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Abstract

The past three decades has seen major developments in high-dimensional regression models
leading to their successful use in applications from multiple domains including climate sci-
ence, finance, recommendation systems, computational biology, signal processing to name a
few. The underlying assumption in high-dimensional regression models is that the phenomenon
under study can be explained by a simple model with few variables. In high-dimensional para-
metric regression models with parameters existing in high-dimensional space, the simplicity
assumption is encoded by a sparsity constraint to be satisfied by the parameter vector. Statis-
tical analysis of high-dimensional regression models delves into the study of the properties of
the models, including how faithfully the models recover the assumed true sparse parameter and
model sensitivity to different data assumptions.

While major progress has been made over the past several years, non-asymptotic statisti-
cal analysis of high-dimensional regression models still makes standard data assumptions of
(sub)-Gaussianity and independence which do not hold in some practical applications. For
example, datasets in climate and finance are known to have variables with heavier tails than
Gaussian or bandit algorithms have data that is sequentially chosen thus violating the indepen-
dence assumption. The topic of this thesis is the non-asymptotic statistical analysis and study of
high-dimensional regression estimators under non-standard data assumptions, including anal-
ysis of traditional estimators like regularized least squares as also design of new algorithms
to improve estimation performance. Our technical results highlight geometric properties of
high-dimensional models and hence all results are expressed in terms of geometric quantities
associated with the sparsity structure assumed for the parameter. Much of the analysis borrows
tools and techniques from random matrix analysis, probability tools like generic chaining and,
in general, probability results for behavior of random variables, vectors in high-dimensional

space. We analyze four problems:

e Regularized least squares with sub-exponential data: Data in multiple domains like
finance, climate science are known to be sub-exponential, which have probability dis-

tributions with tails heavier than Gaussians but dominated by a suitably scaled centered

v



exponential distribution. We study non-asymptotic estimation performance of the regu-
larized least squares estimator with i.i.d. sub-exponential data showing that the estimation

performance is slightly worse compared to the i.i.d. sub-Gaussian setting.

High-dimensional quantile regression: We study the quantile regression problem in
high dimensions which models the conditional quantile of a response given covariates.
While least squares regression is ideal to model the conditional mean of a response vari-
able which is symmetric (sub)-Gaussian, there are multiple applications where it is imper-
ative/of interest to model conditional quantiles of the response given covariates to com-
pletely understand the behavior of the conditional response, e.g., in meteorology there is
more interest in modeling the extremes of climate variables like precipitation rather than
the mean. We show that sample complexity for parameter recovery for quantile regression
is the same as the least squares loss and the estimation is robust to heavy tailed/outliers

in response conforming with traditional wisdom.

Unified analysis of robust high-dimensional semi-parametric single index models:
High-dimensional semiparametric single index models are a tradeoff between linear
parametric models, which is too restrictive in many applications, and traditional non-
parametric regression which cannot be used in high-dimensions due to the curse of di-
mensionality. We unify the analysis of multiple existing estimators for high-dimensional
single-index models, highlight their strengths and weakness and also propose new estima-
tors which simultaneously overcome highlighted negatives of the previously proposed es-
timators. We also study the non-asymptotic estimation performance of high-dimensional

quantile single index models.

Smoothed analysis of high-dimensional structured stochastic linear bandits: We
analyze the performance of the greedy algorithm under a ‘smoothed’ framework for the
stochastic linear bandits problem assuming the parameter has sparsity inducing structure.
The smoothed setting has adverserial contexts perturbed by independent Gaussian noise.
Due to the sequential nature of the algorithm, novel analysis and results are required since
the rows of the design matrix are not independent and can have arbitrary correlations. We
show there is implicit exploration in the smoothed setting where a simple greedy algo-
rithm works precluding the exploration for exploration strategies for high-dimensional

linear bandit problems!
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Chapter 1

Introduction

Advances in data collection and storage technologies has led to an explosion in the volume
and variety of data collected in various fields of science, technology, business and industry.
There is a crucial requirement to leverage the enormous datasets to further scientific analysis,
discovery and improve efficiency and effectiveness of business and industrial operations. For
example, bioinformatics scientists can use data from cancer patients to identify and further ana-
lyze human genes responsible for cancer [32]]. Climate scientists are interested, for example, on
the relationship between precipitation in North America with other meteorological and climate
variables like sea surface temperature and pressure [36]]. Online movie recommendation com-
panies endeavour to improve on their recommendations by learning users personal preferences
based on their movie ratings. An underlying belief in the analysis of many high-dimensional
datasets having thousands to millions of variables is sparsity. The assumption of sparsity im-
plies simpler or parsimonious models where only a few variables can explain the phenomemon
under study. For example, we expect only a few of the 40,000 genes to be involved in the pro-
cess that leads to development of cancer. Similarly, it is logical to assume that precipitation in
North America can be predicted using a few of the thousands of climate variables or a users likes
and dislikes can be learnt from ratings to a few out of thousands of movies. High-dimensional
sparse statistical models seek to exploit sparsity for knowledge inference from datasets having

large number of variables.
1.1 High-Dimensional Regression
1.1.1 Linear Regression in High Dimensions

High-dimensional parametric linear regression models and variants are the standard workhorse

models which have been successfully applied in many domains like computational biology
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[9, 132, 1117, [142], climate science (34, 136l 37, 45], ecology [47, 58], astronomy [10} [120]],

medical imaging [46, 87, 95| 61] to name a few. We will hence use the parametric linear
regression models to explain the main ideas behind high-dimensional models.

The parametric linear regression problem can be posed as follows. We are given n samples

{xi,yi}iq, where each x; = {;1,...,x;} is a p-dimensional vector of features (predictors)

and y; € R is the response variable (or predictand). Each sample is assumed to satisfy the

following linear relationship,
P
i =Y wibf +wi = (2, 0%) +wi (L1
j=1

where 6* is the unknown parameter and w; is some unknown noise observed in the response
variable. An estimate for the regression parameter can be obtained using the standard least

squares estimator:
. 1
= in—|ly — X6||3
arg;mnany 5
1
= —(XTx)"1xTy, (1.2)
n

where X € R™*P is the design matrix obtained by stacking the n feature vectors as rows and
y € R™ is the corresponding response vector. While the least squares estimator performs rea-
sonably well in many applications in the high-sample, low-dimension regime when n >> p, it
suffers from a few drawbacks in the high-dimension regime when p is large. First without the
assumption of sparsity, the least squares estimate has low bias and high variance leading to poor
prediction accuracy. Infact when p > n, as commonly encountered in fields like cancer ge-
nomics constrained by scarce cancer patient data, the least squares estimate is not even unique.
There are an infinite number of solutions where the least squares loss function evaluates to zero.
Second the least squares estimate is generally not sparse and hence suffers from poor inter-
pretability. Often in practical applications, the goal is to identify the subset of variables which
have the highest influence on the response variable. Practically it is observed that increasing bias
by assuming sparse parameter vector reduces variability hence improving prediction accuracy
as also interpretability.

Computationally, the least squares regression with a hard sparsity constraint on the param-

eter takes the following form:

A 1
0 = argmin— ||y — X0|3 s.t. ||0]o < s, (1.3)
0 2n



3
where the assumption is that less than s out of p variables are non-zero. Formulation (1.3) is
a non-convex NP-hard combinatorial problem. While earlier literature focused on developing
heuristics or use domain knowledge [15, 66, 52, [50]] to solve the problem, the non-convexity

precluded its widespread adoption.
1.1.2 A Convex Formulation

The constraint ||f||o < s makes the formulation (1.3)) non-convex. In the late 1980’s and early
1990°s [[116} 42| [123]], it was proposed to replace the £y norm constraint with the ¢; norm
constraint:

- 1
0 = argmin—|ly — X053 st. [|6]1 <A. (1.4)
[/] 2n
It equivalent to the more widely popular regularized formulation which is called the Lasso:
. 1
9:argm1n7||y—X9||%+A||9||1 . (1.5)
0 n

Why use the £, norm with ¢ = 1? It turns out that using 0 < ¢ < 1 gives a sparse solution but
the non-convex formulation makes the problem computationally difficult. On the other hand
with ¢ > 1, the problem although convex, gives non-sparse solutions. Using ¢ = 1 achieves the
dual objectives of obtaining sparse solutions with a computationally feasible formulation. In
the regularized formulation, the ¢;-norm penalty encourages sparse solutions which minimize
the squared loss with A controlling the strength of the penalty. A = 0 gives a non-sparse least
squares estimate with increasing A leading to sparser solutions. The Lasso formlulation was the
harbinger of huge theoretical advances and widespeard adoption of high-dimensional statistical

models in many application domains over the next couple of decades.
1.1.3 Further Advances

Considerable progress has been made over the past two decades on various aspects of high-
dimensional regression models. Motivated by practical applications multiple papers focus on
replacing the /1-norm constraint with other constraints which better capture structural assump-
tions on the parameter. For example, the group sparse regularizers [[143}[71]] ensure that groups
of variables are simultaneously activated or assigned zero values. Examples of other struc-
tural prior constraints include the k-support norm [7], OWL norm [19]], matrix norms like
nuclear norm [28, [114] etc. In parallel, optimization methods like proximal gradient meth-

ods [94! [74, 8], forward-backward splitting algorithms [96), [82]], alternating direction method
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of multipliers (ADMM) [22, [132] were proposed for efficient and fast computations. High-
dimensional regression techniques were extended for time-series analysis [[133) [101]], estima-
tion in latent structure models [[107] and semi-parametric models [111, 40]. Multiple works
focus on particular applications in varied domains like compressed sensing [110} 21]], graphical
model estimation [99, 113 140} [141]], computational biology [9, (32} 117} 142], climate science
[34, 36, 137, 45]], ecology [47, 58], astronomy [10, [120]], medical imaging [46, |87, 195! 61] to
name a few.

Statistical analysis of high-dimensional models, which is the focus of this work, studies
properties of the estimator and how faithfully the assumed true parameter is recovered mak-
ing suitable assumptions on the data. Initial work in high-dimensional statistics established
bounds on the ¢3-norm estimation error for the Lasso estimator in (I.5). Assuming a linear
model, i.e., y = X0* 4+ w, data in the design matrix, noise to be independent and identically
distributed (i.i.d.) Gaussian, the true parameter is s-sparse, i.e., has only s non-zero coefficients
the following result was shown to hold with high probability assuming a suitable choice for the

regularization parameter A [[L05} (11} [17]):

16— 6%, <O ( Slogp) , (1.6)

n

Contrast this with the upper bound on estimation error of O (\/% ) for the least squares without
the ¢; constraint, even when 6* is sparse, the advantages of the /1 constraint is immediately ev-
ident especially when p is large. Over the past few years the statistical analysis has been unified
and extended to obtain estimation error bounds with different loss functions like generalized
linear models [[105], [11]], different prior structure constraints like group-sparse norms, k-support
norm [143] 7] and different assumptions on data like semi-parametric models [111} 40]. But
an underlying assumption in most early and recent work is that data is i.i.d. sub-Gaussian.
Informally speaking, sub-Gaussian distributions are probability distributions whose tails are
dominated by a suitably scaled Gaussian distribution.

The starting point of this work is the observation that the data assumptions made in prior
work does not hold in many practical applications. For example, in climate science there are
multiple variables like maximum daily temperature where the fitted empirical distribution is

observed to have heavier tails than Gaussians [34] or the response variable is bimodal [80]. In
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online learning and bandit problems [26], the rows of the design matrix are adaptively cho-
sen based on previously observed rows violating the independence aasumption. While high-
dimensional techniques have been empirically applied in applications which do not satisfy tra-
ditional data assumptions, theoretical advances are required to understand the behavior of the

model to make them more efficient as also to draw correct inferences from their results.
1.2 Contributions and Roadmap of Thesis

The focus of the thesis is development and statistical analysis of high-dimensional regression
models under more relaxed assumptions on the data. We recap assumptions made in prior
literature before highlighting our contributions.

Prior literature predominantly assumes the linear model:
y=X0"+w, (1.7)

where X € R"*P is a sub-Gaussian design matrix, y € R" is the observed response variable,
w € R" is the unknown noise vector assumed to be Gaussian and 8* € RP is the unknown

parameter vector. The widely analyzed estimator is the regularized least squares estimator:
- 1
0 = argmin -y - X0|3+ M\R(0) , (1.8)
0 n

where R(f) encodes prior structural constraint assumptions like /1, group-sparse or k-support
norm. A related estimator is the following constrained estimator [33}/109]:

. 1
0 = argming ||y — 20|32 st. R(A) < R(0%). (1.9)
0

We make the following contributions:

e Least squares regression with sub-exponential data: In Chapter[3] we obtain bounds
on Hé — 6*||2 for the regularized least squares formulation when the rows of the design
matrix and elements of the noise are drawn i.i.d. from a sub-exponential distribution. In-
formally speaking, sub-exponential distributions are probability distributions whose tails
are dominated by a suitably scaled exponential distribution. The results cover all log-
concave and extreme-value distributions which are part of the sub-exponential family of
distributions. The results are useful for applications in domains like finance, climate sci-

ence, ecology, social network analysis etc. which frequently have sub-exponential data.
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e High-dimensional linear quantile regression: In Chapter 4] we analyze and obtain
estimation error bounds for the regularized quantile regression estimator. Quantile re-
gression models the conditional median and quantiles of a response variable given pre-
dictor variables. Least squares estimator assumes E[y;|z;] = (x;, 0*), where E[-] denotes
the expectation of a random variable, and is ideal when the noise is homoscedastic (ho-
moscedasticity implies the variance of the noise does not change with covariates x;), sym-
metric (sub)-Gaussian and has no outliers. On the other hand linear quantile regression
assumes the following linear relationship between the quantiles of the response variable
and the covariates: Fy:‘lxl (t)zi) = (24,0%), 7 € (0,1), where Fy:ﬁﬁ is the inverse of
the conditional distribution functions of the response given the covariates. Assuming dif-
ferent parameters for each quantile, we can model the complete conditional distribution
of the response given the covariates. We characterize the sample complexity for consis-
tent recovery and give non-asymptotic bounds on the estimation error and, conforming to
conventional wisdom, show quantile regression is robust to noise with heavy-tails and/or
outliers. Unlike previous treatments of this topic, our analysis and results are geometric

in nature and holds for the class of atomic norms.

e Robust high-dimensional single index models: In Chapter |5 we consider the prob-
lem of parameter estimation in high-dimensional (conditional) mean and quantile single
index models (SIMs) when the data is assumed to be generated by a semi-parametric
model y; = f({x;,0*)) + w; for some unknown transfer function f(-) and under gen-
eral structural assumptions on the parameter. High-dimensional semiparametric single
index models are a tradeoff between linear parametric models, which is too restrictive
in many applications, and traditional non-parametric regression which cannot be used in
high-dimensions due to the curse of dimensionality. Although multiple estimators for
mean SIMs have been proposed in the past, limited technical comparisons among the es-
timators exist. In this chapter, we present a unified analysis of the different estimators for
mean SIMs and their performance under different assumptions on the properties of the
data and the nonlinear function. We also propose a new robust estimator for mean SIMs
using ideas from sliced inverse regression, a previously proposed algorithm for parame-
ter estimation in mean SIM. Unlike past estimators, the proposed estimator is robust to
heavy-tailed noise and outliers in the response and can efficiently estimate the parameter

even when the function is non-monotonic. For quantile SIMs, we show that the linear
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quantile regression estimator gives a consistent estimate of the true parameter and ob-
tain non-asymptotic estimation error bounds. The theoretical results are supported by

experiments on synthetic data.

e High-dimensional linear contextual bandits: Bandit learning algorithms typically in-
volve the balance of exploration and exploitation. However, in many practical applica-
tions, worst-case scenarios needing systematic exploration are seldom encountered. In
Chapter[6] we consider a smoothed setting for structured linear contextual bandits where
the adversarial contexts are perturbed by Gaussian noise and the unknown parameter 6*
has structure, e.g., sparsity, group sparsity, low rank, etc. We propose simple greedy algo-
rithms for both the single- and multi-parameter (i.e., different parameter for each context)
settings and provide a unified regret analysis for 8* with any assumed structure. The regret
bounds are expressed in terms of geometric quantities such as Gaussian widths associated
with the structure of §*. We also obtain sharper regret bounds compared to earlier work
for the unstructured 6* setting as a consequence of our improved analysis. We show there
is implicit exploration in the smoothed setting where a simple greedy algorithm works

precluding the exploration for exploration strategies!

Much of the analysis borrows tools and techniques from random matrix analysis, probability
tools like generic chaining and, in general, probability results for behavior of random variables,
vectors in high-dimensional space. In Chapter [2] we briefly review relevant prior literature in

high-dimensional statistics and probability theory.



Chapter 2
Background and Preliminaries

In this chapter we review background material on non-asymptotic analysis of high-dimensional

statistical models.
2.1 Random Variables, Vectors and Concentration Inequalities

We briefly review definitions and properties of random variables and vectors. We borrow mate-

rial from [127]] which is a more thorough and easily accessible exposition of the below material.
2.1.1 Sub-Gaussian Random Variables

We define and state properties of sub-Gaussian random variables.

Definition 1 (Sub-Gaussian random variables) A random variable x is sub-Gaussian if it

satisfies any of the following properties for positive constants k1, ks, K3,
1. Tails: P(|x| > t) < exp(l —t2/k?), t>0;
2. Moments: (E]a:|p)1/p < ko, Vp2>1;
3. Super-exponential moment: E exp(x?/k3) < e.

Moreover the sub-Gaussian norm of the random variable, denoted as ||x||,,, is the smallest ko
such that,

(eI sggp*/?(E!w\p)””- (2.1)
p=

The tail decay, moment growth and growth of moment generating function in the definition
are equivalent with each implying the others with the constants x1, k2, k3 differing from each

2

other by at most an absolute constant factor. The zero mean, o“-variance Gaussian distribution

N(0,0?) is a sub-Gaussian distribution with sub-Gaussian norm co for some constant c.
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We characterize large deviation properties of sums of sub-Gaussian random variables below.

Lemma 1 (Hoeffding-type inequality) Let x1, . . ., x,, be independent centered sub-Gaussian

random variables. Let k. = max |||y Then for any a € R™ and t > 0, we have,
S1SsSn

ct?
P >t] <e- exp ESCYINIF] N (22)
r2lallz

where ¢ > 0 is an absolute constant.
Sub-Gaussian random variables are rotationally invariant.

n
E QAT

i=1

Lemma 2 (Rotation invariance) Consider a finite number of independent centered sub-

gaussian random variables x;. Then ), x; is also a centered sub-gaussian random variable.

1> S aillg, <edlal?, 2.3)

Moreover,

2.1.2 Sub-Exponential Random Variables

We define and state properties of sub-exponential distributions.

Definition 2 (Sub-exponential random variables) A random variable x is sub-exponential if

it satisfies any of the following properties for positive constants k1, ko, K3,
1. Tails: P(Jz| > t) <exp(l —t/k1), t>0;
2. Moments: (E|z|P)'/? < kop, Vp > 1;
3. Super-exponential moment: E exp(z/k3) < e.

Moreover the sub-exponential norm of the random variable, denoted as ||x||y,, is the smallest
Ko such that,

]|y, = sgr;p‘l(E!w!)”p : (2.4)
p=

The tail-decay, moment growth and growth of moment generating function for sub-exponential
random variables are equivalent with each implying the other two and the constants x1, k2, k3
differ from each other by at most an absolute constant factor.

The square of sub-Gaussian random variables is sub-Gaussian.
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Lemma 2.1.1 (Sub-exponential is sub-Gaussian squared) A random variable x is sub-

Gaussian if and only if x* is sub-exponential. Moreover,
2 2 2
], < lz”lly, < 2[lf3, - (2.5)

The large deviation bounds on sums of sub-exponential random variables is characterized

by a Bernstein-type inequality.

Lemma 3 (Bernstein-type inequality) Let x1,...,xz, be independent centered sub-

exponential random variables. Let k = max llzilly,. Then for any a € R™ and t > 0,
<i<n

2
P >t] <2exp <—cmin< 2t 35 t >> , (2.6)
K2|lall3” kllalloo

where ¢ > 0 is an absolute constant.

we have,

n
g ;T4

=1

2.1.3 Random Vectors

We will work with random vectors = € R? which are samples from a probability distribution in
RP.

Definition 3 (Isotropic random vectors) A random vector x € RP is isotropic if ¥ = E[xxT] =

Lpxp- Equivalently, E[{z,u)?] = ||u||3 for any u € RP.

An example of an isotropic random vector is the p-dimensional Gaussian random vector
x ~ N(0,0%L,x,). Let & = E[zzT] be an invertible matrix, which is true if the probability
distribution, from which x is sampled, is not supported in any proper subspace of R”. Then

>~ 124 s an isotropic random vector.

Definition 4 (Sub-Gaussian random vectors) A random vector x € RP is sub-Gaussian if
the one-dimensional marginals (x,u) are sub-Gaussian random variables for all u € RP. The

sub-Gaussian norm of x is defined as,

€/l = sup [[{z,u)ly, - 2.7)

ueSpr—1

Sub-exponential random vectors can be defined similarly.
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Definition 5 (Sub-exponential random vectors) A random vector x € RP is sub-exponential
if the one-dimensional marginals (x,u) are sub-exponential random variables for all u € RP.
The sub-exponential norm of x is defined as,
[zlly, = sup [[{z,u)lly, - (2.8)
uesSr—1

A random vector with sub-Gaussian elements is a sub-Gaussian random vector.

Lemma 4 (Product of sub-Gaussian distributions) Let x1,...,x, be independent centered
sub-gaussian random variables. Then v = (x1,...,xp) is a centred sub-gaussian random
vector in RP, and

[2]lypy < cmax [z, (2.9)
i<p
where c is an absolute constant.

Projections of sub-Gaussian random vectors in any direction is a sub-Gaussian random vari-
able.

Lemma 5 Consider a sub-Gaussian random vector x € RP with sub-Gaussian norm k =

max; ||z, then, z = (x,a) is a sub-Gaussian random variable with sub-Gaussian norm

12|l < ckllall2 for some absolute constant c.

2.2 Gaussian and Exponential Widths

Informally speaking, widths of sets [121, [122] can be seen as measures for the complexity
of sets. The non-asymptotic estimation error bounds for the estimators we consider will be
expressed in terms of the Gaussian/exponential widths of sets related to the norm R(-). For
example, the Gaussian width of the unit norm ball Qp = {u € RP | R(u) < 1} is a common
term which shows up in all results. We provide informal definitions for the width of sets and
state a few properties useful in analysis of high-dimensional estimators. While we will only
describe aspects relevant to this work, widths and the associated tools like generic chaining are

deep topics to which entire books have been devoted [121, [122].

Definition 6 (Gaussian Width) Consider any set T'C RP. Let { Xy }1er = (g, t) be a stochas-

tic process indexed by the set T, where each element g; ~ N(0,1), 1 < i < pisi.i.d zero mean

variance one Gaussian. The quantity wy(T) = E, [sup Xt] is called the Gaussian width of
t

the set T
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More generally any stochastic process { X };cr indexed by the set 7' C RP satisfying the

following Hoeffding-type increment condition for some constant x,

2
Yu >0, P(|X, — Xy| > u) < 2exp (-2“2> , (2.10)
2ls =tz
satisfies the following for some constant ¢ which depends on « due to the majorizing measures
theorem,
E [sup Xt} <c-wy(T). (2.11)
teT

The exponential width of a set can be similarly defined (although the term exponential width

is not explicitly used in prior literature).

Definition 7 (Exponential width) Consider any set T C RP. Let {X;}ier = (e, t), be a
stochastic process indexed by the set T where each element e;, 1 < i < pis a centered i.i.d ex-

ponential random variable satisfying the exponential tail decay P(le;| > u) < 2exp(—u), u >

0. The quantity we(T) = E, [sup Xt] is called the exponential width of the set T
t

Again, more generally any stochastic process { X, } ;<7 indexed by the set 7" C RP? satisfying

the following Bernstein-type increment condition for some constant &,

u? U
Vu >0, P(|Xs — X¢| > u) <2exp (—c( , )) . (2.12)
) Rls = t[3 " wlls = tlloo
satisfies the following for some constant ¢ which depends on x,
E [supXt} <c-we(T). (2.13)
teT

Below we state a couple of useful properties of widths of sets.

Proposition 2.2.1 (Properties of width) Let w(-) denote the Gaussian or exponential width.
Consider set A C RP.

1. Widths are invariant under orthogonal and linear transformations, i.e., for some unitary

matrix Q € RP*P and vector b € RP
w(A) =w(QA) w(A+b) =w(A), (2.14)
where QA ={Qu | ue€ Ayand A+b={u+b | ue A}.
2. Width is invariant under taking the convex hull.

w(conv(A)) = w(A) . (2.15)
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2.3 Loss Functions
Consider the following linear regression model,
Ely|z] = (z,0%) . (2.16)

Given n samples (z;,v;), 1 < i < n, the goal is to estimate 6* in formulation (2.16). Taking

a step back, consider the problem of finding the mean of n i.i.d. random univariate variables

21, - .., 2n sampled from some distribution. A good estimate is the following empirical mean,
1 n
7= 2 . (2.17)
n 4
=1

Z = argmin_— Z:(zZ —2)%. (2.18)
This principle can be extended to the estimation of 6* for the regression model (2.16),

N : 1 *\\2
0 =argmin oo} (v — (@i,0)*, (2.19)

i=1
which is the least squares estimator. Under certain conditions on the distribution of y|z, (2.19)
is also the maximum likelihood estimator.

Now consider the quantile regression model,

F-

yzlx

(’7’|l‘2) <xi> 9:>7 TE (07 1) ) (2.20)

where F (-) is the inverse of the conditional distribution function of y; given x; and 7 is

the quantlll‘e. Consider the computation of the quantiles of n i.i.d. random univariate variables
21, - .., 2n sampled from some distribution. The 7th quantile can be shown to be the solution of
the following optimization problem. Define p,(u) = (7 — I(u < 0))u the asymmetric absolute
deviation function [80],

Zr = argmln pr zi— 2) . (2.21)
i=1

Note that when 7 = 0.5 this reduces to the median regression problem. Again extending this
principle to the regression model, given n samples (x;,v;), 1 < i < n the following is an

estimator for 6*:

0, = argmin (Y — (T, 0%)) . (2.22)
9genz<p nZﬂ — (@;,0%))
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Table 2.1: Properties of atomic norms

Norm Atomic set Number | Dimension
of sub- | of each
spaces subspace
m q

2 A={fe;}r P 1

¢1/¢; non-overlapping | A; ={a € R? | |lag, |2 = 1,a§, = 0} Ng l

group sparse A =Ui<icngAi

k-support norm A={aeR?||alo <k,alz=1} ®) < |k
()"

2.4 Atomic Norms

We will consider the class of atomic norms for the regularizer. Consider a set A C R? which is
a collection of atoms that is compact, centrally symmetric about the origin (thatis, a € A =

—a € A). Let ||6]|.4 denote the gauge of A. Then the atomic norm regularizer is defined as

follows,
R(0) = ||0]|4 = inf{t > 0: 0 € t conv(A)} (2.23)
:inf{an D 0= caa, ca >0, VaeA} . (2.24)
a€eA a€A

For example when A = {+e;}!_, yields R(0) = [|0]|.4 = ||0]]:.

Although the atomic set .4 may contain uncountably many elements, for many popular
vector norms A can be expressed as a union of g-dimensional subspaces, A = A; UAsU. ..U
A, [138]]. We will consider a few such regularizers as examples throughout the thesis.

1. /1 norm: The atomic set for the #/; norm is A = {j:ei}le, where e; are the standard
basis vectors in p dimensional space. Therefore the atomic set is a union of p 1-dimensional
subspaces. Throughout we consider the true parameter 6* is s-sparse.

2. /1/{> non-overlapping group sparse norm: Let G = {G1,Go, ..., Gn, } denote a col-
lection of non-overlapping sets partitioning the set of natural numbers in 1 < ¢ < p, that is

using popular set notations, G; C {1,...,p},G;NG; = ¢ Vi, j € {1,...,Ng},Ui<i<n,Gi =
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{1,...,p}. For any vector § € RP define the following,

Hgi = {U e RP ’ U; = 9]' if 7 € G; else U; = O} . (2.25)
and let 6& denote its complement, that is,
951 = {u € R? ’ Uj = 9]' if 5 ¢ G, else Uj = O} . (2.26)

Any vector 6 can be expressed as follows,

Ng

0,
0= 0g]2 2 2.27)
2 el g

which has an atomic norm representation. Denote A; = {a € R? | |lag,[|2 = 1,ag, = 0} and

the atomic set is 4 = Uj<;< Ng A;. The group-sparse norm can thus be defined as,

Ng
R(O) = 0g,ll2 - (2.28)
=1

Throughout we will assume that the true parameter 6* only has Sg € {G1,...,Gn,}, [Sg| = sg
non-zero groups. Also without loss of generality we will assume that the size of any group is
less than [. Therefore the atomic set is a union of Ng [-dimensional subspaces.

3. k-support norm: The k-support norm is an infimum convolution norm [[7]].

R(0) = |01} = zin_ffe {Z [uill2 | [lullo < k} : (2.29)
The atomic set for the k-support norm can be defined as,
A={aeR[allo <k,llall2 =1} . (2.30)

Therefore the atomic set is a union of (i’) k-dimensional subspaces. Throughout we will assume
that the true parameter 6 is s-sparse.

The above norms will be used as examples throughout the thesis. For convenience we list
the required properties in Table 2.1 We also list the Gaussian widths and norm compatibility
constants in Table The norm compatibility constant comes up often in our analysis and is

defined as ¥(A) = sup %, where A is the error set which we define subsequently in the next
u€A

section.



Table 2.2: Gaussian widths and norm compatibility constant of atomic norms

16

Norm Gaussian width of unit | Gaussian width of er- | Norm compati-
norm ball ror set bility constant
w(A) w(A) ¥(A)

O ©(vlogp) O(v/slogp) O(Vs)

b/t non- | ©(v7+1log Ng) O(VIsg + sglog Ng) O(v/59)

overlapping

group sparse

k-support norm | ©(y/k + klog[27]) O(y/s+ slog[Z7) O(~/2s/k)

2.5 Estimation in High-Dimensional Regression
Considerable progress has been made over the past decade on high-dimensional structured esti-

mation using suitable M-estimators or norm-regularized regression [[105} [11] of the form:

é;m = argmin L(0; X,y) + \,R(0) ,
OeRpr

2.31)

where £(0; X,y) is an empirical loss function, R(#) is a suitable norm, and A, > 0 is the
regularization parameter. Early work focused on high-dimensional estimation of sparse vectors
using the Lasso and related estimators, where R(6) = ||0]|; and £(0) = 5= |ly — X 6|3 [100,
131} 1144]. Sample complexity of such estimators have been rigorously established based on
the RIP(restricted isometry property) [29} [30] and the more general RE(restricted eigenvalue)
conditions [[17), [105} [11]]. Several subsequent advances have considered structures beyond ¢1,
using more general norms such as (overlapping) group sparse norms, k-support norm, nuclear
norm, and so on [105} 35} 33]]. In recent years, much of the literature has been unified and
nonasymptotic estimation error bound analysis techniques have been developed for regularized
estimation with any norm [[11]. Below we describe the major aspects of the analysis framework
in [11, 33, 105].

1. Regularization parameter: In [[11, [105] the regularization parameter is assumed to be

greater than the dual norm of the gradient of the loss function evaluated at the true parameter,
An > 2R*(VL(6Y)) . (2.32)

With Qr = {u|R(u) < 1} denoting the unit norm ball, [11] prove that with high probability a
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value \,, = O(wy(§2R)) satisfies the above condition for sub-Gaussian design matrices, noise
and the least squares loss.

2. Error set: The assumption on the regularization condition ensures that the error vector

A = § — 0 lies in the following error set [[11],
1
E, = {A\ R(6*+ A) < R(6") + 2R(A)} . (2.33)

3. The norm compatibility constant: It is defined as [105} [11]],

V(E,) = sup R(u)

: (2.34)
uek, ||ull2

4. Restricted Strong Convexity (RSC): In [[11}[105] the loss function is shown to satisfy
the following RSC condition with high probability once the number of samples is of the order
of the square of the Gaussian width of the error set A, that is, n = O(w?(A)), where A =
cone N SP~ L,

inf L(0%,u) = inf (L(0" — L(0%) — 0*
nf L8, u) = inf (L0 +u) — £(6) — (VL))

> kllul? . (2.35)

For the squared loss, the RSC condition simplifies to the Restricted Eigenvalue (RE) condition
(7]

1
inf —|| Xul? > 2. 2.36
Jnf nH ully > Kllullz (2.36)

5. Recovery Bounds: When RSC and bounds on the regularization parameter are satisfied

[L1]] prove the following deterministic error bound,

(E)w(2n)

Al =16 — 0%z < c (2.37)

where c is any constant, Qp = {u : R(u) < 1} is the unit norm ball.



Chapter 3

Beyond Sub-Gaussian Measurements: High- Dimen-
sional Structured Estimation with Sub-Exponential De-

signs

3.1 Introduction

Considerable progress has been made over the past decade on high-dimensional structured esti-

mation using suitable M-estimators or norm-regularized regression [[105, [11] of the form:
. 1
O, = argmin _—[ly — X0[3 + A R(0) , (3.1)
gcrr 21

where R(f) is a suitable norm, and A\, > 0 is the regularization parameter. Most prior work
assumes data is generated according to the linear model y = X6* + w, where the design
matrix X € R™*? has i.i.d. sub-Gaussian rows and the noise w € R" has i.i.d. sub-Gaussian
elements. Informally, sub-Gaussian distribution is a probability distribution whose tails are
dominated by a suitably scaled Gaussian distribution. Early work focused on high-dimensional
estimation of sparse vectors using the Lasso and related estimators, where R(6) = ||0||; [100,
131}, [144]). Sample complexity of such estimators have been rigorously established based on
the RIP (restricted isometry property) [29,30] and the more general RE (restricted eigenvalue)
conditions [[17, 105, [11]]. Recent papers establish sample complexity to satisfy RE and RIP for
various random matrices like time frequency structured [53l], partial circulant matrices [53}/49]
Toeplitz [[72] or general anisotropic measurements [[115]. More recent work has established the
gap between RE and RIP [48] [85] showing examples of random matrices which satisfy RE but
not RIP. Several subsequent advances have considered structures beyond ¢, using more general

norms such as (overlapping) group sparse norms, k-support norm [7[], nuclear norm, and so

18
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on [105} 135, 133]]. In recent years, much of the literature has been unified and nonasymptotic
estimation error bound analysis techniques have been developed for regularized estimation with
any norm [11].

In spite of such advances, most of the existing literature relies on the assumption that the
design matrix X € R™*P has i.i.d. sub-Gaussian rows. In particular, recent unified treatments
based on decomposable norms, atomic norms, or general norms all rely on concentration proper-
ties of sub-Gaussian distributions [[105}33L|11]]. Certain estimators, such as the Dantzig selector
and variants, consider a constrained problem rather than a regularized problem as in (3.1) but
the analysis again relies on entries of X being sub-Gaussian [31} 135]]. For the setting of con-
strained estimation, building on prior work by [81]], [124] outlines a possible strategy for such
analysis which can work for any distribution, but works out details only for the sub-Gaussian
case. In recent work [68]] considered sub-Gaussian design matrices but with heavy-tailed noise,
and suggested modifying the estimator in (1) via a median-of-means type estimator based on
multiple estimates of 6 from sub-samples. For the special case of the ¢; norm [85] 3] show
results for the RE condition for design matrices with heavier tails than sub-Gaussians.

In this chapter, we analyze the norm-regularized estimation problem as in (3.1) for any
atomic norm [33]] under the assumption that data is sub-exponential. Informally speaking,
sub-exponential distributions are probability distributions whose tails are dominated by a suit-
ably scaled exponential distribution. The motivation behind our work are applications of high-
dimensional regression in machine learning and statistics where, unlike many problems in com-
pressed sensing, the design matrix cannot be chosen up front but gets determined by the prob-
lem. Variables with heavier than sub-Gaussian tails are frequently encountered in many prac-
tical application domains like finance, climate science, ecology, social network analysis, etc.
[34, 156, 45]. While high dimensional statistical techniques have been used in practice for such
applications, theoretical guarantees on their performance has not been analyzed. Our work, to
the best of our knowledge, is the first non-asymptotic analysis of regularized high-dimensional
estimation problems of the form with sub-exponential design matrices, noise and atomic
norms.

In our main result, we obtain non-asymptotic bounds on the estimation error ||[Ay |2 =
||é A, — 0|2, where 6* is the optimal structured parameter. The analysis has three major compo-
nents: 1. A characterization of the error set; 2. Characterization of the regularization parameter

An and 3. A characterization of the RE condition on the design matrix. We breifly summarize
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our results comparing them with the results for sub-Gaussian data from prior literature.
Error Set: Let the estimated parameter ¢ N, = 0% + Ay, . If the regularization parameter
is sufficiently large (which we characterize subsequently), the error vector Ay belongs to the

following error set £, C RP [11],

ET:{AGRP

1
R0+ A) < R(6") + 2R(A)} . (3.2)
It is straightforward to observe that for the equivalent constrained formulation [33}[109],
- 1
0 = argmin— ||y — X0||3 s.t. R(9) < R(0"), (3.3)
9crr 21
the error vector belongs to the following set,
E.={AeRP| RO +A) <R(O)} . 34

Prior results [33} [11]] characterize the sample complexity for recovery (minimum number of
samples required to satisfy the RE condition defined below) in terms of the Gaussian widths of
A, = cone(E,)NSP~! and A, = cone(E,)NSP~! denoted as wy (A, ) and w, (A.) respectively.
The Gaussian width can be viewed as a measure for the size of a set (see Section[3.2]and[3.3|for a
formal definition). It is evident from the definition of E, and F. that F/, C E. and consequently
wg(Ay) > we(A.). [11] establish an upper bound of the form wy(A,) < ¢ - wy(A.) where c is
a constant, thus showing that the Gaussian widths only differ by a multiplicative factor.
Regularization parameter: The error set characterization holds true only if the regular-

ization parameter satisfies the following assumption [[105} [11]],
1

\n > BR*(VL(6*; X,y)) = BR (X%) , (3.5)
n

where VL(0*; X, y) denotes the gradient of the loss function evaluated at 8* which for the least
squares loss function simplifies to %X T with w € R™ denoting the noise vector. Note that
with the assumption that X, w are random, we want to establish high probability lower bounds
on \,. For random sub-Gaussian designs and noise, [11] show that the following relationship

holds with certain high probability for some constant ¢y,

1 Wy (2R)
R =XTy| <e¢ - 222 3.6
(n y) e = = (3.6)
where Qp = {u | R(u) < 1} is the unit norm ball and, as previously noted, wy(-) denotes

the Gaussian width of a set. For example, when R(-) is the /1 norm, wy(2g) < ¢z - v/logp for
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some constant cp. Similar deterministic bounds upto constants on Gaussian widths of unit norm
balls for various atomic norms like group sparse norms, k-support norms have been derived in
prior literature [38]]. When X, w are sub-exponential, we obtain the following result for some

constant cs,

* 1 T _ . we(QR)
R (nX y> =c3 N 3.7

where we(-) denotes the exponential width of a set (defined formally in Section . The
exponential width, similar to the Gaussian width, is another measure for the size of a set. A
natural question that arises is if the exponential width for various sets can be computed similar
to Gaussian widths. One of the contributions of our work is to establish an upper bound for the
exponential width in terms of the Gaussian width. We derive the following result in Section [3.3]

using results from generic chaining [121} [122]] for any set " C RP,

we(T) < eq-wy(T)/logp, (3.8)

where c4 is a constant. Therefore using known results for the Gaussian width of sets, we can
obtain bounds on R* (%X Ty) which hold with high probability when the design and noise
are sub-exponential. For example, for the ¢; norm, we get w.(Q2r) < ¢5 - logp and hence
R* (%XTy) < g+ 10%

Restricted eigenvalue (RE) condition: When the loss function is squared loss, the de-
sign matrix is required to satisfy the following lower bound on the minimum eigenvalue in the
restricted error set A = cone(F,.) N .SP~! [17,[105, 1],

1
inf — [ Xul3 > &, (3.9)
u€A=cone(E,)NSP—1 N

where E, is the error set and k is a positive constant. Assuming the design matrix to be isotropic
sub-Gaussian, [[11,|33] obtain the following two-sided bounds which hold with high probability

for some constant c,

A 1
1—c- wy(4) < inf —|| Xul|3 < sup || Xul? <1+c-
n ueAn u€A

wy(A)
7\/5 )

where wy(-) denotes the Gaussian width of the error set. Such two-sided bounds are referred to

(3.10)

as the Restricted Isometry Property (RIP) in prior literature 30} [31]]. For the ¢; norm, wy(A) <
c1 - v/slogp for some constant ¢y [121} [122]. It can be easily seen that the RIP is a stronger

condition as it requires the upper bound to be satisfied along with the lower bound which is
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required by RE. However for sub-Gaussian design matrices both RIP and RE are satisfied with
high probability when n > ¢ - wZ(A) for some suitable positive constant co. However the gap
between RIP and RE becomes evident when we start using heavier-tailed matrices [48, 85]]. For
example, for design matrices having independent symmetric exponential random elements for
the specific case of the £; norm, while [3] show the RIP property requires n > c3-slog? p = ¢4-
wg (A)log p, [85] show that RE holds with high probability when . > c5-max{slog p, -log® p}.
In this work, we establish sample complexity bounds for RE for general atomic norms when
the rows of the design matrix are sub-exponential. We show that in the general case RE is
satisfied when n > cg - w2(A) where we(-) denotes the exponential width of a set. For a
specific class of atomic norms (see Section [3.2), which includes ¢;, group sparse, k-support
norms etc., we establish sharper bounds. For example, for the /; norm we show that RE holds
when n > ¢ - max{slog p,log? p}.

