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ABSTRACT

Clustering is the task of grouping a dataset so that data in the same group (called a
cluster) are more similar in some sense to each other than to those in other groups.
While different notions of clustering exist in literature, it is commonly understood
that data which are ”close” to each other (geometric proximity) should be in the same
cluster and clusters should capture the concentration pattern (high density regions)
in the data. In many applications, especially when the data is from a topological
manifold, we are required to capture both geometry and density information from
the data simultaneously in order to cluster them in a meaningful way. We intro-
duce g-distance, a data driven density sensitive distance, and explore its theoretical
properties, geometry and usefulness in clustering applications under several data gen-
erating models. We derive the convergence limit of longest leg path distance (LLPD),
a purely density based limiting form of g-distance. We compare several distances,
for example, Euclidean distance, g-distance, LLPD, in clustering and manifold learn-
ing applications under several data generating models. Finally, as an application of
high-dimensional learning and manifold learning, we develop a technique for record

linkage on high-dimensional data using sparse principal components.
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Chapter 1

Introduction

1.1 Background

Research on manifold estimation and clustering has made remarkable progress in the
last 20 years. Some of the main challenges researchers face in manifold estimation
and clustering include extracting the density and local geometry information from the
data in a meaningful way, finding a data representation that reveals intrinsic lower
dimensional structure (clusters) in the high dimensional data, finding a clustering
procedure which is robust towards minor mis-specifications in the underlying data
generating model and robust against both background and systematic noise.

Since early 2000s, density (generically denoted by f in this thesis) dependent
population level distance measures have been proposed (Orlitsky et al., 2005 |[Vincent
and Bengio, 2003; Bijral et al., 2012) for clustering purposes instead of working with

Euclidean /default geodesic measure which do not depend on f and is given by

1
disty(z,y) = mf/ |y, | dt (1.1)
v Jo

with 79 = x and 7, = y and 7; being a piece-wise continuous curve from x to y in a

D dimensional Riemannian manifold.
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For example,

dh(a.y) = inf / B ()t (1.2)

has been proposed by [Bijral et al.| (2012)); Orlitsky et al.| (2005)) for clustering
purposes where f is the underlying density on the manifold M, h : RT — RT is a
positive and monotonically decreasing function, =, is a curve from x to y satisfying
Y =z and 1 = y.

This distance measure puts more penalty when ~; travels through low density
region (since h is a decreasing function) thus encouraging 7; to stay in the high density
region while connecting x and y. Since in density based clustering methodologies,
clusters are loosely defined as connected high density regions of M, 7, between points
from the same clusters under dj, (., .) are more likely to remain within that cluster/high
density region for the most part, while v, between points from different clusters are
forced to pass through a lower density region thus making within cluster dj(.,.)’s
significantly lower than between cluster dj(.,.)’s leading to near perfect clustering.

Although conceptually this looks promising, since we don’t know f we need to
estimate it from data x, = {z1,..,2,} in order to use the sample-version of (1.2).
Estimation of f is usually done by kernel methods (Vincent and Bengiol [2003; |Orlitsky
et al., 2005) or nearest neighbor estimate (Bijral et al., 2012). However, using these
estimation methods often involve a smoothing parameter such as the bandwidth in
case of kernel based methods and number of neighbors in case of nearest neighbor
based method. This influences the number of clusters and it is also sub-optimal in
the sense we do not need to estimate f at every point in the manifold to know the
underlying cluster structure. Similarly mode based clustering methods such as mean
shift, quick shift (Chen et al., 2016} [Vedaldi and Soattol 2008)) etc also suffer from the

same problem of requiring an estimate of f or gradient vector for each data point and
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requiring a smoothing parameter which indirectly can influence the elicited cluster
structure.

Sample level graph-based density sensitive distances have been proposed for clus-
tering since early 2000s as well. In 2004, Fischer et al.| (2004)) and |Vincent and Bengio
(2003) introduced longest leg path distance (LLPD) as an alternative to the Euclidean

distance for clustering purposes which is defined as

LLPD(x,y, Xn) = minmax disty(z;, T;11) (1.3)
p )

where p is a path from * = vy — x1 — 22.. = 2, — x,,1 = y such that z; € x,
for all ¢ = 1(1)r, r is free to vary. The intuition for proposing this distance is as
follows: if we consider any graph-based path joining x and y, at some point the
path has to “make a jump” from one cluster to another if z and y are from different
clusters. Since this jump will happen in a low density region the jump length (LLPD
distance between z and y) will be large. However, if z and y are from the same
cluster, it’s possible to go from z to y staying in a high-density region of f implying
LLPD between x and y in this case will be small.

Since it’s proposal, many papers (Chang and Yeung, [2008; Fischer et al., 2004;
Maggioni and Murphy, |2018) have considered the use of LLPD for classification and
clustering methods (K-means and spectral clustering, SVM’s). In particular Maggioni
and Murphy| (2018) recently have provided theoretical justification of using LLPD over
Euclidean distance in spectral clustering and also provided approximate theoretical
conditions for performance guarantees of spectral clustering with LLPD for low dimen-
sional large noise (LDLN) type (Fefferman et al., 2016) data model. But from the sim-
ulation studies done in these papers, it is also well known that although able to extract

density information, LLPD is highly unstable and is influenced by (specially lower di-



1.1. BACKGROUND 4

mensional) outliers. So as a trade-off between LLPD and Euclidean/Default geodesic
distance, power-weighted distances (Lyower) and exponentially-weighted (L.,,) dis-
tances (which are interpolations between Euclidean distance and LLPD in some sense)

have been proposed by other authors and are defined as

" 1
Lpowe?"(xa Y, X’I’L) = m}gn ( Zz:; disty (xi7 $i+1)k) g

where p is a path from ©* = 2y — 1 — z5.. = 2, — z,41 = y such that z; € x,
for all i = 1(1)r, r is free to vary and 1 < k < oo
and

1

kln (1+ Z(e:cp(k disti(z;, xi41)) — 1))

Levp(z,y, Xn) = min
P 1=0

where p is a path from z = v — 1 — z2.. = x, — x,,1 = y such that z; € x,
for all i = 1(1)r, r is free to vary and 0 < k < oo, respectively.

In particular, power-weighted distance for clustering purposes was first proposed
by Vincent and Bengio| (2003) and later used for K-means and spectral clustering
instead of Euclidean distance by Orlitsky et al.| (2005)); Bijral et al.| (2012), whereas
exponential distance was proposed by |Wang et al.| (2006) and has been used by Bijral
et al.| (2012); Tao et al. (2019). But until very recently, the theoretical properties of
these distances remained unknown and although several applied works and simulation
studies have been performed over last 10 years, no to little work has been done towards
establishing the underlying distributional properties of these distances and theoretical
guarantees of their performance in clustering.

However, recently [Hwang et al.| (2016]) established that population and sample
level density sensitive distances are in-fact related. Formally, using first passage per-

colation theory they showed that suitably scaled sample level power-weighted distance
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n'c L’;ower converge to the population level density dependent distance

1
disty(z.y) = inf / £7 ()t
Y 0

up to a constant almost surely. This means that the power weighted distances can
be used as an approximation to dist(x,y), a special form of (1.2), without needing
to estimate f as long as sample size n is sufficiently large (Mckenzie and Damelin,

2019).

1.2 Motivation

Although a connection between sample level path based distance Ly, and its pop-
ulation counterpart dist, was made, many interesting research problems in this area
of research still remain. We list some of these research problems below which are

addressed in this thesis.

1. In last decade (apart from Lpoyer, Lesp or LLPD), several other sample level
density sensitive distance measures have been used in many papers for clustering

purposes as well. For example, Lan et al. (2011)) proposed to use

mpm Z{(dz’stl(xi, Ti1) + o) =%}

=0

for some offset factor o > 0 instead of using min y_;_, dist1(z;, x;41)*. Similarly
p

min acoshdisti(x;, x;11) — 1
in " {acosh dist (a1 a111) — 1}

=0
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for a > 0,

min Z{a disty(xs, 2i11) + bdisty (v, 111)°}
P

i=0
for a,b > 0 have been proposed as well. It turns out that all these proposed
sample level density sensitive distances after standardization are of the general

form

Lév(:z:, Yy Xn) = gfl(mgnz g(disty(x;, zi41))- (1.4)

=0
for some continuous and strictly super-additive function g : Ry — R with
g(0) = 0. A natural research problem is to study the properties of Lé\] as a

distance measure and derive convergence limit and rate of Lf]V .

2. Although LLPD (which can be viewed a limiting form of L;V as well) has been
used for clustering applications in many papers over last 15 years, convergence

limit as well as rate of convergence of LLPD remain unknown.

3. As discussed above, the primary motivation for using both sample and popula-
tion level density sensitive distances for clustering purposes is that they bend
the geodesic joining 2 points towards higher density region of M which lead to
near perfect clustering. But how to quantify this bending phenomenon? From
a physics point of view bending is caused by a field, in this case the gradient
field of f, Vf. When Vf is absent and x(t) denotes the trajectory of the de-
fault geodesic, then it is well known that the trajectory of x(t) is governed by
Einstein’s geodesic equation

x +T =0
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" D D 1
Ty Zj:l Zk:l ijxjxk

where & = ' and I’ = ' , {F%}i7j7k:1(1)p 's being

" D D ro
Tp Zj:l Zk:l FjDkxjxk
the Christoffel symbols.
An interesting research problem is to quantify how Vf changes the default
geodesic equation & +1I' = 0 for Lév or LLPD and what type of geometry does

these distances induce?

4. In many clustering applications (specially in image and mircrobiome data) at
stage 1 we obtain islands as clusters which are connected components of super-
level set M) = {x € M : f(x) > A} where A\ denote the sea-level. But often
there are too many islands and at stage 2 we want to merge these islands in order
to obtain continents for meaningful interpretation. In order to solve the conti-
nent problem the factors often in consideration are size, topographic isolation
(these 2 factors are geometric characteristics of islands) and topographic promi-
nence (this is a density based characteristic of islands) of islands. However, it
turns out that in clustering literature this problem is not yet well-formulated

and in many papers these are addressed in an ad hoc fashion.

5. As discussed above although LLPD and different variants of Lév have been used
for spectral clustering purposes over two decades, very little work has been
done so far to derive theoretical conditions for performance guarantees of these
algorithms or to compare different distances (LLPD or default geodesic distance
or Lf]v distance? What type of g is best for cluster purposes?) under various data
generating models and sample size regime. In particular, the data generating

models we have considered in this thesis are

e Data generated from a density f in a D dimensional Riemannian manifold.
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e Data generated from multiple disjoint lower dimensional Riemannian man-
ifold with or without D-dimensional ambient noise, known as LDLN model

in literature.

e The previous settings with the additional requirement of being able to
detect intersections between manifolds, known as multi-manifold clustering

(MMC) in literature.

1.3 Organization of work

e In Chapter 2, we have introduced g-distance as a generalization of power

(which corresponds to g(t) = t*, p > 1) weighted distances and other sam-
ple level density sensitive distances proposed by several authors over last two
decades. We have shown that normalized g-distance can be viewed as an in-
terpolation between Euclidean distance and LLPD. Then asymptotic limits of
g-distances have been derived by partly following [Hwang et al.| (2016)’s proof
technique. As a corollary we have shown that in small/medium sample scenario,
a non-trivial g-distance behaves like a density based distance in low density re-
gion while behaving like default geodesic distance in high density region of
data. Thus g-distance can effectively extract information from available data
by prioritizing density information in low-density region of data (where density
information is pricey) while prioritizing geometry information in high-density

region (where density information is cheap) of data.

In Chapter 3, almost sure limit of LLPD and it’s convergence rate has been

derived.

In Chapter 4 we show that sample g distance arc between x and y converge

to the geodesic of a density dependent metric as n — oo. This geodesic is an
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interpolation between straight line (i.e. default geodesic) and field lines induced
by gradient field of f joining x and y and is able to capture both the density
as well as geometry information present. This property makes suitably scaled
g distance ideal for clustering on manifolds. In particular we have derived
underlying differential equation governing g-distance geodesic using calculus of
variation followed by introducing several geometrical concepts such as basin of
attractions and bottleneck values and then exploring the geometry of g-distance

through some Gaussian mixture model (GMM) examples.

e In Chapter 5 we consider the problem of spectral clustering (SC) with g-
distance and the longest-leg path distance (LLPD) metric, which are able to
capture both the geometry and the density information from the data. We
show that SC with g-distance is an interpolation between traditional K-means
or centroid based clustering and mode or topological prominence based cluster-
ing. We prove guarantees on the performance of SC with respect to these metrics
when random samples are drawn from different data generating models such as
a d dimensional Riemannian manifold for d > 1, multiple lower dimensional
Riemannian manifolds embedded inside ambient D dimensional space with or
without the presence of background noise, multiple self-intersecting Riemannian
manifolds etc. In particular, we provide conditions under which the Laplacian
eigen-gap statistic correctly determines the number of clusters under these data
generating models and prove guarantees on the labeling accuracy of the pro-
posed algorithms while simultaneously comparing the performance of different

g distances and LLPD.

e In Chapter 6 we develop a technique for record linkage on high dimensional
data, where the two datasets may not have any common variable, and there

may be no training set available. Our methodology is based on sparse, high di-
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mensional principal components. Since large and high dimensional datasets are
often prone to outliers and aberrant observations, we propose a technique for es-
timating robust, high dimensional principal components. We present theoretical
results validating the robust, high dimensional principal component estimation
steps, and justifying their use for record linkage. Some numeric results and

remarks are also presented.

e In Chapter 7 we expound on future directions of research.



Chapter 2

The g Distance: a general density
sensitive distance for clustering

As discussed in chapter 1, we have introduced g-distance as a generalization of power
(which corresponds to g(t) = t*, p > 1) weighted distances and other sample level
density sensitive distances proposed by several authors over last 15 years. In section
2.1 we provide a brief motivation and state the main results. In section 2.2 we provide
some properties of g distance in relation to default geodesic distance and the longest
leg path distance. In section 2.3 we provide the proof of convergence limit and rate of
g-distance under some mild assumptions on ¢. In section 2.4 we discuss what happens

when those assumptions are removed and provide some examples.

2.1 Problem description, notations and main re-
sults

Let (M, g1) be a smooth d-dimensional (d > 1) Riemannian manifold without bound-
ary equipped with Riemannian metric tensor g;. Recall that a Riemannian metric
tensor, often simply called a Riemannian metric, on a manifold is a family of positive
definite inner products on the tangent spaces of the manifold. When M = R? or a

convex subset of R? | g; is simply the standard Euclidean inner product. This metric

11
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tensor induces the usual distance, which we shall call by dist;(.,.). Formally,

1 1
dkﬁﬂx,y>=infl/)\/gﬂvénéﬁ#::inf(/ﬁ|7Adt (2.1)
Y 0 Y 0

where the infimum is taken over all piecewise smooth curves v : [0,1] — M such
that 7(0) = z and (1) = y. We use the notation 7, (z,y) or simply g to be the
g1-geodesic from z to y, i.e. path traced-out by v; which minimizes dist,(z,y) subject
to v(0) = z and (1) = y.

Consider a probability space (M, B, P) where P is a probability distribution over
Borel subsets B of the sample space M. Assume that the distribution has a smooth
(i.e. f € C) Lebesgue probability density function f with respect to g;. Let
Xn = {X1, X2, .., X,,} be a set of n sample points in M drawn from f. The sequence
X» Will be associated with the nodes in an undirected simple graph whose edges have
weight equal to the w(z,y) = g(disti(z,y)) between pairs of nodes x and y where
g(.) : [0,00) — R is a function such that g=!(.) exists. We will also sometimes use
indexing by n of a generic non-random point z,, € M. This point is not related in
any way to the random variable X,, or the data y,,. For realizations, we will use the
notation X, (w) where w is an elementary outcome in the sample space. We assume
inff(x) = fo > 0 (unless otherwise is mentioned) and supf(z) = f° < co.

" Also, following Hwang et al.| (2016), we define a new r]getric tensor g, = f21-F/dg,
for k > 1 1ie. if Z, and W, are two tangent vectors at a point x € M, then
96(Zs, W) = f(2)20 -0/ g (Z,, W),

The deformed metric tensor gy, is well-defined for every x with f(z) > 0, and gy, is

a Riemannian metric tensor when f € C'°°. The corresponding induced distance is

1
distyla,) = inf [ 70T il 2:2)
Y 0

where the infimum is taken over all piecewise smooth curves 7 : [0, 1] — M such that
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7(0) = z and (1) = y. We denote v3(z,y) to be the gg-geodesic from x to y, i.e.
path traced-out by ~; which minimizes disty(z,y) subject to v(0) = z and (1) = v,

where [ = ’%1.

2.1.1 A general metric

Consider a function g : [0, 00) — [0, 00), having the following properties:
G1: ¢(+) is a continuous function.
G2: ¢g(t) =0 if and only if ¢t = 0.
G3: g(-) is a strictly increasing function.

G4: ¢g(-) is a strictly super-additive function, that is,
g(a+b) > g(a) + g(b), for any a,b € [0,00).

There is some degree of redundancy in the above conditions: this is for simplicity

and clarity. Let ,y be two points in M. Define L, (:E, v, Xn) as

Ly(z,y,xn) = mmz g(disti(z, Ti41)), (2.3)
—
where p is any path through points xo = — 21 = 29 — ... = z, = X401 = ¥,
x; € xn for i = 1(1)r, r is free to vary. Thus, L, (:C,y,xn) is the shortest g-path
distance from z to y through x,,. We define m as the corresponding almost
surely unique shortest g-path.
The normalized g-distance L;V (IB, v, Xn) between the two points z and y in M is

defined by

Ly (2,9, xn) = g~ (Lg(@, Y, Xn))- (2.4)
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In this context, also recall that longest leg path distance (LLPD) is defined as
LLPD (l‘, Y, Xn) = minmazx dist;(x;, x;\1), (2.5)
p )

where as usual p is a path from 2o = — 21 — 22 — ... = x, = 2,1 = y such that
x; € xpn for all ¢ = 1(1)r, r is free to vary.

We now have the the following important result:

Proposition 2.1
Under the set of conditions G1-G4 on g¢(-), both L, (m,y,xn) and Li]v (x,y,xn) are

continuous metrics on M. Additionally, Lf]V (x, v, Xn) is a non-trivial metric on M.[J

Proof 2.1
First we show that L, is a continuous metric. Non-negativity of L, follows from G2
and G3, identity of indiscernible follow from property G2, Ly(x,y, x») is symmetric
because disty(z,y) is symmetric and finally Ly(x,y, X»n) < Ly(2, 2, Xn) + Lg(y, 2, Xn)
follows from the definition of shortest path (triangle Inequality). Additionally, note
that L, is continuous because of G1.

Next we show that Lév is a continuous and non-trivial metric. Note that because
of G3, g~! exists. Non-negativity of Lf]V follows from G2 and G3, identity of in-
discernible follow from property G2, Lév (x,y, Xn) 18 symmetric because disti(x,y) is

symmetric. Triangle inequality follows since ¢! is sub-additive. Indeed,
Ly (2,9, xn) = 9 [Lg (9, xn)] < 97 [Lg(@, 2, x0) + Ly(y, 2, X))
—1 —1 _ N N
Sg [Lg(xazan)]+9 {Lg(yw%Xn)] _Lg (x>Z7Xn)+Lg (y> Z?X?l)'

Also note that ng\/ is continuous because of G1.
Finally we show that g needs to be strictly super-additive for Lév to be a non-

trivial metric. Suppose g is sub-additive. Consider any path p, g =2 — 1 — ... —
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Tmi1 = y. Then,

Zg(distl(xi, Tiy1)) > Q(Z disty(x;, i41)) > g(disti(x,y))
=0 =0
i.e.

