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ABSTRACT

This thesis is concerned with the computational effort required by a Metropolis-
Hastings algorithm to converge to the target distribution in total variation and
Wasserstein distances. First, under mild assumptions, we show the sharp conver-
gence rate in total variation is also sharp in weaker Wasserstein distances for the
Metropolis-Hastings independence sampler on R?. We derive exact convergence ex-
pressions for general Wasserstein distances when initialization is at a specific point.
Using optimization, we construct a novel centered independent proposal to develop
exact convergence rates in Bayesian quantile regression and many generalized lin-
ear model settings. We show the exact convergence rate can be upper bounded in
Bayesian binary response regression (e.g. logistic and probit) when the sample size
and dimension grow together.

Next, practitioners are often left tuning Metropolis-Hastings algorithms by trial
and error or using optimal scaling guidelines to avoid poor empirical performance.
We develop general lower bounds on the convergence rates of geometrically ergodic
Metropolis-Hastings algorithms on R? to study their computational complexity. If the
target density concentrates with a parameter n (e.g. Bayesian posterior concentration,
Laplace approximations), we show the convergence rate can tend to 1 exponentially
fast if the tuning parameters do not depend carefully on d and n.

Finally we look at a different topic and consider Bayesian error-in-variable (EIV)
linear regression accounting for additional additive Gaussian error in the features
(covariates) and response. We construct a 3-variable deterministic scan Gibbs sampler
using independent normal and inverse-gamma priors. We prove this Gibbs sampler

is geometrically ergodic which ensures a central limit theorem.
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Chapter 1

Introduction

1.1 Markov chain Monte Carlo algorithms

Statistics and many areas of science including epidemiology, statistical physics, and
neuroscience involve computing integrals with respect to some probability measure.
For example, the main subjects of study in Bayesian statistics are posterior integrals.
Let II be a probability measure on R? where d is a positive integer. The Monte Carlo
method approximates integrals by generating samples 6, ..., 07 representative of II

so that for integrable, real-valued functions f, in some sense,

1 T-1
T;ﬂ )~ |

Independent sampling methods such as inverting the cumulative distribution func-
tion and rejection sampling [94] are often challenging or even infeasible to implement
in modern high-dimensional problems. Markov chain Monte Carlo (MCMC) algo-
rithms instead generate correlated samples from a Markov chain which can be readily
simulated on a computer. Two widely utilized algorithms include Metropolis-Hastings
[47, 75] and Gibbs sampling [38]. The goal is then to simulate an MCMC algorithm

for sufficiently long so the simulated samples are representative of II and can be used
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in Monte Carlo approximations [57].

MCMC algorithms generate a discrete-time Markov chain (6;)7°, initialized from
a probability measure v. We will be interested in time-homogeneous Markov chains
where the probability distribution of 6;]6 is specified by a Markov transition kernel
P defined for § € R? and Borel measurable sets B C R¢ by P(#, B). For positive
integers ¢ > 2 and defining P! = P, the distribution of 6;|0 is defined recursively by
the t-step Markov kernel

Pt(e,B)—/ P=Y(, B)dP(8, ).

The marginal distribution of #; starting from any initial probability distribution v on

R? is defined
vP' :/ PYG - )dv(0").
R‘i

The Markov kernel P! defines a linear operator on Borel measurable functions f :
R? — R by
P'f(0)= [ fdP'(,)

Rd
and its dual operation on probability measures by P*v = v P!,

A Markov chain has invariant distribution II if it preserves the marginal dis-
tribution of the Markov chain in the sense that IIP* = II. Markov chains such as
Metropolis-Hastings satisfy a stronger reversibility condition. A Markov kernel P is
reversible for II if it satisfies the symmetric condition defined for Borel measurable

sets A, B C R? by
/ P(-, B)dIl = / P(, A)dIL.
A

B
Reversibility implies II is invariant for the Markov kernel and a reversible Markov

operator is a self-adjoint linear operator in L*(IT).
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1.2 Metropolis-Hastings

One of the most widely used and important MCMC algorithms is the Metropolis-
Hastings algorithm. In statistics especially, it is often the case the normalizing con-
stant is unknown for Bayesian posteriors or the posterior conditionals cannot be
sampled directly and Metropolis-Hastings requires neither. Estimating the normal-
izing constant for probability densities is a nontrivial problem required in methods
such as importance sampling. Alternative MCMC algorithms such as Gibbs samplers
require sampling the conditionals of the target distribution directly which can only
be achieved in specific situations.

The original Metropolis-Rosenbluth algorithm was introduced using a symmetric
proposal [75] and later extended to more general proposals which we introduce here
[47, 113, 114]. Suppose II has probability density 7 with respect to a Borel measure
pon R For each § € RY, a proposal is a Markov kernel Q(6,-) on R? with Markov
transition density ¢(f, -) with respect to . The proposal is used to generate samples
and these samples are accepted or rejected using an acceptance function af(-,-) :
R?Y x RY — [0,1] [113, 114]. When initialized with 6y, for positive integers ¢, the
Markov chain generates independently 6;|0,_; from Q(6;_1,-) and a standard uniform

random variable U; producing the random variable

(92, lf Ut S a (Qtfl, 02)
Qt -

Ht_l, if Ui >a (Ht_l, 82)

Denote the Dirac probability measure at the point z € R? by 6,. The Metropolis-
Hastings Markov kernel P is defined for § € R? and Borel measurable sets B C R¢
by
P(9,B) = / a(6,0"dQ(0,6") + dy(B) /d (1—a(0,0))dQ(0,0).
B R
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For II to be invariant, the acceptance function must satisfy for Borel measurable

sets A, B C R,

// (0,0)dQ(0,6)dIL(6 // (©',0)dQ(¢', 0)dII(0') (1.1)

and in this case, the Markov kernel is reversible for IT [114]. The standard Metropolis-
Hastings acceptance function is defined for each 6,60’ € R? by
[ w(0)q(0',0 :
min {%, 1} , if w(0)q(0,6') >0
1, if m(0)q(60,0') =0

a(6,0') =

Using this acceptance function, Metropolis-Hastings satisfies (1.1), and does not re-
quire the normalizing constant of the target density w. Acceptance functions are not
unique [114] and alternatives exist such as Barker’s acceptance [5]. However, the
standard Metropolis-Hastings acceptance is closely related to rejection sampling and
minimizes the asymptotic variance in the Markov chain central limit theorem among

alternative choices [83, 114].

1.3 Convergence of Metropolis-Hastings

Under relatively weak conditions, generating samples from an MCMC algorithm such
as Metropolis-Hastings will asymptotically draw samples from the target distribu-
tion [94]. A fundamental question in MCMC is determining the finite number of
iterations required to generate a representative sample from the target distribution
[58, 59, 102]. The topic of convergence analysis compares the marginal distribution
of the Markov chain denoted by v P! to the target distribution IT using a discrepancy
measure. Some examples of discrepancy measures include the total variation and

Wasserstein distances [122, 123]. A popular approach is to show geometric ergodicity
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and provide an exponential convergence rate to the target distribution from any point
of initialization in total variation [45, 59, 76, 102, 113]. Let C(vP*, II) be the set of
all joint probability measures on R? x R? with marginals distributions vP* and II

respectively. The total variation distance between vP* and II is defined

+ . .
|vP" — HHTV = 560%1?1&,11) /]Rded Ty, dE(0,w).

A Metropolis-Hastings kernel P is geometrically ergodic [113] if there is a convergence
rate p € (0,1) and a function 6 — M () where for every positive integer ¢ and every
point initialization § € R? with 7 (#) > 0, | P'(6,) — II|| ;v < M(0)p'. Here we write
the marginal distribution of the Markov chain 0y P* as the t-step kernel P*(6,-).

Convergence analyses of general state space Markov chains have traditionally fo-
cused on studying their convergence rates in the total variation distance [76, 102, 113].
These convergence rates have received significant attention, at least in part, because
they provide a key sufficient condition for the existence of central limit theorems
[57] and the validity of methods for assessing the reliability of the simulation effort
[100, 119]. However, convergence analysis of Metropolis-Hastings Markov chains is
well-understood to be difficult and typically results in establishing a qualitative con-
vergence rate [46, 53, 56, 74, 99]. Explicit convergence rates have been rare with the
exception of some Metropolis-Hastings independence samplers [113]. For example,
a widely known result gives general conditions for the random-walk algorithm to be
geometrically ergodic [53], but the scaling properties of the convergence rate with the
problem size (e.g. the dimension or posterior sample size) remain unknown.

There has been significant recent interest in the geometric convergence properties
of Monte Carlo Markov chains on general state spaces in high-dimensional settings
(27, 30, 46, 55, 88, 92, 130] and traditional approaches can have limitations in this

regime [89]. This has led to an interest in considering the convergence rates of Monte
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Figure 1.1: A diagram visually showing the optimal transport problem of moving
point masses from the distribution v P! to the distribution II.

Carlo Markov chains using Wasserstein distances [39, 46, 54, 72, 90, 91] which may
scale to large problem sizes where other approaches have had difficulties [26, 46,
91]. Convergence analyses in Wasserstein distances also result in benefits similar to
those obtained using total variation such as central limit theorems and concentration
inequalities for time averages of the Markov chain [46, 54, 60, 66].

The L'-Wasserstein distance [61, 122, 123], which we will call the Wasserstein
distance, is defined for two probability measures vP* and II as a measure of the
optimal way to transport all of the mass from the probability measure to the other.
A lower semicontinuous metric function p specifies the cost to transport each point
mass. This intuitive definition is shown visually in Figure 1.1.

The Wasserstein distance is defined as the optimal average transport cost

P'II) =  inf 0, w)dé(0,w).
W, P = ot [ 0.w)dg0.0)

The Wasserstein distance may be viewed as an infinite-dimensional linear program

and admits a dual infinite-dimensional linear program [122]. This is expressed in the
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famous Kantorovich-Rubinstein theorem ([122], Theorem 1.14) which states that

W,(vP' 1) =  sup {/ @duPt—/ godH]
€My (R?) R4 R4
H‘P”Lip(p)ﬁl

where M;(R?) is the set of bounded, Borel measurable, real-valued functions on R?

and

Lip(p)(¢) = sup [o(y) —@(z)|/p(x,y)

z,yER Yy
is the Lipschitz norm measuring the maximum Lipschitz constant for a real-valued
function ¢ : R — R. From a statistical viewpoint, this dual representation says
the Wasserstein distance measures the worst-case bias between these two probability
measures over these functions. When the metric p is the Hamming metric, then the
Wasserstein distance is the total variation distance. A more interesting example is
p(0,w) = min{||§ — wl|, 1} which is always less than the Hamming metric used in

total variation yielding a weaker Wasserstein distance discrepancy measure.

1.4 Contributions

The main part of this thesis is concerned with the computational effort required
by a Metropolis-Hastings algorithm to converge when the target distribution II has
Lebesgue density defined on R%. As mentioned in the previous section, the majority
of convergence analysis for Metropolis-Hastings algorithms focuses on upper bounds
to the convergence rates which are often non-explicit (qualitative) or too crude to
be computed and employed in applications. In comparison, lower bounds on the
convergence rate can provide practitioners with further insight into the optimal con-
vergence behavior of the Metropolis-Hastings algorithm. Similar to establishing an

explicit upper bound on a convergence rate, obtaining useful lower bounds, which
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may also match the upper bound, is regarded as a challenging problem even for toy
examples.

In Chapter 2, we consider the Metropolis-Hastings independence (MHI) sampler,
which uses any proposal independent of previous iterations [113], for target distribu-
tions on R%. We look to the question: can the geometric convergence rate be improved
using Wasserstein distances alternative to total variation for the MHI sampler? Un-
der mild assumptions, we show the sharp convergence rate in total variation obtained
using a global minorization condition [124] is also the sharp convergence rate for
Wasserstein distances weaker than total variation. We derive exact convergence ex-
pressions in more general Wasserstein distances when initialization is at a specific
point.

Due to modern high-dimensional statistical applications, there has been signifi-
cant recent interest in the convergence complexity of MCMC algorithms with respect
to the dimension d and sample size n [6, 12, 30, 55, 88, 92, 129, 130, 132]. We
then study if the exact convergence rate obtained for the MHI sampler can yield in-
formative convergence rates for practitioners which can scale to large problem sizes
since the convergence analysis is exact. Using optimization, we construct a novel
centered independent proposal to develop exact convergence rates in Bayesian quan-
tile regression and many generalized linear model settings. We then consider scaling
properties of the exact convergence rate to large dimensions and sample sizes in high-
dimensional Bayesian binary response regression (e.g. logistic and probit regression)
with Gaussian priors. We show the exact convergence rate can be upper bounded in
Bayesian binary response regression (e.g. logistic and probit) when the sample size
and dimension grow together.

In Chapter 3, we look to aid practitioners in answering the question: how does one
properly tune general geometrically ergodic Metropolis-Hastings algorithms to avoid

poor empirical performance? Unlike in Gibbs samplers, Metropolis-Hastings often
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require choosing tuning parameters for the proposal which can be an arduous task
in practice. For example, the widely used random-walk and Metropolis-adjusted
Langevin proposals [98, 113] require carefully choosing a variance parameter. There
are some qualitative results on the geometric ergodicity of some Metropolis-Hastings
algorithms, but the computational complexity of the convergence and dependence on
the tuning parameters are still largely unknown [53, 56, 98, 103, 119]. Consequently,
practitioners are often left tuning these algorithms by trial and error or using optimal
scaling guidelines [95, 96] to avoid poor empirical performance.

We develop general lower bounds on the convergence rates of geometrically er-
godic Metropolis-Hastings algorithms for target distributions on R? to study their
computational complexity. General lower bounds on the mixing times are also devel-
oped when the algorithms are not necessarily geometrically ergodic and similar lower
bounds are given in Wasserstein distances. If the target density concentrates with
a parameter n (e.g. Bayesian posterior concentration, Laplace approximations), we
show the convergence rate can tend to 1 exponentially fast if the tuning parameters do
not depend carefully on d and n. Examples are applied to Bayesian logistic regression
with Zellner’s g-prior and flat prior Bayesian logistic regression.

Finally, in Chapter 4, we look at a different topic in the geometric ergodicity
of Gibbs samplers. Many problems in epidemiology [1, 13, 14, 20] and astrophysics
[48] among other areas of science [43, 86, 111] involve errors in the variables (EIV)
which classical linear regression does not take into account. EIV can occur in many
situations such as measurement error in data collection [48], a discrepancy between the
data distribution and the model [13, 14], or purposeful adversarial attacks against the
data [42, 110]. Not surprisingly, multiple critical issues arise in parameter estimation
and statistical inference when ignoring additional errors in the data such as poor
predictive performance [42], statistical bias [22, 67, 121], and estimators fail to be

consistent [77].
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We consider Bayesian error-in-variable (EIV) linear regression accounting for ad-
ditional additive Gaussian error in the features (covariates) and response. We con-
struct a 3-variable deterministic scan Gibbs sampler for Bayesian error-in-variables
regression using independent normal and inverse-gamma priors. We prove this Gibbs
sampler is geometrically ergodic which ensures a central limit theorem for many time

averages from the Markov chain.