Estimation error bounds: Assuming the RE condition and lower bound on the regular-

ization parameter hold, [11] derive the following result with high probability,

A U(E)A
[Ax,ll2 =1/0x, =072 < c- (;’)" : (3.11)
where U(FE,) = sup % is the norm compatibility constant [105} [11]. For example, when

uEEr
the design matrix is sub-exponential and R(-) is the £; norm, ¥(E, ) = /s and combining with

the results for the regularization parameter and restricted eigenvalue condition, we obatin the

following result with high probability when n > ¢; - max{slog p, log? p},

slo

1Axll2 < c- */;Mgp . (3.12)
The upper bounds on the estimation error are y/log p worse compared to the estimation error
with isotropic sub-Gaussian design matrices [[11]].

The rest of the chapter is organized as follows. In Section we describe background and
preliminaries related to the problem. In Section [3.3] we establish a key result on the relationship
between Gaussian and exponential widths of sets which will be useful in all subsequent analysis.
Sections and are devoted to the main technical results of the chapter. We show
results from experiments on synthetic data in Section Throughout the chapter we denote

absolute constants by c, ¢y, c2, . . . whose values can change from one line to the next.
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3.2 Background and Preliminaries

We outline the problem formulation and highlight our contributions introducing notations along

the way.
3.2.1 Problem Formulation

We assume the linear model y = X 6* +w. The goal is to estimate the unknown parameter 0* €
R given n samples {z;,y;} ; and unknown random noise w. The rows of the design matrix
X € R™*P are assumed to be sub-exponential (see next two subsections for precise definitions).
Each element of the unknown noise vector w € R"™ is assumed to be i.i.d. from a zero mean
unit variance sub-exponential distribution and is independent of the design matrix. We operate
in the high-dimensional regime where potentially p > n, but 8* has structure captured by
some atomic norm. We will assume that ||6*|| = 1. We analyze the regularized least squares
estimator [[105, [11]],

0y, = arg pin %Hy X024+ MR(O) . (3.13)

where A, is the regularization parameter whose value will depend on the number of samples
(we will drop the subscripts from A, and 0 A, going forward for ease of exposition) and R(-) is

an atomic norm regularizer capturing the structure assumed for the true parameter 6*.
3.2.2 Sub-exponential Random Variables

We define sub-exponential random variables and state a few properties.

Definition 8 (Sub-exponential random variables from Definition 5.13 in [127]): A random

variable z € R that satisfies any of the below properties is called a sub-exponential random

variable.
P(lz] >t) <exp(l1—t/Ki) Vt>0 (3.14)
(B|z|)Y* < Ksa  VYa>1 (3.15)
Eexp (;3) <e. (3.16)

The sub-exponential norm of z, denoted as ||z||y,, is defined as

I2lly, = sup a Y(E|X|")Ye. (3.17)
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For convenience, we state two properties of sub-exponential random variables which will be
useful in establishing a few results. Sub-exponential random variables satisfy a Bernstein-type

[127] inequality.

Lemma 6 (Proposition 5.16 in [127]) Let x € RP be a random vector with independent cen-

tered sub-exponential random variables with K = max |||, - Then for every u € RP,
<i<p

7'2 T
P([{z,u)| > 7) < 2exp [—cmin( : )} : (3.18)
K2||ull3” KJulloo

Linear forms of vectors with independent sub-exponential random variables are also sub-

exponential random variables.

Lemma 7 Consider v € RP has i.i.d. sub-exponential random variables with max |l <
<i<p

K. Then the following is true with some absolute positive constant c,

sup |[(z,u) |y, < cK . (3.19)
ueSpr—1

3.2.3 Sub-exponential Design Matrix

We outline the assumptions on the design matrix X € R"*P. Let x € RP denote any row of X

1. Sub-exponential marginals: The rows of the design matrix have sub-exponential norm

K, i.e., for any row z we have ||z|/y, = sup é(E|<a:,u>|“)1/“ < K, Va > 1.

ueSr—1

2. Centering: The rows have zero mean: E[z| = 0.

3. Nondegeneracy: There is a positive constant a such that for every u € SP~1:
E[|{(z,u)|]] > a > 0.

4. Isotropic rows: The covariance is the identity matrix: E[zz!] = L,

Throughout the chapter a reference to sub-exponential design matrices implicitly means a

design matrix satisfying the above properties.
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3.3 Complexity Measures

When the design matrix is sub-Gaussian all results can be succintly expressed in terms of
the Gaussian width of suitable sets related to the regularizer [11} 33]. Our results for sub-
exponential data requires the definition of another complexity measure of sets, which we call
the exponential width of sets. In this section we provide a gentle introduction to Gaussian and
exponential widths of sets. We will also prove an upper bound for the exponential width in
terms of the Gaussian width. With this result, precise bounds can be established for the non-
asymptotic estimation error by leveraging a body of literature on the computation of Gaussian
widths for various structured sets [33) 124} 38]]. All our definitions and analysis are based on

results from generic chaining [121} [122].
3.3.1 Gaussian and Exponential Widths

We define the Gaussian and exponential width complexity measures for any set 7' C RP.
Gaussian width: Consider any set 7' C RP. Let {X;};er = (g,t) where each element
gi, 1 < i < pisiid. N(0,1). The quantity w,y(T) = Eq [sup;er X¢] is called the Gaussian
width of the set T'.
Generalizing to any stochastic process, consider { X, };c7 to be any stochastic process in-

dexed by the set T' C R? satisfying the following increment condition for some constants K, c,

cu?
Vu >0, P(|Xs — X¢| > u) <2exp <—) ) (3.20)
’ K2||s —t]3
Then the following is true [121}[122]]
E [supXt} <c-wy(T) . (3.21)
teT

Exponential width: Let {X;},cr = (e,t) where each element e;,1 < i < pis a cen-
tered i.i.d. sub-exponential random variable satisfying the exponential tail decay P (|e;| > u) <
2 exp(—u). The quantity w.(T") = E [sup,;c X¢] is called the exponential width of the set T'.

Generalizing to any stochastic process {X;}.cr indexed by a set T C RP, if {X;}ier

satisfies the following increment condition for some constants K, c,

2
u u
Yu >0, P(|Xs — X¢| > u) <2exp <—cmin ( , >) . (322
: K25 — 113 KTs — Ul

Then the following is true [121}[122]

E [supXt} <c-we(T) . (3.23)
teT
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3.3.2 An Upper Bound for the Exponential Width

We provide an upper bound for the exponential width in terms of the Gaussian width of the
set. This serves two purposes. First, for any given set, we are immediately able to quantify the
effect of going from a sub-Gaussian to sub-exponential design matrix. Second, we can establish
precise upper bounds for the non-asymptotic estimation error for regularizers for which the
Gaussian widths of related sets have been computed [38}, [33]], without going into the specifics

of computing the exponential width from the basic definition.

Theorem 1 For any set T' C RP, for some constant c the following holds:

we(T) < c-wy(T)\/logp . (3.24)

The above result is true for any set 7' C RP. For sets which are convex hulls of union of
subspaces of the form 4 = A; U A U --- U A,, and for which log m < log p a stronger result
can be proved. For example, the result is true for the group sparse norm, where the number of

groups m is smaller than the ambient dimensionality p.
Theorem 2 Consider any set A = A; U Ay U --- U A, C RP. Then the following is true,

we(A) < min {clwg(A)\/logp, Cs (1r<n;2x we(A;) + 2 sup ||lul|2v/logm + 2 sup ||uf|oo logm> }
Stsm ucA ueA
(3.25)

Proofs for Theorem [I] and 2] are provided in the appendix.
3.4 Restricted Eigenvalue (RE) Condition
The error bound analysis requires the design matrix X € R"*? to satisfy the following RE
condition [17] on the error set A,

1
inf —

Xullz 2 #, 3.26
u€A=cone(E,)NSr—1 \/ﬁ” U”Q_li ( )

where £ > 0 is the RE constant. Design matrices with i.i.d. sub-Gaussian rows satisfy the RE
condition with high probability when the number of samples scale as square of the Gaussian

width of the error set, i.e., n > ¢ - wg (A) [33L[11]. We prove the following result for any



27
norm showing that the RE condition is satisfied by design matrices with i.i.d. sub-exponential

rows when the number of samples scales as the square of the exponential width of the set, i.e.,

2

2(A). The proof, provided in the appendix, uses similar arguments as Proposition 5.1

n>cy-w
in [124].

Theorem 3 Consider the regularized least squares problem with atomic norm regularizer
R(0) = ||0||4 and let X € R™ P be the design matrix whose rows are i.i.d. sub-exponential
with sub-exponential norm K. With E,. denoting the error set, let the small-ball condition hold

in the error set A = cone(E,) N SP~1 with constant f3,
B = inf P(|(z,u)| >¢). (3.27)
ucA

Ifn > c-w?(A)) then with probability atleast 1 — exp(—mnon3?),

) 1 5262
f | Xull2> > = 3.28
inf Sl Xully 2 == =k, (3.28)

where k is the restricted eigenvalue constant.

When R(-) is the ¢; norm and the true parameter 0* is s-sparse, the result of Theorem
implies that n > ¢y - slog? p samples are required to satisfy RE. This follows from the result
on the upper bound for exponential width in Section and noting that wy(A) < c3 - slogp
[38, 11} 133]]. This also matches the result in [3] where it is shown that even the stronger RIP
condition holds when n > ¢4 - s log2 p. More recently, for the specific case of the #; norm,
[85] obtained sharp results for RE with design matrices having rows with even heavier tails than
sub-exponentials. Specifically for sub-exponential design matrices considered in this work, [85]]
show that n > ¢5 - max{slogp, log® p} samples are required to satisfy to RE. In our second
result, we use similar analysis tools in [85] to establish sharper RE sample complexity results
for all atomic norms having the union of subspaces form, like the /1, ¢1 /¢5 group sparse and the
k-support norms. Specifically the RE sample complexity is the minimum number of samples
required to satisfy the following two conditions with high probability:

Condition 1: Let the atomic set A be a union of m sets A = A4; U A5 U ---U A,,, where
each A; is a ¢g-dimensional subspace of RP. The true parameter §* is an kg = s-sparse vector
that can be expressed as a linear combination of k elements as follows,

k
0* = Zciai, a; € A, ¢; > 0. (3.29)
=1
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For any vector in the error set u € F,, let V(E,) = sup % denote the norm compatibility

constant. Then the RE condition should be satisfied bq;et%é design matrix with high probability

in every k1q = s1 subspace where k1 = c(x1)V?(FE,.) and c is a constant depending on x; as
defined in condition 2 below.

) 1
weseutozn VA
Condition 2: The following should hold for all elements a; of the atomic set .4 with high

| Xully > Ky - (3.30)

probability,
1
sup %HXaiH < Ka. (3.31)

a;€A;,1<i<m
A keen reader familiar with the RIP condition [30, 31] will immediately realize that condi-
tion 2 is weaker than the following upper bound of RIP,
ueA:S;TI?wSP—l \}EHXUHQ < K3 . (3.32)
This is because the atomic set A is always, sometimes substantially, smaller than the error set
A. This leads to a significant gap between the sample complexities required to satisfy RE and
RIP respectively [85, 48] for sub-exponential design matrices.
The result below, whose proof is provided in the appendix, applies to atomic norms having

the union of subspaces form as outlined in condition 1 above.

Theorem 4 Consider the regularized least squares problem with atomic norm regularizer
R(0) = ||0||.4 having the union of subspaces form. Let X € R™*P be the design matrix whose
rows are i.i.d. sub-exponential with sub-exponential norm K. With E, denoting the error set,

let the small-ball condition hold in the error set A = cone(E,.) N SP~! with constant j3,

§ = inf P(|(z,u)| > €). (3.33)

Let V(E,) = sup IelA genote the norm compatibility constant. Then with,
wep, Il

V2(E,)q + V2(E,)log(em/V%(E,))

n > ¢-max ] 9 , (3.34)
min (q + logm, qlog (%))
with probability atleast 1 — exp(—non3?) — exp(—n1y/n/K?),
1 202
inf —| Xul3 > &5 _ K, (3.35)
u€k, N 8

where k is the restricted eigenvalue constant.
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The requirement n > ¢ - V2(E,)q + Y2(E,) log(em/¥?(E,)) is due to condition 1 above,

while condition 2 is satisfied when n > ¢ - min (q + log® m, qlog? (%) )

Corollary 1 Let R(-) be the {1 norm with §* s-sparse as defined in Section|2.4] The RE condi-
tion is satisfied with high probability when n > ¢ - max{slog p,log? p}.

Proof: The bound follows from the result of Theorem [4{ with ¢ = 1, m = p and V(E,) =

O(v5). .

Corollary 2 Let R(-) be the {1 /{2 non-overlapping group-sparse norm with 6* having sg non-
zero groups as defined in Section The RE condition is satisfied with high probability when
n > c-max{lsg + log N, 1+ log® N).

Proof:  The bound follows from the result of Theorem ] with ¢ = 1, m = N and V(E,) =
O(\/5g)- [

Corollary 3 Let R(-) be the k-support norm with 0* s-sparse as defined in Section The RE
condition is staisfied with high probability when n > ¢ - max{slogp, k log? p}.

Proof:  The bound follows from the result of Theorem {d{with ¢ = k, m = (?) < (%)8 and

S

U(E,) = O0(+/2s/k). ]
3.5 Regularization Parameter
The non-asymptotic estimation error analysis requires the regularization parameter to satisfy
the inquality

1 1

A\ > 2R* <XT (y — Xe*)) = R* (X%) , (3.36)

n n
where for the last inequality we use w = y — X6* is the noise term. Since both X and w are
random quantities we focus on high probability upper bounds for R* (%X Tw). We prove the

below result, whose proof is provided in the appendix, characterizing the expectation and large

deviation inequalities of R* (1 X7w)

Theorem 5 Let Qr = {u : R(u) < 1} be the unite norm ball. If the design matrix X € R™*P

has i.i.d. sub-exponential rows and noise w has i.i.d sub-exponential unit variance entries with
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|willy, < Ko, Elw?] =1, V1 < i < n respectively, then

1 - Q
E [R* (XTCU)} < w : (3.37)
n Vn
for some positive constant c1 depending on K the sub-exponential norm of the rows of the design

matrix. Moreover with probability at least 1 — exp(—71) — 2exp (—cray/n/K2), 71 > 2, we

have
1 TV 1 Q
R (X%) < 2 V4 nw(§n) (3.38)
n Vn
where cy is some constant depending on K.
Therefore the regularization parameter can be chosen to scale as A > c3 - we\(/%’:‘). Below we

instantiate the result for the specific norms we consider in this work.

Corollary 4 Let R(-) be the {1 norm with 0* s-sparse as defined in Section Then choosing

A>c- 10% satisfies inequality (3.36) with high probability.

Proof: With Qg = {u : ||u||; <1} denoting the unit norm ball, using the result of Theorem

m for some positive constants c, c;

we(QR) < cwy(Qr)y/logp < ¢ logp . (3.39)
The bound now follows from the result of Theorem [5and (3.39). ]

Corollary 5 Let R(-) be the {1 /{5 non-overlapping group-sparse norm with 0* having sg non-

zero groups as defined in Section Then choosing A > c- % satisfies inequality (|3.36)

with high probability.

Proof:  First note that the exponential width of the unit norm ball is equivalent to the unit
norm ball of the atomic set w.(2r) = we(A). We will use the result from Theorem [2| First
the atomic set is the union of Ng subspaces of dimension less than /. Therefore by elementary

arguments for some constant c,

max we(A;) < eVl (3.40)

1<i<Ng

Also sup ||u||2 = sup ||ul|c = 1. Therefore using the result of (3.40) we get,
u€A u€A

we(A) < e (x/l+ 2,/log Ng + 2log Ng) . (3.41)
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The bound now follows from the result of Theorem [5and (3.41). ]

Corollary 6 Let R(-) be the k-support norm with 6* s-sparse as defined in Section Then
choosing A = ¢ - V'klog p satisfies inequality @ with high probability.

Proof:  With Qg = {u : |ul|;” <1} denoting the unit norm ball, using the result of Theorem

for some positive constants c, c;

we(QR) < cwy(Qr)v/logp < ciy [k + klog {%‘ v1ogp . (3.42)
The bound now follows from the result of Theorem [5and (3.42). ]

3.6 Estimation Error Bounds

When the design matrix satisfies the RE condition on the error set and the regularization param-
eter satisfies inequality (3.36) then the non-asymptotic estimation error can be bounded using

the following result:

Theorem 6 Assume the regularization parameter satisfies the inequality A\, > 2R*(%X Ty —
X 6*)) with probability atleast 1 —exp(—71) —2 exp (—cm2/n/K2) , 71 > 2 and the RE condi-
tion is satisfied on the error set A = cone(E,)NSP~! with RE constant k with probability atleast
1 — exp(—nonfB2) — exp(—n1v/n/K2). Then with A = 0 — 6*, for any norm R(-), we have
for some positive constant ¢ with probability atleast 1 — exp(—71) — 2 exp (—CTQ\/ﬁ/Kf,) —
exp(—nonf?) — exp(—my/n/K?), m > 2,

jaj, < CHER (3.43)

where ¥(E,) = sup % is the norm compatibility constant and the definition of the various
ue b,

constants are same as Theoremsd| and[3]

Proof: The conditions on the regularization parameter and the RE condition follow from the
results of Theorems [4|and 5| The result on the ¢2 norm of the error follows from Theorem 2 in
[L11].

We instantiate the result for the ¢1, group-sparse and k-support norms below.
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Corollary 7 Let R(-) be the {1 norm with 0 s-sparse as defined in Section Assume condi-
tions in corollaries d|and([l|are satisfied then,

cy/slogp
[A[l £ ——===".
NG
Proof: Noting that U(E,) = O(4/s), the bound follows from the results of corollaries
and Theorem [0l n

(3.44)

Corollary 8 Let R(-) be the {1/ non-overlapping group-sparse norm with 0* having sg non-
zero groups as defined in Section Assume conditions in corollaries [5 and [2] are satisfied

then,

& (w/ng + ,/5g log Ng)
N '
Proof: Noting that V(E,) = O(,/sg), the bound follows from the results of corollaries

and Theorem [6l -

A2 < (3.45)

Corollary 9 Let R(-) be the k-support norm with 0* s-sparse as defined in Section Assume

conditions in corollaries|6|and[3| are satisfied then,

A2 < cv'slogp . (3.46)

Vnk
Proof: Noting that ¥(E,) = O(1/2s/k), the bound follows from the results of corollaries EI,
[Bland Theorem n
3.7 Experiments

We perform experiments on synthetic data for the ¢; norm and ¢; /¢> non-overlapping group
sparse norms with Gaussian and sub-exponential data. Data is generated using the linear model

y = X0* + w, where we first generate the parameter vector 6* = [1,1,1,1,1,1,0,0,...,0] €
— —

5 p-5
RP for the ¢; norm and 6* = [1,...,1,1,...,1,1,...,1,0,...,0,...,0,...,0] for the ¢, /45
—— —— ——~ ——
3 3 3 3 3 +pmod3

group sparse norm and then normalize so that ||0*||2 = 1. The dimension p € [500, 750, 1000]
and (p mod 3) denotes the remainder of p/3. For Gaussian data, the noise and design matrix are
sampled from the Gaussian distribution w; ~ N(0,0.25),1 < i < nand X;; ~ N(0,1),1 <
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Figure 3.1: Probability of recovering true parameter versus the rescaled sample size for ¢; norm (left)
and ¢ /¢y group sparse norm (right). The probability of success rises sharply (phase transition) at the

same sample size for both sub-exponential and Gaussian data.
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Figure 3.2: Estimation errors for the ¢ and ¢ /{s group sparse norms for different sample sizes. Esti-

mation error is slightly higher with sub-exponential data.

1 < n,1 <1 < pand mean centered. Similarly for sub-exponential designs and noise we sam-
ple from the exponential distribution and mean center the data. For each p € [500, 750, 1000],
we generate 100 datasets with sample sizes n € [25,50,...,500]. We compute the probabil-
ity of success out of 100 experiments for each sample size n and dimension p, where success
is defined when the truncated estimated parameter correctly estimates the support of the true
parameter, e.g., for the £ norm the estimated parameter 0 is such that éz > 0,1 <7< 5and
631- > ‘éj ,Vi,5,1 <1 <56 < j < p. As can be seen from Figure the probability of

success increases with n and the probability of success are same for Gaussian and exponential

data. We also measure the estimation error for p = 500. We plot the mean and standard devia-

tion of the errors across 100 runs for each n in Figure[3.2] We observe that for smaller sample
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sizes lighter tailed data leads to better estimation performance.
Appendix

3.A Background and Preliminaries

3.A.1 Widths and generic chaining

One of the recurring ideas in our analysis and some previous works in this domain [33} 11} 124]

is the concept of width of the set. The manifestation is of the form E sup(h, t), where A C R?
teT
is a set and h € RP is a random vector in p-dimensional space. If h is a standard Gaussian

random vector then it is the Gaussian width of the set A. In our analysis, we will also have & to
have i.i.d. sub-exponential random variables which leads us to the concept of exponential width
of the set. Much work has been done in the field of empirical process theory’ to understand
such quantities for different measures of h. When h has exponentially decaying tails, a number
of results have been established using generic chaining [121]]. Our endeavour in this section
is to give a gentle introduction to the idea of generic chaining. All of the material we present
below can be found in [[121]].

Generic Chaining and Gaussian Width: Much of what we present below will be
from [121]]. Before we get started we clarify a few notations. We first focus on the Gaus-
sian case. We denote by {X; }1er = (g, t) a Gaussian process indexed by a certain set 7' C RP
where g has i.i.d N (0, 1) entries. By definition the process is centered i.e. E(X;) =0, Vt € T..
Without any loss of generality, we can assume that the set 7" is finite. Since the process is
centered, we have for some ty € T'

Esup Xy = Esup(X; — X3,) - (3.47)
teT teT

The first major observation is that the boundedness of the process (X — X;) is determined by

the following distance metric on the metric space T’
da(s,t) = (E(X, — X))V = ||s — t]|a . (3.48)
Now for a Gaussian process the following is true

U2



35
Therefore from (3.47)) and using a union bounding argument, we can write

P (sup(Xt - X)) > u) <> P(Xy— Xy, > u)
teT teT

u2
< 2 - | .
<2 eXp( 2d2(t,to>2>

The above bound is very lose if the elements of the set ¢ € T are clustered in sets. If elements
of set T form two different clusters 77 and T5, a better bound will be
P (sup(Xt — Xto) > u) < P(th — Xto > ’Lbl) + Z P(Xt — th > UQ)
teT teT

+ P(Xe, — Xop > 1) + Y P(Xe — X, > up) .
teTs

This is because the distances da(t1,t),Vt € 17 and da(ta,t),Vt € T are much lesser than
d(t, tp) leading to better estimates of the probability on the r.h.s. This is the basic idea behind
generic chaining, where the above procedure is repeated successively on the subsets.

Let us formalize this idea. Let Ty = {¢}, and consider a sequence of subsets {7}, } such
that 7y C 17 C T, C ... C T. For some large enough m, we have T,, = T for n > m. Let
7 : T — T, denote a map such that 7, (¢) denotes the element in 7;, which best approximates
t. Therefore we can write

Xo =X =) (Xeyty = Xmua9) - (3.50)
n>1
This decomposition is at the core of generic chaining.

The next main idea is to control the scale of u for a set of a given cardinality. Consider a set

T,, of cardinality 22", The question is what should be the scale of u in the below inequality to

get exponential tail probabilities.

u2
P <sup(Xt — Xiy) > “) < Z 2exp <_M2tto)>
2L,

teT

teT
U2
< 2|T, —
| ”’exp( 23 t,to)>
’LL2
<L 2™ | —
(exp )< 23 t,t0)>
2
u
<L|[-— on
= < 231, 10)
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Obviously u > 2™/2dy(t, ty) and hence u should scale as 2"/%dy(t, t). The metric da(s, t)

on the space T' and providing a bound based on the cardinality of 7},,n > 0 are the two central
ideas to understand the generic chaining argument. Note that we have shown that the bound
depends solely on the following two properties: 1) The concentration inequality of each indi-
vidual process characterized by a distance metric in the space 1" and 2) The cardinality of the
set T" which is a purely geometric quantity. We skip the detailed arguments given in [[121] and

state the following important result with d(¢, m,,(t)) = d(¢,T,) = injf da(t, s)
s€ln

EsupX; < Lsup »_2"2dy(t,T;,) . (3.51)
teT n>0

We now define the basic complexity parameters used in generic chaining.

Definition 9 Admissible sequence: Given a set T an admissible sequence is an increasing

sequence (Ay) of partitions of T such that card(Ay,) < N,

By increasing sequence of partitions we mean that every set of 4,11 is contained in a set

of A,,. The elements in the set T}, are picked one from each partition in A4,,.

Definition 10 ~-functionals: Given oo > 0, and a metric space (T, d) we define
Ya(T,d) = infsup > 2" A(A (1)) . (3.52)
b >0
where A(A,,(t)) is the diameter of the partition A, corresponding to distance metric d.
The below result from [Theorem 2.1.1] [121] gives both an upper and lower bound for

Gaussian width in terms of 72 (7', d2) and signifies that this is the best possible estimate for the

Gaussian width. For some universal constant L we have:
1
—v2(T,d3) < Esup Xy < Lyo(T,ds) . (3.53)
L teT

3.A.2 Generic Chaining and the Exponential Width

Similar to the previous section, we now denote { X; };e7 = (e, t) is a exponential process where

e is a standard exponential random vector. According to Bernstein’s inequality [[127]]

1 . u? U
P(|Xs — X¢| > u) < 2exp (—Kmm (dg(s D% (s t)>> . (3.54)
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where da(s,t) = ||s — t]|2 and do(s,t) = ||s — t||co- We now define the following com-

plexity parameters based on the above concentration inequality:

¥2(T, d2) = inf sup » 27"/ As(By (1))

n>0

7 (T, ds) = inf sup Z 2" Ao (Cp (1)) -
b >0

In short we construct increasing sequences of partitions corresponding to each term in the
concentration equation. We state the following result for exponential random variables, us-
ing results from Theorems 1.2.7 and 5.2.7 in [121] Assume that the random variable X; are

independent, symmetric and satisfy P(|Y;| > =) = exp(—=x). Then we have

1
Z(V2(Ta d2) + 71 (T7 doo)) < ESUTE Xt < L(72(Ta d2) + 71 (T7 doo)) . (355)
te

The result is applicable to any process that has concentration inequality (3.54) [121].
3.B Relation Between Gaussian and Exponential Width

We prove Theorem [I]and [2]
Theorem[I| For any set T C RP, for some constant c the following holds:

we(T) < c-wy(T)/logp . (3.56)

The result depends on geometric results [Lemma 2.6.1] and [Theorem 2.6.2] in [121]].

Theorem 7 [[2]] Consider a countable set T C RP, and a number v > 0. Assume that the
Gaussian width is bounded i.e. S = (T, d2) < cc. Then there is a decompositionT C T1+15
where Ty + Ty = {t1 + to : t1 € T1,ta € T}, such that

v2(Th,d2) < ¢S, 11(T1,dss) < cSv (3.57)
Y2 (Ty,d2) < ¢S, T; C %Bl , (3.58)

where c is some universal constant and B is the unit {1 norm ball in RP.
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We first examine the exponential widths of the sets 7 and 75. For the set 7:
we(Th) < c[ya(T1, d2) + 71 (Th, doo)] < c[S + Sv] = c(wy(T) + wy(T)v) (3.59)

where the first inequality follows from (3.55) and the second inequality follows from (3.57).
We will need the following result on bounding the exponential width of an unit ¢;-norm ball
in p dimensions to compute the exponential width of 7T5. The proof is based on the fact

Supse g, (€,1) = ||e|loo and then using a simple union bound argument to bound ||e||oo.

Lemma 8 Consider the set By = {t € RP : ||t||; < 1}. Then for some universal positive

constant c:

we(B1) = FE [sup(e,t>] <clogp. (3.60)
te By

Proof:  Using the definition of dual norms:

E {sup(e,t)} = Flle]|lec = FE [max |ei]] . (3.61)
te By 1<i<p

LetY = max lei| is a positive random variable. Then,
<i<p

EY = /Oo P(Y > 7)dr . (3.62)
0

Now by definition, P(|e;| > 7logp) < exp(—7logp).
Consider the event Q- is |e;| < Tlogp,Vi € [1, ..., p|. Therefore, by a simple union bound

argument

P(Q¢) < p(r) =Y _exp(—7logp)
=1

= pexp(—Tlogp)
= exp(—7logp + logp) .

Now if 7 > 2,logp > 2, then —7 log p > —7 + log p, therefore we get,

p(7) < c1exp(—71), (3.63)
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for some constant ¢c; when 7 > 2.

When €2 occurs, we have

|1 <7l . .64
ggg}lezl <rtlogp (3.64)
Therefore we have,
P (e > T1ogp ) < plr) = PY > 78) < p(r) (3.65)
<i<p

where S = log p. Hence, by (3.62)) and observing that the integrand is less than 1 we get,
we(B1) = E[Y] < clogp, (3.66)

for some constant c¢. This completes the proof. ]

Now returning to the proof of TheorenI] the exponential width of 75 is:

we(Ta) = we((LS/v)B1) = (LS/v)we(B1) = (L/v)wg(T)we(B1) < (L/v)w,y(T)logp .
(3.67)

The first equality follows from (3.58)) as T is a subset of a (LS/v)-scaled ¢; norm ball, the
second inequality follows from elementary properties of widths of sets and the last inequality
follows from Lemma [§] Now as stated in Theorem [7} v in (3.59) and is any number

greater than 0. We choose v = +/logp and noting that (1 4+ y/logp) < c/logp for some
constant c, the results from and (3.59) yields:

we(T1) < cwy(T)+/log p, we(T2) < cwy(T)+/logp (3.68)

The final step, following arguments as [Theorem 2.1.6] [[121]], is to bound exponential width of
set 7T'.

we(T) = E[§161$<e,t>} < E[tsgg (e, t1)] + E[tSLGHT) (e,t2)] < we(Th) + we(T2) < cwy(T)+/logp .

This proves Theorem ] n

We now prove Theorem 2]

Theorem 2] Consider any set A = A1 U Ay U---U A, C RP. Then the following is true,

we(A) < min {clwg(.A)\/logp, Cs (1I<n;ix we(A;) + 2 sup ||v||2v/logm + 2 sup ||v]|co logm) }
Sizm vEA veEA
(3.69)



Proof:  we(A) < crwg(A)+/log p follows from the result of Theorem
For the second result assume ¢; € A; are m points from the m subspaces.
(e,t), t € A, E[X] = 0, Vt € A be an empirical process indexed by the set

arguments from generic chaining [[122]] for any s € A;,

E sup X,=FE sup (Xs — Xyy) -
SEA;,1<i<m SEA; 1<i<m

Also,
Xe— X, =X — Xy, + X4, — Xy
Therefore from (3.70) and (3.71),

E sup X;<E sup (Xi—X;,)+E max (Xy, — Xyy) -
s€EA;,1<i<m s€EA;,1<i<m t;,1<i<m

From the definition of exponential width,

max we(A;)) =F sup (Xs—Xy,) .
1<i<m s€A;,1<i<m

To compute E max (X:, — X4, ), note that since it is a non-negative quantity,
t;,1<i<m

E max (Xti_th):/ P< max (Xti_Xt1)27-> dr .
0

ti,1<i<m ti,1<i<m

Leta = max. It: — t1]|2 = QSup ||| and b = max. It: — t1]loo = 251€1p V]| oo

Thenforany 1 <¢ <m usmg Bernsteln s inequality result from Lemma [6]

P (Xti — Xy, > ary/logm + br logm) < 2exp [—cmin (7’2 log m, 7 log m)] .

Since there are m such elements ¢; by a simple union bound argument we get,

40

Let Xt =
A. Using

(3.70)

3.71)

3.72)

(3.73)

(3.74)

(3.75)

P <1I<H%X X;, — X4, > ary/logm + bt log m> < 2mexp [—cmin (7% logm,7logm)]  (3.76)

< 2exp [—c min (7’2 logm, 7 log m) + log m] .

(3.77)
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If c¢7,logm > 2, then 72 logm > 72 + logm and 7 log m > 7 + log m. Therefore,

P <lr<n%x (X:, — Xy,) > ar+/logm + bt log m) < 2exp(—cT) (3.78)
P <11<n£2x (Xt — X4y) > 7(S1+ Sg)) < p(7) (3.79)

(3.80)

where S = av/logm, So = blogm and p(7) < ¢y exp(—cr) for 7 > 2. Therefore from
B.74), and observing that the integrand is < 1,

E max (Xy, — Xy) < c(2sup |jv]j2y/logm + 2sup ||v]| logm) . (3.81)
ti,1<i<m vEA veA

where in the last result we have substituted the values of a and b. The result of Theorem 2l now
follows from (3.72), (3.73), (3.81)) and the result of Theorem I} n

3.C Regularization Parameter

We give proofs for the bounds on the regularization parameter. The regularization parameter
should be the lowest value satisfying the inequality A > 2R* (%X Tw).

Theorem [5| Let Qp = {u : R(u) < 1}. If the design matrix X € R™P has i.i.d. sub-
exponential rows and noise w has i.i.d sub-exponential unit variance entries with ||w;|y, <
K., Elw?] =1, V1 < i < n respectively, then

1 - we(Q
E [R* (X%ﬂ < @ wellr) (3.82)
n vn
for some positive constant ci depending on K the sub-exponential norm of the rows of the design

matrix. Moreover with probability at least 1 — exp(—71) — 2 exp (—CTQ\/ﬁ/KE)), T > 2, we

have

1 VT E w9
R* (nXTw) < @ VI + () (3.83)

)
vn
where ca is some constant depending on K.

Proof:  Let us first compute the expected value of R* ( %X Tw).
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E[R* (%{%ﬂ :E[sup|yw\|2<1XT d >] (3.84)
n ueA lwll2”

sup (e, u>] (3.85)

—Eff|wll2] £

u€EQR

S Cl'u%G]R)'

vn

The first equality follows from the definition of dual norm. The second inequality fol-

(3.86)

lows from the fact that X and w are independent of each other. Also from the definition

of the design matrix, e = X7 “—

Tl has i.i.d sub-exponential random variables bounded by

supern |[(xi, w/||wll2) ]y, < K, where x; is any column of the design matrix X. For the last
inequality use conditions (3.22) and (3.23) to get the following for some constant ¢, depending

on the sub-exponential norm K,

E

sup (e,u)] < co - we(QR) - (3.87)

UEQR

Also,

n

ng] <Vn, (3.88)

i=1

Ellwll2] </ Elllwli3] =

Therefore from (3.87) and (3.88), (3.86)) follows for some ¢; which depends on K. This proves

the result on the expectation.

E

To establish large deviation bounds around the expectation, consider the quantities

P ( sup (e, u) > Tlcgwe(QR)> and P (‘% Slw? — 1‘ > 72).
u€eNR

Note that when computing F | sup ( = fo sup (e, u) > Ticowe(R) | drp we
uEQR u€QR

prove the following for some 71 > 2 (see equation (2.56) in Theorem 2.2.23 in [122]),

P ( sup (e, u) > Tlcgwe(QR)) < exp(—11) . (3.89)

ueQp

n 27
i W

To establish large deviation inequality P (‘% >
Lemma 3.5 in [3]].

1‘ > 7'2) we use the following result of
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Lemma 9 Consider n i.i.d. sub-exponential centered random variables a; with unit variance

and K = max a;. Then with probability atleast 1 — 2 exp (—c\/ﬁ/ K 2) where c is some
<i<n

positive constant,

<rT. (3.90)

1~

ﬁ Z a; — 1
i=1

Applying Lemma [9] with sub-exponential random variables w; we get with probability atleast

1 —2exp (—cmay/n/K2),

w3 < (1+m)n=|lws < V(1 +7m)n. (3.91)

The large deviation result now follows from (3.89) and (3.91).

3.D Restricted Eigenvalue Condition

We present the proof for the RE condition result. A few definitions and results from [81} [124]]
are required before we can prove the main result.
We first define the small-ball condition for random vectors x on subsets A C RP [102]], also

called the marginal tail function in [[124].

