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Abstract

We consider the development of spatio-temporal oscillations in
the Kuramoto-Sivashinsky amplitude model of thin film flow. These
develop from Hopf bifurcations off of steady state solutions and are
observed to undergo symmetry breaking and period doubling bifur-
cations. Oscillatory branches in the parameter regime studied appar-
ently terminate in Silnikov type homoclinic connections. A minimal,
three mode nonlinear Galerkin discretization, capable of capturing
this bifurcation behavior is constructed. A simple shooting algorithm
which exploits this sharp reduction in dimensionality is used to accu-
rately locate the homoclinic connections.

Key words: Kuramoto-Sivashinsky equation, Silnikov connec-
tions, symmetry breaking, inertial manifolds.



1 Introduction

The Kuramoto-Sivashinsky equation (KSE) [27, 36]

v + 41}:1::::1::: + (X('U'Ux + va:a:) =0. (1)

has been used as an amplitude equation to describe incipient instabilities
in several physical contexts. It can be derived from a long-wave perturba-
tion analysis of the two dimensional Navier-Stokes Equations describing the
flow of a thin, viscous liquid film with surface tension, flowing down a ver-
tical plane. The equation has been the subject of numerous theoretical and
computational studies during the last fifteen years (e.g. [21, 9, 26, 19] and
references therein) probably because of its ability to exhibit low-dimensional,
spatially coherent but temporally complicated solution patterns. Numerical
simulations have uncovered a wealth of such patterns, ranging from steady
states, periodic oscillations and traveling waves to modulated traveling waves,
symmetry—driven persistent homoclinic loops, and complicated (apparently
chaotic) dynamics as the instability parameter o grows. Theoretical work
based largely on symmetry considerations has concentrated on steady state
and traveling wave solutions, as well as heteroclinic and homoclinic connec-
tions between them (e.g. [1]).

In this work we concentrate on the computer assisted study of limit cycle
(time periodic) solution branches arising from low a Hopf bifurcations. Two
types of periodic solutions are observed, one possessing a spatio-temporal
symmetry that relates the first half of the period of the oscillation with the
second half. Such a symmetry is known to suppress period doubling of the os-
cillations [38]. A symmetry breaking pitchfork bifurcation follows, with sub-
sequent period doublings of the non-symmetric limit cycles. All oscillatory
branches apparently terminate on Silnikov type infinite period homoclinic
connections (heteroclinic connections for the symmetric limit cycles), involv-
ing saddle type steady state solutions. While Silnikov saddle connections can
occur in a phase space of dimension three, the simple three mode Galerkin
truncation of the PDE (1) cannot capture these phenomena. However, using
the theory of approximate inertial manifolds, we construct a minimal (three
dimensional) nonlinear Galerkin discretization which qualitatively (and to
some extent quantitatively) captures the Silnikov behavior in the parameter
regime studied. This sharp reduction in the dimensionality of the problem
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Figure 1: Bifurcation diagram for the KSE; O marks steady state and trav-
eling wave bifurcations; o marks Hopf bifurcation points.

allows for the easy visualization of the stable and unstable manifolds involved
in these interactions. We have exploited this to implement a simple shoot-
ing algorithm which converges on the Silnikov loop in (phase x parameter)
space.

2 Numerical Bifurcation Diagrams

Figure 1 is a bifurcation diagram for the KSE for 0 < o < 40. The diagram
shows steady, periodic, and traveling wave solution branches computed using
a traditional Galerkin spectral discretization of the PDE with nine Fourier
modes. The diagram is “converged” in the sense that doubling the dimension
of the discretization does not visibly alter the location or the stability of the
solution branches.