Chapter 2

Exact Convergence Analysis for
Metropolis-Hastings Independence
Samplers in Wasserstein Distances

2.1 Overview

In this chapter, we study exact convergence rates of Metropolis-Hastings indepen-
dence sampler (MHI) Markov chains in Wasserstein distances alternative to total vari-
ation. The exact convergence behavior of Metropolis-Hastings algorithms across var-
ious Wasserstein distances has not been previously studied. Only in specific Wasser-
stein distances, have upper bounds been developed [26, 46]. Our main contribution
develops exact convergence rates which are universal across Wasserstein distances for
the MHI sampler. Surprisingly, we show the sharp convergence rate in total variation
[74, 113, 124] is also sharp for Wasserstein distances weaker than total variation under
mild assumptions. When the algorithm is started at a specific point, we give exact
convergence expressions across more general Wasserstein distances. We also provide
a practically relevant application of our theoretical results by developing exact con-
vergence expressions using normal-inverse-gamma proposals in the Bayesian quantile

regression setting.

11
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Motivated by the general theoretical work, we consider using a centered Gaussian
proposal and derive exact convergence expressions in Wasserstein distances for a large
class of target distributions. The centered Gaussian proposal matches the maximal
point of the proposal density with that of the target density. By centering an in-
dependent proposal, we directly imbue the Markov chain with a strong attraction
to a set where the target distribution has high probability. This centered Gaussian
proposal is similar to using a Laplace approximation [85, 106, 113], but differs in its
covariance matrix. We study this MHI in several Bayesian generalized linear models
and derive exact convergence expressions in general Wasserstein distances.

Our techniques are based on a condition [74, 113, 124] which is well-known but
has previously been difficult to scale in high-dimensional settings. The novelty in our
analysis is a carefully constructed proposal to develop exact convergence rates across
Wasserstein distances. We then consider scaling properties of the exact convergence
rate to large dimensions and sample sizes in high-dimensional Bayesian binary re-
sponse regression (e.g. logistic and probit regression) with Gaussian priors. Data
augmentation algorithms have been developed for these models [2, 87], but the re-
quired matrix inversions at each iteration can be computationally intensive. We derive
an explicit asymptotic upper bound on the convergence rate of our MHI for general
Wasserstein distances when the sample size and dimension increase in such a way that
the ratio d/n — v € (0,400). In this case, we show a well-known condition yields
informative convergence rates for practitioners which can scale to large problem sizes
when the convergence analysis is exact.

To the best of our knowledge, this work is the first to successfully address the
convergence complexity of Metropolis-Hastings in general Wasserstein distances when
both the sample size and the dimension increase. Previously under the conditions of
a central limit theorem, the convergence complexity in total variation of random walk

Metropolis (RWM) on a compact set was studied [6]. In contrast, our convergence
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complexity results do not rely on the underlying space being compact. The dimension
dependence of the mixing time has been studied in specific Wasserstein distances
and total variation for Metropolis-Hastings algorithms such as Metropolis-adjusted
Langevin (MALA) and RWM for certain log-concave target distributions [28, 29].
We take into account the sample size and upper bound the convergence rate which
provides further theoretical guarantees for time averages of the Markov chain [57, 60].
Related results have investigated the convergence properties of some high-dimensional
Gibbs samplers [81, 82] or studied the cases when the dimension or the sample size
increase individually [30, 55, 91, 92].

The remainder is organized as follows. In Section 2.2, we define the Metropolis-
Hastings independence sampler and the Wasserstein distance. In Section 2.3, we
develop exact convergence rates in the Wasserstein distance for the MHI sampler and
apply this theory to Bayesian quantile regression. In Section 2.4, we study a centered
Gaussian proposal to obtain exact convergence expressions and apply this to many
popular Bayesian generalized linear models used in statistics. We also develop high-
dimensional convergence complexity results for Bayesian binary response regression
in the large dimension and large sample size regime. Section 2.5 contains some final

remarks. Some technical details and proofs are deferred to the appendices.

2.2 MHI and Wasserstein distance

As they will be considered here, MHI algorithms simulate a Markov chain with invari-
ant distribution II supported on a nonempty set © C R? using a proposal distribution
() which, to avoid trivialities, is assumed throughout to be different than I1. We also

assume throughout that II has Lebesgue density 7 with support © and () has Lebesgue
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density ¢ with support ©. Define

o 4 m(0)q(0) :
o 1 {Ho 1} tm@u@) >0
1, if m(0)q(0") =0
We will consider MHI algorithms initialized at a point 8y € ©. MHI proceeds as fol-
lows: for t € {1,2,...}, given 6;_1, draw 6; ~ Q(-) and U; ~ Unif(0, 1) independently

so that
92, lf Ut S a (0t_1, 02)

0;_1, otherwise

If 9y denotes the Dirac measure at the point 6, the MHI Markov kernel P is defined
for # € R? and B C R? by

P(0,B) = / a(8,0)q(0")do" + 64(B) (1 — /a(Q, 9’)q(9’)d9’> .
B
With P = P!, define the Markov kernel at iteration time ¢ > 2 recursively by
P9, B) = /P(G,dﬁ’)Ptl(é/,B).

Let C(P'(0, -), 1) be the set of all joint probability measures with marginals P*(6, -)
and IT and p be a lower semicontinuous metric. The L;-Wasserstein distance [61, 122,
123], which we will call simply the Wasserstein distance, is

W, (P(6,-),11) = inf /p(é’,w)df(é’,w).

 gec(Pi(6,),1)
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2.3 Exact convergence rates for MHI samplers

When the ratio of the proposal and target densities is bounded below by a positive

number, that is,

¢ = inf{q(6)/7(0)} > 0,

the MHI sampler is uniformly ergodic in total variation with convergence rate upper
bounded by 1 — €* [113, Corollary 4. Unlike in accept-reject sampling, €* does not
need to be known explicitly or computed in order to implement MHI. However, this
requirement was shown to be necessary for uniform ergodicity in total variation [74,
Theorem 2.1]. More recently, it was shown the convergence rate cannot be improved

[124, Theorem 1]. We show this is the case even in weaker Wasserstein distances.

Theorem 1. Suppose p(-,-) < 1. Then

sup W,(P*(0,-),11) < (1 — 6*)tsup/,0(~,9)dﬂ.
fcO /e

If in addition, q is lower semicontinuous and 7 is upper semicontinuous on ©, and

there is a sequence of compact sets increasing in diameter to ©, then

(1 — €)' inf /p(-, 6)dIl < sup W,(P*(0,-),1I) < (1 —€")’ sup/p(-, 0)dIl.

9€© ) E)
Proof. The proof is provided in Appendix Appendix A.1. ]

The additional assumptions are not required when working with the total varia-
tion norm [124, Theorem 1}, but are mild assumptions that hold in many practical
applications. The upper bound constant can improve upon upper bounds in total

variation [113] if for example, p is continuous and © is compact. If €* = 0, Theorem 1
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also gives the lower bound

inf [ p(-,0)dIl < sup W,(P'(6,-),11),
L) 9€0

which shows MHI cannot converge uniformly from any starting point for many Wasser-
stein distances. Thus, under mild assumptions, Theorem 1 gives a complete charac-
terization of the worst-case convergence of the MHI algorithm in many Wasserstein
distances.

Exact convergence expressions are available when the Markov chain is initialized

at 0* = argmin {q(0)/m(0) : 6 € O}.

Proposition 1. Suppose there exists a solution
0* = argmin{q(0)/mw(0) : 0 € ©}.
If e = (6°)/m(6"), then
W, (P16, ),11) = (1 —59*)t/p(9,9*)d1_[(9).

Proof. Under our assumptions P'(6*,-) can be represented as a convex combination
of the target distribution and the Dirac measure at the point 6* [124, Remark 1,
Theorem 2], that is,

PHO* ) = (1— (1 —€p)") T+ (1 — €g+)" G- (2.1)
Let ¢ : R? — R be a function such that [ [¢|dIT < co. We have the identity,

/@wpt(e*, J=(1-(1-e)") /@zde(B) + (1 — €g=) " h(67). (2.2)
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Since the only coupling between IT* and the Dirac measure dy- is the independent cou-
pling [40], the Wasserstein distance takes the simple form W, (d¢+, IT) = [ p(6, 6*)dIL(6).
Since ¢ is not exactly 7, then ep- € (0,1). Let My(R?) be the set of bounded

measurable functions on R? and for real-valued functions ¢, let

[6llLipy = sup {le() —o@)l/p(z,y)}

T,Y,TFY

denote the Lipschitz norm with respect to the distance p. Applying the Kantorovich-
Rubinstein theorem [122, Theorem 1.14],

W, (P*(6*,-),1I) =  sup /cpd (P'(6%,-) —10)
pEMy(R?) /O
12l Lip(p) <1

= sup {(1 — 69*)t/ od (69« — H)}
e My (R) e

”‘pIILip(p) <1

= (1 —¢p)" sup / od (0g+ — TI)
pEM,(RY) /O
||50HLip(p)§1

= (1 — 69*)th (59*, H)

_ (1_69*)2*/@/)(9,9*)411(9).

2.3.1 Application: Bayesian quantile regression

Fix r € (0,1) and suppose, for i = 1,...,n, ¢ are independent and identically

distributed (i.i.d.) with density

pr(€) =r(1 —r) (exp((1 — 7)€)leco + exp(—r€)l>p) -
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Let vg, 59 € (0,00) and C' € R4 be symmetric positive-definite. We paramaterize

the inverse gamma distribution so that if o ~ IG(v,s) for some v, s € (0,00), then

(2

it has a density proportional to 07" !exp(—s/0o). Assume the Bayesian quantile

regression model for i € 1,...,n where X; € R? is fixed and

g~ IG('U(), 80>
Blo ~ Ng(0,0C)

Y; = ,BTXZ + 0¢€;.

With ¥ = (Y,...,Y,)" and X = (X3,...,X,,)", let II(-| X, Y) denote the posterior
and 7(-|X,Y’) denote the density for this Bayesian model with normalizing constant
Zn(|xy):

Upper bounds on the convergence rate were previously investigated for Gibbs
samplers [65] in this setting. We will study the MHI algorithm with a normal-inverse-
gamma proposal constructed as follows. Define ¢,.(u) = u(r — I,<o) and s, : R? - R
by $pr(B8) = Yor, 6(Yi— BT X;)+57C~5/2. Since s, is strongly convex, let * € R?

be the unique minimum of the function s, ,. Now the MHI proposal is given by

o~ IG(TL + v, So + Sn,r(ﬁ*))
ﬂ|0‘ ~ Nd(ﬁ*,O'C).

Let I' : R — R be the usual Gamma function and define
_d _ *\\ L+ —
g = Zngxy) (2m) 72 det ()2 (80 + 8 (85))" T T(n + vp) 7L

The following gives an exact convergence rate of this algorithm which completely

characterizes its convergence from a specific initialization.
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Theorem 2. For any oq € (0,00)

W, (PH((8",00). ). TI(|1X,Y)) = (1 - e5.)' / p((B,0), (8", 00))dII(B, 0| X, ).

Proof. The proof is provided in Appendix Appendix A.2. n

Note that eg- is difficult to compute since it depends on the normalizing constant,
but we give an example later where upper bounding the convergence rate is possible

in Bayesian logistic regression.

2.4 MHI with centered Gaussian proposals

Recently, centered drift functions have been used to improve convergence analyses of
some Monte Carlo Markov chains [30, 88, 91]. Our focus is instead on centering the
proposal distribution, that is, matching the optimal points of the proposal and target
densities similar to Laplace approximations.

We shall see in the next section that by centering a Gaussian proposal, we may
satisfy the assumptions of Proposition 1 for a general class of target distributions with
0* being the optimum of the target’s density. While we focus on Gaussian proposals,
the technique of centering proposals is in fact more general.

We will assume the target distribution II is a probability distribution supported
on R With f : RY — R and normalizing constant Zp, define the density 7
by 7(0) = Zg'exp (—f(6)). Let 6* be the unique maximum of 7, a € (0,+00),
and C € R¥9 be a symmetric, positive-definite matrix. Let the proposal dis-
tribution ) with density ¢ correspond to a d-dimensional Gaussian distribution,
Ng(6*,27*C). In this case, the ratio of the proposal density and target density is
e = (2m) Y202 det (C) Y Zy exp(f(67)).
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Proposition 2. If 0* exists and, for any 6 € R?,
F0)> () +a(@—6) C7(0-06) /2

then
w, (P(6°,-),TI) = (1 _69*)75/,)(9,9*)@1(9).

Proof. Since the proposal density has been centered at the point 6%, it then satisfies

q(6%) = (2m)~Y2a%2 det (C) 2. For every 6 € R?, we have the lower bound

% = (2m) 20 det (€)1 Zuexp (£(6) = 5 (007 71 (0 - 67))
> (2m) %02 det (C) 2 Zyexp (f(07))
_q(6)
m(0*)

Since both densities are positive and the proposal is independent of the previous
iteration, we have shown that the conditions for Proposition 1 are satisfied and an
application of Proposition 1 with the proposal and target distribution () and II as we

have defined them in this section completes the proof. O

The point 6* is guaranteed to exist if the function f satisfies a convexity property.
A function h : R — R is strongly convex with parameter p if there is an pu € (0, +00)
so that h(-) — u||-||* /2 is convex [49, 80]. The norm in this definition is often taken
to be the Euclidean norm, but we will use the norm induced by the matrix C~1. We
consider using a Gaussian proposal centered at a point 6y which is not necessarily the
optimum of the target density. Let gz, € R? be a subgradient of f at 6, [80]. For a
point §, € R?, we consider the proposal corresponding to a d-dimensional Gaussian
distribution, Ny(6p —a~'Cgy(,), @ *C). When f is differentiable, this construction of

the proposal uses the gradient of f in a similar way as MALA. The ratio of the proposal
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and target density evaluated at 6 is g, = (27)~%2det (a=2C)"/* Zy exp(f(6y) —
9160) C9s09)/(2a)). Choosing 0y = 6* yields the centered Gaussian proposal, but we

also have an exact convergence expression in other cases.

Proposition 3. If the function 0 — f(0) — afTC~10/2 is convex for all points on
RY, then
W, (P'(6o,-),1) = (1 — eeo)t/p(é,ﬁo)dH(Q).

Proof. Since the function f(0) — afTC~16/2 is convex for all points on R?, then for
each 0 € R,

F0) 2 F(60) + gy (0 80) + 5 (0 = 60) C7'(6 — 6y)

= f(00) ~ 5

+5 (0= b0+ 07" Cgyy)" €7 (9= b + a7 Cgjan)

(Cyr60)" 9500)

This implies for every 6 € R?, the ratio of the proposal density ¢ corresponding to

the distribution Ng(6y — a *Cgy,), o 'C) and target density 7 satisfies

o0) | alt)
m(0) — (o)
An application of Proposition 1 completes the proof. O

2.4.1 Application: Bayesian generalized linear models

We consider Bayesian Poisson and negative-binomial regression for count response
regression and Bayesian logistic and probit regression for binary response regression.
Suppose there are n discrete-valued responses Y; with features X; € R?, and a param-

eter B € R?. For Poisson regression, assume the Y;’s are conditionally independent
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with
Yi|X,~, [ ~ Poisson (exp (/BTXi)) .

Similarly, for negative-binomial regression, if £ € (0, +00), assume
Y;’XZ-, B ~ Negative-Binomial <§, (1+ exp (—6TX1-))_1> .
For binary response regression, if S : R — (0, 1), assume
Yi|Xi, B ~ Bernoulli (S (87X;)) .