Ly(2,y, xn) = mpinz g(disty (i, zi41)) = g(disti(z,y))
i=0

= L) (z,y,Xn) = dist1(z,y)
for all z and y. i.e. ng\/ becomes trivial. 0J

We formally define
G :={g:1]0,00) = [0,00) | g(0) = 0, g is continuous and strictly super-additive}

as the collection of all g distance functions satisfying G1-G4. The assumptions
G1-G4 on g are necessary for ensuring L, and Lév are metrics on M.
We now list one more assumption on g that facilitate easier analysis using these

metrics. For some d > 0 and 0 < t < § we assume that

G5:

g(t):Zaitbi7: mENa ai€R+, b1<b2<
i=1

Note that from the necessary assumptions G1-G4 alone, when additionally G5
is satisfied one can derive a; > 0 and by > 1. However, it’s not true that as, as.. etc

also need to be > 0. However, we assume so for the ease of our analysis.

Proposition 2.2
Under G5, b > 1. OJ
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Proof 2.2

Suppose that b; < 1. Then for r, s > 0 we have

g(r+s) = ay(r + 5)"[1 + o(1)] (2.6)

< ay(r’ + s")[1 + o(1)] (2.7)

= g(r) +g(s), (2.8)

and thus G4 is violated. O

Additionally it is to be noted that, under G1-G5, when b; = 1, by > 1 must exist

because of our requirement of strict super-additivity. We formally define

Go = {g = Zaitb" : [0,00) — [0,00) \m S N, a; € RJr,bi S [1,00), 1<b <by < }
i=1

(2.9)

as the collection of all g distance function satisfying G1-G5.

2.1.2 Examples of g-functions

One of the simplest way of obtaining a function satisfying assumptions G1-G4 is to
consider a strictly increasing conver function on [0,00) that satisfies the condition

g(0) = 0. The continuity and strict super-additivity of ¢(-) automatically follows.

Example 2.1
Here we provide some examples of g for which all the assumptions G1-G5 are satisfied

ie. g € Gy.

1. Power-weighted distance family is defined by g,(t) = t? for p > 1. In this case

m=1,b=p,a =1.
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2. Exponential-weighted distance family is defined by g,(t) = e® — 1 for a > 0. In

thiscasem:oo,bk:kandak:%fork:EN.

3. For g,(t) = a%eat—g—a% with a > 0, we have m = o0, b, = k+1 and a;, = %
for k € N.
4. For gygrs(t) = et ™ — erte® with p,s € R and ¢ > 0, 7 > 1 we have
Ipams(t) = €[(e)" —e]
= X[Y” —v]
where X =e? > 0,Y =¢“ > 1, Z =¢? > 1. Note that
. . q°
Zt :eant — 1+th+5t2r+
. Hence,
_ @ +Ler ) 1y AT Cin(Y)er \
Gpars(t) = XY (Y05 1) = XY (e e 2 =1)
= XY (¢in(Y)t" + O(t*") + ..)
Thus in this case we have m = oo, b, = kr for k € N and a; = gestP+". O

However, note that G5 do not follow from G1-G4. Below we provide some

examples of g where g € G but g ¢ Gy.

Example 2.2
Consider g(t) = e~ in (0, 8) with ¢(0) = 0 and ¢ sufficiently small so that g is strictly

1
super-additive. Since g"(t) = %5-(1 — 2¢), § < 3 suffices. Thus g satisfies G1-G4.

However it can be easily shown that lim g % =0 for all £ € (0,00). Thus G5 is not

satisfied. O
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Example 2.3

Consider

t
o(t) :t/ (14 h(2))dz, 0 <t <1
0
where

Z;’io 1356[2722"2—(214-1)) T < (0, 1]

0 x = 0.

h(z) =

Clearly g is continuous, g(0) = 0. Also, for r,s > 0

glr+s)=(r+s) /Or S(1 + h(z))dx
= r/OHS(l + h(x))dz + 3/0T+s(1 + h(x))dx

> r/ (14 h(z))dx + 3/ (14 h(zx))dx = g(r) + g(s)
0 0
i.e. g is strictly super-additive. Hence g satisfies G1-G4. Note that for n € N,

t Z?j 9—(2n+1+42i) _ 29—(2n) _ 2t for t — 920
/ h(x)dx =0 3 3
0

oo —(2n+3427) _ —(2n+1) _ ¢ _ 9—(2n+1
Soiog 27 @A) = 19=@ntl) — L for ¢ = 27(nFD)

1=0

W=

Thus, for n € N,

22 fort =277

g(t) =
3t? for t = 27(n D)
Thus clearly G5 is not satisfied. O
Example 2.4

It is casy to verify that for g,(t) =t + e, go(t) = 2 — % +t* and g3(t) =t + g(t)
where g(t) is same from [Example 2.3|, G1-G4 are satisfied, but G5 is not satisfied.[]



2.1. PROBLEM DESCRIPTION, NOTATIONS AND MAIN RESULTS 19

Remark 2.1
We shall assume g € GG in the proof of theorem [2.1| although as we shall see later in
section 2.5 that this assumption is mainly technical and convergence limit and rate

can be obtained in-general without this assumption. 0

Apart from the ease of proof, there are primarily two other reasons for working with

g € Gy class instead of the bigger class g € G.

1. Theorem states that for any g € Gy, in high sample size/high density
regime suitably scaled ¢"V converge to the normalized power-weighted distance
corresponding to the lowest power of g. An important side result is in low sam-
ple size/low density regime, suitably scaled g"¥ behaves like normalized power-
weighted distance corresponding to the highest power of g if m is finite. While,
same conclusion can be made for any ¢ € G in high sample size/high den-
sity regime by arguing similarly, what happens in low sample size/low density
regime is in-general unclear and depends on g. Below we provide 2 examples to

illustrate this.

Example 2.5

Consider g(t) = {Ze ™+ 1 — L} 5. Since g'(t) = 2(1 —e ) > 0 for t > 0
and g'(t) = e > 0, g € G. Also g(t) = ;—2, — ag—i + aQ% — .., thus g ¢ Gy.
Since by = 2, in high sample size/density regime suitably scaled ¢ converge
to normalized power(p)-weighted distance with p = 2. However as t — o0,

g(t) = O(t). Thus in low sample size/low density regime suitably scaled g

converge to Euclidean distance. O

Example 2.6
Consider g(t) = {(at + 1)log(at + 1) — at},>o. Since g (t) = log(at +1) > 0

for t > 0 and g"'(t) = =45 > 0, g € G. Also g(t) = (a;)Q — (aé)s + (11124 - .,
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thus g ¢ Gy. Since by = 2, in high sample size/density regime suitably scaled
g" converge to normalized power(p)-weighted distance with p = 2. However as
t — o0, g(t) = O(tlogt). Thus in low sample size/ low density regime what
happens to ¢V is unclear at least from theorem 2.1 and needs additional analysis

as provided in section 2.5. 0

For reasons stated in the following paragraph, we would like to behave ¢" more
like it’s highest power-weighted distance in high sample size/density regime and

lowest power-weighted distance in low sample size/density regime.

2. For clustering applications, in high sample size/high density regime (when den-
sity information is easily available) ¢ should prioritize geometry based infor-
mation while in low sample size/low density regime (when density information
is pricey) ¢g" should prioritize density based information. This is eractly what
gV with ¢ € Gy do by graduating from geometry dominant distances such
as Euclidean distance/smallest normalized power-weighted distance to density
dominant distances such as highest normalized power-weighted distance/LLPD
as density information becomes more scarce. As we have seen in some examples
above, in-general gV with g € G\ Gy fails to do this. Thus, G, is more suitable

in clustering application.

2.1.3 Main result

The following two theorems are the main results of this chapter

Theorem 2.1
Assume that M is compact and f is continuous with fy > 0 and g € Ggy. Then for

sufficient small € > 0, there exists a constant C'(d, b;|g) > 0 depending on d, b; and g
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and a constant 6y > 0 such that whenever dist,(z,y) > b > 0,

P(sup| Ly@yoxa) C(d,bi]g)| > €) < exp(—boe®n®") (2.10)

1-b1 .
vy ain~a disty, (x,y)

for all sufficiently large n, where the supremum is taken all over x, y € M with

disty(z,y) > b > 0 and a* is given by

L ifbh > 1
af = ' (2.11)
for some 6y > 0 depending on d and g. Also, if by = 1, C(d, b1]g) = 1. O

For example, if we apply theorem [2.1] on the 4 g-distances listed in we

obtain

L n
1. ]P’(Sup| lgp(l‘ay’X )

vy na dist,(r,y)

— C(d,p)| > €) < exp(—bo*nT)

Ly, (2,9, Xn) N
2 Blawpl oy 1> ) < eap(—bocn T
(S;,Ly | adisti(x,y) | > €) < exp(—bOpe’n®)

2L n 1
3. P(sup| f’“<x’y’x ) _ C(d,2]g.)| > €) < ea:p(—@oezndL)

zy n-adisty(x,y)

P(sup| Lg"‘”ﬁ’y’xn) — C(d, 7| gpgrs)| > €) < emp(—@oezn@:w) if r>1
4: T,y qu+p+eSn d dlStT‘(x7y)
L 7‘5( 1 n) L .
P(sugﬂqesgfﬁeg dfsii)((x,y) — 1] > €) < exp(—boe*n) ifr=1

Zz,

Corollary 2.1

An elementary Lipschitz analysis on |(2.10)| leads to

LN x? ) n
P(sup) 9 (T,Y, Xn)

— —C(d,b]g)| > ¢€) < exp(—@l e2n")
@y g—l(aln%distl(:ﬁ,y)) ) ’

as well, for some constant 06 > (0 depending on d and g. ([l
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Note that when b; > 1, this further simplifies to

LN(xv Y, Xn> / *
O — O, bi]g)| > €) < eap(—Gyen®)

vy pd disty, (z,y)h

since g7 1(t) ~ (al’lt)% ast | 0. When b; =1, we have

LY (2,9, Xn
P(supl 1g( Y Xn)
vy g ardisty(xz,y))

—1]>¢€) < exp(—0ye*n®")

for some 96 > ( depending on d and g.

Thus if we apply corollary [2.T]on the 4 g-distances listed in [Example 2.1] we obtain

LN x? y? XTL
1. P (sup| H“fp( )

vy nvd disty(z, y)%

— C(d,p)| > €) < eap(—bpnTm)

LN 'T’ b n
2. P(sup|+ (72 Xn)

—1l>¢€) < —0)e2n s
vy 5 (1 +adisty(z,y)) | > ) < cap(=Oo'nT)

LY (x,y, Xn
3. P(sup| lg“( Y Xn)

vy n-2ddisty(x,y)

- O(d7 2|ga)| > 6) < 6.%‘p(—0662nﬁ)

N

LN

P(sup]M — C(d,r|gpgrs)| >€) < exp(—@éeznﬁ) ifr>1
4 zy N rd distr(z,y)"T
’ N
P(sup| Zopgirs (DY) r— 1] >¢) < e:cp(—@éeQnﬁ) ifr=1

vy [E(n(in(erte® (14ge disti (z,y))—p)—s)]

SIS

since g;,;ms(t) = (%[ln(ln(t + ePTe) — p) — 5] ) )

Remark 2.2

The assumption dist;(z,y) > b > 0 (i.e. x and y are fixed non-identical points with
some minimum distance between them) can be relaxed in theorem[2.1 When b; > 1,
instead of looking at a fixed point x and y if we consider a sequence of points {z,}
and {y,} with dist,(xp,y,) > r, for some positive sequence {r,} | 0, the probability
upper bound exp(—0ye*n®") can be re-written as exp(—0ye?(nrd)®” + O(logn)) where
96 = fyb9*". Therefore for the probability upper bound to be non-trivial, we require

nrd . . oan 1
fogs = 00, L. dist(xn,yn) > O((%4%)7). -
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Remark 2.3
Similarly when b; = 1, probability upper bound ezp(—68pe*n®") can be re-written as

exp(—0* (nrdth2=1)2" 1 O(logn)) where 6, = fob~%"and where we assume
nri+b271

disty(xp, yn) > ry, for some positive sequence {r,}. In this case we require o

00, i.e. dist(zn,yn) > O((l(’%)d“}rl) for the probability upper bound to be non-

trivial. In this case the effective dimension increases from d to d + by — 1. O

A similar convergence result holds when M is complete (but not necessarily com-

pact) giving the almost sure limit stated below

Theorem 2.2
Assume that M is complete and that f is continuous with f(u) > 0 for all u € M.
Fix x,y € M. Then

1 s

lim —n"% ng(x,y, Xn) = C(d,b1]g) disty, (z,y) almost surely., (2.12)
n—oo al

The constant C(d, by|g) is the same constant as in equation |(2.10)] O

Corollary 2.2

It follows that under the same set-up as theorem [2.2, almost surely

- C(d, bi|g) ™ disty, (z,y) by > 1

g a1 disty(z,y)) by=1 O
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2.2 Lév(x, Y, Xn): an interpolation between dist; and

LLPD

In this section we derive several results that shows that normalized g-distance Lév can

be viewed as an interpolation between dist; and LLPD.

Proposition 2.3
For any g € G, LLPD(x,y, x») < Lév(x, Y, Xn) < disti(z,y) for any x and y € M. O

Proof 2.3
One useful property in clustering and dimension reduction applications of Lév (x,Y, Xn)

is that it is a contraction map of dist;(z,y). Indeed,

LY (z,y,xn) = 9g~" [mpm Z g(disti (i, i41))]

=0
< min ; 9 o(disti (s, 2i11))]

= mgn; disty(z;, i) = disty(z,y)

Equality holds if and only if Ly(x,y, x») = g(disti(z,y)), i.e. when shortest g-
path between x and y is the direct edge connecting  and y. It is easy to check that

LLPD(z,y,xn) < L) (2,y, Xn) since for any path p,

mazx g(disty(x;, xi41)) < Zg(distl(xi, Tit1))
i=0

. Thus we always have,

LLPD(z,y,xn) < LY (2,y,xn) < disty(z,y) (2.13)
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Now we present a sufficient condition for a family of functions {g,} under which

. N
lim Ly, (x,y, xn) = LLPD(,y, Xn).

Proposition 2.4
Assume {gq(t)},eps are a family of functions with g, € G and g,(t) is defined for all

t € [0,¢€) such that for any 0 < z <y < € (e can be co) we have lim Z“(g) = 0. Then

a— 00 ”( )

for any finite n,

lim Ly, (2,y,Xn) = LLPD(,y, Xn)

a—r0o0
for any x,y € M. O
Proof 2.4
. N T . —1 .
lim L, (2,y, xa) = limming, [; ga(disty (i, i11))]

" ga(disty(x;, x;
1[21:09 ( ts 1<x xH)) quga(di8t1($i,xi+l))}

=min limg,
min 1vmg, max g, (disty(z;, xit1)) i

p  a—00

. Wi a dist (",Ul Z; 1)) .
17y > im0 Ja(disty (@, vy (disty (. 7;
[agrgé[ max ga(di5t1<xi,xi+1)) } mlaxg ( 1S 1<I y L +1))]

=ming,
p

=ming, "' [1 X maz g,(dist,(z;,2:+1))] = minmazg, " (ga(dist, (z;, 1:41))
p ? D 7

= LLPD(z,y, xn)

Since almost surely mazx g, (dist:(x;, x;11)) is unique for any path p and n is finite..]
7

Corollary 2.3
For the families in [Example 2.1} ie. g,(t) = {t}p=1, gp(t) = {e’* — 1},50 and

gp<t) = {I%ept - % — #}pw, we have

. N —
I{Z—ZZLoLgp(x>ann) = LLPD(xaann> ]
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Proposition 2.5

Suppose g € Gy and m = co. Then for any finite n

lim Ly (w,y,xn) = LLPD(2,y, Xn)

|z—y|—o0 OJ
Proof 2.5
Consider the family {g.(t) = g(at)}aeRau . Clearly for 0 < p < ¢ ii@o;:—% =0
if m = oo. This in particular implies | li|m Lév(x,y,xn) = LLPD(x,y,x,) for
r—y|—o0
g(t)y=¢e" —1. O

2.3 Proof of the main result

An important property of L,(z,y, A) for z,y € M and locally finite A C M is that
if Ay C Athen L,(z,y,A) < L(z,y, Ap). This property will be used in several places
in the proofs. Going forward, we shall use case 1 and case 2 to denote b; > 1 and
by = 1 respectively.

The generic step of the proof is to first prove version of theorem for a homoge-
neous Poisson process H, on R?, then extend it to a uniform density on M C R¢
case followed by an extension to a generic density and finally extending it for the
Riemannian manifold case. We shall only prove the result for a uniform density case

since the rest is very similar to the proof technique in Hwang et al.| (2016]).

2.3.1 Empty region graph of g distance

In this sub-section we introduce the notion of empty region graph (ERG) of ¢ distance
which will be useful in the proof of theorem 2.1} In particular, asymptotic convergence
rate of g-distance is determined by the limiting volume of the empty region in ERG as

derived in lemma and proposition [2.12] We shall additionally use several results
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such as propositions 2.7, 2.9 and 2.15 in the proof of theorem [2.1] The remaining
results are of independent interest and also demonstrate that (specially lemma 2.2)
the normalized ¢ distance behaves like it’s lowest power-weighted distance in high
sample size/density regime and highest power-weighted distance or LLPD in low
sample size/density regime.

ERG was introduced in 2009 by |Cardinal et al.| (2009) as a generalization of prox-
imity /neighborhood graphs and since then it has been used in manifold estimation,
clustering, pattern recognition and image processing and many other applications
(Correa and Lindstrom, 2012; Devillers and Duménil, 2021; Katz and Tal, 2017).
Some examples of ERG include relative neighborhood graphs (Supowit, [1983; Ichino
and Sklansky, [1985), Gabriel graphs (Zhang and King, 2002), 5-Skeleton graphs
(Bose et al., 2002; Wang et al., 2003)). Also, throughout this sub-section we include
Euclidean distance and LLPD in our analysis along with normalized ¢ distances for
any g € Gy.

Given data x,, = { X1, Xs, .., X1}, ¢ € Gg induces an ERG. For any 2 points x and
yin M, m = Ty (i.e. shortest g-distance path between = and y is the direct
edge between x and y) occurs if and only if Ry(x,y) N x, is empty where Ry(x,y)
(empty region of x and y induced by g) is defined by

Ry(w,y) = {u € R : g(jz — ul) + g(ly — ul) — g(Jz —y|) < 0}. (2.14)

ERG of g, Gy = (V, E), has vertex set V' = x,, and E(X;, X;) = 1r,(x:,x,)nxn=0-

If w e Ry(x,y) N Xn, then the path z — u — v is preferred over x — y under
g-distance by the definition of R,(x,y). So shortest g-distance path between z and
y is not the direct distance between x and y. Because of our assumption of strict
super-additivity on g, Ry(z,y)) # 0 for any = # y.

Some well-known examples of ERGs what are also induced by g or limiting form
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of g are Gabriel graphs (which corresponds to g(t) = ?), which is also 3-skeleton
graph corresponding to 5 = 1, and relative neighborhood graphs (which corresponds
to LLPD).