Our calculations were actually performed using the integrated form of the



KSE with periodic boundary conditions on 0 < z < 27:

1 1 2r
Up + dUgzer + O <§(u$)2 + Ugy — ym /; (ug)? d:z:) =0. (2)

AUTO, a continuation/bifurcation package developed by E. Doedel 12, 13|
was used to perform these calculations. The steady state and limit cycle
branches (the latter are often called “standing waves”) were calculated by
restricting the dynamics to the invariant subspace of even functions; all sub-
sequent calculations in this paper will be similarly restricted. Until recently
most of the rigorous results (dissipativity, existence and dimension estimates
for inertial manifolds) for the KSE have been limited to this invariant sub-
space (see for example [33]). II’yashenko [22] has recently presented a proof of
dissipativity for the general case of periodic boundary conditions. The trav-
eling wave branches, computed in full Fourier space with periodic boundary
conditions, are included here for completeness. Another form of solution
(modulated traveling waves) also known to exist in the full Fourier space
within this parameter range have not been included in the diagram, since
the discussion will be mostly restricted to even solutions and their bifur-
cations. Such bifurcation diagrams, particularly those including the steady
state solutions of the KSE have appeared in the literature (e.g. [34, 19, 3]).
In this paper we focus on the family of limit cycle branches observed for
30 < a < 37. Certain aspects of these branches and their bifurcations have
been discussed previously in [24, 23, 7].

The steady state branches bifurcating at o = 4(= 4x12),16(= 4%2?), 36(=
4 % 3%),...4 x k? are characterized as “unimodal” (k = 1), “bimodal” (k =
2), ... “k-modal” respectively, based on their spatial structure close to the
respective bifurcations. A Hopf bifurcation occurs at a ~ 30.34 off of the
bimodal steady state branch (restricted on the invariant subspace of even
functions). This limit cycle with period T (i.e. u(z,t) = u(z,t + T)) is
characterized by a spatio—temporal symmetry: the second half period of the
oscillation (in time) is related to the first half period by:

u(z,t) = u(z + 7,t 4+ T/2).

This symmetry is a version of what Aronson et al. call “Ponies On a Merry-
go-round” for discrete arrays of Josephson junctions [2]. The implications
of such a symmetry on the bifurcation behavior of periodic solutions was

discussed by Swift and Wiesenfeld [38].
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To understand the properties of these symmetric limit cycles, it is helpful
to consider certain replication and invariance properties of the solutions of
the KSE. 1t is easy to see that the space

Cx = span(cos(kz), cos(2kz), cos(3kz)...)

is invariant under the flow of the KSE and that if u(z,t) is a solution of the
KSE for some parameter value ag, then so is u(kz, k*t) at @ = k?ap. This
means that steady state branches of the KSE replicate as discussed in detail
in [34]. For every nontrivial steady state branch, a one-parameter family
of steady states exists at every a value, each one of them a shift (in z) of
the others. All steady state branches shown in figure 1 (unimodal, bimodal,
trimodal, as well as a mixed mode branch, the “bi-tri”), represent solutions
which can be shifted to be even (i.e. can be represented by a cosine series
on [0,27]). Applying the above replication property with £k = —1, we see
that two “representatives” of each nontrivial k—-modal steady state branch
can be found in Cy, related to each other by a translation by = /k. The bi-tri
steady state branch can be thought of as “unimodal” in this context: two
representatives of it exist in C related to each other by a translation by 7 /1.

We are interested here in the bifurcations of these even solutions, taking
place in the invariant subspace of even functions. The two representatives
of odd-modal (k = 1,3,5,...) branches can be shown to have the same
stability in C;; on the other hand, the two representatives of even-modal
(k = 2,4,6,...) branches have different stability properties in C; (while
of course they have the same stability in Cy as well as in the full Fourier
space, where they also both possess a zero eigenvalue corresponding to the
direction of shift invariance). The Hopf bifurcation observed at a ~ 30.34
1s not a replication of a lower a Hopf bifurcation on the unimodal branch.
Since the eigenvalues (eigenvectors) of the bimodal representatives in C, are
identical (replicas) to those of the unimodal representatives in C, this Hopf
bifurcation does not occur entirely within Cy and hence involves components
in Ch, in which the stability of the two bimodal representatives is different.
The Hopf bifurcation is therefore expected to (and indeed observed to) occur
for only one of the two representatives of the bimodal branch.