For logistic regression, we will consider S(z) = (1 +exp(z))" and for probit re-
gression, we will consider S(x) to be the cumulative distribution function of a stan-
dard Gaussian random variable. Suppose 3 ~ Ny(0,a~'C) where o € (0, +00) and
C € R¥9 is a symmetric, positive-definite matrix. Both o and C are assumed to
be known. Define the vector Y = (V1,...,Y,)" and the matrix X = (Xy,...,X,)".
Let II(-|.X,Y") denote the posterior with density = (-|.X,Y"). If ¢, denotes the negative

log-likelihood for each model, the posterior density is characterized by
_ « _
T(BIX.Y) = ZH(1-|X,Y)) exp (—En(ﬁ) - §5TC 1ﬁ> :

Observe that the function ¢, is convex in all four models we consider. Let 5* denote
the unique maximum of 7(-|X,Y’). For the MHI algorithm, we use a Ny(5*,a1C)
proposal distribution, and Proposition 3 immediately yields the following for each

posterior.

Corollary 1. We have

W, (P, ). TI(|X,Y)) = (1— e5.)" / p(8, 8)dII (B|X,Y)
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-1
where €5 = exp(Ca(B*) + 28TC16%) Zuixy ((27r)d/2 det <a—lc)1/2) .

2.4.2 Convergence complexity analysis of MHI in binary re-

sponse regression

Our goal now is to obtain an upper bound on the rate of convergence established
in Corollary 1 in high dimensions for binary response regression. In this context,
it is natural to treat the (Y;, X;)I, as stochastic; each time the sample size in-
creases, the additional observation is randomly generated. Specifically, we will as-
sume that (V;, X;)", are independent with Y;|X;, 5 ~ Bernoulli (S (BTXi)) and
X; ~ Ny(0,0?n7'1;) with 0 € (0,+00). Similar scaling assumptions on the data
are used for high-dimensional maximum-likelihood theory in logistic regression [109].
We will also assume the limit of the trace of the covariance matrix used in our prior
is finite, that is, tr(C) — s¢ € (0,+00) as d — +o00. Note that this is a necessary
condition that the trace of the covariance is finite for Gaussian distributions to exist

in an infinite-dimensional Hilbert space [9].

Theorem 3. Suppose that the following conditions hold.

1. The negative log-likelihood €, is a twice continuously differentiable convex func-

tion.

2. There is a universal constant ro € (0,+00) such that the largest eigenvalue of

the Hessian of the negative log-likelihood Hy, satisfies for every B € R,

)\maz (Hﬁn (6)) S TO)\maw (XTX) '

Let ag = ro(1+7Y%)202s0/(20). Ifd,n — 400 in such a way that d/n — v € (0, +00),
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then, almost surely

limsup W, (P*(8*,-), I1(-| X, Y)) < Mo(1 — exp (—ao))"

d/n—~

where My = limsupy,, ., [ p(8, 5*)dII(3|X,Y).
Proof. The proof is provided in Appendix Appendix A.3. O]

Theorem 3 applies to both Bayesian logistic and probit regression. For logistic
regression, £, is a twice continuously differentiable convex function and we may choose
ro = 41, Similarly for probit regression, ¢, is also a twice continuously differentiable
convex function and we may choose 1o = 1 [24].

In Figure 2.1, we plot (1 — exp (—ap))?, the limiting decrease in the Wasserstein
distance according to our upper bound, with varying values of the limiting ratio
with the other remaining values in ag fixed. We observe that as this ratio increases,
the number of iterations needed to approximately converge may still increase rather

rapidly.

2.5 Final remarks

We studied the exact convergence behavior of the MHI sampler across general Wasser-
stein distances. We showed upper and lower bounds on the worst-case convergence
rate for Wasserstein distances weaker than the total variation distance. When start-
ing at a certain point, we gave exact convergence expressions. It remains an open
question if the convergence rate is the same for every initial starting point as it is for
total variation [124]. By centering an independent proposal, we directly imbue the
Markov chain with a strong attraction to a set where the target distribution has high
probability. We showed this technique can provide uniform control over acceptance

probability yielding exact convergence rates in Bayesian quantile regression.
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Figure 2.1: The limiting decrease in the Wasserstein distance using different values of
v, the limiting ratio of the dimension and sample size, versus the number of iterations.

The centered MHI algorithm turns out to have many applications for posteriors
that arise in Bayesian generalized linear models where more sophisticated proposals
are often used. With additional assumptions on the data and prior, we also showed
this exact convergence rate may be upper bounded when sampling high-dimensional
posteriors in Bayesian binary response regression. Explicit convergence rates for
Metropolis-Hastings algorithms such as MALA and RWM are difficult to obtain es-
pecially in high dimensions. Although connections between the MHI algorithm and
rejection sampling are well-known [71, 113, 124], the centered MHI algorithm may
provide insight into the convergence behavior of more popular Metropolis-Hastings

algorithms such as the MALA and RWM algorithms.



Chapter 3

Lower Bounds on the Rate of
Convergence for
Metropolis-Hastings Algorithms

3.1 Overview

In this chapter, we develop new lower bounds on the convergence rates for geomet-
rically ergodic Metropolis-Hastings algorithms on R in order to study their compu-
tational complexity. In particular, we are concerned with conditions on the tuning
parameters which imply the convergence rate rapidly tends to 1 with the dimension d
and sample size n. When these algorithms are not necessarily geometrically ergodic,
we also develop new lower bounds on the mixing times. Analogous lower bounds are
developed for the geometric convergence rate and mixing times in certain Wasserstein
distances. Our goal is to aid practitioners in understanding when geometrically con-
verging Metropolis-Hastings algorithms may fail to produce a representative sample
within an available number of iterations.

Few results are available on lower bounding the convergence rates for geometri-
cally ergodic Metropolis-Hastings algorithms [97, 124]. While drift and minorization

conditions are often used to establish geometric ergodicity [113, 53, 98], the lower

26
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bounds we develop are independent of the method used where specific techniques
have limitations [89]. Lower bounds on the convergence rates which tend to 1 rapidly
also suggest estimators from the Markov chain may be unreliable in these settings.
For example, convergence rates are used to upper bound the asymptotic variance in
the Markov chain central limit theorem [35, 57] and mean squared error [104, 68] as
well as in concentration inequalities [60].

We apply our lower bounds to the random walk Metropolis-Hastings (RWM) algo-
rithm for certain log-concave target densities and an application to Bayesian logistic
with Zellner’s g-prior is studied as d,n — oo. In this example, we show the conver-
gence rate can tend to 1 exponentially fast if the tuning parameters do not depend
carefully on d and n. We then focus on a class of Metropolis-Hastings algorithms
using a general Gaussian proposal which in special cases is the proposal used in
random-walk Metropolis-Hastings (RWM) [113], Metropolis-adjusted Langevin algo-
rithm (MALA) [96, 98], and other variants such as Riemannian manifold MALA [41].
We consider more general target densities under conditions they concentrate towards
their maximum point with n (e.g. Bayesian posterior concentration, Laplace approx-
imations) as d,n — oco. We show if the tuning parameters do not depend on n, the
convergence rate can tend to 1 rapidly as d,n — oco. Flat prior Bayesian logistic as
only n — oo is studied as an application.

The approach here is inspired by previous techniques used to obtain exact con-
vergence rates in the Metropolis-Hastings independence sampler [124]. Others have
instead focused on the conductance and spectral theory [10, 46, 55, 69, 126]. The
conductance has been used to upper bound the spectral gap in parallel and simu-
lated tempering [126] and for more general Metropolis-Hastings where a Gaussian
target was studied with RWM [46, Proposition 2.16]. An upper bound on the spec-
tral gap lower bounds the convergence rate for reversible Markov chains starting from

appropriate “warm-start” distributions [35, 69]. We focus on convergence rates for
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Metropolis-Hastings starting from an arbitrary point which is often easier to imple-
ment in practice.

Our work is also related to previous research focused on lower bounding the mix-
ing time for Metropolis-Hastings algorithms [105, 126, 127]. An upper bound on the
spectral gap for parallel tempering [126] was extended to lower bound the mixing time
for parallel tempering and adaptive variants using the conductance [105]. A general
lower bound on the mixing time for Metropolis-Hastings was shown using the conduc-
tance [10, Theorem 3.3] where a standard Gaussian target was studied with RWM.
A general lower bound on the uniform mixing time for reversible, uniformly ergodic
Markov chains uses spectral theory [127]. In Section 3.5, we show the lower bounds
in this chapter can be obtained under stronger assumptions using the conductance.

Recently, a significant research interest has emerged regarding the dimension de-
pendence on the mixing time for the MALA algorithm [18, 28, 64, 70]. Lower bounds
on the total variation mixing times were shown for MALA in some specific exam-
ples [18, 64, 70]. A more general lower bound on the mixing time in the chi-square
divergence was also developed for reversible Markov chains [64].

The remainder is organized as follows. In Section 3.2, we develop general lower
bounds for the convergence rates and mixing times of Metropolis-Hastings algorithms
in total variation and Wasserstein distances. In Section 3.3, the RWM algorithm
is studied for certain log-concave target densities and an application to Bayesian
logistic regression with Zellner’s g-prior is studied. In Section 3.4, we study a class of
Metropolis-Hastings algorithms with a general Gaussian proposal under concentration
and develop conditions when the convergence rate rapidly tends to 1 as d,n — oo.
An example with flat prior Bayesian logistic regression is studied in detail as n —
o0o. In Section 3.5, we compare our techniques to previous techniques using the
conductance under stronger assumptions. In Section 3.6, we discuss our findings and

future research directions.
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3.2 Lower bounds for Metropolis-Hastings

Let Z, denote the set of positive integers and for d € Z., let R? be the d—dimensional
Euclidean space. For probability measures, the Borel sigma algebra will be assumed
throughout. Sets and functions will automatically be assumed to be Borel measur-
able without reference unless otherwise stated. Let supp(f) denote the support of a
function f, that is, the set such that f # 0. Let d, denote the Dirac measure at the
point z. We will denote the p-norms on R? by [][,- In some cases, we denote A,V
for the minimum and maximum respectively.

We will consider Metropolis-Hastings algorithms with target distribution II* on
R? with Lebesgue density 7*. Starting from 6, the Metropolis-Hastings algorithm
generates a Markov chain 6,0, ...,0,. For each § € R? define a proposal by the
Markov kernel Q(f,-) on R? with Lebesgue density ¢(f,-). The proposal is used
to generate proposed samples and these samples are accepted or rejected using an

acceptance ratio

T (0")q(0",0) S /
mOA00) 7 g 1t (0)¢(0,0') > 0
a(e’ 9/) — *(0)q(0,0")

1, if 7*(0)q(0,0') = 0

For t € Z,, the algorithm generates 6;|60;—1 ~ Q(0;_1,-) and U; ~ Uniform(0,1)

independently producing

91/5, lf Ut S a (0t—17 92)

0;_1, otherwise

Define the acceptance probability by

A(6) = /R a(0,0')q(6,0')do’ € (0,1).
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The Metropolis-Hastings Markov kernel P with proposal density defined by 6 — ¢(6, -)
and target density 7* is defined for € R? and sets B C R¢ by

P9, B) = / a(0,0)q(0,0')d0’ + 654(B) (1 — A(6)).
B
The Markov kernel for iteration time ¢ € Z, with t > 2 is defined recursively by
PYo,-) = / P (-, )dP(0, )
Rd

where P = P!.

We will define the total variation distance between probability measures u,v on

RY by
[ tin= [ sav

The total variation lower bound for Metropolis-Hastings independence samplers on

I = Vllpy = sup
f:R4—[0,1]

R? [124, Lemma 1] can be extended more generally using a similar technique. The fol-
lowing lower bound intuitively says a Metropolis-Hastings algorithm cannot converge

faster than its first acceptance from the point at which it starts.

Lemma 1. For every t € Z, and every 6 € R,

P, ) — 11

()

Proof. Fix § € R* and define the bounded function ¢(-) = It (+). Using that ¢(6) =
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L,

/ pd P (0, / / @dP'=L(0,)dP (0,0
Rd R4 JRd

A®) [ wap 6,

> (1 A(6))'(0)
— (1 A®0))".

Since 7* is a Lebesgue density on R, fRd wdIl* = 0. Let ¥ be the set of functions
¢ : R? — [0,1]. Combining these, we have

= sup
Ppew

|PH,) —1II*

dP'(0,-) — d1rr
waP (0.~ [ v

TV R

> [ pap' 0.~ [ par
R4 R4

= [ eaP'e.)
> (1- AQ)).

]

Lemma 1 will yield a lower bound on the rate of convergence for geometrically
ergodic Metropolis-Hastings algorithms which we now define [113]. A Markov kernel
P is (p, M )-geometrically ergodic if there is a p € (0,1) and a function § — M () €
(0, 00) such that for every 6 € supp(7*) and every t € Z .,

< M(6)p".

(4C ey <

The most popular tools for establishing this geometric ergodicity are drift and mi-

norization conditions [45, 53, 58, 76, 102]. Few results for Metropolis-Hastings give
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explicit values for p, but sufficient conditions for the existence of p and M are available
for the RWM algorithm [53] and also the MALA algorithm [98]. Independent of the

method used, we have the following lower bound in terms of the rejection probability.

Lemma 2. If P is (p, M)-geometrically ergodic, then for any 6 € R4,
p>1—A(0).

Proof. The lower bound is trivial for 6 ¢ supp(7*) since A(f) = 1 in this case. Fix
0 € supp(m*). We apply Lemma 1 and use the assumed geometric ergodicity to obtain

for every t € Z,

M(9)p' > ||P'(6,-) —1I*

v = (L= A@)

and thus
M(O)YVip >1— A6).

Since this holds for every t € Z,, this implies

p=lim M(0)Ytp >1— A(9).

t—o00

]

Suppose then for some point 6, we can find a rate function r : Z, — (0,00)
such that limg . 7(d) = 0 and A(6y) < r(-). If in this case the Metropolis-Hastings
algorithm is (p, M )-geometrically ergodic, then r(-) > 1 — p. In other words, if the
acceptance probability is tending to 0 for just one starting point, then the geometric
rate of convergence tends to 1. We will be interested when the rate function tends to
0 at a rapid rate with its input being the dimension d or the sample size n.

Lemma 1 can also be used to lower bound the mixing time. For ¢ € (0,1), and a
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nonempty set K C R? define the (e, K)-mixing time for P by

TVSG}'

where it is understood that inf @ = oo. Alternative definitions of the mixing time

T,k = inf {t € Zy :sup ||P'(6,) — II*
beK

instead initialize the algorithm from a certain class of distributions [18, 28, 64, 105,

70, 126, 127, 128].

Lemma 3. For any 0 € R, if § € K, the (e, K)-mizing for P satisfies

Tex > log(e™) (ﬁ - 1) :

Proof. If 7. x = 00, there is nothing to do, so assume 7, x < co. We apply Lemma 1

to obtain

€ 2 sup [P0, ) = 11"l py
0eK

> [|[PR(0, ) — II*||

> (1— A@B))™".

For z € (0,1), —log(1 — z) < x/(1 — ). Since € € (0, 1), then for A(9) € (0,1),

log(e™1) . 1
x> >1 — 1)
T2 Tiog (1= A~ 8 A
If A(f) =1, the lower bound is trivial. O

If the acceptance probability is exponentially decreasing with the dimension,
Lemma 3 implies the mixing time is at least exponential in the dimension or slow
mizing which relates to previous work [105]. Lemma 3 also gives necessary conditions

for a finite uniform mixing time.
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Lemma 4. [f infycpa A(6) = 0, the (€, R?)-mizing time for P satisfies T ga = oc.

