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Abstract

In this paper, we extend previous results on average commute-times for undirected graphs to
fully-connected directed graphs, corresponding to irreducible Markov chains. We introduce
an unsymmetrized generalized Laplacian matrix and show how its pseudo-inverse directly
yields the one-way first-transit times and round-trip commute times with formulas almost
matching those for the undirected graph case. We show that the results are equivalent
to similar formulas in terms of the Fundamental Matrix for recurrent irreducible Markov
chains. We show that the unsymmetrized generalized Laplacian and its pseudo-inverse are
positive semi-definite, leading to a natural embedding of the graph in Euclidean space which
preserves the round-trip commute times.

1 Introduction

The analysis of graphs using methods from linear algebra and the theory of Markov chains
has an extensive literature. For undirected graphs, a graph Laplacian has been used to
compute almost optimal cuts of the graph and to bound the size of the minimal cuts in
terms of the eigenvalues of the Laplacian, leading to the general method of spectal graph
partitioning [4, 6, 21]. The Laplacian has been also been used to compute the average round-
trip commute times between any pair of vertices [2, 9, 15, 7], when the graph is modeled
by a Markov chain consisting of a random walk over the graph. Undirected graphs lead to
reversible Markov chains, for which the final recurring probabilities for each state correspond
to the degree of each node [13]. The average commute time has been shown to be equivalent
to the effective resistance between two nodes of an electrical network matching the graph,
with each edge having a conductance equal to the graph weight on that edge [5, 2, 15]. It
has been observed (see e.g. [7] and references therein) that the nodes of an undirected graph
can be embedded in Euclidean space in such a way that the distance squared between any



two vertices matches the average commute time between those nodes in the original graph.
In this embedding, the method of spectral graph partitioning is equivalent to a method of
splitting along the main principal component (direction of maximal variance), the key step
in the top-down spectral clustering methods of [1, §].

Relatively less work has been done for directed graphs. We assume throughout this paper
that the undirected graphs under consideration are finite and fully connected, i.e. there is
a path from any node to any other node. A Markov chain modelling a random walk over
this graph will be irreducible, with no transient states. Analyses of the global connectivity
properties for directed graphs have been used in defining the concept of Pagerank [18] used
by Google, and in the concept of Hubs and Authorities and the HITS algorithm [16]. For
example, in the case of Pagerank, the underlying graph consists of web pages and their
hyperlinks, and it is made fully connected by adding low probability links between all pairs
of web pages.

For fully connected directed graphs, bounds on the minimal cuts and the related Cheeger
inequalities, in terms of the eigenvalues of a so-called Laplacian, were proved in [3, 22]. These
papers defined the Laplacian to be the symmetric part of the matrix I — P, or a diagonally
scaled version of this matrix, where P is the Markov chain transition matrix.

In the present paper, we show that the formulas for the average commute times for
undirected graphs in [2, 9, 15, 7] can be derived also for directed graphs, using the pseudo-
inverse of a diagonally scaled version of I — P. For undirected graphs, this matrix would be
the same as the pseudo-inverse of the Laplacian used in [3, 22|, but for directed graphs they
differ. They symmetrize first, then take the pseudo-inverse. We take the pseudo-inverse first,
then symmetrize. The result is the same only when the matrixes are already symmetric or
diagonally symmetrizable, corresponding to undirected graphs and reversible Markov chains.

We further show the close relationship between these formulas for the average commute
times and those previously derived using the so-called Fundamental Matrix (see e.g. [11]),
both for fully connected directed graphs. Both the Fundamental Matrix and the Laplacian
formulations lead to similar formulas and both lead to an embedding in an n-dimensional
Euclidean space preserving the round-trip commute times, even for fully connected directed
graphs, but only the Laplacian leads to an embedding that is centered around the origin.