Definition 11 Small ball condition: Fix a set A C SP~1. Let x be a random vector in RP. The
small-ball property with constants £, 3 > 0 is defined as follows,

B4sz) = inf P(|(z,u)| >¢€). (3.92)

As noted in [81} [124] the small-ball condition reflects the probability that the random variable
|(z,u)| is close to zero for any fixed vector v € A. When (A;z) is bounded away from
zero for some &, the nonnegative empirical process is likely to be large. If the rows of the
design matrix z; ~ x are not sufficiently continuous or “spiky”, 5(A; x) will be quite small and
recovery of 8 will be difficult because we need the row vectors in the design matrix to uniformly
explore all possible directions in the error set A to obtain a good estimate of §. Below we obtain
a lower bound on (A4; z) when the random vector x is sub-exponential. To ease the notation

we will denote 3(A;x) by 8 where A, x will be implicit from the context.
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Lemma 10 For random sub-eponential x € RP with sub-exponential norm K =

sup [, ) and € > 0
ueSr—1

(@ —¢&)°

e (3.93)

B = inf P(|(z,u)| > ) =
u€A

Proof: For any non-negative random variable y, the following inequality is true due to the

Paley-Zygmund inequality,

(By —t)°
Applying the inequality to the quantity y = |(x,u)| and t = &,
(Ell(z, )] - &)
P([{z,u)| > &) > El(z, u)] ) (3.95)

From the nondegeneracy assumption on the design matrix E[|(z,u)|] > «. Also by the
properties of sub-exponential random variables the denominator is always bounded by
El(z,u)?)Y/? < 2supyea |[(2, u)|ly, = 2K. Therefore E[(x,u)?] < 4K2. Substituting the
above arguments in (3.95)),

(@ —¢)°

e (3.96)

B = inf P(|(z,u)| > &) >
u€A

We now provide the proof of Theorem The proof follows from arguments in [124]].

Theorem [3| Consider the regularized least squares problem with atomic norm regularizer
R(0) = ||0|| 4 and let X € R"*P be the design matrix whose rows are i.i.d. sub-exponential
with sub-exponential norm K. With E, denoting the error set, let the small-ball condition hold

in the error set A = cone(E,) N SP~1 with constant f3,
B = inf P(|(z,u)| > &) . (3.97)
ucA

Let w(A) denote the exponential width of the error set A. If n > c-w?2(A) then with probability
atleast 1 — exp(—nonB?),

£p*
S (3.98)

1
inf || Xullj >
uEA N

where k is the restricted eigenvalue constant.
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Proof: For any u € A by Lyapunov’s inequality

1 1 « P g
_ . 2 el )
Xl = (n;m,w ) >~ ;sz,wl - (3.99)
Now by Markov’s inequality for some constant £/2 > 0
1 ¢ £ ¢ £
nZ; (@i, u)| > %ZEH <|<$iaU>| > 2) . (3.100)
1= 1=

Therefore, we get

> (Pl 2 0+ o D1 () 2 ) - PGl 2 6)
=1
265+ 5 31 (Il 2 §) - Pl 2.9) @101
=1

where in the second inequality we use 8 = P{|(z,u)| > £} to get the third inequality.
Let ¢¢ : Ry — [0, 1] be a function defined as follows

3 ift>¢
de(t) =14 (/&) -1 if§<t<e | (3.102)
0 otherwise
so that, for every t € Ry, [[¢/2 o) (t) > ¢¢(t) and @¢(t) > li¢ 00 (t). Therefore,
1 n n
32 (o 2 §) 2 3 ol (3.103)
i=1 i=1
P{[(z,u)| > & < Elge(|(z,u)|)] - (3.104)

Therefore,

= Xuls > s(mi;gbguxi,ww ~ Blpe(I(zs,u}))

1
inf —— | Xul, > ( _
JE‘A\/ﬁH ulla > (B sup

%Z%(K%UH) —E[¢g(|($,u>|)]'). (3.105)
=1
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¢¢(t) is bounded by 1/2. Therefore by bounded differences [20] inequality and the Gene-

Zinn symmetrization inequality [[126], with probability atleast 1 — 2e™7,

+ \/? (3.106)
n

¢ is a Lipschitz function with constant 1/£. Therefore by the contraction inequality for

Rademacher sums [86]],

1 < 1 1 <
Esup |— €iPe(|{xi,u < -FEsup|— € {x;,u
ueA\/a;“““ )) %A\/ﬁ;m )

1 1
< -FEsup €i{xi, u
f u€A \F; Z<Z >

- we(A)
¢ .

The last equality follows because e = ﬁ Z?zl €;x; 1S a sub-exponential random vector with
]|, < cK, 1 < i < pfor some constant c. This follows because of the result of Lemma [7}

Therefore combining the above inequalities we get,

) 1 c1 - we(A) T
f —|| X > — 3.107
ggA\/,ﬁll UI|2_5<B NG - (3.107)
The result now follows by letting n > % and 7 = ”1—%2 so that Clg”\;%’q) < g and

Vi=1 .

Theorem [d| Consider the regularized least squares problem with atomic norm regularizer
R(0) = ||0||.4 having the union of subspaces form. Let X € R™*P be the design matrix whose
rows are i.i.d. sub-exponential with sub-exponential norm K. With E, denoting the error set,

let the small-ball condition hold in the error set A = cone(E,) N SP~1 with constant 3,

B = iggpﬂ(x,u}\ >¢). (3.108)
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Let V(E,) = sup s’ gonote the norm compatibility constant. Then with,
wep, Il

V2(E,)q + V2(E,)log(em/V%(E,))

n > c-max , 3.109
N min (q + logm, qlog? <@)> ( )
q
with probability atleast 1 — exp(—non3?) — exp(—n1/n/K?),
) 1 5252
f || X2 > 22 = k2 3.110
it a3z S5 =2, 3.110)

where k is the restricted eigenvalue constant.
Proof: The proof has several components. We will first need the results from the following

Lemma where the arguments are very similar to that of Theorem 3]

Lemma 11 Let X € R"™*P be a random matrix with i.i.d subexponential rows z;,1 < i < n.

On a given set A C SP~ define,

1. The small-ball condition constant 3 = inlfqP(](x, u)| > &),
ue

2. The collection of sets C¢ = {{I[|(xz,u)| > {|};u € A} is a class of {0,1}-valued

Sfunctions of VC-dimension at most d.

Then if n > c - d, with probability atleast 1 — exp(—n23°n) for some positive constant 1

e 1 6
f —|| X > . 3.111
il Xl 2 5 G111

Proof: For any u € A by Lyapunov’s inequality

|
3

1 1 ¢ :
71 Xull = (n;|(xi,u>2> > > lwiul. (3.112)

Now by Markov’s inequality for some constant £ > 0

n

:L;K%UHZgnzﬂ(ImeZg) : (3.113)

Therefore, we get
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a2 503 (1w 2 5)

s (5 sup| -

ueA

where in the third inequality we use 5 = P{|(x,u)| > £}. Equation (3.114) above is similar
to equation (3.101) in Theorem [3] Therefore using similar arguments as in the proof of [3] we

get the following with probability atleast 1 — 2 exp(—7) with ¢; denoting Rademacher random

> ¢ (5— JreEsun |2 feu)| -

pm
n
cVd T
Zf(ﬁ— e - n)
Zf(ﬂ—ﬁ—ﬁ>=£§, (3.115)

where the first inequality follows from (3.103)) and (3.106) from Theorem [3] in the second

inequality e = —= S . ¢;2; is a sub-exponential random vector with ||¢; ||y, < ¢K , 1 <i<p,
q y /n 2ai=1 p 1

variables,

—Fsup

\F& u€EA T; x“

jﬁnXunz > ¢ (5—

the third inequality uses the fact that VC(C') < d [126] and in the last inequality we use the

c2d

2 . .
assumption n > 52 52 =c-danduse T = 56 . This proves the result stated in Lemma ]

The following corollary uses the result from Lemma on sets of vectors of the form
v = Zf;l cia; where a; € A and A is the atomic set. Note that v will be in an k1q = s1-sparse

subspace of R?, that is, ||v]jo = s1.

Corollary 10 Ler X € R™*P be a random matrix with sub-exponential i.i.d. rows x; € RP. Let
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B be the set,

k1
B={veR |v=> ciaic;>0,a;€Alvlla=1vllo =kig=s}. (3.116)

i=1
Ifn > c- kiq + k1 log(em/ky), then with probability atleast 1 — exp(—non3?)
6

1
inf —— || Xvllp > 22 . 3.117
Tl Xl = GA1D

Proof: Consider the set D in any s;-dimensional subspace,
D={veR"||olls=1}. (3.118)

The VC-dimension of a class of half-spaces in R? is at most s and thus for every £ > 0 the VC
dimension of C¢ = {{I}(3 vy|>¢} : v € D} is at most ca51. Therefore from the result of Lemma

11]

1
P (g 10l 2 ) 2 1 - explomns?). (3.119)

The set B is the union of such ;") spheres D, B = U (r

k1

)D.

Therefore using a union bound argument,

P (inf X0l > ) 21— (1) exp-mans?)

>1-— exp(—ngnﬁ2 + k1 log(em/ky)) ,

k
where we have used the inequality (2’;) < (%) - exp(ky log()). Therefore withn >

clorthy 1;%(””/ k1) for some positive constant ¢ the above inequality is satisfied with probability

atleast 1 — exp(—nonB?). [

The Lemma below uses Maurey’s empirical approximation argument recently used in [85,

108]] to extend the argument from set B to the error set F,.

Lemma 12 Consider any vector u € RP which can be expressed as a linear combination of

vectors from the atomic set A as follows,

m
u=> cia;, ¢; >0, a; € A . (3.120)
=1
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Then with the set B as defined in Corollary|10\and k3 = # the following holds,

1 ul? 1
Lixul > il - P p Lixa, xa (.121)
n k1 —1 g,en1<i<m

Proof: Let v be arandom vector defined as,

As a result, E[v] = wu. Let v1,v2,...,vr, be independent copies of v and define z =
1?11 511 v;. Clearly m € B, where B is the set as defined in Corollary Therefore
from the results of Corollary [I0}

1 §2B2
EHXZ@ ||2”2 = "11” HQ (3.123)
1

=B Xz} > mEH I3 (3.124)

where the expectation is taken w.r.t. the random variable z. Now from the definition of the

random variable z,

1
BIXz3= 5 > E(Xu,Xuv) (3.125)
Lijelt ki)
1 1
=12 Z E(Xv;, Xvj) + 2 Z E(Xwv;, Xvj) (3.126)
bl ki i Ligel, .. kli=j
ki(ky — 1) m
=g e Zl lull%{X ai, Xai) (3.127)
ki(ky — 1 m
= 1(;%)<XU,X 1l | Z (Xai, Xag) . (3.128)

With the same argument as above and taking X = [, the identity matrix in p-dimensions, we

get,
D Jull?
mwr-< ul? + AZMM% (3.129)

Combining (3.124), (3.128)), (3.129) and with some algebraic manipulation we get the following

1 ||u|| —~ 1
SIXullz = wfllulle = 5 =4 { 3w (Xas, Xai) Zuz!azuz (3.130)

i=1
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Noting that ", u; = 1 we get the following,

Lxul > wdfue - 144 L Xas Xa. B.131)
n k1 —1 g e 1<i<cmn
This completes the proof of the Lemma. ]

Now applying Lemma for any vector in the error set u € A = F, N.SP~! and noting that
lull’y < W2(Ey)[ullf = W*(E) we get,

1 V2(E, 1
inf —||Xul3 > x? - 20 sup —(Xa;, Xa;) . (3.132)
€E. M k1 =1 4ea;,1<i<mn
For bounding sup %(X a;, Xa;) we will require the result from Theorem 3.3 and

a;€A;,1<i<m
Lemma 3.5 from [3]]. Their result adapted to our setting is stated below.

Theorem 8 Let X be an X p matrix and D C RP be the set of all q-sparse vectors. Then for
every p < exp(c1y/n/K?),

1 q ep V2-1
sup — || Xzlla < 1+e¢ K2\/>10 + 3.133
zeB\/ﬁH |2 2 - log (q q/n> 5 ( )

with probability atleast 1 — c3 exp(—c1y/n/K?)

Aplying the result for any g sparse vector we get when n > c3K2qlog? (%), with probability
atleast 1 — ¢ exp(—c14/n/K?), we get

1
sup —(Xa;, Xa;) <2. (3.134)

a;€A;,1<i<m n
A stronger result is possible when logm < log p. Apply (3.133) to a ¢ dimensional subspace
A;. When n > c3K2q then with probability atleast 1 — ¢ exp(—c1/n/K?)
1
sup —(Xa;, Xa;) <2. (3.135)
a;€A; T

There are m such g dimensional subspaces in the atomic set 4. Therefore by a union bound

argument when n > ¢4(K2q + logm) with probability atleast 1 — co exp(—c1y/n/K?)

1
sup —(Xa;, Xa;) <2. (3.136)

a;€A;,1<i<m T
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Therefore combining (3.134) and (3.136) we get when 7 is ¢ - min{q + logm, ¢log? <@>}

q
with probability atleast 1 — co exp(—c1/n/K?),

1
sup —(Xa;, Xa;) <2. (3.137)

a;€A;,1<i<m T

Therefore combining the result from (3.132) and (3.137) with high probability we get,

) 20%(E,)

1
inf Xull2 > 3.138
ulenEr n” ullz = w7y ki —1 ( )

Choosing k1 >

4V2(E,)
K1

+ 1 and using the condition on n from Corollary E we get when,
n > ¢ max {\IJQ(Er)q + U2(E,) log(em/¥?(E,)), min {q + log m, qlog? (%) }}
with probability atleast 1 — exp(—nn/3?) — ca exp(—c1y/n/K?) = 1 — exp(—nonB?) —
exp(—nmiv/n/K?), we get

1 /€2 52/82
inf —||Xul3 > 2 =>"—= 3.139
anf GIXule =5 === =x G139

which proves Theorem ] [



Chapter 4

High-Dimensional Structured Quantile Regression

4.1 Introduction

In this chapter, we consider the problem of structured quantile regression in high-dimensions,
which can be posed as follows: given the response variable y; and covariates x; the 7th condi-
tional quantile function of y; given x; is given by: Fy]lxl (T]x;) = (z4,6%), 7 € (0,1) for some
structured 6% whose structure can be captured by a suitable atomic norm R(-), e.g., £1-norm
for sparsity, ¢1 /¢ norm for group sparsity, etc. Here Fz;|1xz (+) is the inverse of the conditional
distribution function of y; given x;. We consider the following regularized estimator for the

structured quantile regression problem:

A~

0y, = argmin L, (0; X, y) + A\, R(0)

OcRpP
1 n
1= argmin — Y p,(y; — (2:,0)) + MR(0) 4.1)
gcrr TV

where p,(u) = (7 — I(u < 0))u is the asymmetric absolute deviation function [80], I(-) is the
indicator function. The goal is to get nonasymptotic bounds on the estimation error ||0,, —6* .

Many previous papers analyze the asymptotic performance of the estimator in (.1)) [91)
76, 1139, 146, [134]. In the non-asymptotic setting of interest in this chapter, special cases of
the estimator in have been studied in recent literature [16} [78, 54], primarily focusing on
specific norms like the ¢1-norm and ¢; /¢2 non-overlapping group sparse norm. In contrast,
our analysis is applicable to any atomic norm R(-) giving considerable flexibility in choosing
a suitable structure for real world problems, e.g., hierarchical sparsity, k-support norm, OWL
norm etc. More recently [S] consider the more general problem of norm regularized regression

with Lipschitz loss functions which includes (4.1) as a special case. They derive similar results

53
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to ours for bounds on the estimation error, but their analysis differs significantly and, in our
opinion, does not leverage and highlight the key geometric and statistical characteristics of the
problem.

In the setting of norm regularized regression with square loss, including the widely studied
Lasso estimator [123} 105} [11], the sample complexity ng of the estimator gets determined by a
certain restricted strong convexity (RSC) property which simplifies to the restricted eigenvalue
(RE) condition on the matrix X Tx [17, 105]; in the noiseless setting, i.e., when w; = 0,
the sample complexity determines a phase transition phenomenon so that the probability of
recovering the structured 6* is minimal when n < ng, but one can exactly recover 8* with high
probability when n > ng. Our work gives an equivalent sample complexity characterization
for structured quantile regression, which was not highlighted in prior work. The challenge in
characterizing RSC in the context of quantile regression stems partly from the non-smoothness
of the objective, so one has to work with sub-gradients. However, the unique aspect stems
from the geometry of quantile regression, or as the authoritative book on the topic puts it:
“How quantile regression works?” [80][Section 2.2]. In quantile regression, the n samples get
divided into three subsets:  samples which get exactly interpolated, i.e., y; = (x;, é>, (n—v)r
samples which lie below the curve, i.e., y; < (x;,6), and (n — v)(1 — 7) samples which lie
above the curve, ie., y; > (z;, é> Note that when v = n all samples are interpolated, the
loss is zero and the same 6 is a solution for all quantiles 7. Quantile regression then is clearly
not working. The Number of InterPolated Samples (NIPS) v is an important quantity, inherent
to structure in #*, and determines the sample complexity for recovery of structured quantile
regression estimator . In fact, we show that when n > v, the RSC condition associated
with the estimator in (#.1)) is satisfied. When there is no structure in 6*, then v < ¢ - p for
some constant ¢, and hence quantile regression needs n > ¢ - p samples to work. However,
when 6* has structure, such as sparsity or group sparsity, v can be substantially smaller than p.
Specifically we show that v is of the order of square of Gaussian width of the error set [122] [33]]
for a class of atomic norms which includes ¢1, ¢1 /{2 group sparse, k-support [7] and the OWL
[19] norms. For example, when 6* is sparse with s non-zero entries, we show that v < ¢- slogp
for some constant c.

When n > v and the RSC condition is satisfied, building on recent developments in high-

dimensional estimation [[105} [11], we derive non-asymptotic bounds on the estimation error

|6,,—0*||2 under the assumption that the regularization parameter \,, > 2R*(VgL,(6*; X, %)),
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where R*(-) is the dual norm of R(-). While the condition on A, looks complex, with its
dependency on the dual norm and 6*, we simplify the inequality and show that it is sufficient to
set A, based on the Gaussian width [[122] of the unit norm ball for R(-) [11,[119]‘. Our analysis
and results on the estimation error bound for quantile regression, interestingly, has the same
order as that for regularized least squares regression for general norms [11]]. In contrast to the
least squares loss the quantile loss is more robust as the estimation error is independent of the
two norm of the noise. We discuss results for the ¢1, ¢1 /¢ group sparse and k-support norms
as examples, precisely characterizing the sample complexity for recovery and non-asymptotic
error bounds. Specifically, our results for the /1-norm matches those from existing literature on
sparse quantile regression [[16]].

The rest of the chapter is organized as follows. In Sectiond.2] we discuss the problem for-
mulation along with assumptions and review the general framework for analyzing regularized
estimation problems. In Section[4.3] we analyze the number of interpolated samples and estab-
lish precise sample complexities for a class of atomic norms in terms of the Gaussian widths of
sets. In Section 4.4 we establish key ingredients of the analysis and provide the main bound.
We present experimental results in Section [4.5]

Notations: As for notations, we denote constants by v, ¢, Kk, n, ¢, c1, . .. whose values can
change from one line to the next. The notation x = O(y) denotes = < ¢ - y for some constant

c. Similarly x = ©(y) denotes that there exist constants ¢, c; suchthatc-y <z < ¢ - y.
4.2 Background, Preliminaries and Contributions

In this section, we formally define the problem, introduce background literature on high-
dimensional estimation relevant to our work and highlight key results. We also define quantities
and notations used throughout the chapter. We will denote absolute constants by c, ¢y, ca, . ..

whose values can change from line to line.
4.2.1 Problem Formulation

We outline assumptions on the data and estimator. We assume the rows of the design matrix
X € R™P are i.i.d. sub-Gaussian satisfying the following properties. Similar assumptions are

made in all prior work in high dimensional statistics [124, (84} [119].

1. Sub-Gaussian marginals: The rows of the design matrix have sub-Gaussian norm K,

i.e., for any row = we have ||z||4, = sup %(E|(1:,a>\a)1/“ <K, Va>1

ueSp—1
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2. Centering: The rows have zero mean: E[z| = 0.

3. Nondegeneracy: There is a positive constant « such that for all u € SP~L: E[|(z, u)|] >

a > 0.
4. Isotropic rows: The covariance is the identity matrix: E[za”] = Iy,

We consider a parametric quantile regression model where the 7th conditional quantile function

of the response variable given covariates is given by,
Fob (Tl2i) = (21,67),0; € RP, 7 € (0,1), (4.2)

where ij\lxl is the inverse of the conditional distribution function of y; given z;. The conditional
density of y; evaluated at the conditional quantile (x;, 6%) is bounded away from zero uniformly
for all 7, that is, fy, ., ({(z;,07)) > f > 0 forall 7 and all x;. The goal is to estimate parameter
0, close to 0% using n observations of the data when n < p. The estimator in this chapter

belongs to the family of regularized estimators and is of the form:
Or,.r = argmingegs L+ (05 X, y) + A R(6) , (4.3)

where £,(0; X,y) = 23", pr(yi — (24,0)), p-(-) is the quantile loss function and R(-) is
any atomic norm. Examples of atomic norms we consider in this chapter are the ¢1, ¢1 /(s
non-overlapping group sparse norm and the k-support norm. The assumptions on the data are
much weaker compared to previous work on mean regression with the least squares loss instead
of the quantile loss. For example, consider data to be generated according to the linear model
y = X0* + w, where w is the noise vector. While previous work on mean regression [[105], 33}
11,1119, [130] assume the noise vector to have i.i.d. sub-Gaussian or sub-exponential elements,
for quantile regression we do not make any other assumption except that the elements are i.i.d.
More specifically the noise can be heavy-tailed, bimodal, heteroscedastic as in the location-
scale model where w; = (x;,m)¢;, 7 € RP and ¢; is any noise independent of z; and so on and

so forth.
4.2.2 High-dimensional Estimation and Key Results

Our analysis will be based on the general analysis framework outlined in [[L1} [105]. We give a
brief overview of the main components of the analysis and also summarize the key results in

the present work.
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Error Set: For any quantile 7, let the estimated parameter 6 = 6*+A. If the regularization
parameter is sufficiently large (which we characterize subsequently), for any loss function [[11]

show that the error vector A belongs to the following error set . C RP,

ET:{AG]RP

R(0" + A) < R(6") + ;R(A)} . (4.4)

It is straightforward to observe that for the equivalent constrained formulation [33}109], for any
loss function £(-)

- 1
0 = argmin—L(0; X,y) s.t. R(0) < R(6%), 4.5)
ferp 2T

the error vector belongs to the following set,
E.={AcR|RO"+A)<R(O)} . (4.6)

Prior results [33, [11]] characterize the sample complexity for recovery for the least squares
loss (minimum number of samples required to satisfy the Restricted Eigenvalue (RE) condition
defined below) in terms of the Gaussian widths of A, = cone(E,)NSP~! and A, = cone(E,)N
SP~1 denoted as w(A,) and w(A,) respectively. It is evident from the definition of E, and E..
that £, C E. and consequently w(A,) > w(A.). [11] establish an upper bound of the form
w(A;) < c-w(A.) where ¢ is a constant, thus showing that the Gaussian widths only differ by
a multiplicative factor.

Regularization parameter: For any loss function £(-), [11} [105] show that the error set
characterization holds true only if the regularization parameter satisfies the following assump-
tion,

A= BRY(VoL(0% X, y)), 4.7)

where Vg L(0*; X, y) denotes the gradient of the loss function evaluated at 6*. Note that since
X,y are random quantities the r.h.s. in (4.7) is a random quantity.
For the least squares loss and linear model y = X 6* 4+ w, [L1] show the following relation-

ship with high probability,

R Xo) = 1 (") < S, 438)

n

where Qp = {u | R(u) < 1} is the unit norm ball, w(-) denotes the Gaussian width and

c is any positive constant. The regularization parameter thus depends on the ¢ norm of the
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noise vector. In contrast, with the quantile regression loss function we prove the following
relationship with high probability,

A1 =7) - w(Q
RA (VL (0% X, ) < YT =7) - w§r) 4.9)
n

The key difference between (4.8) and (£.9) is the independence of (4.9) from the noise vector.
As we will see later, (4.9) can be computed from known quantities X, 7. In [16]], the indepen-

dence of the regularization parameter on unknown quantities like the noise is referred to as the
regularization parameter having a pivotal distribution.

Restricted Strong Convexity (RSC): In problems like Lasso and basis pursuit [123] 142]]
a phase transition phenomenon is observed where the probability of parameter estimation in-
creases sharply whenever the number of observed data samples crosses a particular threshold. In
the general analysis framework of [[11}[1035], this is characterized by the loss function satisfying
the following RSC condition:

uiengr SL(0%,u; X, y) = uienEfr(E(Q* +u; X, y) — L(6% X, y) — (VLO"; X, y),u))

> kf|ull® . (4.10)

For the least squares loss function the RSC condition is equivalent to the following restricted
eigenvalue (RE) condition [17]]:
inf = Xul} 2 wlul. (.11
It is well established in prior literature that sub-Gaussian design matrices [31} 30, [17, 105} 33|
11}, 53] satisfy with high probability when the number of samples n > ¢ - w?(4,)),
where w(+) denotes the Gaussian width, A, = cone(E,) N SP~! and c is any constant. For
example, the RE condition is satisfied for the Lasso problem when the number of samples
satisfiesn > ¢ - slogp.
We show that the RSC condition on the loss function evaluates to the following quantity

when the loss is the quantile loss:
inf ~ 3% (Iyi — (@i, 6%) < 2) =Ly — (23, 67) <0))dz.  (412)

Denote the number of interpolated samples (NIPS) by v = sup |Z| = sup |{i | vi =
UGET UEET‘
(23,0 + u)}|. We observe that when v = n the RSC quantity evaluates to zero. We show in
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Section that v gets determined by the structure assumed for 8*. Specifically we show that
v < c-max{V?(E,)(q + log(em)),w?(A)}, where ¥(E,) = sup % is the norm compati-
bility constant in the error set, ¢ and m are the subspace dimensiqz)enEgnd number of subspaces of
the atomic norm, E,., A are the error sets defined earlier and w(-) denotes the Gaussian width.
For example for the ¢; norm v = O(slog p) rather than the ambient dimensionality p. Thus,
the sum over n points in of the RSC condition simply reduces to the sum over the (n — v) points
which are not interpolated, and will ensure the RSC condition when n > v. Once the number
of samples is sufficiently larger than v we show that the following RSC condition is satisfied,

1 & (z4,u)
g > [ @07 £ 2) T~ o 6) SOz Sl @1
i=170

ueb, N

where f is the lower bound of the conditional density of y; evaluated at the conditional quantile
<Ii7 9¢> :
Estimation error bounds: Assuming the RSC condition and lower bound on the regular-

ization parameter are satisfied, [11] derive the following result with high probability,

N * v Er )\n
18,1 = s, — 0 < - ZEPn @.14)

where U(FE,) = sup % is the norm compatibility constant [[10S) [11]. For example, when
uek,

R(-) is the ¢1 norm, W(E,) = /s. Combining with the results for the regularization parameter

and restricted eigenvalue condition, we show that when n > ¢ - slog p with high probability,

Vslogp
I/

4.3 Number of InterPolated Samples (NIPS)

|All2 <ec- (4.15)

In this section, we reveal some insights on the geometry of the problem. In the high sample,
low dimension non penalized setting, when n >> p and R(6) = 0, the quantile loss is a linear
program and hence its solutions are at the vertices, that is, where any p of the n samples are

interpolated. Mathematically we define the quantity Z = {i : y; = (2;,0) = (z;,0" + u),u €

RP} and note that v = sup |Z| < ¢ - p for some constant ¢. In the high dimensional setting
u€eRP
considered in this work, n < p and hence when R(6) = 0 the number of interpolated samples

is ¥ = n. From an optimization perspective there are multiple such solutions and all solutions

are optimal for any 7. But practically quantile regression is not working. Now introducing a
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regularizer with a suitable choice for the regularization parameter ensures that the error vector

lies in a restricted subset of RP,

ET:{u

We are now interested in characterizing v = sup |Z| where Z = {i : y; = (x;,0) = (x;,60* +
UGET
u),u € E,}, that is, the maximum number of interpolated samples with the error restricted to

R(6" +u) < R(67) + ;R(u)} CRP. .16)

a particular subset of RP. Again if v = n, quantile regression is not working. Since there are
no restrictions on the number of non-zero elements in the error vector, a first crude estimate
will be v < min{n, p, ||ul|p}, which implies quantile regression will not work unless we have
a minimum of p samples. But intuitively the number of interpolated samples should depend on
properties of the error set £, which the initial crude estimate is failing to take advantage.
Below we state a result which reinforces the intuition of the relation between the number of
interpolated samples and the properties of the set E,.. Specifically we show that for the types
of atomic norms considered in this work (which includes all popularly known vector norms),
the number of interpolated samples does not exceed the product of the square of the norm
compatibility constant and the square of the Gaussian width of the unit norm ball. For the
norms considered, this is precisely the square of the Gaussian width of the error set E,. For
example for the ¢1 norm for an s-sparse parameter vector 6* this evaluates to an upper bound of
v < ¢ - slog p with high probability. While the result statement considers sub-Gaussian design
matrices, the result can be extended to design matrices sampled from heavy-tailed distributions

using arguments similar to [84} [119].

Theorem 9 Let rows of the design matrix X € R"™*P have isotropic sub-Gaussian rows and let
0* be an s-sparse vector that can be written as a linear combination of k atoms from an atomic

set of cardinality m,
k

:Zciai,ai €A c;>0,|A=m. 4.17)
i=1
Consider the regularized quantile regression problem penalized with the atomic norm R(6) =

0 = argmin £,(0) = argmin Z p(0) + AR(0) . (4.18)
9eRP cRr

Let E, = {u | R(0" +u) < R(0*) + 3R(u)} denote the error set, let A = cone(E,) N SP~!
and let \ > R*(V L. (0%)). Then with probability atleast 1 —exp(—naW2(E,)(q+log(em))) —
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2 exp(—nw?(A)) the number of interpolated samples,

sup |Z| = sup |[{i:y; = (x;, 0" 4u), u € E.}| < max{q\IJQ(ET)(q—{—log(em)),02w2(A))},
’LLEET UGET
4.19)

where V(E,) = sup ||||1;||||“: is the norm compatibility constant, q is the dimension of each of the
ue k),

m subspaces of the atomic norm, and w(-) denotes the Gaussian width of a set and 1,12, c1, c2

are constants.

To understand the intuition behind the proof consider the case of the ¢; norm. We first show
that with high probability when the error vector lies in a particular cs-dimensional subspace,
with the constant ¢ chosen appropriately, the number of interpolated samples is c¢;s. Next we
extend this argument to any cs-dimensional subspace by a union bound argument on the ( o )
subspaces and show that for an error vector lying in any cs subspace with high probability the
number of interpolated samples is upper bounded by cas log p. Finally the argument is extended
to all vectors in the error set using the powerful Maurey’s empirical approximation argument
previously employed in [119] 84, [115]].

Suprisingly in prior literature on structured high dimensional quantile regression, the quan-
tity v and subsequent insights have not been explicitly discussed. This intuition about the im-
portance of v also shows up in an elegant form in the analysis of the RSC condition in Section
4.2.

Below we provide results for the number of interpolated samples for the ¢1, ¢1/f2 non-
overlapping group sparse and k-support norms. The results follow from substituting known
values for the norm compatibility constant, Gaussian widths of sets, dimension of each subspace

and number of subspaces for the different norms from Table [2.2]and [2.1]

Corollary 11 Let R(-) be the {1 norm with 0* being an s-sparse vector. Then for sub-Gaussian
design matrices with probability atleast 1 — exp(—n2(s + slogp)) — 2exp(—nslogp) the
number of interpolated samples,
v=sup [{i:y;=(2;,0" +u)}| <c-(slogp), (4.20)
QLGET‘

for some constant c.

Proof: The result follows from the result of Theorem@] after observing that U(E,.) = \/s,q =
1,m=pand w(A) = O(y/slogp). [
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Corollary 12 Let R(-) be the {1/ly non-overlapping group sparse norm. Then for sub-
Gaussian design matrices with probability atleast 1 —exp(—n2sg(l+log Ng))—2 exp(—n(lsg+
log Ng)) the number of interpolated samples,

v=sup [{i:y; = (x;,0" +u)}| < c-sg(l+1logNg) , 4.21)
uEEr

fOl" some constant c.

Proof: The result follows from the result of Theorem E] after observing that V(E,) =

V56,4 =1,m = Ng and w(A) = O(y/sg(l +log Ng)). ]

Corollary 13 Let R(-) be the k-support norm with. Then for sub-Gaussian design matrices
with probability atleast 1 — exp(—n2(s + slog[£])) — 2exp(—n(s+ slog[])) the number of

interpolated samples,

v = sup [{i: g = (22,0 + )} < c- (s + slogp/k]) , 422)
’LLGET

for some constant c.

Proof: The result follows from the result of Theorem [9] after observing that ¥(E,) <
V2s/k,q=k,m= (}) and w(A) = O(y/s + slog[p/k]). ]
4.4 Structured Quantile Regression

In this section, we present results for the key components in the general analysis framework
of [L1] which we briefly described in Section [4.2] of the chapter. We state results on the regu-
larization parameter before establishing sample complexity bounds when the restricted strong

convexity condition in is satisfied. Finally we derive an #» bound on the estimation error.
4.4.1 Regularization Parameter

The regularization parameter should satisfy the following inquality,
A2 2R*(VoL(0% X, y)) , (4.23)

where Vo L(0*; X, y) denotes the gradient of the loss function evaluated at 6*. Note that since
X and y are assumed to be random quantities R*(VL(0*; X,y)) is also a random quantity.

Theorem [10]gives a result on high probability lower bounds on the quantity R* (VoL (6*; X, y)).
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Theorem 10 Let X € R™*P be a design matrix with independent isotropic sub-Gaussian rows
with sub-Gaussian norm ||z;||p, < K. Define Qr = {u : R(u) < 1} the unit norm ball and
let ¢ = sup ||ul|2/R(u). Then the following holds
u

K\/7(1 —17)w(Qg)
n )

where c is any fixed constant depending only on the sub-Gaussian norm k. Moreover with

E[R* (VoL (0" X,y))] < c (4.24)

2
probability atleast 1 — ny exp | — (WZ)K)

R*(VoL (0" X,y)) <1

(4.25)

where c1,n1, 12, V are absolute constants.

A major difference to the least squares loss setting, is the less restrictive assumptions on the
noise vector (see for example Theorem 3 and Theorem 4 in [11]] where the noise is explicitly
assumed to be sub-Gaussian and homoscedastic and the noise enters the analysis through prop-
erties of ||wl||2). This gives the flexibility of considering, e.g., noise vectors which are heavy
tailed or heteroscedastic. Indeed the most interesting applications of quantile regression arise
in such settings.

Below we provide bounds for the regularization parameter for different norms by substitut-
ing known values of the Gaussian width for the unit norm balls from Table 2.2] Note that the

result for the /1 norm matches the result in Theorem 1 of [[L6] for the regularization parameter.

Corollary 14 Let R(-) be the {1 norm. Then for sub-Gaussian design matrices with rows hav-

2
ing sub-Gaussian norm K the following is true with probability atleast 1 —n exp (— (77 ;’ K) )

K0 =7)(/ogp+v)
b |

R* (VoL (0% X,y)) < c (4.26)

Proof: The result follows from Theorem after observing that ¢ = 1 and w(Qg) =
©(+/logp) n

Corollary 15 Let R(-) be the {1/ly non-overlapping group sparse norm. Then for sub-

Gaussian design matrices with rows having sub-Gaussian norm K the following is true with
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2
probability atleast 1 — 1n1 exp (‘ (nzyK) )

CK\/T(l — 7)(y/I +1og Ng + v)
NG .

R (VoL (0% X,y)) < (4.27)

Proof: The result follows from Theorem (10| after observing that ¢ = 1 and w(Qpr) =

©(y/l + Ng) |

Corollary 16 Let R(-) be the k-support norm. Then for sub-Gaussian design matrices

with rows having sub-Gaussian norm K the following is true with probability atleast 1 —

ol ()

K\/t(1 —71)(4/k + klog[2] + v
R* (VoL (0% X,y)) <c ( ! \/;_ sl + ) (4.28)

Proof: The result follows from Theorem [10| after observing that ¢ = 1 and w(Qg) =
©(vlogp) =

4.4.2 Restricted Strong Convexity (RSC)

In the general analysis framework of [[11,[105]], the loss needs to satisfy the RSC condition:

Jnf SL(0",u; X,y) = inf (L(07 +us X,y) = L(6% X, y) = (VoL(0": X, y),w) = slul® -

(4.29)
We begin by providing an intuition for the RSC formulation for the quantile loss. The RSC
condition equation (4.29) on the error set E, evaluates to the following (proof in the appendix),

n

(xi,u)
inf — / (M(y; — (@4,0%) < 2) = Wy; — (4,0") <0))dz > HH’U,H% (4.30)
0

Let v = sup |Z| = sup |{i | yi = (x4, 0" + w)}| is the number of interpolated samples. For
UEET UEET
any n < p if the model can interpolate all points, that is, v = n then (4.30) evaluates to zero.

In general, as shown in Section[4.3] v gets determined by the structure. For example for the ¢;

norm v = O(slog p) rather than the ambient dimensionality p. Thus, the sum over n points in



65
(4.30) simply reduces to the sum over the (n — v) points which are not interpolated, and will
ensure the RSC condition when n > v. The intuition of the NIPS property of Section [4.3] thus
shows up elegantly in the RSC condition.

In equation 1D let§; =y — (@i, 07),v; = Om’u) (I(& < 2) — I(&§ < 0)) and consider
LS | E[v;], then

n n <IZ,U>
LS™ Bl = 12/ (Fi(& +2) - Fi(€)
i "o
1 n <1Um“>
S i(&i)zdz + o
9 | pepzaz o

= o= > il u)? + o)
=1

Frllul3
-

The first line follows from the definition of the cumulative distribution function, the second line

f X 2
> _— >
Z 2n” ullz >

by a simple Taylor series expansion, the last line by the assumption that f < f;(§;),Vi and
(1/n)|| Xu||3 > k, where  is the restricted eigenvalue (RE) constant. The RE condition is
satisfied as the sample complexity bounds for satisfying the NIPS property is of the same order
as the RE condition. We can as a result see that RSC is a condition on the minimum eigenvalue
of the Jacobian matrix % S, fi(&) (@i, u)? restricted to the error set E,.. Prior literature on
high dimensional quantile regression has either assumed the RSC condition to be satisfied or
has not discussed the RSC condition explicitly, though [55] considers it for the quantile huber

loss function.

Theorem 11 Let X € R"™ P have sub-Gaussian rows with sub-Gaussian norm K. Let
0 < f < fi{x;,0%)) be a uniform lower bound on the conditional density around a neigh-
borhood of the Tth quantile of the conditional distribution y;|x; for all x; in the support
of X. Let the number of samples n > c - w?(A), where A = cone(E,) N SP~! and
E, = {u|R(6" + u) < R(0") + £ R(u)} is the error set. Also,assume that ||ul|s = © (w(A)).

fvn
Then, for positive constants ¢1,p2,v we get with probability atleast 1 — exp(—v?/2) —

exp (—qﬁl) — exp (—1p¢3v/nw(4)),

inf 0L-(0",u; X, y) > rf|lul3, 4.31)
uc kb, -

for some positive constant k which depends on the constants v, g1, ¢2.
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Below we instantiate the result for different norms.