Proposition 2.6
Given data x, = {Xi, Xs,..,X,,} the shortest ¢ distance path joining X; and Xj,
1 # j is in ERG induced by g. O

Proof 2.6

If any edge (w.l.g. joining X and X, k # [) in the candidate path joining X; and X
is not in ERG, then by definition of ERG, 3 a path joining X} and X; (which is not
the direct edge joining X and X;) which have shorter ¢ distance than the direct edge
joining X} and X;. Thus the candidate path isn’t the shortest g distance minimizing

path joining X; and X;. 0

In-general, R,(x,y)’s shape is invariant under translation and rotation but not under
uniform scaling. Note that R,(z,y) ’s shape is invariant under uniform scaling (i.e.
Ry(7,y) < Ry(az,ay) for any a > 0) if and only if g(t) = t* for some k > 1 . In this
case Ri(z,y) (we shall denote R,(z,y) by Ry(z,y) for g(t) = t*, k > 1) is given by

Ri(z,y) ={u e R : |z —ul" + |y — ulf — |z — y|* < 0} (2.15)

and we have Ri(ax+b,ay+0b) = b+ aRy(x,y). In particular, pu(Ry(ax +b,ay+0b)) =
a®p(Ry(x,y)) where u(.) is the Lebesgue measure in dimension d. Our goal in this
sub-section is to obtain pu(R,(z,y)) for ¢ € Gy and to prove several propositions
related to Ry(x,y) which will be useful in the proof of theorem . We shall focus
on these following propositions which will be used to obtain pu(R,(x,y)) subsequently.
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Proposition 2.7
Ry(z,y) is bounded and strictly convex for any g € Go. O

Proof 2.7

Bounded part is obvious. W.Lg, suppose u,v € OR,(x,y) where JA denotes the
boundary of A. i.e. g(|z — ul) + g(ly — ul) = g(Jz — y|) and g(|z — v[) + g(Jy —v[) =
g(Jz — y|). This in particular implies g(|z — u|) + g(ly — u|) = g(|z — v|) + g(|ly — v]).

Then for 0 < o < 1
gllz = (au+ (1 — a)o)|] + glly — (cu+ (1 = a)v)]]
= glo(z —u) + (1 = a)(z = v)] + glaly —u) + (1 — a)(y — v)]
<ag(z—u)+(1-a)glz—v)+agly—u)+ 1 -a)gly —v)
= g(lz—yl)

So, au+ (1 — a)v € Ry(x,y) since g € Gy is strictly convex. O

Proposition 2.8
Ry, (x,y) C Rg,(z,y) if 1 < ky < kg where Ry(z,y) is defined in |(2.15) Moreover,

k{z’m Ri(z,y) = Roo(x,y) = Rrrpp(x,y) which is given by
—00
Roo(x,y) = {u € R* : maz{|z — ul|, |y —ul} < |z —y|} (2.16)

= By(z, |z — y|) N By(y, |z — y|)

where BY(a,b) == {z € R?: |z — a| < b}.
Roo(x,y), which is a “lune”, is bounded, convex and invariant under translation,
rotation and uniform scaling. Also R (z,y) is the empty region corresponding to

LLPD. U
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Proof 2.8
Since Ry (z,y) is bounded and strictly convex, it is sufficient to prove if z € ORy, (z,y)

ie. if |z —y/M = |z — 2| + |y — 2|* then 2z € Ry, (z,y) ie.
k
e (e R e A L e

which follows from Holder’s inequality.

The second part follows after observing
lim (Jx = uf* + |y —ul)& = maz{|z - ul, |y - ul}.
—00

It is trivial to see that R..(x,y) is bounded, convex and invariant under translation,
rotation and uniform scaling. Note that LLPD edge between z and y is the direct
edge between z and y if and only if R (z,y) is empty, or in other word there is no
point in y, which is closer to both z and y. Thus R, (x,y) is the empty region of
LLPD. O

Remark 2.4
We shall denote

M(Rk(o, 161)) = Gk,d

where e; is the unit vector along the first co-ordinate axis for all £ > 1 (although
g(t) =t ¢ Gy, we are extending our definition of Ry(x,y) for k = 1 as well).
Then {0kq}r>1 increases in k from p(Ro(0,1e1)) = 0 to u(Rx(0,1e1)) = Opa =

d—1
a2l /3 .
ff(rdﬂ) foﬂ/ sinx dr < oo. O
2

Proposition 2.9
Ry, (z,y) C Ry(x,y) C Re(x,y) for any g € Gy. O
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Figure 2.1: ORy(0,e;) in d = 2 for Figure 2.2:  10R,(0,ze;) for

k =1.2 (green), 2 (red), 10 (blue) gty =e'—1lind=2forx =1

and 100 (black). (green), 4 (red), 10 (blue) and 100
(black).

Figure 2.3: As k 1 from 1 to oo in the left panel, OR.(0,e;) transitions from the
straight line joining 0 and e; (corresponding to Euclidean distance) to a lune (corre-
sponding to LLPD). Similar transition in shape can be observed in the right panel
as z 1 from 0 to co. This hints that ¢" distance behaves like Euclidean distance and
LLPD in high and low sample size/density regimes respectively.

Proof 2.9
Let u € ORy,(x,y), i.e. for (ignoring the trivial cases) 0 < a = % < 1 and
0<B:M<lwehaveab1+,6b1—1:0. Then

—U
[z—y|
m

gu(z,y) = Zaixbi(ab" + Bb — 1) <0

i=1

For the second part, let u € ORoo(z,y). ie. max{|z —u|, |y —ul} = |z — y|.

Letting E:Z" =a >0 and ‘Ig:Z\l =05 >0, we see u € OR(x,y) © max(a, f) = 1.

Let

9u(,y) = g(|v —u|) + g(ly — u|) — g(lz —yl)

Since o'+ 3" —1 > 0, when maz(a, 3) = 1 for any 7 > 1 we see that g,(z,y) > 0 unless
u = x or y (which corresponds to @ = 0, § =1 and a = land = 0 respectively) so

u is strictly outside OR,(z, y). O
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Lemma 2.1

7-71 &Z-Gb.dx—y\bi

R — e 21—1 is

1(Ry(z,y)) = [z —y| ST iz — g

for any g € Gy, m can be oo. O

Proof 2.10

Consider u € R,(z,y), we let a = lz=ul and B = =4 So we have a+8 > 1, a, 8 > 0.

o=y o=y
Let
gul(,y) = g(lz —ul) + g(ly — u|) — g(|z — y|)
- ke
=1

where X is a probability distribution on {by, .., b,, } such that P[X = b;] = ‘Z(‘fv__%

"ot + 5 = 1) = g(lr —y) Efo” + 5% — 1]

for i = 1,2,..,m. This follows since given z and y, (a® + 3% — 1) is independent of
|z — y| and purely depends on the position of u with respect to x and y.

Now note that
u € Ry(7,y) & gu(r,y) <0< Ea™ + 8% —1] <0

A way to compute pu(R,(z,y)) is by rejection sampling from R (x,y), since we

know f1(Reo(7,y)) = O.alr — y|? < 00 and Ry(z,y) C Roo(,y). Formally,
p(Ry(2,)) = p(Roo(,y)) PE[a” + % — 1 < 0Ju € Roo(2,1)]]

= W(Roo(7,y)) EP[a™ + B¥ — 1 < OJu € Reo(z,y)]]

— 11(Rao(z, 7)) Z]P’[Oébi + % — 1 < 0Ju € Roo(,y)] P[X = bj]

b;

> iey @il a
Yoy air —y

r—Yy
bi |:|

= |z —y|*

since Plab 4+ 8% — 1 < 0|u € Roo(x,y)] = N
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Proposition 2.10
w(Ry(z,y)) = p(Ry(Jxr — y|)) depends on z and y only through |z — y|. Thus

w(Ry(x,y)) = pu(Ry(|z —y|)) is invariant under translation and rotation. O
Proof 2.11
Follows trivially from lemma [2.1{ O

Proposition 2.11
p(Ry(z,y)) is a strictly increasing function of |z — y| for any g € Gy. O

Proof 2.12

S iy, alz—y|b

;7;1 ai|m_y|bi

This follows from the fact that |2 — y|? is strictly increasing as well as

is non-decreasing since {6; 4}i>1 are strictly increasing and a; € RT. O

Proposition 2.12

As |z —y| — 0%, under case 1 R,(z,y) has d-dimensional volume whereas under case

2 R,(z,y) has d + by — 1 dimensional volume. O
Proof 2.13
Indeed, from it follows from lemma [2.1| that
] 9b11d|l’ — y|d if b1 >1
S iRy y) =4 "
Xr— a b ,d Jr 71 . _
— 2 =yt ifby =1 0

Remark 2.5

For any g € Gy, u(Ry(x,y)) is related to the probability that = and y are direct edge
(we denote it by the notation z ~ y) in the ERG of H) U {z,y}, where H) is the
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homogeneous Poisson process in R? with rate A > 0. Indeed, we have
Py(z ~y) = Py(lz — y|) = e M Halo) (2.17)

Thus under case 1 Py(x ~ y) is non-trivial (i.e. strictly between 0 and 1) when
|z —y| = O(A\~7), which is the order of the k nearest neighbor distance in dimension
d. Thus, a g-distance minimizing path between x and y such that |z — y| = O(1)
under case 1 will have O()ﬁ) nodes.

On the other hand under case P(z ~ y) is non-trivial when |z —y| = O(A~ Ty ).

Thus, a g-distance minimizing path with minimal number of nodes between z and y
1

such that |z — y| = O(1) under case 2 will contain O(A?"2-1) nodes. Note that in

this case one can always choose a g-distance minimizing path with number of nodes

between O(/\d“lz—l) and O(\a). O

Proposition 2.13
g — Py(J]r — y|) map is continuous and P,(|x — y|) or equivalently u(R,(|z — yl))
uniquely characterize g € Gy up to a constant thus it uniquely characterize gV dis-

tances. 0

Proof 2.14
It’s trivial to check that ¢ — P,(]z — y|) map is continuous.
If g = ch for some ¢ > 0, clearly P,(t) = P,(t) for all t > 0.

Suppose, P,(t) = Py(t) for all ¢ > 0, or equivalently

/ ’

m ! b.

m ) ;
ZZ‘:1 az‘ebi,dtbl . Zi:l azﬁb;’dt

Doy aith N Zml a'tb;

i=1"

,t >0

It is easy to prove that (after cross multiplying) all the powers have to be equal,
ie. m = m (both can be co) and b; = b; since {f; 4}s>1’s are strictly increasing

by an induction argument. Here we are using the standard real analysis fact that if
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S it =0 for all ¢ > 0 or in some interval (a,b) with a < b, ¢; = 0 for all 4.

For example, coefficient of the lowest (b; 4 b;th) power (after cross-multiplying)
in LHS is ala/19bhd while it is a1a19b17d, implying b, = b, . Assume by > b/2, then
coefficient of the lowest (b; + byth) power in LHS is ajay0p, ¢ while it is alalzﬁb/w 4 Which
is a contradiction since Qb’z,d > lel,d = 0, 4. Thus by = by and so on..

Hence, we have

m

aitb’? a,tbi
( - — ! 7 ‘)Qbi7d:0,t>0
izzl: Doy aith T agth

implying

aitbi atbi
= ! for all ¢

Doy aitt o 3T ath

i.e.

- at’ a; .
:L:—f:cforallz

g
h " ath O
Proposition 2.14

For any A > 0,

Ta(g", ™) = maz |Py(t) — Pu(t)]

te(a,b)

is a metric for any 0 < a < b < o0o. W.l.g. we take a = 0 and b = occ. OJ

Proof 2.15

It’s trivial to see that T is continuous. By proposition [2.13] Tx(g"™,hY) = 0 if and

only if gV distance is identical to A"V distance. Also clearly T) is symmetric and

satisfies triangle inequality. O

Lemma 2.2
If A = oo (which correspond to high sample size/high density regime), under T}

normalized ¢ distance converge to it’s lowest power distance and if A — 0 (which
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correspond to low sample size/low density regime) under T normalized g distance

converge to it’s highest power distance if it exists and to LLPD if it doesn’t. 0

Proof 2.16
W.lg. suppose M|z — y| = ¢ = O(1) because otherwise the probabilities on both
sides become trivial (and equal).

Then if A — oo (and |z — y| — 0), when b; > 1,
Py(lz —y[) = e = Ph(t):tbl (Jx —yl)

Under same condition, when b = 1
Py(lz —yl) = 1= Pygy—e(lz — yl)

On the other hand, when A — 0 (and |z — y| — c0) and m finite
Py(Jlr —yl|) = e ¢ Pmd = Ph(t):tbm(|37 —yl)

and when m is infinite

Py(lz —y|) = e="¢ = Pripp(|z — yl) O

Proposition 2.15
For any g € Gg, R,(0,ze;) C R,(0,ye;) for x < y. d

Proof 2.17
Suppose u € OR,(0, ze1). Then

m

gu(0,xe1) = Z a;x’ (ol + 5% —1) =0

=1

where a = % and 8 = w, wlg a,0€(0,1), a+5>1.
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Let y = (1 4+ A)zxey for A << 1. Then for a fixed 0 < 5 < 1 we have,

«(0,yeq) ;al (1+ Az ((1;_)‘A)bi _|_<|(1 —l(-lA—i_)ze)lx— U|)b _ (1+A)bi)

S aati(at + (LDt gy Ay

- xT
=1

IN

zm: (@ 4+ (B + A — (1 + A)b)

a;r’ (% 4 B + BT A — 1 — biA)

2
NE

1

1

= (LA -1) <0
i=1

2.3.2 First passage percolation results

The goal of this sub-section is to state and prove some useful propositions which will be
used in the following sub-sections. While convergence rate in case 1 reduces to[Hwang
et al.| (2016))’s result, convergence rate in case 2 becomes non-trivial because empty
region corresponding to g distance in this case has a limiting d + by — 1 dimensional

volume.

Proposition 2.16

Let p be a shortest path from x to y in a homogeneous Poisson point process H).
Suppose p has g-distance path length at most co)\% and has at least ¢; Aa nodes for
some positive ¢, ¢;. Then 3 a constant pg > 0 (dependent on d and g) such that if
c1 > poco, the probability that such path p exists is exponentially small in A as

A — 00. O
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Proof 2.18
The proof is very similar to lemma 11 in [Hwang et al.| (2016) after observing that as

1-b
d

A — 00, p has g-distance path length at most coA 2 for some ¢y > 0 if and only if

1-b
d

it has b; power weighted path length at most CE))\ " for some cz) > 0. To be precise,

IN* > 0 such that 0 < a; < % < Kay for t € (0, \*) and by Borel Cantelli lemma,
for A > Ay > 0, w.p. 1 all edge lengths in a shortest paths are < A\* and Probability
that in p there is an edge length > \* is given by 1 — (1 — e_O(’\)’\*d)O(A%) which has
a higher decay rate than O(e_ﬁ). Also note that \* can be taken arbitrarily small

which will be used in proposition [2.17} 0

Proposition 2.17

Furthermore, when b; = 1, suppose p is the shortest path joining x and y having
minimal number of nodes in a homogeneous Poisson point process H). Suppose
p has g-distance path length ¢y and has at least cl)\d“’;rl nodes for some positive
co, 1. Then 3 a constant pg > 0 (dependent on d and g) such that if ¢; > poco, the

1
probability that such path p exists is exponentially small in ¢; A4t2=1 as A\ — oo. [

Proof 2.19
Let Hgy ) denote homogeneous Poisson processes with rate A > 0 in R?. For b; = 1,
in ERG of g for x1,29 € Hy, as |z3 — 21| — 0 we have

—Azo—zq|dtb2—1220, .d
Pjlzy ~xo) =e a1 b2

Consider ¢'(t) = # for some b; > 1 in Hy,p, v with A\ = c)\. In this case as

|.CI?2 — $1| — 0,

N1y [dHba—1
Pg’ [fl ~ 1‘2] —e X |zo—z1| Oy ,dt+by—1

For any A > 0 and ¢g,g € Gy with by = 1, we can choose ¢ > 0 such that
Pylxy ~ x5 = Pylay ~ x5] as |21 — 22| — 0. Since Py(|z —yl) uniquely characterize g

distance (upto a constant), as A — oo we can see that g~ in H, b1, 1S equivalent
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to ¢~ in Hyy with by = 1 under Ty. Conclusion follows after applying proposition

2.16/to ¢ in H,\p, 1y and observing as A — oo, any path with ¢’ distance < CE))\%

will have Euclidean distance < ¢,. O

Proposition 2.18
Consider the collection of points z € R? such that Hy N R,(0,z) is empty. Let

€ == sup|z|. We further define the tube of radius b containing = and y by
Tb($, y) = UOSuSlB(u«T + (1 — U)y, b)

Similarly, consider the collection of points z such that Hy N (UysoTp(—ueq, uey)) N

R,(0, z) is empty and define &, := sup |z| Then we have

limE[g(&)] = Elg(§)]

b—o0

and under case 1 when A — oo and b — 0 such that A\ib — 0,
lim —

/\%bﬁoo )‘EQ(A

and under case 2 when A\ — 0o and b — 0 such that \Y/(@+b2=Dp _y g

E
lim . [g(gbﬂ . -0
>\d++2_lb—>oo \@Fbo 1 g()\_d+b271 )b ]
Proof 2.20

We have for p > 1,

”F(H‘ﬁ;,l) m2P I (1+5)
=T AP (5b)p(d—1)
dFby—1

E[g] < q O

nl(1+2) | m2PI(14+8)
(AA)g AP (6b)P(d—1)

when b; =1
(2.18)

when b; > 1

for some m,n,d, A > 0 independent of b and A. Proof of this follows similarly from

the arguments in lemma 2.5 in [Hwang] (2012]). 0
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Proposition 2.19
Fix n and let y,, = {X3, .., X,,} are i.i.d. sampled from f and 0 < a < 1.

Assume by > 1. Define the event Er(i,j) for each pair 1 < 4,5 < n such that
Er(i,7)¢ occur if and only if

1. both X; and X, are in B(z, R»)

2. 1X; — X;| > (nfo)" T

3. the g- shortest path from X; to X; contains no sample point X}, other than X;
and X;.

Let Ep = N;;Ep(i,j). i.e. Ef denotes the event that within a finite radius Ry,

no direct edge in the g-distance path has edge length > (n fo)anl. Then

1
lim sup ———log(1 — P(EF)) < —61; (2.19)
n—oo (n 0)a

for some constant #y; > 0 which depends only on d and g.

Assume b; = 1. Define the event Er(i,j) for each pair 1 < i,j < n such that
Er(i,7)¢ occur if and only if

1. both X; and X are in B(z, Ry)

2. |X; — X;| > (nfy) Tt

3. the g- shortest path from z; to z;contains no sample point X other than X
and X;.

Let Ep =N, ;Er(i,7). Then

i 1
m sup
n—o0 (n 0)a

log(1 —P(Er)) < —0y

for some constant #5; > 0 which depends only on d and g. 0

Proof 2.21
For by = 1 case, recall from lemma [2.1 that u(R,(z;,z;) N B(z, R2)) can be taken

at-least Oy |r; — x;|%*%2~! for some 6y > 0. Suppose that Er(1,2)¢ occur. Then
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the shortest path from X; to X5 contains no sample point other than X; and X5,
and R, (X1, X2) N B(z, Ry) must not contain any of X3, Xy, .., X,,. Since | X; — X| >

(nfg)dfb;—l, probability that Er does not occur is < (1 — fofa1(nfy) @ Y)"~2. Since

n(n—1)

5— pair of points,

there are

n (6
1— P(EF) S 7’L2<1 — 921%)”2 S exrp (—921(nf0)a)
If by > 1, similarly we can take u(Ry(z;, z;) N B(z, Ry)) > 011|z; — 2| for some

611 > 0 and a similar calculation gives us the result. O

2.3.3 Mean convergence of g-distance for Poisson point pro-

cesses

In this sub-section we prove the mean convergence of g distance for a homogeneous

Poisson process Hy on R

Lemma 2.3
For every xz,y € R% XA > 0, and g € Gy, with probability 1 the random variable
L,(z,y, H)) is well-defined. O

Proof 2.22
Note that this is not trivial since H) contains infinitely many points and thus g¢
distance minimizing path from x to y might not exist. In particular, in [Howard
and Newman| (2001)) it is mentioned that it is not yet known if LLPD(z,y, H,) is
well-defined for all d > 2.
The point process H) is locally finite almost surely. Therefore L,(x,y, Hyx N
Ty(z,y)) is well-defined for any 0 < b < co. Let r = Ly(z,y, Hx N T1(z,y)).
Suppose a path from x to y has g-path length r < r; and it is not contained in

B(x,b) ={z € R%: |x — 2| < b},b > 0. Then from z, 3 a path p that ends at some



2.3. PROOF OF THE MAIN RESULT 42

point outside B(z,b) and has g-path length less than r;. Assume that p has edges
with Euclidean edge lengths ¢, ¢, .., ¢,. Thus, by definition
r= Z Z al-czi
i=1 k=1
First we consider the case when m is finite, i.e. let g(t) = Y7, a;t%. The proof in
this case is similar to the one presented in Howard and Newman| (2001)); Hwang et al.
(2016)) for the case g(t) = t*, p > 1. From triangle inequality and Holder’s inequality

we have,

k=1 =1 k=1
m n m n
< E a; [( g c%)nbi_l] < pbmt E aic% < nbmlp
i=1 k=1 i=1 k=1

Hence n > (ry 1g(b))ﬁl—l. By proposition , for b large enough, probability
that such a path p exists is exponentially small in DT , since b,, is the largest
power in g. By the Borel-Cantelli lemma, with probability 1 there exists b, > 0 such
that no candidate path from z to y has g-path length < ry = L,(z,y, H\xNTi(x,y))
reaches some point outside B(x,b,). It follows that L,(x,y, Hy) is determined by all
the paths in B(z, b,), and number of paths in B(z, b,) is finite with probability 1.

