,int 3zu,ea:t
v v
We observe that (2.14) always holds for the solution of (2.3).
Now, if 2*|p, = 0, then 2%|g\q, =0, so that L 0, and then

onl',.

ov
azu,ext
(2.15) g=-——p,—on |
i.e.,
(2.16) g =1V (z%|a,)| on Ty,
i.e., (1.8) holds. O

Lemma 2.2 motivates the following

Definition 2.1 u* € U is said to solve the relaxed shape optimization problem
if the corresponding 2% defined by (2.3), is such that

1
(2.17) P(u) = = / (2*)%do

2 Jr,
is minimized, i.e., that there exists an u* € U such that
(2.18) d(u*) = min P(u).



Of course, an exact control is a minimizer, i.e., a solution of (2.18). On the
other hand, a solution of (2.18) is an exact control provided an exact control
exists.

We do not consider the exact controllability. Rather, we shall study the
relaxed problem introduced in Definition 2.1.

3 The State Equation

It will be convenient to state the regularity theorem for the general boundary
value. So let ¥ be a given function on 2 such that z* = 1) on 9,2 C IN. We
assume that the boundary and ¢ are sufficiently regular (see [12] for details;
also we shall give some details in the case of the boundary and boundary values
in our case). For any z € H'(2), we define ||z|| L (50, as

(3.1) 2]l oo (o) = inf {m > 0; —m < 2 < mon 8Q in H' ()},

where inequalities in H!(f2) are defined in e.g. [9]. Also, we define

def
(3.2) W2 01 10e(®) S NesoW29(QN {y > €}).
We have

Theorem 3.1 For any u € U the state equation (2.3) has a unique weak solu-
tion. Let q be such that 2 < q < co. If g € WH9(Q) then

(3.3) 2 e WH(Q)NC®(Q\Ty),

and the apriori estimate

(384)  [I2%lwracey < c(1+ llullcor-1,1) (lgllwrey + ¥ llwrag) -
holds. If in addition q > 2 then also

(35)  [l2*llpee(ny < e (1+ llullcon(~1,1)) (lgllwrac@) + 19l Lo (a0)) -
Moreover, if g € W%9(Q), and (1.7) holds, then (see (2.12))

(3.6) 20 e WHQ,), 24 e Wi 1 (2\ D).

and the apriori estimates

(3.7 2% lwa.aa.) < e (lullas-1,1), lglw2e @y [¥lwzay) »
and

12" lwze@\0un{y>ey) <
(3.8) < c(e llullms=1,1), lgllwzay, ¥ llwaaa)) -
hold.



Proof: Since &, € H™ () existence and uniqueness of a weak solution
2% of (2.3) is trivial. Also, since 2* is harmonic in Q \ 'y, it follows that
2% € C*(Q\Ty). Few words are needed here due to the presence of corners
in Q. To prove regularity of 2* in the neighborhood of corners, say in the
neighborhood of (—a,0), one can extend 2* in {x < —a,0 < y < 2} as z* by
the formula

~ def [ 2%(—-2a—1z,y) ifr<-—a
(39) S = { AT RIS
Then since 2% is continuous on {z = —a} and 2% = 0 on {z = —a}, it is
elementary to show that z* is harmonic across {x = —a}. Indeed, let B,(A4) =

B1U(B,(A)N{z = —a})UB, C {0 < y < 2} be a ball centered at A € {x = —a}
with radius p. Here, By = B,(A) N {z > —a} and By = B,(A) N {z < —a}.

Then,
/ ;EAQO:/ ;aAcpﬂ-/ 24Ap =
Bp(A) B, B2

(3.10) / [_901;6 + (P;Ha: + ‘Pa:;; - (p:’;;x] dy =0,
{z=—a}NB,(A)

for all ¢ € C§°(B,(A)), so that 2% is harmonic across {x = —a} as clamed.

Henceforth 2% is as regular in the neighborhood of (—a,0) as the (extended)

boundary data is. In particular, in our case 1 = 0 there, so that (3.3) follows.
Set

(3.11) p=19—2z"
n (2.7). It easily follows

/|V2“|2:/ g(z/)—z“)do—/Vz”-Vzp
Q Ty Q

<(f#w) |(Low) s (f v ]
(3.12) + /sz“ -w)’.

