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Abstract

The dramatic proliferation of omics data in biomedical research has allowed in-
creasingly comprehensive investigations spanning multiple distinct sample sets (called
multi-cohort data, e.g., patients of di erent cancer types) and multiple molecular facets
(called multi-view data, e.g., gene expression, proteomics, and clinical records for the
same patients). Statistical approaches that combine multiple datasets are more power-
ful, e cient, and informative than separate analyses. We develop several novel methods
to analyze multi-view multi-cohort data by modeling their complex relationships and
uncovering their complex structures. These methods will facilitate more accurate pre-
diction, classi cation and missing data imputation and address new scienti ¢ questions.

In the rst project, we propose Deep IDA (Integrative Discriminant Analysis), a deep
learning method to learn nonlinear projections of two or more views that maximally
associate the views and separate the classes in each view. We consider a homogeneous
ensemble approach for feature ranking in order to identify variables from each view that
contribute most to the association of the views and the separation of the classes within
each view, resulting in interpretable ndings. Through our framework, we identify
signatures that better discriminate COVID-19 patient groups, and relate to neurological
conditions, cancer, and metabolic diseases, corroborating current research ndings and
heightening the need to study the post sequelae e ects of COVID-19 to devise e ective
treatments and to improve patient care.

In the second project, to address variation architectures correctly and comprehen-
sively for high-dimensional data across multiple sample sets (i.e., cohorts), we propose
multiple augmented reduced rank regression (maRRR), a exible matrix regression and
factorization method to concurrently learn both covariate-driven and auxiliary struc-
tured variation.

In the third project, we propose the Bi-dimensional Augmented Reduced Rank Re-
gression (haRRR) method, as an extension to maRRR in the second project. This inno-
vative approach is tailored to model mulyi covariate-related and unrelated e ects concur-
rently, capturing diverse e ect levels | global, partially-shared, and individual ] across
both cohorts (i.e. groups) and views (i.e. sources, modalities).



We apply maRRR to gene expression data from multiple cancer types (i.e., pan-
cancer) from TCGA, with somatic mutations as covariates. Similarly, we apply baRRR
to pan-cancer and furthermore pan-omics (MRNA, miRNA, DNA methylation, proteins)
data from TCGA. Both methods perform well with respect to prediction and imputation
of held-out data, and provide new insights into mutation-driven and auxiliary variation
that is shared or speci ¢ to certain cancer types and/or molecular modalities.
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Chapter 1

Introduction

Here, we provide a general introduction to the main themes addressed in this dissertation
and their underlying motivations. For a more detailed literature review on related work
for each project, please refer to Section 2.1, Section 3.1 and Section 4.1.

Conventionally, statistical and machine learning methods are designed for single
datasets. However, recent advances in data collection technology have led to an ex-
plosion of data. For the same subjects or individuals, data from di erent sources are
collected as multiple distinct feature sets, known as multi-view data. Similarly, for
the same set of features, data are collected from di erent groups of people as multiple
distinct subject sets, referred to as multi-cohort data.

More complex datasets come with more challenges to extract the main informa-
tion. Many diseases are complex conditions that a ect multiple organs in the body and
depend on the interplay between various molecular and environmental factors. Addi-
tionally, many diseases are heterogeneous, exhibiting di erent severity levels in di erent
groups of people. To fully understand the complexity and heterogeneity of such con-
ditions, a holistic approach is required, incorporating data from multiple cohorts and
multiple views. My dissertation is motivated by studies utilizing multi-view multi-cohort
data. Comprehensive statistical integrative analyses of such data provides opportunities
to uncover unknown relationships across distinct views and cohorts. For example, we
can gain thorough insights into di erent cancer types, molecular levels, and gene expres-
sions. These discoveries may improve diagnosis, guide prognosis, and direct therapeutic
strategies for various cancer types and other diseases based on patients' genetic and
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omic data (\omics" refers to high-throughput measurements of biological molecules).

Traditional statistical or machine learning methods analyze multi-view/multi-cohort
data in two ways: either by modeling each data source separately or by combining all
data into one joint model. Both approaches have drawbacks, as the relevant signal
in the data is neither fully concordant nor fully distinct across di erent views and co-
horts. These types of analyses cannot answer scienti ¢ questions posed by many modern
biomedical applications, which are addressed by the innovative models in my disserta-
tion. For instance: 1) How can proteins, genes, and metabolomics mutually a ect an
individual's COVID-19 severity? 2) To what extent are relationships between genomic
and other molecular modalities shared across di erent tumor types? Existing methods
that integrate information from multiple datasets may be used to answer these ques-
tions. However, signi cant challenges arise as modern technologies and study designs
produce more complex data. Current methods often fall short due to the intricacy of
relations among di erent views/cohorts and additional information introduced by char-
acteristics that strongly predict results of interest (e.g., the presence of a certain gene
indicating a higher likelihood of one cancer).

The overarching goal of my dissertation is to develop and implement new methods
for the integrative analysis of data across multiple sample cohorts and multiple data
sources, which can readily incorporate such additional information and sophisticated
nonlinearity. This requires substantial innovation, as multi-cohort multi-view analyses
are not generally covered by existing methods or straightforward extensions thereof. My
dissertation, motivated by these challenges in current statistical analyses, is composed
of three methodological projects.

1.1 Datatypes and Applications

The newly proposed statistical and machine learning methods are general and not con-
strained to any particular type of data. However, the research is primarily motivated
by the analysis of high-dimensional biological datatypes described below.

1. Gene expressions (MRNA, i.e. messenger ribonucleic acid): The mRNA is a form
of nucleic acid, which helps the human genome which is coded in DNA to be
read by the cellular machinery. Gene expression data quanti es the levels of
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MRNA in a sample, re ecting the active transcription of genes. This data provides
insights into which genes are being expressed under speci ¢ conditions, aiding in
the understanding of gene function and regulation.

2. miRNA(micro ribonucleic acid): It quanti es the levels of microRNAs, which are
small non-coding RNAs that play critical roles in regulating gene expression post-
transcriptionally. By analyzing miRNA pro les, this data helps to understand
their involvement in various biological processes and diseases, including cancer.

3. RNA-sequencing data: It captures the entire transcriptome, including mRNA,
rRNA, tRNA, and various non-coding RNAs. This high-throughput sequencing
method allows for comprehensive analysis of gene expression, alternative splicing
events, and novel transcript discovery, o ering a detailed view of the molecular
activity within cells.

4. Proteomics: It involves the large-scale study of proteins. Its expression levels
help to elucidate the functional aspects of the genome and the dynamic processes
occurring within cells.

5. Metabolomics: It focuses on the comprehensive analysis of metabolites, which are
the small molecules involved in metabolic processes. It provides a snapshot of the
metabolic state of a cell or organism, o ering insights into biochemical activities
and pathways a ected by disease or treatment.

6. DNA methylation: It measures the addition of methyl groups to the DNA molecule.
This epigenetic modi cation can regulate gene expression without altering the
DNA sequence, providing insights into gene regulation mechanisms and their im-
plications in diseases such as cancer.

My research is motivated by several biological real-world applications involving the
datasets above, as described below.
1.1.1 Covid-19 multi-omics data

Research suggests that patients with and without severe COVID-19 have di erent ge-
netic, pathological, and clinical signatures [1], emphasizing the need to use multiple
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sources of data or views to better understand the individual response to the disease.
In this study we want to classify parents’ COVID-19 severity outcome (positive and in
ICU, positive but not in ICU, negative but in ICU, negative and not in ICU), based

on their various covariates from three views, i.e. RNA sequencing, metabolomics and
proteomics data. The molecular and clinical data we used are described in [1]. BrieYy,
blood samples from 128 patients admitted to the Albany Medical Center, NY from 6
April 2020 to 1 May 2020 for moderate to severe respiratory issues collected. These
samples were quanti ed for metabolomics, RNA-seq, proteomics,and lipidomics data.
In addition to the molecular data, various demographic and clinical data were obtained
at the time of enrollment. For eligibility, subjects had to be at least 18 years and admit-
ted to the hospital for COVID-19-like symptoms. Of those eligible, 102 had COVID-19,
and 26 were without COVID-19. Of those with COVID-19, 51 were admitted to the
Intensive Care Unit (ICU) and 51 were not admitted to the ICU (i.e., Non-ICU). Of
those without COVID-19, 10 were Non-ICU patients and 16 were ICU patients.

Our goal is to elucidate the molecular architecture of COVID-19 severity by iden-
tifying molecular signatures that are associated with each other and have potential to
discriminate patients with and without COVID-19 who were or were not admitted to
the ICU.

1.1.2 TCGA Pan-Cancer tumor mRNA data

To illustrate how to horizontally integrate multi-cohort data, we consider gene expres-
sion data from the TCGA Pan-Cancer Project [2], speci cally for 6581 tumor samples
from 30 cohorts (cancer types). Detecting signals across cohorts on multiple genomic
levels is of interest [3]. In statistics, an outcome refers to a possible result of an ac-
tivity or event while a covariate refers to a variable that is expected to change with
the outcome. For instance, DNA contains information to make proteins and proteins
control cell functions like growth. An alteration in DNA, de ned as a somatic muta-
tion, prevents genes from expressing properly, which may cause cancer. We consider the
expression levels of 1000 genes that have the highest standard deviation after centering
as outcomes and 50 somatic mutations as covariates.

Our goal is to uncover the most dominant shared cohort e ects among di erent
cancer types and identify the origin of these signals. For example, determining which



somatic mutations can explain the major variation of a certain cohort e ect.

1.1.3 TCGA Pan-Cancer Pan-Omics data

In this example, we further extend the pan-cancer analysis to pan-omics data from the
TCGA, incorporating multiple molecular modalities, such as mRNA, miRNA, DNA
methylation, and protein data, across various cancer types. This comprehensive dataset
allows us to explore the complex interactions and shared variations among di erent
molecular levels and cancer types, providing a richer understanding of the underlying
biological mechanisms.