2 Assumptions and Preliminaries

Consider a fully connected directed graph with adjacency matrix A. The entries of A are
non-negative and equal the weights on the edges — higher weights mean higher affinity. An
unweighted graph is a special case in which one assigns a common weight 1 to existing edges
and 0 to missing edges. Let D = Diag(A - e) be the diagonal matrix of row sums of A,
where e is the vector of all ones. Then P = D7!A is the transition matrix for a Markov



chain modelling a random walk across this graph, where the probability of a transition
is proportional to the weight on the corresponding edge. For an unweighted graph, the
probability of an edge is simply the reciprocal of the number of outgoing edges from a
vertex. The assumption that the graph is fully connected yields the properties that (a) the
Markov chain is irreducible with no transient states, (b) P has a simple eigenvalue equal
to 1 with right eigenvector e and left eigenvector 7’ of steady-state recurring probabilities
[11, 12, 13], and (c) every element of the vector of final recurring probabilities 7’ is strictly
positive [11, 12, 13]. (In this paper, lower case bold letters like x denote column vectors, ’
denotes transpose, and x’ is used to denote a row vector. Also, the notation diag(M) (with
a lower case ‘d’) denotes the vector of diagonal entries in the matrix M, while Diag(v) (with
an upper case ‘D’) denotes the diagonal matrix with diagonal entries taken from the vector
v.) All other eigenvalues of P are at most 1 in absolute value (lying within the closed unit
disk on the complex plane) [12]. If, in addition to being irreducible, the chain were aperiodic,
then all the other eigenvalues would be strictly less than one in absolute value, but in this
paper we do not make any assumptions on the periodicity of the chain. In this paper, we
assume that the cost of traversing any edge is equal to 1. We will address the case of directed
graphs with edge costs in a future paper.

.. . .. ) P
We partition the n x n Markov chain transition matrix as P = <p’11 ]I;lz). Here Py,
21 Pnn

is (n — 1) x (n — 1), p, is a row vector, pio is a column vector, and p,, is a scalar. Let
' = (7, m,) = (71, T2, ..., Th_1,T,) be the limiting probabilities (a left vector), partitioned
into an (n — 1)-vector and a scalar. Assume 7’ has no non-zero entries. Let e = (1,1,...,1)
of appropriate dimension (usually n — 1 but sometimes n). Then Pe = e. This implies

P2 =€ — Plle = (I — P11>e and Pnn = 1- p/21e’

We will use this Markov model to calculate the expected path length between any two states,
which can also be considered the expected first transit times between two states.

3 The Pseudo-Inverse under Small Rank Changes

In order to carry out our development, we need two lemmas regarding the pseudo-inverse
under small rank modifications. First we need a lemma regarding the inverse of a submatrix
My my
ml21 Mnon
Moore-Penrose pseudo-inverse of L, i.e., such that LM & ML are symmetric, LML = L,
and MLM = M [10]. One property we use is that the left nullspace of M equals the
right nullspace of L and vice-versa. We will prove the following lemma for general square
irreducible matrices L, M having nullity 1. [The nullity is the dimension of the nullspace.|

in terms of the pseudo-inverse of a whole matrix. Let M = = L* be the unique

Lemma 1. Suppose the n x n irreducible matrix L = <Ijll 1112) has nullity 1, M = LT is
21 nn
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its pseudo inverse, partitioned similarly, and suppose (u’, 1)L = 0, L(v; 1) = 0. Here the *;’
denotes vertical concatenation @ la Matlab. Then L;" exists and equals

Ll =X=(,-v) (M” m”) ( 1 ,) = (I+ vv)My, (I + ud).

/
Mmooy Mpyp —u

Proof. First note that Li;v + 135 = 0 and u'Lq; + 151 = 0, and similarly M;;u+ my; =0
and v'Mj; + m% = 0. Hence (I+ vv/)M;;(I+uu’) = (I, —v)M (_Iu,).