Now since 2% = (2* — %) + %, using Poincaré inequality, we have

2Ny < e (IVE* = D)l + 190 m1@)
(3.13) < c(IV2*|l2) + 191l a1 (e))

Combining (3.12,3.13) we get

24310y < e (1 + llullgon=1,n) [lallar @ (1¥la @) + 1241 m1e))]
(3.14) +ell 2l ¥l oy + i lFn -



In (3.14) the inequality follows from the proof of the Trace Theorem (see e.g.
[10], or [5]). Indeed, one can see ([5], p. 132) that for 1 < g < co one has

1
2z
(3.15) 120 oy < € (1 lulZoa 1) 121

which implies

1
(3.16) 2%l Laqra) < € (14 lullgon—1,1)) * I2%lwragy,

From (3.14) we easily conclude that (3.4) holds for ¢ = 2.

Proceeding, (we assume é + % =1)

[€u(©)] < llgllLaeillelLe r,y

1 1
<c(1+ ulleor-1,1) ® llgllwre@) (1 + llullcon1,19) ¥ lellwre g
(3.17) = c(1+ flulleos(-1,1) llgllwr.a@ lellwra @)

So, &, € (Wl’q’(ﬂ)> ) (here X* represents the dual space of the space X) and
(3.18) 6ull (waryy < e (1 llulloor-1,n) lgllwracay.

We know (see e.g. [1]) that £ has a representation

(319) €)= [ oo+ fipe+ gy

for some f; € LY(R),7=0,1,2, and

2
(3'20) ||€u||(w1,q'(g))' = ZO ”fi”Lq(Q)-

Now from elliptic regularity (see [12], p. 179) we have

2
(8.21)  [[2¥|lwre) < ¢ (Z I fill Loy + 1¥llwra(e) + “ZullHl(Q)) .

i=0

From (3.18,3.20,3.21) and since we already proved (3.4) in the case ¢ = 2, we
conclude that (3.4) holds.

To prove (3.5), we recall (see e.g. (12] p. 103) that if ¢ > 2 and if 2* <0 on
9o in the sense of H(Q), then

2
(322) ess Slgl)p ¥ <c (Z “fi”Lq(Q) + qu”L2(Q)) .

1=0



Hence,

esssup (2" = 12"l Lo agy) <

2
(3.23) <c (Z I fillLagay + 1%l L2q) + llzulle(an)> )

1=0

and similarly for —2* + ||2*|| e (9. This easily implies (3.5).

Now, we shall consider further regularity of z%|q, and 2z%|g\q,. Since the
singular set is on I',,, we expect higher regularity in the tangential direction.
To prove that this is the case we flatten the I',, first, since then it is easier to
differentiate.

Define v, § and ¢ by

(3.24) v(z,y) = 2%(z,y + u(x)),
(3.25) i(z,y) = g(z,y + u(z))V/1+ u?(z),
(3.26) P(z,y) = p(z,y + u(x))

and operator L by
(3.27) Lv=Av+ 'vyy(ux)Q — 0gyUy — Vyligy.
Of course, L is uniformly elliptic, since the matrix
(3.28) li;] = [ _1 e ]
uy 14ug
is positive definite. Indeed,
(3.29) L€ = (€1 — uza)” + €3

So, if ¢ is such that |uy| < ¢, then if || < 515|£1| then
1
(3.30) (6 —wb)” > €.
On the other hand if |£3] > 5[] then
1
(3.31) & > &0

So, it is easy to see that if we take & = min (i, 3%5) then

(3.32) lij&i€5 > ol
Let, also, =, be the map with the image Q given by the formula
(3.33) Eu(z,y) = (z,y + u(2)).



Then,
(3.34) Az¥0E, = Lv,

and since |detDZ,| = 1 (here D=, is the gradient matrix of the map Z, so that
|det DE,,| is the Jacobian)

(3.35) (Lo)(@) = (Az¥)(¢).