Proof. Since infycpe A(f) = 0, choose a sequence (6,,) C R? so that lim,, .., A(#,) = 0.

For every 6, € R%, by Lemma 3,

Tere > log(e™) (A(len) N 1)

Since € € (0,1), taking the limit n — oo completes the proof. ]

3.2.1 Wasserstein lower bounds

Recently, the Wasserstein distances [61, 122, 123] from optimal transportation dis-
tances have become popular in the convergence analysis of high-dimensional MCMC
algorithms [21, 26, 46, 88, 92]. Mainly this is due to improved scaling properties
in high dimensions compared to the total variation distance. We develop analogous
lower bounds developed previously in Section 3.2 for many Wasserstein distances.
For two probability measures pu, v, let C(u,v) be the set of all joint probability
measures with marginals p, v. With a metric cost function c(+,-), the c-Wasserstein

distance or Kantorovich distance is defined

Wi (v) = inf / (0, w)dT (6, ).

recC(pv)

We will consider Wasserstein distances satisfying the following condition:

Assumption 1. Suppose c(-,-) > |- — ||,
Since norms are equivalent on R? these cost metrics include c(-,-) = ¢g||- — -|| for
any norm ||-|] on R? and some constant ¢y € (0,00). We also consider the following

mild assumption on 7*.

Assumption 2. Suppose s = supyega 7 (0) < 00.
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We begin with a lower bound on the Wasserstein distance for general Metropolis-

Hastings Markov chains.

-1
Theorem 4. Let assumptions 1 and 2 hold. Then with Cy .~ = d (235 (1+ d)H%) ,

we have the lower bound for every t € Z.. and every 0 € RY:
WP, ),11%) > Cyn (1 — A(6))03)

Proof. We will first construct a suitable Lipschitz function. Fix # € R? and fix
« € (0,00). Define the function ¢, : R? = R by p,9(w) = exp (—a|jw — 0]|,). We

have for every w,w’ € R?,

|a.6(w) = Pap(w)| = [exp (—alw = 0]];) — exp (—a v’ —0],)|
< afflw =0l = fl«" =0l |

<alw-ul,.

Therefore, a1, ¢ is a bounded Lipschitz function with respect to the distance |||,
and the Lipschitz constant is 1. By assumption there exists s such that m <s. Then,
using the fact that [, exp (—a[|6’ —0]],) d0' = 29a~¢, we obtain
/ popdl” = / g (0)° ()60
<s [ exp(-ale o)) a0
Rd

= s2%a™. (3.1)

Fix a positive integer . Then, for each s € {0,...,t—1} and each w € R¢, we obtain
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the lower bound
(/%MWO—AWWP@JW

- /%7«9(9') (1= A(#)) a(w, 0)dQ(w, 8) + pap(w) (1 = Aw))™

> pa(w) (1 - Aw)™.

We now apply this lower bound multiple times:

/ ers(0) P (0, d0,) / { / %,g(et)P(et_l,det)}pt—l(e, i, )

> [ Gualfi0) (1= A1) PO, d00)
> Gua(6) (1 - AD))
=(1- A(G))t. (3.2)

The final step follows from the fact that ¢, ¢(f) = 1. Combining (3.1) and (3.2), we

then have the lower bound,

/ (égﬁaﬁ) AP0, ) — / (égpaﬁ) am > L= A(Q)Z —s2at 5

The case where W (P*(0,-),IT*) = 400 is trivial so we assume this is finite. We

then have by the Kantorovich-Rubinstein theorem [122, Theorem 1.14] and the lower
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bound in (3.3),

Wy, (P(6,-),TT) > sup . U pdP'(0,-) —/wdﬂ*]

lellLip-1y

] (oo f (1)

(1—A(0)" — 52901

>

If A(f) = 1, then taking the limit of & — oo, completes the proof. Suppose then
that A(0) < 1. Maximizing this lower bound with respect to « yields a = 2sa(1 +
d)i (1 — A(@))_é. We then have

(1—A(0)" — s2¢a
a 251 (1 + d)

This completes the proof for the norm ||-||; and by assumption, W,(-,-) > W, (-, )

so the proof is complete. O

Similar to the total variation distance, this lower bound will yield a lower bound
on the rate of convergence for Metropolis-Hastings algorithms which exponentially
converge in the Wasserstein distance. We will say P is (¢, p, M )-geometrically ergodic
if there is a p € (0,1) and a function 8 — M(#) € (0,00) such that for every

0 € supp(7*) and every t € Z,,
W, (PY(0,-),11*) < M(9)p".

Compared to the previous definition of geometric ergodicity in total variation, here we
specify a metric cost function ¢ for the Wasserstein distance. We have the following

lower bound on this geometric rate of convergence.

Lemma 5. Let assumptions 1 and 2 hold. If P is (c, p, M)-geometrically ergodic,
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then for any 6 € R,
pirT > 1 — A(6).

Proof. The lower bound is trivial for 6 ¢ supp(7*). Fix 6 € supp(n*). We apply

Theorem 4 and using Cy .+ as in Theorem 4, we obtain for every ¢t € Z,
M(@)p' > W, (P1(9,-),T1*) > Cyr- (1 — A(9)) 401,
Thus,
M(O)p > Cy (1= A@)!.

Since this holds for every t € Z,

p=Jim MB)'p> Jim L (1= A@)" ) > (1 - A@) .

t—o00

[]

Recall that if the rejection probability cannot be bounded below one, that is, if
the acceptance probability satisfies infycra A(6) = 0, then a Metropolis-Hastings al-
gorithm fails to be geometrically ergodic [99, Proposition 5.1]. Lemma 5 immediately

yields the same in these Wasserstein distances under assumptions 1 and 2.

Corollary 2. Let assumptions 1 and 2 hold. If infgepa A(0) = 0, P cannot be

(¢, p, M')-geometrically ergodic.

Proof. 1f it were (¢, p, M)-geometrically ergodic, then by Lemma 5, pﬁ > 1 which

is a contradiction. O

See [99, Proposition 5.2] and [74, Example 1] for some examples where this can
happen. We also define the mixing time in the Wasserstein distance. For € € (0,1), a

metric cost function ¢, and a nonempty set K C R?, define the (c, €, K)-mixing time
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for P by
Tee ik = inf {t € Zy :sup W, (P'(0,-),11*) < e} ,

0eK

We have the following lower bound on this mixing time.

Lemma 6. Let assumptions 1 and 2 hold. For any 6 € R, if 0 € K, the (c,¢, K)-

maxing time for P satisfies

> d 1 L L 1
Teek = 771798 \ 8s1/de A(0) '

Proof. The result is trivial if 7. x = 00, so we assume 7.x < 0o. The function

d(1+ d)fl*é is increasing when d > 1, and at d = 1, this is 1/4. We apply Theorem 4

to obtain

€ > sup Wy (P™=5 (¢, ), 1T*)
o'k

> Wa (PTC'G’K (67 ')7 H*)
d
254 (14 d)'*

S
1 -1

(1— A(@))(Hd )Te,e
s

1— A(Q))(ler_l)Tc,e,K

v

>

=

08

Suppose first 8es!/? < 1. Since —log(1 — x) < x/(1 — ) for z € (0,1), then for
A(0) € (0,1),

- log (=) d 1 1
> d+1 8s1/de > 1 —1).
Teek = Tlog(1— A(0)) = d+1 2\ 8si/de ) \ A()

If A(§) =1 or if 8es*/¢ > 1, the bound is trivial. O

Unlike in the total variation lower bound, € needs to be sufficiently small for this
to be meaningful. Since d/d + 1 ~ 1 for large d, then roughly speaking, for small

€, we can expect similar mixing time complexity lower bounds in these Wasserstein
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distances as that of the total variation distance. We also have necessary conditions

for a finite mixing time.

Lemma 7. Let assumptions 1 and 2 hold. Suppose infgcpa A(0) = 0. For any € €
(0,1/(8sY9)), the (c, e, K)-mizing time for P satisfies T, ga = 0.

Proof. Choose a sequence (6,) C R? so that lim,,_,o, A(f,) = 0. By Lemma 6,
T,

> d 1 1 1 -1
ceRt = 011 o8 Sest/d A(6,) '

< 1, taking the limit n — oo completes the proof. O

Since 8es!/?

3.3 Lower bounds for RWM with log-concave tar-
gets

Let us now apply these general lower bounds to the RWM algorithm which uses
a Gaussian proposal centered at the previous point with variance parameter h €
(0,00). Let f : supp(7*) — R, and we will write 7* = Z ' exp(—f) where Z is the
normalizing constant. A density 7* is called log-concave if f is convex on its convex
support. We will consider densities where f satisfies a strong-convexity requirement
[80]. For u € (0,00), we will say a function h is p-strongly convex on a convex set S
if 2+ h(z) — p||z||3 /2 is convex on S.

We will need to choose a point where the acceptance probability of the RWM
algorithm is small. The RWM algorithm will always accept from the proposal if the
proposed sample increases the target density function #*. Intuitively, if the point
0" maximizes 7", then RWM should have a small acceptance probability here as no
proposed move can increase 7*. We upper bound the acceptance probability at this

maximum point in the following Proposition.
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Proposition 4. For I/ € (0,00), suppose supp(n*) is convex and f is h'~*-strongly
convex on supp(m*). Let 0* be the mazimum of the target density. Then the acceptance

probability for RWM satisfies
A(07) < (b0 + 1)

Proof. Using the convexity assumption, by the subgradient inequality [80, Corollary
3.2.3], for every 6 € supp(7*),

* 1 * (2
£6) ~ £8°) = 5 16— )3

Thus,

W / exp (f(67) — f(6)) exp (—% = e*||§) a9

1 Lo, - x
< W/GXP (—é(h, R 1) 16— 6 ‘@) dg
1

< ——m—
= (/I + 1)

A(0") <

]

Under Proposition 4, if the RWM algorithm is (p, M) geometrically ergodic, then
(h/W +1)"Y2>1—-p

and if * € K, the (e}, K)-mixing time satisfies 7.1 x > (h/h' + 1)¥2 — 1. The
results of Section 3.2.1 can also be applied for Wasserstein distances. In particular,
it must be the case that h oc h'/d or else the convergence rate can tend to 1 with the
dimension which corresponds to optimal scaling guidelines where h = 2.38%/d [95].

An adversarial example using a Gaussian target showed the spectral gap for the
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RWM algorithm tends to 0 polynomially fast with the dimension [46]. Using Propo-
sition 4, we show an adversarial example in a non-toy example where the convergence

rate can tend to 1 exponentially in the dimension.

Example 1. (RWM for Bayesian logistic regression) Consider the Bayesian logistic

regression model where fori € 1,...,n, X; € R and

B ~ N(07 Uf)rior[d>

Y:| X, 8 ~ Bern <(1 + exp (—BTXi))A) :

In this case, the posterior density is the target density. It was shown in [119, The-
orem 3] that for any proposal variance parameter h, the RWM algorithm is (p, M)-
geometrically ergodic for some unknown (p, M). By Proposition 4, the convergence
rate for the RWM algorithm satisfies

(h)o? . +1) ¥ >1—)p.

prior

We must then choose h x o2

orior/ d 0T the convergence rate can tend to 1 as the

dimension increases.

In [10, Theroem 3.3, Section 3.2], the mixing time was shown to be exponential
for a standard Gaussian target distribution if h does not scale like 1/d. Using Propo-
sition 4 and the results of Section 3.2, we can show an exponential mixing time for
more general log-concave target distributions such as Example 1 as well as exponential

mixing times in certain Wasserstein distances.
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3.3.1 Application: Bayesian logistic regression with Zellner’s
g-prior

We look at Bayesian logistic regression with Zellner’s g-prior [131] where the data-
generating mechanism need not be correct. Let (Y;, X;)? , with Y; taking values in
{0,1} and X; taking values in R%. Let g € (0,00) be a fixed constant and X =
(X1,..., X)T. Let o(u) = (1 + exp(—u))~! denote the sigmoid function which will
model the probability for the response. If the values of X7 X are positive-definite,

consider the random Bayesian logistic regression density with Zellner’s g-prior [131]

n ' o 1
72(8) o [[o (57X%)" (1 =0 (57X.)) ™ exp (—Q—ﬁTXT)w)
; g
=1
Let 3 denote the random posterior maximum and the target density for RWM

in this example is 7. Using Proposition 4, we have the following.

Corollary 3. Assume (X, ;);; are i.i.d. random variables with zero mean, unit vari-
ance, and a finite fourth moment. If n — oo in such a way that d,,/n — v € (0, 1),
then with probability 1, for all sufficiently large n, the acceptance probability for RWM

satisfies
hn(l — /7)? ~dn/2
fnl — V) +1> .

A(By) < ( %

Proof. We will show with probability 1, for sufficiently large n, the target density is
strongly convex to apply Proposition 4. With f,, defined by
B T T L oy
fa(8) =~ > [log (1 +exp (87X;)) = Vip"Xi] + 3gn D X XB,

=1

write the posterior density 7 o exp(—nf,). By [4, Theorem 2|, with probability 1,
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with d,,/n — v € (0,1), then
Lor 1 2
Amin | =X X | > 5(1—ﬁ)
n

for all n sufficiently large. Let V2f, denote the Hessian of f,. We have for every
v,u € RY,

1 1-— 2
u' V2 (v)u > —u XT Xu > U=V l[ull3.
gn 29

By [80, Theorem 2.1.11], then nf,(-) is strongly convex with convexity parameter

Ml;—;ﬁ)z on R with probability 1. 0

Under Corollary 3, with probability 1, for sufficiently large n, then if the RWM

algorithm is (p,, M, )-geometrically ergodic for each n,

hn(l — 2 ~dn/2
(M+1) >1— py.

29

and if 8 € K, the (e7!, K)-mixing time satisfies

h 1— 2 dn /2
Te-1 ) > (M + 1) -1

29

We must then choose h o 2g/((1 — /7)?*nd) or the convergence rate can tend to 1
with d,,.

Let us now empirically investigate the convergence of the RWM algorithm in this
example for different tuning parameters. We use a standard Monte Carlo estimate
using 10% samples to the acceptance probability at the posterior maximum 3. As-
suming this RWM algorithm is geometrically ergodic and using Lemma 1, we will
estimate the lower bound to the convergence rate. Similarly, we will use Lemma 3
to estimate a lower bound to the (e~!, K)-mixing time. We analyze artificial data

(Y;, X;); where X; ~ Unif(—2,2) and choose g = 10. We generate this data with
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increasing dimensions d and sample sizes n = 4d, specifically,

(d,n) € {(2,8), (4,16), (4,24), (8,32), (10, 40)}.