When m is 0o i.e. g(t) = S0°, a;t%, IM such that |g(t) — S, a;t%| < e for any
0 <t < mazx{\*n? b} < co. Once again consider a candidate path p that ends at
some point outside B(z,b) and has g-path length r < 7. Assume that p has edges
with Euclidean edge lengths ¢y, ¢a, .., ¢,,. We denote Zf‘il a;it’ by gu(t).

Moreover, for any A > 0, by proposition [2.6| any candidate g distance minimizing
path need to be within the ERG of g. Since

O (e Mm2-z1l") when b; > 1

P(Il N.’L‘Q) =

O(e Mw2=a ™27 - when by = 1,
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in both cases, by Borel-Cantelli lemma w.p. 1, 3A\* > 0 such that ¢; < A\* for all
i =1(1)n. Thus

gu(0) +e<gb) <gQ )= ai(d )
k=1 i=1 k=1
1 o) n 1 M M n
< — a; ney, b= Z a; ( ney,) bi 4 €] < pby—1 a;

gm(b) < 2r b1

1
And hence, n > (27 gar(b))*» T and again by proposition [2.16|for b large enough

b
probability that such a path p exists is exponentially small in "7 and conclusion

follows after applying Borel-Cantelli lemma. U

Lemma 2.4

For any g € G,

1
0<C(d,g) =lim-ELy0,tey, Hi] < (2.20)

t—oo {

exists. Furthermore if positive {¢;},cg+ satisfies ¢, — 0o as ¢ — oo, then

1

tlzm E L,[0,tey, Hy N1, (0,te;)] = C(d, g) (2.21)

— 00 |:|
Proof 2.23

Follows similarly from the arguments made in lemma 12 of Hwang et al. (2016|) after

observing that
f(t) = E Lg[()? teb Hl N Tb(07 Zfel)] + E[g(2£b)]

is a sub-additive for any b > 0 in ¢ and applying Fekete’s lemma. ([l
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Now we shall utilize that H, in R? has the following scaling property for a > 0,
d
CLH)\ = Ha—d)\

This is a consequence of |Hy N B| ~ Poi(Au(B)) and p(aB) = a®u(B), where aB =
{ax : x € B} and p(.) is the Lebesgue measure in dimension d.

Now, we note that if Xo(w) = 0 — Xj(w).. = Xp11(w) = tey is the realized
shortest g-path in Ly[0,te;, Hy N T, (0,ter)], then X/(\’—(;) =0— X)l\(;).. — X":%(”) —
ey is the corresponding realized shortest g-path in L,(0, A~ itey, H)\ﬂT/\,%Ct (0,e1)).

t
I
Ad

The realized shortest g-path length can be written as

Zzaz (@) = Xe@)") = > ad (3 X (@) — Xa(w)]")

=1 k=0 =1

Therefore

E[Lg(o,x%tel,HmT (0,¢1)) Zaz ~4 By (t

where By, (t) is the expected b;-th power-weighted distance evaluated on the short-
est g-path between 0 and te; under Hy for i =1,2,...m

Formally we define
Bj<t) =E [Lﬂg(o, t@l, Hl N Tbt (0, t@l))]

for 5 > 1. The subscript j|lg denote we are evaluating the j-th power-weighted
1 1-b;

distance on g-distance shortest path. Therefore, for A(\) = Aag(A~a) = S a T
,we have from lemma [2.4] (substituting = A~at and ¢, = A"d¢,),

lim ELg[O,xel,HAﬂTcx(O,el)] — lim Zz laz)\_?Bb ( )
/\%xﬁoo,)\%clﬁoo h(/\)I t—ro0 h()\)/\_gt

1-b

:i(zimB”i@) AT

t—oo ¢ m
i=1 D i1 AN

i)

i

Note that from lemma , we already know limw =C(d,g).

t—o00
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Proposition 2.20

tl m Bbt( C(d, bilg) where C(d,b;lg) > C(d,b;) is a constant dependent only on d
—00
. . E[Ly_b; (Oter)]
and g for i = 1,2,..,m. Recall that C(d, b;) = tlzmgf. 0
—00
Proof 2.24

Notice that Lg;(0,ter, H; NT(0,te;)) is also nearly-subadditive like Ly(0,ter, Hy N
T3(0,te1)). We have in this case

[i(t) = E Lg;[0, ter, Hi NTy(0, ter)] + E [g(2&)]

is sub-additive for any b > 0 and conclusion follows by applying Fekete’s lemma. [

Thus we have

= Z a;C(d, bilg) (2.22)

It follows that

Proposition 2.21
For a sequence of Poisson point process { H, } and 2 points {z,} and {y,},
1 1
When by > 1, if Af |2, — yn| — 00 and A ¢(|z,, — yn|) — oo hold then

E Lg[xn, Yn, H>\n] EL [ZL‘n, yn, H,\ ﬂ TC(‘xn,yn‘)(ZL‘n, yn)]

lim . = lim
n—o0 \ q —d n—0o0
/\ﬁg(And”mn _ynl /\;‘{g( )|mn yn|
— ,fi”ﬁozo" 2)C(d, bilg) (2.23)
1-b;
where a;(\) = G T fori=1 .2,..,m . Clearly > a;(\) = L. ]
EJ 1a])\ d

Proof 2.25

Proof follows trivially from proposition [2.20] and the discussion before that. 0
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Corollary 2.4

When A, — 00, (2.23)|reduces to lim % — C(d,b1]g), on the other hand

)\n—>oo a1>\n d |1'n—yn|

when A, — 0, [(2.23)[ reduces to lim —LelZnvmfnl o c(q b, |g).
n—)()am)\n d |Zn—yn|

Proof 2.26

Immediately follows from |(2.23)|

Proposition 2.22

For a sequence of Poisson point process {H,, } and 2 points {z,} and {y,}, when

1 1
by =1, if \y™ 72, — y,| — oo and A\t (|2, — yn|) — oo hold,

then
E Ly, yo, H e
lim — g[:_cl Yn, ] = lim Zai(kn)C(d, bilg)
Proof 2.27

Immediately follows from [(2.23)|

Corollary 2.5

In particular, when \,, — oo,

ELg\xn, yn, H .
lim ol%n Yn, H,] = lim

ELg[$n> Yns H>\n N TC(|xn*y"|)(ajm yn)] = C(d 1|g)

n—o00 a1|xn — yn| n—o00 a1|xn — yn|

. E Lg|Tn,yn,H
and when )\, — 0, lim W — C(d, bmlg)-
An—0 am A d |Zn—yn|

Proof 2.28
Immediately follows from |(2.23)|
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Remark 2.6
Thus the key takeaway of [(2.23)[is that ¢ distance behaves like it’s smallest power-

weighted distance when sample size is high and density of 2 points are high and ¢V
behaves like it’s highest power-weighted distance when sample size is low and density
of 2 points are low. This adaptability of ¢"V according to different density and sample
size regimes makes it a better candidate in cluster applications than power-weighted

distances specially in small/medium sample size scenario. O

For now on we shall be focusing on A = A\, — oo and |z,, — y,| is bounded (i.e.

large sample/high density) scenario unless otherwise mentioned and we shall take
h(\) = e\ T
Let z € R% 0 < R; < Ry. Let

1 ifue B(z, Ry)
v(u) =
0 ifu¢ B(z,Rs)

Let H)y(u) denote the non-homogeneous Poisson point process with intensity Av. We
shall be using Lx(zx,yr), Law(2x,yr) and Ly(xx, ya, ty) for
Ly(xx,yxn, Hy), Lg(xx, yr, Hxow)) and Lg(xx, yr, Hx N1}, (2, yx)) respectively for no-

tation simplicity.

Corollary 2.6

Assume that xy,y\ € B(z, Ry). If by > 1 and {\ilrcio)\ﬂ:m — yx| = oo then
/\lim E)\[f*d;;l(—w = C(d,by|g). Furthermore, if positive by satisfies by — 0 and
 ay TA—YA
Xiby — 00 as A — oo, then also lim E[Lﬁ’i(bfw = C(d,b]g).
A=00 a1 AT |za—yal

1
Similarly when b; = 1 and g\im AdF2=T gy — 5| = oo then
—00

){im W = C(d, by]g). Furthermore, if b, satisfies by — 0 and )\d“’lrlb,\ — 00
—00

as A\ — 0o, then lim EEelxnbIl — cg p|g).
A—00 a1|:1:/\ y)\l
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Proof 2.29

Similar to corollary 13 in Hwang et al.| (2016) and is omitted. OJ

2.3.4 Concentration of g distance around mean

In previous sub-section we showed that /\lim M = C(d, b1|g). The general
70 @ AT d za—ya|

goal of this and the next sub-section will be to show that as A — oo, the random

variable % is concentrated around C'(d, b]g) as A — .

a1A”d |za—ya|
Lemma 2.5

Let € > 0 be fixed, and let

1
. ) @ for case 1

1
. for case 2

If A = oo and lim inf X% |xyx — yz| = oo then

A—00

Ly (2, ,
lim sup — logP A (2,80 > C(d,by|g) + €] < —min{Cy, Cyé?
o 1-by
A—00 A :L’,\—y)\| al)\ d ’q;)\—y)\|
(2.24)
for some C,Cy > 0 dependent on d and g. 0J

The inequality states that the probability P{.} quantity decays no slower than
exp (—eA |z —yal), for some positive constant ¢, as ) increases to co. Also note that
the condition is stronger than the condition in corollary for case 1 and similar is
true for case 2 as well.

Thus corollary may be applied in the proof of lemma [2.5| The key idea in this
as well as in the next sub-section is to replace the necessary condition A |zy—1y\| = 00

1
for case 1 and A#Fz=1|z\ —y,| = oo for case 2 in corollary , with something stronger
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and in return obtain the complete convergence of the random variable —ZAu(@xva)

arA d |zy—ya|
to it’s mean.

Proof 2.30
Fix A. From Corollary , it is sufficient to prove that the bound holds for
Ly(xx, yx, by) instead of Ly,(xy,yy) for positive by satisfying by — 0 as A — oc.
Now, L,(0,2be;,b) may be bounded above by Ly(0,beq,b) + Ly(bey, 2bet, b) +
S ai (25 —1)(ZY YY), where Z, and Y}, are the first and the last link distances
in Ly(kbey, (k + 1)bey, b), respectively.
Note that the shortest path for Ly (kbey, (k+1)bey, b) is not the direct path kbe; —
(k 4 1)be; with probability same as

P[|H\ N Ry(kbey, (k + 1)ber)| = 0] = p(A, b) = exp(—Au(R,(0, bey)).

Recall that p1(Ry(.)) denote the empty region in ERG of g.
If none of the shortest paths for Ly(kbey, (k + 1)bey,b) is a direct path, then this

paste procedure may be repeated and we obtain

r—1 m
L 0 7’b€1, Z L)\ kbel, k + )b@l, b) + Zai(QbFl — 1)(ZgZ + Y;?)] (225)
k=0 i=1

On the other hand, if this event does not occur then there is at least 1 direct
edge between kbe; — (k + 1)bey for some k = 0,1, .., which has probability at-most
rp(A, b) where p(\, b) = exp(—Aby, 4b?) for case 1 and exp(—A%bf’db‘”bz’l) for case 2
for b — 0 as provided in proposition [2.12] .

Also, note that if k,1 are integers and | — k > 3, then Ly(kb, (k + 1)b,b) and
Ly(lb, (I + 1)b,b) become mutually independent, and so are Z; and Z;. Then the
sum in can be split into K > 3 sums of independent variables and each sum has at
most K ~'r summands. Note that each summand is a.s. bounded since (Z ,i’f + kai) <

La(kb, (k + 1)b,b) < g(b).
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We denote

m

Xy, = La(kbey, (k + 1)ber,b) + Y a;(2" ' = 1)(Z) + V)
i=1
for k =0,1,..,7 — 1. As discussed earlier, X} and X, are independent if |k —[| > 3.
Also all X} has generic expectation denoted by E [X]. We denote for case 1

_ E[X]  E[L(0,bey, b)] + E[F, (2 - 1)(Z + Y)Y
H e g Aig(A~4)b

Also, X < 2% ~1g(b).
Thus we can apply Azuma Hoeffding’s inequality for K = 4 separate sequences

(w.l.g. let 7 = 1(mod 4)) namely

(X, — E[X], X, — E[X],.., X,_; — E[X]}

{Xl - E[X]aX5 - E[XL "7X7“—2 - E[X]}

{X2 - E[X]aXﬁ - E[XL "7X7“—3 - E[X]}

and

{X3 - E[X]7X7 - E[X]’ "7X7‘—4 - ]E[X]}

As we discussed, elements within a each sequences are independent and we have
|Xk — Xk_4| < ijilg(b).
Now we look at the following probability for case 1 (b; > 1),

L)\(O, 7"b€1, b) > [t E]

PA4) =F Mgy

— P[A|B] P[B] + P[A| B P|B*]
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where B = {L,(0,7be,b) < S20_1 Xi}.

L(0,7beq,b) —
< P[RR S 4 €| Dy (0,7ber, b) < Xi] + (A, b
[)\59()\_5)% 12 | La( 1,0) ; ] p(A, D)
r—1 ) .
<Py (X —E[X4]) > eAdg(Aa)rb] + rp(A,b)
k=1
1 _1
exdg(A—d)(r—3)b12
< 4dexp(— 4 +rp(\, b
ammpgp Y
— 3)e2b?[Nag(\~a)]?
 geap(- U=V ) (2.26)

AP

Now we set r = [\ |zy — ya|] for 0 < o < 1 where [.] denote the floor function
(a will be chosen later) and rb = |z, — y|. Therefore we have b = A" — 0 but
Aab — co.

Similarly for case 2 (b; = 1), we define

E[X] E[LA(0, ber, )] + BT, ai(2" " — 1)(Z + V)]

AT g(\" @51 AT g (AT )

and set r = [)\di’:zafl |zx—yal] for 0 < a < 1 (a will be chosen later) and rb = |z —y,|.

Similarly the application of Azuma Hoeffding in second case yields

L,\I(O,Tbcil,b) > it <
Adig(A~a)rb

P

(r = 3PN g (A7)

22bm+1[g(b)]2 ) +71p(A,b) (2.27)

4exp(—

Proposition 2.23
w— C(d,bi|g) in case 1 and C(d, 1]g) in case 2. O
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Proof 2.31
Note that

52

_ EILy(0,ben b)) | 22— 1)g(&)

1

Xig(A~a)b

Xibg(A~4)

We have second quantity on the RHS — 0 by proposition since Aib — o0c.

Therefore

E(L
L — lim [ 1/\(07b6117b)]
A—00 /\gg()\—g)b

in case 1.

The case 2 follows similarly from proposition [2.18 0J

Now we simplify [(2.26)|

for case 1, as A — oo, 1st term in RHS of is

62)\1_Ta]:c)\ — yx|a2 A

1-b
)

4€xp(_0( 921422012 ))
ST ATy — g WY
=4exp (—O( YIRS
1+a—2aby

— deap (—Clay — yaleA

)

Similarly for case 2, 1st term in RHS of |(2.27)|is 4 exp(—C|x) — yk\e%\digﬁl). We
have for case 1, the 2nd term in RHS of |(2.26)|is A\ 7" |zx — y, exp(—0p, aA*) and for

case 2, the 2nd term in RHS of

Finally we solve for a (subject to a < cll in case 1 and a < ﬁ

(2.27)

is A |z) — ya ea:p(——”ibf’d)\o‘).

— in case 2) so

that 1st term and 2nd term in|(2.26){and |(2.27)|respectively has common exponential

decay and thus we have overall sharpest probability decay rate

So for case 1,

1+a—2ab1
o= ——

1
= = —_—
d R BT |



2.3. PROOF OF THE MAIN RESULT 53

and for case 2,

B 1—« 0 1
T AT =1 YT dt by

So we have, for case 1 as A — oo

I 1—-ao*
@ AT g yg) 42

P oy
a AT |y —

<N |2y — ya] exp(—CIAY) + deap(—ECA)

for constants C; > 0, C5 > 0 depending only on Ry, d, g and o = d+2—ll>rl‘ Similarly
for case 2 as A — oo,
L A
LA X ) 5 (g 11g) + 24
ar|ry — Yl

< Al_Ta|x,\ — x| exp(—=CIAY) + 4exp(—2CoA™)
for constants C; > 0, C5 > 0 depending only on Ry, d, g and o* = @ . as A and
Y |y — ya| = oo, O

2.3.5 De-Poissonization

The primary goal of this sub-section is to upgrade the proof techniques from Poisson
process to uniform density (on a circle) scenario.

The generic set-up we shall assume in this sub-section is as follows: Let z € R,
0 < Ry < Rs. Assume that the probability density f is uniformly supported in
B(z, Ry). i.e. f(u) = fol{ue(z,ry)y and fo > 0. Let x,, and y,, be sequences of points
in B(z, Ry). Let x, = {Xi,.., X,,} are generated from f.

Proposition 2.24
Let a* be same as in lemma [2.5{and py > 0 be the constant introduced in proposition
2.16] Recall that |Ly(z,, yn, X»n)| denote the number of nodes in the g-shortest path
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from z, to y, with minimal number of nodes. If C; > C(d, b1|g)po for case 1 and

C, > C(d, 1]|g)po for case 2 and lim inf (nfo)* |z, — yn| = 0o, then

: | Lg(Tn, Yns Xn)|
lim sup - logP{ >0} <0 (2.28)
n—00 (nfO)a Tp — yn| (nf0)5|xn - yn|
for case 1 and
1 L ny JN n
lim sup - logP{ | g($1 Yn: Xo)| >C1} <0
n—o0 (nfo)a |l‘n — ynl (nfo)curbrl |5En _ yn|
for case 2. 0
Proof 2.32
Let
é for case 1
a** —
1
m fOI' case 2

Consider case 1. Let N be a Poisson variable with mean na, a > 1. Suppose that
N > n. Then a path in X, is also a path in Xy = Hyapw) C Hpay, since f(u) < fo for
all u € R% Choose € > 0 sufficiently small so that C; > (C(d, by|g) + 2€)po. Suppose
that

Ly(, Y Xu) < (C(d, b lg) + 2€) (nafo) ig((nafo)™0)|z, — yal (2.29)

and that the number of nodes in the path is at-least C}(na fo)élxn — Yn|. Then
by proposition , the probability that such a path exists decays exponentially in
(nafo)® |z, — yn| since C; > (C(d, by]g) + 2€)po in case 1.

Let N’ be a Poisson variable with mean na’, «' < 1. Suppose that N' < n. Then

Ly(%n, Yns Xn) < LN(Tn, Yn) = Lyarf(Tn, yn), and the probability that

Ly(Tn, Yn, Xn)
(nafo)igl(nafo) )|z, — yal

> C(d,by]g) + € (2.30)
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is exponentially small in (na’ fo)®" |z, — ¥,| by lemma [2.5 .