Our goal is to identify the most important shared structures across di erent cancer
types and omics modalities. We aim to understand how mutation e ects and cohort
e ects are associated with accurate prediction.

1.2 Structure of the Dissertation

To address the limitations of existing integrative analysis methods, we developed three
machine learning and statistical models.

In Chapter 2, we propose Deep Integrative Discriminant Analysis (IDA), a deep
learning method to learn complex nonlinear transformations of two or more views such
that resulting projections have maximum association and maximum separation. Fur-
ther, we propose a feature ranking approach based on ensemble learning for interpretable
results. We test Deep IDA on both simulated data and two large real-world datasets, in-
cluding RNA sequencing, metabolomics, and proteomics data pertaining to COVID-19
severity. We identi ed signatures that better discriminated COVID-19 patient groups,
and related to neurological conditions, cancer, and metabolic diseases, corroborating
current research ndings and heightening the need to study the post sequelae e ects of
COVID-19 to devise e ective treatments and to improve patient care.

In Chapter 3, we propose multiple augmented reduced rank regression (maRRR), a
exible matrix regression and factorization method to concurrently learn both covariate-
driven and auxiliary structured variations. We consider a structured nuclear norm objec-
tive that is motivated by random matrix theory, in which the regression or factorization
terms may be shared or speci c to any number of cohorts. Our framework subsumes
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several existing methods, such as reduced rank regression and unsupervised multima-
trix factorization approaches, and includes a promising novel approach to regression
and factorization of a single dataset (aRRR) as a special case. Simulations demonstrate
substantial gains in power from combining multiple datasets, and from parsimoniously
accounting for all structured variations. We apply maRRR to gene expression data from
multiple cancer types (ie, pan-cancer) from The Cancer Genome Atlas, with somatic
mutations as covariates. The method performs well with respect to prediction and im-
putation of held-out data, and provides new insights into mutation-driven and auxiliary
variations that are shared or speci ¢ to certain cancer types.

In Chapter 4, as an extension to Chapter 3 in the bi-dimensional integration con-
tent, we introduce the Bi-dimensional Augmented Reduced Rank Regression (haRRR)
method. This innovative approach is tailored to model covariate-related and unrelated
e ects concurrently, capturing diverse e ect levels|global, partially-shared, and indi-
viduallacross both dimensions (views and cohorts). Moreover, multi-view covariates
e ects are adjusted. Extensive simulations and applications in TCGA data of 27 cohorts
and 4 views underscore the advantages of our method with respect to signal recovery,
outcome prediction, and missing data imputation, highlighting its potential as a robust
and adaptable tool for intricate integrative analysis in biomedical research.

In Chapter 5, we brie y conclude this dissertation and provide some insights for
future research.



Chapter 2

Deep IDA: A Deep Learning
Approach for Integrative
Discriminant Analysis of
Multi-omics Data with Feature
Ranking - An Application to
COVID-19 ‘!

2.1 Introduction

Many diseases are complex heterogeneous conditions that a ect multiple organs in the
body and depend on the interplay between several factors that include molecular and
environmental factors. Research studies continue to demonstrate that a better under-
standing of the complexity and heterogeneity in complex diseases requires analytical
approach that goes beyond individual analysis of di erent types of data or views (e.g.

genetics, proteomics, lipidomics). It is also widely recognized that deep learning meth-
ods are exible in learning complex nonlinear relationships in data. However, most

1This project has been published in Bioinformatics Advances, [4].

7
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existing deep learning methods for integrative analysis are limited in their ability to
produce clinically meaningful ndings that shed light on the parthenogenesis of com-
plex diseases. In this chapter, we develop a deep learning method for modeling complex
nonlinear associations and separation in two or more data types while producing clin-
ically meaningful results. In the literature, data from multiple sources are sometimes
termed \views". We use views, data types, and multiple sources interchangeably in this
dissertation.

2.1.1 Motivating Application: A COVID-19 Study

COVID-19 is due to complications from severe acute respiratory syndrome coronavirus
2 (SARS-CoV-2) but the clinical course of the infection varies for each individual. In
particular, research suggests that patients with and without severe COVID-19 have dif-
ferent genetic, pathological, and clinical signatures [5, 1], highlighting the need to use
multiple molecular data to better understand the disease. Our work is motivated by
a study conducted by [1] that used multi-omics data to understand COVID-19 mech-
anisms. Blood samples were collected from 128 patients admitted to Albany Medical
Center, NY from 6 April 2020 to 1 May 2020 for moderate to severe respiratory prob-
lems. These samples were quanti ed for metabolomics, RNA sequencing (RNA-seq),
proteomics, and lipidomics. In addition to molecular data, various demographic and
clinical data were obtained at the time of enrollment. For eligibility, subjects had to be
at least 18 years old and admitted to the hospital for COVID-19-like symptoms. Of the
eligible, 102 had COVID-19 and 26 did not have COVID-19. Of those with COVID-19,
51 were admitted to the Intensive Care Unit (ICU) and 51 were not admitted to the
ICU (i.e., Non-ICU). Of those without COVID-19, 10 were Non-ICU patients and 16
were ICU patients.

In [1], the primary analyses involved separately associating each omics data with
disease severity. Secondary analyses considered pairwise associations of the molecular
data. Their ndings suggest that the severity of COVID-19 could be related to dysreg-
ulation of the lipid transport system. In this chapter, we take a holistic approach to
integrate molecular data and disease severity, de ned in terms of COVID-19 status and
ICU status. In particular, instead of assessing pairwise associations and using unsuper-
vised statistical methods to correlate the di erent views, we aim to model the overall
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dependency structure among the views while simultaneously modeling separation be-
tween the COVID-19 patient groups. Ultimately, our goal is to elucidate the molecular
architecture of COVID-19 by identifying molecular signatures that can discriminate
between patients with and without COVID who were or were not admitted to the ICU.

2.1.2 Existing Methods

Many linear methods have been proposed in the literature that could be used to associate
molecular data. For example, canonical correlation analysis [CCA]Jmethods have been
proposed to learn linear projections of two views that are maximally correlated [6, 7, 8].
CCA with deep neural networks (Deep CCA) [9], and its variations (e.g. [10, 11]), have
been proposed to learn nonlinear projections of two or more views that are maximally
correlated. Refer to [12] for a review of some CCA methods. These association-based
methods are all unsupervised, and they do not use an outcome data (i.e., class labels)
when learning the low-dimensional representations.

Methods have been proposed to learn linear projections of two or more views that
simultaneously maximize association between views and separation between classes in
each view [13, 14]. For example, in [14], a method that combined linear discriminant
analysis (LDA) and CCA was proposed to maximize association of multiple views and
separation of classes in each view. These methods have focused primarily on learning
linear relationships. But the relationships among the multiple views and classes are
oftentimes complex to be understood solely by linear methods. Nonlinear methods such
as deep learning methods, could be used to model complex nonlinear structure among
the views and between a view and the outcome.

Nonlinear methods have also been proposed to jointly multiview data and discrim-
inate between classes (e.g. [15, 16, 17, 18]) . In [15], a deep neural network method,
named MvLDAN, was proposed to learn nonlinear projections of multiple views that
maximally correlate the views and separate the classes in each view but the conver-
gence of MVLDAN is not guaranteed. Importantly, MvVLDAN and similar nonlinear
association-based methods are not capable of ranking or selecting features, impacting
interpretability and clinical applicability. For instance, applying MVvLDAN to our moti-
vating COVID-19 data would constrain our ability to identify key molecules driving the
association between views and separation of the COVID-19 patient groups. Recently,
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a data integration and classi cation method (MOMA) for multiview learning that uses
the attention mechanism for interpretability has been proposed [16]. Of note, the al-
gorithm developed for MOMA is applicable to two views, which is very restrictive, and
cannot be used for our motivating application with three views. In [19], a two-step
approach for feature ranking that is based on a teacher-student (TS) framework was
proposed. The \teacher" step obtains the best low-dimensional representation of the
data using any dimension reduction method (e.g., Deep CCA). The \student" step per-
forms feature ranking based on these low-dimensional representations. In particular, a
single-layer network with sparse weights is trained to reconstruct the low-dimensional
representations obtained from the \teacher" step, and the features are ranked based
on the weights. The TS framework is limited because model training (i.e. identifying
low-dimensional representations of the data) and feature ranking steps are separated,
thus one cannot ensure that the top-ranked features identi ed are meaningful.

2.1.3 Our Approach

Motivated by our goal of elucidating the molecular architecture of COVID-19 severity
through the use of only few multi-omics features, we propose Deep IDA (short for Deep
Integrative Discriminant Analysis) to learn complex nonlinear relationships in these
data. Our work makes several contributions in both methods and applications. First,
the proposed method combines the exibility of deep learning with advantages of CCA
and LDA to simultaneously model complex nonlinear associations between two or more
views and separations between classes in every view. Because we incorporate LDA in
our framework for discrimination, we do not need any further sophisticated methods for
classi cation such as support vector machine, which reduces the level of computational
complexity. Second, since we want to identify molecular features that may shed light
on the pathogenesis of COVID-19, we propose a feature ranking framework based on
resampling techniques to identify features contributing most to the overall association of
the views and the separation of the classes within a view. We emphasize that our feature
ranking framework can be implemented in other classi cation problems. Third, we de-
velop an algorithm that can handle high dimensional problems convergence guaranteed.
Finally, our simulations and real data analyses demonstrate that the performance of the
proposed approach is similar to or better than several existing deep learning methods
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even when the sample size is small relative to the number of variables. Table A.1 in
Appendix A highlights the key features of Deep IDA.