Let X be the expression above, and form:

I L
L, XLy, = L11(I7 —V)M < u’) L, = (L117 112)M < ,11)

21

I

- omr(y) - oL (y) -1

Since Lj; must have an inverse (because o.w. Ljjx =0 = 15x = 0 = L(x;0) = 0 =
nullity (L) > 2), we can multiply both sides of the above by L} to get L;; X = 1.
O

We also need a second lemma regarding a rank-one change to a non-singular matrix which
makes it singular. When the matrix obtained after the rank-one change is non-singular, its
inverse is given by the well-known Sherman-Morrison formula [12, 10]. When the resulting
matrix is singular, the best we can ask for is its pseudo-inverse. The following lemma gives
a formulation for this pseudo-inverse.

Lemma 2. Let A be an n x n non-singular matrix and suppose A=A—uvis singular.
Then the Moore-Penrose pseudo-inverse of A is

— — / /
(A)+:B¥<I—§)A—l (I—y;y),

where x = A~ lu, y = v AL,

We remark that the quantities (I — ifi) , (I — %) are the symmetric orthogonal pro-

jectors onto the subspaces orthogonal to x, y, respectively.

Proof. We establish some facts in sequence:

1. Let z # 0 be such that Az = 0. Then Az = uv’z. That means Az must be a non-zero
multiple of u. Choose the scaling such that Az = u. Then it must be the case that
z =%, Ax =0, and v'x = 1. Likewise, we have y’A =0 and y'u = 1.

2. The right and left nullspaces of A each have dimension 1.
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3. By direct calculation, A ( b ) A and (I ¥ ) A =A.

Yy

4. We have
AB=A@I-2) A (1-%) = -uy) (1-3%) = (1-2).

This last quantity is symmetric. Likewise BA=...= ( — %;) is also symmetric.

5. It follows from the above calculations that

A’ﬁA’:(

2 )A-A

Yy

6. Finally, we have

BAB = B(1-%)
- -)at(i-w) (-3

= B.

We have just verified the four conditions for B to be the Moore-Penrose pseudo-inverse of
A (12, 10]: (i) AB is symmetric, (i) BA is symmetric, (iii) ABA = A, (iv) BAB = B.
O

4 Expected First Transit and Commute Times

In this section, we derive a formula for the Expected First Transit Time from any state
to any state in terms of the elements of pseudo-inverse of the generalized non-symmetric
Laplacian. Specifically we compute the Expected First Transit Time from each of the states
1=1,2,...,n—1 to state n. This is also the average path length from each state i to state
n, where the probability of a given path is proportional to the product of the weights of
its edges. In the simplest case of the unweighted graph, the probability of traversing any
edge is equal to the reciprocal of the out-degree of each node. Any weights on the edges are
reflected in the probabilities of traversing an edge; we assume all edges have the same cost.
We will address the case of varying edge costs in a future paper. The expected first transit
time from state n to n is 0. Since the states can be numbered arbitrarily, the choice of which
state is numbered n is arbitrary. We then arrive at the general formula.

Following [14, 17, 20, 11] we can write the recursive formula for N(i,n), the expected
number of steps to reach node n from node 7 for the first time as

N(i,n) =1+ pyN(j,n), for i=1... n—1 (1)



where by convention, N(n,n) = 0. This formula says that the expected time of going from
node 7 to node n is equal to the expected time to go from any immediate neighbor j to n
plus the single time step to go from i to j. Putting these times into an (n — 1)-vector, we
obtain a matrix formulation:

N(l---n—l,’ﬂ) = (I — Pn)_le = [Dl(I — Pll)]_lﬂ'l,

where Dy = Diag(s;) is an (n — 1) x (n — 1) diagonal matrix with m,..., 7,1 on the
diagonal. We note that (I — Py;)~! must exist by Lemma 1 because of the irreducibility of
the Markov chain.