Corollary 17 Let R(-) be the {1 norm and X € R™ P be a sub-Gaussian design matrix. Let f
denote a lower bound on the conditional density around a neighborhood of the Tth quantile of

Yilx; for all x;. Then if n > c - slogp and the error vector w is such that ||u|ls = © (M>

fvn
then with probability atleast 1 — exp(—v?/2) — exp (—%%) — exp(—mn2¢3+/nv/slogp),
inf 0L(0%,u; X,y) > kfllul?. (4.32)
uEEr -
Proof:  The result follows from Theorem [1 1| noting that w(A) = O (slogp) ]

Corollary 18 Let R(-) be the {1/ls non-overlapping group sparse norm and X € R"*P be
a sub-Gaussian design matrix. Let [ denote a lower bound on the conditional density around
a neighborhood of the Tth quantile of y;|x; for all x;. Then if n > c - (sgl + sglog Ng)

and the error vector w is such that ||ulls = © (%) then with probability atleast

1= exp(~2/2) — exp (=5 ) = exp(—n203y/ny/sgl + 5 1og Ng),

inf 0L(6%,u; X,y) > kf|lul3. (4.33)
ueE, -
Proof:  The result follows from Theorem 11| noting that w(A) = ©(sgl + sglog Ng) [

Corollary 19 Let R(-) be the k-support norm and X € R"*P be a sub-Gaussian design ma-
trix. Let f denote a lower bound on the conditional density around a neighborhood of the Tth

quantile of y;|x; for all x;. Then if n > c- (/s + slog[}]) and the error vector u is such

fvn
exp(—n2¢3+/ny /s + slog[£]),

inf OL(O",u; X, y) > wf||lul3 . (4.34)
uc oy -

/ D
that ||ull2 = © <S+Slog[’J> then with probability atleast 1 — exp(—v?/2) — exp (—%) -

Proof:  The result follows from Theoremnoting that w(A) = O(4/s + slog[Z]) ]
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4.4.3 Estimation Error Bounds
When the design matrix satisfies the RSC condition and the regularization parameter satisfies

inequality (4.7) then the non-asymptotic estimation error can be bounded using the following

result:

Theorem 12 Let X be a design matrix with i.i.d. isotropic sub-Gaussian rows with sub-

Gaussian norm K. Assume the regularization parameter satisfies the inequality A >

2
2R*(VyL(6*; X,y)) with probability atleast 1 — 1y exp (— ( - ) ) and the RSC condition

N2 K
is satisfied with probability atleast 1 — exp(—v3/2) — exp (—ﬁ%) — exp (—m¢3/nw(A)).

Then with A = 6 — 6%, for any norm R(+), we have for some positive constant ¢ with probability

2
atleast 1 — 11 exp (— <n22K> ) — exp(—v3/2) — exp (—%n) — exp (—1m2¢3y/nw(A))

max (\I/(ET) (1= ) (w(QR) + 1), w(A))
Kfvn ’

where all notations are same as Theorem[I0land Theorem|[I1|and the constant c depends on the

Allz < c- (4.35)

sub-Gaussian norm of the rows of the design matrix.

Proof:  The conditions on the regularization parameter and the RSC condition follow from the
results of Theorems[11|and The result on the ¢5 norm of the error follows from Theorem 2
in [[11]]. The first term inside the max is from the bounds on the regularization parameter while
the second term is from the condition imposed in the proof of the RSC condition. Note that for

most norms we consider w(A) is of the same order as ¥ (E, )w(QR). (]

The two norm of the error depends on the two terms m and f. The \/7(1 —7)
term is minimized at the tails and hence has the effect of reducing the estimation error. But
typically this is dominated by the lower bound on the density f term which makes the estimate
less precise in regions of low density. This is to be expected as there are very few samples to
make a very precise estimate in low density regions. We note that similar observations are made
in page 72 of [80]. Another aspect we reiterate here is the independence of the results from the
form of the noise. All results make no assumptions on the noise apart from an assumption on
the lower bound of the noise density.

Below we provide estimation error bounds for the atomic norms we consider in the work.

For the /1 norm the results match results in [[16].
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Corollary 20 Let R(-) be the {1 norm. Assume conditions in corollaries (14| and |l 7| are satis-
2
fied. Then with probability atleast 1 — 11 exp (— (n’;}() ) — exp(—v2/2) — exp (-%%) —
exp(—n2¢5v/nv/slog p),

Vslogp
fryn
Proof:  The result follows from the result of Theorem |12| and the results in corollaries [14|and

17 "

(Al <ec- (4.36)

Corollary 21 Let R(-) be the {1 /{2 non-overlapping group sparse norm. Assume conditions in

2
corollaries |15| and (18| are satisfied. Then with probability atleast 1 — 11 exp (- (n;’lK> ) —
2
exp(—3/2) — exp (=5 ) = exp(=n203v/n /sl + g log Ng),

\/Sgl + sglog Ng
fryvn ’
Proof: The result follows from the result of Theorem (12| and the results in corollaries |15|and
18l =

[Alls < e

4.37)

Corollary 22 Let R(-) be the k-support norm. Assume conditions in corollaries[16|and[I9 are
2
satisfied. Then with probability atleast 1 — 1, exp (— (n’;—l}() > —exp(—v2/2) —exp (-?) —

exp(—1¢3v/ny /s + slog[F]),

s+ slog[ 2]
fryv/n '
Proof: The result follows from the result of Theorem (12| and the results in corollaries |16{and
119 [

[Allz < c- (4.38)

4.5 Experiments
We perform simulations with synthetic data.
4.5.1 Phase Transition

Data is generated as y = X0* + w. 6* = [1,1,1,1,1,1,0,0,...,0] € RP for the /; norm

6 p6
and 0* = [1,...,1,1,...,1,1,...,1,0,...,0,...,0,...,0] for the ¢, /¢ group sparse norm
N N——

N——
5 5 5
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Figure 4.1: Probability of recovering true parameter versus the rescaled sample size for ¢; norm (top)
and {1 /{5 group sparse norm (bottom). There is a sharp phase transition when the number of samples
exceeds NIPS
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Figure 4.2: Estimation error of Lasso and ¢;-penalized quantile regression against different degrees of
freedom of the student t-distribution noise (top) and against percentage contamination (bottom). Quantile

regression is robust to heavy-tailed noise and outliers

with p € [500, 750, 1000]. The noise w; ~ N(0,0.25),Vi € [n] is Gaussian with zero mean
and 0.25 variance. The design matrix X ~ N(0,L,x,) is multivariate Gaussian with identity
covariance. We vary n = [10, 20, 30, ..., 120, 130]. For each n we generate 100 datasets with
the probability of success defined as the fraction of times we are able to faithfully estimate the
true parameter. For p = 500 we run simulations for 7 € [0.1,0.5,0.9] and for p € [750, 1000]
we run simulations only for 7 = 0.5. For the optimization, we use the Alternating Direction
Method of Multipliers [22]. The details of the updates can be found in the flare documentation
[90]. The code was implemented in Python. The plots in Figure 1 clearly show a phase transition

for both the ¢; and ¢ /{5 group sparse norms for all quantiles exemplifying the NIPS property
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described earlier.
4.5.2 Robustness

We showcase the robustness enjoyed by quantile regression over ordinary least squares esti-

mation against heavy-tailed noise and outliers. We consider the ¢; norm with y = X0* 4 w.

0* =[1,1,1,1,1,1,0,0,...,0]. For heavy-tailed noise we consider the student t-distribution
N e’ N’

6 494
with different degrees of freedom, with lower degrees of freedom corresponding to heavier

tailed data. To show the robustness to outliers we randomly pick a certain percentage of sam-
ples from the dataset and multiply the noise by 10, that is, w; = 10 * w; for a certain proportion
of the dataset. We vary the proportion of contamination from 2.5% to 15%. We fix n = 200
for this simulation. Again for both exercises, we run 100 simulations and plot the mean and
standard deviation of the estimation error || — 6*||o. The plots in Figure 2 show both the esti-
mation error against varying degrees of freedom of the student t-distribution and the estimation
error against the percent contamination. The observations are in agreement with conventional

wisdom on robustness of the quantile regression estimator to heavy-tailed noise and outliers.
Appendix
4.A Proofs for Number of Interpolated Samples

Theorem@] Let rows of the design matrix X € R"*P have isotropic sub-Gaussian rows and let
0* be an s-sparse vector that can be written as a linear combination of k atoms from an atomic

set of cardinality m,
k

0" = ciai,a; € Ac; > 0,| Al =m. (4.39)

i=1
Consider the regularized quantile regression problem penalized with the atomic norm R(6) =
16

As

6 = argmin L. (0) = argmin Y  p,(0) + AR(6) . (4.40)
fcRpP 0cRP

Let E, = {u | R(0" +u) < R(0*) + 3R(u)} denote the error set, let A = cone(E,) N SP~!
and let \ > R*(V L. (0%)). Then with probability atleast 1 —exp(—naW2(E,)(q+log(em))) —
2 exp(—nw?(A)) the number of interpolated samples,

sup |Z| = sup [{i:y; = (x;,0"4u), u € E,}| < max{q\IJQ(ET)(q—{—log(em)),csz(A))},
'LLEET UEE'I’
“4.41)
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where W(E,) = sup |‘|‘Z|‘|‘;‘ is the norm compatibility constant, q is the dimension of each
uek,
subspace of the atomic norm and w(-) denotes the Gaussian width of a set and 1, m2, c1, ca are

constants.
Proof: For simplicity consider the linear model y = X6* 4+ w. Then, for any u € FE,, if
yi = (x;,0) = (2;,0* + u) = w; = (x;,u). When all samples are interpolated w = Xu.
Hence we will show that when the number of samples n crosses a certain threshold ulenEf lw —
Xulj3 > 0. '
Consideraset D = {v | v = Zf;l ciai,¢; > 0,a; € A, ||v]lo < k1q} be the set of vectors
which can be written as a linear combination of k; atoms of the atomic set .4 such that ||v||p <
k1q. Clearly once n > ckiq all samples cannot be interpolated. Hence inf,ep |lw — Xv||3
becomes like a least squares problem and the infimum is achieved when w is projected on the

subspace spanned by ck1q columns of X. Let IIp(-) denote the projection operator. Then,
inf lw — Xoll2 = 2 _ 72
inf [l = Xoll3 = ] - Th(w)
= w3 — w303 (w/llwll2)
< Jlwl3(1 = TT5(8)) , (4.42)

where = w/||w||2. Below we quote a result from [6] to help get an upper bound for I1p(3),

Lemma 13 (Lemma 6.3, Amelunxen et al. 2014) For each closed convex cone D in RP with

w(D) denoting the Gaussian width of the cone,

_ 52
PTG 2 w(D) +9) < oxp (a5 ) @43

[
The lemma leads to the following corollary with cone D the subspace spanned by some s;

columns of X.

Corollary 23 Consider a k1q dimensional subspace and let 1 (-) denote the projection oper-

ator on the subspace of any unit norm vector. Then the following holds,

—6%/8
PN @) > chig-+0) < exp (15 (444)



72
The result follows directly from Lemma [13|and the fact that the square of the Gaussian width

of the subspace is equal to ckq. ]

Now consider the set B = U(m)D, that is, the union of all subsets of size k; of the atomic
k1
set A. Below we establish a result for projection of the vector 3 to the set B.

Lemma 14 Consider the set B = U (m)D. Then the following holds,

k1

P{n|[Ig(B)|% > ca(kiq + k1 log(em))} < exp(—niki(q + log(em))) . (4.45)

The argument follows from a simple union bound,

—52/8
P{n|[I5(B)|| > ckiq+ 8} < <Z) exp <ck:1qj—5>

—6%/8
< exp <ck:1qj—6 + k1 log(em)> .

The result follows from choosing § = ¢;(k1g + ki log(em)) with ¢; large enough so that
2
co =c+cy and % — kilog(em) > niki(q + log(em)). m

Now from (4.42), the following can be easily inferred.
inf [lw — Xz = [lwll3(1 - TT5(8)) (4.46)

Therefore from the result of Lemma we can infer the following when n > ¢q(k1q +

c2 (k1 q+k1 log(em))
n

k1 log(em)), choosing kg = < 1 with probability atleast 1 — exp(—n1k1(q+

log(em))),
%fguw—Xvug > ||w|3(1 = ko) > 0. (4.47)

Next we move to analyzing conditions under which inEf |w — Xul|3 > 0, where E, is the
(IS
error set. We need the result from the following lemma which is based on Maurey’s empirical

approximation argument.

Lemma 15 Let X € R"™*P be a random matrix with sub-Gaussian isotropic rows. Let for any

v € B, where set B is as defined above, in}fB |lw — Xv||2 > 0. Let u € E, be any non-zero
ve
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vector in the error set whose atomic norm representation is u = Z;’il cai,c; > 0,a; € A

Then |jal| 4 = Y_i", ¢;. Let

m
wi=1ci/ > ci=cj/lulla
j=1
then

inf [jw— Xul2 > k1llw|3, (4.48)
ueFE,

when n > max{ciV%(E,)(q + log(em)),cow?(A)} with probability atleast 1 —
exp(—m2V2(E,)(q + log(em))) — 2exp(—nw?(A)) where k1,1,m2,c1, ca are positive con-

stants.

Proof: Forany u € RP,u = > " cia,¢; > 0,a; € A, let W € RP be a random vector
defined by,

PW = |lullaai) = T || (4.49)

Hence, E[W] = wu. Let Wi, W5, ..., W, be independent copies of W and set Z =
/Tll Zf;l W;. Therefore Z belongs to the set B. In the following all expectations are w.r.t
Z,

Bllw = XZ|3 = llwl3 + EIXZ|3 - El2(w, X Z)]

1 1

= ||w|2 + & Yo EXWLXW,) + & > EBXW, XWi) - 2(w, Xu)
Lige, .. kili# Lielt,.. k)

ol + B =D ey ) 1 Z ul(Xos, Xau) - 2w, X

m
u
:||w||§+<l >||Xu||2 | HAZ (Xag, Xag) — 2w, Xu)

2
u
< flw = Xull3 + % > pilXai, Xa;)
i=1

where in the second inequality we use the definition of Z and use F[Z] = u, in the third
inequality we use the definitions of the IW;’s and in the last inequality we use the definitions of

w;’s. Therefore we get,
|w— Xul|2 > E|lw—XZ|2 - lu ”A Z (Xa;, Xa;) . (4.50)
Therefore for any vector in the error set u € F).,

m

inf — Xull2> Ellw—-XZ
nf o = Xulf > Blw - XZ]3 -

L Xag) 4.51)

UGT 1
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From (#.47), since any random vector Z belongs to the set B by design, with probability atleast
1 —exp(—n1ki1(q +log(em))) when n > c¢1(k1q + k1 log(em)),

Elw—XZ||3 > inf flw — Xoll3 > wll3(1 — ko) - (4.52)

Now |[|u||% < W2(E,)||ul3 where ¥(E,) is the norm compatibility constant. Also from their
definition p1; < 1, ;" pt; = 1. Therefore we get the following,

2 \112 E 2
sup lull% < (Er)[lullz sup(Xa;, Xa;) . (4.53)
ue b, kl kl a;

We need the following result from [[11]].

Theorem 13 (Theorem 5, Banerjee et al. 2015) Let X be a design matrix with independent

isotropic sub-Gaussian rows, i.e., ||z;||y, < K and Elz;xzl] = L,x,. Then for absolute con-

stants 1, ¢ > 0, with probability atleast 1 — 2 exp(—nw?(A)) we have,

sup | 1013 1| = sup 13 (r? 1| < 220 (454
up |—||Xulj3 — 1| =sup |— xi,u)” —1| <ec ) .
ucA | 2 ucA | i—1 ' \/ﬁ
or equivalently,
A 1 1 A
1-— cM < inf — || Xull3 < sup—|Xul3 <1+ CM : (4.35)
Vno T ueAn weA T vn

Now as a consequence of Theorem 13| since a; € A where A is the atomic set and w(Qpg)
is the Gaussian width of the unit norm ball,

sup(Xa;, Xa;) = sup || Xa;||3 < (n + ev/nw(QR)) < 2n, (4.56)

ag

where we use the result of Theorem [13|for the second inequality and in the third inequality we
use that n > cow?(A) > w(QR), i.e., the Gaussian width of the error set A = cone(E,.) N §P~!
is greater than the Gaussian width of the unit norm ball 2z and we choose ¢ large enough so
that /n > cw(QR).

Next for a lower bound on ||u||3, note that ||w — Xwul||3 is minimized when w and Xu are
such that (w, Xu) = —||w||? so that ||w|]2 = || Xul|3. The result of Theorem applies to

unit norm vectors u € A = cone(E,) N SP~L. For u € E,, the result of Theorem (13)) applies
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to the set A = cone(E,) N SP~1. The following result can be obtained by simple arithmatic

manipulation,

A 1 A 1
PG inf Lixuz = (1A i < it xul?
\/ﬁ u€A=cone(E,)NSP~1 N \/’Tl uelb, n

(4.57)
Therefore substituting || X u|l2 = [|w||2 in equation (4.57),
2 2
n (1 - c—w(A)> n
Jn

where in the last inequality we use n > cow?(A) where ¢y is a constant large enough so that

C4y = 1%. Therefore from equations (4.51)), (4.52)), (4.53), (4.56), (4.58) we can infer the
_ow(A)

n

following with probability atleast 1 — exp(—n1ki1(q + log(em))) — 2 exp(—nw?(A)),

2c,V%(E,)
k1> . (4.59)

inf — Xul2 > 21— ko —
nf llo = Xull > ol (1 5o

Now choosing k1 > %2(_%3 for some positive constant k1 < 1, we get with probability
atleast 1 — exp(—m2¥2%(E,)(q + log(em))) — 2 exp(—nw?(A)) with ny = %
inf ||w— Xul|3 > k1]jw|3 . (4.60)
UEE’V‘

As for the condition on the number of samples, it should satisfy the following condition,
n > max{c;V%(E,)(¢q + log(em)), cow?(A)} . (4.61)

Hence when n > max{c;¥?(E,)(¢ + log(em)), cow?(A)} with probability atleast 1 —
exp(—12P*(E;)(g + log(em))) — 2 exp(—nuw?*(A))

inf |lw— Xull3 > r|wl?. (4.62)
uekb,
This proves the results of Lemma|[15] ]

As outlined in the beginning of proof of Theorem [9] the above result implies that
max{c; ¥?(E,)(q + log(em)), cow?(A)} samples will be interpolated with probability atleast
1 — exp(—m2V?(E,)(q + log(em))) — 2 exp(—nw?(A)). -
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4.B Proofs for the Regularization Parameter
Theorem Let X € R™ P be a design matrix with independent isotropic sub-Gaussian rows

with sub-Gaussian norm ||z;||y, < K. Define Qr = {u : R(u) < 1} the unit norm ball and
let ¢ = sup ||ul|2/R(w). Then the following holds
u

K\/7(1 —17)w(QR)
vn ’
where c is any fixed constant depending only on the sub-Gaussian norm k. Moreover with

2
probability atleast 1 — 1y exp <_ (W) >

E [R*(VQ‘CT(Q*aX? y))] <c

(4.63)

K\/7(1—7)(w(QR) +v)
n )

RY(VoLr (67 X,y)) < 1 (4.64)

where c1,n1, 12, V are absolute constants.

Proof: Denote by (-(u) = (I(u < 0) — 7) for any u € R. Also define 9, (u) : R" — R"
where the ith element of (¢ (u)); = (;(u;),1 < i < n. Then the gradient of the loss function
evaluated at 0% is,

n

(Vole(0" X,p)) = 3 (o ey — Xit")

=1
1
= X7y (y - X0")

| o XTy (y— X0%)
= s (y — X0
a0 = X0 e ST,

1 *
= —|lvr(y — X0 M2 Xy,

where v is a unit vector. Hence,

1
R (VLA(0% X, y)) = — R (v (y — X0")[l2XT)

1
= sy — X0 BF(XT)

We will now focus on the random quantity |4, (y — X0*)|2R*(XTw). We first obtain
bounds on Ex ,[||1)7(y — X 6%)||2]. Note that quantile regression on the 7th quantile introduces

an ordering where y; < (x;,0*) for nT samples and y; > (x;,0") for n(1 — 7) samples (see
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Theorem 2.2 in [80]). Therefore for any X, v,

EX,y[HwT(y - XH*)H%] < 17/7—(1 _ 7—)2 + n(l o 7_)7_2

<nr(l-71) (4.65)

To bound Ex[R*(XT~)] for some unit norm v € S™~!, we use similar arguments as
Theorem 3 in [11]. We make the following observation,

R (XTy)= sup (XTn,u)= sup (h,u), (4.66)
w:R(u)<1 w:R(u)<1

where by the definition of sub-Gaussian random vectors, h = X7+ is a sub-Gaussian vector
in R? for all v € S™~! and by Lemma [35| the sub-Gaussian norm of each element ||h;[|y, <
cK,1 <i < pimplying ||k, < sup ||hilly, < cK. Now consider the result of Theorem 8 in
[L1] below.

i

Lemma 16 (Theorem 8 in Banerjee et. al., 2015) Let Qp = {u | R(u) < 1} be the unit norm
ball of R(-). Assume h is any centered sub-Gaussian random vector with ||h||y, < cK, then we

have,

E
w:R(u)<1

sup (h, u>] < Kw(QpR), (4.67)

where ¢y is a constant.

Therefore from equation and the result of Lemma we can infer that for all y € S7~!
Ex[R*(XTy)] < e Kw(QpR) . (4.68)

Therefore we can infer the following,

Ex yllr(y — X6%) |2 X 4] < sup |- (y — X0%)[]2 sup Ex[X7+]
X:y 'yES'”_l

<caKynt(l—1)w(Qg), (4.69)

where the inequality in the second line follows from equations (4.65), (4.68) and a simple

application of Jensen’s inequality. Therefore it follows that,

B[R (VoL (6" X)) = E | L uny - X8| (x7)| < EVT0 \_/HT)W(QR) |
(4.70)
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which proves the expectation result.

For large deviation bounds of R*(X7+), we use the following result from Theorem 9 in
[LL1]).

Lemma 17 (Theorem 9 in Banerjee et. al., 2015) Ler Qp = {u | R(u) < 1|| be the unit norm
ball of R(-). Assuming h is any centered sub-Gaussian random vector with ||h||y, < cK, then

we have for any v > 0,

2
p< sup (h,u) chKw(QR)+V) < 1 exp (—( - ) ) , 4.71)

w:R(u)<1 neK ¢

where c1,m1, 12 are constants and ¢ = sup ||u/2.
R(u)<1

2
Therefore, we can infer that with probability atleast 1 — 1 exp (— (772’[’( ¢) )

K\/7(1 —7)(w(Qg) +v)
7 :

This completes the proof. ]

R* (VoL (6% X,y)) < ¢ 4.72)

4.C Proofs for the Restricted Strong Convexity (RSC) Condition

Proof of Theorem Let X € R™ P have sub-Gaussian rows with sub-Gaussian norm K.
Let 0 < f < fi({x;,0%)) be a uniform lower bound on the conditional density around a
neighborhood of the Tth quantile of the conditional distribution y;|x; for all x; in the sup-
port of X. Let the number of samples n > c - w?(A), where A = cone(E,) N SP~! and
E, = {u|R(6" + u) < R(0") + £ R(u)} is the error set. Also,assume that ||ul|s = © (w(A)).

fvn
Then, for positive constants ¢1,p2,v we get with probability atleast 1 — exp(—v?/2) —

exp <*qﬁ7n> — exp (*qu%\/ﬁIU(A))’

inf 6L.(0%,u X,y) > wfull3 (4.73)
uec Loy -

for some positive constant k.
Proof:
For the quantile loss 0 £L(6*, u; X, y) evaluates to the following,

S ol 6 ) — i — %) | — (G )G — (2, 6)), (4T4)
=1

i=1
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where (;(u) = (I(u < 0) — 7) forany u € R

Now from Equation (4.3) on Pg 121 of [80], for any two scalars w and v we have
pr(w =) = prfw) = —o(r ~Lw < 0) + [ (Uw<2)~Tw < 0))ds
0
— e (w) +/ (I(w < 2) — T(w < 0))d= .
0

Now in equation (4.74) fori = 1,...,n, let w; = y; — (z,0*) and v; = (x;,u), so that
OL(0*,u; X, y) evaluates to the following,

S0 u X,0) = - (s, )i — (21,6°))
i=1

n <I¢, >
P> [ @0 < 2) ~ U (01,07 < 0))dz
i=170
= LS (s ) (i — (@0,07)
=1
n (x“u>
_ iz/ (Uys — (21,67) < 2) — Ly — (@, 6%) < 0)dz. (4.75)
i=1"0

Note that for the interpolated observations the integral evaluates to zero. Hence the RSC con-
dition will not be satisfied until n > r when we will start getting nonzero positive and negative

residuals.

The above formulation can be equivalently written as follows with w; = y; — (x;, 6%),
1 n
OLEW" ui X,y) > oo > s, w) lws| < [{ai, w) /2] T [sign(w;) = sign((zi,u))] . (4.76)
i=1

We will consider samples such that |(z;, u)| > £||ul|2 for some constant £ we will define later

w(A)

and assume ||ul[2 > - 7 Therefore, we will bound the following quantity,

6L(0",u; X, y) > % ZEIIUHQ M| (zi, w)| = Elulle] Mwi| < Eflull2/2] T[sign(w;) = sign((zi, u))] -

4.77)

Let us first bound the quantity 2 3% | &|ul|2 I[|[{zs, u)| > &]|ull2]

The following result follows from arguments in Proposition 5.1 in [[124]].
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Theorem 14 Consider the set A = cone(E,) N SP~L, where E, is the error set. Define the

marginal tail function as follows for some positive constants 3, &,

B = inf P([(zi, u)| =€) - (4.78)

A=cone(E,)NSP—1

Then the following is true with probability atleast 1 — exp(—v?/2),

w(A) _ . 4.79)

Vi Vm

mf—Zgﬂ (@i, u)| > €] > €8 — ¢

uEA N

Moreover, fix the two-norm of the error vector u as ||ulla. Then the following is true with

probability atleast 1 — exp(—1v?/2),

ulenEf*Z€||U||2]I sl = el > (6502 - 2 ) . @30

Now due to the conditions I[|w;| < &||u|l2/2] and I [sign(w;) = sign({x;, u))] there will
only be m < n samples that will satisfy both conditions. We will derive high prob-
ability bounds on the number of samples satisfying conditions I[|w;| < &||lul|2/2] and
I [sign(w;) = sign({x;, u))].

First consider the following event,

n

Zﬂ[sign(wi) = sign((z;, u))] . (4.81)

i=1
Since z;’s are symmetric isotropic sign((z;, u)) is positive with probability 1/2 and negative
with probability 1/2. Similarly since we are evaluating the 7th quantile w; is negative with
probability 7 and positive with probability 1—7. Also the signs of w; and (z;, u) are independent
of each other. Hence the variable sign(w;) = sign((z;,w)) is a Bernoulli(p) random variable

with,

p = P(sign(w;) = sign((z;,w))) = P((zi,u) > 0,w; > 0) + P((z;,u) < 0,w; < 0)
=1-7)x(1/2)+7%(1/2)=1/2.

We need the result from the below Chernoff bound to establish high probabilitybounds.
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Lemma 18 Let z; ~ Ber(p) be i.i.d. Bernoulli random variables. Then,
1 n
1=

By a simple application of Chernoff’s bound in Lemma [I8] for some constant 0 < ¢ < 1, we

> e> < 2exp(—2ne?) . (4.82)

get the following,

" — n ZTL
P (Zﬂ[signw — sign((xi,u))] < ”j”) <o (A7) asy
=1

Now, consider the quantity I[jw;| < ||ull2/2]. Note that w; = y; — (x;,0%). Let f be a
uniform lower bound on the conditional density around the probability distribution y;|z;, Vz;
around the 7th quantile, such that P(|w;| < ||lul2/2) > f¢]|ul|2/2. Clearly I[jw;| < £lull2/2]
is a Bernoulli random variable with success rate f¢||ul[2/2. Therefore by a simple application
of Chernoff’s bound in Lemma for some constant 0 < ¢ < 1, we get the following,

n 2
P(ZHM < €lull/2) < (1—¢2)nf€IIUII2/2]> <exp (—W) s
=1

Now the events I[|w;| < &||u||2/2] and I [sign(w;) = sign({x;, u))] are independent of each
other. Therefore from equations (.83 and (5.95)), we get the following,

(1—¢1)(1 - ¢>2>nf£||u||2>

P (Z Isign(w;) = sign((z, u))] Mjwi| < &lull2/2] < 1

=1
2 2
gm0@§ﬂm§w§wﬂ

Therefore, we have determined that with high probability m = (1_¢1)(1_f2)ni5“u”2 sam-

(4.85)

ples satisfy the conditions I[|w;| < &||u|l2/2] and I [sign(w;) = sign({x;,u))]. Now applying
Theorem for the m samples, we get the following with probability atleast 1 — exp(—v?2/2),

Ui A
int S ellulla Mo, u)] > Elluls] > (5/3 - cz“jm) - fm) mlula. @36
"i=1
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and the assuming |jul|s = 03% for some big enough

fvn
2
positive constant c3, we get that with probability atleast 1 — exp(—v2/2) — exp (—(b}l—n) -

exp (—c163y/mw(A))

Substituting m = {—*0=02)n/Elulz

- A)l/2 (1—¢1)(1 = ¢2)nfE
> €lull 0] > €llll] > (68 - e o — ey ) SR
=1
(4.87)
> Hni”u”% , (4.88)
where we use k = <£ﬁ - 021”5:431/2 - n1/4'LZ(£A)1/4) (1_¢1)511_¢2)§ > 0 whenn > ¢ w?(A)).

This proves the stated result. |



Chapter 5

A Unified Analysis of High-Dimensional Single Index
Models

5.1 Introduction

Regression analysis [137, 164] is widely used to find relationships between a response vari-
able y € R and explanatory variables z € RP. Nonparametric regression [[135} [125] 129} 165]
techniques make very few assumptions on the relationship y = f(z,w) with w denoting the
noise in the system. A major limitation is that the number of samples required for efficient
estimation increases exponentially with the dimension (curse of dimensionality) [62]], making
them especially unsuitable for high-dimensional regression problems. At the other end of the
spectrum, methods like linear or generalized linear models [13} 25, (98] assume the relationship
y = f({x, 6*),w) with some known transfer function f(-). The parameter 6* is then estimated
using methods like maximum likelihood estimator, e.g., least squares or quantile regression
[80]. However, in many practical applications, the linear model is at best an approximation to
the true model. Single index models (SIM) [67, [70} |65] are semiparametric regression mod-
els which offer a middle path, assuming the relationship y = f((z,0*),w) where the transfer
function f(-) can be unknown, thus offering more flexibility than linear and generalized linear
models. On the other hand, the response is assumed to depend on a one-dimensional projection
of data on a suitable direction * thus avoiding the computational problems due to curse of di-
mensionality of nonparametric regression techniques. In this chapter, we consider the problem
of estimating the parameter 6* in high-dimensional SIM [111},40, (925993 [106]].

Consider we have n measurements {z;,y;}I" ;. Let f : R — R be any nonlinear function

and 0* € RP be a sparse parameter vector whose structure is characterized by atomic norms

83



84
[33], e.g., the ¢1 norm [123]], group-sparse norms [143| [71]] or k-support norm [7]. We study
two problems characterizing the conditional distribution y|x in the high dimensional setting
where possibly n < p:

Mean Single Index Models (SIM): Mean SIM make the assumption that the expectation
of the response is some unknown nonlinear transformation of a linear function of the covariates
(88,24} [111]].

Elylz] = f((x,67)) . (5.1
Special cases of mean SIM’s include the linear model with identity transfer function, i.e.,
f(u) = u and generalized linear models like logistic regression where f(u) = 1/(1 + e~ ")
[98]].

Quantile Single Index Models (SIM): Quantile regression is widely used to model the
quantiles of the conditional distribution y|x [80]. In quantile SIMs [145], [138], we assume the
7-th quantile of the response for 7 € (0, 1) is some unknown nonlinear transformation of a

linear function of the covariates. Formally we assume the following:

F o (rla) = f-((2,67)), 7€ (0, 1), (5.2)

where F),(-) is the cumulative distribution function of the conditional distribution y|z. The
parameter 6% and nonlinear transform f,(-) can vary with 7 € (0, 1) but satisfy the constraint
Jr ({2, 05) > fry((x,0%,) if 71 > 7o. Quantile SIM is used in applications to model properties
of the conditional distribution y|z other than the mean, e.g., when data is assumed to have
the relationship y = f({x,0*)) + w and the additive noise w is asymmetric, heavy-tailed or
heteroscedastic.

In this work, we make the assumption that the covariates are non-degenerate elliptically
symmetric [27, 57, [79]. An example of an elliptical distribution is the multivariate Gaussian

distribution.

Definition 12 Elliptical Distributions: A random vector x € RP follows an elliptical distri-

bution EC(p1, 2, €) iff « has a stochastic representation:
T~ pu+EAu, (5.3)

where 1 € RP, ¢ £ rank(A), A € RP*9, ¢ > 0 is a random variable independent of u,

u € S uniformly distributed on the unit sphere and E[AAT] = %. Also E[x] = u and

cov|x] = %ﬂi.
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At first glance, it may seem impossible to estimate the parameter direction without some knowl-
edge on the properties of the transfer function. But when the covariates are elliptically symmet-
ric the following result in Theorem [I5] can be leveraged to design very simple and efficient

estimators without any knowledge of the transfer function [[111} 188} 40} 51,92, 145]].

Theorem 15 (Theorem 2.1 in [51|]) Consider a single index model with elliptically symmetric

covariates. Then the inverse regression curve E|x|y| falls along a line:

Elzly] = p+ B(y)20", (5.4)

where u = Elx|, ¥ = cov(z) and (3 is a scalar function of y:

El(x — p,0%)|y]

(670" )

Bly) =

Based on the elegant result of Theorem|[I5] we make the following contributions to the study

of estimators for SIM models when the covariates are elliptically symmetric:

(1) We establish a unified analysis framework under which we compare existing estimators
[111} 193192, 140, 59] for high-dimensional mean SIM. Prior work has assumed elliptically
symmetric covariates explicitly [59] or implicitly by assuming Gaussian covariates [[111,/93,

92, 140]. We show past estimators to be variations of the following constrained formulation:

- 1
0 := argmin—|| X 0|3 — (n,0) st R(9) <BR(O"), (5.6)
gerr 21

with the parameter n = %X T3 is a weighted combination of the rows of the design matrix
with the weights ¢ computed differently for different estimators and R(-) is any atomic
norm constraint. For example, the constrained least squares estimator with y = y is shown
to be a consistent estimator of 8* [111]]. Using the elliptical symmetry property of covariates
we show E[n] = SX0* for all estimators, where ¥ = cov(x). The constant /3 varies with

estimator, transfer function and data.

(2) We design a new estimator inspired by ideas from sliced inverse regression [88, |51]. We
show both theoretically and empirically through multiple experiments on synthetic data
that our new estimator, unlike estimators in 111} 93} (92} |40], is simultaneously robust to

heavy-tailed, outlier noise, is sample efficient, and can handle non-monotonic functions.
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(3) The following constrained linear quantile estimator (5.7) [80] has been shown to consis-

tently estimate the direction of 6* in quantile SIM when the covariates are elliptically sym-
metric [145]]:

R 1 &
0,, ;= argmin — Zp.r(yi —(z4,0)) s.t. R(0) <BR(O"), (5.7)
S e

where pr(u) = (7 — I(u < 0))u is the asymmetric absolute deviation function [80], I(-)
is the indicator function and /3 varies with data. Our main contribution on quantile SIM
models is to derive non-asymptotic error bounds for the constrained quantile regression

estimator.

We highlight a few important aspects of our work. First, all our bounds are non-asymptotic
and are general enough to handle any atomic norm. All results are expressed in terms of easily
computable geometric quantities [38| 33]], like Gaussian widths [60, [122]] and norm compat-
ibility constants [[17, [105]], on sets related to the norm. Second, the robust techniques can
complement techniques like Huber loss function [69] when covariates are elliptically symmet-
ric. Third, although we do not focus on characterizing f(-), practically once 0* is efficiently
estimated standard smoothing techniques from nonparametric regression can be used to model
properties of f(-) [104}[136,41].

The chapter is organized as follows. Section |5.2|and Section [5.3|discuss parameter estima-
tion in mean and quantile SIM respectively. We show results on synthetic datasets in Section
For both mean and quantile SIM, we will assume for sake of convenience u = E[x] = 0,
|%1/26*||5 = 1. We note that in general only the direction of §* is identifiable and any magni-
tude for cases when ||%1/26*||5 # 1 can be absorbed in the definition of f(-) [67, 111,88, 40].

5.2 High-dimensional Mean SIMs

We consider the problem of parameter estimation in mean SIM in this section. In Section[5.2.1]
we establish a common framework through which we highlight similarities between existing es-
timators for mean SIM. We also briefly outline the estimator properties w.r.t. sample complexity
required for estimation, robustness to heavy-tailed/outlier noise and assumptions made on the
transfer functions. In Section we design a new estimator inspired from sliced inverse
regression, establish non-asymptotic estimation error bounds assuming sub-Gaussian ellipti-
cally symmetric design matrices and compare its performance to the estimators we consider in

Section
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5.2.1 Comparison of Estimators

Existing estimators like constrained least squares [111]], sliced inverse regression [92, (93] [106]
and estimator based on U-statistics [40] for mean SIM are variations of the constrained estimator

(5.6). The quantity n € RP satisfies the following properties:

() n= %X T3, with j € R™ computed differently for each estimator. The computation of the

quantity g is influenced by the response.

(b) Consider the derivative of the loss function in without the constraint,
1
FO)=—-XTX0—1. (5.8)
n

Using the result of Theorem we can show 7 is such that Ex ,[n] = X6* with
varying with the estimator and transfer function. Therefore the true parameter 0* satisfies
Ex.., [F(B6*)] = 0. The result further implies that Ex ,[6] = 86* and hence (5.6) is an

unbiased estimator of 56*.

Theorem [16|below is a formal statement whose proof we provide in the appendix along with a
short description for sliced inverse regression [92, 93, [106]] and the U-statistics based estimator
[40]. The essence of each method is to compute 7 as a weighted combination of the rows of the
design matrix such that E'[n] = SX60* using property in Theorem |15 for elliptically symmetric
covariates. The bounded weights ¥ in sliced inverse regression and U-statistics based estimators
ensure robustness to heavy-tailed/outlier response in contrast to the constrained least squares
estimator, On the other hand, sliced inverse regression estimator requires considerably more
samples for parameter estimation. For example, when R(-) is || - ||1, [93}[92] show that without
making assumptions on the covariance matrix ©(max(slogp, \/p)) are required for consistent
estimation. In contrast both constrained least squares and the U-statistics based estimator need
only ©(slogp) samples for consistent estimation. But the design of the U-statistics based
estimator explicitly assumes the transfer function to be monotonic, i.e., f(u) > f(v),Vu > v
or f(u) < f(v),Yu > v. All estimators require the transfer function to be non-even. Even
functions satisfy f((z,0%)) = f((—x,6*)) forall z, e.g., f(u) = u?.