The rest of Chapter 2 is organized as follows. In the Method Section, we introduce
the proposed method and algorithms for implementing the method. In the Results
Section, we use simulations to demonstrate the e ectiveness of Deep IDA where there is
\ground truth". We also showcase the performance of Deep IDA on the motivating data,
under small sample size setting. We include an additional application using MNIST
handwritting data to primarily assess the classi cation performance of the proposed
method without feature ranking, under large sample size setting. Application of our
method to the motivating data will assess classi cation performance of Deep IDA and
also demonstrate that Deep IDA can identify biologically relevant features. We end
with a conclusion remark in the Summary and Conclusion. Due to space constraints,
all proofs, optimization, linear simulations and parts of the real data analysis are given
in Appendix A.

2.2 Method

metabolomics, RNA-seq, lipidomics data). Each view,X 9, has py variables, all mea-
sured on the same set of individuals or units. Suppose that each unit belongs to one of

view, let X be a concatenation of data from each class, i.eX9 = [X{; X4 X &7,
where Xﬂ 2 R™ Pi:k =1::::K and n = P Ezl ng. For the k-th class in the d-th
view, X{ = [x{1;i X0 5 xg, 1T, where xi; 2 RP4 is a column vector denoting the
view d data values for thei-th unit in the k-th class. Given the views and data on class
membership, we wish to explore the association among the views and the separation
of the classes simultaneously, and also to predict the class membership of a new unit
using the unit's data from all views or from some of the views. Additionally, we wish to
identify features that contribute most to the overall association among the views and
the separation of classes within each view. Recently, [14] proposed sparse integrative
discriminant analysis (SIDA), a joint method that combines the integration step with
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the separation step. They showed that this joint method often leads to better classi -
cation accuracy compared to two-step methods: association followed by classi cation.
We brie y describe this method in Appendix A as it is relevant to the principles we
propose here.

Figure 2.1: The framework of Deep IDA. Classes are represented by shapes and views
are represented by colors. The deep neural networks (DNN) are used to learn nonlinear
transformations of the D views, the outputs of the DNN for the views (f 9) are used as

that maximally correlate the nonlinearly transformed views and separate the classes
within each view.

2.2.1 Deep Integrative Discriminant Analysis (Deep IDA)

We extend the joint association and classi cation linear method in [14] to learn nonlinear
relationships between two or more views and between a view and a binary or multi-class
outcome. We follow notations in [9] to de ne our deep learning network. Assume that

number of layers), and each layer hagd, nodes, form=1;:::;M 1. Let 01;00; 25 0p
be the dimensions of the nal(M th) layer for the D views. Lethd = s(W x9+b¢d) 2 R

be the output of the rst layer for view d. Here, x9 is a lengthp? vector representing
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arowin X4, w2 RS P js a matrix of weights for view d, bd 2 R is a vector of
biases for viewd in the rstlayer, and s2 R ! R is a nonlinear activation function.
Using h{ as an input for the second layer, let the output of the second layer be denoted
ashd = s(Wohd+ bd)2 R%2, Wd2 R ¢ and b 2 R%. Continuing in this fashion,
let the output of the (m  1)th layer be hd | = s(Wd hd _+ bd ) 2 R 1,
Wd 2 R% 1 % 2 and b9 , 2 R% 1. Denote the output of the nal layer as
fd(x9; 9 = s(W§ h{, ;+ bf) 2 R%, where 9 is a collection of all weights, W,

the nal layer of the d-th view is denoted asHY = f9(X9) 2 R" %, where it is clear
that f9 depends on the network parameters. On this nal layer, we propose to solve
a modied IDA optimization problem to obtain projection matrices that maximally
associate the views and separate the classes. Speci cally, we propose to nd a set of
linear transformations Aq =[ g.1; d:2;: d1] 2 R 'l minfK 2104 ;15 0pgsuch
that when the nonlinearly-transformed data are projected onto these linear spaces, the
views will have maximum linear association and the classes within each view will be
maximally linearly separated. Figure 2.1 is a visual representation of Deep IDA.
For a specic view d, Hd = [H{;H; i HE T HE 2 R %k = 15K and n =

k=1 Nk For the k-th class in the d-th nal output, HE =[h¢ ;hd ;hd 1T, where
hﬂ;i 2 R% is a column vector representing the output for subjecti in the kth class
for view d. Using HY, the output of the nal layer, as the data matrix for view d, we
de ne the between-class covariance (i.e.Sg 2 R% ©4), the total covariance (i.e., S¢ 2
R% ©), and the cross-covariance between vievd and | (S5 2 R% 9 ) respectively

asis= oty om0 OCE Oiste o Lig g -
LHT 4 (HT 4 1)T and Sy = ﬁ(Hd; d 1)(HIT T 1)T. Here,
1is an all-ones row vector of dimensiom, { = L= [ h{; 2 R% is the k-th class
mean, and 9=} i K. 92 R% js the mean for projected viewd.

To obtain the linear transformations Ai;A»;::;;Ap and the parameters of Deep
IDA de ning the functions f9, (i.e., the weights and biases), we propose to solve the
following:
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¥ ATsia e 20 ) ® X
argmax f—  tr[A3SpAdlt —=—= tr[
AiuApflunfD D d=1 D(D 1) d=1jj 6d
A§SgAjA[S§A]g subject to tr [A SIA 4] = I; 8d: (2.1)

wheretr [] is the trace of a matrix and is a hyper-parameter that controls the relative
contribution of the separation and the association to the optimization problem. Through
extensive simulations, we have found that a value of 0.5 yields good classi cation
performance. However, users can perform cross-validation to nd the best. Here, the
rst term is an average of the separation for the D views, and the second term is an
average of pairwise squared correlations between two di erent views (DZ Y measures
in total).

For xed Deep IDA parameters, (i.e., weights and biases), equation (2.1) reduces to

solving the optimization problem:

X 2(1 X b
argmaxf —  tr[AJSIA 4]+ % tr
A1 AD d=1 ( ) d=1 j;j 6d
A§SqAjAT S A ]g subject to tr[ATSIA ¢] = |; 8d: (2.2)

1

Denote S¢ 2 as the square root of the inverse ofsY. With the assumption that

1 1

o4 < n, S¢ is non-singular, as such we can take the inverse. Let 9 = S¢ 2sdsd 2,
11 1

Ng = S! 2S4Sl 2 and ¢ = S{2A4. Then, the optimization problem in equation

(2.2) is equivalently

» 21 ) ® R
_ T d 2 )
arg max fD tr[ gM*= 4]+ SR tr
1o 20 D d=1 d=1 jj &6d
iNg j [N§ dlgsubjecttotr[ § g = I;8d: (2.3)

and the solution reduces to solving a system of eigenvalue problems. More formally, we

have the following theorem.
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Theorem 1. Let S¢ and Sg respectively be the total covariance and the between-class
covariance for the top-level representationsH9;d = 1;:::;D. Let Sq4 be the cross-
covariance between top-level representationd and j. AssumeS{ 0. Dene M9 =
S %sgsg* ? and Ng = S¢ %SO;S{ %. Then 92<% ' | minfK 1;00;:::;0pQ
in equation (2.3) are eigenvectors corresponding respectively to eigenvalues

d =diag( d.;: 0 d)y de > > 4 > 0 that iteratively solve the eigensystem
problems: ciM @+ ¢, ngdej i NG da= d ¢:8d=1;::;D; wherec; = 5 and
_ 21 )
C2= 50 1

The proof of Theorem 1 is in Appendix A.1.3. We can initialize the algorithm
using any arbitrary normalized nonzero matrix. After iteratively solving D eigensystem
problems until convergence, we obtain the optimized linear transformations€y;:::; €p
which maximize both separation of classes in the top-level representationsH ¢, and
the association among the toB-IeveI representations. Since we nd the eigenvector-
eigenvalue pairs of &M 9 + ¢, }3:1 isaNg | J-TNII), the columns of €4, d=1;:::;:D
are orthogonal and provide unique information that contributes to the association and
separation in the top-level representations. Given the optimized linear transformations

€,;::1;€p, we construct the objective function for the D deep neural networks as:

» T X P T T
argmaxfc,  tr[€4M 9€4]+ ¢, tr[€4Ng € € Ng &4lo: (2.4)
Frfzst® g d=1 jj 6d
Theorem 2. For d xed, let g1;:::; g1, | minfK  1;01;:::;0p9 be the largestl

eigenvalues of:ciM 9+ ¢ [54Ng j [N§. Then the solution & to the optimization
P
problem in equation (2.4) for view d maximizes: :’zl dir -

The proof of Theorem 2 is in Appendix A.1.3. The objective function in Theorem 2
aims to maximize the sum of thel largest eigenvalues for each view. In obtaining the
view-speci ¢ eigenvalues, we use the cross-covariances between that view and each of
the other views, and the total and between-class covariances for that view. Thus, by
maximizing the sum of the eigenvalues, we are estimating corresponding eigenvectors
that maximize both the association of the views and the separation of the classes within
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neural networks of the optimization problem (2.4) is also given by the following:
» X
arg max dr’ (2.5)
FHE2mst© g r=1
The objectives (2.3 and 2.5) are naturally bounded because the characteristic roots
of every S¢ 1Sﬁ (and hence S %sgss %) is bounded and every squared correlation
is also bounded. This guarantees convergent solutions of the loss function in equation
(2.5) compared to the method in [20] that constrain the within-group covariance and
has unbounded loss function. We optimize the objective in (2.5) with respect to the
weights and biases for each layer and each view to obtaiﬁl; :::;1fD. The estimates
f LX), o fiD (XP) are used as the low-dimensional representation to classify events.
Of note, since Deep IDA already implements a discriminant analysis method when
obtaining the low-dimensional representations that separate the classes in a view, we
do not need any sophisticated classi cation methods (such as SVM which tends to be
computationally expensive for large sample sizes) when predicting future events. Thus,
for classifying future events, we follow the approach in [14] and we use nearest centroid
to assign events to the class with the closest mean. For this purpose, we have the
option to use the pooled low-dimensional representation@: (f (XD :::;IfD(X DY) or

in a nearest centroid classi er (NCC) to predict the test classes. We emphasize that
the process of nonlinearly transforming the original data using deep neural networks,
estimating parameters for each neural network, and obtaining linear projections that
jointly maximize association of the views and separation of the classes is what we call
Deep IDA. We implement the proposed algorithm as a Python 3.0 package with de-
pendencies on NumPy [21] and PyTorch [22] for numerical computations, and Matlib
for model visualization. For the network's depth, we recommend 8 layers for datasets
with both sample and feature sizes larger than 1000, and 3 layers for simpler scenar-
ios where the sample dimension is around 100. Cross-validation can be used to select
the structure with best performance while avoiding over tting. We include a thorough
comparison of our proposed method with exisiting methods in Appendix A.1.4. Details
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of the optimization process and proposed algorithm are discussed in Appendix A.1.5.