We can actually guarantee that all the eigenvalues of Pq; are strictly less than 1 in
absolute value as follows. Let p(P1;) denote the spectral radius of Py;. Then p(Py1) <
IP11]|oo < ||P]loc = 1. But Py; is a non-negative matrix, so it must have an eigenvalue equal
to its spectral radius, by Perron-Frobenius theory [12]. Since (I — Py;) is non-singular, 1 is
not an eigenvalue of Pq;, hence the spectral radius of P;; must be strictly less than 1. So

we have proved:

Lemma 3. If P is the transition matrix for an irreducible Markov chain, partitioned as
P— (Pll P12

), then the vector of expected first transit times from any state i to state n

N(,n) = <[D1<I - Pn)]‘lm) |

/
P21 DPnn
1S

0

Since the choice of target state n is arbitrary, we would like to obtain an expression for
this which has the same form regardless of which is the target state. In order to do this,
we need to express the inverse [D;(I — Py;)]7! in terms of the pseudo-inverse of the whole
matrix L = D(I — P), where D = Diag(w) (an n x n matrix). We remark that for directed
graphs D is not directly related to the diagonal matrix of out-degrees D, unlike the case for
undirected graphs. We have Le = w—De = 0, €L = ' —«’P = 0/, and L has non-negative
entries, all of which are all less than or equal to 1.

In order to find this inverse, we use Lemma 1, with v = e, u = e, L = D(I — P),

M = [D(I — P)]*, where D = Diag(m) is n x n diagonal. Then

N(1-n-1,n) = Ljlm; = (I, —e)M ( m ) = (M1 — emb; , Mz — €M) ( o )

_elﬂ—l —e/'ﬂ-l
Hence individual transit times are

N(i,n) = Zlgkgn—l(mik — M) T + (Mo, — M ) (1 — 70
= Zlgkgn(mik - mnk)ﬂ-k + (mnn - mzn) (2)
= Zlgkgn(mik — Mpk + Mpy, — min)ﬂ'ka



using the fact that Zlgkgn m =1,1e €m = (m + -+ m_1) =1 —m,. This formula,
derived for ¢ = 1,...,n —1 also holds trivially for ¢ = n. Since the choice of n was arbitrary,
we can write the corresponding formula for any target state j, encapsulated in the following
Theorem.

Theorem 4. Let P be the Markov transition matrix for an irreducible Markov chain,
corresponding to a fully connected directed graph. Let D = Diag(m) be the n x n diagonal
matrix with the steady-state recurring state probabilities on the diagonal, all of which are
assumed to be nonzero. Define the Generalized Laplacian L = D(I—-P) and let M = L™ be
its Moore-Penrose pseudo-inverse. Then the one-way expected first transit time from state
i to state j (equal to the expected path length from state i to the first pass at state j) is

NG J) = D icpen(Min — mge)me + (my; — mij)
= [mjj - Zlgkgn(mjkﬁk)} - [mij - Z1gkgn(mikﬂk)] (3)
= D i<cpen(Mik — Mgk + My — M),
The entire matrix of transit times from any state ¢ to any state j is then

N = e-[diag(M — Mmne')] — (M — Mré) (4)
= e-[diag(M)] —er’M' — M + Mmré/,

where we have used the identity diag(M — Mme’) = diag(M) — M.
O

Next we derive the expected round-trip commute time C(, j) from state ¢ to the first
transition in state 7 and back to the first transition in state 7. This is the expected path
length for any path from state ¢ reaching state j for the first time, and then returning to
state ¢ for the first time:

C(4,7) = N(i,j) +N(j,2) = (my5 — mis) + (ma — my0) ()

We can express this in matrix form as follows. Let L = (L+1L')/2 be the symmetric part of
L. L also satisfies Le = 0, 0 < L < 1 (elementwise) and is, of course, symmetric. We also
observe that, since P is irreducible, so are L and L.

In terms of the symmetric part of M, the expected commute times are:
C(i,7) = Mmj; — 2my; + 1My (6)
C=N+N=e- [diag(ﬁ)]' + [diag(ﬁ)] e — 2M,
where M = (M +M’)/2. We remark that, unless L were symmetric to begin with, [(L +
L')/2]" #M = (L* + (L*)")/2 in general. The spectral inequalities in [3, 22] were based on

—~

matrices similar to [(L + L’)/2]*, whereas the analysis here is based on M.