We now restrict our analysis to the invariant subspace of even functions
C:. The two bimodal representatives are each invariant under 7 shifts and
transformed into each other by 7/2 shifts. Since the replication law with
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Figure 2: (a) A space-time plot of one period of a symmetric limit cycle
(0 < z < 2m) at a ~ 33.56. (b) Time series of the amplitude at z = 7/8 and
z = m + 7/8 during one period of the oscillation.

k = —1 (the shift by 7) is a property of both steady and time dependent
solutions, the unique limit cycle resulting from the single representativs Hopf
bifurcation must be (as a solution) invariant to a spatial shift by 7. In this
case, the spatio-temporal symmetry:

u(z) — Syu(z); t—ot+T/2

results, where
Sxu(z) = u(z + ).

The symmetry of the limit cycles is illustrated in figure 2. To see how
this symmetry will appear in Fourier space, consider the ODE system

an = Fo(a); n=1,...,N

arising from the Fourier-Galerkin discretization of the KSE:

u(z,t) ~ E;(u(a:,t),cos(nz))cos(nm) = 2_:1 an(t) cos(nz).

The notation (-,-) refers to the standard inner product on L?. Figure 3
shows a representative phase portrait and time series characteristic of the
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Figure 3: (a) An a;—a, phase space projection of a symmetric limit cycle at
a ~ 33.56 and (b) time series of two of its Fourier coefficients (a; and ay).

symmetric oscillations. This type of symmetry in limit cycles is known to
cause suppression of period doubling. The proof for the KSE follows directly
the arguments of Swift and Wiesenfeld, substituting u(z) for their z and S«
(the 7 shift) for their —I. It is also easy to see that the argument carries
over for the ODE system resulting from the Galerkin spectral discretization
of the PDE. The symmetry becomes

_(11- -_alw

a3 as

a —a

3|, 3 Ct— it
[ 7} 7% 2
L - L * .

In this case, instead of the Swift and Wiesenfeld matrix —1I, the diagonal
matrix J with elements j; = (—1)' is used. The basic argument is that for
symmetric orbits, the state transition matrix DP is the square of another
matrix (DP)? and therefore has as eigenvalues the squares of the eigenvalues
of the matrix DP. The matrices being real precludes DP from having a
single real eigenvalue crossing the unit circle at —1 as o varies.

7



(u,cos(2x))

1

Figure 4: An a;-a; phase space projection of an asymmetric limit cycle and
1ts 7 shift at o ~ 33.56.

In the KSE (as well as in other systems with this property) a symme-
try breaking (pitchfork) bifurcation occurs off of the symmetric limit cycle
branch at a ~ 32.85, giving rise to two “asymmetric” limit cycle branches
(symmetric to each other by the m shift in z). These are illustrated in figure 4.
The asymmetric limit cycles are not prevented from period doubling, and are
indeed observed to subsequently undergo a period doubling cascade [23]. The
first period doubling occurs at o ~ 32.97 and the second at a ~ 32.99. Fig-
ure 5 shows representative phase portraits of limit cycles on these branches.

These symmetry properties play a significant role in “orchestrating” the
complicated structure of limit cycle branches and associated Silnikov con-
nections shown enlarged in figure 6. Partial observations of this intricate
pattern have been presented and published previously in [25, 24, 23, 7, 8];
in what follows we attempt a more coherent discussion of the detailed bi-
furcation picture. Figure 7a shows the fate of both asymmetric limit cycle
branches; after the first period doubling, the asymmetric branches undergo
a “corkscrew” sequence of turning point bifurcations while their period (not
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Figure 5: a;-a, phase space projections of (a) the period 2 and (b) the period
4 asymmetric limit cycles at a ~ 33.56.