2.2.2 Feature Ranking via Bi-Bootstrap Sampling

A main limitation of most existing nonlinear methods for integrating data from multiple
views is that it is di cult to interpret the models and this limits their ability to produce
clinically meaningful ndings. This is especially important for our motivating applica-
tion. We propose a general framework for ranking features in deep learning models for
data from multiple views that is based on ensemble learning. We refer to our sampling
approach asBi-Bootstrap Sampling, since we get bootstrap samples for both sample
index and feature index. We implement Deep IDA on di erent bootstrap datasets to
yield baseline classi cation accuracy, we permute the data and use this data and the
Deep IDA learned model to investigate and rank variables based on how often a variable
results in a decrease in classi cation accuracy when permuted. One could also obtain
low-dimensional representations of the data based on the top-ranked variables, which
would require another Deep IDA training.

We emphasize that while we embed Deep IDA in this feature ranking procedure, in
principle, any method for associating multiple views can be embedded in this process.
This makes the proposed approach general. We outline our feature ranking steps below.
Figure 2.2 is a visual representation of the feature ranking procedure.

1. GenerateM bootstrap sets of sample indices of the same sample size as the original
data by random sampling the indices with replacement. Denote the bootstrap sets
of indices asB1;B2;::;;By . Let the out-of-bag sets of indices beBf; B5;::;; By, .
In generating the bootstrap training sets of indices, we use stratied random
sampling to ensure that the proportions of samples in each class in bootstrap sets
of indices are similar to original data.

2. Draw q bootstrap sets of feature indices for each view. For viewy,j =1; ;D,
draw 0:8p; samples from the index set and denote a¥y;j . Vim = fVm;1; Vim:2; 5 Vimp 0
is the m-th bootstrap feature index for all D views.

3. Pair sample and feature index sets randomly and denote aB(;; V1); :::; (Bm ; Vi ).
For each pair Bm;Vm) and (BS,; Vin) extract corresponding subsets of data.
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4. For the mth pair, denote the bootstrap data as X m:1;::;; X m:p and the out-of-bag

data asx%;l; :::;XCm;D . Train Deep IDA based on X m:1;::5; X m:p , and calculate

the test classi cation rate based onX7t,.q;::;; X .p . Record this rate as baseline
classi cation rate for pair m;m =1;2;::;;M.

5. For the dth view in the mth pair, permute the kth variable in Xﬁq;d and keep all
other variables unchanged. Denote the permuted viewd data as X 7.4« permuted -
Use the learned model from Step 4 and the permuted data

(X1 X

m:dk permuted -5 X m:p ) tO obtain the classi cation rate for the per-

muted data.

6. RepeatStep5fom =1;::;;M,d=1;::;;D andk =1;:::;pyg. Record the variables
that lead to a decrease in classi cation rate when using the permuted data.

7. For the dth view, calculate the occurrence proportion of variablek, k = 1;2; :::; pq
(i.e. the proportion of times a variable leads to a decrease in classi cation ac-
curacy) as Iﬂ—kk where ng denotes the number of times that permuting variable k
leads to a decrease in out-of-bag classi cation rate, andNy denotes the number
of times that variable k is permuted (i.e. the total number of times variable k is
selected in the bootstrap feature index sets). Repeat this process for all views.

8. For each view, rank the variables based on the occurrence proportions and select
the top-ranked variables as the important variables. The top-ranked variables
could be the top r variables or top r% variables.

9. (Optional) Once we have obtained the top-ranked variables for each view, we
train Deep IDA on the original data but with these top-ranked variables. This
step will yield classi cation accuracy based on just the top-ranked features, if that
is desired. The number of variables needs to be speci ed in advance by domain
knowledge and 10 % is used by default. To determine the optimal number of top
features, one can employ cross-validation, starting with the top 1% of features
and incrementally adding more until model accuracy is no longer signi cantly
improved.

The Bi-Bootstrap process provides insights into how each variable in each view con-
tributes to the classi cation performance of our nonlinear model. For each bootstrap
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sample, we only need to train Deep IDA once, and then every out-of-bag sample with
one permuted variable is used in the learned Deep IDA model to assess classi cation per-
formance. We note that the permutation step is easily parallelizable for computational
e ciency. The top-ranked variables can also be used in other classi cation methods to
enhance classi cation accuracy. Furthermore, the feature ranking procedure is model
agnostic and intuitive, so step (4) can easily be substituted with other classi cation
methods besides Deep IDA. We can replace the classi cation rate with other metrics,
such as balanced accuracy or weighted F1 score, for imbalanced dataset.
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Figure 2.2: The framework of feature ranking process. A) Bootstrapping samples and
features. It includes Steps 1 and 2.Vn,: the m-th bootstrap feature index; Bn,: the
m-th bootstrap sample index; BS,: the m-th bootstrap out-of-bag sample index. B)
Pairing data, training the reference model, permuting and recording the decrease in
classi cation performance. This includes Steps 3-6. C) Ranking features based on how
often the baseline classi cation accuracy is reduced when permuted. This includes Steps
7 and 8.
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2.3 Simulation Studies

2.3.1 Set-up

We conduct simulation studies to assess the performance of Deep IDA for varying data
dimensions, and as the relationship between the views and within a view become more
complex. We demonstrate that Deep IDA is capable of i) simultaneous association of
data from multiple views and discrimination of sample classes, and ii) identifying signal
variables and eliminating noise variables.

We consider two di erent simulation Scenarios. In Scenario One, we simulate data to
have linear relationships between views and linear decision boundaries between classes
(Refer to Appendix B for set-up and results). In Scenario Two, we simulate data to
have nonlinear relationships between views and nonlinear decision boundaries between
classes. In Scenario One, we explore two dierent settings: one wittDh = 2 views
and another with D = 3 views, acrossK = 3 classes. In Scenario Two, there are
K =2 classes andD = 2 views. In all Scenarios, we generate 20 Monte Carlo training,
validation, and testing sets. We evaluate the proposed and existing methods using
the following criteria: i) classi cation performance (via test accuracy, area under the
operating characteristic curve [AUROC], precision, recall, and F1 measure), and ii)
feature selection performance (via true positive rate [TPR], false positive rate [FPR]
and F1). For feature selection, we evaluate the methods ability to select the true signals
(true positive rates) while ignoring noise variables (false positive rates). In Scenario One,
the rst 20 variables are important, and in Scenario Two, the Top 10% of variables in
view 1 are signals. We compare test accuracy for Deep IDA with and without the
variable ranking approach proposed in this manuscript.

2.3.2 Comparison Methods

Deep IDA is compared with association- and classi cation-only methods, allowing us
to investigate the advantage of a joint association and classi cation method. For
association-based methods, we consider the following methods: deep canonical cor-
relation analysis (Deep CCA) [9], sparse CCA via penalized matrix decomposition
(PMA)[23], sparse CCA via SELP [8], and deep generalized CCA (DGCCA) [11] when
there are three or more views. The association-based methods are purely unsupervised,



22
therefore for classi cation, we use the learned low-dimensional representations from
these methods as inputs in logistic regression models. For classi cation-only method,
we consider support vector machine (SVM) [24] applied on stacked views, allowing us
to investigate the bene ts of data integration. We had wanted to include Deep LDA
[20] in our analysis to assess the e ectiveness of a classi cation-only nonlinear method
compared to Deep IDA, a joint integration and classi cation method. However, due
to convergence challenges caused by its unbounded loss function, we could not obtain
valid estimates for a reliable comparison. Therefore, these results are excluded from our
analyses. In implementing the comparison methods, we used Pytorch, for Deep CCA
and Deep GCCA, and R packagesmvlearnR [25] and PMA26], for SELP and PMA,
respectively.

To evaluate the impact of feature selection on classi cation performance, we rst
assessed the feature selection accuracy of our Bi-Bootstrap + Deep IDA framework
against existing methods. This involves coupling Deep IDA and Deep CCA with the
teacher-student (TS) framework [19] for variable ranking, and comparing with penalized
methods like PMA and Sparse CCA via SELP. Similar to the linear setting, the top
10% ranked variables are selected for Bi-bootstrap and TS. We then implement Deep
IDA, Deep CCA and SVM on the training data but with just the Bi-Bootstrap selected
variables. Notably, since PMA and SELP inherently include feature selection, they are
trained using the complete feature set.

All methods are tested on both views, with additional results for View 1 only, as
it encompasses all signi cant features. We experiment with various numbers of layers
and nodes for each simulation scenario and choose the optimal setup for Deep IDA and
Deep CCA. Details of the network structures are provided in the end of Appendix. All
SVM analyses utilize linear kernels, maintaining parity with the assumed linearization
of the low-rank representations in Deep IDA and Deep CCA after deep neural network
processing.