2-10 _
nd(1—v4-1)2

20/d? at least when n is large enough. This example does not satisfy the required

As a guideline, Corollary 3 tells us we should look to choose h <

theoretical assumptions for optimal scaling guidelines [95] and we anticipate this
choice to perform poorly here. We compare optimal scaling with h = 2.38%/d, a fixed
variance parameter h = .6, and scaling with h = 1/(dn) according to Corollary 3. Re-
peating the simulation 50 times with randomly generated data, Figure 3.1 shows our
estimates of these lower bounds using the average within 1 standard error. Accord-
ing to our theory, optimal scaling and fixed parameter choices should behave poorly

as the dimension increases which corresponds with the simulation results shown in

Figure 3.1.
_— 1200000 —— h=.6
< - --- h=2.38%d
2. 5 100000 - h=1/(dn)
5 g
E S g 80000~
[
E 0-6 —~— h=12.38%/d g 60000 -
¢ R h=1/(dn) £
S 0.4- = 40000-
2 £
o =
% £ 20000-
% | I | E— P— .
(2, 8) (4,16)  (6,24)  (8,32) (10, 40) (2.8) (4,16)  (6,24)  (8,32)  (10,40)
The dimension and sample size: d, n The dimension and sample size: d, n
(a) (b)

Figure 3.1: Lower bounds to the rate of convergence and (e¢~!, K )-mixing time of the
RWM algorithm for the logistic regression model with Zellner’s g-prior. The shaded
regions represent 1 standard deviation from the average after repeated simulations.
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3.4 Lower bounds under concentration

In Example 3.3.1, we looked at the lower bounds on RWM under the concentration
of a certain strongly log-concave posterior. If the target density is concentrating to
its maximal point with n, then it seems reasonable the tuning parameters of the
Metropolis-Hastings algorithm should also depend on the parameter n. In infinitely
unbalanced Bayesian logistic regression, proposals which depend on the sample size
have been shown to exhibit more appealing convergence complexity when compared
to data-augmented Gibbs samplers [55]. Our goal is to formalize this concept in more
generality with the lower bounds in this section.

We now look at more general target distributions indexed by a parameter n € Z.
such as Bayesian posteriors and generalized Bayesian posteriors [78] where n is the
sample size of the data. Let f, : R? — R and Z, = [, exp(—nf,(0))dd. Define the
target density by m(0) = Z, ' exp (—n.f,(0)).

We will define a general Gaussian proposal for Metropolis-Hastings that in special
cases is the MALA and RWM proposal among others. Let +,,  denote the Gaussian
density with mean m € RY and positive-definite, symmetric covariance matrix V €
R¥4 The proposal requires tuning parameters h € (0,00) and a positive-definite,
symmetric covariance matrix C' € R%*?, Define the function g : R — R¢ depending
on h and C (e.g. g = g(-|h,C). We then define the Metropolis-Hastings kernel P}, ¢,
using the proposal density defined by 6 > v5_4(9),nc and target density 7. For specific
choices of g and C', this is the proposal used in many popular Metropolis-Hastings

algorithms.

Example 2. (RWM proposals) When the covariance C = I and g = 0, then this
is the proposal used in the RWM algorithm [113]. For more general covariance C,

the proposal can be viewed as a Riemannian manifold RWM algorithm (see [41] for

Riemannian manifold MALA).
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When f, is differentiable, we can define proposals motivated through discretizing

the continuous-time Langevin dynamics [98].

Example 3. (MALA proposals) When the covariance C = I and

9(0) = hVnfn(0)/2

then this is the proposal used in MALA [98]. For more general covariance C', the
function g(0) = hCVnf,(0)/2 defines the proposal used in Riemannian manifold
MALA [41].

We will make the following assumption on the target density 7 throughout this

section:

Assumption 3. There ezists at least one 8}, € supp(w}) which maximizes 7, for each

n.

The following result lower bounds the convergence rate independently of the function
g. In particular, this holds for both the RWM and the MALA algorithms when g, h,

and C' are chosen appropriately.

Proposition 5. The acceptance probability Agp o (-) for the kernel Py ¢ satisfies

1
4 * < .
onc(n) < 7*(02)(27h) /2 det (C)1/2

Proof. For any 6 € R¢, we have

’}/9_9(9)7;10(9*) < (27Th)_d/2 det(C)_l/Z.
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This implies that

Ancg(07)
«_a(g 0 _ o
:/ mm{m g(fnmc( ) g(?,hf( n)}ﬁ(e)dg
supp(7};) 7Tn<0) 7Tn<9n)

_ o*
< [ et gy
supp(rs)  Tn(0)
< 1
S T (02) 2nh) A2 det(C) 12

Propositon 5 says if Metropolis-Hastings with kernel Py, ¢, is (pn, M, )-geometrically

ergodic for each n, then

1
>1—p,
o (0)(2rh)i2 det(C)2 =

and if 07 € K, the (e7!, K)-mixing time satisfies
T g > 15 (02)(2mRh) Y2 det ()2 — 1.

In particular, if h >

1
mdet(C)L/dryx (0x)2/d)

2742 >1—p and Tt g > 297 — 1.

Similarly, we could apply our results in Wasserstein distances. The bounds from
Proposition 5 are quite “loose” compared to looking at the acceptance probability
using the previous section. However, Proposition 5 says we can study “global” con-
vergence properties of the Metropolis-Hastings Markov chain by only looking “locally”
at the concentration of 7 (67 ).

Even though the bounds in Proposition 5 are crude, this puts stringent restrictions
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on the magnitude of the tuning parameter h for RWM and MALA type algorithms.
Exploring complex, multi-modal target densities would likely require the tuning pa-
rameter h to be large enough to move between the various modes of the target density.
However, Proposition 5 then forces h to be small in order to be computationally effi-
clent.

We use a Laplace approximation to lower bound the target density at its maximum
point. The following result is inspired by previous results on Laplace approximations
(62,107, 112, 115, 116]. Compared to high-dimensional Laplace approximations [107,
112], we do not require f,, to be differentiable. The merit of Proposition 6 will be in

studying Metropolis-Hastings algorithms in combination with Proposition 5.
Proposition 6. Assume for some k € (0,1), the dimension d = d,, satisfies d,, <
n”. Assume the following holds for some constants 8o, X, f*, I € (0,00) and for all
sufficiently large (n,d,):

1. fo is Ay '-strongly convex for all || — 67|, < .

2. The optimal point satisfies the strict optimality condition:

inf £, (0% +v) > fu(07) + [

vl >0

3. The integral is controlled away from the optimum:

4 ll,>6 exp (— (ful0r, +v) — fa(0,))) dv < ([on)d".

Then for any ¢ € (0,1], for all sufficiently large (n,d,), the density w); concentrates
at 6% with

1 n dn/2
mulbn) 2 7572 (2%)

Proof. Take n sufficiently large so that we may use each of the assumptions. After
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changing the variables, we have the decomposition

777 = L, eo(en(£,0) = 100

L exp(—n * unY?) — ~)))du

S R SRS B A LTI S

[ epln(; )~ S8 (3.6)
llvll2>60

We control the first integral (3.5). Since the closed ball Bs,(6}) is convex, for all
Hun_l/QHQ < by, by the subgradient inequality [80, Lemma 3.2.3],

1
nful +un™2) = nfu(07) 2 o |lully-
20

This implies

1 / * * —-1/2
— exp(nfn(0;) — nf.(0) +un du
el IR O G )

=) (- 12)
< — exp | ———||u du
ndn/? [Jun=172|| <80 20 lull

<2m0>d"/2
< | == .
n

We now control the second integral (3.6). We have

/Hll 55 exp (= (fu(th +v) = fu(07))) dv
- / l|o>6 P (—(TL o 1) (fn(9;§ + U) - fn(e:;)) - (fn(ejz + U) - fn(QZ))) dv

< e~ -Dr /” P (a0~ L)) o
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Combining these results,

[ esp(enlh(®) = @)

21 Ao dn/2 n \%/? .
< | —— 1 —(n=1f* (1 n)dn |
- ( n ) * 2w o ‘ (fon)

Since d,, < n”,

dn /2
lim sup ( ) e~ =D ([gn)d = 0.

n—o0

271')\0
The desired result follows at once. O

In Proposition 6, we require the dimension does not grow too fast with n. The first
assumption is a locally strong convex assumption which ensures sufficient curvature
of f, locally near the maximum point of f,. Since we only require a lower bound
on the density, we avoid the need to control higher order derivatives used in high-
dimensional Laplace approximations [107, 112]. The second and third assumptions
ensure sufficient decay of f,, away from 0 similar to assumptions made previously [62,
112]. Similar assumptions are also used for generalized Bayesian posterior densities
with proper priors when the dimension is fixed [78, Theorem 4].

Combining Proposition 5 with Proposition 6 immediately yields the following.

Corollary 4. Under the conditions of Proposition 6, for any ¢ € (0,1] and for all
sufficiently large (n,d,), the acceptance probability Aypc(-) for the kernel Py ¢ sat-

isfies
A 0r) < | — —_—.
gnclfn) < (nh) det(C)1/2

Corollary 4 can be particularly important when tuning Metropolis-Hastings algo-

rithms used in Bayesian statistics. Under the conditions of Corollary 4, if Metropolis-
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Hastings with kernel P, ¢, is (pn, M, )-geometrically ergodic for each n,

)\0 dn/Q 1 +c > 1

nh)  det(C)yz = P
and similarly as before, we have bounds for the mixing time and Wasserstein distances.
In particular, if the target density is concentrating at its maximum point and the

tuning parameters h and C' do not depend carefully on n, then Corollary 4 says it

can happen that lim, 4,)—00 pn = 1 rapidly.

3.4.1 Application: generalized flat prior Bayesian logistic re-

gression

We will consider flat prior Bayesian logistic regression without assuming the correct-
ness of the data generation. Let (Y, X;) ; be i.i.d. with Y; taking values in {0, 1} and
X; taking values in R?. With the sigmoid function o, consider the following random

Bayesian logistic regression density
mi(B) o [ o (87x:)" (1 -0 (57X:)
i=1

Conditions for the propriety of the posterior and also the maximum likelihood

estimate have been previously investigated [17].

Assumption 4. Let z; =1 14 Y; =0 and z; = —1 if Y; = 1 and define X* to be the
matriz with rows 2, X! . Suppose:
1. X = (Xy,..., X)) is full column rank.

2. There ezists a vector a € R™ with all components positive such that X*Ta = 0.

If Assumption 4 holds with probability 1 for all sufficiently large n then under these
conditions, 7} is a random probability density and the MLE 3} exists ([17, Theorem
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2.1, 3.1]). The Pélya-Gamma Gibbs sampler is geometrically ergodic for this model
[125], but to the best of our knowledge, it remains an open question if Metropolis-
Hastings is geometrically ergodic. Since the prior is not proper here, we cannot look
to apply previous results on generalized posterior concentration [78]. Under certain
conditions, we show this generalized posterior density can indeed concentrate so that

Corollary 4 holds.
Theorem 5. Assume the following:
1. With probability 1, Assumption 4 holds for all sufficiently large n.
2. The MLE B} is almost surely consistent to some 3y € RZ.
3. || Xqlly < 1 with probability 1.
4. Foru € RY, if u # 0, then X{u # 0 with probability 1.

Then with probability 1, for all sufficiently large n, there is a Ao € (0,00) so that the

acceptance probability Ay () for the kernel P,y ¢ satisfies

M \Y2 2
< | — _—
Ag,h,C(@m) = (nh) det(C)1/2

Proof. We will show the conditions of Proposition 6 hold with probability 1 for large
enough n. Using Assumption 1, with probability 1, we will assume n is sufficiently
large so that the posterior density 7 and the MLE [ exist. Define the Bayesian

logistic regression loss function

n

£2(8) = 3" [log (1 + exp (57X.)) — Vi" X

=1

and write 77 = Z,'exp(—nf,) where Z, = [exp(—nf,(6))df. We first develop

sufficient curvature of the target density at 3. Denote the k-th derivative matrix or
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tensor of the function f, by V*f,. For every v € R?, we have
T2 * I 7 T T % T g*
IV (B = = " XX o (XTB) (1 -0 (XT5;))
i=1

and

n

V(80 v,0) =+ S (X (XT5) (1 -0 (XE8)) (1 - 20 (X753)).

=1

Since || X;||, < 1 with probability 1, by the strong law of large numbers [34, Theorem
10.13], almost surely,

1 n
Van(ﬁo) — - ;XZ-XiTO' (X,LTﬁo) (1 —0 (XZTﬂo))
—E(X1X{ 0 (X{B) (1 -0 (X{H))) -
By Assumption 4, for any u € R, u # 0, with probability 1,
u' X1 X[ uo (X{ Bo) (1 — o (X[ Bo)) > 0.

Since expectations preserve strict inequalities, we can find a sufficiently small ¢, €

(0,1) so that for any u € RY, u # 0,

(L)TE (X1 XT o (XTB) (1 =0 (XT5))) (L) > 6.

[l [Jul]
Combining these results, for all u € R?, with probability 1,

€
'V fu(Bo)u > 5 Jlull;

for all sufficiently large n. By Assumption 3, || X;||, < 1 with probability 1 and for
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€ (0,1), |z(1 — 2)(1 — 2x)| < 1/4, so by the mean value theorem, almost surely,

V2 1a(B2) = V2 fu(Bo)||, < 471185 = Boll, — 0.

For all v € R?, with probability 1,

w2 (B u > w2 f,(Bo)u — %0 ull;

€0
> = [lull3 (3.7)

for all n sufficiently large.

For the remainder of this argument, we will assume n is sufficiently large so that
(3.7) holds with probability 1, and the remainder of the proof is taken to hold with
probability 1 without reference. Since ||.X;|l, < 1 and as in [3, Section 3], for all

u € R? and ¢ € (0,00),
V2 fa(Br A+ tw) (u, u, w)] < lully u" V2 fu(B) + tu)u

and we can apply the self-concordant analysis of [3, Proposition 1]. Using [3, Propo-

sition 1 (6)], for |lv]|, <2 and all u,v € R?,
* * €
u' V2 fo(By +v)u > w2 fo (B )uexp(— [|v]ly) > ZO exp(—2) [[ull;

Since closed balls are convex, then by [80, Theorem 2.1.11], f, is strongly convex on

the closed ball By(/3%). Thus, we have satisfied the local strong convexity condition

(1) in Proposition 6. Using [3, Proposition 1 (3)], since e=* > 1—x, and V f,,(8}) =0,



3.4. LOWER BOUNDS UNDER CONCENTRATION 56

then for all v € R? with v # 0,

UTVan(ﬂ:;)U
vl

€o
> 7 (@p(=[|olly) + Iloll, — 1)

fn(By +0) = fu(Br) = (exp(=[lvlly) + [loll, = 1)

>

Thus, for ||v||, > 2, we have satisfied the strict optimality condition (2) in Proposi-

tion 6. We also have the required control of the integral (3) in Proposition 6:

/n o2 exp (= (fu(B;, +0) = fu(B))) dv

< exp(E—O)/ exp (—6—0 ||v\|2> dv < 0.
47 o, >2 4

[]

Assumption 1 ensures existence of the posterior density and MLE using [17, The-
orem 2.1, 3.1]. Consistency of the MLE in Assumption 2 is a well-studied problem
and conditions are available when the model is correctly specified [31] or using M-
estimation [118, Example 5.40]. Assumption 4 was used previously in [78, Theorem
13] and is used to ensure identifiability in GLM models [118]. Assumption 2 requires
standardization of the features which is often done in practice for numerical stability.
Under the conditions of Theorem 5, with probability 1, if Metropolis-Hastings with

kernel P, ¢, is (pn, My,)-geometrically ergodic for each n, then

M\ 2
20) 2>,
nh)  det(C)1/2

for sufficiently large n. Similarly, we have results for the mixing time and Wasserstein

distances.
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In this example, we do not have an explicit value for g, so we will investigate
the robustness of scaling with the sample size n empirically. We use a standard
Monte Carlo estimate using 10 samples to the acceptance probability in the RWM
algorithm at the MLE (3¥. We compare a fixed variance parameter h = .1, and scaling
with h = 5/n, h = 1/n, and h = .1/n. As before, we use Lemma 3 to estimate a
lower bound to the (¢7!, K)-mixing time and if this RWM algorithm is geometrically
ergodic, then using Lemma 1, we will estimate the lower bound to the convergence
rate. We analyze artificial data (Y;, X;); where X; ~ Unif(—2,2) and generate this
data in fixed dimension d = 10 and increasing sample sizes n € {100, 200, 300, 400}.
We repeat the simulation 50 times with randomly generated data and Figure 3.2 shows
our estimates to these lower bounds using the average within 1 estimated standard
error. We can see that h = 5/n scales worse than h = 1/n,.1/n, but the scaling is
not nearly as problematic as the fixed variance parameter which is commonly used in
practice.