shown in the figure) approaches infinity. In the figure, the branch is seen
to asymptotically approach the bi-tri steady state solution branch. This
behavior is typical of a homoclinic connection to a saddle-focus (a Silnikov
loop). A detailed discussion of the bifurcation behavior associated with this
phenomenon in three space dimensions (a one dimensional unstable manifold
connecting with a two dimensional stable manifold corresponding to a com-
plex eigenvalue pair) can be found in [18] (see also [17]). A space-time plot
and a Fourier space projection of a representative limit cycle close to the “tip”
of the corkscrew (figures 7b and c) illustrate the geometry of this connection:
the limit cycle is indeed seen to approach (and spend most of its period in
the neighborhood of) the bi-tri saddle type steady state. The nature of the
eigenvalues of this steady state (confirmed by independent computations) is
" also obvious in the figure: one is positive and real, while the two least stable
eigenvalues of the saddle form a complex conjugate pair (indicated by the
spiraling close to the steady state). The limit cycle branch is expected to
corkscrew on its approach to homoclinicity if the Silnikov condition, |§| < 1,
1s satisfied; é is the ratio of the real part of the complex eigenvalue pair to
the real eigenvalue of the saddle-focus (see [18]). A number of other features,
qualitatively and quantitatively predicted in the Glendinning and Sparrow
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Figure 6: Enlarged bifurcation diagram for the KSE. O marks steady state
bifurcations, o marks Hopf bifurcation points, and ¢ marks period doubling
bifurcations.

10



u(x,t) (b)

TIME

= X
1.5
(c)
1of
5F
—_
=
=
e
73 o
o
. <
. =3
; S .,
8t R
N
o
A iof
.6 ‘;ﬁ
) L L \ L fivait ishb
3 3 R . L ) . : A .
30 a1 3z 33 a4 5 a8 a7 -2.0 -1.5 -1.0 -.5 o .6 1.0 1.5 2.0 2.5
o (u.c08(x)

Figure 7: (a) Partial bifurcation diagram of the asymmetric limit cycle
branch. (b) Space-time plot and (c), an a;—a; phase space projection of
a limit cycle approaching homoclinicity (a ~ 34.37, marked with a *).

11



1.5
(v)
2.4
1.0F
2.2 . 5t
®
2
,g 0
2.0 o
=)
2 _sl
1.8+
-1.0f
1.8+ -5 . A . . )
— -2.6 2.0 -1.56 -1.0 -.5 0 .5 1.0 1.6 2.0 2.5
= (u,cos(x))
1.4F
1.5
(c)
1.2+
1.0
1.0+ 5t
=
o
¥ o
.8+ g
3
2 _st
.8}
lu -1.0}
4 L L L L Lo Lo 1.5}
32.0 32.5 33.0 33.5 34.0 34.5 35.0 35.56 36.0 36.5 2T RO I IO o5 b 5 1o 15 Fo s
o (u,cos(x))

Figure 8: (a) Partial bifurcation diagram of the asymmetric limit cycle
branches. a;-a3 phase space projections of the period-2 (b) and period-4
(c) asymmetric limit cycles close to homoclinicity (a ~ 34.36).

analysis have also been computationally observed, and are partly seen in this
figure (for a better illustration see figure 10). These include the (asymptot-
ically exponential) narrowing of the parameter interval between successive
turning points on the corkscrew, the existence of period doubling bifurca-
tions and their relative location with respect to the turning points as well as
subsidiary homoclinicities.

Figure 8a overlays the fate of the initial period—doubled and the subse-
quent period-quadrupled limit cycle branches on figure 7a. We observe that
they also asymptotically approach corkscrews located close to that of the
primary asymmetric oscillations. Figures 8b and ¢ show Fourier space pro-
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jections of representative limit cycles close to the tips of the corresponding
corkscrews, indicating again an interaction between the stable and unstable
manifolds of the same branch of bi-tri saddle type steady state solutions. Pe-
riod doubling bifurcations like those on the primary branch are also expected
close to the limit points of these subsidiary corkscrews.

Figure 9 shows the fate of the original symmetric limit cycle branch.
Computations of this branch also display the beginnings of a corkscrew be-
havior. However, as the Fourier space projection portraits of representative
limit cycles on this branch indicate (figures 9b and c), the limit cycles appear
to asymptote towards a symmetric heteroclinic connection. This connection
apparently involves the unstable manifold of one saddle type steady state
with the stable manifold of its 7 shift and vice-versa. The computation of this
branch presents certain numerical difficulties since the computed limit cycles
are very unstable (typical Floquet multipliers even before the first turning
point become so large ~0O(10'°) and more- as to be inaccurate). These phase
portraits are strongly reminiscent of the structure of the Lorenz attractor,
and the bifurcation behavior of orbits of this nature has been discussed in
Sparrow’s book [37].