2.3.3 Nonlinear Simulations

Simulation Design : Details of linear simulations are in the Appendix B.3. In our
nonlinear simulations, we explore four distinct settings to evaluate the performance
of each method under various combinations of sample and feature sizes. Let and
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n, represent the number of samples in each class, with the total sample size being
n = ny+ ny. The data in View 1 and View 2 are represented asX1 : n  p; and
X2 :n py, respectively. The four settings are de ned as follows. S1: both number of
features and samples are smalln; = 200;n, = 150;p; = p = 500; S2: large sample
size, small feature sizeni = 3000;n, = 2250;p; = p2 = 500; S3: small sample size,
large feature size,n; = 200;n, = 150;p; = p2 = 2000; S4. large sample and feature
size,n1 = 3000;n, = 2250;p1 = p2 = 2000. In each setting, 10% of the variables in
the rst view are signals and the rst ve signal variables in the rst view are related
to the remaining signal variables in a nonlinear way (See Figure 2.3). We generate
data for View 1 as: X1 = X; W + 0:2E; where () is element-wise multiplication,
W 2<" Pt =101 p,;009 p,]is @ matrix of ones and zeros]1 is a matrix of ones,0 is
matrix of zeros, andE; N(0;1). The rst ve columns (or variables) of X, 2 <" p!
are simulated from exp(Q15 ) sin(1:5 ). The next 0:1p* 5 variables are simulated
from exp(0:15 ) cos(L5 ). Here, = ~+0:5U(0;1), and ~ is a vector of n evenly
spaced points between 0 and 3. The remaining 0:9p! variables (or columns) in X
are generated from the standard normal distribution. View 2 has no signal variables
and the variables do not have nonlinear relationships. Data for View 2 are generated
as follows. We set each variable inX 1 with negative entries to zero, normalized each
variable to have unit norm and added a random number generated froniJ(0; 1).

Figure 2.3: Setting One. (Left panel) Structure of nonlinear relationships between signal
variables in view 1. (Right panel) Image plot of view 1 showing the rst 50 variables as
signals.
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Simulation Results : Table 2.1 gives variable selection accuracy for the methods com-
pared. Bi-Bootstrap has similar TPRs when compared to SELP, except for Setting 4
where SELP is slightly better. However, the variation in the true positives for SELP is
generally higher. PMA achieves slightly higher TPRs than our approach in all settings
except setting 4 but it su ers from high false positives since the optimal loadings are
mostly not sparse. TS framework hardly selects important variables. Our approach
consistently selects most of the relevant variables with low false positives and negatives.
Consequently, we examine whether this accurate variable selection translates into im-
proved classi cation accuracy when methods are trained only on the selected variables
by our proposed Bi-bootstrap.

Table 2.1: Comparison of Feature Selection Performances Across Four Scenarios. This
table presents the True Positive Rate (TPR), False Positive Rate (FPR), and F1 Score
for various feature selection methods across four scenarios in nonlinear simulations.
Each entry displays the mean values derived from 20 simulations, with the standard
deviation provided in parentheses. All values rounded to 2 digits.

Method TPR FPR F1

Settingl

Bi-Bootstrap + Deep IDA 1.00(0.00) 0.00(0.00) 1.00(0.00)

TS + Deep CCA 0.08(0.03) 0.10(0.01) 0.08(0.03)
Sparse CCA via SELP 0.87(0.14) 0.00(0.00) 0.92(0.11)
PMA 1.00(0.00) 1.00(0.00) 0.18(0.00)

Setting2

Bi-Bootstrap + Deep IDA 0.64(0.06) 0.04(0.01) 0.64(0.06)

TS + Deep CCA 0.10(0.03) 0.10(0.00) 0.08(0.03)
Sparse CCA via SELP 0.87(0.13) 0.00(0.00) 0.92(0.10)
PMA 1.00(0.00) 1.00(0.00) 0.18(0.00)

Setting3

Bi-Bootstrap + Deep IDA 0.96(0.02) 0.00(0.00) 0.96(0.02)

TS + Deep CCA 0.09 (0.02) 0.10(0.00) 0.09(0.02)
Sparse CCA via SELP 0.98(0.00) 0.00(0.00) 0.99(0.00)
PMA 0.84(0.29) 0.73(0.44) 0.27(0.18)
Setting4

Bi-Bootstrap + Deep IDA 0.83(0.04) 0.02(0.01) 0.83(0.04)

TS + Deep CCA 0.14(0.06) 0.10(0.01) 0.14(0.06)
Sparse CCA via SELP 0.93(0.21) 0.00(0.00) 0.94(0.00)
PMA 1.00(0.00) 1.00(0.00) 0.18(0.00)
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Table 2.2: Performance Metrics for Nonlinear Simulations Across Setting 1 and 2. This
table summarizes the evaluation of nonlinear simulations on the testing set, showcasing
metrics such as Accuracy, F1 Score, Precision, Recall, and Area Under the Receiver
Operating Characteristic (AUROC) curve. The top selected features are obtained by
our proposed Deep IDA + Bi-Bootstrap. Each entry displays the mean values derived
from 20 simulations, with the standard deviation provided in parentheses. All values
rounded to 2 digits.

Setting 1  (n1 =200, n2 =150, pl =500, p2 =500)
Method Accuracy AUROC F1 Precision Recall
Deep IDA on top 50 selected features view 1 | 0.82(0.19) 0.81(0.21) 0.86(0.15) 0.85(0.18) 0.90 (0.15)
Deep IDA on top 50 selected features 0.63(0.10) 0.61(0.11) 0.70(0.10) 0.66(0.08) 0.75(0.16)
Deep IDA view 1 0.86 (0.09) 0.85(0.09) 0.88(0.07) 0.86(0.08) 0.90(0.07)
Deep IDA 0.60(0.07) 0.59(0.07) 0.65(0.10) 0.66(0.08) 0.67(0.17)
Deep CCA on top 50 selected features view 1 | 0.61(0.05) 0.61(0.05) 0.62(0.05) 0.69(0.05) 0.57(0.05)
Deep CCA on top 50 selected features 0.58(0.04) 0.59(0.04) 0.60(0.05) 0.66(0.04) 0.56(0.06)
Deep CCA view 1 0.59(0.04) 0.60(0.04) 0.61(0.04) 0.67(0.04) 0.56(0.05)
Deep CCA 0.57(0.03) 0.58(0.03) 0.60(0.03) 0.65(0.04) 0.57(0.04)
Sparse CCA with logistic regression view 1 0.58(0.01) 0.60(0.01) 0.43(0.01) 0.51(0.01) 0.37(0.01)
Sparse CCA with logistic regression 0.58(0.01) 0.60(0.01) 0.43(0.01) 0.52(0.02) 0.37(0.01)
PMA with logistic regression view 1 0.58(0.01) 0.60(0.01) 0.43(0.01) 0.51(0.01) 0.37(0.01)
PMA with logistic regression 0.58(0.02) 0.60(0.01) 0.42(0.02) 0.52(0.04) 0.36(0.03)
SVM on top 50 selected features view 1 0.50(0.01) 0.51(0.01) 0.52(0.01) 0.58(0.01) 0.47(0.01)
SVM on top 50 selected features 0.50(0.01) 0.51(0.01) 0.52(0.01) 0.58(0.01) 0.47(0.02)
SVM view 1 0.50(0.01) 0.51(0.01) 0.52(0.01) 0.58(0.01) 0.48(0.02)
SVM 0.54(0.01) 0.54(0.01) 0.58(0.02) 0.61(0.02) 0.55(0.03)

Setting 2 (n1 = 3000, n2 = 2250, pl =500, p2 =500)
Method Accuracy  AUROC F1 Precision Recall
Deep IDA on top 50 selected features view 1 | 0.93(0.07) 0.93(0.07) 0.94(0.06) 0.93(0.07) 0.96 (0.05)
Deep IDA on top 50 selected features 0.91(0.07) 0.90(0.08) 0.92(0.06) 0.91(0.08) 0.93(0.06)
Deep IDA view 1 0.94 (0.06) 0.94(0.06) 0.94(0.05) 0.96(0.05) 0.93(0.08)
Deep IDA 0.85(0.07) 0.85(0.07) 0.87(0.06) 0.88(0.07) 0.86(0.07)
Deep CCA on top 50 selected features view 1 | 0.57(0.03) 0.58(0.03) 0.59(0.03) 0.65(0.03) 0.55(0.03)
Deep CCA on top 50 selected features 0.57(0.03) 0.58(0.03) 0.60(0.03) 0.65(0.03) 0.55(0.02)
Deep CCA view 1 0.61(0.02) 0.61(0.02) 0.63(0.02) 0.68(0.02) 0.59(0.02)
Deep CCA 0.60(0.02) 0.60(0.02) 0.62(0.02) 0.67(0.02) 0.58(0.02)
Sparse CCA with logistic regression view 1 0.58(0.02) 0.60(0.01) 0.43(0.01) 0.51(0.01) 0.37(0.01)
Sparse CCA with logistic regression 0.58(0.01) 0.60(0.01) 0.43(0.01) 0.51(0.01) 0.37(0.01)
PMA with logistic regression view 1 0.58(0.01) 0.60(0.01) 0.43(0.01) 0.51(0.01) 0.37(0.01)
PMA with logistic regression 0.58(0.01) 0.60(0.01) 0.43(0.01) 0.51(0.01) 0.37(0.01)
SVM on top 50 selected features view 1 0.53(0.01) 0.53(0.01) 0.56(0.01) 0.60(0.01) 0.52(0.02)
SVM on top 50 selected features 0.54(0.01) 0.54(0.01) 0.58(0.01) 0.61(0.01) 0.55(0.02)
SVM view 1 0.53(0.01) 0.53(0.01) 0.56(0.01) 0.60(0.01) 0.52(0.02)
SVM 0.54(0.01) 0.54(0.01) 0.58(0.01) 0.61(0.01) 0.55(0.02)
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Table 2.3: Performance Metrics for Nonlinear Simulations Across Setting 3 and 4. This
table summarizes the evaluation of nonlinear simulations on the testing set, showcasing
metrics such as Accuracy, F1 Score, Precision, Recall, and Area Under the Receiver
Operating Characteristic (AUROC) curve. The top selected features are obtained by
our proposed Deep IDA + Bi-Bootstrap. Each entry displays the mean values derived
from 20 simulations, with the standard deviation provided in parentheses. All values
rounded to 2 digits.