Hence
(Lo)(@) = /F gpio
- / o, (@), u(z) VI T wh(@)de

(3.36) - / Gpde % &),
{y=0}

So, _

(3.37) Lv=¢

in the sense of distributions. Since the singular set is now on {y = 0}, we
expect higher regularity in z-direction. To prove that, we want to differentiate
(or more precisely, difference) equation (3.37) with respect to z. Somewhat
more precisely, define the standard difference operator (in the z-direction) 6} as

1

Then from (3.37) we get
(3.39) (Lv) (814) = € (8149) -
We shall discuss in some details only the right-hand side. We have

E6Lo) = [ astups

{y=0}
(3.40) [ @a)ete— [ g,
{y=0}

{y=0}
as h — 0. We conclude that

(3.41) (Lv)=(®) = &:(p),

and hence _

(342) Liv, = €a; - 'Uyy2uxuza: + VylUggy,
where

(3.43) Liw = Aw + (ug) 2wy — 2ugwey — Bugzwy,

10



and where
(3.44) @Y [ g
{y=0}

We observe that the differencing performed above is legitimate, since

(3.45) €r — gy Qiatigy + Uy sy € (Wl,q,) |

Indeed, g € W29(Q), and also observe that uze; € L2, and that L2 — (W19 "

Also, since L; has the same principal part as L, L; is uniformly elliptic, as well.
Now we can conclude from (3.42,3.45) that

(3.46) v, € Whe,
This implies, by the Trace Theorem, that v;|(y—o} € Wl_%’q, so that
(3.47) ’Ul{yzg} € WQ_%’q.

We observe that because of (1.1,1.7), the preceding analysis is true also in the
{y > 0}-neighborhood of (the pre-image of) (+1,0), so that (3.47) holds up to
the initial and terminal points of (the pre-image of) I',,. Elliptic regularity then
yields

(3.48) v|(y>0y € WO

Unfortunately, we can not claim the same global result for v|{,<o} because of
the nonsmoothness of (2 \ €,), i.e., we have to localize in {y > 0}. This
concludes the proof of (3.6). Now, regarding estimates (3.7,3.8) we have

2 lwaa@u) < e (lullas-1,n) Ivlw2o0llwae(z;1 @.)

(3.49) < c(lullaz=1,1), lgllw2aay, 1¥llwza@)

and similarly (after localization in {y > 0}) for 2% which completes the proof
of the Theorem. O

Corollary 3.1 If g € W29(Q) for some q > 2, and if (1.7) holds, then 2* €

{g}1>0}—loc(Q) and the following apriori estimate holds

(3.50)  2*llcon@ngysen < (& llullas=1,1), lgllw2a), 1¥llwzaq)) »
for any € > 0.

Proof: From (3.7,3.8) and by the Imbedding theorem (see e.g. [7]), we
have

||Z"'ezt||cl(m) + ||Zu’mt||cn(mn{y20}) <
(3.51) <c (e lullas-1,1, lgllwaa@), 1¥lwzag)) -
This implies (3.50). o

11



Corollary 3.2 If g € W29(Q) for some q > 2, and if (1.7) holds, then
(3.52) Zhint e 0173 (Ty),

and the following apriori estimate

(353) Izl jou- te) S < c(llullaa-1,1, lglwzay, 1¥llwzac)

holds.

The interest in this Corollary is due to the lack of (2 \ ,)-global regularity of
z¥.
Proof: Let 7 and v be unit tangent and unit normal to I',. More precisely,

set

1 I
(3.54) TS (L),
and 1
(3.55) V= (v, —1).

Vit a?

It is elementary to compute that then

!
(356) zu,znt — u,int u,int

v Vitu? T 1t u? Y

But since, by Theorem 3.1 2%t = z%¢%t and (also, by Lemma 2.2) z%" =
g+ 2% on Iy, we have

u ,ext

u,int
357) 2

= (G o)

The Corollary follows due to the Q,,-global regularity of z*:¢**, and by the Imbed-
ding theorem. Indeed,

Ty

”zu znt” 01 2 uea:t [g+zu e:ct]

()
< cllullus-1n [uzm‘n oy 9o |

< C||u||H3(—1,1) [||Z"'m||w2-q(nu) + ||9||w1-q(nu)]
(3.58) < c(llullas-1,1, lgllw2ag, [$llwaa@) -

12



4 Existence of a Minimizer

In order to claim existence of a minimizer, i.e., existence of a solution of the
relaxed problem, one needs compactness. One way of introducing compactness
would be to bound the set of admissible controls to

(4.1) Up = {u € Us|lullga(-1,1) < b}
where b is some prescribed (large) positive constant.

Proposition 4.1 Let g € WY9(Q), for some q > 2. Then, there ezists an
u* € Uy such that

(4.2) d(u*) = 5215}, D(u).

Proof: Let (un)n=1,2,.. C Up be a minimizing sequence. By Theorem 1.
we know that

(4.3) 2% 1) + 12" ooy < e

By taking subsequences, if necessary, we can assume without loss of generality
that there exist u* € Uy and 2* € H!(Q) such that

(4.4) u" — u* in H3(-1,1)
(4.5) 2% — 2* weakly in H!(2)
(4.6) 2% — 2" in C°(Q).