A much more “textbook” example of Silnikov type behavior is exhibited
by the limit cycle branches emanating from the Hopf bifurcation point at
a ~ 34.30 on the bi-tri steady state branch. The two representatives of this
branch have the same stability in the C; space and therefore two Hopf bifurca-
tions occur simultaneously, giving rise to two (symmetric to each other) limit
cycle branches. Because there are no symmetry restrictions, these branches
can (and indeed are observed to) period double according to the typical Sil-
nikov scenario. An initial period doubling at a ~ 34.54 results in a limit cycle
branch which, as seen in figure 10a, apparently asymptotically approaches a
Silnikov connection of a saddle focus on the “middle” (in the figure) steady
state branch. A second period doubling at a ~ 35.52 gives rise to a branch
with a similar fate. Interestingly the next period doubling on the “primary”
corkscrew (o ~ 34.84) gives rise to a period doubled branch which appears
to asymptotically approach a homoclinic connection of a saddle lying on a
different part of the steady state branch. This is a “subsidiary homoclinicity”
and a representative limit cycle portrait on this branch (figure 10c) clearly
illustrates closeness to a “double pass” Silnikov connection (as opposed to
the “single pass” of the primary homoclinicity (figure 10b).

Obviously the details of these diagrams are incomplete —one could go
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on computing limit points, period doublings, and subsequent homoclinicities
forever. It is sufficient to summarize this entire scenario as a form of “loss
of a limit cycle branch” [18]. Before concluding this descriptive section, we
should add that even this complicated scenario does not contain all essential
features of the dynamics of the KSE in C; in the parameter interval studied;
Simulations indicate additional global bifurcations for even earlier values of
a than the ones discussed here (e.g. close to a = 32.9000355); the picture is
far from being complete.

3 An accurate three mode model

The bifurcation calculations in the previous section were performed using
a nine mode traditional Galerkin spatial discretization of the PDE. While
the computational task involved in this level of analysis for nine ODEs is
tractable, it is conceivable that an alternative discretization technique could
capture the dynamics accurately with a smaller number of modes. A tradi-
tional approach to model reduction, particularly suitable for the qualitetive
local analysis of bifurcating branches, involves studying the flow on a cen-
ter manifold in the neighborhood of a particular bifurcating solution. An
example of this type of analysis for the KSE in the recent literature can be
found in [1]. An alternative approach involves Galerkin projection on em-
pirically determined basis functions obtained from statistical processing of
computationally or experimentally obtained time series. This more practi-
cally oriented approach (method of empirical eigenfunctions or Proper Or-
thogonal Decomposition, POD), introduced by Lumley [30, 31] as a method
of detecting spatially coherent structures in turbulence, has been extensively
used 1n recent years for the study of transitional flows in various geometries
(e.g. [4, 35, 11]) and references therein).

A global (in phase space) model reduction approach is motivated by the
theory of inertial manifolds. This theory can be described for a dissipative
PDE written as an evolutionary equation in a Hilbert space H

d
£+Au+F(u):o, uwe H.
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For example, for the KSE we let 4 = & and

Bzt

8w 1 (ou\® 1 g,

An inertial manifold is a finite dimensional, positively invariant, exponen-
tially attracting Lipschitz manifold embedded in the phase space H. Let
P = P,, denote the orthogonal projector onto the span of the first m eigen-
functions of A, and let Q@ = @,, = I — P,, be that onto the orthogonal
complement. Typically an inertial manifold is constructed as the graph of a
function ® : PH — QH. This function is used to define a finite dimensional
ODE (the inertial form)

% + Ap+ PF(p+ ®(p)) =0, p€e PH
which captures all the long time behavior of the PDE.