Setting 3 (n1 =200, n2 =150, pl=2000, p2 = 2000)
Method Accuracy AUROC F1 Precision Recall
Deep IDA on top 200 selected features view 1 | 0.71(0.07) 0.70(0.07) 0.74(0.07) 0.74(0.06) 0.75(0.11)
Deep IDA on top 200 selected features 0.58(0.04) 0.56(0.04) 0.67(0.04) 0.62(0.04) 0.74(0.11)
Deep IDA view 1 0.53(0.07) 0.53(0.06) 0.56(0.15) 0.59(0.05) 0.58(0.22)
Deep IDA 0.55(0.05) 0.51(0.02) 0.61(0.24) 0.53(0.18) 0.80(0.34)
Deep CCA on top 200 selected features view 1 | 0.68(0.05) 0.69(0.05) 0.69(0.05) 0.77(0.05) 0.62(0.05)
Deep CCA on top 200 selected features 0.61(0.03) 0.61(0.04) 0.63(0.03) 0.69(0.04) 0.58(0.03)
Deep CCA view 1 0.70(0.02) 0.70(0.02)  0.71(0.02) 0.78(0.03)  0.66(0.03)
Deep CCA 0.62(0.02) 0.63(0.02) 0.64(0.02) 0.70(0.03) 0.60(0.03)
Sparse CCA with logistic regression view 1 0.58(0.01) 0.60(0.01) 0.43(0.01) 0.51(0.01) 0.37(0.01)
Sparse CCA with logistic regression 0.57(0.01) 0.60(0.01) 0.43(0.01) 0.50(0.02) 0.37(0.01)
PMA with logistic regression view 1 0.57(0.02) 0.60(0.01) 0.43(0.01) 0.50(0.03) 0.38(0.02)
PMA with logistic regression 0.58(0.01) 0.60(0.01) 0.43(0.01) 0.51(0.01) 0.37(0.01)
SVM on top 200 selected features view 1 0.50(0.02) 0.51(0.02) 0.52(0.02) 0.58(0.02) 0.46(0.03)
SVM on top 200 selected features 0.51(0.02) 0.52(0.01) 0.53(0.02) 0.59(0.02) 0.48(0.03)
SVM view 1 0.54(0.02) 0.54(0.02) 0.58(0.02) 0.61(0.01) 0.55(0.04)
SVM 0.55(0.02) 0.53(0.02) 0.62(0.02) 0.59(0.02) 0.66(0.03)

Setting 4  (n1 = 3000, n2 = 2250, pl = 2000, p2 = 2000)
Method Accuracy  AUROC F1 Precision Recall
Deep IDA on top 200 selected features view 1 | 0.70(0.06) 0.69(0.06) 0.74(0.06) 0.73(0.07) 0.77(0.12)
Deep IDA on top 200 selected features 0.69(0.05) 0.67(0.05) 0.73(0.04) 0.72(0.05) 0.76(0.08)
Deep IDA view 1 0.73(0.10) 0.72(0.11) 0.78(0.09) 0.76 (0.11) 0.81(0.12)
Deep IDA 0.67(0.07) 0.65(0.07) 0.72(0.06) 0.69(0.06) 0.75(0.07)
Deep CCA on top 200 selected features view 1 | 0.62(0.08) 0.62(0.07) 0.64(0.08) 0.69(0.07) 0.60(0.10)
Deep CCA on top 200 selected features 0.62(0.08) 0.62(0.07) 0.64(0.08) 0.69(0.07) 0.60(0.09)
Deep CCA view 1 0.59(0.05) 0.60(0.05) 0.62(0.04) 0.67(0.05) 0.57(0.04)
Deep CCA 0.61(0.03) 0.61(0.03) 0.64(0.02) 0.68(0.03) 0.60(0.03)
Sparse CCA with logistic regression view 1 0.58(0.01) 0.60(0.01) 0.43(0.01) 0.51(0.01) 0.37(0.01)
Sparse CCA with logistic regression 0.57(0.01) 0.60(0.01) 0.43(0.01) 0.50(0.02) 0.37(0.01)
PMA with logistic regression view 1 0.57(0.02) 0.60(0.01) 0.43(0.01) 0.50(0.03) 0.38(0.02)
PMA with logistic regression 0.58(0.01) 0.60(0.01) 0.43(0.01) 0.51(0.01) 0.37(0.01)
SVM on top 200 selected features view 1 0.54(0.01) 0.54(0.01) 0.57(0.01) 0.61(0.01) 0.54(0.01)
SVM on top 200 selected features 0.53(0.01) 0.53(0.01) 0.58(0.01) 0.60(0.01) 0.56(0.01)
SVM view 1 0.54(0.01) 0.54(0.01) 0.57(0.01) 0.61(0.01) 0.54(0.01)
SVM 0.53(0.01) 0.53(0.01) 0.58(0.01) 0.60(0.01) 0.56(0.01)

Table 2.2 together with table 2.3 gives the classi cation metrics. Since in this simula-
tion setup, only view 1 had informative features, we expected the classi cation accuracy
from view 1 to be better than that from both views and this is what we observed across
most methods. The classi cation accuracy, the area under the ROC curve (AUROC),
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precision, recall and F1 scores of Deep IDA was generally higher than the other meth-
ods, except in Setting Three where its precision was lower than Deep CCA on the whole
data. We compared the classi cation metrics of the proposed method with Deep IDA
on top selected features and without feature ranking by Bi-bootstrap (i.e., Deep IDA) to
assess the e ect variable selection has on classi cation estimates from our deep learning
models. The improvement is the most signi cant in Setting 3, where the sample size
is much lower than the feature size so feature selection can boost up the performance,
where in other settings the performances are similar. Deep IDA on top selected features
has competitive or better classi cation accuracy (especially when using view 1 only for
classi cation) compared to all other non-Deep IDA based methods. Further, the classi-
cation metrics for Deep IDA on top selected variables or not is generally higher than
the other methods applied to data with variables selected by Deep IDA + Bootstrap
(e.g., Deep CCA on top 50 selected features, Setting One). The methods with built-in
feature selection (PMA and sparse CCA) perform worse than Deep IDA as well. SVM
applied on both views stacked together and on just view 1, either using the whole data
or using data with variables selected by Deep IDA, resulted in similar classi cation
performance, albeit lower than the proposed method. Thus, in this example, although
only view 1 had signal variables, the classi cation performance from using both views
in training was generally better than using only view 1 (e.g., SVM on view 1), attesting
to the bene t of multiview analyses.

Taken together, the classi cation and variable selection accuracy from both the lin-
ear and nonlinear simulations suggest that the proposed method is capable of ranking
the signal variables higher, and is also able to yield competitive or better classi ca-
tion performance, even in situations where the sample size is less than the number of
variables.

2.4 Applications

2.4.1 Overview

We consider two real datasets: a) handwriting image data (analyzed in Appendix C.1),
and b) COVID-19 multi-omics data. The image data was used to primarily assess the
classi cation performance of the proposed method without feature ranking while the
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COVID-19 data was used to assess classi cation performance and to also demonstrate
that Deep IDA is capable of identifying biologically relevant features.

For the analysis of data from the COVID-19 study, Our goal is to elucidate the
molecular architecture of COVID-19 severity by identifying molecular signatures that
are associated with each other and can discriminate patients with and without COVID-
19 who were or were not admitted to the ICU.

2.4.2 Data pre-processing and application of Deep IDA and competing
methods

Of the 128 patients, 125 had both omics and clinical data. We focused on proteomics,
RNA-seq, and metabolomics data in our analyses since many lipids were not annotated.
We formed a four-class classi cation problem using COVID-19 and ICU status. Our
four groups were: with COVID-19 and not admitted to the ICU (COVID Non-ICU),
with COVID-19 and admitted to the ICU (COVID ICU), no COVID-19 and admited
to the ICU (Non-COVID ICU), and no COVID-19 and not admitted to the ICU (Non-
COVID Non-ICU). The frequency distribution of samples in these four groups were: 40%
COVID ICU, 40% COVID Non-ICU, 8% Non-COVID Non-ICU, and 12% Non-COVID
ICU. The initial dataset contained 18;212 genes, 517 proteins, and 111 metabolomics
features. Prior to applying our method, we pre-processed the data (see Appendix C.2)
to obtain a nal dataset of X1 2 <125 2734 for the RNA-sequencing data, X 2 2 < 125 269
for the protoemics data, andX 3 2 < 125 66 for the metabolomics. We randomly split the
data into training ( n = 74) and testing (n = 51) sets while keeping the proportions in
each group similar to the original data, we applied the methods on the training data and
we assessed error rate using the test data. We evaluated Deep IDA with and without
feature selection. For Deep IDA with feature selection, we obtained the top 50 and top
10% molecules after implementing Algorithm 1, learned the model on the training data
with only the molecules that were selected, and estimated the test error with the testing
data. We also assessed the performance of the other methods using variables that were
selected by Deep IDA. Table 12 in Appendix gives the network structure used.

Similar methods mentioned in Simulation are used for comparisons. The Sparse
CCA is only for two views so cannot be applied here. We also compare Deep IDA to
SIDA [14], a joint association and classi cation method that models linear relationships
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between views and among classes in each view.