Choose a and a'so that

=

(C(d, bilg) + €)a’ig((nd fo) 1) < (C(d, by|g) + 2€)aig((nafy) 1)

so that the assumption [(2.29)| is satisfied when [(2.30)| is false. In addition, both
P{N < n} and P{N" > n} are exponentially small in n by the Chernoff bound. To

be more precise, if X ~ Poi(\), from Chernoff bound one can obtain
P{|X — A >z} <2 2059 ;2 > 0

Then the claim is proved since the slowest probability decay is determined by lemma
:

A proof for case 2 can be argued similarly and is omitted. O

n—o0

Proposition 2.25
If lim inf n® |x, — y,| = oo, where a* is same as in Lemma [2.5| then,

lim 1—b = C(d7 b1|g)
" (nfo) T ag| T, — Yl O
Proof 2.33

The proof (a standard de-Poissonization argument) is very similar to proposition 5

in [Hwang et al.| (2016]) and is omitted. O

2.3.6 Complete convergence of g distance

Now we are ready to apply Talagrand’s inequality to L,,. This concentration inequality
provides a high-probability lower bound on L, and gives a complete convergence

result.
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Lemma 2.6

Let
. T, forcase 1
o =
Hb;ﬁl for case 2
Then,
Ln ny JIn
lim sup — log P{] fil n) — C(d,by|g)| > €} < —C¢é
n—o0o (”fo) Ty — yn‘ al(nfO)T‘xn — ynl
for some C' > 0 depending on d and g and for € sufficiently small. O

Note that this condition relating to a* is stronger then lemma and determines the

final convergence rate of theorem [2.1]

Proof 2.34
We define 3 events which almost surely occurs (shown in Hwang et al.| (2016) for

power-weighted distance and can be easily generalized for g distance).

e Eg be the event that |L,(zn,yn,Xn)| < Ci(nfo)i|z, — yn| for some C; >
C(d,b1]g)po for case 1 and |Ly,(zpn, Yn, Xn)| < C’l(nfg)d+b12*1|xn — Y| for some
Cy > C(d, 1|g)po for case 2.

(@™ —1)

e Er be the event that all the edges of the shortest paths are at most (nfy) ™ @

(a*-1)
for case 1 and (nfy)4+=2=1 for case 2.

e F¢ be the event that at every point u € B(z; Ry), at least one of the sample

points is in B(u; (nfo)aT_l) in case 1 and B(u; (nfo)dib;l) in case 2.

We work with case 1 first.
For every a > 0, define F(a) to be the event that L, (z,,yn) = Ln(Zn, Yn, Xn) = a.

Let w and 7 be outcomes in the probability space. Assume that w € Fg N Ep, and
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that n € E(a) N Ec. Let 7% (w) be the shortest path L, (x,,y,) between z, and y,

through realized sample points X;(w), ..., X, (w). If 7 % (w) is sequence
Ty = mo(w)—=m(w)—=.. = m(w) =Yy (2.31)

where k = |L,(w)|, then we build the path 7(n) from z,, to y, through
X1(n),..., Xn(n) as follows:

For each ¢ € {1,....k — 1}, let j denote the index where X;(w) = m(w). If
X;(w) = X;(n), then set m;(n) = m;(w). Otherwise, since it was assumed that n € E¢,
3 some X;(n) € B(m(w); (nfo) @ V/M). Set mi(n) = Xi(n). Then it follows that
1mi(n) — m(w)] < (nfo) @V foralli=1,.. k.

At the same time |m;1(w) — m(w)| < (nfo) @ V4 for all i = 1,.., k since w € Ep.

Therefore,
1mi(n) — mig1(n)]
< |mi(n) — mi(w)] + i1 (w) — mi(w)] + |mi(n) — mi(w)] < 3(nfo) @14

Let I be the set of indices i where 7;(w) # m;(n). Then the g-distance length of

the path 7(n) is at most

+ Z 9(lmi(n) — mira(n)))

ielvi+lel

< Limx (@) + 2011 ail3(nfo) T )"

On the other hand, n € E(a). Therefore

Lim () = Lu(w) > a = 2/I| 3 aif3(nfo) T " (2.32)
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Let d.(w; E(a)N E¢) be the Talagrand’s convex distance (Section 4.1 in [Talagrand
(1994)) of w to E(a) N E¢. By lemma 4.1.2 in Talagrand, (1994)), by choosing (see

section 2.4)

1/y/|Ln(w)| if X; is in the path L,(w)

0 otherwise

S; =

we can see that 31 € E(a) N E¢ such that

1] < dfws B(a) 0 Ee)V/ L) Y al3(nfo) 1"

Therefore
Lp(w) > a—2d.(w; E(a) N Ec)\/ | Ln(w)] Z ai[?)(nfo)aT_l]bi. (2.33)
i=1
In particular, if L,(w) < a —u for u > 0,
d. B NE > “ a1
e ) = S o a7 )

u
>
2\ JCum o) — 3l (S, @B fo) 1)
since w € Fg.

Let ¢t > 0 denote the RHS of [(2.34)| and let (E(a) N E¢): denote the enlargement

(2.34)

of (E(a) N E¢) i.e. the collection of all elementary outcomes whose convex distance

from (E(a) N E¢) is at most ¢. Then implies that
P({Ln(w) <a—utNEsNEp) <1-P((E(a) N Ec):) (2.35)

Let M, be a median of L,(w). Note that P[F(M,) N E¢| is arbitrarily close
to 1 for sufficiently large n since P(E (M,)) = P(L,(w) > M,) = % and P(E¢)

2
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approaches 1 as n — oo. In particular, for n sufficiently large, P[E(M,) N Ec| > %
Set a = M, in and apply Talagrand’s inequality with A = E(M,) N E¢ to get
(1 —P((E(M,) N Ec);) < 3exp(—5).

Hence

P({Ln(w) < M, —u}NEsN Ep)

2
< Beap (—— T — . =)
4 Cl(nf0>d|$n - yn|(Z,~:1 al[3(nf0) d ] Z)

> F) <M e o e — sl (o B T

+(1 = P(Ep)) + (1 - P(Es))

For the upper bound part, let @ = M,, 4+ u. From 1 —P((E(M,) N Ec);) > 5 for
sufficiently large n since both P(Eg) and P(Er) converges to 1 as n — oo. Apply
Talagrand’s inequality again for A = E(a)N E¢c = Ec N{L,(w) > M, +u} to obtain

P{L,(w) > M, + u}

u2

20 (nfo) |z = yul (C1-1 an[3(nfo) T 1)
for sufficient large n since both P(Er) and P(Es) converge to 1 as n — oo.

Therefore

< 3exp (— )+ (11— P(EC))

‘Ln _Mn‘

P . , > )< (2.36)
(nfo)agl(nfo)™a]|zn — ynl

3 u?[(nfo)ag[(nfo)"4|zn — yul)®
422G (nfo)|en =yl (1 @if3(nfo) o' 1)
where h, = (1 = P(E¢)) + (1 —=P(Er)) + (1 — P(Es)) = O(exp(—(nfo)®).

6exp ( 2)+hn
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Leading decay term of 1st term of RHS of (2.36)| is

1-2b¢

W2(nfo) T — Yl W2y — Yol (nf) T
2b1 (a—1) ] = 6e.rp[— ]

Ci(nfo) 7 =

6 exp|—

So we again match decay of both term of [(2.36)[to get a = % = a* = ﬁl%l.
Since our new a* is smaller than a* in lemma (which was d++b1_1), it can be
applied here as well.

a— a—1

Now for case 2, we can repeat all the argument with (n fy) “T replaced by (nfo) 1.

Thus, in this case the leading decay term is

UQ‘xn — Yn|
1+2(a—1) ]

12201 (nfo) dtby—1

6 exp[—

So we again match decay of both term to get a = d}r’bffl = o = d+b;2+1' Since
our new «o* for case 2 is smaller than o* in lemma (which was Fll&) as well | it

can be applied here as well.

So for both case, we have

|Ln B Mn|
(nfo)agl(nfo)~ ]|z — ynl

> u] <6 exp(_0u2’$n - yn’(nfo)a*) + h, (237)

Now we show that the median and the mean are close. By the Jensen’s inequality,
|EL,, — M,,| < E|L,, — M,|. Also note that P(|L,, — M,| > u) =0 if u > g|lz —y|. If

is integrated with respect to u, we obtain

’ELn_Mn| ™ )1/2 g|xn_yn|

1 1 S 6( * n 1 14"
(nfo)agl(nfo) allzn —yal —  ClTn = ynl(nfo)® |20 — Y| (nfo)g[(nfo) 4]
(2.38)

All events E¢, Er, and Eg have their probability approach to 1 exponentially fast.



2.3. PROOF OF THE MAIN RESULT 61

Therefore
. |ELn - Mn|
lim n — =
n=oo(nfo)dgl(nfo)”allen — ynl
By proposition if n is large enough then (for case 1)

L, L,— M, €
— O(d,ilg)| > ¢} < P | | - 5

(nfo)agl(nfo)a)|zn — ynl (nfo)gl(nfo)~allen = yul ~ 2
Then the claim follows from and proposition [2.24] . The proof for case 2 is

Py

similar and is omitted. O

Remark 2.7

As discussed in the beginning of this chapter, the next steps in the proof of theo-
rem is to generalize the case for a non-uniform density essentially showing that
shortest paths between 2 points stays relatively local, thus the local convergence of
shortest path could be "summed up” globally followed by generalizing it to Rieman-
nian manifold case. Note that we have already achieved our convergence rate stated
in theorem and nothing changes from this point on-wards from the arguments
made in Hwang et al.| (2016]), and therefore is omitted. The proof of theorem is

also very similar to the arguments made in [Hwang et al.| (2016) and is omitted. [

2.3.7 Low sample size and density (Aor nf — 0) scenario

All the steps from equation |(2.23)[ to lemma can be repeated, albeit with minor
modifications, to argue that in low density and small-sample (A or nf small) regime,
suitably scaled normalized g-distance reduce to it’s normalized highest power distance.

To be precise, we have

Lemma 2.7

1
Let H) be a homogeneous Poisson process and m is finite, then if lim sup A&2om |z, —
A—00
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Y| — oo we have

1 L
lim —— log P{| lifjf””) — O(d, blg)| > €} < —Cé?
A—0 AT |2y — yy| A A4 T\ — Yal
for some C' > 0 depending on d and g and for e sufficiently small. 0

In terms of ¢" distance this translates into,

Corollary 2.7

1 Ly ,
lim — log P{|——2 @) i blg)] > €} < —C'e? (2.39)
AP0 (15 — A b |y — yp [P O

for some C" > 0.
When m is oo, by proposition gV converge to LLPD and in that case the
LLPD convergence asymptotic applies.

Remark 2.8
In Theorem 2.1/ and |2.2] we assumed a boundary less Riemannian manifold. However,

presence of boundary is very complicated. To give the simplest of examples, consider
the half plane Hy = {x : ze; > 0} and Hy, N H;. Now, we can still show that the
limit lim

t—o0

C(d,g). But it’s unclear if the inequality is strict or not and what happens to the

M exists (we call it C(d, ¢)+) and obviously we have C(d, g); >

asymptotics if C'(d, g)y+ > C(d, g). Boundary effect is in general a fascinating topic

for research. O
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2.4 What happens when g ¢ Gy?

So far, our primary assumption for g(¢) has been the assumption of g(t) € Gy for

some t € [0,9), 6 > 0. We recall that

Go = {g(t) = Zaitbi 1 [0,00) = [0,00)|m € N,a; € R}, b; € [1,00),
=1

1§b1<b2<}

As shown in the chapter, we require ¢ € G in order for g and ¢V to be valid
distances. However, clearly Gy C G. While the justifications for why we chose
g € Gy were provided in the section 2.1 of this chapter, in this section we show how
the proof technique in the chapter can be still be applied when ¢(t) ¢ Gy by providing

2 examples.

Example 2.7

Let g(t) = —t*logt for k > 1 with g(0) = 0. It is not difficult to verify that g(t) ¢ G
and ¢(t) € G for t < e ®+11. Note that in this case for the Poisson process H) on
R? we have the following:

n+1

Ly[0,tey, H N T3, (0,e1)] = = Y [ Xig1(w) — Xi(w)[Flog| X1 (w) — Xi(w)]
=0

On the other hand

_1
L,[0, X dtey, Hy N Txibt(o’ e1)]
n+1
k 1
= =) [Xin1(w) = Xi(@)[FA" 1 {log| X1 (w) — Xi(w)| + logh ™}
i=0
Therefore,

Ly[0, \ater, HAN'T, -
t

1 (O, 61)]

d by
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Lg[O,tel, H1 N Tbt(O,el)] /\ dlog/\cll Lk‘g[() t@l,Hl N Tbt(O 61)]

434
t t

This eventually generalize to (for a uniform distribution f on a disk in R?) as

n — 00,
E Ly(z,y, Xn) = Co(nf) @ |z — y| + Colog(nf)i(nf) @ |z — y|

for some C7,Cs > 0 dependent on d.

Therefore, following the proof technique in this chapter it follows that in this case,

k-1
d

n a.s. plzk
C(da g) Lg(x7y7Xn) — fld ‘33' - y‘

logn
for some C(d, g) > 0.

So, in it’s most generalized form i.e. for a general density f on a Riemannian

manifold, it can be shown that

kfl
d

O(d g) —L (I7 Y, Xn) (E)' dZStk(xu y) 0

logn ¢

Example 2.8
Let g(t) = e~*" for k > 0. It is not difficult to verify that g(t) ¢ G and 35(k) > 0
such that g(t) € G for t € [0,4(k)). Note that in this case for the Poisson process H)

on R? we have the following:

n+1
L [0 tel)Hl met 0 61 Zefoerl (w)—X; (w)|7F

On the other hand
n+1
1 k
Lo[0, A" dter, HAN T, 3, (0,e1)] § e~ Xia (@)= Xi(w)| AT

Now as A — o0,
1 &
Lg[O, A dtel,H,\ M TA,ébt(O,el)] _ ntl e—\Xi+1(w)—Xi(w)|_k/\d } aj>' )
fmlq:p\Xlurl(w)in(wﬂ—k)\%

k
—maz|X; 41 (w)—X;(w)|~kAd ;
e 2 =0 e
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Similarly,

L,[0,ter, H N1, (0,€1)] aus.
e—mgﬂ»‘\XHl(w)—Xi(W)l’k — 1

Therefore we have,

_k
d

Ly[0, A ater, HAN T, 3, (0,e1)] a4 Ly[0,ter, Hy 0T, (0, e1)
/ /

This eventually generalize to (for a uniform distribution f on a disk in R?) as
K
n — 00, ELy(z,y,x,)") ¢ = Cy(nf)i|z — y| for some Cy > 0 dependent on d.
Therefore, following the proof technique in this chapter it is natural to conjecture

that in this case,

n

C(d, g)Ly(x,y, xn) oo =5 &

alr
alm

for some constant C'(d, g) > 0. Further algebraic manipulation leads to

=
=
=

C'(d, 9)LY (2, y, xn)n4 (logn)* 3 fa.

for some constant C'(d,g) > 0. So, in it’s most generalized form i.e. for a general

density f on a Riemannian manifold, we conjecture that
/ 1 1 a.s. p—=
C'(d, g)ni(logn)* LY (z,y, xn) =¥ foy -

where f,, = maz mtz‘n f(7), v being any piecewise smooth curve with 79 = = and
Y
M=y
So, in this case Lév is equivalent to LLPD (LLPD’s convergence limit is derived

in the next chapter) but with a different scaling factor. 0

Remark 2.9
As illustrated through these 2 examples, the convergence limit and rate of ¢"¥ can be

different from theorem and corollary when g ¢ Gg U



Chapter 3

A Strong Law for Longest Leg
Path Distance

3.1 Introduction and organization

In 2003 [Vincent and Bengio| (2003)); Fischer et al.| (2004)) introduced longest leg path
distance (LLPD) as an alternative to the Euclidean distance for clustering purposes.
Given a connected and compact Riemannian manifold (M, g;), a density f supported
on it and data y,, = { X1, Xs, .., X;, }; LLPD between 2 points z and y in M is defined

as

LLPD(z,y, Xn) = minmax disty(x;, T;11) (3.1)
P 7

where p is a path from x = g — 1 — z5.. =& 2, = x,1 = y such that z; € yx,, for

all i = 1(1)r, r is free to vary and dist;(.,.) is the default geodesic distance induced

by g1.
A desirable property of LLPD in many application is that it is an ultrametric.

66
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Indeed, from the above definition it is not difficult to see that
LLPD(x,y, Xn) < max{LLPD(zx,z,x»), LLPD(y, z, x»)}

for any x,y and z in M.

Since it’s proposal, many authors (Fischer et al., 2004; Chang and Yeung, 2008;
Little et al., 2017) have used LLPD for classification and clustering methods such
as K-means, spectral clustering (SC), SVM algorithms. However, almost nothing
is known about LLPD’s convergence limit and rate. In this chapter we derive the
convergence limit and rate of LLPD. In section 2 we state the convergence limit of
LLPD and in section 3 a proof is provided. In section 4 convergence rate of LLPD

and a proof is provided.

3.2 Main Result: Convergence limit of LLPD

In [Little et al.| (2017)) sub-section 4.1.1, authors have pointed out the LLPD is inti-
mately related to the longest edge of minimal spanning tree (or minimal bottleneck
spanning tree) and also hinted that LLPD should have O((l(’%)é) dependency on n
while providing an approximate high probability bound for LLPD in different data
generating model. In this section we confirm their hypothesis and derive the exact
limit and convergence rate of LLPD. In particular, under the following assumptions

A1l: Mlevel sets of M, OM) = {x : f(x) = A} are finite union of smooth d — 1
dimensional Riemannian manifolds for all A € (fo, f°).

We prove the following

Theorem 3.1
Assume that (M, ¢1) is connected, compact d-dimensional (d > 1) Riemannian man-

ifold without boundary and f is a continuous Lebesgue density on M with fy =
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inff>0. Fix x,y € M. Let V; denote the volume of d-dimensional unit ball. Then
M

1
) LLPD(z,y, x») — fm—% almost surely.
where f;, is the "bottleneck value” of x and y defined as
fx,y = mgx mtznf(f)/t)

where v is any piecewise smooth curve with 79 = x and ~; = y. O

3.3 Proof of the main result

We begin by re-stating the main result of Penrose et al|(1999)) in our notation
Penrose et al.| (1999) result: Suppose x, = {z1,%2,...x,} are i.i.d. random
points in R?, d > 2, from density f, having connected support M with a smooth
boundary OM with f|y continuous. Let M, denote the smallest r such that the
union of balls of diameter r centered at data points is connected. Let V; denote the

volume of the unit ball. Then as n — oo

1
PVt = maz {(inf ), 200 = s 1)), s 52)
Remark 3.1

Note that it can be shown that M, is the longest edge of the MST (Minimal spanning
tree) or a MBST (Minimum bottleneck spanning tree) as well, although we shall not

use this fact in our proof.

Remark 3.2

Also for our purpose we assume inff > 0 and inff > 0 here. When one of these
M oM

quantities are 0, LHS diverges to co. For example, in case of a d dimensional stan-
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dard normal distribution on R, we have M, = Op(l\o/g%b) Penrose| (1998). Thus

o VuM? — 00 a.s. in this case. O
ogn n

We shall refer M,, as the ”connectivity distance” henceforth. Theorem can be
extended in case of a d dimensional connected Riemannian manifold with a smooth
d—1 dimensional boundary or without boundary as well with some minor adjustment.
The technical argument for Riemannian manifold case (locally we can choose a co-
ordinate chart so that Riemannian manifold remembles R¢ with Euclidean distance)
has been provided in lemma 5.1 and theorem 5.1 of |Penrose (1999)) for the largest
nearest neighbor distance of data x, = {x1, 22, .., z,}. Note that almost identical ar-
gument can be applied for the connectivity distance as well. In fact, (suitably scaled)
largest nearest neighbor distance and connectivity distance a.s. converge to the same
asymptotic limit as noted in Penrose et al.| (1999)); |Penrose| (1999).