Theorem 16 The constrained least squares estimator [111], sliced inverse regression [92, 193,

106 and U-statistics based estimator [40] are equivalent to the constrained estimator (@)
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1. For the constrained least squares estimator [I11, 23],
1 * *
n=—X"y, B=Exu[f(z,07)(0") (5.9)

2. For the sliced inverse regression estimator [92] 193, [106], let y' denote the response vari-

able sorted by ascending order. Divide the range of y' into H contiguous slices denoted

by I. Let v,, h = 1,---, H are bounded weights assigned to each slice such that
|Inll2 = 1. Then,
1 H
n=—X"g, §i= ;%H[yi €l p=1 (5.10)

3. For the U-statistics based estimator [40], let y' denote the response variable sorted by
ascending order. Then § are assigned values between [—2,2| based on the ordering in
y'. More formally let i' € {0, ... ,n — 1} denote the position of response variable vy; in
y'.

2%l

1
= -XTy §gi=—-24 """
77 n ) yl +(n_1)

B=Ex, Z sign(y; — yj) - (i — x5,0%) (5.11)
4,J€[1,...,n];i#£]7

Moreover for all estimators Ex ,,[n] = BX0* so that Ex ,, [F(80*)] = 0 where F(-) is

the derivate of the loss function.
5.2.2 A New Sliced Inverse Regression Based Estimator

In this section, we discuss a new estimator based on ideas from sliced inverse regression which
we show to be simultaneously sample efficient, robust and can gracefully work with non-
monotonic functions. We also derive non-asymptotic estimation error bounds for the estimator.

The first couple of steps in Algorithm [I] are similar to original sliced inverse regression in
[88]]. Our algorithm differs in the way 7 is computed in step 3. The result of Lemma [I9] helps

explain the motivations behind computation of 7.

Lemma 19 Consider the estimate of n in Algorithm For some g withg; € [—1,1],1 <1i <mn,
the quantity 1) can be equivalently written as 1 = %X T4. Also the following is true,

B

Ex. [XTXG* — n} =0, (5.12)
n
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Algorithm 1 Sliced Inverse Regression for High-dimensional Single Index Model (SIR-Hd-
SIM)

1: Sort y to obtain y'. Divide range of y! into H slices I,, h = 1,..., H each containing

np = |n/H | samples

2: Within each slice compute sample mean zj, of

1
:Z‘h:—in,hzl,...,H. (5.13)
Mth yi€lp
3: Let
H/2 H/2
v=[-1,...,-1,1,...,1] OR ~=[-1,-1+1/(H-1),-1+2/(H —-1),...,1]
(unweighted SIR) (weighted SIR)
(5.14)
and compute
Xz
=35 D Wh - (5.15)
h=1
4: Computeé
A 1
= in — || X605 — t. < ). 1
0 = argmin || X6|)3 - (n,0) st R(0) < BR(07) (5.16)

with f = Ex [% Z{Ll yr(z, 0%) ‘ Y€ Ih} is defined in step 3.

Unweighted SIR: By Lemma (19, the estimator works when =
Ex oS3m0  Anz,0%)|y € I] is not zero, where 7, is the weights assigned to the slices
in Step 3 of the Algorithm. Consider the case when 7, = 1, 1 < h < H. Then
Ex o[>0 (x,6%y € I] = E[(z,6*)] = 0 and hence the estimator will not work since
f = 0in Lemma|[I9 Now consider formulation for unweighted SIR. Let the transfer function
be monotonically increasing. y' € R is the sorted response vector. Divide the range of ¢! into
two such that each half has equal number of samples. Ignoring the noise, the values of y; ’s in the
bottom half (smaller values) can be argued to be generated as yj =f ((mj, 0*)), (:1:?7 6*) <0
and in the top half (larger values) to be generated as yiT =f ((xj, 0*)), (xZT, 0*) > 0, where
we denote xj to be the covariates corresponding to response yzT Therefore our choice of v for

unweighted SIR is such that 75, < 0 when (z, 6*) < 0 and 3, > 0 when (z, 6*) > 0 and hence
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B =511 Ely(x,0%)|y € I,] evaluates to a non-zero value.

Weighted SIR: We find the weighted SIR estimator to perform better than unweighted
SIR on most synthetic datasets in Section [5.4] The better performance can be attributed to the
following argument. Consider f to be monotonically increasing. For slices with low or high y;
values, 5, = E[(z;,0%)|y; € Ip] should be expected to have high absolute values. Since the
empirical mean in each slice is Z, = E[z|y € I;] + A = X0 + A [51188] by Theorem
where A is a random sub-Gaussian noise, the high values of ;, ensure the signal to noise
ratio || 8,260*||2/||A||2 is high. In contrast the mid values of y; correspond to slices with smaller
values for (z;,0*) and consequently ;. Low values of (3, in the middle slices mean a lower
signal to noise ratio. The weighted SIR formulation downweights estimates from the middle
slices, i.e., corresponding v, values are close to 0, which correspond to low signal to noise ratio
leading to better estimator performance.

Number of slices (H), weights (v): As shown in [88]], the number of slices can vary from
as low as 2 to as high as n/2. In general, the method works as long the choice of v3’s is such
that 5 # 0.

Connections to the U-statistics estimator: On closer inspection, the U-statistics estimator
[40] is similar to weighted sliced inverse regression in Algorithm |1} The U-statistics method
divides the data into n slices based on sorted response values, assigns increasing weights to
each slice in the range [—1, 1] and computes 7 as a weighted combination of the covariates
belonging to each slice. Based on this interpretation the U-statistics estimator should work
for non-monotonic transfer functions for which Algorithm [T] works, a hypothesis which we
positively validate on synthetic data in Section[5.4]

Before we establish non-asymptotic estimation error bounds for the estimator in Algorithm
we highlight a few properties of the estimator. Due to bounded g, the estimator is robust to
heavy-tailed/outlier noise. The algorithm can be used with any transfer function except even
functions. For even functions, the estimate 8;, = E[(z;,0%)|y € I;] = 0, Vh, since —z and
x generate the same y value. As we show in the result below the estimator is sample efficient,
e.g., O(slogp) samples are sufficient to estimate the parameter direction with the /1 norm.

We use tools from the uniform analysis framework established in [[11} 105} 33] for high-
dimensional linear regression to derive non-asymptotic estimation error bounds when the design
matrix is sub-Gaussian elliptically symmetric. We first define a few important notations. The

constraint in estimator |i ensures the error vector A = f — 0* belongs to the set £, = {u €
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R? | R(B0* +u) < R(B6*)}. Define the error set as A = cone(E,.)N.SP~1. Also define the unit
norm ball Qr = {u € RP | R(u) < 1}. The estimation error can be expressed using geometric
quantities related to the sets A, Q. The first is the norm compatibility constant [17, [105]]
defined as W(A) = sup %. For example, when R(-) is ||-||1, U (A) = /s for s-sparse 6*. The
second geometric qlzgr?tity is the Gaussian width of a set [[121}122], which informally speaking
is a measure of the size/complexity of a set. Formally, for any set A C RP, the Gaussian width
denoted by w(+) is defined as w(A) = E [sup(g,w where g ~ N(0,I,x,) is a standard
Gaussian random vector. The number of sarrﬁ)elés required for estimation, the estimation error
depend on the Gaussian widths of the error set and unit norm ball. Gaussian width values for
popular norms can be found in [33] 38]]. For example, for the ¢; norm w(A) = O(y/slogp),

w(2r) = O(y/log p) when 6* is s-sparse.

Theorem 17 Let X € R™ P have independent sub-Gaussian elliptically symmetric rows x;
with E[z;] = 0, cov(x) = ¥ and sub-Gaussian norm ||z; %72\, < k. Let Amax (%) denote

the largest eigenvalue of ¥ and Apay (X A) = sup u” Su. Then for the sliced inverse regression
u€A

estimator in Algorithm[l|when n > ©(w?(A)) the following estimation error bound holds with
2
probability atleast 1 — 2 exp(—v1w?(A)) — vo exp <— ( - ) >

V3KO

|All2 = [0 — 6%l < O (W(A)”‘/mw(%) + BAmaX(EM)w(A)) . (5.17)

NZD
where [ is the value defined in Lemmall9and n, vy, vo, v3, T are absolute constants.

For example, for the £; norm with s-sparse parameter the result of Theorem [17|implies n =
©(slog p) samples are sufficient for consistent estimation and the estimation error is ||A|ly =
O(\/m) matching the bounds for the linear model [17, 133} 105} [11]]. Also our analysis
is general enough to handle most atomic norms [33]]. For example, we obtain the same bounds
as 1 norm when R(-) is the k-support norm [7]] with s-sparse parameter, matching the results
for the linear model [7, 38]].

5.3 High-dimensional Quantile SIMs

In this section, we discuss parameter estimation in high-dimensional quantile SIM [16,118]]. An
important consequence when covariates are elliptical symmetric is the linear quantile regression

estimator (5.7) is consistent for the direction of 8* [145]] when the transfer function is not even.
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Lemma 20 (Theorem 1 in [[[45]) Assume the quantile single index model with elliptically sym-
metric covariates and function f(-) which is not even. Then the following is true,

pOr = argmin E, , [p-(y — (2, 0))] , (5.18)
0cRP

for some 3 depending on the data.

Before establishing non-asymptotic estimation error bounds we remark on a couple of inter-
esting properties of the quantile SIM model. Quantile regression is robust in the sense that the
estimator is less sensitive to outliers in the data compared to least squares regression. Quantile
regression is also equivariant to monotone transformations [80]. Let F~ L(7) denote the quantile
of some univariate random variable y. Then equivariance to monotone transformations implies
that Ff_(;) (1) = f(F, *(r)) when the function f(-) is monotone. Applied to quantile regres-
sion, this implies that Fy_zllzz (1|zi) = f({x,6%)) is equivalent to assuming the linear model on
the transformed variable f~1(y), i.e., Ffill W (1) = (x,0*). This is not true for mean estimation
as E(f(y)) # J(E(y)).

The result below characterizes the non-asymptotic estimation error bounds for the estimator

for quantile 7 using notations outlined in Section [5.2.2] before Theorem 17}

Theorem 18 Let X € R"™*P have independent sub-Gaussian elliptically symmetric rows x;
with E[z;] = 0, cov(z) = % and sub-Gaussian norm ||2;5/2||, < k. Let Apmax(X) denote

the largest eigenvalue of ¥ and Ayax(X|A) = supu? Su. Then when n = O(w?(A)) the
u€eA
estimation error for the estimator applied to the quantile SIM model satisfies the following
2
bound with probability atleast 1 —exp(—T1%/2) —exp(—v1¢3/nw(A)) —va exp <— ( & ) >

cook
when n > ©(w?(A))

1A = !\9—9;\\2:O< Amax(z)max{maX{T,l—T}\II(A)w(QR),w(A)}> 519)

g

where 0 < f is a uniform lower bound on the conditional density of the distribution y;|x;

around the noise term y; — (x;, 86*) and 11, T2, v1, V5 are absolute constants.

Consider the ¢; norm as an example with s-sparse parameter. Application of Theorem [I8|im-
plies the estimation error is O (\/3 logp/ f \/ﬁ) matching bounds in [118}[16] for linear quantile

regression. Note the extra f in the denominator which means the estimation error will be higher
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in low density regions. This is to be expected since very few samples are available in low den-
sity regions to make precise estimates [80]. Again the result is general enough to handle any
atomic norm. For example, we obtain the same bounds as the #; norm for the k-support norm

matching results in [[118]].
5.4 Synthetic Experiments

In this section, we empirically compare the performance of different estimators on synthetic data
generated using five functions: (a) f(a) = a, the linear function; (b) f(a) = 1/(1 + exp(—a)),

a bounded monotonic function; (c) f(a) = a®

, an unbounded monotonic function; (d) f(a) =
sin(a) a non-monotonic function; and (e) f(a) = a if |a] < 1 and 1/a otherwise a non-
monotonic function. For each function, we experiment on four synthetic datasets generated as
follows:

Gaussian design, Gaussian noise: The rows of the design matrix are sampled i.i.d. from
a N (0, I1ipoox1000) distribution. The noise is i.i.d. N (0, 0.25 % v) where v = var(f({x;,0*))).

Gaussian design, student-t distribution noise: The design matrix is Gaussian as above,
but the noise sampled i.i.d. from a 1-dof student-t distribution.

Gaussian design, outlier noise: The design matrix and noise are initially i.i.d. Gaussian.
Then for 5% of the datapoints we multiply the noise by 5, i.e., w; = 5 * w;.

Heavy tailed design, noise: Finally we generate heavy tailed design and noise as described

RlOOO

in Section 4 of [59]. The rows of the design matrix x; = u;U;, where U; € are i.1.d.

with uniform distribution over sphere of radius +/1000, the random variables p; € R are i.i.d.,
independent of U; and such that u; = ﬁ@(ém — &i2), where & 1,&; 2 are i.i.d. with Pareto
distribution, so that their probability density function is given by p(t;q) = Wﬂ{tw}»

c(q) = variance(§) = and ¢ = 2.1. The noise is i.i.d. with Pareto distribution

q
(a—1)(a—2)°
such that w; = ——— (&1 —&i2) where &; 1,&; 2 and ¢(q) are Pareto distribution variables and

1/20c(q)

variance respectively as described earlier.

The response vector is y; = f({(x;,0%)) + wi, where f(-)’s, ;s and
w;’s are generated using the procedure outlined above. In each case, 0* =
[1/v/10,...,1/4/10,0,...,0]. We measure the estimation error with different sample

10 990

sizes n = [250, 500, 750, 1000, 1250, 1500, 1750, 2000]. For each sample size, we compute the
mean estimation error || — 6% |5 over 50 different datasets.

For datasets with light tailed Gaussian designs and noise we perform numerical experiments
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Figure 5.1: Estimation error vs sample size for Gaussian design, Gaussian noise. Weighted SIR, Ustats

are equal or better than other mean estimators.
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Figure 5.2: Performance with heavy-tailed noise. Weighted SIR, Ustats perform best. Least squares

does not converge. Quantile regression is robust.
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Figure 5.3: Performance with outlier noise. Weighted SIR, Ustats perform best. Quantile regression is
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with five different ¢; regularized estimators: (i) Least squares estimator with n = %X Ty (Is);
(i1) unweighted sliced inverse regression estimator (unwt-sir); (iii) weighted sliced inverse re-
gression estimator with n/2 slices (wt-sir); (iv) U-statistics based estimator proposed in [40]
(ustats); and (v) quantile regression estimator for 7 = 0.5 quantile (qr). For the other datasets
we also compare with the ¢; regularized least squares estimator on truncated data as proposed
in [59] (Is-trunc).

Three observations summarizing the results of the numerical experiments are immediately
evident. First, for mean SIM, the U-statistics estimator [40] and weighted SIR estimator perform
equally or better than other estimators for each data, function combination. Both vanilla least
squares and least squares applied on truncated data [59] fail to estimate the true parameter
in certain settings. Second, the U-statistics based estimator, in contrast to observations made
in [40], works for non-monotonic functions too like the weighted SIR estimator. Third, the

performance of the quantile regression estimator supports the observations made in Section[5.3]
Appendix
5.A Background and Preliminaries

We assume the covariates to satisfy the following condition,

<$ — Ky 9*>

0", (5.20)

where . = E[z]. The class of elliptical distributions [27, 57, [79] are known to satisfy condition
(5.20). An example of an elliptical distribution is the multivariate Gaussian distribution.

We give the proof for Theorem [15|below.

Theorem 15[ Theorem 2.1 in [51]) Consider a single index model with elliptically symmet-

ric covariates. Then the inverse regression curve E[x|y| falls along a line:
Elzlyl = n+ By)20" (5.21)

where 1 = E[z], ¥ = cov(x) and (3 is a scalar function of y:

El(x — p1,0%)|y]

ﬁ(y) = (9*)7“20*

(5.22)
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Proof:  The result follows from the following observations,

Elz|y] = E[E[z|(x, 0%)]|y] (5.23)
=+ Gs >0 (5.24)
= 1+ Bly)B0* (5.25)

where in the second line we use condition [5.20)

Throughout we will assume the covariates to be centered so that ;1 = 0 and (0*)7X0* =
J21/2673 = 1.

5.B Comparison of Estimators

We show past estimators [[111}92,[106, 40] are variants of the following constrained estimator:
- 1
6 := argmin—|| X0||2 — (n,6) st R(#) < BR(6"), , (5.26)
gcrr 21
under the assumption of elliptically symmetric covariates satisfying the following property:

Blea.07) = s22)

20" = (x,0%)%0* (5.27)

where Y = E[xx7] is the covariance matrix of the rows of the design matrix and in the second
inequality above we have used the assumption that ||X'/26*||; = 1. The variable € R” in

equation (5.26) satisfies the following properties:

(@) n= %X T3, with € R™ computed differently for each estimator. The computation of the

quantity g is influenced by the response.
(b) Consider the derivative of the loss function in (5.26) without the constraint,
1
FO)=—-XTX0—1. (5.28)
n

We show 7 is such that Ex ,[n] = SX6* with § varying with the estimator and transfer
function. Therefore the true parameter 6* satisfies Ex , [F(360*)] = 0. The result further

N

implies that E'x ,,[#] = 80" and hence (5.26) is an unbiased estimator of 56*.

Theorem The constrained least squares estimator [I11|], sliced inverse regression

[921 193, [106] and U-statistics based estimator [40] are equivalent to the constrained estimator

(B-26).
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1. For the constrained least squares estimator [I11, 23],
1 * *
n=—X"y, B=Exu[f({r,0))(z,0")] (5.29)

2. For the sliced inverse regression estimator [92] 193, [106]], let y' denote the response vari-

able sorted by ascending order. Divide the range of y' into H contiguous slices denoted

by Iy. Let vy, h = 1,--- | H are bounded weights assigned to each slice such that
Inlle = 1. Then,
1 H
n=—X"g, gi=) mlyehl B=1 (5.30)
h=1

3. For the U-statistics based estimator [40], let y' denote the response variable sorted by
ascending order. Then § are assigned values between [—2,2] based on the ordering in

y'. More formally let i' € {0,...,n — 1} denote the position of response variable y; in

yl.
1 2 x4l
= X1y gi=-24+—
B = Ex E sign(y; — yj) - (@i — x;,0%) (5.31)

4,5€[1,...,n];i#£]

Moreover for all estimators Ex .,[n] = 836" so that Ex , [F(80*)] = 0 where F(-) is

the derivate of the loss function.

Proof-
1. Constrained least squares estimator

Letn = %X T4, First consider the quantity E []. The result below is from [24, 23].

Ex u[n] = cov(y,z) = cov (f((x,0%)), Ex(x | (x,0%)))
= Exo(f({2,07)) - (2,07))%0"
— BY0* .

The first line above follows from the assumed SIM model and the assumption that the noise

w is independent of x. The second line follows from the assumption that z is elliptically
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symmetric and application of (5.27). Now Ex [F(86*)] = 0 follows by observing that
Ex [1XTX6*] = %6

2. Sliced Inverse Regression

In sliced inverse regression, the response is sorted in ascending order to obtain ', the range

of y! is divided into H slices I, ..., . The mean of the corresponding z’s in each slice is
computed.
Z z; e[l,...,H], (5.32)
1y, €1p

where ny, is the number of samples in slice h. Then the matrix I is constructed as follows,

T'=> priniy) (5.33)

where pj, = ny,/n is the proportion of samples in the hth slice. The quantity 7 is the eigenvector
corresponding to the largest eigenvalue of I'. Let A here denote the largest eigenvalue. Therefore

the following is true,

H
h
E - xha
TL
h=1
H
1 Z ¥
= — X
n Z'Yh
h= zylelh

In the first line A is the largest eigenvalue of I" and 7 is the corresponding eigenvector. In the

second line we substitute the value of Zj, and assign y;, = (Zp, 1) = % > imsen, (i n). In the

third line we use §; = } S Iy € In) = SSr-  Anlly; € I] which proves claim 1;
For the second results we first prove that E'[n] = ¥60*. Note the following,

Exoln] = Exwlzly € I
= Exw|Ex[z|(z,0%)]y € I1]
= Exo[(z,0")|y € I)X6"
= B, 20" .
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The equality on the second line follows from the law of total expectation. The equality on the
third line follows from (5.27)). Therefore the following is true,

H
Exwll] = Exul> _ pniniy)
h=1

H
= pB(S07)(207)"
h=1
The equality on the second line uses Ex ,[pn] = pp. Therefore in expectation = X6* is the

eigenvector of " with eigenvalue \ = ZhH:1 prB%, which proves the that Ex ,[n] = $6*. This

now implies the following,
1
Ex. [XTXQ* — n] =%0" —%0* =0, (5.34)
n

thus proving Ex , [F(860*)] = 0 with 5 = 1.
3. U-statistics based estimator

The general algorithm based on U-statistics [40] first computes the quantity

w((z1,y1) s (@maYm)) = 2oit1Gi(Y1,-- . Ym) - x; from any m iid. observations
(x1,y1), - - (Tm, Ym) with bounded functions ¢; : R™ — [—1, 1].
m
w((@1,91), s (s Ym)) = D @Y1, - Ym) - T (5.35)
i=1

Noting that there are (n%:n), ways of choosing m samples from n samples, the quantity n
in (5.26) is computed as follows (equation (7) in [40]):

(n—m)!
n=— > @iy @i Uin)) (5.36)
1<iy,..;im<n,
i1 Fim
An example in [40] with m = 2 for monotonic functions which we use in the statement of

Theorem 2 is the following:

~2)!
n= (nn,) > sign(yi — ) - (@i — ) (5.37)

1<4,j<n,
i#]
We first prove a general result starting from formulation (5.36). The claim (5.31)) in Theorem 2
will then be an application of the general result for estimator (5.37).
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Consider formulation 1| Note that out of the %), sample subsets of size m chosen

=
(n—1)!m
(n—m)!

from n samples each sample 7, 1 < ¢ < n is contained in subsets. This is because
assuming sample ¢ is chosen in a given subset, the remaining m — 1 samples are chosen from
n — 1 samples. Additionally within each m-size subset containing the sample ¢ there are m
different ways of arranging the samples amongst themselves. Additionally, each |¢;| < 1.

Therefore the following is true,

(n—m)! (n—1)m m _ (n—m)!
Tl (n—m)!  n S Z 9YisYirs ++ Yim1)
! : ’ 1,1<i1,...,im—1<n,
Zlfszliz
(n—m)!(n—1)!m m
< - e —. (5.38)

X1 with §; € [~m, m]. Also consider the quantity Ex 1]

1
n

It therefore follows that n =

Exonl = Exuu((z1,y1), -, (Tm, ym))]

m

- EX,U.)[Z qi(yla ey ym) : xl]
=1
= EX,w[EX,w[Z G, Ym) - xi‘@la 0%),..., <xm,9*>]

— B%0" . (5.39)

The first two equalities follow from definition of 7). The third equality is because of the law of
total expectation. The fourth inequality follows because given (x;, 6*), y; is independent of z;
and also due to our assumption that the z;’s are i.i.d. The equality on the fifth line follows from
with 8 = Ex o[>0 qi(y1s - -+, ym) (i, 07)].

Now consider the formulation for monotonic function in (5.37). We have m = 2, therefore
using result , n = LXTj with §; € [—2,2]. Also consider y' to be the vector obtained
by sorting the values of the response vector y. Denote element ¢ of yiT, indexed starting at 0.
Let xj denote the corresponding covariates and gjj denote the corresponding weights. Consider
the zeroth element in 3. It is evident from that a:I will always get a —1 weight in the
summation. So it follows that gI = —2. Now consider yI In formulation , :EI will
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receive weight % + 2 times since xi will always receive a negative weight except for
two times when i, j correspond to elements yg and yI. Therefore effectively the weight g;’ I can

be computed as follows:

—2x(n—1)!

~t e T2 2% (n— 1)+ 2% (n—2)! 2 2
y/I __(n 27)L.! _ ( ) ' ( ) =_Z5 : (5.40)
=) n! n (n—1)%n
Therefore QI =nx yN’ I = -2+ % Inductively similar arguments can be made for ng-T for

i€12,3,...,n — 1]. Also from argument (5.39) it can be easily deduced that,

B=Ex. > sign(yi —yy) - (@ —x,07) | (5.41)
§,J €L, mlsiA]
and
Ex [n] = X6 . (5.42)
We have thus proved claim and Ex ,, [F(86*)] = 0. m

5.C Robust Sliced Inverse Regression Based Estimators

We provide the proof for Lemma[T9/and Theorem
Lemma Consider the estimate of ) in Algorithm 1. For some § with §; € [—1,1],1 <
1 < n, the quantity 1) can be equivalently written as n = %X T4. Also the following is true,

g

Ex. [nXTXQ* - n} =0, (5.43)

with B = Ex [% Zthl Yn(x, 0%) ’ Y€ Ih} where v is defined in step 3 of Algorithm 1.
Proof: 1Tt is evident from Algorithm 1 that g; € [—1,1]. Also condition for centered

covariates implies the following for all slices 1 < h < H.
zp = E[(x,0%)|y € I,]30" , (5.44)

where we have used the assumption that (§*)7%6* = 1. From the computation of 7 in Algo-

rithm 1 it immediately follows that,

Ex w[n] = B¥0", (5.45)
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where
1< .
B=FExw |y hz_jlfyh@r, ) |y € Ih] : (5.46)
Also,
Ex . [iXTXG* - 77} =0. (5.47)
This proves the stated result. ]

Theorem Let X € R™*P have independent sub-Gaussian elliptically symmetric rows
z; with Elz;] = 0, cov(z) = % and sub-Gaussian norm ||z;%7Y2||,, < k. Let Apax(X)

denote the largest eigenvalue of 2 and Apmax (S| A) = supu’ Su. Then for the sliced inverse
u€A
regression estimator in Algorithm 1 when n > ©(w?(A)) the following estimation error bound

2
holds with probability atleast 1 — 2 exp(—viw?(A)) — va exp (— ( - ) )

V3K

1Al = [6— 62 < O (wA)nWmaX(z)w(%)+ﬁAmax<z|A>w<A>> C (548)

where (3 is the value defined in Lemma I and n,v1, v, v3, T are absolute constants.
Proof: The loss function is minimized at 56* in expectation. Let the empirical loss be min-

imized at # = 86* + A. Because of the constraint the error vector lies in the following set,

Eo = {A| R(B0" + A) < R(50")} . (5.49)

Since the loss function is minimized at 56* + A the following is true,

1 1
02 (el X80 + )~ (1.0"+ &)) = (el X507~ (. 507

1 2 6 *
> sl _
> QnHXAHQ—F n(XG , XA) — (n,A)
1 2 [3 T *
> =z _
> S IXAIR+ (A S XX )
B

1
> %HXAH% + (A, EXTX0* — BX6* — 4 BRO*)

n
Therefore the following is true,

g

n

XTx0* — gx6*)
B

,—
n

1 *
I XIB < I(a,0 - 5287+ (A,

< R(A)R*(n — BX6%) + ‘(A XTX0* — gxo*)| . (5.50)
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We will first provide upper bounds for R*(n — $36*). For that we first prove that n — 5%0*

is a sub-Gaussian random vector with sub-Gaussian norm Ki”/x\'/"ﬁ“(z) where Apax(2) is the
maximum eigenvalue of the covariance matrix >. Remember that n = % Zthl YrTp. Also
Ty = WlHJ Zy,-e 1, £i where the range of yT, the response sorted in ascending order, is divided
into H intervals [I1,. .., Iy] such that the number of samples in the hth slice is [n/H |. For
ease of exposition, without loss of generality, we assume that the number of samples is such
that n/H is an integer. Note that E[z,| = E[(x;, 0%)|y; € I,]X6* and m > el Ti 18
an empirical estimator of . Also x; are sub-Gaussian random vectors having sub-Gaussian

norm,

[ill, = sup |[zi, )|y,

ueSr—1
= sup 1EY29, 0|1y < vV Amax(Z)5 (5.51)
uesSP—

where ¢ € RP above is a sub-Gaussian random vector with i.i.d. entries and having sub-
Gaussian norm ||g||, < k. Therefore by the rotation invariance property in Lemma 2|and result
of Lemmaﬂ W%) > yien, (@i — E[(z,0%)|y; € 1;]£607) is a centered sub-Gaussian random
vector with sub-Gaussian norm,

2

> i — E[(2i,0%)|y; € I,] 50"
yi€lp

1
(n/H)
P2

: * * (12
= (n/H)? Z [z — El{xi,0%)|yi € In]207ly,
yielh

|15 — El(xi,0%)|y: € 1n]S07|[3, =

2c
< i3,
(n/H)? y;h v
< 16/ Amax(X)(n/H)

B (n/H)? ’

(5.52)

where the second line following from the application of Lemma ¢ followed by roational in-

variance property in Lemma [2} third line is due to Remark 5.18 in [127]. Therefore, we get,

. c16y/ Amax (X

2 = Bl 0°) s € T50" |, < L0V Amax(X) (5.53)
vn/H

Again note by construction, Zp, h € [1,..., H| are independent of each other. Therefore

rotational invariance property of Lemma [2| and result in Lemma {4 as above % > th1 Y (Zh —
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E[(zi,0")|y; € I)X0*) is a centered sub-Gaussian random variable with sub-Gaussian norm,

H
1 _ CR/ Amax /?L
=Y (@ — E[(2i,0%)|y; € In]507)|| < ——== —h
i h=1 "™ vn/H
VAmax
< CRV Amax , (5.54)
vn
where in the last equation 1/ Zthl ;—% < /% sincey, <1, h€[1,..., H]. Also,
H
1 _ * * *
7 D w(@n = El(wi, 0%)|y; € In]%0") = n — 520, (5.55)
h=1

where 3 = % 25:1 wE[(xi,0%)|y; € Ip]. Hence it follows from 1i and (5.55)) that n —
[B360* is a sub-Gaussian random vector with sub-Gaussian norm ky/Apax(2)/+/n. To get high
probability bounds on R*(n — 5X60*), note the following,

R*(n— pX0*) < sup (n — X0, u) = sup (h,u) , (5.56)

UEQR uEQR

where ) g is the unit norm ball and & is a sub-Gaussian random vector with sub-Gaussian norm
Ay, < TNV ”[z}%"x(z) The bound on R*(n — BX6*) now follows directly from the following
Theorem 9 in [[11].

Theorem 19 Let Qr = {u : R(u) < 1} be the unit norm ball of R(-). Assuming h is any

centered sub-Gaussian random vector with ||h||y, < &, then we have for any t > 0,

2
t
P | sup (h,u) > vprkw(Qr) +t | <wviexp | — < ) , (5.57)
u€NR V2’€¢
where vy, v, Vo are universal constants, and ¢ = sup | ul|2.
R(u)<1

We therefore have established the following,

2
. B é T o o vV Amaxw(QR) + t) ol t
P (R <n nX X0 ) = \/ﬁ = V2 exp (l/gﬁ,\/ Amax(z))¢>

(5.58)

2, let U(A) = sup % denote the norm
u€eA

Now to bound the value of R(A) in terms of ||A

compatibility constant [105}[11]] in the error set. We get,

R(A) < [[A]|2P(A) . (5.59)
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Next we bound give lower bounds on inf | Xu||3. This is equivalent to the
u€A=cone(E.)NSP—1

Restricted Eigenvalue condition popular in prior literature on high dimensional estimation [17,

105, [11]. We use the following Theorem 12 from [[11]].

Theorem 20 Let X be a design matrix with independent anisotropic rows, i.e., E [x?mz] =
S and ||z; %72y, < k. Then, for absolute constants vi,c > 0, with probability atleast
(1 — 2exp(—r1w?(A))), we have

1 1 w(A)
I Xul)Z =1 < e—=2. 5.60
igg‘nuTEuH ullz =¢ vn (5.60)
Further,

w(A Pt 1 w(A
Auin(214) (1= ™52 ) < it 210 < sup 2 10l < An(21) (14252 )

(5.61)

where Apin(X]A) = égg ul'Yu, and Apmax (2| A) = sug uT'Su are the restricted minimum and
ue

maximum eigenvalues of ¥ restricted to A C SP~1.

Applying the above result for the set A = cone(E,) N SP~! we get the following,

1 A
P (gggn”XuH% < Ain(3]4) <1 - w}n))) <2exp(-nut(4). (562
w(A)

Now since A € E,. from the above result we conclude that for k = Ay, (2] A) (1 — CW> >
0 when n = ©(w?(A)), where k is called the RE constant,

P (ing LixAlg < k:) < 2exp(—nw?(4)), (5.63)
ueA N

where A = A/||A||2 € A is a unit norm vector in set A.

Next we derive upper bounds on ‘ (A, gX TX0* — B¥6*)|. We note the following,

[(a G-z o)

- 1 9*
= [|All28110" |2 <A, <XTX—E> e >' . (5.64)
n [16%]|2

, =
n

‘<A p XTXxo* - 529*>
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where in the second equality we use A = ﬁ. Now note that when n = ©(w?(A)) then from
Theorem %X TX — ¥ is positive definite restricted to vectors in the set A. Also the vector

—0* lies in the error set. Hence we have the following result,

All2Amax(E]A)w(A
P <‘<A, SXTXH* _ ,829*>‘ > Cﬁ” H2 \/;SE| )’U)( )) < 2exp(—u1w2(A)) .
(5.65)

Now combining the results of equations (5.50)), (5.58)), (5.59), (5.63), (5.63) we get the follow-
2
ing result with probability atleast 1 — 2 exp(—v1w?(A)) — v exp (— ( z ) )

V3K

1
HIAIR < X A3
_ A YA R () + BlA 2 A (S A)w(4)

5.66
i (5.66)
Dividing by ||Al|2 throughout we get,
W(A) kv Anaxw(QR) + BAmax (2] A)w(A
vn
which is the result we set out to prove. ]

Corollary 24 Consider the mean single index model with sub-Gaussian elliptically symmetric

design matrix.

1. Let R(-) be the {1 norm and 6* be s-sparse. Then with probability atleast 1 —

T

2
2exp(—vyslogp) — v exp <— (usmb) > the estimation error for the estimator in Algo-

rithm 1 satisfies,

(5.68)

INIEe (’f@WWAm(er)m)

NG

2. Let R(-) be the {1/l nonoverlapping group sparse norm. Then with probability atleast

V3KO

2
1 — 2exp(—vi(lsg + sglog Ng)) — v2 exp <— ( - ) ) the estimation error for the

estimator in Algorithm 1 satisfies,

/@\/Amax\/ZSQ + sglog Ng + BAmax(X|A) \/l3g + sglog Ng
Vn

HAMSO<
(5.69)
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3. Let R(:) be the k-support norm with k < s. Then with probability atleast 1 —

T

2
2exp(—vyslogp) — g exp <— (z/sm) ) the estimation error for the estimator in Algo-

rithm 1 satisfies,

(5.70)

1Al <O (“m\/m+ BAmaX(zyA)\/m>

Vn
Proof: The claims follow from the result of Theorem 3 and values of various quantities for
the respective norms from Table [

5.D Quantile Single Index Models

We give proofs for claims on high-dimensional quantile single index models in Section 3.
Lemma 20; (Theorem 1 in [145]]) Assume the quantile single index model with elliptically
symmetric covariates and function f(-) which is not even. Then the following is true,
p0; = argmin E, ,, [p-(y — (x,0))] , (5.71)
fcRp
for some 3 depending on the data.
Proof:  Consider the quantity E, , [p-(y — (z,6))].

Ezw [p’r(y - <‘T7 9>)] =FErw [EJI [pT(y - <x7 9))‘<‘T7 9:>7w]]
> Epw [pr(Eelyl(z, 07), 0] — Ex[(z, 0)[(z,07), w])]
2 Eﬂﬂ,w [pT(y - B<$, 9i>)] . (5~72)

The first equality above follows from the iterative law of conditional expectation; the second
inequality from Jensen’s inequality since the quantile loss is convex; the third inequality follows
since z is independent of the noise and from (5.27) we get 3 = 0707 |

Theorem Let X € R" P have independent sub-Gaussian elliptically symmetric
rows x; with E[z;] = 0, cov(z) = X and sub-Gaussian norm ||z;X""/?||y, < k. Let

Amax(X) denote the largest eigenvalue of . and Apmax(X|A) = supu’ Yu. Then when
u€A
n = O(w?(A)) the estimation error for the constrained linear quantile regression estima-

tor applied to the quantile SIM model satisfies the following bound with probability atleast

1 exp(-72/2) — expl(-negin(a) - mess (- ()

1Al = 16— 6]z = O < Ammax (D) max{max{r, 1 — T}\I/(A)w(QR),w(A)}> 573

fvn
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where 0 < f is a uniform lower bound on the conditional density of the distribution y;|x;
around the noise term y; — (x;, 86*) and 11, T2, v1, V5 are absolute constants.
Proof:  The proof has similar arguments as made in [[118]], although we analyze the constrained
estimator while [[118]] analyzed the regularized estimator. We first prove the result on the num-
ber of interpolated samples (NIPS) which implies n = ©(w?(A)) samples are sufficient for
estimation. Note that if the NIPS property is not satisfied quantile regression does not work
as there exists a vector in the error set when the empirical loss function evaluates to O [118].
Consider w = y — 5X0*, where 3 is the constant from Lemma 2, is the noise. Note that
this is different than the actual noise y; — f({x;,0%)), 1 < ¢ < n. Consider the error set
E.:={A =0—0*| R(86* + A) < R(86*)}. If all samples are interpolated then there exists
au € E,. such that w = Xwu. Therefore we will show that ||w — Xu||3 > 0 when the number of
samples crosses a certain threshold.

Consider the subspace D = {v | v = S°M ¢ia, ¢; > 0, a; € A, |[v]o < s1} be the
set of vectors which are a linear combination of some k; atoms from the atomic set A such
that all vectors have the same support and the £y norm is less than s;. Clearly, once n > cs1,
for some constant ¢, it will be not be possible to find a vector v € D such that w = Xw.
Therefore l}glf) |w — Xv||% becomes a least squares problem and the infimum is achieved when
w is projected on the subspace spanned by the s; columns of X corresponding to the support of

D. Now, let I (+) denote the projection operator. Then,
inf [|w— Xv|% = ||w||? — II2
inf oo — Xvll3 = [l ~ T ()
= [lwll3 — lwl315 (w/[lwll2)
< w31 =I5 (7)),

where v = w/||w||2 is a unit norm vector. Below we state a result from [6] to obtain an upper
bound for ITp(7),

Lemma 21 (Lemma 6.3, Amelunxen et al. 2014) For each closed convex cone E in RP with

w(E) denoting the Gaussian width of the cone,

_ 52
PSP 2 w*(B) +0) < oxp (s ) 574

This leads to the following corollary with subspace D as the cone E in the result above.
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Corollary 25 Consider a sy dimensional subspace and let I1p(-) denote the projection opera-

tor on the subspace of any unit norm vector. Then the following holds,

—5°/8
PO > 51 +6) < exp (S215) 579

The result follows directly from Lemma 1 and the fact that the square of the Gaussian width of
the subspace is equal to O(sy).
Now consider the set B = U(m)D, that is, the union of all subsets of size k; of the atomic

k1
set A. Below we establish a result for [T ().

Lemma 22 Consider the set B = U (m)C. Then the following holds,

k1

P{n||TI5(7)||3 > s1 + c1k1log(em)} < exp(—v1k; log(em)) . (5.76)

The argument follows from a simple union bound,

P{n|Ip()|| = s1 4+ 0} < <Z> P (3_151/?>

52
< exp <315+/§ + k1 log(em)) .