If the RWM is not geometrically ergodic, our simulation results on the conver-
gence rate can be modified accordingly. We can replace the flat prior with a uniform
prior over a large compact set, so then RWM is geometrically ergodic by a global mi-
norization condition. We can then expect a similar simulation result if the compact

set is chosen large enough.

3.5 Comparison with conductance methods

In this section, we show how the conductance can be used to lower bound the conver-

gence rate and compare it to the techniques used in this chapter. If a Markov kernel

P satisfies pr I de*H
sup . L) B e (0,1)
fer?(1r) Hf_ J fdl HL2(H*)
Hf_fde*Hﬂ(n*ﬂéo
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Figure 3.2: Lower bounds to the rate of convergence and (e~!, K)-mixing time of
the RWM algorithm for flat prior logistic regression. The shaded regions represent 1
standard deviation from the average after repeated simulations.

then it is said to have a 1 — 3 spectral gap. For sets B with 0 < IT*(B) < 1, define

[, P By
) = (e

and define the conductance [69] kp = inf{kp(B) : 0 < II*(B) < 1}. The conductance
can be used to upper bound the spectral gap [69, Theorem 2.1]:

1— B < kp.

If P is a reversible Markov kernel,[35, Theorem 2.1] gives an equivalence between
a spectral gap and geometric convergence in total variation. Specifically, there is a
p € (0,1) such that for every probability measure pu with du/dIT* € L?(IT*), there is

a constant C), € (0,00) such that

P =1

v S Cuup!
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if and only if there is a spectral gap with § < p. Under these conditions, the conver-

gence rate can be lower bounded by the conductance so that

Under further conditions on the function M, the conductance will also lower bound
the convergence rate if P is (p, M )—geometrically ergodic [35, Proposition 2.1 (ii),
Theorem 2.1].

As described in [46], for sets B with 0 < II*(B) < 1/2, to move from B to B¢, the
Metropolis-Hastings kernel P must accept and [46, Proposition 2.16] gives

kp < 2sup A(z).
z€B

For Metropolis-Hastings with target distributions having a Lebesgue density on R,

if the acceptance is upper semicontinuous, then we show the following.

Proposition 7. Let P be a Metropolis-Hastings kernel with an upper semicontinuous

acceptance probability A(-). Then for any 0 € supp(m™),
kp < A(6).

Proof. Fix 6y € supp(r*) and fix r € (0,00) and let B, = {x € R?: ||z — ||, < 7}
which is the closed ball of radius 7 around 6. Since II* has Lebesgue density on R,
lim, o II*(B,) = 0. Now we can choose 7 small enough so that II*(B,) < 1. Since

0y € supp(n*), we have II*(B,) > 0. For z € B,, 6,(B¢) = 0 and so for all small
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enough 7,

o < 48 DL BT S5, Jpe a-,)dQ(, -)dIT*
S (BOIN(BY) (B (BY)
[5, A()dIT*
= I*(B,)II*(BY)
SUp, ., A()
- Ie(BY)

Since this holds for all small 7, taking the limit kp < lim,osup,cp A(x). Since A(-)
is upper semicontinuous, we can choose (z*) C B, such that for each r,

sup A(z) = A(z)).

T
TEB,

Since ||z} — 6|, < r, then lim, oz} = ;. By upper semicontinuity,

A(fy) > lim A(z}) > lim sup A(x).

T‘\LO CUEBT
[l

Therefore, under stronger conditions on M and the acceptance probability, we can
combine [35, Proposition 2.1 (ii), Theorem 2.1} and Proposition 7 to show Lemma 2. If
the acceptance A(+) is upper semicontinuous, we can also obtain a comparable result to
Lemma 3 using the conductance. From [10, Theorem 2.34], for every I1*(A) € (0,1/2],

the (e, A)-mixing time for the Markov kernel P satisfies

1
4kp(A)

T1/4,A4 =

If the acceptance is upper semicontinuous, we can use Proposition 7 to show that also

1
TU4,A 2 T

1A(0)
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In our analysis, we do not make the additional assumptions used in this section
for lower bounds with respect to total variation. It is an interesting open question if
stronger assumptions combined with the conductance can be used to develop similar

Wasserstein lower bounds as in this section since this appears previously unstudied.

3.6 Discussion and further research directions

We hope the lower bounds studied in this chapter can further guide practitioners
in tuning some Metropolis-Hastings algorithms. We showed the computational com-
plexity of geometrically ergodic Metropolis-Hastings algorithms can grow rapidly in
d and n if the tuning parameters do not carefully take into account the parameter
n. We showed RWM and MALA type algorithms have strong restrictions on the
size of the variance parameter h when the target density concentrates. Small values
of h dissuade the algorithm from exploring the target distribution and large values
cause the convergence rate to tend to 1 exponentially fast. We showed empirically
in Bayesian logistic regression that scaling the variance of the proposal in the RWM
algorithm with the sample size is crucial in avoiding poor performance when the tar-
get distribution concentrates. We also showed the lower bounds in many Wasserstein
distances are similar to that of total variation and we can expect similar behavior
here. A future research direction is to analyze the lower bounds for other algorithms

such as Hamiltonian Monte Carlo as well as many other adaptive algorithms.

3.7 Supplementary material and code availability

The code used for the simulations and plots is made available for download at https:

//github.com/austindavidbrown/lower-bounds-for-Metropolis-Hastings.


https://github.com/austindavidbrown/lower-bounds-for-Metropolis-Hastings
https://github.com/austindavidbrown/lower-bounds-for-Metropolis-Hastings

Chapter 4

Geometric Ergodicity of a Gibbs
Sampler for Bayesian
Error-in-Variable Regression

4.1 Overview

Bayesian approaches develop a strategy for additional error in the variables by con-
structing a new model incorporating additional error. We consider Bayesian EIV
linear regression [16, 23, 32, 51, 73, 79, 93, 101, 117, 120] accounting for additive
Gaussian error in the features (covariates) and response. We assume the variability
of the additive Gaussian error is known beforehand which arises often in astrophysics
in the presence of known instrumentation error [48, 63]. Alternative approaches to
EIV models attempt to correct existing parameter estimation methods such as least
squares or method of moments with weighting and other techniques [36, 108]. Several
other strategies for EIV modeling are discussed in more comprehensive treatments on
the topic [13, 14, 36].

We write © ~ Nyg(m,C) to mean the d-dimensional normal distribution with
mean m and symmetric, positive-definite (SPD) covariance matrix C'. We also write

x ~ Inverse-gamma(z, y) to be the inverse-gamma distribution with shape and rate

62
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parameters z,y € (0,00). Let (Y;, X;, Z;)?_, be independent and identically dis-
tributed (i.i.d.) where the response Y; is real-valued along with features X; taking
values in R? and fixed, known features Z; € R? where n, p, g positive integers. Let
a € R, 3 € RP, and 02 € (0,00) be unknown regression and variance parameters re-
spectively. We introduce new parameters A = (A, ..., A,)T with A; € R? to model
additional error in X; using classical or Berkson errors [7]. The classical error model
assumes X;|A; and the Berkson error model [7] assumes instead a data-dependent
prior A;|X;. When there is additional error in X;, the EIV linear regression model

fors€1,...,nisiid. with

YilAi, , B,0% ~ Ny (Z] o+ AT B,07) (4.1a)

Xi|Ai ~ Np(A;, V;) (Classical)  or  A;|X; ~ N,(X;, Vi) (Berkson) (4.1b)

where the SPD matrices V; € RP*P are known. When there is also additional error in

the responses Y;, we assume an i.i.d. hierarchical regression model with

Yilvi ~ Ni(vi, u?) (4.2a)
Vi‘AhaJﬁaOQ ~ NI(Z?Q+A?ﬁ7U) (42b)
Xi|Ai ~ Ny(A;, Vi) (Classical)  or  A;|X; ~ N,(X;, Vi) (Berkson) (4.2¢)

where u? € (0,00) are known.

We will be interested in the posterior for both models (4.1) and (4.2) using in-
dependent normal and inverse-gamma priors on the parameters (A, a, 8,0%). The
independent prior choice is a popular choice in Bayesian regression models with and

without measurement error [14, 23, 30, 92]. For the EIV regression models (4.1) and
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(4.2), the independent priors are chosen

o? ~ Inverse-gammal(aq, by) (4.3a)

(Oé, B>T ~ q+p(j0, JO) (43b)

where ag, by € (0,00), jo € R?™? and J, € R@TP*@+P) i5 3 SPD matrix. The classical

and Berkson error models assume either
A; ~ Ny(ki, K;) (Classical) or A; flat prior (Berkson) (4.4)

where k; € RP and K; € RP*P are SPD matrices. For example, an exposure model [44]
utilized often in epidemiology would assume classical errors with a data-dependent
prior on each A; depending on Z;. In the Berkson error model, each A;| X; is specified
and it is natural to assume an improper flat prior on each A;.

Previous work has proposed Gibbs sampling [38] to draw samples from the pos-
terior, denoted by II,, in Bayesian EIV regression models [8, 14, 23, 93]. However,
trustworthy estimation from a Gibbs sampler requires the Markov chain to converge
to the posterior distribution at a sufficiently fast rate. Consider a real-valued function
f with [|f]|*"dIl, < oo for some § € (0,00) and denote f,, as the time average of
m samples from the Gibbs sampler. In order to be confident in the estimator f,, in
applications, a standard error and confidence interval are essential. A Gibbs sampler
is geometrically ergodic if initialized at points, its marginal distribution is converging
to II,, at an exponential rate in total variation. Geometrically ergodic Gibbs samplers
provide rich theoretical guarantees which are of practical relevance in applications.

These Gibbs samplers satisfy a central limit theorem [15, 57], that is,

Vi (fm -/ den>
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is asymptotically normally distributed and under suitable assumptions, the variance
in this normal distribution can be consistently estimated [33]. Further pertinent tools
to ensuring reliable estimation such as estimates of the effective sample size, consistent
confidence ellipsoids, and consistent confidence intervals for quantile estimation are
also available [25, 119].

To the best of our knowledge, the rate of convergence for Gibbs sampling in EIV
regression models has not been previously investigated. Related approaches have
instead proposed variational Bayesian methods [11, 84] and the integrated nested
Laplace approximation (INLA) [52, 79]. We construct a general density which in
special cases, is the posterior for the 4 Bayesian EIV regression models (4.1) and (4.2)
using the independent normal and inverse-gamma prior choice on the parameters (4.3)
and (4.4). Our main contribution constructs a 3-variable deterministic scan Gibbs
sampler for this general density, and we show it is always geometrically ergodic using
a drift and minorization condition [45, 76]. The 3-variable Gibbs sampler we construct
can be simulated efficiently on a computer without the need for complex Metropolis-
Hastings or rejection sampling steps at each iteration.

The organization is as follows. In Section 4.2, we construct a general EIV regres-
sion density and construct a 3-variable Gibbs sampler for this density. We show the
Gibbs sampler is always geometrically ergodic and apply this to the 4 Bayesian EIV
regression models presented in this introduction. Finally in Section 4.3, we discuss

our results and future research directions.

4.2 General Gibbs Sampler for EIV regression

For positive integers p, define p-norms by |[|-[|,. The posteriors for the Bayesian EIV
regression models (4.1) and (4.2) using independent prior choices (4.3) and (4.4) for

both classical and Berkson errors share a common general form which we study in this
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section. The posterior densities for Bayesian EIV regression models are special cases
of the density (4.5) but will differ depending on the EIV modeling choice illustrated
in the subsequent sections. For i € 1,...,n, define hyper-parameters ¢, € R?*4, SPD
matrices Cp € RP+Oxv+a) D c RP*P and d; € RP, r € R*, and M € R 4. For

AeRY™ ueR B eRP, o2 € (0,00), define the density

7l Ao 1, B,0%) o (Ui)/ o | (Gl = du—Asl+n)| (s
« ﬁexp <—%(Ai )T D (A — di)) (4.5b)
e (=30 AT = TG (0 B~ w)) (4.50

We will construct a 3-variable deterministic scan Gibbs sampler using a spe-
cific update order for the density (4.5). We also derive the conditional densities
for the Gibbs sampler which can be sampled directly. Initialize (po, B, 03) and

Ao = (Aip, ..., Ano) from an initial distribution. For ¢t € 1,.. ., first generate

Ut2|«4t—1a,ut—1a5t—1
~ Inverse-gamma (n/2 + ao, ||[r — Mpu—1 — A1 Biala /2 + bo) -

Next, generate (g, 8;)7 | Ai—1,07 ~ Npyq(cn(Ai—1,02), Cr(Ai—1,07)) where

C(Ar_1,02) = ((M A“)T (M AH> /Ut2+C'()_1)1

T
cn(Ai-1,07) = Co(Arr, 07) [(M At—l) r/o} +Co_lco} :

Finally, generate independently A;|us, 8,07 ~ Np(dni(pir, Be, 02), Doi(pie, Br, 0F))
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where

Dn,i(ﬁtvaf) = (BtBtT/O-tQ + D;I)_l
dn,i(ﬂt,ﬁt,atz) = Dn,i(ﬁtaaf) [Dfldi + (7%' - MiT,Ut) 5t/0152}

to obtain At = (Al,ta Ce ,Amt)T.
For points (A, u, 3, 0%) and (A’, i/, ', 0%'), the Gibbs sampler has Markov transi-

tion density

p (A g, B,0%), (A 80%)) = mal A1, B 0% i, B1A, 0% ) (0™ | A, i, B)

and Markov transition kernel defined for suitable sets B by

P(Anpa)B) = [ [ [ o((Ans.ct). (50" a5 do

The Markov kernel at larger iteration times ¢ > 2 is defined recursively with P! = P
by
Pt ((A7M7/870-2)JB) = /Pt1 (7B) dp (<A7M7/B70-2)7 ) :

We will use the following drift function defined by

n

V(A1 8) = 5 (A = ) D7 (A = d) + 50 )G s )T

i=1
combined with a minorization condition (see [76, Chapter 15] and [45]) to show there
isape (0,1) and My € (0,00) so that for any initialization A, u, 3, 02,

/SOdPt ((Auu?ﬁ70-2>7 ) - /(pdnn

sup < M(A, 1, B)p' (4.6)

ol <1+ MoV

where M (A, p, 8) =2+ MV (A, p, ) + My [ VdlL,. The condition (4.6) implies the
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Gibbs sampler is geometrically ergodic. We now state our main result.

Theorem 6. The 3-variable deterministic scan Gibbs sampler (Ay, pg, By, 07)52, for

the general density (4.5) is geometrically ergodic.