While inertial manifolds are known to exist for the KSE as well as other
dissipative PDEs (see e.g. Constantin et al. [10]), they cannot in general be
expressed in closed form. For this reason a number of approximate inertial
manifolds (AIMs) have been introduced in the literature (see [32] and the
references therein). The AIM used here is designed to pass near all steady
states of the PDE, which lie on the global attractor, and consequently on
any inertial manifold. This construction is also well motivated for dissipative
PDEs that may not necessarily possess an inertial manifold. Indeed, this
AIM was originally introduced in [39] for the Navier-Stokes equations (NSE).
Consider the @-component of the condition for a steady state

Aq+QF(p+4q)=0, pe PH, q€ QH,

which implicitly defines an analytic function ®° : PH — QH given by the
fixed points for the family of mappings

To(q) = —AT'QF(p+q),

provided m is large enough. The AIM used in computations in this paper
®(p) = TH(T5(0))

17



has a distance to ®* (in L?) which is comparable to that between ®* and the
global attractor (see [39] for the NSE, [23] for the KSE).

The implementation of this nonlinear Galerkin approximation is well
suited for computation using spectral methods. The nonlinear Galerkin
method used here i.e. the m dimensional ODE system

dp

E+Ap+PF(p+<I>2(p)):0, p € PH, (3)
(called an Approximate Inertial Form, AIF) amounts to three successive eval-
uations of the nonlinearity F. For the KSE, with its quadratic nonlinearity
and periodic boundary conditions, the graph of ®, lives in the span of the
first 4m eigenfunctions of A (Fourier modes, cosines for the even functions
here). This means that with sufficient padding with zeros, spectral codes
can be used to compute the vectorfield of (3) faithfully. In the general case
where the nonlinearity is not of polynomial type, a collocation scheme can be
implemented efliciently using the Fast Fourier Transform, albeit with aliasing
errors [7].

Obviously, the minimal number of modes (phase space dimension) neces-
sary to accommodate the Silnikov loop phenomena described above, is three.
However, a traditional three mode Galerkin discretization does not capture
these phenomena [23]. The best a prior: estimates for the dimension of an
inertial manifold for the KSE do not suggest that this dimension could be
as low as three or, for that matter, even nine (which we empirically know to
be sufficient from our computational results). Our choice here of the dimen-
sion of the approximate inertial manifold (three) is therefore based on the
dynamic phenomena observed rather than on rigorous estimates.

Figure 11 shows the relevant section of the bifurcation diagram for the
AIF (3) with three modes, which does indeed exhibit the same limit cycle bi-
furcation behavior as the “converged” diagram (figure 6). The original Hopf
bifurcation from the bimodal branch to a symmetric limit cycle, the subse-
quent symmetry breaking followed by period doublings, as well as the ulti-
mate Silnikov loop terminations of the resulting branches are present (we had
some numerical difficulties with the extensive continuation of the symmetric
limit cycle branch). Similarly, the “nonsymmetric” limit cycle branches bi-
furcating off of the bi-tri mixed mode steady state branch, their subsequent
period doublings, Silnikov loops, and subsidiary homoclinicities are correctly
(and, to some extent, accurately) reproduced. The actual parameter val-
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Figure 11: Partial bifurcation diagram for the KSE obtained using the AIF
(3) with m = 3.

ues at which the Silnikov connections occur in the reduced system are not
identical to the traditional Galerkin values; however, they are in reasonable
semi—quantitative agreement.

4 Approximating the Silnikov connections

The existence of certain Silnikov type homoclinic connections “implies” the
existence of a complicated pattern of bifurcations and oscillatory branches in
the neighborhood of these connections in (phase X parameter) space. Sev-
eral aspects of this scenario were illustrated above for the KSE. On the other
hand, this entire bifurcation sequence can be thought of as a mechanism for
the disappearance of the “primary” limit cycle branch as the bifurcation pa-
rameter changes. For example, the collection of limit cycle branches around
a ~ 35.17 in figure 10 can be taken to simply denote the “death” of the
nonsymmetric limit cycle branch originating at a ~ 34.30.