5 Relation to the Modified Fundamental Matrix

Another matrix derived from the Markov chain transition matrix is the so-called Fundamen-
tal Matrix. The Fundamental Matrix for irreducible Markov chains (as opposed to a slightly
different matrix for absorbing chains) is defined as Z = (I— P +en’)~! [11]. We remark that
n [11], the term “ergodic Markov chain” is used to refer to what we call here an irreducible
chain, in which every state is reachable from every other state.

In this paper we use the Modified Fundamental Matrix defined as 7 = ZD~ !, where
D = Diag(m). In the following we also define

Y=Z2'=DI-P+ern)=D—-DP+7nrn' =L+ nr.
Observe the relations
Ye=n, €Y=n' andhence Zm=e, =w'Z=¢.

In order for this discussion to make sense, we must verify that Z exists, i.e. that Y indeed
has an inverse.

Lemma 5. [11]. Y =D — DP + 7=’ is non-singular.

Proof. Suppose Yx = 0 with x # 0. Then 0 = €'Yx = (e/7)(n'x) = (7'x). Hence
Lx = (D — DP)x = Yx — n’x = 0. But L has a one-dimensional nullspace generated
by e, and therefore x must be a multiple of e. We note that Ye = 7 # 0 arriving at a
contradiction.

O

Theorem 6. Let Z = (I—P +en’)~! be the Fundamental Matrix for an irreducible Markov
Chain, and Z = ZD~!, where D = Diag(w). Then the one-way expected transit times are

Zij — Zjj

N(i. 7) = = F— 3 7
(4, ) T “ij T %jj (7)
In matrix form, B B
N=e-|diag(Z)]' - Z (8)
The round-trip expected commute times are then
Cli,j) =22 4 5 5y 55— 5y (9)

T iy

In matrix form,

N = e-|diag(Z)] - Z
C = N+N =e-[diag(Z)] + [diag(Z)] - € —Z — Z' (10)

8



Proof. The first part of formula (7) is proved in [11] starting with (1). The rest follows by
direct calculation or by simply assembling the scalar formulas into a matrix formulation.
O

The remarkable similarity between this theorem and Theorem 4 hints that the Funda-
mental Matrix is closely related to the pseudo-inverse M of the Generalized Laplacian. In
fact, this is the case, on which we now elaborate.

Theorem 7. The Modified Fundamental Matrix Z = (D — DP + zr#’)~! for an irreducible
Markov chain can be written in terms of the pseudo-inverse of the Laplacian, M = LT =
(D — DP)* for that same chain as follows:

Z =M — Mre' — en’'M + (1 + 7'M )ee’

Proof. Let X be the above expression and compute XY, using the facts that Le = L'e = 0,
and €' = 1:
XY = X(L+#nn')=ML—-Mne'L —en’ML + (1 + n'M)ee'L
+ Mnn' — Mrwe'nn’ — en'Mnan' + (1 + n'Mm)ee'nn’
= ML - 0—en’'ML + 0+ Mn7n’ — Mnrn’ — (m'Mm)en’ + (1 + «'Mm)(e'm)en’.

Using the fact that ML = LM = I — %ee’ is the orthogonal projector on to the space
orthogonal to e, we have

XY = I-lee—en'+ le(n'e)e’ + Man' — Mran' — (n'Mm)en’ + (1 + n'Mn)en’
= L

Since Y is non-singular, we must have X =Y L.
O

Theorem 8. Defining the Laplacian and Modified Fundamental Matrix for an irreducible
Markov chain as in Theorem 7, the pseudo-inverse of the Laplacian can be written in terms
of the Modified Fundamental Matrix as follows:

/ — /
M=L+=<I—§)Z<I—i).
n n

Proof. Observing that Z = Y ', L=Y —7n/, e = Y'm, and € = w'Y !, the result
follows immediately from Lemma 2.
O

We conclude this section with a comparison between formulas (4) and (10). The quantity
N in (10) remains invariant if one replaces Z with Z + ev’ for any choice of vector v:

e-[diag(Z+ev) —Z—ev = e- [diag(Z)] + ev’ — 7 —ev'
— e-[diag(Z)] — Z. (11)
=N



By Theorem 7,
M- Mme =Z+e-[7#'M—(1+ 7' Mn)e] =Z+ev, (12)

with the particular choice v.= M'mw — (1 + n’Mm)e. Hence formulas (4) and (10) are
essentially equivalent.