Proof. We first show a minorization condition. We will use a special property of this
Gibbs Markov kernel P that for suitable sets B, P(-, B) is a function of only the

parameters (A, i1, 3) and does not depend on 2. For R € (0, 00), define the function
gr by

gr(A B 0%) = inf m (A B o™ ) ma (i B A, 0 )ma(0® | A, i, B)

V(ApB)<R

and the constant Z,, = [gr(A, 1,5, 0% )dA'dy'd3' ds?. The drift function V is
continuous and a strongly convex function so its sublevel sets are closed and bounded

[80, Corollary 3.2.2]. For fixed j, 3, 0%, the function

(A, 11, B) = mo (11, B'|A, 0 ) (0% | A, 1, B)

is continuous and achieves its minimum over compact sets. Thus, Z,, is not 0 and
we can define the probability measure vg(-) = Z;1 [ gr(A', 1/, 8, 0%))dA'dy'dB'do?.
For any R € (0,00) and any suitable set B,

inf P((A7M7570-2)7B)

02€(0,00),
V(AuB)<R

_ inf n-A, /7/72’n/’/./472/n2/‘A77 dA/d/d/dQ/
ot [ A0 1A, 0 (¥ A, B)AA A5 do

- / gr(A' B 0% ) d A dpl d' do™
B

= ZgRVR(B)'

It remains to show a drift condition.
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Fix Ao, to, fo, and fix ¢ € 1,...,n. Since D; is SPD, let D; = D;>D}/?, D' =
D;?D;Y? where D}'?, D;'/? are SPD. Using the identity

1

dpi(1, B,0%) = di + (ri = M — di B) (86" +0°D;1) "

and taking the expectation with respect to A;|, Ao, o, Bo, t, 8, 0>

1 ~1/2 2 2
E 5 HD’L (Az_dl) 2‘-’407”07507”7670— (47&)
= % (ri = M —dl'8)* || D] (88" + 0*D;") ' B z (4.7b)
+ %tr [D;”? (88" o> + D) D;W] . (4.7¢)

Using singular value decomposition [50, Theorem 2.6.3], we can write Di1 / 25 =UXp

T
where U € RPP with UTU = UUT = I, and £ = (HD}% 0,... ,o) to get
2

(887 /o> + DY) = DIA(D}?B)(D}*B)T Jo* + I,) "' D}/

= D}?U(23%% Jo? + 1,)'UT D}, (4.8)
Using (4.8) and properties of the trace

1 oo
ST [Di V2 (867 Jo* + DY) D, 1/2} _

tr | (S5 /0% + 1) " UTU|

<

NS N =

For x € [0,00) and a € (0, 00), we have the inequality

z/(2* +a) <

1
~ 2Va

(4.9)

Using inequalities (4.8) and (4.9), the matrix 2-norm is sub-multiplicative, and ||U ||, =
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1, we have

—1/2 T 2 -1\ —1 gl|* _ T 27 \—177T /2 |2
D77 (B8 + 07D B = |U(BsZs +0°L) U DB

_ 2
< U3 ||(2655 + 02L,) 'S,
‘ 2
1/2 5||?
|pis], + o
2
1

= 402’

D}
2

Define the matrix X = (dy,...,d,)T. Applying these upper bounds to (4.7) and

combining for each 2 € 1,...,n,

E

oA i
=1

1 ~ 112 pn
<~ N|r=mpu-%x H b
_802Hr s 52+2

2
9 ‘ACH Ho, /807 M, 67 02]

By convexity, for every z,y, ||z — ylls < 2|zl5 + 2 |ly|5 . Since Cy is SPD, let Cy =
03/203/2, Cit = 051/2061/2 where 03/2,061/2 are SPD. Using convexity, and the

matrix 2-norm is sub-multiplicative, we have

2 2

1 SNIE . -
5= = x| <l + || (%) ca|| o 5"

2 2’
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Therefore,

TR

5 Z HDZ 1/2("4 MOaﬁOnuaﬂao'z] (410&)
< - p2” (4.10b)

(71/2
e Jl(ar X) ol P
40_22 + 40_2 2 CO / (N’? B)T 7 (410C>
Taking the expectation with respect to u, 3|.Ag, o, Bo, 02
—1/2 7% 2
75) H ‘0- 7A07M0750

= Hc 120 (Ao, 0 H + t (C5 " 2C( Ao, 02T 3.

Using singular value decomposition [50, Theorem 2.6.3|, choose matrices U € R"*",
V e RPHox+d) with UTU = UUT = I,, and VIV = VVT = I, , and a rectangular

diagonal matrix ¥4, € R™+9 with diagonal nonnegative singular values (0.4,:)5 +a

so that (M A0> ) = UY4,VT. We then have

(A, 0?) = ((M AO)T (2 40) /02+00—1>_1
_01/2< M A) ”2] (M a4,) 6] o +Ip+q)_1c§/2

— OV (S, Sy /0% + L)~ VIO, (4.11)

Using (4.11) and properties of the trace

_ _ 1 _
—tr(C V20 (Ao, 02)C 1/2) < 5 max [(0?4071-/02 +1) 1] tr(VIV)
P+q
—

IN
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Using convexity,

1 -1/2 2 2
—|C (Ao,
2”0 0(00)2

2

T
C’Jl/QC'n(AO, o?) [(M A0> r/o® + C'O_lco]

2
S ‘

T
Cy V20 (Ao, 02) (M ,40) r/o?

Using the inequality (4.9) and the identity (4.11),

= |V et ot v ()]

2

2

T
CV2C (Ao, 02) (M Ao) r/o?

2

. 2
= |V (5% + L) SR, UT

-1
< IV | (S5 B +0%hpn) ™ 5,

2
0 Ag,i 2
< _ _ZAot
< max (UA o 02) I3

2
I
— 402

2
O

Using (4.11),

Hcgl/zcn(Ao,a?)q;lcon

-1 _ 2
— |V (S4B + Iosa) " VI e

2
< IVl

(55,B /0 + Ipag)

T -1
< ¢y Gy co.

2
T2 T -1
QHV I 0 Co™*co

’ —1/2 o1 |2
+Hco Co( Ao, )i e
2

2

72
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Combining the upper bounds

1y 2 ) n
E |:§ HCO 1/2 H ‘0’ .A(),,u(),ﬁo:| ~ ‘L H2 CgCO 100 + ]% (412)

Now using (4.10) and (4.12) and taking the iterated expectation with respect to
22 ﬂ|"407 Ko, /807 027

27-’407/*60750] (413&)

L 172
3 2P
=1

e e ) e,

2

= T 207 {2 lco . )THz‘UQaAO,MOﬂO} + 5 (a13p)
/2 1/2
! ||2||§+H(M X)i (o) (s );)C P
1/2
+<al2>2 o X>8 L Hz*%- (4.13d)

Since 1/0?%| Ay, 110, B0 has a gamma distribution, then using the identities for the mo-

ments, we have for every positive integer k:

Lk +n/2+ ap)
T(n/2 + ao) [|Ir — Mpo — AoBol2 /2 + by
L(k+n/2+ ap)
['(n/2 + ao)by

E [[1/02}k ‘Ao,ﬂo,ﬁo} =

Taking the iterated expectation with respect to o2|Ag, uo, 3o in (4.12) and (4.13),

there is a constant L € (0, 00) so that the drift condition is satisfied with

E[V (A, i, 8)] Ao, pto, Bo] < L



4.2. GENERAL GIBBS SAMPLER FOR EIV REGRESSION 74

4.2.1 Bayesian EIV regression with errors in the features

Using Theorem 6, we develop geometrically ergodic Gibbs samplers for Bayesian
EIV regression with additive Gaussian error in the features. For the remainder, we
write the observed data as Y = (y1,...,y,)7 € R", X = (z1,...,2,)" € R™P_ and
Z=(Zy,...,Z,)" € R™4. Consider the Bayesian EIV regression (4.1) with Berkson
errors and priors (4.3) and (4.4). We will write the posterior density m, for this

Bayesian model as

1 n/2+ap+1 1 )
(A, a, B,0°) o (;) exp {—; [||Y—Za—A5||2/2+bo]]

X Hexp (—%(.Al — mi)T‘/[l(Ai - xz))
=1

<exp (30,807 = )5 (.8 ~ o))

This posterior density is a special case of the general density (4.5) choosing p = «,
M=Z,r=Y, ¢y, Cy = jo, Jo, and d;, D; = z;, V;.

We can define a 3-variable deterministic scan Gibbs sampler which generates a
Markov chain (A, oy, By, 02)52, for this posterior density as a special case of the

Gibbs sampler constructed in Section 4.2. Initialize (Ao, g, B9, 02) and for t € 1, .. .,

1. Generate 02| A;_1, 1, -1 ~ Inverse-Gamma (n/2 + ag, b,;) where

bt = Y — Zay_1 — -Atflﬁtleg /2 +bo

2. Generate (ay, Bi)T| A1, 0% ~ Npig(jnits Jns) where

Tt = ((z AH)T<Z Ay /a§+JO—1)

. T 2 1 .
Int = Jn,t |:<Z .At_1> Y/Ut + J()_ ]0:|

-1
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3. Generate A; ¢|ay, B, 02 ~ Np(knisys Knit),i € 1,...,n where

K= (5::5;[/01;2 + Vz‘il)_l

kit = Knit [Vrlxi + (yi - ZiTOét) ﬁt/UtZ]

Applying Theorem 6, we have the following result.

Corollary 5. The 3-variable Gibbs sampler (Ay, oy, By, 02)2, for the posterior in
Bayesian EIV regression (4.1) with Berkson errors and priors (4.3) and (4.4) is

geometrically ergodic.

Now consider Bayesian EIV regression (4.1) with additive Gaussian error in X;

using classical errors and priors (4.3) and (4.4). The posterior has density

1 n/2+ap+1
7Tn("47 a, ﬂa 02) X (_2) exXp |:
g

Lo (50— KPP0+ K- ) )

LI Za— AdlE /2 ]

o2

<exp (—5(@.8)" = )" J5 (0.0 ~ o)

where k] = (V; 7' + K;')™' [V, '2; + K; 'k;] . The posterior density is also a special
case of the general density (4.5) when p=a«, Z = M, r =Y, and ¢y, Cy = jo, Jo, and
d, D; = K, (V' + K1)

We define a 3-variable deterministic scan Gibbs sampler similarly. Initialize

(Ao, g, B, 08) and for t € 1,.. .,
1. Generate 07| A1, 41, Bt—1 ~ Inverse-Gamma (n/2 + ag, b, 1)

2. Generate (Oét, ﬁt)T‘At_l, O'tz ~ Np—i—q(jn,t, Jnﬂg)
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K/

n,i,t

3. Generate A; ¢|ay, By, 02 ~ N, (k.

it ),i€1,...,n where

KL, = (88T Jo? + V7 4 K

ngt

ki =K [Vilwi+ K ki + (vi — Z] ) By/ o]

n,,t

We also have the following as a direct result of Theorem 6.

Corollary 6. The 3-variable Gibbs sampler (Ay, oy, By, 02)2, for the posterior in
Bayesian EIV regression (4.1) with classical errors and priors (4.3) and (4.4) is

geometrically ergodic.

4.2.2 Bayesian EIV regression with errors in the response

and features

Similar to the previous section, we develop geometrically ergodic Gibbs samplers for
Bayesian EIV regression with additional additive Gaussian error in the features and
response. Consider the Bayesian EIV regression (4.2) with Berkson errors in X; and
additional error in Y; along with priors (4.3) and (4.4). Let Uy = diag(u?) € R™*™.

The Bayesian posterior II,, has density

1 n/2+a0+1 1 )
(A, v, a, B,07) (ﬁ) exp l—; (v — Za — AB|5 /2 + bo)}

X exp <_%(,, - U v - Y)>
Y iliexp (—%(Ai )TV (A — xi))

exp (=500 8)7 = Jo 05 (57— ).
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This posterior density is a special case of the density (4.5) when u = (v,a)T, M
<—I Z)y r= 07 Co = <Y7jO)T7

and d;, D; = x;, V.
We define a 3-variable deterministic scan Gibbs sampler which generates a Markov
chain (A, v, ay, By, 02)52, for this posterior density. Initialize (Ayg, 1o, g, B0, 02) and

fortel,...,

1. Generate 02| A;_1, V41,21, fi—1 ~ Inverse-Gamma (n/2 + ag, b;m) where

b{n,t = |1 — Zoyy — At—lﬁt—l”; /2 + by

2. Generate (14, ay, By)" | Ai—1, 07 ~ Npig(Jhss J}y) Where

/ T 9 Ug_l 0
nt — <—[ Z At—l) (—[ Z At—l) Jo; +
0 Jt
. U' 0 .
];L,t = J;L,t ’ 1 (Y, J(J)T
0 Jy

2 1 " ;
3. Generate A;|vy, oy, By, 07 ~ Ny(ky ;4 K i), 1 €1, n where

Kiio= (860 fo? + Vi)
ke = K0 [V wi+ (vig — Z] o) B/ 0]

n,i,t

Using Theorem 6, we have the following result.



4.2. GENERAL GIBBS SAMPLER FOR EIV REGRESSION 78

Corollary 7. The 3-variable Gibbs sampler (As, vy, oy, By, 02)52, for Bayesian EIV
regression (4.2) with Berkson errors and priors (4.3) and (4.4) is geometrically er-

godic.

Now consider the Bayesian EIV regression (4.2) with classical errors in X; and
additional error in Y; with priors (4.3) and (4.4). The posterior II,, for this Bayesian

model has density

1 n/2+ap+1 1
mdnafox () ew |- (- Za - Bl /24 b))

X exp <—%(1/ -VU; (v - Y))
x ﬁexp (—%(Ai —ED)T(V K (A - ké))

X exp <—%((a, AT = jo) I (e, B)T - jo)) :

This posterior density is also a special case of the density (4.5) when p = (v, )7,

M= (—I Z), r=0,c=(Y,50)",

and d;, D; = k), (V' + K, 1)~L.
We define a 3-variable deterministic scan Gibbs sampler similarly. Initialize

(Ao, 10, g, Bo,08) and for t € 1,. . .,
1. Generate 02| A1, V41,21, fi—1 ~ Inverse-Gamma (n/Q + ag, b;’t)

2. Generate (vg, oy, B¢)T | As_1, 0% ~ Npsg(nes Ins)
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2 " "
3. Generate A; |1y, oy, i, 07 ~ Ny(k K

win K i),i €1, n where

ng’i,t = (BtﬁtT/O'? -+ ‘/Zfl + K;l)_l
ks = Kot Vit + Kk 4 (vig — Z] eu) B/ o7

Using Theorem 6, we have the following result.

Corollary 8. The 3-variable Gibbs sampler (A, vy, o, By, 02)32, for Bayesian EIV
regression (4.2) with classical errors and priors (4.3) and (4.4) is geometrically er-

godic.

4.3 Conclusion and Future Directions

We showed using a 3-variable deterministic scan Gibbs sampler to sample the posterior
in 4 different Bayesian EIV regression models with additive Gaussian errors and
independent priors is always geometrically ergodic. This is of pragmatic importance
to practitioners as trustworthy estimation from a Gibbs sampler is dependent on the
speed of convergence of the Markov chain. More specifically, time averages from the
Markov chains have many practically relevant theoretical guarantees such as a central
limit theorem. Secondly, these Gibbs samplers can be simulated efficiently without
the need for complex, intermediate Metropolis-Hastings or rejection sampling steps.