The continuation of limit cycle branches as they approach homoclinicity
involves considerable computational effort without necessarily producing sig-
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nificant information. Due to its infinite complexity, the diagram can never
be completed; in addition, as the limit cycle branches approach homoclin-
icity their period approaches infinity, and their accurate calculation poses
severe discretization problems. On the other hand, all these complications
occur in a very narrow parameter interval, and it appears that approximating
the Silnikov connection directly would for all practical purposes contain the
essential information regarding the behavior of the limit cycle branch(es).

Figure 7c is representative of the phase space geometry of a Silnikov con-
nection. The one dimensional unstable manifold of a saddle steady state
connects with the saddle itself (and therefore lies on the stable manifold).
The spiraling approach to the saddle is indicative of the complex conju-
gate nature of the two least stable saddle eigenvalues (“saddle-focus”). This
figure is of course only a projection, and the stable manifold is not two di-
mensional, as was the case in Glendinning and Sparrow (for this figure it is
actually eight dimensional). The model reduction approach discussed in sec-
tion 3 reduces the dimensionality of the stable manifold to two, the minimum
necessary, and allows for the easy visualization of both invariant manifolds
and their interactions. We have used this reduction to implement a geomet-
rically motivated simple shooting algorithm to converge on the Silnikov loop.
Such algorithms (special cases of boundary value problems on semi-infinite
or infinite intervals [29]) have appeared in the literature for the calculation
of saddle connections in low dimensional systems [20] (see [28] for the Sil-
nikov case). More recently, results for the general case with arbitrary (finite)
dimensional interacting manifolds have been reported [14, 15, 16, 6, 5].

We now present an outline of our implementation for the case when the
associated steady state has a one dimensional unstable manifold and a two
dimensional stable manifold. For simplicity we rewrite the approximate in-
ertial form (3) as

p=G(p; ). (4)
Let p(a) denote a fixed point of (4) with associated stable eigenvector vy L 1v;
and unstable eigenvector vs. Let C, define a cylinder of radius r with its axis
in the direction of vs passing through the point p. Consider also the plane
spanned by the vectors vy, v, passing through p (see figure 12). Given a good

guess a, for the parameter value, a*, at which the Silnikov loop occurs, the
computational procedure is outlined below:

1. Locate the steady state p(a,) via Newton iteration and compute its
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Approximation to Stable Manifold

Figure 12: Illustration of the geometry and terminology used in the shooting
algorithm.

eigenvectors.

2. Integrate

p = G(p;an)
p(t=0) = p+evy

until the trajectory intersects the cylinder C, as shown in figure 12.
Let a denote the intersection point.

3. Calculate the distance D = D(ay,€,7) from a in the direction of vz to
the plane. To satisfy D(a) = 0:

4. Calculate the derivative % and use it to update the current guess for
a via a Newton iteration:

-1
Qny1 = Qp — [%—} D|,..
Qn
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Upon convergence of this procedure we obtain an a(€, ) satisfying D(a, €,7) ~
0. Since vz is tangent to the unstable manifold at p, it is obviously a good ap-
proximation of the unstable manifold for small enough €. Similarly, the plane
provides a good approximation of the stable manifold for small r. Therefore,
in the limit, a(r, €) should approximate a*. In our implementation we have
repeated the above procedure by systematically shrinking r and € until a(e, )
remains constant to within a prescribed error tolerance (usually < 1078).
Calculation of the intersection point a involves a Newton-Raphson itera-
tion ensuring that it lies on C,, which implicitly defines the “time of flight” of
the trajectory, and can be used to calculate its dependence on the system pa-
rameters. The most involved segment of the computational procedure is the
evaluation of the derivative %. D depends on a both explicitly through the
vectorfield and implicitly through the initial condition (the fixed point and its
eigenvectors) and the cylinder itself (again depending on the eigenvectors).
The calculation therefore involves repeated application of the chain rule, us-
ing information from integration of the sensitivity equations (dependence of
the flow on «). It is of course possible to use numerical derivatives in this cal-
culation. Because of the complexity of the implicit differentiations involved in
computing the “true” derivatives, we preferred to use linear approximations
to the stable ind unstable manifolds, and progressively “squeeze” them very
close to the saddle (where they become increasingly accurate), as opposed to
higher order approximations to the local manifolds as in [20, 28]; these ap-
proximations are more accurate further away from the saddle, but evaluating
their dependence on the parameter becomes increasingly complicated.
Figure 13 shows the convergence rate of the Newton iteration for the lo-
cation of the Silnikov connection at a ~ 35.2741195. The “elbows” in the
graph correspond to changes in 7. The figure has been obtained by letting
D(a,¢€,r) approach zero to within 107° before shrinking the cylinder. Upon
convergence of the iteration for a prescribed value of r, the new r has been
chosen by allowing the last computed trajectory to further approach the fixed
point as close as possible before it starts moving away from it. The reason
for not immediately starting with a very small (accurate) = is that simple
shooting may fail to return to the cylinder if the initial guess of a is not very
accurate. This probably means that convergence for multiple shooting or
collocation discretizations for the boundary value problem would be easier.
Friedman and Doedel, in a series of papers [14, 15, 16], have discussed various
issues associated with computing homoclinic and heteroclinic connections be-
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Figure 13: Rate of convergence to the Silnikov connection at o ~ 35.2741195.