6 Positive Definite Kernel

If M were positive semi-definite with rank r, we could factor it as M =R R, where R would
be an r x n matrix with full row rank. We could then identify the i-th column of R with the
i-th state of the Markov chain (i-th vertex of the original directed graph). This amounts to
embedding the vertices of the original graph in r-dimensional Euclidean space, R". Letting
R = (ry,...,r,), In this embedding, the round-trip commute times

C(i, j) = rj1; = 2(rir;) +r,71; = [[r; — 1], (13)

match the squared distances between the columns of R representing vertices ¢ and j. The
matrix M would be a positive semi-definite kernel. So we address the issue of positive
definiteness in the following.

Theorem 9. Consider the Modified Fundamental Matrix Z = (D — DP + 7rw/)~! and
define its symmetric part: Z = (Z + Z')/2. Let P be as in Lemma 3. Let D = Diag()
be the n x n diagonal matrix of final recurring state probabilities, all of which are nonzero.
Define L = D(I — P) and M = L*. Define the symmetric part M = (M + M’)/2. Then
7 = (Z + Z/)/2 is symmetric positive definite and M is symmetric positive semi-definite.

To prove this theorem, the following lemma is useful.

Lemma 10. For any given real matrix A, A + A’ is symmetric positive semidefinite
if and only if xX’Ax > 0 for any real vector x. We say the ‘real field of values’ for A is
non-negative. So in words, if the quadratic form for a real matrix is non-negative for all real
vectors, the real part of the quadratic form is non-negative also for all complex vectors and
hence the symmetric part of the matrix is positive semi-definite.

Proof of Lemma 10. The symmetry of A + A’ is trivial. Within this proof, let i = v/—1
and let o denote the conjugate transpose of o. (“if”) Suppose z = x + iy for any real
vectors x,y. Then z7 Az = (x' —iy')A(x +iy) = X Ax+y' Ay +i(xX’ Ay — y'Ax) = a+if3,
where o > 0. Hence z(A + A’)z = 2a > 0. (“only if”) For any real vector x: x’Ax =
xH (A +A)x/2 > 0.

O

Proof of Theorem 9. Let A =I1— (L+L/)/2 =I—L. Observe Ae = e. A is symmetric,
doubly stochastic, with non-negative entries. Actually, all the entries are in the interval

10



[0,1). It is also irreducible, since the original P was. Therefore 1 is a simple eigenvalue of
A, and all other eigenvalues are in the interval [—1,+1). Therefore L= (L +L')/2 has one
simple zero eigenvalue and all its other eigenvalues are in the interval (0,2]. Therefore L
is positive semi-definite, with nullity 1. This implies that the ‘real field of values’ for L is
non-negative: x'Lx > 0 for any real x.

We further observe that x'Lx = 0 only when x = ae for some scalar o. Let Y = 771 =
L + 7wx’. Observe that X' Yx = x'Lx + (x'm)(w'x) > 0, with x'Lx > 0 and (x'7)(7w'x) > 0.
The only vector x for which both x'Lx = 0 and (x'7)(7'x) = 01is x = 0.

Hence x'Zx > 0 for any x # 0 and thus Z = (Z +7 )/2 is symmetric positive definite.
Applying Theorem 8, we have M = (M+M')/2 = (I- %e/) Z (I- eTe’) is symmetric positive
semidefinite.