Recall that

(4.7) - / V¥ . Vo :/ gpdo
Q Fu,,

for all ¢ € H'(Q) such that |(,—0} = ¢l(y=2} = 0. If, in addition, ¢ € C(Q)
then it is easy to see that

(4.8) lim g<pdo:/ gpdo.
n—oo Jp, Lo

Hence, for such ¢ we can pass n — oo in (4.7) to conclude

(4.9) - / Vz* -V :/ gpdo
Q s

for any ¢ € C1(Q) such that ¢|(,—0} = ¢|{y=2} = 0. But then, by the density,
(4.9) holds for all ¢ € H(Q) such that ¢|(,—0} = @|(y=2; = 0. We conclude,
by uniqueness, that

(4.10) 2f=2".

Now since .

(4.11) O(u,) = —/ (z%")%do
2Jr



(4.4,4.6) imply that

(4.12) lim ®(u,) = ®(u").
This completes the proof of the Proposition. a

5 Differentiability Properties of the Variational
Functional

Our goal is to derive information about the multivalued generalized gradient of
®. To make our results more precise we shall introduce several definitions.
Let @ be a real-valued function on the subset U of the Banach space X.

Definition 5.1 ® is said to be directionally differentiable at w € U if the limit

. P(u+t ) — P(u)
(5.1) l/\l{g 3

exists for any v € X such that u+ dv € U, for small enough A\ > 0. If that is

the case, then the limit in (5.1) is called directional derivative and it is denoted
by ®'(u;v).

Definition 5.2 ® is said to be subdifferentiable at u, if there exists an f € X*
such that
(5.2) P'(u;v) > f(v)

for every v € X such that u + Av € U, for small enough A > 0. Set of all such
f’s is called subdifferential, and it is denoted by 0, P(u).

Definition 5.3 ® is said to be superdifferentiable at u, if there exists an f € X*
such that
(5.3) ®'(u;v) < f(v)

for every v € X such that u + Av € U, for small enough A > 0. Set of all such
f’s is called superdifferential, and it is denoted by 0* P (u).

If ® is both sub- and superdifferentiable at « € int(U), and moreover 9, ®(u) N
0*®(u) # P, then 9, P(u)NI*P(u) is a singleton and P is Gateaux differentiable.
We go back now to our problem. Of course, X = H3(~1,1), U is defined in
(1.1).
Proceeding, define the adjoint variable p*, as a solution of the (adjoint)
equation

Ap* =1, inQ
p* =0in {(z,0); —a <z <a}U{(z,2); —a < z < a}
(5.4) Pz = 0in {(£a,y);0 <y <2}

14



where 7, € H-1(Q) is a (signed) measure given by
(5.5) Mu(p) = /F z%pdo.

Obviously, (5.4) is the same type of equation as (2.3).

In this section, as before, 2"t = 2%|q and %™ = 2%|g\q; also, below
we shall use the notation p*** = p*|q, and p“*™ = p*|g\q,. That is essential
in this calculation, since 2* and p* are not differentiable across the T',,.

Lemma 5.1 Let g € W29(Q), for some q > 2. Then

_ 2 _
(5.6) et € WR(Q,), p“it e WeL oy —te(\ ).
and the apriori estimates
(5.7) lp**** lwaa(a.) < c(lullms-1,1), lgllwza) [¥llw2a@)) »
and
P ™ lwz.a(2u)n{y>e}) <
(5.8) < c(e lullus-1,1): lgllw2a@), 1¥llw2eq)) -
hold.

Proof: Comparing (2.3) and (5.4) we see that the only difference is in
right-hand sides. Namely, in (5.5), 2* € W29(Q). Nevertheless, for example,
2wert ¢ W24(Q,), and since 7, depends on z* only through the trace on Iy,
and since 2* and z*®*! have same traces on I', we easily conclude the proof of
the Lemma. ]

We shall use the usual notation: v* vI{v>0}, and v— & —vl{y<0}. So,
v=ovt —v".