So, holds for a d dimensional Riemannian manifold with a smooth d — 1
dimensional boundary as well. It is to be noted that when the d dimensional smooth
Riemannian manifold have no boundary (surface of a sphere or a toroid), then we
have instead

o

d - -1
loganM” — (ZTAZ/[ff) a.s. (3.3)

as noted in theorem 5.1 in [Penrose| (1999).
Henceforth, we shall only focus on the case when M C R? is open and connected
and fy > 0 since extension to Riemannian manifold case is routine as discussed before.
Definition: Given the data y,,, we define a graph G, (1) = (xn, En(r)) by
1 if |z —xj| <r

En(XivXj) -
0 if |z —z4| >r
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Proposition 3.1

Under this formulation the following 2 definitions of connectivity distance,

M, = {inf : U B(z;, g) is connected }
r>0

as provided in Penrose et al.| (1999) and

M, = {inf : G,,(r) is connected}

r>0

are equivalent. We shall work with the second definition. [l

Proof 3.1

Consider 2 points z,y. Now |v —y| <7 < B(x, %) N B(y,§) # 0 or in other word,
for 2 points x and y, union of balls of diameter r centered at x and y is connected if
and only if |z — y| < r. Hence proposition holds true for n = 2. Suppose, for n — 1
points X = {xy,..,x,_1} in R? proposition holds. Then if we introduce a new point
Z, it will become connected to remaining n — 1 already connected points if and only
if

B(ry. 3) N (Ui Blrs 5)) # 0

2
1 r r
& U (Blrn, 5) 0 Blai, ) £ 0
< 35 € 1(1)n — 1 so that
r r
B(xn, 5) N B(xj, 5) # 0
2 2
& |, —ay| <7

i.e. G,(r) is connected and proposition holds for n points. 0

Lemma 3.1

Suppose N C M is connected and open. We define

M,|N = {inf : G,(r)|N is connected}

r>0
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where G, (r)|N is the restriction of G, (r) to N formally defined by G, (r)|N =
(Xn "N, E,(r)). Then

n
— V(M |N)? j 1 a.s.
Togn VIRV = (inf )™ a.s

Proof 3.2
Let [ f = qw, then considering f restricted to N, i.e. f|N := qiNle and |x, "N| —
ngy and applying theorem on N, we obtain

IXn N N|

A V(M,IN)? = (inffIN)™! a.s.

ngn

d . —
Toglng) VIV > ax(ing 1) a.

= —Vy(M,|N)? = (inff)" a.s.
N

Remark 3.3

The main takeaway is scaled limit of M, |N do not depend on the size or shape of N

but only on inff. O
N

Now we apply lemma [3.1] on e-variation of a piecewise continuous path on M.
Definition: For a piecewise continuous path ~+; with 79 = x and v, = y, e-variation
of 7 is defined by v(€) = Usejo,11B (v, €(t)) for €(t) € [0, €) for some ¢y > 0 so that
€(0) = 0 and €(1) = 0 for any € € [0,¢) (i.e. end-points are fixed) and €(t) for
t € (0,1) is continuous as a function of ¢ and continuous and strictly decreasing as a
function of € so that 6@81 €(t) = 0 for any ¢ € (0,1). Thus, 6[_2')733%(6) =%(0) = .

Also we assume that v;(¢) C M Ve € [0,¢€). This can be guaranteed by choosing

e sufficiently small since M is open.
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Corollary 3.1

As e — 07 connectivity distance restricted to 7;(e), denoted by
M, |vi(e) = {inf : G,(r)|y(€) is connected }
r>0

reduce to the maximum edge of a path p, € y;(e) joining = and y such that

lim dg(pn,v:) = 0 where dr denote the Fréchet distance and we have
n—oo

n

logn‘/;l m(p,) — (mtinf(%))_l a.s.

Proof 3.3
Follows from our assumption of lim €(t) = 0 and application of lemma [3.1f and

e—0t

proposition to v(€) and letting e — 0. O

We shall show that LLPD of x and y almost surely goes to the same limit as
the connectivity distance restricted to the open super-level set of f at level f,, i.e.
MJ?M = {2z : f(2) > fuyu} or equivalently the LLPD path joining x and y almost
surely stays inside M})x’y as n — oo0.

We consider the connected component of super level set My, = {z: f(2) > fu,}
which contain z (and y), say M;ﬁy. In-general, M;,y may or may not have d — 1
dimensional smooth boundary. However, by our assumption A1, 3k € Nand C4, .., Cy,
(depending on x and y) so that M, , = U C;, OM, , = U ,0C; and 9C;s are all
smooth d—1 dimensional boundaries of C;’s. So lemmal|3.1]is applicable on individual
C;\ 0C;’s for i = 1(1)k. Clearly if f,, = min{f(x), f(y)} then k =1 and k > 1 case
occurs only when f, , < min{f(z), f(y)}. When k > 1, clearly by definition for any
i, 37 # i so that 9C; N OC; # 0.

Below we provide an example to illustrate our choices for C;’s.
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Example 3.1

Consider

3
1
N—E No (i, I
f 31-:1 2(# 3)

where p; = (0,0), po = (4,0) and ps = (8,0) and = = (0,0), y = (4,0). It is
not difficult to verify that f,, = f(7,0) for some 7 close to 2 (we have f,, <
min{ f(z), f(y)} here) and My,  have 2 connected components, one (M, ) containing
x and y and another having maxima at (7, 0) for some 7 close to 8 containing neither
x nor y. Moreover, M;’y = U?2_,C; where C contains z = (0, 0), Cy contains y = (4, 0),

C1NCy = (7,0) and C; and OC, are all smooth 1 dimensional manifolds in R?. [

We consider k = 1 case first and w.l.g. assume f(y) > f(x) i.e. M;C’y = (. Note that
we have =V,(M,|C; \ 0C1)% — (f(z))™" a.s. by applying lemma [3.1{on C; \ 9C}.

logn

Proposition 3.2
Under this set-up, let M, be the distance of x from the nearest point in y,,N(C;\0C)

ie. M,(z) = Zexnmg?\acn |z — z| then ﬁ)‘;iMn(x)d < (f(x)) " as O

Proof 3.4

Following [Penrose| (1999) let p,(t) == (Z’;"/Z t)a and suppose ¢ > ﬁ Locally C is

a half plane in a neighborhood of x since by A1 ' has smooth d — 1 dimensional

boundary and local density restricted on the half-ball C; N B(x, p,(t)) is -2 f(x)

where qo, = fCl f. Thus following a standard de-Poissonization argument) we have

— 2 f(z)nqc, 5 Vapn (t)?

PIM, () = pu(t)] = ¢

_ logntf(z) _ ~tf(x)

Since tf(z) > 1, M,(z) < pn(t) a.s. by Borel-Cantelli lemma. O
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Proposition 3.3
For k = 1 case, ™2 LLPD(x,y,xn)* < (f(z))™" a.s O

? logn

Proof 3.5
Since %(anl \ 0C)? — (f(x))™! a.s., Gu(r,)|Cy \ OC, is connected for r, =

(%(f(x))_l)é. Also from proposition 7 M,(z) < (%(f(m))_l)é and M, (y) <
(M(f(y))—l)é, since by our assumption f(y) > f(x), 3 a path p, from z to y such

nVy
logn (£(2))~1)d as n — . O

that maximum edge is r, = (37

Proposition 3.4
_ nV, d —
For k =1 case, ot LLPD(x,y,xn)! > (f(2)) ™" a.s O

Proof 3.6

Suppose, if possible, 3 a path p, t =29 > x1.. > 2, =y, r € Nand z1,..,2,_1 € Xn
such that it’s maximum edge is < (%(f(:p))*l)é, say = (%(f(x) +6)~1)a for some
0 > 0. From proposition |3.3| we can ignore 2 edges joining x and y to a data-point

and can only focus on p;1 r1 — .. — x,_1. From corollary [3.1f we have
= Vam®(p,) — (minf ()™

i.e. minf(y) = f(z) + 0. However, since +, is piecewise continuous curve joining z
t

and v, mtz'nf(fyt) < f(z) < f(z) 4+ 0 which is a contradiction. O

Now we consider the k > 1 case.

Proposition 3.5
For k > 1 case, % LLPD(z,y, xn)* < (foy) " a.s. O

Proof 3.7

Since inf f = fuy for i = 1(1)k, we have 22 (M,|C; \ 9C;)* — (fu,)" a.s. by
C;\9C;
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applying lemma [3.1j on C; \ 9C; for ¢ = 1(1)k. Thus G, (r,)|(C; \ 0C;) is connected
for r, = (log"(fx v~ DYa for all i = 1(1)k.
Suppose x € Cjand y € Cy,, | # m. Then 3r € N and all distinct {i; = [, is, .., 1, =

m} with i; € 1(1)k so that 3 a piecewise continuous path

prx—py, — CCy,Ch) = piy = C(Chy, Ciy)eo = pi, = Y

from 2 to y such that p;, is a path entirely within C;, \ 9C;; for j = 1(1)r and
C(Cy;, Cyy,y) € 0C;, N OC;

Lj+1

for j = 1(1)r — 1. Clearly, maximum edge within p;,

(fngg(fz v)~ Da for all j = 1(1)r and all connecting edges i.c. x — pi, pi, —
1

C(Cy, Cyy) ete. are < (f‘f’/;l(fz,y)—l)a.

Hence we have

v
Y L LPD(x, O(Cyy, C)yxn)t < fL,
logn y
"a |1 pD(C(C,, C), C(Cy, C d< fL
logn ( ( 119 ) ( 29 i3)>Xn) = Jazy
Vi PD(C(C G ) < £
logn 1r—1) ir 7y7XTL — Jxy
almost surely. Rest follows from the ultrametric property of LLPD. 0J
Proposition 3.6
For k > 1 case, % LLPD(z,y, xn)* > (foy) " a.s O

Proof 3.8
Suppose, if possible, 3 a path p, t =29 > x1.. > 2, =y, r € Nand x1,..,2,_1 € Xn

such that it’s maximum edge is < (log")(fx ) D)a, say = (fxg/:(fwy +68)~1)a for some

0 > 0. From proposition we can only focus on pn r1 — .. — x,_1. From corollary
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3.1 we have

n

Togn V4" (pn) = (minf (1)) ™

ie. minf(y) = fu,y + 9. However, since v, is piecewise continuous curve joining x
t b

and y, mtm f(v) < foy < fuy+ 6 which is a contradiction. O

Example 3.2

Continuing from our previous example, we see that
LLPD(z,y,xn) = LLPD(x, 2,xn) = LLPD(2,y, Xx)

for z = (7,0) and a candidate “LLPD path” as described in proposition is p :
xr — p1 — z — po with p; is a path entirely staying in C; \ 9C; and py is a path
entirely staying in Cy \ dC5 almost surely as n — oo. Finally, LLPD(z,y, x»n) —

1

(2 f(z) )z, 0

Remark 3.4
We have only used A1 to prove proposition|3.2}, which was crucial for our proof. How-

ever, proposition holds even when A1 is not true as long as lin}r w >
e—0
0. Note that under A1, lzm w = % Therefore, A1 can be replaced by

e—0t
the following more weaker but necessary condition.

Definition: Following Arias-Castro| (2011)); Little et al. (2017, 2020)), a d-dimensional

Riemannian manifold S embedded in R? is (k, d, D) smooth if for all z € S, we have

. Bp(z,e)n S
e

. A1*: X level sets of M, OM, = {x : f(x) = A} is finite union of d — 1 dimensional

(k,d —1,d) smooth Riemannian manifolds for some x > 0 and for all A € (fo, f°).



3.4. CONVERGENCE RATE OF LLPD i

3.4 Convergence rate of LLPD

In this section we shall show the following lower and upper tail convergence rate for
LLPD(x,y, x,) for sufficiently small € > 0, n arbitrarily close to 1 and ¢; >0 ¢y >0
depending on M and f.

Theorem 3.2

]P)(SupLLPD($ ,%Xn) <1 —6) < GCL’p(— endaogn) 1) (3.4)

()

and
LLPD
P(Su (.9, Xn) >1+¢€) < con ™(logn)™ (3.5)
(logn 1 f _1) 0
n Vyg/oy

3.4.1 Conjecture about LLPD’s weak law

These convergence rates are very similar to the Gumbel type weak laws for connectiv-
ity distance or the longest k- nearest neighbor links of data y,, for £ = O(1). Recall
that standard Gumbel distribution Z is given by P(Z < z) = ¢ ¢ " Vx € R For some
specific type of compact manifolds (hyper-cubes and balls) and when f is uniformly
distributed on them, the following results have been shown for the connectivity dis-
tance M, as well as for the largest nearest neighbor links, we say M,,. For example,

in Penrose| (1997) it’s shown that

nVoM? — logn — Z for d = 2 for both unit volume ball and square (3.6)
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and in absence of boundary effect (i.e. working with Toroidal model or on a Rieman-

nian manifold without boundary),
nVyM® — logn — Z for unit volume cube in dimension d. (3.7)

Now a consequence of this weak law is the following:

—x

P(nVyM% — logn < ) — e~°
M, x

ép((f‘%:)é Sl—irdlogn) e
M ed
P(——5>1+¢)=»n " P(—5<l—¢ e
() ()

We notice that these convergence rates are almost same as the expression in eqa-

tions |(3.4) and [(3.5)| which we shall prove later in this sub-section. Although for a

general M C R? and f with f; > 0, the exact weak law of M,, is yet not known in
literature, we can see that suitably transformed M,, is ”Gumble”-like in some sense

and we conjecture that
anM?® — Blogn + ~vloglogn — 6 — Z

in-general, where «, 3, 7 and ¢ are non-negative constants dependent on d, M and

f with § = ﬁ and v and ¢ possibly 0 in case M has no boundary. Furthermore,

for LLPD we conjecture the following weak law
nfpyVaM? — logn — Z (3.8)

since near the boundary of M;vy defined earlier, locally the density is uniformly dis-
tributed with density f, ,.
Now we shall prove the lower and upper tail convergence rate for LLPD(x,y, xn)-

For this we follow [Penrose et al.|(1999) in which the strong law for the connectivity
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distance is derived. Since LLPD converges to the same limit as the connectivity
distance restricted to M;’y almost surely as n — oo, they’ll have the same convergence

rate as well.

3.4.2 Lower tail convergence rate

We prove the lower tail convergence rate as in equation of theorem below.

Proof 3.9
In |Penrose (1999) from lemma 3.1, if ¢ < %, go > fo and v > u > t such that gjv < 1

and § > 0 is such that § + ti < ué, then we have

1 )

]P’(Mn < (tlogn

)nfgov)

_n_
logn

where g, > cy(=%) for some ¢y > 0, ¢o depends on M and f.

Therefore,

Joo

tl
29)1) < eap(—c, T2

P(M, < ( "

nl_gov(logn)_l)

Now if we let t = (1 — de)fi 0 > 0 such that v = (1 — 77de)gi1 for some n < 1, we get

0’

Joo

M,
P(—— 5 <1-¢)< eacp(—c()?n&d"(logn)_l)

logn \I =
(Ve )

Finally, we can take n arbitrarily close to 1 while maintaining all the require-

ments. [l

3.4.3 Upper tail convergence rate

We prove the upper tail convergence rate as mentioned in equation |(3.5)| of theorem
8.2 below.
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Proof 3.10

From Penrose et al|(1999) Lemma 3.3 we obtain the following result. For Vitd > %,

qg<t,n= mavﬁ = OZ(fOqud - 1) > 17

—B
logn)%) < m
n alogm

P(M, > t(

for some ¢ > 0 depending on M and fo. Letting ¢ = (1 4 de){-+

a fo

and ¢¢ =

(1+ nde)vid% for some 1 < 1, we obtain

M, e _
P(W >1+¢€) < con “(logn)™
<anfo)d

Again, we can choose 7 arbitrarily close to 1 while maintaining all the requirements.[]




Chapter 4

Geometry of g-distance and LLPD

4.1 Organization and our contribution

In this chapter we analyze the clustering aspects of g-distance and LLPD by studying
their geodesic and geometry those geodesics induce. In section 2, we provide the re-
sults showing the convergence of g-distance sample arc into population level geodesic.
In section 3 and 4 we study the properties of this geodesic for a subset of R? and for
a Riemannian manifold respectively by deriving the differential equation governing
it. It turns out that this geodesic captures both geometry and density information
present in M and f respectively by bending towards higher density region of f while

also capturing the local geometry of M.

4.2 Convergence of sample arc length to popula-
tion geodesic

We provide the results showing the convergence of sample g-distance path to cor-

b1

responding population geodesic vz , where 8 = d_l, b1 being the lowest power of
g.

We first show that the sample geodesic arc length denoted by |p,(x,y, xn)| is

81
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bounded almost surely. Formally if p, : ¢ = 29 = 21 — x2.. = 2341 = ¥y is the path

which minimize L,(z,y, x,,) then the sample geodesic arc length is denoted by

k
|pg(x> Y, Xn)| = Z diStl (ZL'Z', CBi—&—l) (4].)

=0

Proposition 4.1
Suppose disti(z,y) > § > 0 and mj\gnf(x) = fo > 0. Then there exists positive

constants [ (depending on g and d) and 6(J) such that for all n > ny

P(lpg(z,y, xn)| > 1) < exp(—@(é)nﬁ) if by > 1

P(lpg(z,y, xn)| > 1) < exp(—0(8)nT o 1) if by = 1

As a consequence we have lim sup |py(z,y, X»)| <! almost surely by Borel-Cantelli
n—oo

lemma. O

Proof 4.1
Follows similarly from a standard de-Poissonization argument and proposition 2.9 in

Groisman et al.| (2018]). O

Theorem 4.1
If there exists an unique geodesic curve in M v* = y3(z,y) that minimize disty, (x,y),

then py(z,y, x,) converges uniformly to v* almost surely. O

Proof 4.2
Follows similarly from the arguments provided in corollary 2.10 in |Groisman et al.

(2018). In particular, it follows from the argument made there that

P(dr(py(x, Y, Xn), V5(,y)) > €) < exp(—0oen®™")
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for some 6y > 0 where o* = Fl%l or d++2+1 depending on b; > 1 or by = 1 respectively,
where dr denote the Frechet distance between 2 curves. Thus the rate of convergence
of sample arc length to population geodesic in Frechet distance is same as the rate of

convergence of sample distance to the population distance. O]

Proposition 4.2
If M is complete then for any = and y there exists a geodesic curve in M v* = y3(z, y)

that minimize disty(x,y). In particular, same conclusion holds when M is compact.[]

Proof 4.3
Follows from Hopf-Rinow theorem. See |O’neill (1983) theorem 5.21, page 138 for

more details. O

However, as we shall see later, in-general the uniqueness of the geodesic vg(x,y) is

not guaranteed.

4.3 Geometry of population geodesic {v3}s>o in a
subset of R?

Let M C R% In this section we shall discuss the geometry of the family of curves

{75(t) }s>0 between 2 fixed points x and y in M defined by the minimizer of

1
/0 7 () e

where the minimum is taken over all piecewise smooth curves v : [0,1] — M such
that v(0) = = and (1) = y, and derive a system of differential equations governing
it.

It turns out that the geometry of {y5(t)} 50 in R? is closely related to the Fermat’s

principle of least time for ray paths. Note that we assume M to be complete and
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additionally for any = and y, we need to have v5(t) strictly inside M (no boundary
effect).

4.3.1 Fermat’s principle of least time

The optical length of a path r(s) taken by a ray of light in passing from point A to
Bin M C R%is defined by

B
A= / n(r(s))ds (4.2)
where n(r) is the index of refraction at the point r € R? and
ds* = dr(s) .dr(s) (4.3)

ds is the element of arc length along the ray path r(s) through that point.