2 /8k1 log(em) . 1) ‘

The result follows from choosing 6 = ¢1k; log(em) and assume v; = (51 erkr Tog(em)

We have as a result proved that once n > ¢(s1 + c¢1k; log(em)) choosing kg = (1/¢) < 1, with
probability atleast 1 — exp(—wv1k; log(em)),

inf [jw— Xv||3 > [|w||3(1 — ko) > 0. (5.77)
veEB
u

Next we move to analyzing conditions under which ing |w — Xul|3 > 0, where E. is the
u€ e
error set. For that we need the result from the following lemma which is based on Maurey’s

empirical approximation argument.

Lemma 23 Let X € R"*P be a random matrix with subGaussian isotropic rows. Let for any
v € B, where B is as defined above, ;2}2 lw—X vH% > 0. Take any vector in the error set,
A
then, when n > (s1 + c¥2(A)log(em)) with probability atleast 1 — exp(—v1ky log(em)) —
2 exp(—waw?(4),

u € Ee,u= 37" ciaj,¢; > 0,a; € Ais anonzero vector and pj = cj/ 330 ¢j = ¢j/||ul

. _ 2
ulenEfc lw— Xul|3 >0. (5.78)
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Proof:  First consider any vector w € RP, w = Zzll ciag,c; > 0,a; € A, let W € RP be a

random vector defined by,

P(W = |lw[laa;) = (5.79)

[lw]l.4 H
Hence, E[W] = w. Let Wy, Ws,..., Wy, be independent copies of W and set Z =

1?11 Zf;l W;. Therefore Z belongs to the set B. In the following all expectations are w.r.t
Z,

Bllw - XZ|3 = llwl3 + EIXZ|5 - El2(w, X Z)]

1 1
= |lw|I2 + = > E(XW:, XWj) + > BXW, XW;) - 2(w, Xw)
i, GEL,.... k1] i#] Ly

IIwII

:||w||§+T)(Xw Xw) + Z (Xa;, Xa;) — 2{w, Xw)

— ol + 1- ) Il + ”% e Xa) 2 Xt
1 :

m

< lw = Xwlf3 +

i Xag) .

Therefore we get,

2 m
w
lw— Xw|} > Ellw—XZ|3 - | k|1|f‘ > uilXai, Xag) . (5.80)
=1

The above results holds for any general vector w € RP. The following conclusion follows by

considering the above result for all vectors in the error set u € E,

inf ||w— Xul? > E|lw—XZ|3 - sup Il iui<Xai,Xai> . (5.81)
uck. ueB. ki e

As established before each vector Z € RP belongs to the set B and we have already established
that ;Ielg |w — Xv||3 > ||w||3(1 — ko) with high probability when n > (s1 + c1k1 log(em)).
Hence it follows that E|jw — X Z||3 > ||w]||3(1 — ko).

Now |lul|} < W?(A)||lu||3 where ¥(A) is the norm compatibility constant in the error
set. Also p; < 0,> ", pu; = 1. Therefore by standard arguments using Gaussian widths if
n > cw?(A), that is, n is of the order of the square of the Gaussian width of the unit norm
ball with probability atleast 1 — 2 exp(—wvow?(.A)) for some constant 1 [11] (see Theorem 5,
Theorem 6 in [11]),

Z,ui(Xai,Xai} < sqp(Xai,Xcm <n+ 01w2(.,4) < comn.
i

i
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Therefore combining the previous results, we get with high probability when n > (s1 +
c1ky log(em)),

canW?(A)

Jof Jlw — Xuflz 2 fJwll2(1 - ro) T

If we assume ||w||3 > c3n, which is not unreasonable since w is the noise, and if k; >

T2(A
2. then [lw — Xull3 > 0.

Hence it follows that when n > (s; + cU?(A)log(em)) with probability atleast 1 —

exp(—vik; log(em)) — 2 exp(—l/ng(EC)),
. B 2
ulélfgc lw— Xul3 >0. (5.82)

As stated in the beginning of the proof the above result leads to the conclusion that when n >
c(s1 + c¥?(A)log(em)) = ciw?(A), with high probability all samples cannot be interpolated.

We now turn our focus on obtaining high probability estimation error bounds. Suppose the
empirical loss function is minimized at some 56* + A, A € E.. Then the following inequality
holds true,

n

1 - * 1 k
- Zpr(yz’ = (23, 80" + A) — ZIOT(yi —(@;,80%)) <0. (5.83)
i=1 =1
Now for any two scalars w, v, we have the following relationship from Equation (4.3) on
Pg. 121 of [80]],

pr(w —v) — pr(w) = —v(r — I(w < 0)) + / “(I(w < 2) — Iw < 0))d=
0
= vpr(w) —I—/ (I(w < z) — I(w < 0))dz .
0

Substitute w; = y; — (x;, 0*) and v; = (z;, A) for 1 < ¢ < n in the above inequality, with

a little manipulation we get the following inequality,

1 n <£i’A> 1 n
- Z/O (Lys—({ai, B07) < 2)=T(yi—(wi, 607) < 0))dz < — Z(xi,A)(T—]I(yi—@i,ﬂe*) <0)).

(5.84)
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We will provide upper bounds on the rhs and lower bounds on the lhs of the in-
equality in (5.84). For upper bounds for the rhs quantity we need to obtain bounds on

Sélg LS (@i, u)(t — I(y; — (2, B6*) < 0)). We make the following observations,
u c

n

S i) (7 — Ty — (s, 80°) < 0)) = (X o (y — X6%),u)
=1
1
= Xullalrty - X6 (X7, )
< WA fulllon(y — X6) R (X7, (585)

where in the first inequality ¢, (y — X6*) € R™ is an n-dimensional vector whose components
are (Yr(y — X0%)); = 7 — L(y; — (x4, 50") < 0); in the second inequality v = ¢ (y —
X0*)/||Y-(y — X6%)||2 is a unit norm vector; the last inequality follows from the definition of
dual norm where R*(-) is the dual norm corresponding to the atomic norm R(-) and also that

U(A) = sug ‘\‘\Zl\l\;‘ is the norm compatibility constant.
ue

We will now focus on the random quantity R*(X7w). By arguments proposed in [T1}
119][For example see proof of Theorem 3 in [11]], Ex[R*(X7v)] = ¢ - w(r) where w(QR)
is the Gaussian width of the unit norm ball for subGaussian design matrices and ¢ depends on

the sub-Gaussian norm of X . For large deviation bounds around Ex [R*(X7~)] we refer to the

2
proof from Theorem 4 in [[11] and note that with probability atleast 1 — v exp (— ( o2 ) )

20K
R (XTH) < /Amax(Z)w(QRr) + 7. (5.86)
Also the following is true,

\}E\WT(y — X0")||2 <max{r,1—7}. (5.87)

Therefore, combining the results in (5.83), (5.86) and (5.87) we get that with probability

2
atleast 1 — v exp <— (C;;k> )

Sup , i<wi,u>(7 — Iy — (x4, 80%) < 0)) < ¢y/Bana(¥) max{r, 1 \/%}‘I’(A)W(QR)HUb t7

uek, n i=1

(5.88)
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Next we provide a lower bound on the lhs quantity in (5.84).
Consider the quantity inf LS 5 Wy — (@i, 80%) < 2)~L(yi— (i, B6%) < 0))d=.
First note that if all samples are interpolated the quantity evaluates to 0.

We will instead lower bound the quantity on the rhs of the inequality below with w; =

yi — (@i, BO*),

We will consider samples such that |(x;, u)| > £||ul|2 for some constant & we will define

later. Therefore, we will lower bound the following quantity,
1 n
- > Ellullz Ll ¢wi, w)| = €llull2] lwil < &lJull2/2L [sign(w;) = sign((zi, w)] . (5.89)
i=1

We first focus on lower bounds for the quantity = >7 | &[|ul|2 I[|{z;, u)| > &||ul|2]

The following result is derived from Proposition 5.1 in [[124].

Theorem 21 Consider the set A = cone(E.) N SP~L, where E. is the error set. Define the

marginal tail function as follows for some positive constants (3, &,
B = inf P(|(z;,u)| >&). (5.90)
u€A

Then the following is true with probability atleast 1 — exp(—72/2),

w(d) 1€
N (5.91)

=3 €T 2 € 2 68— e
=1

Moreover, fix the two-norm of the error vector u as ||ulla. Then the following is true with

probability atleast 1 — exp(—7%/2),

- A
2 Y clula WG] > elulel > (69— ™) = T ) Jula. 592
=1
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Now due to the conditions I[|w;| < £||ul|2/2] and I[sign(w;) = sign((z;, u))] there
will only be m < n samples that will satisfy all the conditions. We will derive high
probability bounds on the number of samples satisfying conditions I[jw;| < &||ull2/2] and
[ [sign(w;) = sign((z;, u))].
First consider the following event,

n

Zﬂ[sign(wi) = sign((x;, u))] . (5.93)
i=1
Since x;’s are symmetric isotropic sign({x;,u)) is positive with probability 1/2 and neg-
ative with probability 1/2. Hence, we can reasonably assume that » ., I[sign(w;) =
sign((z;,u))] ~ 5 with high probability.

Now, consider the quantity If|w;| < &[|ul|2/2]. Note that w; = y; — (x5, 80%). Let f be a
uniform lower bound on the conditional density around the probability distribution y;|x;, Vz;
around the noise term y; — (x;, 80*), such that P(jw;| < &[lull2/2) > f€|lull2/2. Clearly
[[|w;| < €|lul|2/2] is a Bernoulli random variable with success rate f¢||ul[2/2. Therefore by a

simple application of Chernoff’s bound for some constant 0 < ¢ < 1, we get the following,

- o3nfE||ull2
P (D Twil < €llulla/2] < (1= d)nfellull2/2] | <exp | ———=——] . (594
=1

Note that assuming that ||u||2 > cq}}(—fﬁ) where the set A = cone(E,.)NSP~! for some big enough

positive constant ¢, the above equation evaluates to the following with some positive constant

C1,

P <ZHH%\ < Eull2/2) < (1 - ¢2)nf€HUI2/2]) < exp (—m¢3v/nw(4)) . (5.95)

i=1

(I—¢2)nfe|lull2
1

Therefore, we have determined that with high probability m = samples sat-

isfy the conditions I[|w;| < &l|ull2/2] and I [sign(w;) = sign({z;, u))]. Now applying Theorem
for the m samples, we get the following with probability atleast 1 — exp(—72/2),

S elull Mo, )] > €llle] > (68 - @2 — 7€ Y mlula. 699
=1

and assuming ||ul|2 = ¢3 %73 for some big enough positive

(A—g2)nfe]lull2
7] I

Substituting m =
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constant c3, we get,

;f”um I[{zi, u)| > Ellull2] > (fﬁ - 02wn1/4 B n1/4u7)-(A)1/2> = |ul|3

(5.97)
> rnfllull3 (5.98)
where we use kK = ({B — Qw(ﬁim - n1/4J(EA)1/4) (17252)5 > 0 when n = O(w?(A)). We

therefore conclude that with probability atleast 1 — exp(—72/2) — exp(—v1¢3/nw(A)) when
the number of samples n > O (w?(A)),

<a:¢,u>
inf 12/0 (I(ys — (@i, 80%) < 2) — L(ys — (s, BO%) < 0))d2
=1

inf *Zl iy w)| Ljwi| < (i, w)/2[] T[sign(w;) = sign((zi, u))]
> /@ni||u||2 . (5.99)

Now combining the results in (5.84), (5.88) and (5.99) we get the following result with

2
probability atleast 1 — exp(—72/2) — exp(—v1¢3y/nw(A)) — vaexp (— (c;iﬁ) > when
n > O(w?(4)),

Amax () max{max{r,1 — 7}V (A)w(Qr), w(A)} '

<
HAHQ e iﬁ'\/ﬁ

(5.100)

Corollary 26 Consider the mean quantile index model with sub-Gaussian elliptically symmet-

ric design matrix.

1. Let R(-) be the {1 norm and 0* be s-sparse. Then with probability atleast 1 —

2
exp(—7E/2) — exp(—11¢3+/ny/slog p) — v exp < <CQ¢H> ) the estimation error for

the constrained quantile estimator satisfies,

Apax (X)) max{7r,1 — 7}/s logp) ‘

(5.101)

A2 <O ( T
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2. Let R(-) be the ¢y norm and 0* be s-sparse. Then with probability atleast 1 —

2
exp(—7£/2) — exp(—11¢3v/n\/Isg + sglog Ng) — vaexp <— (cﬁm) ) the estima-

tion error for the constrained quantile estimator satisfies,

IAll2 <O (x/AmaX(E) max{T, ;;ET}\/ZSQ + sg logNg> . (5.102)

3. Let R(-) be the ¢y norm and 0* be s-sparse. Then with probability atleast 1 —
2
exp(—7E/2) — exp(—v1¢3+/ny/slog p) — v exp <— (C;;K) ) the estimation error for

the constrained quantile estimator satisfies,

VAmax(X) max{r,1 — 7}v/slogp
fv/n '

1Al <O ( (5.103)

Proof: The claims follow from the result of Theorem 4 and values of various quantities for

the respective norms from Table[2.2] [



Chapter 6

Structured Linear Contextual Bandits:

A Sharp and Geometric Smoothed Analysis

6.1 Introduction

Contextual bandits [83] is a powerful framework for sequential decision-making, with many
applications to clinical trials, web search and content optimization. In a typical scenario, users
arrive over time, and the algorithm chooses among various content (e.g., news articles) to
present to each user and observes the outcome (e.g. clicks). A popular parametric formula-
tion for this problem is the linear contextual bandit setting [43} 89]: in rounds ¢t = 1,...,T,
the algorithm selects a context a:ﬁt from k available contexts z¢, ... 71’2 and receives a noisy
reward rf(2%,) = (z!,,0*) + w' where *, w' are the unknown parameter and noise respec-
tively. The goal of the algorithm is to select arms to maximize rewards over time observing
only the contexts and the reward associated with the selected context in each round. Such al-
gorithms typically need to balance exploration, making potentially sub-optimal decisions for
the sake of information acquisition, and exploitation, selecting decisions that are optimal based
on the estimate. Particularly, purely exploitative algorithms like greedy which myopically se-
lect contexts maximizing rewards based on the current parameter estimate 0, ie., choosing

xﬁt = argmax(xg, é} are known to be sub-optimal in the worst case (see [97] for an example).

xt:1<i<k
At the same time, the greedy algorithm offers several appealing features, including its simplicity

in computation and its best-effort treatments to every user.
Given the advantages of the greedy algorithm, there has been recent work that investigates
when the greedy algorithms perform well. On the practical side, Bietti et al. [[18]] shows that

there is strong empirical evidence that exploration free algorithms perform well on real data

117
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sets. On the theoretical side, a line of work [14} [77, [112] analyzed conditions under which
inherent diversity in the data makes explicit exploration unnecessary. In particular, the work
of [[77), [112] provide a smoothed analysis on the greedy algorithm under the following setting:
in each round the contexts :1:;?, 1 < ¢ < k are of the form ,uﬁ + gf, 1 <4 < k, where the ug € RP’g
are possibly selected adverserially with the constraint ||p!|2 < 1 and g! ~ N(0,02%1,x,) are
random Gaussian perturbations independent of the x!’s. The algorithm in each round selects a
context z}, and receives noisy reward r* = (z!,,0%) + w" where the parameter ¢, is unknown
and there can be a different parameter corresponding to each context.

Our work further expands on the the smoothed analysis framework for linear contextual
bandits considered in [[77, [112]]. In contrast to [77, [112], we assume the unknown parameters
have structure characterized by low values according to some atomic norm R(-) like the ¢;
norm, group-sparse norms, nuclear norms, k-support norm [71} [7, (143} [123| 28} |114] among

many others. We consider two variants of the problem: the multi parameter setting when there

is a separate parameter corresponding to each context, i.e., 67, ..., 6; and the single parameter
setting when there is a single unknown parameter, i.e., §* = 07 = 05 = ... = 0;. In any
round ¢ the greedy algorithm maintains estimates of the true parameters éi, e ,éz using the

constrained least squares estimator:

0! = argmin  L£(0; Z¢, ) st R(A) < R(6}), (6.1)
OeRP

where L£(0; Z!, y!) is the least squares loss, Z! is the design matrix in round ¢ whose rows are
contexts chosen in the rounds prior to ¢ and y! is a vector with the corresponding rewards for
context ¢. The greedy algorithm then selects the arm corresponding to the highest reward w.r.t. to

the current parameter estimate, i.e., xft = argmax (! ét> We analyze the performance of the

9
azﬁzlgigk v
greedy algorithm w.r.t. the regret which compares the performance with a clairvoyant learner

having knowledge of the optimal parameter 6,

T
Reg(T) = 3 <m.ax<x§,ezf> at, ;z>> , 62)

t=1
where in the single parameter setting 6} = 07, = 0*.
In our main results we derive worst case regret bounds for the single and multi parameter

settings. Consider first the single parameter problem setting. In any round ¢, denote the error
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t _ gt _ px : : . .. .
vector A" = 0" — #*. Tt is evident from equation (6.1]) that the error vector lies in the error set:

E.={A | R(0"+A) < R(6")}

. Now consider the set A = cone(E,) N SP~! [17, [103] and define by w(A) the Gaussian
width of set A [121], [122] [60]. The Gaussian width is a metric for the complexity/size of a set
[121} 1122, 160] widely used in literature on high-dimensional statistics [11} 38, |33} [119]. For
example, Gaussian width of the error set for R(-) = || - ||; and s-sparse 0 is ©(slog p). Note
that the notations y = ©O(z) (respectively y = O(x), y = 2(x)) implies there exists absolute
constants ¢y, ¢a, 3, ¢4 such that ¢y -z < y < co - x (respectively y < c3-x,y > ¢4 -x) and é(),
Q(-) and O(-) notations hide the dependence on logarithm terms and noise variance. We show
that the single parameter setting requires a warm start phase of ¢y, = ©(w?(A)) rounds when
the contexts are chosen randomly or in round robin fashion.After the first £,,;, rounds when the
algorithm accrues linear regret, we obtain worst case regret bounds of the form:
W) 63

g

Reg(T) = O <

where o is the variance of the Gaussian perturbations on the contexts. We make the following

observations comparing our results to prior work.

1. For the unconstrained problem w(A) = ©(,/p) and Reg(T') = 0, <@) When 02 = %
as considered in [77], ignoring logarithmic factors, the regret bounds are sharper com-
pared to the results in [77] by a factor \/p. Moreover when o? = %, the regret upper
bound is of the same order as the regret upper bounds obtained for UCB [44] [1]] and
better than the regret upper bounds for Thompson sampling [4]. With more smoothing
when o2 > % the greedy algorithm performs better than the UCB algorithm whereas less

smoothing has the reverse effect.

2. For R(-) = || - |1 and s-sparse 6*, w(A) = O(y/slogp) leading to the regret bounds,
Reg(T) = O <7V‘91‘;gp'T>. Again when o? = ]%, the regret upper bounds are of the same

order as [2]] where a UCB algorithm was proposed for the ¢; regularized problem. Note

that the algorithm proposed in [2]] is computationally involved and difficult to optimize.

kwjiA) ), where k is the number

The multi parameter setting requires a warm start phase of ) (

of contexts. When o2 = %, in the worst case, we require the length of the initial warm start
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phase to be ©(k - p? - w?(A)) In the unregularized setting, w?(A) = p which translates to
O(kp?) rounds in the warm start phase which improves over the ©(kp®) rounds in [77] (see
Theorem 4.2). The algorithm achieves O (%) regret after the first initial warm start
rounds which is vk times worse compared to the single parameter setting.

We briefly summarize the organization and notations used throughout the chapter. We con-
cisely present the main ideas and technical results in the chapter in Section[6.2] Section[6.2]also
highlights new tools we use for analysis of high-dimensional estimation problems which maybe
of independent interest to practitioners in the field. Results for the single parameter and multi
parameter settings are presented in Section and respectively. All proofs are pushed to
the supplementary section.

Notations: Throughout the chapter we use constants like ¢, c1, c2, . . . whose definition may
change from one line to the next. In certain places we use the terms contexts and arms inter-

changeably.
6.2 Overview of Main Results

We briefly summarize the major ideas and results in this chapter.

Episodic algorithm: The bandit algorithm we propose has an episodic theme [73]] with the
episode lengths increasing geometrically with time. Let 7" denote the total number of rounds.
In the single parameter setting, denote the episode number by e and let 7, denote the total
number of rounds in episode e. The number of rounds in each episode increases geometrically
with time, i.e., T7 = 2Ty, To = 277 and so on. The total number of rounds 7' = Ze Te.
It follows that the number of episodes scales as log7". The regression parameter is estimated
at the beginning of each episode using only the contexts and rewards observed in the T,
rounds in the immediately preceding episode. In any round belonging to a particular episode,
the contexts are chosen greedily using the parameter estimated at the beginning of the episode.
The episodic algorithm is primarily used due to its computational simplicity and efficiency [73]].
As we will show later, an episodic algorithm only contributes a multiplicative log 7" term to the
regret bound compared to an algorithm where the parameters are estimated in every round. For
the multi parameter setting, we maintain separate estimates for the parameters corresponding to
each context. Similar to the single parameter setting the algorithm has multiple episodes, but
there are separate episodes for the different arms. Denote episode numbers for each arm ¢ as

e; and let the maximum number of episodes for arm 7 is denoted by e; max. Let out of 1" total
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rounds, arm ¢ is played in 7; rounds so that 7' = Zle T;. The T; rounds for each arm are
divided into multiple episodes with the total number of rounds in episode e; denoted as T; ., so
that T; = ZZ:’ES" T; ¢,. The number of rounds in any episode is twice the number of rounds in
the previous episode, i.e., T; 1 = 2T; o, T; 2 = 27} 1 and so on. The parameters for each arm are
again estimated only at the beginning of each episode.

Estimation error: The regret depends on the estimation error for the parameter estimated
using the constrained least squares estimator at the beginning of each episode. In the single
parameter setting, let Z(¢) € RZe*? denote the design matrix with the observed contexts in
episode e as rows and 3(¢) € R”¢ be the corresponding observed rewards. We precondition
the data before parameter estimation using the Puffer transformation [75]. The Puffer trans-
formation computes the SVD of the design matrix as \/%Z (© = y© DE(VENT followed by
transforming the data as Z(¢) = F(©) Z(¢) () = F(€)y(¢) where F(¢) = U(€) (D) =1(U(eNT,
The parameter at the beginning of episode e+1 is then estimated using the following constrained
estimator,

. 1 -
0t = argmin—||5(© — Z99||2 st R(9) < R(6*). (6.4)
OcRp T:

One of the technical results in this work is the upper bounds on the parameter estimation error
using the Puffer transformed data. In the worst case Puffer transformed data gives better estima-
tion bounds compared to the bounds obtained using raw data in previous literature [33,[105} [11].
Our analysis borrows tools and techniques from the existing vast literature on high-dimensional
estimation [130, [128]]. Specifically, following the analysis framework established in [11], we
need three main results. First, note that to satisfy the constraint in (6.4)) the error vector A with

0 = 0* + A lies in the following set,
E.={A | R("+A) <R(6")}. (6.5)

Second, for consistent estimation the design matrix should satisfy the following restricted eigen-
value (RE) condition on the error set A = cone(E,.) N SP~! [17,[103],

1. -
inf —1Z@yll2 > .
inf 2 ullz > (6.6)

where x is a positive constant. In another main technical result, we show that with high
probability, in the single parameter setting the RE condition is satisfied once T' > tyi, =
Q ((w(A) + VIoglog T)?log? k) across all episodes. Here w(A) denotes the Gaussian width
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of set A [121} 122} [60]. Third, assuming T > t.,;, we show that estimation with the trans-

formed data leads to the following upper bound on the estimation error across all episodes with

high probability,
R A log log T)+/log k
max [0 — 6%, < O (%w(w( ) + Vloglog T)/Tog ) ’ 67)
€ oy Te—1
where k,, denotes the sub-Gaussian norm of the noise and ¢ = -% is the variance of the

VP
Gaussian perturbations present in the smoothed contexts. The results on parameter estimation

errors also holds in the multi parameter setting except we maintain separate parameter estimates
for each context.
Regret: We show that the regret formulation (6.2), in the single parameter setting, can be

upper bounded as follows:

Te
Reg(T) < 4Btmin + Y _ > 28[6¢) —67||2, (6.8)
e 1
where 0'¢/ is the parameter estimated at the beginning of episode e and (3 1< SIE%}S(tST<xN ay.
a€RP:||al|=1

We show with high probability that 5 < O(1 + o/log(Tk)). The first ¢mi, rounds are ran-
dom exploration rounds required to satisfy the RE condition for parameter estimation across all
episodes. Once T' > tyin, the regret depends on the ¢2 norm of the estimation error. Together
with result (6.7), noting that by algorithm design T, = 27,._; , e < logT and simple algebraic

manipulations lead to the following sublinear regret bounds when 7' >> iy,

Reg(T) < O (Bﬁw(w(A) + \/IoglogT)\/logk’log(T)\/T> . 69)
o
With the choice 0 = % and k, = 1, ignoring logarithmic terms, we get Reg(7) <

O( p-wZ(A)-T).

The upper bound for the regret in the multi parameter setting evaluates to the following:

k €i,max Tivei T;ei
Reg(T) < 2Btmin + > > | S 816; 012+ 8l6; 612 | . (6.10)
i=1 e;=1 1 1

where, as described above, e; indexes episode numbers for context 7, €; max 18 the maximum

number of episodes for context ¢, T; ., denotes the total rounds in episode ¢; and 77, denotes
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total rounds when context ¢ was optimal but not chosen by the greedy algorithm, i.e., before

arm ¢ was chosen in T} ., rounds after the end of episode e; — 1, the greedy algorithm did not

t

choose context i in theT}’, rounds when z; = argmax(x L 0%). Tt is evident that the regret

Lo Lj:Y;
xj:lgjgk
will suffer if 77", is large compared to T; ,. Therefore our present analysis requires that the
2 2
random exploration rounds i, = €2 (%), ignoring logarithmic terms, so that there is

a non-zero fixed probability that the greedy algorithm chooses context ¢ when it is optimal.
When #,5, = O (W) we show that 7%, < 40T; ., with high probability leading to the
following high probability regret bounds,

k‘ 51 max Z 1€q

Reg(T) < 2Btmin + Y 24151\0* 6 (6.11)
i=1 e;=1
Note that with ¢ = -% the condition on ¢,,;, implies each context should be chosen ran-
/P p

domly in more than p? rounds before the greedy algorithm can be used. This maybe prohibitive
for many practical high-dimensional applications where p can be very large. Since tniy is
greater than Q((w(A) + v/Ioglog T)?log? k) the parameter estimation error rates are same as
the single parameter setting. Noting that e; max < log(7") and with simple algebraic manipula-

tions we get get the following upper bounds on the regret when 7" >> tin,

Reg(T) < O (ﬁwﬁ(w(A) + +/log log T)Jlogklog(T%/ﬁ) .

6.12)

g

The regret is vk worse compared to the single parameter setting.
6.3 Single Parameter Regret Analysis

We present results for the single parameter setting in this section. We first present the algorithm
and derive regret bounds in terms of the parameter estimation error rates. We then present
analysis for the case without the adversary, i.e., in each round we observe k& contexts which are
sampled as gf ~ N(0, JQ]Ipo), 1 < ¢ < k before deriving bounds for the adverserial setting.
The greedy algorithm proceeds in multiple episodes with the length of each episode increas-
ing geometrically with time [[73]]. We index episode numbers by e, time steps by ¢ and arms by
1. We denote by T the total number of rounds and by 7, the number of rounds played in episode
e. In each round, the algorithm observes contexts z!,1 < 7 < k and greedily selects the optimal

arm based on the current parameter estimate, i.e., 2/ = argmax(z!, fe )) and receives noisy
xt:1<i<k
£1<i<
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Algorithm 2 Structured Greedy (single parameter)

1: Initialize empty design matrix and reward vector Z(0) = [, y(© =[]
2: fore =1,2,3,...,|logy T'| do
: 1 g(e=1) — yle=1) ple=1) (7 (e=1)yT
3 Compute SVD as \/iZ U D % )
4:  Compute the Puffer transformation F(¢=1) = (=D (ple=D)=1({7(¢=1)T and define
Z(e=1) = ple=1) z(e=1) gpg gle=1) = ple=1)yle=1)
5: Estimate parameter using constrained least squares estimator breaking ties arbitrarily

when necessary

() = argmin
gerr 2Te—1

15D — ZEDg|2 st RO) <RO*),  (6.13)

where T,_ is the number of observations in the previous episode.

6: Initialize empty design matrix and reward vector Z(®) = [],y(¢) = []. Set T, = 2¢~!

7. fort=2"Y 1+ 11t02¢°do

8: Observe contexts %, ..., 2zt € RP

9: Choose arm z' = argmax(z!, §(®)) and observe reward y* = (2%, 6*) + w' where

et:1<i<k
w! is zero mean k,,-sub-Gaussian noise

10: Append observations (2%, y*) to (Z(¢), y(¢))

11: end for

12: end for

reward (2!, 0*) + w' with w' denoting the noise at time ¢. The parameter is estimated at the
beginning of each episode using the arms and rewards observed in the previous episode. The
parameter is estimated using the constrained least squares estimator on the Puffer transformed
design matrix and response [73].

Lemma [24] provides an upper bound for the regret for Algorithm 2] The greedy algorithm
accrues linear regret in the first ¢,,;;, rounds when the design matrix is rank deficient for param-
eter estimation, i.e., it does not satisfy the restricted eigenvalue condition. Subsequent rounds
are played in an episodic fashion with the regret in any round depending on the accuracy of
parameter estimation at the beginning of the episode.

Lemma 24 (Single Parameter Regret Bounds) Denote by 5 = max _ (zk a). Assume

1<i<k,1<t<T
a€RP:|al=1
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T > tmin, Where tmin depends on properties of the true parameter 0* and the regularizer R(-).

Then,
[logT'| T,

Reg(T) < APtmin+ Y. > 2B[0 —06%||5. (6.14)

e= |—10g tmin] 1

6.3.1 Gaussian Arms

We start with an analysis of the performance of the Greedy algorithm when the contexts are
completely stochastic, i.e., we derive regret bounds when the contexts are sampled indepen-
dently from a Gaussian distribution, , 2! ~ N (O,UQ]Ipo), 1 <i <kt <Tinstep9 of
Algorithm [2] Our primary goal in this section is to establish the analysis framework for the
smoothed adversary setting. As we will subsequently see, with a few additional arguments we
obtain the same parameter estimation error bounds in the smoothed adversary setting as the
completely stochastic setting.

Since the regret bound is influenced by the efficiency of parameter estimation, the focus will
be on characterizing the non-asymptotic estimation error bounds of the form ||6(¢) — 6*||5. The
major difference from traditional literature on high-dimensional structured estimation [31} 105}
17,1114 133]] is the rows of the design matrix. While most high-dimensional estimation literature
assumes the rows to be independent (sub)-Gaussian, here we have independent Gaussian arms
chosen as the maximum of the dot product with the estimated parameter vector, i.e., 2! =

argmax(z? é(€)>. The Lemma below describes relevant properties of the design matrix useful
m%:lgigk
to bound the estimation error. In particular, we observe that the minimum eigenvalue condition

is satisfied in expectation and has an inverse relationship with the logarithm of the number of

arms.

Lemma 25 (Single Parameter Gaussian Arms Design Matrix Properties) The rows of the

design matrix Z'©) € RTe*? in any episode e satisfy k. = ||2t||y, < coo\/Iogk for cy some

positive constant. Moreover the minimum eigenvalue of the matrix E:[2'(2T)T] satisfies,

0.2
Amin(Ezt [Zt(zt)T]) > cl@ )

where c1 is some positive constant and the expectation is over the random draws of contexts.

(6.15)

The estimation error bounds can now be obtained using the results of Lemma[25|using stan-

dard analysis tools established in prior literature in high-dimensional statistics [[10S} 11} [33]. A
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slight departure from more traditional estimation is the use of the Puffer transformation on the
design matrix and response before applying the constrained least squares estimator [75]. The
Puffer transformation is a preconditioning technique analyzed in [75] and was practically found
have better performance in estimating the sparsity pattern with the Lasso estimator when the
design matrix had heavily correlated rows. Our analysis also leads us to conclude that precon-
ditioning with the Puffer transformation before estimation gives better worst case estimation

error bounds.

Theorem 22 (Single Parameter Gaussian Arms Estimation Error Bounds) Let T, >
c1(w(A) + /Toglog T + +/1og(1/6))? log? k. Then with probability atleast 1 — 25 assuming ,

glet)) _ g <o< v > 6.16
H <o (). 6.16)

where v = ckv/10g k (w(A) + Vloglog T + \/log(1/6)>, E.={A|R(O*+A) < R(0")},

A = cone(E.) N SP~1 is the error set and w(-) denotes the Gaussian width of a set.

Now high probability regret bounds can be obtained combining the results of Lemma
together with the high probability estimation error bounds of Theorem 22}

Theorem 23 (Gaussian Arms Regret Bounds) Consider Gaussian arms. Then with probabil-

ity atleast 1 — 20

_ t ) < Tog (Tk Tog(1/9)) . 17
B= max  (zja)< c10(\/log(Tk) + /log(1/5)) (6.17)
a€RPja]=1

Also with T >> tyin > c1(w(A) + VIoglog T + \/log(1/6))? log? k with probability atleast

1 — 49 the following is an upper bound on the regret for the Greedy algorithm,

v-ﬁ-log(T)-\/T)

g

Reg(T) <O ( (6.18)

where v = cky/log k(w(A) + loglog T + +/log(1/6))

6.3.2 Smoothed Perturbed Adversary

We now derive regret bounds when the contexts are 2! = u! + ¢/, 1 <i < k,V1 <t < T.
Remember that an adversary can choose !, ||ut]|2 = 1,V1 < i < k based on the observed con-

texts and rewards in the previous rounds. The adversary can potentially influence the properties
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of the design matrix (primarily messing up the minimum eigenvalue) and the subsequent non-
asymptotic estimation error bounds. Our first main result is Lemma[26| where we show that even
in the adverserial setting in the smoothed analysis framework the minimum eigenvalue of the
design matrix in expectation is no worse than the Gaussian setting. In particular, adding small
random perturbations to adverserially selected contexts leads to implicit exploration where the
greedy algorithm works well. Another departure from the Gaussian setting is that the contexts
are no longer independent since an adversary having access to all data before a particular round
chooses the pu!’s. Technically the non-asymptotic analysis for the minimum eigenvalue of the
design matrix requires application of new results analyzing quadratic random variables with

dependence from [12].

Lemma 26 (Design matrix properties for smoothed adversary) The rows of the design ma-

trix Z(©) € RTeXP in any episode e are 2t = ut + ¢* where pit, g = argmax (ut+gt, é(efl))
gt 1<i<k

gt ~ N(0,0%1,x,) with the sub-Gaussian norm of g* satisfying ||g* ||, < coo/logk for some

constant co. Moreover we have the following lower bound on the expected minimum eigenvalue

for any p;’s:
o2

/\min(Ezt [Zt(zt)T]) >

—_— 6.19
_CIIng , (6.19)

where ¢ is some constant.

Note that the minimum eigenvalue does not get worse compared to the purely stochastic
case. Also note that we obtain sharper lower bounds on the minimum eigenvalue than the
c1 % obtained in [77]] (see Lemma 3.7, Lemma 3.6). The estimation error bounds can now be

obtained similar to the purely stochastic setting.

Theorem 24 (Estimation Error Bounds) The design matrix Z(¢) € RTe*P in all episode
where T, > c1(w(A) + IoglogT + +/log(1/6))?log? k satisfies the following minimum

eigenvalue condition with probability atleast 1 — 39,

1 2
inf —[|Zulf} > c 7 (6.20)

ueA T, logk

Moreover; for all episodes when T, > ¢1(w(A) + v/Toglog T + /log(1/6))? log? k with prob-
ability atleast 1 — 49,

fle+l) _ g <0< i ) , 6.21
| 2 < T (6.21)



128
where vy = ck\/log k(w(A) 4+ v/loglog T' + /log(1/6)).

High probability regret bounds can now be obtained combining results from Lemma [24]and
Theorem

Theorem 25 (Smoothed Perturbed Adversary Regret Bounds) In the smoothed adversary
setting with probability atleast 1 — 26

B= max (wa) < (1+eo(Vig(Tk) + viog(1/9))) (6.22)

a€RP:||a||=1

Also with T >> tyin > ¢1(w(A) + loglog T + /log(1/6))? log? k with probability atleast
1 — 69 the following is an upper bound on the regret,

v-ﬁ-log(T)-\/T>

(6.23)

g

Reg(T) < O (

where vy = ckyv/1og k(w(A) + loglog T + +/log(1/9)).
6.3.3 Examples

We instantiate the regret bounds for a few norms assuming very mild conditions on o. Note that
for £3 regularization the setting is similar to [[77]. If 6* is sparse exploiting structure, e.g. using
the /1 norm, the regret bounds depend on /s log p instead of ,/p.

Corollary 27 (Regret Bounds for ¢/; norm) Consider the smoothed adversary setting. Let
0* be an s-sparse vector, R(-) be the {1 norm and o = %. Then with T >> c1(v/slogp +
VIoglog T + /log(1/6))? log? k with probability atleast 1 — 66,

Reg(T) <O (V/p -+ B-10g(T) - VT) , (6.24)

where v = ck,/1og k(+/slogp + +/loglog T + /log(1/0))

Proof:  For the ¢1 norm and s-sparse 6%, w(A) < cav/slogp 33, [11}, 38]]. Hence the result
follows from the result in Theorem 231 [

Corollary 28 (Regret Bounds for low rank matrix recovery) Consider the smoothed ad-

versary setting. Let 0* € R"™*P be a matrix with rank r < min{m, p}, R(-) be the nuclear
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norm and o = %. Then with T >> c7(\/r(m + p) + VIoglog T + +/log(1/4))?log? k with
probability atleast 1 — 66

Reg(T) <O (p -y B -log(T) - \/T) ; (6.25)
where v = ck\/log k(\/T(m + p) + v/loglog T + y/log(1/4))

Proof: In the low rank matrix considered w(A) < cav/r(m + p) [33,139]. Hence the result
follows from the result in Theorem 23] [

Corollary 29 (Regret Bounds for ridge regularization) Consider the smoothed adversary

setting with ridge regularization. Then with T >> c1(,/p + +/loglog T + V1og(1/6))%log? k
with probability atleast 1 — 69

Reg(T) < O (Vp-+ B -1og(T) - VT) (6.26)
where 7y = ckv/log k(y/p + /loglog T + /log(1/4))

Proof: 1In the ridge regularized setting w(A) = ,/p. Hence the result follows from the result
in Theorem [

6.4 Multi Parameter Regret Analysis

We present results for the multi parameter setting in this section. The multi parameter setting
has a separate parameter corresponding to each context. The multi parameter setting requires
a warm start phase of Tj rounds where the contexts are chosen in a round robin fashion before
employing the greedy algorithm. As we show later, the warm start phase has dependence on
the variance of the perturbations and is required to obtain sublinear regret. Similar to the single
parameter setting, after the warm start phase the greedy algorithm proceeds in an episodic fash-
ion, except that there are separate episodes for each context. We denote the episode numbers for
context ¢ by e; and the maximum number of episodes for context ¢ as e; max. For each context,
the parameter estimates are updated at the beginning of an episode. In episode e;, context 7 is
chosen by the greedy algorithm in 7; ., rounds. During episode e;, before context 4 is chosen in
T; ¢, rounds by the greedy algorithm, there can also be rounds when context ¢ was optimal but

! = argmax(zt, 6%) but =} # argmax(m?,é](-ej)>. We

t : 7 t -
mj:lgjgk szlgjgk

denote the number of rounds this happens in episode ¢; by 17 .

was not chosen by the algorithm, i.e., =

Lemma|27|below gives an upper bound on the regret for Algorithm
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Lemma 27 (Multi Parameter Regret Bounds) The greedy algorithm plays the contexts in an

episodic fashion with the maximum episode number for each context e; < €;max < |logT].