Now we are ready to state the following

Theorem 5.1 Let g € W29(Q), for some ¢ > 2. Then ® is directionally
differentiable at any v € U such that u(z) > 0 for -1 <z < 1, and

@' (u;v) =

1
U’U
— Zu(zu,e:ct,v+ uznt ~) 1+u,2+(zu)2 ) T
[, (e v Vra?

Iv/

5.9 werty ot — (gp* ™), v ) do + ez

Moreover, if

(510) Zuzu znt+ (gpu znt) < 2%z uea:t+(gpu e:ct) a.e. in(—l,l),
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then ® is subdifferentiable at v and

0,9(u) =
[(z" wint 4 (gp®int) ) /1 + w2, (242" + (gp™*™")y) \/m]
(T 7 o)

def

(5.11) o 10, ®(w), rd,®(w)] € L®(~1,1).

On the other hand, if
(5.12) 2%z int (gp™ mt) > 2"z et (gp“’“t)y a.e. in(-1,1),
then ® is superdifferentiable at u and

" ®(u) =

— [(zu(z;;,e:ct ue:z:t m (ZU(zutnt_'_(gpu‘mt) )\/—_—

_ u U 2
(o )
(5.13) 4 18* ®(w), rd* ®(w)] € L®(~1

Proof: We attempt to differentiate ®. To this end, for given w € U and a
suitable direction v € H3(—1,1) (suitable in a sense that  + Av € U for small
enough A > 0) we try to compute the (one sided) directional derivative ®'(u;v).
Using the regularity result (Theorem 3.1, and Corollary 3.2), we compute
D(u + M) — P(u)

1o o
<I>(u,v)41/\1{rol

A
llm—l— ( / (24224 _ / (z“)Qda)
20 2 wtAv |

1 1!
_ P zu,ea:tv+ utnt — l+'u/2+ P 2 uv )d$+
| (e ) v

(5.14) +lx%l%/ (2222 = (2%)?) do,

Before proceeding with the proof, we shall need the following Lemma (more
precisely, its Corollary).

Lemma 5.2 Under previous assumptions on u, and v, and for any a < 1 the
following estimate holds

(5.15) 2442 = 2%l go(qy < A,
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Proof: We need to compare z“t*¥ and 2*. This is difficult to do in the
original domain Q since (singular) right hand sides of the equations that they
satisfy act on disjoint sets, so that there is no obvious cancelation. So, the idea
of the proof is to map the original domain into different domains in such a way
that the cancelation does take place.

Let, as before, Z, be the map with the image  given by the formula

(5.16) Eu(z,9) = (2,9 + u(z)).
Then
(5.17) E, (x,y) = (z,y — u(x)),

and (set A = (z,y))

(5.18) dist (271, (A) —E.1(A)) < e

u+)\v

Now consider 2%t*¥ and 3* defined as
SutA o=
zu-{» v = zu+ Yo Su4Avy

(5.19) 74 = 2% 0 E,.

Then z“+*v — 3 satisfies the equation

(5.20) A (24T = 5%) =4, In ], () NEH(Q),
where
(5.21) yp) E / (G1 — Gs) pda
{y=0}
and where

Gi(w,y) = g(z,y +u(@) + Xo(2) V1+( U’(x) +W'(2))?,

(5.22) Galz,y) < glz,y +u(z))y/T+ (w/(2))2.
Observe that

(5.23) ||G1 — G2“leq(E:+/\u(Q)ﬁE,:l(Q)) < e

Now since

(5.24) dist (9 (Z,1,,(2)),0 (E41 (D)) < e

u+Av

and because of the Holder continuity of z and 2%, we conclude that

(5.25) 24 — Eu”co(a(a‘jih(ﬂ)ns.:‘(Q)))

< e\
Then (3.5,5.23,5.25) imply that

(5.26) [ERa E“IICO( ) < et

E 0, (N2 ()
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Then we have (set A = (z,y))

Il

|zu+)\v u(A)l
= [ (21 (4) - 2 (~ (4))]

< [EY (Eriae() - 24 (E.45.(4))]

2" (Euian(4) - 2* (5.1 (4)]

(5.27) A% + A% = %,

RIN + IA

In (5.27) we also used Holder continuity of 2*. This completes the proof of the
Lemma. ]

Corollary 5.1

1 2
e ut+dv _ _u _
(5.28) lﬁg 3 o (2 z*)"do = 0.

Proof: Take o > -% in the Lemma. Then

“zu-}—Av _

2
u -
(5.29) oo <M, B=2a—1>0.