In this context, Fermat’s principle (1662) of least time for ray optics states that
the path r(s) taken by a ray of light passing from A to B in M C R? leaves the optical
length stationary under variations in a family of nearby paths (s, €) depending on a

parameter €. That is, the path r(s) satisfies

B
JA =0 with §A = i\ezo/ n(r(s,e))ds (4.4)
de A

where the deviations of the ray path r(s, €) from r(s) are assumed to vanish when
e =0, and to leave it’s endpoint fixed.

Formally, consider the possible ray paths in Fermat’s principle leading from point
A to point B in M C R? as belonging to a family of C? curves 7(s,¢) € M depending
smoothly on a parameter € in an interval that includes ¢ = 0. This e-family of
paths r(s,€) defines a set of smooth transformations of the ray path r(s). These

transformations are taken to satisfy 7(s,0) = r(s), r(sa,€) = r(sa) and r(sp,€) =
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r(sg). That is, € = 0 is the identity transformation of the ray path and its endpoints
are left fixed. An infinitesimal variation of the path r(s) is denoted by 07(s), defined

by the variational derivative,

d
or(s) = £|€:0r(s, €)

where the fixed endpoint conditions imply 6r(s4) = ér(sp) = 0.

4.3.2 Euler-Lagrange equation for axial ray optics in R?

Most optical instruments are designed to possess a line of sight (or primary direction
of propagation of light) called the optical axis. Choosing coordinates so that the
xr1-axis coincides with the optical axis expresses the arc-length element ds in terms

of the increment along the optical axis, dx, as

d
ds = (Y (da))"? = (L+ 2 + ..+ af)2day = yday, (4.5)
=1
where x; = [‘% fori=2,3,..,d and vy :== ;Tsl'

For such optical instruments, the optical length in Fermat’s principle can be ex-

pressed as

A= / ’ L<x17 s Ld, x/27 X x/d)dxl (46>

$1A

Now we introduce the notion of tangent bundle as follows

The coordinates (g, .., %4, Ty, .., 2;) € R*1 x R designate points along the
ray path through the configuration space and the tangent space of possible vec-
tors along the ray trajectory. The position on a ray passing through an image
plane at a fixed value of x; is denoted by (w9,z3,..,24) € R The notation

(T, . Tg, Tg, .y vy) € TRITL o R x R4 for the combined space of positions
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and tangent vectors designates the tangent bundle of R%'. The space TR*! con-
sists of the union of all the position vectors (g, x3, .., z4) € R4"! and all the possible
tangent vectors (z,, .., 2,) € R4 at each position (x4, s, .., 24).

Thus, the integrand in the optical action A in can be re-expressed as L :
TR xR — R by

L(xy, . g, Ty, oy 2y) = (21, 0y ) (L4 28 + ..+ 22)Y2 = nry (4.7)

in this tangent bundle formulation where n is the refractive index.

We may write the coordinates equivalently as (z1, s, ..,x4) = (21, q) where g =
(x2,..,24) is a vector with components in the hyper-plane orthogonal to the optical
axis 71. Thus, v = (1 + |¢'|?)"/? using this notation.

The possible ray paths from A to B in space may be parameterized for axial
ray optics as a family of C? curves q(z1,€¢) € R4 depending smoothly on a real
parameter € in an interval that includes e = 0 . The e-family of paths g(x1,€) defines
a set of smooth transformations of the ray path q(z;). These transformations are

taken to satisfy

q(71,0) = q(z1), q(z1,,€) =q(x1,), q(21,,€) = q(71,,)

So € = 0 is the identity transformation of the ray path and its endpoints are left

fixed. We define the variation of the optical action A by

5A = 5/% L(q(z1). q (z1))das

IlA

d i
= $|€:0/ L(q<x17€)7q

JZlA

We shall denote

’

(21, €))dxy (4.8)

d
5‘1(%) = a\ez(ﬂ(%li)
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Thus, Fermat’s principle implies

0=0A= 6/L(1:1,q,ql)da:1

After integration by parts we obtain,

oL d OL oL T1pg
= [ g = ey g 0t + g ol

The endpoint terms vanish because dg(z1,) = 0 = dg(z1,). That is, the variation
in the ray path must vanish at A and B at z;, and x;, along the optical axis z;.
Since dq is otherwise arbitrary, Fermat’s principle reduces to these system of d — 1

equations known as Euler-Lagrange equations given by.

oL d oL (4.9)
oq dr,0q '
After a short algebraic manipulation using the explicit form of L = n~y, and
g—s = ’yg—z and %38:' = %1 5_;' = %n% in equation |(4.9), we obtain set of Eikonal
equations

d n . on

59 =75, (4.10)

We shall use|(4.10)|to derive the system of differential equations for {v5(#)}s>0 in R%.

4.3.3 Differential equation for {ys(t)}s>¢ in R?
Theorem 4.2

v5(t) satisfies the system of d — 1 ordinary differential equations(ODEs)

)
,,_528g(l_£> (4.11)
q - Waxl a(‘)g .

with the boundary condition of y5(0) = x and v5(1) = y where g = log f. O
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Proof 4.4
In this case the refractive index n is given by f=%. ie. L = f=8~.
Now we derive the differential equations governing {7y5(t)} >0 in R? using Eikonal

equations

d n an
=y— fi 2,3, ..d.
da:l(’y T;) = 8 or j=2,3,..d

We have,

R

n [Pof . Lof
7396]- =7 8:15]-

foor; U fox;

)=

And

d n //L / d n
=T, .
dry Y 72 Jdl‘l’y

Now,

ron

B
d ffﬁ_ ﬁff d(f.vflfy f 522211
2

dr, 7 v

L df / //
f dzq + 2 Zz 2 Lil;
/Y

So finally we obtain

_Béﬁ_f //L — ( ?dcifl + Zz 2 ; ;l
f oz, L 72 J 7
which after some rearranging and division by L yields
// d d
y ]. / // a ]. 8 a /
:>__ _4 T;x; _f__gw]<_f fxz))
— f axj ¥ 0xy pr ox;

The left hand side is

1 1 1 1" ’ /
il (7" = xf) + Z v (—z25)]

" i)
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whereas the right hand side is

B .. 0f of of
it 7)) =7V =]
I 0z, aZEZ Oz,
d
ﬁ of 8f o of . 1.
We define the operator
V- ad  —yr 2y
Tary V- 32
D=+1-qq" =
I —To;  —Taly . . Y — x;f_

It can be verified that D is non-singular, and it’s inverse operator is

/2 / / / / T
l+x5  mexy . . Towy
/ !’ /2 ’ /
X X Tows 14z . w33y
7
D =—=(+qq") ==
2
72 v
/ ’ / / /
2
| Ty T3y, . . 14z |

Then, the system of d — 1 equations can be rewritten is the following compact

form
1 o p of of .
74Dq - fy [Dé’q 8x1q]
" 672 8f ’ af
9 9g
=q = 5728—9 lq — ?)—3] where g = log f
T E

since D~'q' = ¢'.

99
52| with the boundary condition of starting at = and ending at y.
oz

Thus, v = (1, 22(21), .., z4(x1)) satisfy the system of ODEs q = By

2 0g [ /
o1

O
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4.3.4 ~3: An interpolation between straight-line and field-
line

Now we introduce the concept of flow-lines/field-lines for a vector field which describe
the motion of particles under the influence of a vector field.

Formally, a vector field on R? is a function F' : M C R? — R? that assigns to
each point z in its domain M an d-dimensional vector F(z). Let z(t) : R — R4
be a path indexed by time t. Since we want to capture the motion of a particle
under the influence of the vector field, we require that the velocity of that particle is
proportional to the vector field at any time-point i.e. field-lines are defined by the

following equation
z (t) =aF(x(t)) a#0

Thus, for the vector fields induced by the gradient of a function f, we have
dri(t) _ Of((t))

———= f di=1,2,.d
o N0 or a # 0 and ¢ , 2,

For a > 0, (without loss of generality we can take o = 1) we call the flow-lines as
gradient ascent flow and for a < 0 (without loss of generality we can take a = —1)
we call them gradient descent flow.

or equivalently, in our notation

of
T, = %? for i =2,3,..d
oz
of
' D
dx1

‘01 _g (4.12)
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uniquely represent any gradient ascent/descent flow-line.

Thus can be interpreted as follows. Here is a discrete version of [(4.11)}

q q 8y o
n+l~ Yn ’ 2 ! dq
—_— = 1 + n - " §g 1q=
A$1 ﬁ( |q nl )axl [q 59_51|‘1 Qn]
Jg o

ox1

Note that we get the new velocity ¢, 41 from the old velocity q, by drifting
29
towards the velocity induced by the gradient of ¢ given by —5&. Amount of drift is

oxq

controlled by 8. If 3 is small, ¢',,; =~ q,, (or ¢' ~ 0). Note that ¢’ =0 (3 =0
case) represent the straight line joining  and y in RY. While when £ is large, q is

dominated by the drift generated by gradient of g. Finally f§ — oo case reduces to
of
q = %% i.e. equation of a field line/union of field lines joining x and y.

oxq

4.3.5 7 and LLPD

There is ambiguity regarding which field line/union of field lines joining = and y
does 8 — oo case correspond to, since in-general there can be more than one field
line/union of field lines joining 2 points in R It is very important to understand
the v, case since as we have seen in the previous sub-section, 74 is an interpolation
between v (straight line) and 4. In this sub-section we describe the geometry of
Yoo and discuss it’s connection with LLPD.

Following (Chen et al.| (2017)); |Gerber et al. (2013), under the assumption that
A1l: fis a Morse-Smale function,

except for a lower-dimensional set L, M C R? is the union of finitely many basin
of attractions (Loosely speaking basin of attraction A; corresponding to a maxima
m; of fis a d dimensional descending manifold which consist of all points whose as-

cending flow lines converge to m;.) say Ay, As, .., A corresponding to local maximas
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my, Mo, ..,mg of f, ie.
M= (UL, A)UL (4.14)

where L consists union of lower (from 0 to d — 1) dimensional descending manifolds
and forms the boundary of these k£ basin of attractions. See section 2 of |(Chen et al.
(2017) for definitions of ascending and descending manifolds, basin of attractions
and in-general for more details on Morse theory. In chapter 5 these definitions are
provided as well.

Under the additional assumption that

A2: [ f=0.

we can focus on 2 distinct cases, namely

1. z and y are from same basin of attraction.

2. x and y are from different basin of attractions.

Remark 4.1
Note that by Kupka-Smale theorem (see e.g. theorem 6.6 in Banyaga and Hurtubise
(2013)) Morse-Smale functions are dense in the collection of smooth functions and for

any continuous f, [ ; J = 0. Thus both A1 and A2 are very reasonable assumptions.[]

Proposition 4.3
Under A1, A2 all basin of attractions are open sets. O

Proof 4.5
Consider z € A; , an open set U C A; around m; and a sequence of points {a;} along

the ascending field line of x with ay = =, k(a;) = a;41 converging to m;. Thus for
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sufficiently large N, k¥ (z) € U. Conclusion follows after observing that under A2
pre-image of U under kv, V is also an open set containing  and clearly is in A; since

EN(V) =U. 0

Proposition 4.4

If both = and y are from same basin of attraction, say A;; then there is a unique field
line joining x and m;, and another unique field line joining y and m,. In this case v,
joining x and y is simply the union of the field line joining x and m; and the field line
joining m; and y (unless x and y happen to be on the same field line or one of them
is m;, in which case 7., joining x and y is simply the part of the field line between x

and y joining z/y and m;). O

Proof 4.6

Uniqueness of the (ascending) field line joining x (or y) and m; follows from the
property of field lines. Now, recall that s minimizes ( f; f° ('yt)|’y;|dt)% for any
0 <a<b<1subject toy =2, 71 =y. So [ — oo case would correspond to
union of field lines ~; such that vy = z, 71 = y and it maximizes mtm f(y) for any

0<a<t<b<1since

b 1
lim min (/ f_ﬁ(%)hé‘dt)g = min maz f~ () = (ma:r man f(%))il

B—oo v v a<t<b v a<t<b
W.lg. we assume that  # y # m; and = or y do not lie on the same field line
joining one of them and m;. Then the field line starting at x need to go towards
the maxima m; (the descending field line from x may go towards some points in L
or continue indefinitely.) i.e. in the ascending direction because otherwise it won’t
maximize mtin f(y) for any 0 < t < b and similarly the field line starting at y also

need to go towards maxima m;. We denote the field line joining x, m; and y by

T—=>m; =y [
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To understand what happens to 7, when x and y are from different basin of attrac-

tions, say x € A; and y € A; i # j, we need to introduce some definitions.

We define for 2 connected basin of attractions (2 basin of attractions A; and A; are
connected if they share common boundary, i.e. 94; N9A; # ().) their conductance

value by
Conductance (4;, A;) == max mtmf(%)
v

such that vy = m; and v, = m;, 7y is union of field lines and stays entirely within
(A; U A; U (0A; N 0Aj). Any point on v where this value is attained is called a

conductance point correspond to A; and Aj;, in our notation C(A4;, A;).

Proposition 4.5
For any 2 connected basin of attractions A; and A; ¢ # j, there is at least one
conductance point and all conductance points are in 9A; N 0A;, in particular are in

L. U

Proof 4.7

W.l.g. suppose a conductance point c is strictly inside A;. Then we can pick a point
d on the descending field line starting from ¢ and strictly inside A; (since A;’s are
open sets) such that f(d) < f(c)- which is a contradiction on the assumption that
c is a conductance point. Thus, all conductance points between A; and A;, if they
exist, must be on dA; N JA;. Since 0A; NIJA; is a closed set, the conductance value

will be attained somewhere on it. O

To generalize the notion of conductance value and conductance point for any 2 basin

of attractions (which may or may not be connected), we define the bottleneck value
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for any 2 different basin of attractions A; and A; by
Bottleneck (A;, A;) = max mtinf(%) (4.15)
y

such that v is union of field lines, 79 = m; and 7, = m; , and any point on v joining
m; and m; where this value is attained is called a bottleneck point correspond to
A; and A;.

Note that, instead of defining conductance and bottleneck value/points for 2 differ-
ent basin of attractions A; and A;, we can define them for corresponding maximas m;
and m; as well. In chapter 5, we shall use Bottleneck (A4;, A;) and Bottleneck (m;, m;)

interchangeably.

Proposition 4.6
For any 2 basin of attractions A; and A; ¢ # j, there is at least one bottleneck point

and all bottleneck points are in L. 0

Proof 4.8
We construct a weighted graph G' = (V, E') with the vertices as the basin of attractions
V ={A,.., Ay} and edge between A; and A; if and only if A; and A; are connected,

in which case, the edge weight is given by

E(A;, A;) = Conductance (A;, A;)

Note that under this formulation, Bottleneck (A4;, A;) = maz mkz'nE(Ak,AkH)
where p is any path of the form A; = A =+ A.. = A,y = A, =4, inG,reN
can vary. Indeed, consider a union of field lines from m; to m; such that bottleneck
value between A; and A; is attained. From proposition it follows that any union
of field lines that directly goes from my to m; via the common boundary of Ay and

A; for some k # [ will have f value at most Conductance (Ag, A;) at the boundary.



4.3. GEOMETRY OF POPULATION GEODESIC {75}s>0 IN A SUBSET OF R“ 96

Thus, it is sufficient to consider those union of field lines only which attain respective
conductance values at each direct transition between basin of attractions. Each of
these candidate union of field lines can be represented as a path in G from A; to
A; and by definition of conductance value, the minimum edge of such a path in G
correspond to the minimum f value of the union of field line joining m; and m;. Thus,
from definition of bottleneck value, our conclusion follows. Since for any 2 different
basin of attractions, at least one conductance point exists and is in L, at least one

bottleneck point exists as well between A; and A; and is in L.

Proposition 4.7

Suppose in G, A; = A;,.. - A;, — A; is any path whose minimum edge is the
bottleneck value between A; and A;. Then assuming x # m;, y # m;,  not belonging
in the field line joining m; and C(A;,, A;) and y not belonging in the field line joining
m; and C(4;,, A;), in our notation as introduced in proposition the trajectory of

ltm 3 can be described as
B—ro0
T —r m; — C(A“A“) — m;, — C(AilaAiz) — My, - — O(AiraAj) — m; — Y OJ

where all arrows indicate the unique field line joining the point before and after them.

Proof 4.9
Follows from proposition [4.4] and |4.6| 0

Now we provide a side result relating the arc lengths of ~y, 75 and v which will

be used in chapter 5 and is of independent interest.

Lemma 4.1

Let |vg(x,y)| denote the arc length of v4 joining x and y for 0 < < oo. Then

Yo(z,y)| = |z —y| < s, y)| < [Yeo(z,y)]
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where |7.0(x,y)| denote the arc length of almost surely unique field line/union of

field lines joining 2 and y as in proposition [£.4] and [4.7] O

Proof 4.10
It is sufficient to prove this for a small change in z; coordinate, by Az say. w.l.g. we

can also assume ¢', = 0 by suitably transforming our coordinates. Then from

we obtain
dg
’ (9g g
= —_ BN\, =229
q, BAzy 07, [%‘q—qo]
99
/ B
=0 < |q| < |%|q:qo|
dx1

since for a fixed 8 one can choose Az sufficiently small so that |3Az, 88_a791| < L

%g ’ |2)1/2 and
99 19=qg

3

Conclusion follows by observing |yo| = Az, |70 = Az (1 + |
sl = Dy (1+ g )2,

This, in particular, shows that if x and y are from same basin of attraction A;,

V82, )| < Voo, M) | + [Yoo (1, M) | < | 700 (As)] n

where |v.0(A;)] = mgf‘hw(x,y)].

)

4.3.6 Some examples: Gaussian mixture models in R?

Now we explicitly write down for Gaussian Mixture models (GMM) in R? as
follows

Let
fod wiNa(py, 3)
=1

where w; > 0 and )", w; = 1.
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ie.
flaras) = f@) = D wifi@) = 3w grrenp(— o — )5 (@ - )

i o, 101i02;
where p,; = M) and X = A R 1(1)n.
H2q Pi01i02i 03

Then |(4.11)| reduce to

Ty = Bl+a5) Y wi;
=1

where
w; fi
ui (1, 2) =
f
and
i, 0, 5) = Tl = ) (o + P2 = (o = ) (4 22))
1—pf 05 010 01,09 0%

Note that u; represent the relative weight of f; at a specific location and v; is the
equation of f;’s field line.

Now we provide some examples showing 74 for different 3 using GMMs in R?.

Example 4.1
Let
f ~ N(<070>7I2)

in R?. The differential equation for 4 here is

mg =61+ :EIQQ)(mQ — mlx;)

Let z = (—1,1) and y = (1,1). Clearly in this case the field lines are given by

{xe = mx; : m € R}. Thus as f — 00, 73 approaches the union of straight lines
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Figure 4.1: v joining (—1,1) and (1,1) for 8 = 0, .1, .5, 2, 10 and 100 in example
4.1. Notice that as 5 becomes larger y5 approaches the straight line joining (—1,1) —
(0,0) = (1,1).

joining (—1,1) — (0,0) — (1,1) (in this case there’s only 1 basin of attraction,
namely entire R?). On the other hand, if z = (—1,—1) and y = (1,1) then 4 will be

the straight line joining them for any 8 > 0 since in this case 7y and v, coincide. [J

Example 4.2
Let

[~ %N((O, 0), I,) + %N((B, 0), I5)

in R2. The differential equation here is
exp — (3(27 + 23))

y = Bl +zy) (22 — 217,) cxp — (5(21 +23)) + exp — (5((z1 — 3)? + 23)) "

exp — (5((z1 — 3)* + 23))

(2 = 3 = 2173) exp — (5(21 +23)) + exp — (5((1 — 3)2 + x%))] =

Let x = (—1,1) and y = (4,1). In this case 2 basin of attractions are A; =
{(x1,22) € R? : 1y < 1.5} and Ay = {(x1,22) € R? : 2; > 1.5} and the bottle-
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=~

[
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1

X

Figure 4.2: v5 joining (—1,1) and (4,1) for 5 = 0, .1, .5, 2, 10 and 100 in example
4.2.

neck/conductance point between them is (1.5,0). So in this case as f — oo , V3
would correspond to the field line joining (—1,1) and m4, which is close to (0,0),
followed by the field line (straight line) joining m; and (1.5,0) followed by the field
line (straight line) joining (1.5,0) and mgy, which is close to (4,1), followed by the
field line joining my and (4, 1).