2.4.3 Deep IDA is better at discriminating patients with and without
COVID-19 who were or were not admitted to the ICU

Figure A.4 in Appendix gives the top 50 genes, proteins, and metabolomics features that
were highly-ranked by Deep IDA. Feature importance for each variable was normalized
to the feature ranked highest for each omics. Table 2.4 gives the balanced accuracy,
weighted F1, weighted precision and weighted recall on test data for Deep IDA in
comparison with deep generalized CCA (Deep GCCA), SIDA, and SVM.

We do not include methods only applicable to two views. The top 10% (i.e. 273
for view 1, 27 for view 2 and 7 for view 3) selected features refer to Deep IDA selected
features based on the training set. SIDA and PMA + SVM incorporate their own fea-
ture selection mechanisms and thus utilize the entire datasets for training. Deep IDA,
Deep GCCA, SVM, and NCC were trained using both the complete set of features and
the top 10% of selected features. The results of Deep IDA from using the top 10%
of, and top 100, variables, for feature selection were similar, albeit better than the test
accuracy obtained with other methods, except for SVM applied on the selected features.
We observed an improved test performance of 4 7% across all metrics for Deep IDA,
SVM, and NCC when we trained these methods with selected features. The classi -
cation performance of Deep GCCA improved when a larger number of variables were
included. Compared to SIDA, the joint association and classi cation method that as-
sesses linear relationships in the views and among the groups, the proposed method has
a higher test accuracy. Figure A.5 in Appendix gives the discriminant and correlation
plots from Deep IDA based on the top-ranked 50 molecules from each omics. From the
discriminant plots of the rst three discriminant scores, we notice that the samples are
well-separated in the training data. For the testing data, we observe some overlaps in
the sample groups but the COVID ICU group seems to be separated from the COVID
NON-ICU and NON-COVID ICU groups. This separation is more apparent in the RNA
sequencing and proteomics data and less apparent in the metabolomics data. Further,
based on the testing data, the correlation between the metabolomics and proteomics
data was higher when considering the rst and third discriminant scores (0.69 and 0.36)
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respectively. From the second discriminant score, the correlation between the RNA se-
guencing and proteomics data was higher (0.49). Overall, the mean correlation between
the metabolomics and proteomics data was highest (0.4) while the mean correlation
between the metabolomics and RNA sequencing data was lowest (0.09). These ndings
suggest that the proposed method is capable of modeling nonlinear relationships among

the di erent views and groups, and has potential to identify features that can lead to
better classi cation results.

Table 2.4: Evaluating COVID-19 Omics Data on the Testing Set. Balanced Accuracy,
Weighted F1, Precision, and Recall. The top selected features are obtained by our
proposed Deep IDA + Bi-Bootstrap. Each value is based on 20 random train-test splits
of data. Mean value is followed by standard deviation in the parentheses.

Method Balanced Weighted Weighted Weighted
accuracy F1 precision recall
Deep IDA with top 100 selected features 0.76(0.08) 0.79(0.06) 0.81(0.06) 0.80(0.06)
Deep IDA with top 10% selected features 0.76(0.08) 0.79(0.07) 0.80(0.07) 0.79(0.07)
Deep IDA 0.70(0.07) 0.76(0.05) 0.77(0.06) 0.76(0.05)
Deep GCCA + SVM with top 10% selected features  0.55(0.16) 0.61(0.13) 0.66(0.12) 0.64(0.11)
Deep GCCA + SVM 0.61(0.14) 0.64(0.12) 0.68(0.10) 0.65(0.11)
Deep GCCA + NCC with top 10% selected features  0.60(0.12) 0.64(0.12) 0.68(0.11) 0.64(0.12)
Deep GCCA + NCC 0.67(0.08) 0.67(0.08) 0.70(0.08) 0.67(0.08)
SIDA 0.60(0.11) 0.67(0.10) 0.69(0.10) 0.67(0.11)
PMA + SVM 0.40(0.03) 0.56(0.04) 0.52(0.05) 0.62(0.05)
SVM with top 10% selected features 0.78(0.07) 0.82(0.05) 0.83(0.05) 0.82(0.05)
SVM 0.73(0.09) 0.78(0.06) 0.79(0.06) 0.78(0.06)
NCC with top 10% selected features 0.72(0.07) 0.72(0.06) 0.75(0.06) 0.72(0.06)
NCC 0.65(0.07) 0.67(0.05) 0.70(0.05) 0.67(0.05)

2.4.4 Strong enrichment for neurological, cancer, gastrointestinal, in-
ammatory, and metabolic diseases

We used the Ingenuity Pathway Analysis (IPA) software to investigate the molecu-
lar and cellular functions, pathways, and diseases enriched in the proteins, genes, and
metabolites that were ranked in the top 50 by our variable selection method. For the
top-ranked metabolomics features, we rst used the MetaboAnalyst 5.0 [27] software
to obtain their human metabolome database reference ID and then used IPA on the

mapped data for function enrichment analysis. Of the top 50 ranked features, we were
able to map 25 features.
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We observed strong pathways, molecular and cellular functions, and disease enrich-
ment (Appendix Tables 7, 8 and 9). The top disease and disorders signi cantly enriched
in our list of genes are found in Appendix Table 5. We note that 36 of the biomolecules
in our gene list were determined to be associated with neurological diseases. This nd-
ing aligns with studies that suggest that persons with COVID-19 are likely to have
neurological manifestations such as reduced consciousness and stroke [28, 29]. Fur-
ther, 48 genes from our list were determined to be associated with cancer. Again, this
supports studies suggesting that individuals with immuno-compromised system from
cancer or individuals who recently recovered from cancer, for instance, are at higher
risk for severe outcomes. As in our gene list, 34 proteins were determined to be as-
sociated with neurological disease. Other signi cantly enriched diseases in our protein
list included infectious diseases (such as infection by SARS coronavirus), in ammatory
response (such as in ammation of organ), and metabolic disease (including Alzheimer
disease and diabetes mellitus). A recent review [30] found that up to 50% of those
who have died from COVID-19 had metabolic and vascular disorders. In particular,
patients with metabolic dysfunction (e.g., obesity, and diabetes) have an increased risk
for developing severe COVID-19. Further, getting infected with SARS-CoV-2 can likely
lead to new onset of diabetes. The top disease and disorders signi cantly enriched in
our list of metabolites (Table 8 of Appendix) included cancer and gastrointestinal dis-
ease (such as digestive system, and hepatocellular cancer). A recent article found that
people with SARS-CoV-2 infection have increased risks of gastrointestinal disorders in
the post-acute phase of COVID-19, and even evident in people who did not require
hospitalization in the acute phase of COVID-19 infection [31].

2.4.5 Enriched pathways related to metabolic processes

The top enriched canonical pathways in our protein list include the LXR/RXR activa-
tion FXR/RXR activation, acute phase response signaling, and atherosclerosis signal-
ing (Appendix Table 7). These pathways are involved in metabolic processes such as
cholesterol metabolism. The molecular and cellular functions enriched in our protein
list include cellular movement and lipid metabolism (Appendix Table 9). Overlapping
canonical pathways (Figure 2.4(a) and (b)) in IPA was used to visualize the shared biol-
ogy in pathways through the common molecules participating in the pathways. The two
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pathways \FXR/RXR Activation” and \LXR/RXR Activation" share a large number
(eight) of molecules (Figure 2.4(a)) in our protein list : AGT, ALB, APOA2, APOH,
APOM, CLU, PONL1 and TF. The LXR/RXR pathway is involved in the regulation of
lipid metabolism, in ammation, and cholesterol to bile acid catabolism. The farnesoid
X receptor (FXR) is a member of the nuclear family of receptors and plays a key role
in metabolic pathways and regulating lipid metabolism, cell growth and malignancy
[32]. We observed lower levels of ALB, APOM, and TF in patients with COVID-19
(and more so in patients with COVID-19 who were admitted to the ICU) relative to
patients without COVID-19 (Figure A.5 in Appendix). We also observed higher levels of
AGT and CLU in patients with COVID-19 admitted to the ICU compared to the other
groups. The fact that the top enriched pathways, and molecular and cellular functions
are involved in metabolic processes such as lipid metabolism seem to corroborate the
ndings in [1] that a key signature for COVID-19 is likely a dysregulated lipid transport
system.

Taken together, these ndings suggest that COVID-19 disrupts many biological sys-
tems. The relationships found with diseases such as cancer, gastrointestinal, neurological
conditions, and metabolic diseases (e.g., Alzheimers and diabetes mellitus) heighten the
need to study the post sequelae e ects of this disease in order to better understand the
mechanisms and to develop e ective treatments and improve patient care.
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(@)

(b)

Figure 2.4: (a) Network of overlapping canonical pathways from highly ranked proteins.
Nodes refer to pathways and a line connects any two pathways when there is at least
two molecules in common between them. The pathways \FXR/RXR Activation" and
\LXR/RXR Activation” share eight molecules: AGT, ALB, APOA2, APOH, APOM,
CLU, PON1, and TF. (b) Network of overlapping canonical pathways from highly ranked
metabolites. Nodes refer to pathways and a line connects any two pathways when there
is at least two molecules in common between them.

2.5 Summary and Conclusion

We have proposed a deep learning method, Deep IDA, for joint integrative analysis and
classi cation studies of multiview data. Our framework extends the joint association
and classi cation method proposed in [14] to model complex nonlinear relationships
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among multiple views and between classes in a view.

The proposed algorithm, developed in Python 3, is user-friendly and will be useful
in many data integration applications. Through simulation studies, we showed that the
proposed method outperforms several other linear and nonlinear methods for integrating
data from multiple views, even in high-dimensional scenarios where the sample size is
typically smaller than the number of variables.