O

We remark in passing that since all the entries of the matrix A in the above proof are in
the interval [0, 1), all the off-diagonal entries of L are in the interval (—1, 0], and the diagonal
entries are in the interval (0, 1]. We conjecture that this may prove useful in proving further

properties about M.

Having established that 7 is symmetric positive definite, we can form its Cholesky fac-
torization: Z = S’S where S is upper triangular [10]. Then we can write the round-trip
commute times as

C(i,j) =s;s; —2(s7s;) +sTsi = |Isi — 5113, (14)

where s; is the i-th column of S, representing the embedding of graph vertex ¢ in R". If
we were to compute the covariance matrix for the vectors s;, as part of principal com-
ponent analysis, we would begin by centering the data. Let s = %ZZ s; = % be the
centroid vector for the columns of S and define R =S —se’ = S (I — e%) to be the ma-
trix of centered columns. Then R’R would be the covariance matrix, whose eigenvectors
are the principal components for the columns of S. On the other hand, from Theorem 8,
R'R = (I — %’3/) S’S (I — e%) = M is exactly the symmetric part of the pseudo-inverse of the
generalized graph Laplacian. We thus conclude that the embedding induced by the Modified
Fundamental Matrix is just a rigid translation of the embedding induced by the Generalized
Laplacian, the latter being centered around the origin.

7 Some Applications and Consequences

As one possible application, we can get a measure of the importance of a given vertex by
adding the average lengths of all paths between any pair of vertices when those paths are
restricted to passing through the given vertex, following similar analysis for undirected graphs
[19]. If we compare this sum to the sum over all possible paths, we get an estimate on how

11



much the restriction of passing through a given vertex ¢ represents a detour in going from

an arbitrary vertex ¢ to another arbitrary vertex j. Since ), m;; = > ;mi; = 0, equation
(3) yields (for all paths)

ZN(Z’,]’) = anjj = n - Trace(M) (15)

] J

and for paths passing through node ¢:

Z N(Zu q) + ZN(qv.]> = Z(mlk - mqk)ﬂ-k + (mqq - miq)
i j ik
+ Z(mqk — M) T+ (M5 — Mg;)
W (16)
= nzmqq +n Z mj;
J
= n’my, +n - Trace(M)

Hence the difference between (16) and (15), namely n®m,,, represents the extra distance
traveled between two vertices when forced to pass through vertex ¢, summed over all n?
pairs of source/destination vertices.

Under certain conditions, we can derive a weighted undirected graph with expected com-
mute times matching those of the original graph represented by the transition matrix P.
We form M as in Theorem 9, and partially reverse the construction to obtain an adjacency
matrix A for the undirected graph. The pseudo-inverse of M is the new Laplacian L for the
new undirected graph. This is not the same as the L encountered above. The Laplacian
of an undirected graph is formed by taking the adjacency matrix A forming the diagonal
matrix D of row sums, and setting L D A Since we assume the diagonal entries of A
are zero, we have D = Dlag(L) and A = D — L. This construction is valid if all the resulting
entries of A are non- negative, i.e., all the off-diagonal entries of L are non- positive. Hence,
the steps just outlined here can be carried out only if this property holds.

In this paper, we have illustrated how several properties of undirected graphs carry over to
fully connected directed graphs. Such graphs have a generalized Laplacian, which indirectly
shares many of the properties of the Laplacian for undirected graphs. In the literature, some
properties for undirected graphs were shown for the Laplacian, some for its pseudo-inverse.
For directed graphs, many of these properties apply to a symmetrized Laplacian, some to the
symmetrized pseudo-inverse, but not necessarily both. This paper presents just one example
of a property for undirected graphs that carries over to directed graphs. Using the matrix
methods developed herein, we hope to extend this to other properties in the future.

12
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Appendix - A Simple Example

Consider the Markov chain representing a completely connected directed graph illustrated
in Figure 1. The Markov chain has period 2 and has the following state transition matrix
and final recurring probabilities
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Figure 1: Simple example of a directed graph.