There are many future research directions in studying the convergence of Gibbs
samplers in EIV models. It appears reasonable that some Gibbs samplers for gen-
eralized linear models such as the Pdlya-Gamma sampler will also be geometrically
ergodic [19, 87, 125]. It seems also interesting to look at alternative errors in the

variables such as non-Gaussian or non-additive errors.
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Appendix A

Exact Convergence Analysis for
Metropolis-Hastings Independence
Samplers in Wasserstein Distances

A.1 Proof of Theorem 1

The proof will proceed by establishing the upper and lower bounds separately in
Lemmas 8 and 9, respectively. This is done largely because the conditions for the
upper bound are weaker than those for the lower bound. The following definitions
will be used in the proofs of Lemmas 8 and 9. First, for # € ©, real-valued measurable
functions f, and a Markov kernel K, we will use the notation K'f(0) = [ fdK"'(6,-) =
[ F(O)K"(0,d0') and K°f(#) = f(). Second, recall that for functions ¢ : R? — R,

[6llipy = sup {le(x) —eW)l/p(z,y)}-

z,Y,T#£Y

Lemma 8. Let € = infoco{q(0)/m(0)}. Then
sup W, (P4(0, ), TI) < (1 - 6*)tsup/p(€, I

0cO (IS

Proof. Let 0 € © and let ¢ satisfy [|¢[|;,,) < 1. The existence of € implies the

95
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minorization condition P(6,-) > €*II(-) [113, Corollary 4] which, in turn, ensures the
residual kernel R(0,-) = [P(0,-) — ¢*TI(:)] /(1 — €*) is a Markov kernel with invariant
distribution II. It then follows that

/s@dPt(G,-) —/sodH =(1—¢) U RpdP'™'(0,-) —/@dn}
=(1—-¢) U RepdP™1(0, ) —/me]

_(1— ey [/ SdR(0, ) —/wdn} |

Since ¢ is Lipschitz with respect to p, we then have

’ / SR, ) — godH' ‘ / / )] dIT(w)dR (0, 0')
/ / W)ARY(0,0')

< sup/p(&’,-)dﬂ.

0'cO

Taking the supremum with respect to ¢ and using the Kantorovich-Rubinstein theo-

rem [122, Theorem 1.14],

sup W, (P(6,-),1I) =sup  sup [ / wdP* (0, / gpdn]

9co 0co ||<p||Llp(p)<1

< (1—¢€Y) sup/p
0O

We now turn our attention to establishing the lower bound.

Lemma 9. Let ¢* = infyco{q(0)/7(0)}. Suppose q is lower semicontinuous and m

s upper semicontinuous on ©. Suppose there is a sequence of compact sets B, C ©
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increasing in diameter to ©. If p(-,-) < 1, then

sup W,(P!(6,),T1) > (1 — )" inf /p(-,e)dn.
fco [4<C)

Proof. We can assume I1(B,) > 0 or else we can take n large enough so this holds.
Since 7,¢q > 0 and 7 is upper semicontinuous on O, then ¢/7 is lower semicontinu-
ous on ©. We have that infycp, {q(0)/m(0)} is monotonically non-increasing to ¢* =
infpea{q(0)/m(0)}. Since we have assumed lower semicontinuity, the infygex{q(0)/7(0)}

is attained over any compact set K C ©. Then define the sequence

0; = argming.p {q(6)/7(0)}. (A.1)

We can then define the sequence

eo; = nf {a(6)/x(0)} = a(67)/7(6)

and this is monotonically non-increasing to €*.

Define P, to be the Metropolis-Hastings independence kernel with independent
proposal ) with density ¢ and target distribution II(-|B,,) with density = (-|B,) =
w(-)Ip,(-)/1I(B,). By construction, II(B,) > 0 and this is well-defined. The key
part of the proof is that if we start at any 6, € B,, this kernel P, and the kernel
P only disagree outside of B,,. For 0, € B,, we have w(0,) > 0, Ig, (0,) = 1,
and since © = supp(q) by assumption, then ¢(6,,) > 0. Also, if y € BS N O, then

min {%, 1} = 0. Let M;(R?) be the set of measurable functions ¢ : R —
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R with sup,cga |p(z)] < 1. Therefore, for any 6,, € B, and any function p € M; (R?),

/Rd APy (0, ) = / () min {% 1} a(y)dy
+ ©(0,) (1 - / min {%, 1} q(y)dy> :

Let € € (0,1 — €*). Since @ and IT are probability measures, we may then choose

n. sufficiently large such that for all n > n,,

2max {II(B:),Q(B:)} < €/2.

We then have

sup sup
O0nE€By pEeM; (Rd)

[ eann = [ war,.)

= sup sup
HneBn C,DEMl (Rd)

(A.2)
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Similarly,

sup | [ pani,) - [ sodﬂ‘
oM, (R) | J R Rd
— w /"wa—nwmmnua»—/ﬂwmuBmmBm

pEM1(RY) | JRE R4
“TI(BY) sup /wmwm—/wmuﬁ>

oMy (RY) | JRA R4
< 2[1(By)
< /2. (A.3)
With 0% as in (A.1), let ¥, (-) = —p(-,0}). Then for any z,y € R%
n() — a(y)] < plz,) (A4)

and v,, € M;(R?). Since II is invariant for the kernel P,

[P0 = [ = [ P0ip@ — [ P00, (A

Now for any integer s with 1 < s < ¢, the function P%¢, € M;(R?) since P is a
Markov kernel. Since 8} € B,, and 7(¢}) > 0, using (A.2), (A.3), and (A.5),

R4

t—1 * 0\ t—1 . _
> /de ondPo (605, ) /de UndII(-|B,) — €. (A.6)

¢ndpt(9;kw ) - wndH
Rd
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By construction of 8% in (A.1), we have

inf {a(6)/7(6]B.)} = TI(B,) jinf {a(6)/m(6)}

= 11(B,)q(6;) /7 (6;)
= EH;H(Bn>

= q(6;,)/7 (0] Bn).
For measurable A C R? [124, Remark 1, Theorem 2|, we then have the identity
P,(05, A) = €0 11(B,)II(A|B,) + (1 — €9:11(By)) dg: (A). (A7)
Since P'~!4), is a bounded measurable function, (A.7) gives the identity:

/Rd P, (AP (07, ) — / P4y, ()dII(-| By)

R4

= (- (B) (P - [ P, OmeB)). ()

Using (A.6) in the first inequality, (A.8) in the second inequality, (A.3) in the third

inequality, and using the invariance of II for the Markov kernel P in the last inequality,

/ P, P67, ) — / P, dIl
Rd ]Rd
Pl dP, (0, ) — | Py, dII(|B,) — €.

> [ Pane )~ [ P.an(is) —

> (1 - e, TI(B,) (Pf—lwnwm -/ Pt—wndmwn)) .
Rd

> (1 —ep:11(By)) (Pt—1¢n(9;)—/ Pt‘lwndﬂ) — 2
Rd

> (1 — ep:11(By)) ( /R ) P2, dP(67,-) — /R ) Pt—%ndn) — 2e.



A.1. PROOF OF THEOREM 1 101

Applying this inequality recursively and using the definition of v,

¢ndPt(9:u ) - U dIl

R4 R4

:/Rd P14, dP(0:, -)—/ P, dll

t—1
> (1 - ‘50 <¢n wndH> - 262(1 - EHEH(Bn))S
t—1 .
= (1 — e 11 / p(0,607)dIT — 2¢ Z(l —ep:11(B,))". (A.9)
R4 s=0

Since II(B,,) — 1 and €= — €*, we may take n large enough so that

|€9;§H(Bn)

For all large enough n and since € < 1 — €*, we lower bound (A.9) to get

Rd

Rd

t—1
> ok t . _ ok s. )
S (1—e—e) 52£/p(,e)dn 26;(1 & +6) (A.10)

Combining (A.4) and (A.10), we lower bound the Wasserstein distance (we could
instead use more sophisticated duality results [122, Proposition 1.5, Theorem 1.14])
with

sup WP<Pt<67 ')7 H)
[USC]
> WP(Pt(G::n ')7 H)
t—1

>(1—¢ —e) mf/ (-, 9)dH—2EZ(1—e*+e)s.

0cO
s=0
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Since this holds for all small €, the proof is complete by taking the limit as ¢ | 0. [

A.2 Proof of Theorem 2

The following lemma uses a similar argument as [80, Lemma 3.2.3] where the standard

Euclidean norm is used.

Lemma 10. Let C € R¥™? be a positive-definite, symmetric matriz and o € (0, 00).
Let f: RT — R and suppose 0 — f(0) — afTC~10/2 is convex for all points on RY.

Then there ezists 0* = argmingega f(0) and
FO) = F(6)+5 (0 -6 C7' (6 - 67).

Proof. Since the function f(0) — a7 C~10/2 is convex for all points on R?, it follows
that for any A € [0,1] and any (6,0') € R? x R¢,

FOO+ (1= N8 < AF(0) + (1= N f() — %)\(1 N @ -0 —0).

Since C ! is positive-definite, then aA(1—X) (¢ — 0)" C~1(¢'—0) /2 is nonnegative and
this implies that f is a convex function. It can also be shown that limg— 1+ f(0) =
+o00 and since f is lower semicontinuous, then f attains its minimum 6* € R%. The

right directional derivative

£10°30) = it~ [£(6" +10) = £(0°)]
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exists for all points # € R? [80, Theorem 3.1.12]. For X € (0, 1), we have

1 1 1

(=SB (0" + A (0 —0) — f(67)] — (=)

< —% 0 — 09" C1(0 — 0%).

(f(0) = f(67))

Taking the limit with A | 0, we have that
F(056 =07 — F(0) + F(67) < =5 (6 —07) C7 (09— 6").

Since #* is the minimum of f, then the right directional derivative satisfies f'(6*; 60 —

6*) > 0 for all § € R¢. Therefore for all § € R?,

F0) > f6)+5 (069 C7'(6 - 6").

Proof of Theorem 2. We may define the function f : R? x (0,00) — R by

S0+ Snr(5)

f(B,o)= + (n+vy+1+d/2)log(o)

and write the posterior density as 7(8,0|X,Y) = Zﬁ(l_p(’y) exp (—f(B,0)). Since the
function 3+ s,.(8) — BTC~15/2 is a convex function on R?, then by Lemma 10 for
every 3 € R?,

5ur(8) 2 500 (8 + 3 (8= )T €7 (8- ).
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For any (3,0) € R? x (0,00), we then have the lower bound

f(B,o)

= M—I—(n—i—vo—#l—l—dﬂ)log(a)
> 0200l |y 14 dy2)hono) + 5 (8- 8O (8- ).

This implies

7(8,0)
By o g = 2T 1 ) 0g(0)
> 0.

Let ¢ denote the proposal’s normal-inverse-gamma density. For any oy € (0, 00) and

for every (8,0) € R? x (0,00), we have shown

q(B,0)
7(6,0)

_Q — * n-r+uvo —_
> Zneixyy (20) 72 det (C) 7% (0 4 800 (8)" T T(n + v9) ™

_ Q(ﬁ*a 00)

m(5*,00)

An application of Proposition 1 completes the proof. n

A.3 Proof of Theorem 3

Under our assumption, we may write the matrix X = n~'/2G where G is a matrix
with i.i.d Gaussian entries with mean 0 and variance o2. Denote the largest eigenvalue

of the matrix X7X by M\,ae(XTX). Therefore, as d,n — oo in such a way that
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d/n — ~ € (0,400),

Amaz (XTX) = Mnas (%GTG) _ 1 sup HGTGvH2 — (1 +~Y%)202

T yeRd,|jv]|,=1

almost surely [37, Theorem 1].

Define the function f : R? — R by f(8) = £,(8) + o/287C~'3 where ¢, is the
negative log-likelihood loss function and define Zg = (27)%2 det (a=1C)"*. We will
first lower bound the quantity exp(f(58*))Zuc|x,v)/Zq. We have that for any 5 € R?
and any v € R%,

U Hu (B)0 < 1odonas (XTX) ]2

This implies that for any 8 € R? and any v € R?, the Hessian of f, denoted by Hy,
satisfies

v H (B0 < 0" (roAmaa( X" X)Ig + aC ™) v,

Since the function ¢, is twice continuously differentiable, then f is also twice contin-
uously differentiable. Since both the gradient V f and Hessian H¢ are continuous and

Vf(B*) =0, we use a Taylor expansion to obtain the upper bound

£(8) = £(5°) + / / (B — BYTH (5" + 505 — 6°))(6 — 6°)dsdt

< FB) + 28— B (ohaae (XTI + aC) (8- ).

We then have a lower bound on the normalizing constant of the target posterior

o exp (—f(8)) (2m)""
Ancpey) = /Rde pfB) b = (Fodmas (XTX) Iy + aC—1)/>
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This in turn yields a lower bound on the ratio

Z1(|X,Y) exp (F(8%)) > det (aC‘1)1/2

. A1l
2q et (roAmaz (XTX) I, + ozC'_l)l/2 ( )

The matrix C' is symmetric and positive-definite and so its eigenvalues exist and are
positive. Let (\;(C ))?:1 be the eigenvalues of C. It is readily verified that the eigen-
values of the matrix 7o\ pee (X7 X)I;+aC ™! exist and are (To)\max (XTX) + %) ’
Then

det (aC™1)
det (roAmaz(XTX ) + aC—1)

i a
IIim 55

H?:l (TO/\maw (XTX) + AfC))

(A.12)

— exp <_ Y log (%Am (XTX) A(C) + 1)) . (A.13)

We have the basic inequality log(x + 1) < x for any x € [0,+00). Since the
eigenvalues of C' are positive and A4z (X X ) is nonnegative, we have the upper

bound

d
> 10g (2 Anas (XTX) N(C) +1) <
i=1
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This yields a lower bound on (A.13). Define the doubly-indexed sequence (aq,,) by

d
Qi = A (XTX) 3 N(C),

2a -
=1
We have then shown that

Zn(|x,y)

S ep (F(3) 2 exp (~a).

By our assumption, tr(C) — so as d — oo. That is to say that

d

Then as d,n — oo in such a way that d/n — v € (0,+00), by continuity
Agn — ﬁ(1 + 420,
’ 2c
almost surely. This implies using continuity that almost surely,

dlim (1 —exp (—anq))" = (1 —exp (—ap))".
,N—00
o

(A.15)

By Corollary 1, we have the upper bound on the Wasserstein distance for each d

and each n:

Wp (Pt(ﬁ*a ')7 H(‘X7 Y))
_ <1 " exp! f</3*>>Z“<Z'—§“) /R (5, 8°)dTI(5]X. V)

< (1= exp (=) [ pl8,5)an(3|X,Y).
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Suppose that lim supan—eo [ga 06, 8%)dII(B|X,Y) < co. Using properties of the limit
gl
superior,

limsup W, (P*(6*,-),11(-|X,Y))
d,n—o00
i

< limsup(1 — exp (—a,,0))! limsup / (5, B7)I(BIX, )

d,n—00 d,n—00
R gl
= lim (1—exp(—an7d))tlimsup/ p(B, 7)dII(B|X,Y)
d,n—00 dn—oo JRA
& 4y

= (1= exp (=) Timsup [ p(3, 3)TI(BIX. ).

d,n—00

d
n

The other case when lim supa,n oo [pa (8, 5%)dII(3|X,Y) = 400 is trivial.
d

n Y
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