Denote b = max 2t a). Let tos < T, where toe depends on properties of the
y B 1§i§k,1§t§T< v > i min d€p prop f
a€RP:||a||=1

true parameters 0, the regularizer R(-), the noise properties, the number of contexts k and the

quantity 3. Then,

Reg(T') < 2Btmint
k  €i,max

FBY D (Toedll; =67l + T 07— 6712 627)

i=1 e;=1

The regret thus depends on the following: a) the accuracy of estimating ¢; in each episode
for all contexts; b) the number of rounds when context ¢ is optimal but not chosen,i.e., the
quantities Tl-’fei, and c¢) the number of episodes each context is chosen, i.e., the quantities €; max.
Note that the estimate of any context parameter improves with the number of times the partic-
ular context is chosen. The quantities 77", , while contributing to the regret, represent rounds
when the context is not chosen and hence do not contribute to improvement of the parameter
estimate. We need the warm start to ensure the greedy algorithm chooses contexts with constant
probability when they are optimal, i.e., to limit the quantities 77", .

We focus on regret bounds when the contexts are x! = u! + g1 < i < k,1 <t < T,
where £1!’s are adverserially chosen and g!’s are the Gaussian perturbations. We start with a
characterization of the number of rounds required in the warm start phase. The warm start
phase is required to ensure that conditioned on a context being optimal in a given round, there
is a constant non-zero probability the greedy algorithm also perceives it to be optimal which in
turn limits the quantities 77", . Intuitively, this is the essence of Lemma [28] We build towards
the result Lemma 2§ with a couple of propositions. Proposition [I]is a straightforward observa-
tion on the relationship between the first and second optimal contexts where we introduce the

quantity 7.

Proposition 1 Consider any round t when the episode numbers of the k contexts are ey, . . . , €.
Let i* denote the context with the maximum reward, i.e., i* = argmax(u} + g!,07). Let j
1<I<k

denote the context having the second largest reward, i.e., j = argmax <,u}t + gf, 0f). Define
1<I<k;l£i*
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r= <u§ + g;i, 07) — (ut., 0%.). Then the following condition is satisfied,

(g, 05) > 1. (6.28)

Proposition [2] states conditions when there is a definite match between the actual optimal

context and the context perceived to be optimal by the greedy algorithm.

Proposition 2 Assume context j' such that j = argmax (u! + g, él(el)>, i.e., the context other

1<I<k,l£i*
than i* which has the highest estimated reward. Also assume the parameter estimate for context

i* to be éz(f #) = 0% + Agfi*). Then the greedy algorithm selects context i* if the following

condition is satisfied,

(g, 0) = 7+ (uly + gl AL = (e + gle, AL)) (6.31)

7:*

The greedy algorithm always picks the optimal context if the condition in equation (6.31) is
satisfied. Intuitively, to limit 77", condition (6.31) should be satisfied with some constant prob-

ability. Lemma [28] formalizes this notion.

Lemma 28 (Margin Condition) Consider good events as when r < czo+/log(Tk) and con-
sider errors Agfi*) and A;ijj/) to be small enough such that (ué, + gj-,,A;?j/)> — (ub +
gk, Al(f"*)) < "72 Then the following holds,

0.2
(R

Sorallr < czo+\/log(Tk).

The length of the warm start phase is influenced by the condition that HA;?J ) ||2 and HAgf”) Il2

are small enough so that (1}, + gél,A(fj/)) — (uk + gf*,AZ(-f"*)) < ‘772 in Lemma Let

1
— 6.32
20’ (6.32)

@%@wzr)z

J
B = i SIE%}%@TWZ + g;,a). We show that 3 = O(1) with high probability in Theorem
a€RP:||a||=1

Then with some simple algebraic manipulations we show in the worst case that <,u§-, +

g}, A;ijjl)> — (uk + gL, Agfi*)> < ‘772 is satisfied when:

1AL |l = 16 — 67| < O (o) (6.33)



Algorithm 3 High-dimensional Greedy (multi parameter)

1:

10:

11:

13:

14:

16:

17:

18:

19:

20:
21:

Sete; = ... = ex = 0. Initialize empty design matrices and rewards Zfo), cees Z,(CO) =
I =1
fort =1to1y do

Observe contexts zf, ..., zt € RP

Pick context ¢ from {1,...,k} in round robin fashion and observe reward rft =

! is zero mean k,,-sub-Gaussian noise

(al,0%) + w' where w
Append observations (x T ) to (Z; (fO ), y(fo ))
end for

Compute SVD of ﬁzi(o) = UZ.(O)DEO)(VZ,(O))T

Define the Puffer transformation Fi(o) = UZ-(O)(DEO))_I(Ui(O))T and compute gjfo) =

Fi(O)yl(O) and Zi(o) _ Fi(O)Zi(O)

Estimate parameters using constrained least squares estimator for each context with 17 o =
=Tio=...=Tro="To/k

6 — argmin——15© — 2902 st R(6) < R(0), (6.29)
gerr 2150

Increment all e; = e; + 1,1 < ¢ < k. Initialize empty design matrices and rewards

Zfel), . ,Z,ge’“) = H,ygel), .. .,y,ﬁez) = []. Also initialize t; = ... =t = 0.
fort =Ty toT do
Observe contexts zf, ..., 2zt € RP

Pick context i’ such that i* = argmax(z?, 9§ei)>, receive reward rf, = (al,0%) + o'
1<i<k

and increment t;: = t;+ + 1
Append observations (x ft, zt) to (Zz(te t),y(f t))
ift; =275 . a-1= T‘t , then

Compute SVD of m Zi(teit) — U@'(teit) D(eit)(v,(eit))T
Compute the Puffer transformation F, (ewr) Uz(e t)(DEte it))_l(Ui(teit))T and com-

pute Zz'(t t) Fi(tet)Z( t) and ~(et) _ (6 t) (6 t)

Estimate parameter using constramed least squares estimator

~e. 1 €. €. t
65 = argmin——— g — Z50)2 st R(6) < R(6%) (6.30)
(SN it,e,t

where nt’eit = 2nt’eit_1.

Increment e;: = e;+ + 1. Initialize empty design matrix ZZ.(teit) = [] and reward
yz(f it) = []. Initialize ¢;: = 0.
end if
end for
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The estimation error bounds are influenced by the properties of the design matrices after the

warm start phase.

Lemma 29 (Multi parameter Design Matrix Properties) Consider any context i and a par-

ticular episode e;. The rows of the design matrix Zi(ei) e RTiei*P gre zf = ,ug + gt
where in round t context i is chosen by the Greedy algorithm, i.e., 1 = argmax(:nf, 9§el)>
1<i<k

where xt = ut + gt, gt ~ N(0,0%1,xp,). Then under the condition {(gt,0F) > r for some

r < cgo+/log(Tk),

0_2

. ) t t T t . -
Amin (E.t [ ()7 | 2} satisfies (]) > c log(Th)

where  is the condition z! = argmax(z!, él(ez)>; (gL, 07) > rir < c30+/log(Tk).

gl:1<I<k
The only difference in the properties of the design matrix compared to the single parameter
setting are the sub-Gaussian norm and expected minimum eigenvalue of the covariance matrix.
Therefore following similar proof arguments as in the single parameter setting we obtain the

following upper bound on the maximum estimation error across all contexts and episodes:

1<i<k e;<e; max /T

Comparing equations (6.33) and (6.34) it can be easily inferred that 7; ., = 6 (wQ(A)> to

ol

sup  sup Hégeﬁl) — 0. <O (M> . (6.34)

satisfy the margin condition and hence the length of the warm start phase Ty = ) <kw2(’4) ) .In

0-4
the interest of space all proofs are provided in the supplement.

If the length of the warm start phase satisfies Ty = e (kwjiA)

), the margin condition of
Lemma[28|holds which ensures that the greedy algorithm chooses any context i with probability
greater than 1/20 if context ¢ is optimal in a given round. In other words in expectation 17, <
207 ¢,, 1.e., in any particular episode for any context the number of rounds when the context is
optimal but not perceived to be optimal by the greedy algorithm is upper bounded by 20 times
the length of the episode. With the result on 77, s the upper bound for the regret in the multi
parameter setting can be derived from the result of Lemma tobe O (M) which is vk

times worse compared to the single parameter setting.
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Theorem 26 (Multi parameter Smoothed Adversary Regret Bounds) Consider com-
putation of regret for the Greedy algorithm in the multi parameter setting fol-

lowing Lemma 4. Define the following quantities r < c3o+\/log(Tk), v =

crmu (w(A) +I0gog T +vIog ki +/10(1/5)) log(Tk) 8= ¢

max  (z;,a). The margin con-
1<i<k1<t<T
a€ERP:||a||=1

dition in Lemma 5 is satisfied with probability atleast 1 — 5 when,

4k 2,2 02 1
Fnin > 70725 +1+ /5 log(1/6). (6.35)

Under the margin condition, the regret is maximized when in each round each context has

equal probability to be selected by the Greedy algorithm. The equal probability implies that in

expectationTy =Th = ... =T = % Also the regret is upper bounded as follows,
Reg(T) < 2[Btmin + 828V Tklog(T) . (6.36)
— t < . o7
Moreover [3 1§i§rl(€l%)ét§T<xl’ a) < (1 + c1o(\/log(Tk) + +/log(1/6))) with probability
a€RP:||a||=1

atleast 1 — 26. Therefore with probability atleast 1 — 85 when T' >> tuin

Reg(T) < O (’y -8 - log(T) - \/ﬁf) (6.37)

6.4.1 Examples

As examples we instantiate the regret bounds for the ¢; norm, nuclear norm and ridge regular-

ization.

Corollary 30 (Regret Bounds for ¢1-norm ) Let 0* be an s-sparse vector, R(-) be the {1 norm

and o = ﬁ. Then with T >> c4kp®y?r? 32 with probability atleast 1 — 89,

Reg(T) < O (\/p? B log(T) - VTT:) , (6.38)

where v = coky,+/log(Tk)(v/slogp + v1oglog T + /log k + +/log(1/9)).

Proof: In the setting considered w(A) < c¢5v/slogp. The result follows from the result in
Theorem 26l u
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Corollary 31 (Regret Bounds for nuclear norm) Ler 6* € R™*P be a rank r matrix, R(-) be

the nuclear norm and o = %. Then with T >> c4kn?~?r? 32 with probability atleast 1 — 85,

Reg(T) < O (p-7 - B-10g(T) - VT) , (6.39)

where v = cariy/10g(Tk)(\/T(m + p) + Ioglog T + v/logk + /log(1/4)).

Proof: In the setting considered w(A) < c5+/7(m + p). The result follows from the result in
Theorem 26| ]

Corollary 32 (Regret Bounds for ridge regularization) Ler R(-) be the ridge regularizer and

o= %. Then with T >> c4kp?y?r? 5% with probability atleast 1 — 89,

Reg(T) <O (p -y - B log(T) - \/7”7:) : (6.40)

where v = cakiy+/1og(Tk) (/P + Vioglog T + /logk + /log(1/9)).

Proof:  In the setting considered w(A) < cs5./p. The result follows from the result in Theorem
26| [
Appendix

6.A Background and Preliminaries

We present a variant of the Hoeffding bound where the coefficients can depend on the random-

ness of prior random variables.

Lemma 30 Let {Z,} be a sub-Gaussian martingale difference sequence (MDS) and let z14
denote a realization of Z14. Let {a;} be a sequence of random variables such that a; =
ft(zlz(t_l))for some sequence function f, with |a;| < a4 a.s. for suitable constants a1, . . ., ar.

Then, for any T > 0, we have

-2
P >r)|<2expd-—— 1 L (6.41)
( ) g { der? 25:1 aj }

for absolute constants ¢ > 0 and where k is the o-norm of the conditional subGaussian

T

g arzt

t=1

random variables.
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Proof:  For any realization z1,;_1) since Zt\zl:(t,l) is a sub-Gaussian random variable with

zero mean, then the conditional moment-generating function (MGF) satisfies: for all s > 0
Elexp(sZy) | 21.4—1)) < exp(cs?k?) (6.42)

where £ is 12-norm of Z; conditioned on any realization z1.;_1) and ¢ > 0 is an absolute

constant. Further, for a; = f(21.;—1)) With |a;| < oy, we have
Elexp(sarZy) | z1:¢-1)] < exp(ca?s?k?) < exp(ca?s®k?) (6.43)

where the last inequality holds for all realiztions zq.(;_1).

For any s > 0, note that

P (tz: aZy > r) = (exp ( z:: ) > exp ST))

T
exp <S Z atZt)

< exp(—sT)E (6.44)

Now, using (6.42)), we have

exp ( ZatZt>

Ez,...20) [HGXP saZy)

t=1
T-1
= E(Zl,...,ZT,l) EZT|Zl,...,ZT,1 lexp(sarZr)] H exp(sarZy)
t=1
T—1
< eXp(CS2Oé’_2F/€2)E(Z17,,,7ZT_1) [H exp(satZt)
t=1
T2
< exp(cs’ark?) exp(csza%,lnQ)E(Zl,wZT_Q) [H exp(sarZy)
t=1

T
< exp <032m2 Z a?) .

t=1

Plugging this back to (6.44), we have

T
P (Z arZy > 7') < exp (—ST + cs?k? Zat> . (6.45)

t=1
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Choosing s = we obtain

-
2ck? ZtT:1 0‘? ’

T 2
r
P i >T]| <expy—m——— . (6.46)
<Z - ) g { der? Z?:l 0‘%}

t=1

Repeating the same argument with —Z; instead of X;, we obtain the same bound for
P(—>_,a:Z; > 7). Combining the two results gives us (6.41). (]

6.B Results on Gaussian Random Variables

Lemma 31 Consider k Gaussians g1, . . ., g sampled from a N (0, o%) distribution. Let 9ga) =

max g;. Then for some constant ca,
gi:1<i<k

P(g < V20 (y/logk + \/log(1/68))) > 1 — 26 (6.47)

Proof:  We first obtain upper bounds on g(;). We make the following observations,

exp(tE[gn)]) < Elexp(tg))]

E
E

IN

[max exp(tg;)]

Elexp(tg;)]

W

1
< nexp(t’c?/2), (6.48)

-
Il

where the first inequality is Jensen’s inequality, the second is the union bound, and the final
inequality follows from the definition of the moment generating function. Taking logarithm of

both sides of the inequality, we get

logk to?
Blga) € ==+ =~ (6.49)
This can be minimized by setting ¢t = 7v2}'°gk to give,
Elg)] < ov2y/logk . (6.50)

We now use the following result from [[121]] to provide large deviation bounds around E[g(l)].



138
Lemma 32 (Lemma 2.1.3 in [121]]) Consider a Gaussian process (Z;)icu, where U is finite
and a number o such that o > sup(E[Z}])'/2. Then for u > 0 we have,

teU
u?
P(SupZt—EsupZt Zu) < 2exp (—2> . (6.51)
teU teU 20
: _ 7 _ 21\1/2 _
In the context of our setting we have g; = Z;, g(1) = max Zy and I}leaUX(E[Zt]) 2 =

E[g?]'/? = 5. Therefore using u = 0v/2,/log(1/5) we get,
P(ga) = Elga] + ov24/log(1/6)) < 26, (6.52)
Now the stated result can be derived from @D and (6.32). ]

Proof: Now from the proof in Lemma 31| E[g(1y] < ov2y/Togk. The result then follows

using Lemma A.4 and using co = 1.

Lemma 33 Let z1,. .., x), be k independent Gaussian random variables with variance o and
let z = argmax x;. Then,
1<i<k
2
Var(z) > ¢1 (6.53)

logk '’
where c1 is some positive constant.

Proof:  For each i, let e; denote the event of ¢ = argmax x;. Then the variance of z can be
Z’/

written as
Var(z) > ZP e;] Var(z | ;] (6.54)
== Z Var[z | ;] = Var[z | eq] (6.55)
i
where the last two steps follow from the fact that the distributions among arms are identical.
Furthermore,
Var[z | 1]
= Var[z; | eq]

P {zl > /log(k) A maxz; < V1og(k) | el} Var |:l‘1 | 1 > /log(k) A max ; < log(k)
P [xl > +/log(k) A max;s1 x; < log(k)]

Pled]
=kP {xl > \/M} P [r{1>alxocZ < log(k)] Var {xl | 21 > log(k)}

>

Var [:171 | x1 > log(k:)}
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where the last step follows from P[e;] = 1/k and that 1 is independent from all other draws.

We use the following known inequality of the Gaussian distribution [63]].

Plzy > /log(k)] > 1/k.

Furthermore,

k

P |maxa; < \/log(k‘)] =[P [:c < \/log(k)} (6.56)
=2

>(1-C/k)F>1/e¢ (6.57)

where C' is an absolute constant. Finally, by [77], we have Var[x; | =1 > +/log(k)] >

Q(1/log(k))
Putting everything together, we have

Var[z] > Varz | e1] > k(1/k)(1/e)Var[zy | z1 > v/log(k)] > 1/ log(k)

Lemma 34 Let an adversary pick p; € R, 1 < i < k and then consider k random draws from a
Gaussian distribution g; ~ N(0,02),1 < i < k. Then the following is true for any adversary,

Var(g | g = argmax g; + p1;] > Var[g | g = argmax g;] . (6.58)
9i:1<i<k 9i:1<i<k

Proof:  Without loss of generality assume 1 > pi2 > ... > pg. Alsolet gy > g(2) = ... g
denote the order statistics of the Gaussian variables. Now any p; can be mapped to any
gj) to give k! possibilities. Lets divide the k! events into k disjoint sets Aj,..., Ay in

the following way. Consider one mapping {(ti;» 9(1)); - - - (thi> 9(5))s - - - » (iy, > Gy ) } Where

there are indices i, j = argmax p; + g¢;). If j = k then we put the mapping in the bin
1<i,j<k
Ap. Otherwise assuming j < k, let iy, ..., u;, be mapped to g(ji1),.--,9(j4+n) such that

1 <j <35+ h < k. We then find an index %,, such that after swapping p; and p;,, such that

the new mapping is {(4i;; 9(1)) - - - (Hin» 9())s - - -5 (i G(G+m))s - - - (i Gy )} We find that

i,j +m = argmax [+ g(jim) but when we swap y; with y;,, ., for the mapping
1<im,j+m<k

{(Mil?g(l))7"'7(/’Li771+17g(j))7"'7(Mi’g(j+m+1))""(Mih’g(k))} then i+ Gj+m+1 is no
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longer the maximum. We then put the mapping {(ui;, 9(1))s - - - » (i, 9(5))s - - - » (i > Gy ) } 0
the bin A, ,,. Note that the bin A, ,, will also have the mappings

{(Mipg(l)), ce (Uin’g(j))7 ce (/,Li,g(j+n))7 .. (Mihag(k))} forall 1 < n < m with Wiy,
swapped with p; where f1; + g(;4 ) is the maximum as also the mappings

{(kirs 901))s 5 (Bins 9Gi=n))s -+ 5 (Bins 9(5))s - - - (B Gy ) 1> 1 < < j— 1 where g +g(j )
is the maximum. Since all these mappings are equally probable, bin A;,,, is a set of events out

of k! where any g(,), 1 < o < j + m are equally probably such that i, 0 = argmax p; + g(,) for
1<0,i<k

some 1 < ¢ < k. Moreover from the construction we see that the sets A;NA; = ¢,1 <, <k

are disjoint and U;<;<xA; contains all k! events. Therefore with this construction we make the

following observations,
k
Varlg | g = ar%iniu]z gi + i) = ZVar(g lg ~{9ays - 96} P(4) . (6.59)
Firttz i=1

We note that the minimum variance is achieved when P(A;) = 1 and Var(g | g ~ g(1)) =

Var[g | g = argmax g;] which is the desired result. [
9::1<i<k

6.C Proof for Single Parameter Setting with Gaussian Contexts

We give the proof for Lemma

Lemma 24 Denote by 5 = max (xf, a). Assume T > tyin, where tyiy depends on
1<i<k,1<t<T
a€ERP:||a||=1
properties of the true parameter 6* and the regularizer R(-). Then,
[log T
Reg(T) < 4ftwin + Y 2T.B)10C — 0% (6.60)
e= “Og tmin1

Proof:  Let the episodes be indexed by e, let T, denote the number of rounds in episode e and
let T' denote the total number of rounds. Let S, denote the rounds in episode e. If context i’

is selected in round ¢ and ¢* denotes the optimal context then the regret can be computed as



141

follows,

t=1
[log T'|
= Z Zw*,xﬁ* — k)
e=1 teS,
[1og tmin | log T'|
SNtk —aly+ Y > (T ek —al) . (6.61)
e=1 teSe e=[log tmin | t€Se

The first term on the r.h.s. of (6.61)) can be upper bounded as follows,

[log tmin | ﬂog timin |
Do dMenab —aby < Y SOl + 1 k)]
e=1 teSe e=1 tES.
[log tmin |
> 228
e=1 teS,
< 4Btmin , (6.62)

where in the third line we use from the algorithm 7, = 2°~! and hence 5 L:%tmi“] Yol <
2t min.
We make the following observations to bound the second term on the r.h.s. in equation

©.61).

|log T | [log T
Do D —aly = 3 ST —0Yal) = (07 =0 al) + (0, 2l —al)
e=[log tmin| t€Se e=[log tmin] t€Se

[log T'|

IN

+ {87 =6, )|

Yo Dl —09,al)

e=[10g tmin | t€Se
[log T

> > 20 - 0“2, (6.63)

e=[log tmin | t€Se

IN

t

where in the second line we use (é ) < (96 t) as o ;+ was chosen ahead of z!. in round ¢.

The stated result now follows from (6.61)), (6.62) and (6.63). n

We give the proof for Lemma 23]
Lemma The rows of the design matrix Z©) € RTeXP in any episode e satisfy k, =

24|y < coo/Iogk for ca some positive constant. Moreover the minimum eigenvalue of the
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matrix E [z (2T)T] satisfies,

0.2

Amin (B [2(2)T]) >

_— 6.64
> c1 logk (6.64)

where c1 is some positive constant and the expectation is over the random draws of contexts.
Proof:  The rows of the design matrix satisfy,
t_ t ple)
2" = argmax(z;, 0'?) | (6.65)
zt:1<i<k

where 6(¢) is the estimated parametrer in episode e. We first prove the result on the sub-
Gaussian norm of z'. Let () be an orthogonal matrix such that Q0(¢) = (||6®)]5,0,...,0).
Also for any round ¢, let (z},...,2}) = (QTe!,...,QTe:). Due to rotational invariance

€l ~ N(0,0I,xp), 1 < i < k. Therefore,

~

2! = argmax(a, 6(e))

ot 1<i<k
Q7' = € = argmax(e!, Q0(€)> (6.66)
€b:1<i<k

Therefore ¢! € RP is a p-dimensional random vector such that elements (') .1 < g < pare
random N (0, 0?) elements with ||(€!) ]|y, < c3o for some constant c3. For the element at the
first position,

(€")1 = argmax(e)q , (6.67)
1<i<k

where (e!); are N(0,0?) elements. The following Lemma bounds the sub-Gaussian norm of

(b1

Lemma 35 Let g1, - - , gk be k Gaussian N (0, 02) elements and let h = argmaxg;. Then the
1<i<k
sub-Gaussian norm of h satisfies the following:

|y, < csor/logk . (6.68)

Proof: The maximum of k-Gaussian elements can be expressed as follows with vector g =
[g1,-- -, 9] € R¥:

l9llo = sup (g,u). (6.69)
willufl1 <1
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Therefore,

E|sup gi| = FE

1<i<k wi|ul[1 <1

sup <g,u>] < cyor/logk , (6.70)

where the last inequality is because the Gaussian width of the unit /; norm ball is /log k
[121,1122,38]] and by the majorizing measure theorem (see Theorem 2.1.1 in [[121]). Now from
the result of Lemma 2.1.3 in [121]],

2
P(| sup g; — E sup gi| > u) < 2exp (—u2> - (6.71)
1<i<k 1<i<k 20

Note that any random variable £ is a sub-Gaussian random variable with sub-Gaussian norm
c5 K 1is it satisfies the following tail decay [127]],

2
P(€] > u) < 2exp (—2}) | 6.72)

Therefore ( sup g; — F sup g,-) is a cso-sub-Gaussian random variable. Therefore,
1<i<k 1<i<k

2y, = || sup gi — E sup g; + E sup gilly,
1<i<k 1<i<k 1<i<k

<| sup gi — E sup gilly, + [|1E sup gilly,
1<i<k 1<i<k 1<i<k

< c50 + cqor/logk
< cgor/logk . (6.73)

Therefore by the definition of sub-Gaussian random variables (¢!); is a sub-Gaussian ran-
dom variable with ||(e")1]|y, < cso/logk for some constant c. Therefore Q2" is a random
vector with independent sub-Gaussian random elements. Therefore from the result of Lemma
the elements of 2! = QT Q2! are also independent sub-Gaussian random variables with sub-
Gaussian norm of each element || (2%);]|y, < ¢7oy/log k. Also from the result of Lemma 2tis
a sub-Gaussian random variable with [|2*||y, < cao+/log k for some constant ¢; which proves
the first result.

In order to prove the minimum eigenvalue condition, let () be an orthogonal matrix such
that Q0(¢) = (]|6(©)||,0,...,0) as outlined earlier. Again for any round ¢, let (%, ... ,xh) =

(QTel,...,QTet). Due to rotational invariance ¢! ~ N(0,0%[,x,),1 < i < k. Now with
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2! = argmax(z!, é) = argmax(Qx!, Qé) and let € = Q2!

xt:1<i<k ah1<i<k

)\min (E

= min w7 (E

wiwll=1
= min FE
w:||w]|2=1

= min E
wi|lwll2=1

> min Var
wi|lwll2=1

2T

2! = argmax(zl, é(€)>]>

z%:lgiﬁk

PRCAM

w2 (2 Tw | 28 = argmax(zt, 0())

x%:lgiﬁk

2! = argmax(z}, é(e)>]> w
xﬁ:lgigk

)

(w, 2")?

2! = argmax(z}, é(e)>] >

at:1<i<k

2t = argmax(z?, 0())
wt:1<i<k

2t = argmax(Qul, Q0 e)>>

wif|w|2=1 zt:1<i<k

= min Var( Quw,Qz")

= min Var [ (Qw, Q2" | z = argmax(Qz')1 [0 ||

w|lwll2=1 xt:1<i<k
= min Var [ (w,Qz) | z = argmax(Qz")1 [0 |2 | , (6.74)
w:[|wll2=1 wti1<i<k

where the last line uses that minimizing over w and over Qw yield the same result. Now

et = Qz'isa N(0,0°L,4,) random vector. Therefore it follows,

Amin (E 2! = argmax (!, é(e))]>

x;?:lgigk

21T

> min | Var |(w,€") | ¢ = argmax(el)[|6|
wiljwl|2=1 et1<i<k
min w?Var((e')1) + Z w2Var ) | € = argmax(et),[|6)]])
w:||w|]2=1 el:1<i<k
2
o
— 6.75
> logh ' (6.75)

where second line follows as the coordinates of ¢’ are independent and the third line follows

as from the result of Lemmawhere Var((e')1|e! = argmax( D116@]) > ¢ lg;k
et:1<i<k

and



145

Var((e!);|et = argmax(et), [|6)]) = 2. .
eb:1<i<k

We give the proof for the estimation error in each episode for the Gaussian contexts setting.

Theorem 22| Let T, > c7(w(A) + loglog T + +/log(1/6))?log? k. Then with probability
atleast 1 — § exp(—naw?(A)) — 6,

Hﬁ%ﬂ—9w2g0<0}n>, (6.76)
where v = cky,\/log k(w(A) + Ioglog T + +/log(1/6)), E. = {A | R(0* + A) < R(0*)},
A = cone(E.) N SP~1 is the error set, w(-) denotes the Gaussian width of a set.

Proof: Consider parameter estimation at the beginning of episode e + 1. Assume the design
matrix has the SVD decomposition \/LT:Z (©) = UDVT where U € RTe*4, D e R4 and V e
RP*4 where d is the rank of Z (©). Also let ©1/2 = VDVT. Define the Puffer transformation
F = UD~'UT [[75] and consider the preconditioned design matrix Z© = F7(© and response
7© = Fy© . Since y© = Z©g* + w), it follows that Fy(® = FZ€)g* + Fw©, je.
§© = Z©9g* + 5 where ©(¢) = Fw(®) We then compute the constrained regression estimator
f(e) = argmini”;g(e)—Z(E)GH% st. R(0) < R(6*). Since A(®) minimizes the loss function

OcRP
the following observation is straightforward,

1 ~ 0o\ A 1 -
—— q1g@ — z@ge2 _ 50 _ Z(e)p*)2 <
518 = 290N = 515 — 290 < 0 (677)

Let 0(©) = 0* + A(®) where A(©) satisfies R(* + A(®)) < R(6*). Substituting it in (6.77) and
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subsequent simplification using u = ﬁ yields the following,

1
2T,

1

ZEA@2
[ I2= 57

1Z@u3]|A@) |3 (6.78)

A
S S =

7 — Z@g+ 7 A<e>>

IN

P e

(ZNT5e), A<e>>

IA
—_

IN

1
<
=T

where in the fourth line we use Z(©) = FZ @), u) = Fw®: in the fifth line we use that
»/2 = VvDVT, L 7€) = UDVT and F© = UD~1UT. In the second last line we observe

VTe
that h € RP is a sub-Gaussian random vector with ||a ||, < c3k,,. This is because using results

(h, S7V2u)|A@)]|5 (6.79)

from Lemmait can be inferred that UTw(®) € R? is sub-Gaussian with ||UTw(®) llpo < caki
and again from Lemma h = VUTw(®) € RP is sub-Gaussian with 1], < 3k, We will
(h,21/24)

now focus on lower bounds for threllf4 T% | Z(©)u||3 and upper bounds for 21612 \/1TT,
1. Minimum eigenvalue condition: Lower bounds for inlf4 =z (©) |2
ue €
We obtain high probability lower bounds on the quantity injf4 =z (¢)y||3. Remember that
ue ¢

Z(©) e RTexP is the design matrix before the Puffer transformation. We make the following
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observations:
1 &
12§ = = S (e

€ =1
1 &

=7 (28 — E[2"] + E[Zt],u)2
€ t=1
1 T, T, 9 T,

= f <Zt - E[Zt]7u>2 + f Z<E[Zt]a U>2 - ? Z(Zt - E[Zt]a u><E[2t]7 ’LL>
€ t=1 t=1 € =1

(6.80)

We first analyze the quantity T Te (2t = E[2Y],u)?. Let G € RT*P be the design matrix
with rows as z! — E[2!]. Using the results of Lemma [25[and the episodic algorithm, we make
the observation that the rows of the matrix G are i.i.d. o-sub-Gaussian. We obtain lower bounds

on the quantity T% |Gul|3. We use the following result [T1} [T03].

Theorem 27 (Mendelson, Pajor, Tomczak-Jaegermann [103]) There exist absolute con-
stants ca, c3, c4 for which the following holds. Let (2, 1) be a probability space, set F' be
a subset of the unit sphere of Lao(p), ie., F' C S, = {f : ||fllL, = 1}, and assume that
suprep || flly, < k. Then, for any 0 > 0 and n > 1 satisfying

a2 (B || ls) < 0V, (6.81)
with probability at least 1 — exp(—c36°n/k%),
2
su <0. (6.82)
feg n Z f }
Further, if F' is symmetric, then
sup
sup | Z f200) - B[#’]
F - F -
< ¢, max 2%72( Al Hd)z)’ 2( Al Hdﬂz) (6.83)
vn n

For convenience let zy have the same distribution as the rows of the design matrix G. Con-

sider the following class of functions:

F={foucA:fu)= ———"(,u)}. (6.84)
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Then, f,(z0) = m&o,u) and F' is a subset of the unit sphere, i.e., ' C Sf,, since

£l = E[fi] = 1.
Next, we get an upper bound on sup ||fully, = sup

1
P | o 20 @

. Note that

fu€F ue o
ke = [|20]|pp = S;lp 1 {20, V)|, < c20. Also from the result of Lemma , E[{z0,u)?] >
vESP™
1(()7ng Therefore,
1
sup || fully, = sup = (z0,u) (6.85)
fu€ ued ||/ E[(z0,u)?] o
Vlog k
< Q29VI0EF (6.86)
C30

< cy/logk . (6.87)

As a result we have,

YV2(F NV Spos [ ) < cav2(F N Spy, [ - ll2,) < cacsw(A)/logk (6.88)

where the last line follows from generic chaining [122| [121]], for some constant c¢5 > 0. There-

fore, in the context of Theorem[27] we choose,

02 (cecsw(A) + /log(1/6) + +/loglog T') log k
=

Ve
Fns .
> coey 1ng72( Lo H sz) ’ (6.89)
Ve
for some constant 0 < § < 1, so that the condition on 6 is satisfied. With this choice of 6, we
have,
0°T, 22 9
——5 = cgesw”(A) +loglog T + log(1/0)
cjlog”k
= now?(A) + loglog T + log(1/6) . (6.90)

Then, from Theoremit follows that with probability atleast 1 —exp(—new?(A) —loglog T —
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log(1/68)) with ¢, 1 < t < T, denoting the rows of Z¢ , we have,

1 1 . t )
T. - -1
Sp | e w2 ¢~ B )
te(Te)
< 2 (cocsw(A) + /loglog T + +/log(1/6)) log k
- VTe

: 1 2 t t 2
_ > _
= Inf Zl|Gullz = E[(" - El2], u)7]

(1 _ o(cscsw(A) + Vloglog T + /log(1/6)) log k‘)
i Nin .

Substituting T, > c7(w(A) + Ioglog T + /log(1/6))? log? k so that

1 — 0421 (cscsw(A)+\/loglvi}ngT+ log(1/6)) log k > ¢y and noting from Lemma that E[<Zt _

E[2'],u)?] = Var[(z,u)]) > 03% it follows with probability atleast 1 — exp(—now?(A) —

loglogT — \/W)a

2

. 1 o
;ggiHGuH% > 3 (6.91)

logk
Now by a union bound argument for all episodes e < |logT'| with probability atleast 1 —
exp(—rpw?(A) —log(1/d)) = 1 — dexp(—naw?(4)),
Te

s s 1 2 . : 1 t t 2
— = — E - > )
1re1fqire1f Te||Gu||2 1r€1f7irelf T t 1(2 E[2"],u) C3logk

(6.92)

We now derive upper bounds for the quantity \/%Z;‘F;Mzt — E['],u)(E[z'],u). Let

a € RTe be the vector whose elements oy = ——(F[z'],u) and therefore ||a|s =

VTe
\/%\/ZtT;ﬂE[Zt]a u)2. Note that it follows from Lemma |5| that (2 — E[z'],u) is a cy0-
(2! — E[2"],u)||y, < co0. Therefore from the Hoeffding

sub-Gaussian random variables, i.€.,

inequality of LemmalI}

2
P > 7| <2exp <—272> . (6.93)
c30? |3

Now for any u,v € A, (z* — E[2!],u — v) is a ca0||u — v||2-sub-Gaussian random variable.

Te
Z a2t — E[2"),u)
t=1

Therefore by an application of Lemmal/l}

2
P >71] <2exp (— ) . (6.94)
( > 30 u— o[l

iat<zt — E[Z"],u —v)
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Therefore substituting o1 = /c30||a||2, we get,

Te 2
P > 7| <2exp (—272) . (6.95)
— otllu—vll3

Zat<zt — E["],u —v)

Therefore using properties of the Gaussian width defined in Section [2.2]

Zatz — E[2"],u)

Now for the high probability bounds we refer Theorem 2.2.27 in [122]]. Applying the result of
Theorem 2.2.27 [122]] leads to the following result :

sup
ucA

] < C401w(A) = C50'||a||2w(A) . (6.96)

Te Te
P | sup Zat(zt—E[ f,u)| > E |sup Za 2t — B2, u)| | + ceorT | < crexp(—12) .
ueA |1 ueA |1

6.97)

Let 7 = cg(+/log(1/8) + /loglogT) choosing cg large enough so that c; - exp(—72) >
c7 - exp(—c2(loglog T + log(1/6))) > exp(—loglogT — log(1/6)). Also substituting the

value of E [sup )Ztil al{gt — E[g'],u) ” from equation (6.138) and choosing constant cg
ucA

large enough, we get the following:

(A > coo||all2(w(A) + v/log(1/6) + v/loglog T)) < exp (—log(1/d) —loglogT') .
(6.98)
This above is true for any single episode e. Taking a union bound over all |log log T'| episodes,
we get:

P (A > cgolall2(w(A) + /log(1/5) + \/loglogT)) < exp (—log(1/8) —loglog T + loglog T')

<4. (6.99)

Now from equations (6.80), (6.92)) and we get,

1 2 V1og(1/0) 4+ v/loglog T
e ) e
Equation (6.100) is minimized when |laj2 = coalela(w(A)+ V\ZE(I/(SH“ logoe ), Substituting

the minimum value in equation (6.100) and by simple algebraic manipulations we get:

1 e 2 o? B c2(w(A) + /log(1/8) + /Toglog T)? log k
T 12 ull3 = gk | (6.101)

T
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Then with T, > ¢1(w(A) + v/Toglog T + 1/log(1/6))? log? k and choosing c; large enough so
c2(w(A)++/Toglog T++/log(1/6))? log k
Te

that c = c3 — > 0, we get:

1 2
~—12ul3 > e~ (6.102)

logk *
2. Upper Bounds for \/% (h,2~1/24):
h is a sub-Gaussian random vector with ||h||y, < c3k,. We use the following result from

generic chaining [121} [122]] (also Theorem 9 in [11])

Theorem 28 Let set B C RP. Assuming h is any centered sub-Gaussian random vector with

|\l ]|y, < K, then we have for any T > 0,

u€B CTOK

2
P <Sup<h,u> > cgrw(DB) —|—T1> < myexp (— ( n ) ) , (6.103)

where cg, N4, c7 are positive constants and ¢ = sup ||ul|2.
ueB

Therefore applying Theoremon theset B = {v € R? | v = ¥~ Y2u,u € A} with
A denoting the error set, we get the following noting that w(B) < /Apax (X1 A)w(A)
where \/Amax(X71A) denotes the restricted maximum eigenvalue of the matrix, i.e.