0.5

0
0
0

0
Note, since the period is 2, this chain can be in an even state only at even time steps and in
an odd state at odd time steps, assuming one starts in an even state at time 0.

0O 0 0
0 05 0
1.0 0 O
0 10 0|’
0 0 1.0
0O 0 0

m =

2
2
1 (1
10 |1
2
2

The Generalized Laplacian and its Moore-Penrose pseudo-inverse are

SO OO NN

0O 0 0 O
-1 0 -1 O
1 -1 0 O
o 1 -1 0
0O 0 2 =2
o 0 0 2

Y

_5
M=2-

2 0 -2 -1 =2
3 1 -1 0 -1
-4 6 4 -1 =2
-4 6 1 0

0 -2 -4 3 2
1 -1 -3 -2 3

The symmetric part of the the pseudo-inverse M, and the Modified Fundamental Matrix are

M=

INTS

-1
0
0

2
0
-1

0
2

-1
-1

0
0

-1
-1

-1
-1

-1
-1
4 0
0 4
-1
-1

0 0
0 0
-1 -1
-1 -1
2 0
0 2

, L=

31
-9
| -9
10 1
11
21

1

21
31
—19
-9
1

11

11 1 1 -9
21 11 11 1
7161 11 1
-19 71 21 11
-9 —-19 31 21
1 -9 -9 31

We observe that the diagonal entries for nodes 3,4 are higher than for the other nodes. This
indicates that nodes 3,4 are more on the periphery of the graph, compared to the remaining

nodes.

The computed average first transit times from any state to any state, and the average round-
trip commute times are
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=N NN = O
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NN OND NN
_ o NN ==
SR NN

Symmetrizing Z and computing its Cholesky factor yields the embedding S in RS.
1.76068 .340777 .056796 .056796 340777 .340777
0 1.72738 .046686 .046686 .280117 .280117

S — 0 0 2.66356 .786386 .025367 .025367
0 0 0 2.54483 .018712 .018712
0 0 0 0 1.70423 237298
0 0 0 0 0 1.68763

We also subtract the mean vector to get the centered embedding R.
1.27791 —.14199 —.42597 —.42597 —.14199 —.14199
—.39683 1.33055 —.35014 —.35014 —.11671 —.11671
—.08344 —.58344 2.08011 .202938 —.55808 —.55808
—.43037 —.43037 —.43037 2.11445 —.41166 —.41166
—.32358 —.32358 —.32358 —.32358 1.38064 —.08629
—.28127 —.28127 —.28127 —.28127 —.28127 1.40636

R —

To expose the fact that the columns of R are actually in a 5 dimensional subspace, we can
compute the “QR” decomposition [10] R = QU where Q is orthogonal and U is upper

—

triangular. Since U'U = R'R = M and Ue = Q'Re = 0, we can use U as an alternate
centered embedding,

—1.5811 0 790569  .790569 0 0

0 —1.5811 .790569 .790569 0 0
U— 0 0 —1.9364 .645497 .645497 .645497
0 0 0 —1.8257 912871 912871
0 0 0 0 —1.1180 1.11803

0 0 0 0 0 0

Finally, we try to construct an undirected graph with round-trip commute times matching
those of the original graph.

28 -8 -2 -2 -8 -8 28

-8 28 -2 -2 -8 -8 28

1 |2 -2 13 -5 -2 2 1|13
L=M)" = q5 9 _9 _5 13 —9 _o|° with diagonal D = gy 13
-8 -8 =2 -2 28 =8 28

-8 -8 =2 =2 -8 28 28

The resulting adjacency matrix and Markov chain transition matrices are
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CoO 00NN O
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2

N O Ot N

2

S NN 0o 0o

8

0

52

_ 1 |28

) Pnew - m 28
52

52

CoO DN DN OO0 0o

e}

02

0
28
28
02
02

13
13

0
70
13
13

13
13
70

0
13
13

52
52
28
28

0
52

This adjacency matrix corresponds to a weighted undirected graph.
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