tween steady states in a more general setting. Their implementation of these
algorithms in a version of AUTO will undoubtedly make such calculations
routinely possible. Figure 14a shows our approximation of the single pass
Silnikov connection (a ~ 35.2741195) and 14b shows a nearby limit cycle
computed by AUTO (in this case the unstable manifold was actually two
dimensional and the stable manifold was one dimensional, but the Silnikov
condition was still obeyed).

5 Summary and conclusions

A detailed discussion of the spatio-temporal patterns associated with certain
limit cycle solution branches of the KSE has been presented for the param-
eter interval 0 < a < 40. A particular space-time symmetry (“Ponies On a
Merry-go-round”) of one of these branches, its origin and its effect on subse-
quent bifurcations has also been discussed. We computationally observe that
all limit cycle branches studied apparently “terminate” in homoclinic (or het-
eroclinic) Silnikov connections, involving saddle type steady state solutions.
Numerical evidence for the occurrence of a number of features generically as-
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Figure 14: Phase space projections of a converged Silnikov connection
(a = 35.2741195) and a limit cycle near the the tip of the corkscrew
(a = 35.27398).

sociated with a Silnikov loop (period doublings, subsidiary homoclinicities,
etc.) has also been presented. The minimal phase space dimension consis-
tent with these observations is three; yet a traditional three mode Galerkin
truncation of the PDE does not capture this behavior. Exploiting the the-
ory of Approximate Inertial Manifolds (AIMs), we were able to construct
a minimal (three dimensional) model capable of qualitatively (and almost
quantitatively) reproducing the bifurcation structure.

The sharp reduction in dimensionality allows for the easier visualization
of the (approximate) long term dynamics of the PDE; in our three dimen-
sional model the highest dimension of the interacting stable and unstable
manifolds of the saddle-focus is two. We exploited this tractable geometry
in implementing a simple shooting algorithm to accurately locate the Silnikov
connections. More generally, accurate model reduction for PDE discretiza-
tions is important in allowing the approximation of (low-dimensional) stable
manifolds of steady or oscillatory solutions further away from these solutions
in phase space. This should allow for an easier geometric understanding of
the phase space structures underlying long term dynamics of the PDE, es-
pecially global bifurcations. Our particular example, the KSE, is very well
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suited for model reduction using AIMs: dissipation is strong, the first few
eigenfunctions of the linear “dissipative” part, used to parameterize the AIM,
also happen to be the eigendirections in which the first few instabilities oc-
cur and carry most of the energy of the long term solutions. In addition, the
spectral implementation of the AIM benefits from the fact that these eigen-
functions are pure Fourier modes. For other PDEs and other geometries, it is
quite possible that alternative basis functions (e.g. based on some empirical
information about the problem, as is the case in POD) can be much more ef-
ficient in parametrizing an appropriate low—dimensional manifold, and hence
give rise to an accurate dynamical system of smaller dimension.
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