Amax(271A) = supu” X wand ¢ = \/Amax (571 4),
ucA

2
1
cres3 AmaX(Z—l|A)mw>
(6.104)
Substituting 71 = c3k,/ Amax (X" A)(c7v/loglog T + cg4/log(1/8)), where we choose cg
such that (%)2 log(1/6) 4 logns > log(1/d) we get:

vEB

P (sup(h,v) > c6C3km\ Amax (S HA)w(A) + 71> < nzexp ( (

P (sup(h, u) > 3K/ Amax (57 A) (cgw(A) + c7y/loglog T + c8\/log(1/6))>

veEB
< exp(—log(1/6) —loglogT) . (6.105)

Inequality (6.105)) is true for any episode e, taking a union bound over all |log T'| episodes, we
get for all episodes,

P (sup sup(h,u) > c3kwy/ Amax(X71A) (csw(A) + c7+/loglog T + css/log(l/é)))

e vEB
< exp(—1log(1/d)) =0. (6.106)
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3. Estimation Error: Putting it all Together
Now consider the Lh.s of equation (6.79). Using the result equation (6.102), it is
nonzero with probability atleast 1 — & exp(—now?(A)) when T, > c7(w(A) + /loglog T +
log(1/6))?log? k. Moreover due to the preconditioning all eigenvalues are unit length and

hence,
inf inf iuz@uug > eslull? > ¢ . (6.107)
e ucA 27T, - B

Therefore from equations (6.79),(6.144) and (6.107), we get that with probability atleast 1 —
§ exp(—naw?(A)) — 6

sup |09 — 6%l = A
< c9lwr/ Amax (X1 A) (csw(A) + crv/loglog T + cg+/log(1/6))

< , (6.108)
Ve
where cg = 2. Now from equation (6.102), Amax(271A) < lzgzk. We have thus proved the
advertised result. ]
We now prove regret bounds in the Gaussian contexts setting.
Theorem 25| Consider Gaussian contexts. Then with probability atleast 1 — 24
t
pu— . < . .
B lgigrgﬁétST(a:“ a) < c10(\/log(Tk) + /log(1/6)) (6.109)
a€RP:||a||=1

Also with T >> tyin = c7(w(A) + Ioglog T + +/log(1/6))? log? k with probability atleast
1 — 6 exp(—mw?(A)) — 38 the following is an upper bound on the regret for the Greedy algo-

rithm,
. B -log(T) - VT
Reg(T) < O (7 f-los(T) f) (6.110)
g
where v = cky/log k(w(A) + loglogT + +/log(1/6)) and
Proof:  From the result of Lemma [24] we have,
logT] T A
Reg(T) < 4Btwin + > > 2B[0© — 6" . (6.111)

e=[logtmin] 1

From the result in Theorem 1, we need T, > tmin = cr(w(A) + loglogT +
\/log(1/6))? log? k for the RE condition to be satisfied. Moreover in each episode e we use the
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6(°) estimated using rounds played in the previous episode e — 1 with T, = 27, _;. Therefore
substituting from the result of Theorem 3 the value of ||6(®) — 6*||5 in (6.111) we get,

logT|  T.
Regret(T) < 4Btmin + Y280 — 0|,
e=[logtmin] 1
logT] T,

< 4Bcr(w(A) + /loglog T + /log(1/68))* log? k + Z Z 2687
€= lOgtmm—I 1 7 TB !
[log T'| 4cBAT,
< 4Ber(w(A) + Vloglog T + /log(1/8))*log? k + > #
€= “Og tmirJ 7 el
< 4Bcr(w(A) + /loglog T + +/log(1/6))? log? k + M , (6.112)
o

where in the second line we use that in the eth episode we play with 6(®) estimated using T
rounds played in the previous episode, in the third line we use 7T, = 27,_; and in the last line
weuse T > T, for all e.

Also from the result of Lemma we get with probability atleast 1 — 2§, <

c10(y/1og(Tk) + /log(1/4)). (]

6.D Proofs for Single Parameter Setting with Adversary

We give proof for Lemma [26]
Lemman The rows of the design matrix Z©) € RTe*P in any episode e are 2t = put + ¢

where ', g' = argmax (u! + gt, gle— Dy, gt ~ N(0,0%1,x,) with the sub-Gaussian norm of
,ul,gt 1<i<k

q" satisfying ||g* ||y, < cao\/logk for some constant co. Moreover we have the following lower

bound on the expected minimum eigenvalue for any ;’s:

2
minEt FhT > 0-7 11
Amin (B2 ()T]) 2 eag (6.113)

where cy is some constant.
Proof:  For convenience we drop the superscript from 6(¢=1 . To bound the minimum eigen-

value we make the following observations.
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Amin | B |2(29)7 | 2% = argmax(z!,0)| | = min  w? | E |27 | 2! = argmax(z!,0)| | w
xt:1<i<k wi|lwll2=1 zt:1<i<k
_ . Tt A\T t_ t p
= min |(E [wT2"(z")Tw | 2 = argmax(z;, 0)
wil|wl[2=1 zt:1<i<k

> min Var

[

zt:1<i<k

(w, 2') | 2 argmax(xﬁ,@])
(w,g") | ¢* argmax(uﬁ—i—gf,é)]) ,

> min Var g =
wif|w|l2=1 gt:1<i<k
(6.114)
where the last line follows because (w, z') = (w, u!) + (w, g*).
We will now prove that
min Var |(g*,w) | ¢* = argmax(u! + ¢¢,6)| > min Var |(¢’,w) | g' = argmax(g?, )
wflw]|=1 gt:1<i<k w:lwl||=1 gt:1<i<k

6.115)
Therefore the worst any adversary can do is to ensure that the context corresponding to

g' = argmax(g!, ) is chosen in each round. In fact this can be achieved by choosing yf =
gb1<i<k
ph = ... = ul inany round.
We make the following observations. Let ) be an orthogonal matrix such that Qé =

(1012, 0,...,0). Also let (gt,...,g%) = (QTe,...,QT€.). Due to rotational invariance
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61? ~ N(0, 02]Ipxp), 1 < i < k. Therefore,

min Var | {(g", w)

wil|w]|=1

g" = argmax(uf + g}, 9>]
gf:lgigk

— min Var|(Qg', Qu)

wi|lw]|=1 gl:1<i<k

g' = argmax(Qu + Qg, Qé)]

= min Var | (€', Qu)

wil|w]|=1 6 - argmaX<Q:U’z + 617 Q9>]

i :1<i<k

t

= min Var | (e, w) | ¢

¢ = argmax(Qu; + )

w:f|wl|=1 i et:1<i<k
= min [ wiVar((eh),) + Z wQVar ) | € = argmax(Qu’ + '),
wi||w||=1 el:1<i<k
2
o
6.116
> Clogk; ( )

where the last line is because the coordinates of ¢’ are independent and from Lemma and

we have

(Var((et)l et = argmax(Q,uif + ef)l)> > <Var((et)1 el = argmax(ef)1> > o

et1<i<k et:1<i<k ~ logk
and Var ((et) j | € = argmax(Qui + ef)ﬂ) = o2, That completes the proof. n
el 1<i<k

Theorem The design matrix Z\©) e RT*P in all episode where T, > c1(w(A) +
VIoglog T + +/log(1/6))?log? k satisfies the following minimum eigenvalue condition with
probability atleast 1 — & exp(—mnw?(A)) — 26,

0.2
inf 7\\2 Jul|2 > o1 (6.117)

ueA T, og

Moreover, for all episodes when T, > ¢y (w(A) + /Toglog T + /log(1/6))? log? k with prob-
ability atleast 1 — § exp(—mw?(A)) — 36,

16+ — 6%, <O < ) 7 (6.118)

v
oV'Te
where v = cky/log k(w(A) + loglogT + +/log(1/9)).
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Proof:  Using similar arguments as Theorem [22] we get:

1
2T,

1
Ve

Note that h = VUTw(® is a sub-Gaussian random vector ||h||y, < cik, by direct appli-

1ZOulIANE < —=(h, 52| A, (6.119)

cation of Lemma [30, We obtain lower bounds for in{f4 =z (©)y||2 and upper bounds for
ue €
7= (h, X7 2u)
1. Lower bounds for inlf4 21 Z@ul|2
ue€ ¢
We first prove that égg T%HZ @)yl > c% with high probability when T, > ¢; (w?(A) +
VIoglog T + /log(1/6))? log? k. We make the following observations for some u € A,

1 1 L
—ze) 12 = — to\2
Te ||Z UHQ Te ;(2 7u>
1 & ,
- T <9t — E[¢"'] + El¢"] + ut,u>
€ t=1
1 c 2 1 L 9
—_ t_ t L " ‘
> (¢ = Elg"],u)” + T ;<E[g ]+ b u) + (6.120)
9 &
7> (9"~ Elg').w) (Elg') + ')
€ t=1
RS : 2z &
=7 - t 2 2 t/ .t ¢
= T, — <g E[g ]au> + HOZ”Q + \/Te t:ZIOé <g E[g ],’U,> (6.121)
where we denote o = ﬁ[<E[Ql] +ptu), .. (ElgT]) + pTe,u)] € RT-.

We will first obtain lower bounds for the quantity 51612 T% S, (¢ — E [gt],u>2 where A
is the error set. Compared to the Gaussian context setting, the ¢*’s can no longer be assumed
to be independent. The g*’s are adaptively generated based on observing the history of contexts
chosen in earlier rounds and the corresponding rewards. We adopt the nomenclature in [12]] to
use their Theorem 5. Let &' = g' — E[g'] denote the centered random smoothing vector with
1681w, < o (see result before equation ) and & = [(V)T,...,(T)T]T € RTePXl be a

random vector formed by concatenating the rows of the centered random smoothed component.
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Also let V' € RTeXTeP denote the following matrix indexed by vectors u € A:

ul 0 0
V(u):ﬁ : : N |- (6.122)
_0 0 uT_

Then by simple algebraic manipulations the following is a straightforward observation with

= e RTexp denoting the random matrix obtained by stacking the g’ as rows:
1 Ie 1
7 ) = =l = V(e (6.123)
t=1

To obtain lower bounds on igg |V(u)é]3 we focus on lower bounding
uueljf4 ([IV(w)€l13 — E||V (u)]|3) which can be obtained using the result of Theorem 5 in
[12]. To apply Theorem 5, we first show that the random quantity satisfies the conditions
required to apply the result of Theorem 5. Application of Theorem 5 in [12]] requires the data
generated to satisfy conditions (SP-1) and (SP-2) manifested by three graphical models. We
first show that the data generation in the contextual bandit problem can be modelled using

graphical model GM3 in [[12]]. We make the following observations:

1. Let H;_; denote historical data observed until time ¢ — 1. In time step ¢ — 1 an adaptive
adversary 4;_1 maps the histories to k contexts p!, ..., ut in RP with ||uflls < 1, ie.,
Ay Heor — (BY )¢ where BY represents the unit ball in p dimensions. Nature per-
turbs the contexts with random Gaussian noise, i.e., zt = pi+g! with g ~ N(0, 02L,y,).

Now, in the context of graphical model GM3, H;_1 U {:vﬁ, cee xfc} represents F1.; 1.

2. In time step ¢, a learner chooses one among k contexts {zf, ...,z } based on historical
data H;_1. Let 2! denote the selected context and g; denote the corresponding Gaussian

perturbation. In the context of GM3, we denote the centered Gaussian perturbation g* —

E[g] by &', The learner receives the noisy reward y' = (2%, 0*) + w' where w' is an

unknown sub-Gaussian noise. History at time step ¢ is now augmented with the new data,

e, Hy =M U{{at, ... 2t} 25 vt}

3. Now similar to step 1, the contexts in time step ¢, {z}™! xfjl}, are generated by an

gy

adversary A; : H; — (BY)* perturbed with Gaussian noise and H; U {z4*?,. .. x?l

represents F1.q.
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Lemma 36 Let G, &,V (u), v be constructed as above. Define the set A = {V (u) | u e A}.
Then with probability atleast 1 — exp(—cge*T})

A
it (Ve = EIVEelE) 2 o (-enS0 —c) . 6124

Proof: We start with the result of Theorem 5 in [12]. Let £ be a random vector constructed

similar to ¢ but with 1-sub-Gaussian norm. Therefore &; = 040.51’- for some constant c4. Also,

IV (w3 = 3oV (uw)€'||3
E||V(u)é|l3 = o[V (w)E|3 . (6.125)

We now apply Theorem 5 and Corollary 4 to obtain bounds on ing1 |V (u)€’||3. The values of
ue

the quantities in Theorem 5 of [12] are ||V (u)||r = |lull2 = 1, dr(A) = 1, [|[V(u)]2=2 =
\/% |lull2 = \/% and da—2(A) = \/% Also the Gaussian width of the set A:
w(A)
Y2 (A, [ - ll2=2) < e5 - (6.126)
- VTe
Therefore we have,
w(A) 1 1
M < . V=0 L U=—. 6.127
o(7) v=olum) vz e

Then by application of result in Theorem 5 in [12], with 0 < ¢’ < 1 with probability atleast
1 — exp(—c7(¢)?T.),

! ! A /
Lint (Ve = BIV@ET) = e — e (6.128)

Now from the relationship (6.125)), we get with probability atleast 1 — exp(—coe>T}),

Lt (VeI - EIV(el) = o2 <—010w£1) - ) L 6129)
where € = c2€’. c19 = cgc? and cg = c7/c}. This proves the stated result. n
From the result of Lemma [26] we have,
o2

Varllg' ) = Ellg' ~ Elg'|.1)?] = o1 7

(6.130)
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Therefore by simple algebraic manipulations we get,
2

E 2> o2 .
IV (u)éll3 Z ek

(6.131)

Therefore using the result of Lemma with probability atleast 1 — exp(—coe?T,), we get

0.2

. A)logk
inf V(w3 > —— (Cn - 010M

Te

—elogk 6.132
V(uw)eA log k €108 > ( )

Now choosing T, > ¢;(w(A) 4+ v/ToglogT + +/log(1/6))?log? k with ¢; > 1 large enough
w(A)logk
Te

sothat 0 < ¢c3 < (011 — C10 log

—elog k:), choosing ¢ < €—/k with 0 < ¢ < 1 and
choosing 11 = c7(€’)%c1, we get with probability atleast 1 — & exp(—mw?(A) — loglog T),

2
inf 25 .. 7 6.133
V(lqgeAllV(U)flb = Sioak ( )

This is the bound for estimation in episode e. Taking a union bound over all episodes e <
log log T', we get that with probability atleast 1 — § exp(—njw?(A)) over all rounds,

Te 2

. 1 . o
inf —(gt — E[gt],u>2 = V(lqgfeA HV(u)fH% > 03@ . (6.134)

We now obtain upper bounds for sup |37, at(g* — E[g'], u) ’
u€EA

Note that g* — E[g] is a ¢;0-sub-Gaussian random vector and hence 8¢ = (¢' — E|g'], u)
is a centered ¢j0l|ul|2 = ¢10 sub-Gaussian random variable by Lemma [5|in Chapter 2| Also
BP’s are MDS with E[3¢|5Y, ..., = 0 and the coefficients !, ..., ol are adaptive, i.e.,
a; = fillel, o o, 2t yY), o (2t 2l 27y 1) depends on the history of the

previously seen contexts and rewards. By an application of Lemma[30|for some u € A, we get,

Te 2

T
P ( Zat<gt _ E[gtLu) Z T) S 2€Xp (—020’2”0(”%) (6135)
t=1

Now for any u,v € A, (¢* — E[g'],u — v) is a ¢j0||u — v||2-sub-Gaussian random variable.

Therefore by the application of Lemma 30| we get,

Te
> alg"' = Elg"),u—v)
t=1

p<

7_2
> <2 — . 6.136
‘T> - eXp( 0202||u—v||%\a\%> (€159
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Therefore substituting o1 = |/ca0||||2, we get,

T 2
P > 7| <2exp <—272> . (6.137)
2 o — ol

S atlgt — Elgf],u—v)

Therefore, from the definition of Gaussian width and the majorizing measures theorem (put

references),

sup
ueA

Zag— 1, u)

Now for the high probability bounds we refer Theorem 2.2.27 in [122]. Applying the result of
Theorem 2.2.27 [[122] leads to the following,
+ 05017'> < cﬁ-exp(—TQ) .

(-
(6.139)

Let 7 = c7(+/log(1/8) + v/loglogT) choosing c; large enough so that cg - exp(—72) >
c6 - exp(—c2(loglog T + log(1/6))) > exp(—loglogT — log(1/4)). Also substituting the

] < czoqw(A) = eyqo||all2w(A) . (6.138)

Te

Za g _E[gt]?u>

t=1

> FE |sup

ucA

value of [sup )ZtTil al{gt — Elgt], u)‘ from equation (6.138) and choosing constant cg
ucA

large enough, we get the following:

<2‘£Z“~‘" o

< exp (—log(1/6) —loglogT) . (6.140)

> cgolafl2(w(A) + v/log(1/8) + /loglog T))

This above is true for any episode e. Taking a union bound over all [loglogT'| episodes, we

<2‘£Z“9‘ o

< exp (—log(1/6) —loglogT +loglogT) =0 . (6.141)

get,

> cgolafl2(w(A) + v/log(1/8) + v/log log T))

From equations (6.121), (6.134) and (6.141), we get with probability atleast 1 —
5 exp(—mw?(A)) - 4.

2

L1 2@u > 6 2 2cs0]al>
T, -

@Jrna”;_ Nis (w(A) + /log(1/8) + \/loglog T) . (6.142)
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Equation (6.142) is minimized when ||« = f/gi ) + /log(1/0) 4+ +/loglog T'). Substi-
tuting the minimum value in equation (6.142)) and by s1mple algebraic manipulations, we get,

VT

Then with T, > ¢;(w(A) + /Toglog T + +/log(1/6))? log? k and choosing c; large enough
2
8

Vioglog T++/log(1/5))? log k .
(w(4)+vloglog \/Ti 0g(1/8))" log > 0, we get the advertised result on the

2 2
TLHZ(e)uH% > I;Tgk (Cs  cg(w(A) 4+ /1og(1/6) + VIoglog T') log k) (6.143)
e

so that ¢ = c3 —
minimum eigenvalue.
2. Upper Bounds for f (h, 271/ 2u):
The following upper bound can be obtained using similar arguments as Theorem 22}
P <sup sup(h, u) > c3kw\/ Amax (X1 A) (cw(A) + c7+/loglog T + cg/log 1/5))>
e veB
< exp(—log(1/9)) =4. (6.144)

3. Estimation Error: Putting it all Together Again by following similar arguments
as Theorem [22] we obtain the following estimation error bounds with probability atleast
1 — §exp(—now?(A)) — d:

< Coky(cew(A) + cr/loglog T + cg4/log(1/0))

09 — 0%l = || A 6.145
sup | l2 = [AY]]3 /T (6.145)
Theorem 25| In the smoothed adversary setting with probability atleast 1 — 26
¢
= ; < .
3 1§i§%{?§tg<$“ a) < (14 c1o(y/1og(Tk) + +/log(1/9))) (6.146)
a€ERP:||a||=1

Also with T >> tin > c1(w(A) + loglog T + /log(1/8))? log? k with probability atleast
1 — dexp(—niw?(A)) — 59 the following is an upper bound on the regret,

. B - loa(T) - /T
Reg(T) < O (7 B - log(T) f) : (6.147)
o
where v = ckyv/1og k(w(A) 4+ v/loglogT + +/log(1/6)).
Proof: We argue similarly as Theorem [23]to get bounds,
4 TlogT
Reg(T) < 4B8c(w(A) + \/loglog T + /log(1/6))? log? k + AcfrVTlogT (6.148)
o
= ¢ < ¢ ¢ <
Now § = _max (zfa) < max ((f,a)+{gha) < (1+co(ylog(Th) +
a€RP:||a||=1 a€RP:||a||=1

log(1/4§))) with probability atleast 1 — 26 follows from Lemma . (]
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6.E Proofs for Multi Parameter Setting

Lemma 27| The greedy algorithm plays the contexts in an episodic fashion with the maximum

episode number for each context e; < e; < |logT'|. Denote b = max xt, a).
94 f 1 > Cimax > I_ g J yﬁ 1§i§k,1§t§T< ) >
a€RP:||al|=1

Let tyin < T, where twin depends on properties of the true parameters 0, the regularizer R(-),

the noise properties, the number of contexts k and the quantity 3. Then,

*
k €4, max T’L €4

Reg(T) < 2tuin +3° 3 ZfBH@*—f? e+ 301~ 0| 149

=1 e;=1

Proof: Leti*(t) = af?’ﬂ?@x< x!, %) denote the optimal context in any round ¢. Its context, for
A

shorthand, is €. and let xf* denote the context. Let i denote the context chosen in round ¢. The

regret can be computed as follows,

T
Reg(T §Z e wh ) — (0%, o)

~

tmin T
<Y (B ah) — O, al) + D (B ah) — (05, al) (6.150)
t=1 t=tmin+1

The first term on the r.h.s. of can be upper bounded as follows,

tmin tmin

Z( ’L*?xt*>_ zt7 <Z‘ i L |< it 7,>’

t=1
< Zz/j (6.151)
< 2Bt . (6.152)

To bound the second term on the r.h.s. in 1i assume in round ¢ let € (1) denote the
episode number corresponding to the optimal context ¢* and e;: denote the episode number
corresponding to the selected context i‘. Again for shorthand we denote €;x(r) by eix. Let
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11, ..., Ty be the total number of rounds where contexts 1, ..., k are played respectively.
T T
ST gn,al) — Bty = S0 (-0 ahy — (g5 — 05 k) (6.153)
t=tmin+1 t=tmin+1

() at) — (05t
T

< ST -0 a8 — 65 2t
t=tmin+1
k €i,max 161 151

<> > 25”9* Ny | . (6.154)
i=1 67;:1

where the second inequality follows because (0( ) yoh) < (él(f it),x’;:t> as context i* was
chosen ahead of ¢* in round ¢ and the third inequality directly follows from the definitions of

the various quantities in the Lemma.

The stated result now follows from (6.150), (6.152)) and (6.154). [

Proposition Consider any round t when the episode numbers of the k contexts are

e1,...,eg. Leti* denote the context with the maximum reward, i.e., 1" = argmax(uf + gf, ;).
1<I<k

Let j denote the context having the second largest reward, i.e., j = argmax (u} + g!,0;).
1<I<k;l7i*

Define r = <u§ + gj-, 07) — (ut., 0%). Then the following condition is satisfied,
(ghe,05) > (6.155)

Proof:  Since context ¢* is optimal in round ¢, we have

(pie + gix, 05) > (il + g5, 05)

<gz*’ z*> </‘] + g]’ ‘9>"<> - <:uz'*’0;k*> ’ (6156)

which proves the stated result. ]

Proposition 2 Assume context j' such that j' = argmax (u}+gf, él(el)) = argmax (uf+
1<I<k,I#i* 1<I<k,l£i*

g1,05r + Al(el)), i.e., the context other than i* which has the highest estimated reward. Also
assume the parameter estimate for context i* to be éz(f #) = 07 + Agfi*). Then the greedy

algorithm selects context i* if the following condition is satisfied,

<gz 701 > >+ </LJ +g] ’A( ’ )> </UJ1 +gz >A(el )> : (6157)
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Proof: Now for context ¢* to be optimal according to the Greedy algorithm the following

condition should be satisfied,

(il + gl 05 + ALY > m]+%”J+A“%

* * * (e-) e;*
= (ghe,05) > (s + b, 05) — (b, 01) + (b + g, A7) = (e + g, L))

(esr) «
= {(ghe, 05 > 1+ (il + gb, ALY — (b + ghe, AE) (6.158)
where in the third line we use the assumption that j = argmax ( ,uf + glt, 6;) and hence ( /“‘E‘/ +
1<I<k;l A
95, 050) — (i, 05) < (b + g5, 0%) — (ph, 05) = 7. n

Lemma 28| (Margin Condition) Consider good events as when r < cszo+/log(Tk) and
consider errors A(Ei*) and A(ej/) to be small enough such that <,u] + g],, A( /)> — (ub +
gk, A( )> . Then the following holds,

2
P<<gl*’ez > >7ﬂ+7

(g5, 05) > ) > % (6.159)

forallr < czoy/log(Tk).
Proof: We prove that assuming <,u§, + g;-,, A;?jl)> (pke + gk, A(e *)> < ”72, conditioned on
context ¢* being optimal in round ¢ implies that it will be played by Greedy with some constant

non-zero probability, i.e., we prove the following,

2
P<<gz 701>>T+7

1
LORY>r) > —
<gl’l>—r —207

We use the result from Lemma 4.11 in [7//] to lower bound
((gl*,ﬁ* ) >+ ”—2 ’ (gt 0%) > r). We repeat the arguments for the sake of com-
pleteness. Denote by = <gz*,91 )and a = 2. Then,

2
P<@“@0>r+

<ﬁm%JZT>=PMZT+a!n2ﬂ

__ Plnp>r+a]
P>

_ 1o ()

«
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Using Gaussian tail bounds (Lemma A.6 in [[77]),

This gives,

1-e(2) _o(%2) s o1
1-® (L) = ¢(L) r+a2

07

2 _ .2
> oxp |- (r+a)—r r
202 2(r+«)
S 2ra 4 a? r
exp | —
= &P 202 2(r+ «)
Using a < r we get,
2ra + o T 1 3ra
— > - - 6.161
P [ 202 ] 2(r+a) — 1P [ 20’2] ( )
1 .
> 16’% ~ 0.05578 , (6.162)
where in the second inequality we use o = "72 Therefore we obtain,
o2 1
P <<g§*,9;‘;> >r+ — | (gh,0%) > r) ~ 0.05578 > o , (6.163)
r

which proves the third result.
Finally P (<g¢ 05) > 1 + = ( (gh,08) > r’) ~ 0.05578 > -1 holds for all 7/ < r due

¥ Vg ¥

to the following result from [77].

Lemma 37 (Lemma A.10 in [77]) Let  ~ N(0,02). Then for any o > 0, the conditional

“margin probability”,

Pln>b+al|n>1, (6.164)
is decreasing in b.
We have thus proved all the stated results. |

Lemma 29| (Properties of Design Matrices) Consider any context i and a particular

(ei) t

episode e;. The rows of the design matrix Z; "’ € RTiei*P gre 2t = pb + gt with t in-

dexing the rounds in episode e; where context i is chosen by the Greedy algorithm, i.e.,
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2t = argmax(ml,ﬂ( )> where x} = ut + gt, gt ~ N(0,0%I,p). Then under the condition

2t1<I<k
(gt 0j> > r for some r < c30/log(Tk),

)\min (E

Proof:  Using similar argument as used in Lemma 26| we get the following,

Amin (E

2= argmax(ml,9(61)> (gt,0F) > rir < c30/log(Tk)
gf:1<I<k

Z ()"

>c o
= Plog(Tk)

LT
Zz(zl) zt:1<I<k

2t = argmax(xf,él(el)>]>

z(2)T

2= argmax(xl,ﬁ(el)%) w

L1<I<k

wTzt(zH)Tw

2t = argmax(ml,G( ’))]>

zt:1<I<k

> min | Var [{w,z}) | 2! = argmax(z}, él(e’)>
w:||lw|2=1 zt:1<I<k

>  min Var |(w, g) | gf = argmax(u} + g}, él(el)> (6.165)
w:||w|l2=1 gf:1<I<k

Amin | B | 25(zH)T mt—argmax<xl 9( l)> > min Var |{g},w) gﬁ—argmax(ul—i—gl,ﬁ(el)} .
£ 1<I<k wifjw]|=1 £1<I<k
(6.166)
Let j = argmax <a:fn,é,(f;m)> denote the context which has second maximum reward

1<m<k;m#i
in round ¢ and let z% = ub + g, gf ~ N(0,0%T,x,). Also let égei) = 0F + Al(,ei) and

éj(.ej ) = 03? + Agej ). Since context ¢ is selected over context j in round ¢, we have the following,

(2t 6) > (at,0%)
= (2!, 07 +A(61)> > (2,07 + ALY
= (ul + g, 07) + (af, Ay > <x],9;+A(6])>
= (g4, 07) > (at,07 + A7) — (ul 07) — (al, ALY) (6.167)

We now characterize the good events by the condition that <x§, 0> + Ag-ej )) (ut, 0r) —
(at, Agei)> < c30+/log(Tk). Note that there is very less probability on the complementary
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event (zt, 0% + A(€])> (pt, 0r) — (zt, A (ei) ) > cso\/log(Tk). Therefore,

J’J

Var | {(g;, w)

gl = argmax(yif + gl,e<el>>]
t 1<i<k

= Var |: g ,U) ) g“ Z .TJ,H; + A(63)> - <Mf79:<> - <x57A§61)>]

>Var[gf,w ) q:,0; >03cr\/log(Tk‘)}

o2

>
= og(Tk)

(6.168)

where in the second line we condition on the good events when (2%, 5 + A(ej)) (ut, ) —

<x§,A§E")> < c30/log(Tk) and then use the fact Var [(g}, w) | (¢!,07) > a] > Q(1/a?)
is a decreasing function of a [77] so we condition on the maximum value of a =
(xf, 07 + Agej)> (pt, ) — (xﬁ,Agei)> = c30/log(Tk). Again in the third line we use
Var [(gf, w) | (g}, 07) > a] > Q(1/a?) [T7]. ]

Theorem 29 Consider contexts to be indexed by i and the episode numbers to be indexed by
e;. Let S; ¢, denote the set of rounds when context i was selected by the Greedy algorithm in
episode e; with Tj ., = |S;,|. Also assume all rounds satisfy the conditions of Lemma @
Then when T; o, > co(w(A) +/Toglog T + v/Tog k + 1/log(1/6))? log?(Tk), with probability
atleast 1 — § exp(—now?(A)) — § the following RE condition holds for all contexts 1 < i < k,

2

inf  inf inf HZZ(e’)uH% > cy

—_—. 6.169
1<i<k e;<ei max u€A T e, log(Tk) ( )

Also consider parameter estimation using the constrained least squares estimator. Define the
_ c12kw(w(A)++/Toglog T++/log k++/log(1/6))+/log(Tk)
- o

following quantities v < czo+/log(Tk), v
and = max  (zt,a). Then if T;., > 47?#, then with probability atleast 1 —

1<i<k1<t<T
a€RP:||a||=1

§ exp(—mw?(A)) — 24,

2
swp sup 4~ 672 < 5 (6.170)
1<i<k eigei,max ﬂ

Proof: The following result can be proved with probability atleast 1 —d exp(—mniw?(A)) —24,

using same arguments as Theorem [24]

c11kw(crw(A) + cgy/loglog T + csy/1og k + co+/log(1/8))+/log(Tk)
g vV E,ei .

Ae;i+1 * e;
16D —pr ), = Al <
(6.171)
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c12kw (W(A)++/1og k++/log(1/8))+/log(Tk) and § =

Now with v = max _ (zf, a), it follows
1<i<k,1<t<T
a€RP:||a||=1
from ( b that when 7T; ., > 47 T then
2
Hles+1 * i o
6740 — 672 = 1AL 2 < 5 ©172)
which is the desired result. [

Theorem 26] Consider computation of regret for the Greedy algorithm in the multi pa-

rameter setting following Lemma @ Define the following quantities r < czo+/log(Tk),
_ ci2kw (w(A )—h/logT—i-\/log )4/ log(Tk) dﬁ .

max  (zt,a). The margin condition
1<i<k,1<t<T
a€RP:||al|=1

in Lemmal28|is satisfied with probability atleast 1 — § exp(—mw?(A)) — 36 when,

>

tmin =

4k~2r2 32 1
T + 510g(1/5) . (6.173)

Under the margin condition, the regret is maximized when in each round each context has

equal probability to be selected by the Greedy algorithm. The equal probability implies that in

expectationT) =Ty = ... =T} = % Also the regret is upper bounded as follows,
Reg(T') < 2ftmin + 828yVTklog(T) . (6.174)
— t' < . o7
Moreover [3 1§i§r§cl,%§t§T<x” a) < (1 + ero(\/log(Tk) + +/log(1/5))) with probability
a€RP:||a||=1

% with probability atleast 1 — § exp(—mw?(A)) — 65

Reg(T) < O (\/p -+ B-log(T) - VTE) (6.175)

atleast 1 — 26 and with k, = 1, 0 =

We first derive bounds on the parameter ¢,,;, in Lemma The multi-parameter setting
requires a warm start of Ty rounds, where 7j is computed as,

4]€’)/27“252

Ty = 1

(6.176)

g

This is required for the margin condition of Lemma [28|to be satisfied with high probability.
To see that, when Ty = ’f’Yi’fﬁz’ Tie, > % for all contexts 1 < ¢ < k and all episodes
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ei,1 < ¢ < k. Then for any context combination 7, j for r = c3o+/log(Tk), we have the

following,

(ut + b, M) — (0t g, AF7) = (al, ALY — (o, AT

, (6.177)

where in the last line we use that when T; ., with high probability [|AS?||2, HA? |l < % Let

i= allrgrlrix(xf, 07) = (ui + g}, 07) be the optimal context in round ¢. In the margin condition,

we also assume that (g}, 07) < 030\/10g(7Tk:) . We show that over 7" rounds the assumption is
not satisfied only for a constant number of rounds. First note that for any context [, <gf, g;)isa
N (0, o) Gaussian random variable. Therefore using Gaussian random variable tail bounds, we
get,

P (}(gf,@l*ﬂ > c30 log(Tk:)) < exp (—cqlog(Tk)) . (6.178)

Now there are a total of Tk realizations of (gf,0;) with 1 < I < k,1 < ¢ < T. Con-
sider the binomial random variable v ~ Binomial(Tk,exp (—c4log(Tk))). Now E[v] =
Tk exp (—cqlog(Tk)) = exp (—calog(Tk) +log(Tk)) < 1 where we assume that constants

c3, ¢4 are chosen such that the expectation is less than 1. Therefore by a tail bound for binomials,

P <V >1+ ;log(l/é)) <94. (6.179)

Therefore combining and the margin condition is satisfied with probability
atleast 1 — & exp(—n1w?(A)) — 36 when,

1
tmin > TO +1+ 5 IOg(l/é)

> W +1+4 %log(l/é) . (6.180)

Now to compute the regret, let ¢ = argmax(z},60;) = (uf + g}, 6;) be the actual optimal
context in round ¢ and j' = argmax(:nf,l gii S—ik- ATy = (pb + g}, 6 + A}') be the maximum
estimated context rewards otif:lrgt%gll context ¢. Now according to (6.179), according to the
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margin condition except for 1+ /3 log(1/8) rounds with high probability we have (gf, 07) > r
for some r < c3o+/log(Tk). Now for context i to be be selected over context j' we have the

following condition,

* €5/ E
<gfa91>27"+<,u§/+9§/7A]3 _<:u’§+gf7Az€>
2

>r+ T (6.181)
T

where the second inequality is from equation (6.177). Now from Lemma[29)we have established
the following condition,

2
P(<95792‘>27"+Ur (gf79*>2r> z%, (6.182)

that is, context ¢ is the estimated optimal context in 1 out of 20 times when context ¢ is actually
the optimal context. Now let 7", be the number of times context ¢ is actually optimal in episode
e;. Then the number of times context ¢ is estimated to be optimal is a binomial random variable:

Binomial (77, ,1/20). Therefore applying Chernoff bounds for the binomial random variable

1,657

* 1
<Ti:€i’ ﬁ)’

plr < fhe  Tiei| _lie
be =0 T 0 | = P\ T 160

=P [T}, > 40T;,] < exp <—42> (6.183)

This is for any context ¢ and episode e;. Now taking a union bound over all contexts 1 <
i < k and episodes 1 < ¢; < logT and using T; ., > co(w(A) + loglogT + /logk +
log(1/6))?log?(Tk) we get,

P[T},, > 40T;,,] < exp (— (6.184)

1,€4

A(w?(A) +log(1/5)) 10g2<m) <
4 <5

With this result the regret can be upper bounded as follows with probability atleast 1 —
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§ exp(—mw?(A)) — 46

k €imax Ti,ei Tifei
Regret(a, i, ...,a", i) < 2Btwin+ Y > | D BI6; — 652+ > BlIOF — 652
i=1 e;=1 t=1 t=1
k  €i,max Ti,ei

< 2Bt + > > | S 41867 — 65
t=1

i=1 e;=1

k  €i,max Ti,ei

< 2Btmin + FRY; p——

i=1 e;=1
k  €i,max

< 2Btmin + Z Z 826’7 V E,ei
i=1 e;=1

k
< 2Btumin + Y 8287/ Tilog T;
=1

< 2Btmin + 828V Tklog T , (6.185)

where in the second inequality we have used the result (6.184]), in the fourth inequality we
have used T} ., = 2T} ., 1, in the fifth inequality we have used e; max < logT; and in the last
inequality we have used T; = T'/k gives the maximum regret and log 7; < log T'.

Substituting the value of v assumed earlier and noting

= t < t t <
po= max (e < | max  ((a)+(ga) < (1+ co(ylog(Tk) +
a€RP:||a||=1 a€RP:||a||=1

log(1/6))) with probability atleast 1 — 26 following from Lemma [31| proves the stated re-

sult. [



Chapter 7

Conclusions

In this thesis, motivated by practical applications we studied four high-dimensional regression
problems when data is non (sub)-Gaussian and/or independent. Our statistical analysis improves
our understanding of the behavior of high-dimensional regression models under non-standard
data assumptions. We also propose new algorithms, based on the analysis results, which have
provably better performance compared to prior work.

In Chapter |3] we obtain parameter estimation error rates for high-dimensional regression
when the design matrix and noise are sub-exponential. The results follow from the unified anal-
ysis frameworks for sub-Gaussian data established in prior literature [[11]] but using advanced
probability theory tools like generic chaining to extend results to the sub-exponential data set-
ting. We obtain sharp bounds on RE sample complexity for a large class of atomic norms. For
the ¢; norm, the results are sharper than in previous literature [3| [85]. We also give a precise
characterization for the regularization parameter for parameter estimation. The upper bounds
for the estimation error rates for sub-exponential data are worse by a multiplicate v/log p factor
compared to when data is sub-Gaussian.

In Chapter[d] we presented a general framework for the analysis of non-asymptotic error and
structured recovery for norm regularized quantile regression for any atomic norm. Our results
are based on extending the general analysis framework outlined in [[11},105] using insights from
the geometry of the problem. In particular we introduce the Number of InterPolated Samples
(NIPS) as critical for determining the sample complexity for consistent recovery. We prove that
once the number of samples crosses the NIPS threshold, we start recovering the true parameter.
This phase transition phenomena for norm regularized quantile regression problems has not

been discussed in prior literature. We also prove that NIPS is of the order of square of the

172
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Gaussian width of the error set for many atomic norms - which is the same order as that for
regularized least squares regression and match results from previous work for the ¢; norm [[16].

In Chapter [5] we considered the problem of parameter estimation in mean and quantile
SIM when the covariates are elliptically symmetric. We establish a common framework for
mean SIM under which all existing estimators are compared. We also design a new estimator,
borrowing ideas from the sliced inverse regression algorithm, which unlike existing estimators,
is sample efficient, robust to heavy tails/outliers and can handle non-monotonic functions. We
prove that the quantile regression estimator assuming a linear model can consistently estimate
the parameter for quantile SIM. We provide non-asymptotic estimation error bounds for both
mean and quantile single index models under general atomic norm constraints. The theoretical
results are validated by experiments on synthetic data.

In Chapter [6f we analyzed the structured linear contextual bandit problem under the
smoothed analysis framework. Our analysis significantly improves on the bounds obtained
in [[77]. While previous work have found it difficult to extend exploration strategies to the struc-
tured setting with simultaneously exploiting the structure in the parameter, our analysis shows
that a simple greedy algorithm achieves sublinear regret under the smoothed bandits frame-

work.
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