A

O

Now, we can proceed with the proof of the Theorem. We compute the last
term in (5.14).

hm'ﬁ/ ( u+Au —(zu)Q)dO'

Al0
1 2
— lim — u-l—)\v_ u\,u - ut+Av _ L u
_1,\1113/\ r‘u(z )z dU—H)TolQ)\/ (2 z*)" do
wllm1 ( A _ 2 2tdo
A0 A
- _ u+)\v_ u
lii%‘x/vp )
‘llml / ”do—/ “do
A0 A uHUQP P,,gp
1,7

1
5.30) = / u,ert + _ u,int v ) do + gpu uv dr

( ) ) ((QP Jyv (9p )y ) 1 Vitu?

Now from (5.14,5.30) we conclude that & is directionally differentiable, and that
(5.9) holds. Furthermore, if (5.10) holds, then

@ (usv) =
= [ (e st TR ) de
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1 1,1

u,exr u,in - U uv
+/ ((gp™ =" )yv™ — (gp™*™)yv )d0+/ gp" ——=da
. -1 14w
1 o 9 4
5.31 > T — | —— ((2*)* + gp* d
( ) Z /_1 (m (( ) ap )) vax
for all
Te [(zuz;,int + (gpu,int)y) \/1_'_7’
(5.32) (2420t 4 (gp“™),) V1 + u’2] .
This proves that ¢ is subdifferentiable at » and that (5.11) holds. Similarly,
one can consider superdifferentiability of ®. So, the Theorem follows. O

6 Concluding Remarks

The above suggests the numerical algorithm (the steepest descent method) for
minimization of ®, i.e., for the numerical solution of the relaxed shape opti-
mization problem:

Choose ug € U. If u,, € U is already known, then u,, is determined by:

e compute 2% as a solution of (2.3);

e compute p¥r as a solution of (5.4);

e if (5.10) holds, compute an u,; such that

(6.1) Unt1 € (Un — pn AT (0:®(un))) NU, p, >0,
and if (5.12) holds, compute an u,; such that
(6.2) Unt1 € (Un — pr A7 (8°®(un))) N U, pn > 0.

Here, A is the isomorphism between H3(—1,1) and its dual. So we see that it
would be much better to work on H}(—1,1) instead, since then A would be a
second order operator —di:; instead of the sixth order operator.

If neither (5.10) nor (5.12) holds, i.e., if ® is neither convex nor concave
at the point uy, then it is more delicate to determine the steep(est) descent
direction.

The actual choice of u,, in (6.1) or (6.2) is an interesting question. Somewhat
formal considerations suggest that the following rules should be adopted:

o if (5.10) holds and 9,®(u,) > 0 a.e. in (—1,1), then

(6.3) Unt1 = Un — pn A7 (10:D(un)), pp > 0;
e if (5.10) holds and 9,®(u,) <0 a.e. in (—1,1), then

(6.4) Uni1 = Un — pn AT (10, ®(un)), pn > 0;
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¢ if (5.12) holds and 0*®(u,) > 0 a.e. in (—1,1), then
(6.5) Unt1 = tUn — pn AT (18" B(un)), pp > 0;

o if (5.12) holds and 9*®(u,,) <0 a.e. in (—1,1), then
(6.6) Unt1 = Un — pn A7 (10" ®(uy)), pn > 0.

One can show that if u is a local minimizer for ® then (5.10) does hold. Also,
we observe that in terms of Clarke’s nonsmooth analysis (5.32) implies that (if
(5.10) holds)

(6.7) 0P(u) D 9.P(u)

where 0® is the generalized gradient of & (observe that ® is nonsmooth, i.e.,
0% is multivalued).

Finally, we note that the method introduced here is an unexpected follow-up
of the research in the completely different context (electrophotography, see [4];
see also [8]). The difference is that in [4], instead of (2.3), the state equation is
(up to nonessential details)

Az* =1Ip, inQ

=0in {(z,0); —a <z < a}
2*=1lin{(z,1);-a <z < a}

(6.8) 2% =0in {(£e,y);0 <y < 1}

where D, is the set enclosed by I',,, and the functional to minimize is, instead
of (2.17),

(6.9) V(u) = %/F <%’;>2da.

Observe that in (2.3) the right hand side, i.e., the measure &, is, essentially,
“derivative” of Ip_, the right hand side in (6.8). On the other hand in (6.9), 2
is under derivative. So, in the final balance those two problems have the same
level of smoothness (which happens to be a kind of Lipschitz continuity), and
hence, the analogous general ideas apply.
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