When Deep IDA was applied to proteomics, RNA sequencing, and metabolomics
data obtained from individuals with and without COVID-19 who were or were not ad-
mitted to the ICU, we identi ed several molecules that better discriminated the COVID-

19 patient groups. We also performed enrichment analysis of the molecules that were
highly ranked and we observed strong pathways, molecular and cellular functions, and
disease enrichment. Our ndings have identi ed signatures that are related to neurolog-
ical conditions, cancer, and metabolic diseases, corroborating current research ndings
and heightening the need to study the post sequelae e ects of this disease to devise
e ective treatments and to improve patient care. The other top-ranked molecules from
our ndings could be further investigated to delineate their impact on COVID-19 status
and severity.

Our proposed method has several strengths. First, by considering both relation-
ships between views and separations between classes, our data integration process is
improved, leading to better outcomes compared to approaches that focus solely on
either association or classi cation. Second, unlike other deep learning models for dis-
criminant analysis which have convergence issues, our loss is bounded and guarantees
convergence. In our analyses, Deep IDA took about 20 epochs to converge. Third,
our framework for feature ranking is general and applicable to other nonlinear methods
for multiview data integration. Fourth, our algorithm is highly exible, allowing us to
handle di erent levels of data complexity by modifying the number of layers and nodes
in the networks. Even more, beyond fully connected networks, more types of network
can used or combined into the current framework, such as recurrent neural networks
(RNN) for longitudinal data [33] and convolutional neural networks (CNN) for imaging
data [34, 35].

Our work has some limitations. First, the bootstrap technique proposed is com-
putationally tasking. In our algorithm, we use parallelization to mitigate against the
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computational burden, however, more is needed to make the approach less expensive.
Second, the proposed method has focused on binary or categorical outcomes. Future
work could consider other outcome types (e.g., continuous and survival). Third, the
proposed loss function does not consider highly unbalanced classes. We can incorpo-
rate weighting, such as weighted LDA in Deep IDA's model construction (Eg. (2.1)), to
balance each class's contribution. Fourth, the method is not designed for partial data,
where some part of the samples does not have a measurement in one or more views.
Missing data imputation can be considered in the future. Fifth, the number (or propor-
tion) of top-ranked features need to be speci ed in advance. Sixth, we may incorporate
the di erences between original data and low-dimensional representations into the loss
function directly, without relying on further processing by LDA or CCA-type losses, as
demonstrated in [36].

In the current work, we applied the proposed method to integrate three multiomics
data, leading to biologically meaningful ndings. As with any data integration method,

a key question remains: whether more molecular data lead to better prediction perfor-
mance and clinically meaningful ndings. Although a holistic approach typically favors
using more data, it is crucial to also consider the literature, biological signi cance, and
clinical relevance of each molecular dataset in the study of the disease under consid-
eration. Our decision to integrate these specic datasets was driven by the current
literature and the need to understand the pathobiology of COVID-19. In fact, in the
proposed method, one can assess the individual prediction performance of each view
using the low-rank representations for that view; this will allow to investigate which
views contribute most to the joint classi cation performance. It may be bene cial to

re ne the analysis by excluding views with poor classi cation performance.

In conclusion, we have developed a deep learning method to jointly model nonlinear
relationships between multiple-view data and a binary or categorical outcome, while
also producing highly-ranked features contributing most to the overall association of
the views and separation of the classes within a view. Despite the stated limitations,
the encouraging simulations and real data ndings, even for scenarios with small to
moderate sample sizes, motivate further applications.
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Availability of data and materials

The gene expression, metabolomics, proteomics, lipidomics, and clinical data used are
publicly available and details on how to obtain data are described in [1]. We provide a
Python package, Deep IDA, to facilitate the use of our method. Its source codes, along
with a README le, are available at: https://github.com/JiuzhouW/DeeplIDA



Chapter 3

Multiple Augmented Reduced

Rank Regression for Pan-Cancer

Analysis 1

3.1 Introduction

The proliferation of omics data in biomedicine and genomics has allowed for increasingly
comprehensive investigations that span multiple sample sets and multiple molecular
facets. Statistical approaches that successfully combine multiple datasets within a single
analytical framework are more powerful, e cient, and scienti cally informative than
separate analyses. This has spurred advances in methodology for high-dimensional data
integration, however, there remain unmet needs especially for multi-cohort data in which
the same features are measured for di erent sample groups. Our motivating example
iS gene expression and somatic mutation data from the Cancer Genome Atlas (TCGA)
Pan-Cancer Project [2, 3], for 6581 tumor samples from 30 cohorts corresponding to
di erent cancer types. Given the importance of gene expression in the behavior of
cancer, and the related etiology of distinct cancer types through somatic mutations,
we are interested in distinguishing variation due to somatic mutations from auxiliary
structured variation in cancer gene expression and whether these e ects are shared

1This project has been published in Biometrics, [37].

37
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across cancer types.

Several unsupervised multi-matrix factorization methods provide low-rank repre-
sentations of underlying structure. The singular value decomposition (SVD), principle
component analysis (PCA) and other well-known approaches allow a rank approxi-
mation of a single matrix Xy, n  Up (V[ [ir< min(p;n). Loadings U and scoresV
explain variation in the rows or columns, respectively. The joint and individual varia-
tion explained (JIVE) method extends PCA to multiple datasets with shared columns
fXq;::Xggvia X UjVT + W,V T. Here the joint scoresV capture shared struc-
ture among the datasets, and the individual scoresV; capture structure specic to
dataseti. Numerous related approaches, such as AJIVE [38] and SLIDE [39] have been
proposed to factorize multiple data from other perspectives. Moreover, BIDIFAC+ [40]
enables a more exible way to identify multiple shared and speci ¢ modules of varia-
tion, which may be partially shared over row subset or column subsets. However, these
unsupervised methods su er from neglecting covariate information. Other supervised
techniques [4, 41] identify structures across multiple datasets relevant to predicting an
outcome, but they do not capture both covariate-driven and auxiliary structures.

To impose low-rank covariate e ects, di erent types of penalties have been intro-
duced in the the multivariate least square regression framework. Reduced rank regres-
sion (RRR) [42] is a popular approach to predictX :p nfromY :q n via least
squares in which the coe cients have low-rank, X ~ BY with rank(B) < min(p;Q).
Rank penalized (RSC) [43] and nuclear-norm penalized (NNP) least square criteria [44]
are widely used alternatives with penalties that enforce low-rank coe cients. Combining
RRR with adaptive NNP [45] shows a better performance than RSC. Integrative RRR
[46] extends the estimation to multiple covariate sets all at once. Nonetheless, those
regression methods have two limitations: (1) they do not allow for potentially unique
covariate-driven signals across multiple sample cohorts and (2) they do not account for
additional low-rank structure unrelated to the covariates.

Missing values occur in genomics and other elds due to cost limitations or other
technical issues. The data may have three types of missingness: entry-wise, column-
wise or row-wise. To impute missing values matrix factorization based approaches,
such as SVDImpute [47] and Softimpute [48] are popular since they are e ective and
straightforward, and many of the the aforementioned methods can be modied for
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imputation. However, they will su er from the same limitations described above.

Unifying reduced rank regression and unsupervised low-rank factorization using
the nuclear norm penalty, we develop the multiple augmented reduced rank regression
(maRRR) method for multi-cohort data that enables a very exible approach for the
simultaneous identi cation of covariate-driven e ects and auxiliary structured variation.
These covariate e ects and augmented structures may be shared across any cohorts via
a general objective function. This novel low-rank regression and factorization method
can be used to impute various types of missing data, accurately capture the relationship
between covariates and high-dimensional outcomes, and explore covariate-related and
covariate-unrelated patterns of variation that are shared across or speci c to di erent
cohorts.

3.2 Proposed Model

Let Xj : p n; denote data matrices with accompanying covariatesY; : q n; for j
sample cohortsj = 1;:::;J. Concatenations across all cohorts are denoted by, e.g.,
X =[X1;Xo;unX3]landY =[Y ;Y25 Y 5] Both X andY are the only observed
data in the model. For our application, we consider gene expression datd and somatic
mutations Y for several patients across] = 30 cancer types. We are interested in
decomposing X into ‘modules' of low-rank covariate-driven or auxiliary structures,
where each module is shared on a di erent subset of the cohorts. We estimate low-rank
coe cient matrices By : p qfor k = 1;:::;K modules of covariate-driven variation
and we concurrently estimate low-rank auxiliary variation structures st . p n for
| =1;::; L modules. Acknowledging the errorsgj : p nj;j =1;::;J for each cohort,
the full model is

X X

X = By®+ sOig (3.1)
k=1 =1

whereY ¥ = [Y&k);Y(k); :::;ng)], s = [S(l');S('); :::;SS')], E =[E1;E2; i Egl
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The presence of eacly j(k) or Sj(') across the cohorts are determined by binary indi-
cator matricesCy :J K andCs:J L respectively:
; 2
Yj(k):_ Oq n, ifCv[;k]=0 Sj('):. Op n if Cs[j;1]1=0
SY i Cy[ik]=1; FuQvT el =1:
U g) represents shared loadings and/ gf sample scores for cohorfj in module |. Both
indicator matrices may be determined either by pre-existing knowledge or via a data-
driven algorithm, which we will detail in Section 3.7.2 and Appendix B.1.2. They are
xed in the model estimation process. There should be no identical columns withinCy ,
so that eachB Y ®) s present on a distinct subset of the cohorts. Similarly, no duplicate

columns within Cg. We refer to eacthY(k) and S" as a module. Eachs®”

gives
a low-rank module that explains covariate-unrelated structured variability within the
cohorts (e.g., cancer types) identi ed by Cs[:;1]. Each BkY(k) gives another low-rank
module for covariate-driven structure for the cancer type identied by Cy[:;l]. Each
module is assumed to be low-rank, meaning it can be factorized as the product of a small
number of row and column vectors,By = Ug‘)vék)T and s = ug)vg”. We provide

a schematic of our model in Fig. 3.1 and a table of notation details in Appendix B.1.1.
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