Example 4.3

Phase transition: Let
1 1 1
f ~ gN((070)7I2) + gN((Zl,O),IQ) + §N<(27a)7I2)

,2<a <5 withz=(-1,-1) and y = (5, —1).
In this specified range of a even for a = 2, 3 means p; = (0,0), p2 = (4,0) and
w3 = (2,«) are far apart from one another (compared to each mixture’s variance)

so that there are 3 maximas my, my and ms (and therefore 3 corresponding basin of



4.3. GEOMETRY OF POPULATION GEODESIC {vs}s>0 IN A SUBSET OF RY 101

attractions A;, Ay, As) close to the respective means. Note that for @ = 2v/3 ~ 3.464,
w;’s form vertices of an equilateral triangle and by symmetry, we can easily see that
in this special case the 3 basin of attractions are given by the voronoi partition of R?
w.r.t. the pu;’s, namely 3 regions between the bisectors of sides of the triangle fromed
by wu;’s from it’s centroid. In-general, for other values of « in this region, boundary
between A;, A3z and A, As will not be straight lines, but in any case 3 basin of
attractions are given by the 3 regions between 3 curves emiting from a common point
(2,7,) for some 0 < 7, < o by symmetry.

Moreover, by symmetry of the location of ugz for all choice of «, the boundary
betweenA; and A, will be given by part of the straight line, By o == {(2,s) : s <14}
We shall similarly call the boundary between A; and Az as B; 3 and boundary between
A, and Az as By3. Bps and Bs3 are not straight lines in-general. Also note that,
clearly B; 3 and B3 have symmetry w.r.t the line {(2,s) : s € R}. Also, z € A4
and y € A,. For smaller values of § ( ~ 2), along Bys as s T to r,, [ increases
monotonically (also clear from the contour plot), thus in this case the conductance
point between A; and A, is (2,7,). On the other hand, for higher values of o (o & 5),
there is a maxima on f along Bjo at (2,7,) for some 0 < 7, < 7,, which is the
conductance point between A; and A,. Additionally, it is clear from the contour
plots that for smaller value of o the conductance value between A; and Az (which
is same as the conductance value between Ay and Az by symmetry) is more than
f(2,74), the conductance value between A; and As. Thus, for smaller values of « the
bottleneck value between A; and A, will be the conductance value between A; and
Az and thus in this case, from our discussion, ﬁl}z_)rgo v5(z,y) would correspond to the

union of field lines
r—my — C(Al,A;g) — M3y — C(AQ,Ag) — My — Y

For larger values of «, on the other hand conductance value between A; and As

(which is same as the conductance value between Ay and As by symmetry) is less
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Figure 4.3: Contour plots for « = 2 and o = 5 in example 4.3.
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-1.00-

Figure 4.4: v joining (—1, —1) and (5, —1) for 5 =0, .1, .5, 2, 10 and 100 and o = 2
and 5 in example 4.3.

than f(2,7,) , the conductance value between A; and A, because pus is too far away.
Thus in this case, from our discussion, éim v5(z,y) would correspond to the union of
—00

field lines
x—my — C(A, A) > my =y

and in particular, ﬁlim v5(z,y) won’t enter A; at all, i.e. there is a phase transition
— 00

happening somewhere between 2 < a < 5. 0

4.4 Generalization to Riemannian Manifold

In this section we generalize theorem for a Riemannian Manifold.
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4.4.1 Differential equation for {v3(¢)}s>¢ in Riemannian man-

ifold

Let (M, g1) be a boundary-less d-dimensional (d > 2) Riemannian manifold. The
tangent bundle (introduced in R case) of M assigns to each point p of M a vector
space T, M called the tangent space of M at p. A Riemannian metric assigns to each
p a positive-definite inner product g, : T,M x T,M — R.

When given a system of smooth local coordinate chart (U,z) on U C M given by

d real-valued functions z := (x1,..,74) : U — RY, the vectors

0 0
{a_xlyp"'v_h)}

8xd

form a basis of T,M, for any p € U. Relative to this basis, one can define metric

tensor components at each point p by

0 0 .
Yijlp = gp(ax.|pv 8$'|p) i,j =1(1)d.
i j

Thus we have

We denote Gaxalp = ((9ijlp)), which is a positive definite matrix. Note that when
M =R? and g is the Euclidean metric, we have G|, = I for all p € M.

Let v(t) == z(t) = (z1(t),..,z4(t)) : [0,1] — M be a piecewise continuous curve
with 7(0) = a and (1) = b. Note that, unlike the case when M = R? as discussed in
the previous section, we do not assume here an “optical axis”, i.e. a parametrization
of xg, .., x4 in terms of x; since such an optical axis in-general do not exist on a general
M.

o

and z; = 5t for i = 1(1)n.

!/ .
Also, we denote z; := 85?

Thus in this case the arc-length functional L(t, z1, .., 74, T}, .., Z,;) has the following

expression

o ! —B !
L= / 7 () e
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d

1
/ZZf U1, 2a)gij (21, ., wa)zya) 2 dt

=1 j=1

since

/ d a / d d d 7
il = (3 a—%Z )= 2D gulenwaeia;
1= 1= 7

=1

Theorem 4.3

{75(t) }s>0 satisfy the system of differential equations

on’ ., , oh p
pllg, zle —(z TGz G ' = 0| =% T (4.16)
’ 7 d d ro
aa_;ll Ty Zq ijl > k=1 F;kx]xk
where h = logf, 2 e = |.2"=]| |.r=
’ 7 d d ro
aa_x}; Lq Ly Zj:l Zk:1 F;'lkxjxk

and {Ffj}i,j,kzl(l)d 's are the Christoffel symbols of the second kind (Herman) [2008)
defined by
1
B Z(gil,j + Gjti — gij,l)glk
=1

where g7 = ((G™1));;. O

k ._
Il =

Proof 4.11

We begin by noting that the geodesic v; need to have constant speed, i.e.

d d
d ]. ! 1
(!% (DD 0w, wa)miwy) = 5 <9, >=0
J=1

=1
Inner product between 7; and 7: is 0 since any geodesic need to have it’s ac-
celeration normal to the surface, i.e. in particular it is orthogonal to any vector in

T,M.
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From Eular-Lagrange equation we have

9199) _ 90
dt'oz ~ Bz

for i = 1(1)d where Q = Z?:l Z;l:l P (1, s 2d)[gij (1, - xd)x;:v;]%.

Now,

d .0Q

:i[fg Zk lgzkxk ]
dt (Z] 1Zk 19]k$/$;c)§

1 L1513 a5 )
= a1l g, ikl R kL
(Z;‘Z:I 22:1 gjkxjxk)é dt =1 dt k=1
d d
1 ah / /
= ’ 1f [ ﬁ( _'Tk>( glk‘rk)
(Z] 1Zk 1 kT ;Ty)2 ; Tk k=1
d
gzkxk + Z ZngJI
k 1 k=1 j=1
where gip; = %g;f and h = log f. Similarly,
9Q
al‘i
po D T et g O S
= 5 1oL - JkL ik 2
2(2?:1 ZZ=1 gjkT ;)2 Oz j=1 k=1 ’
Thus,
400, 00
dt ox,” Oz,
d d d d
ah ’ ’ ah ! !
= 5[(2 Z%)( GinTy) — O Z Zg]kx ]

105
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x
k=1 F k=1 j=1 k=1
d d d
1" ! i
1
= E 9ikTy, + g E §[gz‘k,j + Gijk — GikT;Ty
k=1 j=1 k=1

for all i = 1(1)d. In compact form, these system of d equations can be re-written as

ahT / 8]7/ 1"
— Gx — (TG G
Al #)Ga — (@7Ga') 5] = G’ +e
/ d d ro
= T D et 2okt 391k 91k — GikalTiT,
Whereg—Z: ]2 = ], e =
/ d d ro
o T, Do Dkt 31Ydk F Gajk — Gik.dlT Ty
Multiplying by G~ yields,
ont ., ., )
> x)x — (¢ Gz )G~ =z + 1T
Al e~ (@T6a )G = e
where
d d d ar
D1 Dkt 2ot 3lGik + Gik — Gikalg Ty,
I'=G'e=

d d d ;
Zj:l D ket i %[Qik,j + Gijk — gjm]gldx;-a:;c

d d
Zj:l ppya Fjlkm;x./k

d d
Zj:l D k1 F?km;aj;c O
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4.4.2 Interpretation, role of 5 and 7. (?)
Proposition 4.8

(2722’ — (¢ TGa' )G9 = 0 if and only if 2 o Ga'. 0

Proof 4.12
Applying Cauchy-Schwarz inequality on G’%% and G2z’ yields

onT ., iy 1, O0T _ Oh
i < e i
(833 z) < (@ Ga )(833 ¢ &v)

Thus, (g—ZT:c'):c' — (7Gx )G7'2% = 0 if and only if equality in Cauchy-Schwarz
inequality holds, i.e. g—z x Gz’ U
Remark 4.2
Note that

8_m x G = am,

generalizes the notion of flow-lines induced by the gradient of A in a Riemannian
manifold. Just like in M = R? case, we see that 3 controls the amount of influence

of the default geodesic (corresponding to f = 0) given by the Einstein’s equation

' + ' = 0 (Herman, 2008) and union of flow-lines (corresponding to 8 = o)
g—z oc G’ in y5(t). Also, which union of flow lines does 7.,(t) correspond to is very

similar to the R? scenario as discussed in the previous section and is omitted here for

the sake of brevity. O

4.4.3 Some examples

Example 4.4
R?
Clearly for R? with Euclidean metric, G = I and all Christoffel symbols are 0,
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thus in case of R? we have

ahT / / /T ’ ah 1"
Bl @)e — (@725 —a

/

Re-parametrizing s, .., ¥, w.r.t. x1, denoting 7 = (22, ..,7,), ¢7 = (25, ..,x,),
letting v2 = 14 q¢'7q and noting z; = x,q;, ;' = x’12q;' for i = 2,3, ..d we obtain,
1 ah / ah "
2071 (O oy o+ 0N,
ol ﬁ[vg(axlv )q aq] q
" ah/ ’ 8]’1/
2
= = - -
¢ =705, 43 q]
Thus we arrive at theorem [£.2] O
Example 4.5

2 dimensional sphere embedded in R?: Consider a 2 dimensional sphere M = S,

embedded in R? with radius a > 0 parametrized by 6 and s as follows:

s , s . s am am
Se = {(acosh cos—, a sinf cos—,asin—) : 0 < 0 < 2, - <s< 7}
a a a

and a density function f on it with f(z) > 0 for any « € S,. Here the tangent bundle
T,M has 2 basis vectors:

0 , s s
— = (—asinb cos—, a cost cos—,0)
06 a a

and
0 .S .S s
— = (—coslsin—, —sinfsin—, cos—)
Os a a a

It is not hard to verify that under this parametrization,
a®cos?: 0
a

0 1

G:

and I'j, = acostsin?, Fzﬁ = Fgﬂ = —étcm% and the remaining Christoffel
symbols are 0. Thus, 2 equations of geodesics y4(t) are

3hT ’ ’ s ’ 718}7, 7
ﬁ[(% z)r —(x Gz )G %]—w +T
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, —2tans'6 a’cos?: 0
where h = logf, ®x = , T = = ©or ]G = ¢
$ s acos2sin26? 0 1
=z 0
and G71 = | “. with the boundary condition v3(0) = p and v5(1) = ¢.

0 1
After some algebraic manipulation, the 2 equations reduce to
ah /N ah S/2 Z 2 S 7
—sl —————2)| =0 — —tan—s0
ﬁ[as ° 00 a*cos*2 ) a"a’
and
ah AN ah / " !
B[%s 0 — ga%os?Z@ =5 + acosZsinZ@ 2

Note that the default geodesic (corresponding to 5 = 0) on a sphere joining p and

q is the smaller section of the unique ”great circle” connecting x and y. ([l

Example 4.6
2 dimensional torus embedded in R?: Consider a 2 dimensional torus M = T,

embedded in R? parametrized by 6 and s for a > b as follows :
Ty = {(a + bcoss)cosl, (a + bcoss)sind, bsins) : 0 < 0 < 2w, —0 < s < 27}

and a density function f on it with f(z) > 0 for any x € Ty. Here the tangent
bundle T;,M has 2 basis vectors:

0= (—(a+ bcoss) sind, (a + bcoss) cosd, 0)

and

0 _ (—b sins cost, —b sins sinf, bcoss)

e
It is not hard to verify that under this parametrization,

(a+bcoss)*> 0
0 b?
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0 _ 10 __ bsins s _1_: .. .
and I'y =T = — 57 T}y = 3sins(a+bcoss) and the remaining Christoffel

symbols are 0. Thus, 2 equations of geodesics v3(t) from p to ¢ are

ah‘T / 4 / / ah 7
A e @G O = T
, 6 . 0" — Zhsins o/ f
where h = logf7 xr = nE r = E I = a+bcoss / : _
s s Fsins(a + bcoss)f'?

a + bcoss)? 0 1 9
( ) ) and G~ = [ (afbeoss)® ) with the boundary condition v5(0) =

0 b 0 1

b2
p and y3(1) = q.

After some algebraic manipulation, the 2 equations reduce to

oh ., oh b2 ’ ” 2bsins 7
50 ————— ] =0 — " 54
6[83 ° 00 (a + bcoss)Qs ) a + bcoss
and
8h /3N ah (a+bCOSS)2 9y 1 i 9
B[%s 0 — %b—29 =5 + Esms(a + beoss)6

Note that finding the default geodesic (corresponding to 5 = 0) on a torus joining
p and ¢ is by itself a non-trivial problem and is analyzed in detail in [Irons (2005);

Jantzen| (2012). O

Remark 4.3

Uniqueness of {y3(z,y)}: Since 5, 5 > 0 is an interpolation between 7y, (default
geodesic) and v, 74 is unique if 7y and v, are both unique. In-general, neither of
them have to be unique. For example g is locally unique in a Riemannian manifold
because of the Picard-Lindelof theorem for a system of first order ODEs. Recall that
the default geodesic equation =" + I' = 0 can be recast as a system of first order
ODEs. But in-general, 7 is not globally unique. Take, for example, north pole and

south pole in a sphere, any meridian is a v, geodesic.
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On the other hand, any 2 connected basin of attractions can have more than
one conductance point and there can be more than 1 path in G as introduced in
proposition that attains bottleneck value making v,, not unique either. For ex-
ample, consider f ~ 1370 N(u;,I) with y1 = (0,0), 2 = (a,a), pz = (a,—a)
and py = (2a,0) for sufficiently large a so that there are 4 basin of attractions
Ay, Ay, Az, A4 induced by 4 maximas of f mq, ms, ms3, my which are close to 4 means
respectively and = = (=1,0) y = (2a + 1,0). Clearly by symmetry, v.(x,y) is
not unique since r — my; — C(A1,4Ay) — my — C(Az, Ay) — my — y and
x — my — C(A1, As) = m3 — C(As, Ay) = my — y are both candidate voo (2, y).

However, as shown in proposition[4.4] if  and y are in the same basin of attraction
then Yo (x,y) is unique. Thus, the conclusion is y3(z,y) is in-general not unique but

it is locally unique if the entire domain is in a common basin of attraction. 0



Chapter 5

Spectral Clustering using
g-distance and LLPD

5.1 Introduction, our contribution and organiza-
tion

In this chapter we derive performance guarantee conditions of several spectral clus-
tering (SC) algorithms using density sensitive distances like normalized g distance
(Lév ) and LLPD. We formulate continent problem first and show that SC with eigen-
gap heuristics using suitably scaled version of these distances can efficiently solve
it. Next we derive the exact and asymptotic performance guarantee criterion for SC
with eigen-gap heuristic using Lév and LLPD under different data generating models
and discuss the trade offs of different distances. The data generating models we have

considered in this chapter are
e Data generated from a density f in a D dimensional Riemannian manifold.

e Data generated from multiple disjoint lower dimensional Riemannian manifold
with or without D-dimensional ambient noise, known as low dimensional large

noise (LDLN) model in literature (Little et al., [2017)).

112
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e The previous settings with the additional requirement of being able to detect
intersections between manifolds, known as multi-manifold clustering (MMC)

(Wang et al., [2010)) in literature.
Summary of the results in this chapter are as follows:

1. In context of continent problem as well as LDLN model LLPD SC is equivalent
to prominence/density based clustering, is robust to cluster imbalances both
in size and shape, do not require clusters to be separated by a distance, and
can detect lower dimensional clusters from high dimensional background noise
while having significantly higher variance (than other distances) in clustering
accuracy and is very susceptible to lower dimensional outliers and any small

perturbation in data generating model.

2. On the other hand, SC with normalized ¢ distance with small b; (recall that b,
is the smallest power of ¢g) and Euclidean distance (which is equivalent to K-
means algorithm) find it difficult to detect lower dimensional structure amongst
higher dimensional noise, require clusters to be separated by relatively a large
distance compared to their sizes, clusters to be fairly balanced both in size and
shape. But SC using these distances have lower variance in clustering accuracy
than LLPD SC and are more robust towards small changes in data generating

model and lower-dimensional outliers.

Remark 5.1

Although some of these results in this chapter are already known via simula-
tion experiments (Mckenzie and Damelin, [2019; |Little et al., 2020]) or have been
qualitatively justified using heuristics, to our knowledge no rigorous theoreti-
cal justification of these results or exact cost of the trade-offs between different
distances have yet been provided. These exact cost of trade-offs are very impor-

tant since it can effectively determine optimal balance between geometry and
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density given a particular data generating model which will maximize overall

expected clustering accuracy. 0

3. We conclude by showing that normalized g-distance, if chosen properly (for
example exponential distance is a good candidate), do not need large sample to
cluster efficiently unlike LLPD or power-weighted distances and can outperform

aforementioned distances in small/medium sample scenario.

The organization of this chapter is as follows: In section 2 we provide a brief intro-
duction to ¢ distance and LLPD and state some results related to the computation
efficiency of them in SC algorithms, which has been used later. In section 3 we pro-
vide a brief overview of the SC algorithm. Section 4 and 5 are dedicated to providing
the background necessary for the remainder of the chapter. In particular in section
4 we provide a brief introduction to different data generative models considered in
this chapter and in section 5 we provide a brief overview on some concepts such as
ridges, level set clustering, mode based clustering and prominence based clustering.
In section 6 continent problem is introduced. In section 7 and 8 we derive perfor-
mance guarantees of continent problem for LLPD SC with L, and L respectively.
In section 9 and 10 we compare performance of SC with normalized power-weighted
distance SC in context of solving continent problem. In section 11, 12 and 13 we ap-
ply g-distance and LLPD in other data generating models such as LDLN and MMC

as introduced in section 4.
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5.2 Normalized g-distance and LLPD

5.2.1 Brief introduction to g-distance and LLPD

Recall that given dataset y,, LLPD is defined by
LLPD(x,y, Xn) = minmax disty(T;, Tiy1)
P )

where p is a path from ©* = v — 1 — 22.. = 2, — x,,1 = y such that z; € x,
for all i = 1(1)r, r is free to vary. Under same settings, normalized g-distance Lév is

defined as

r

Ly (2,9, xn) = min g (D gldisty (i, x:11)))
=0

for a continuous, super-additive function g : [0, 00) — [0, 00) with g(0) = 0 as a
generalization of power-weighted and other shortest path distances proposed before.
In chapter 2 we have shown the following:

If g(t) = O(t*) as t — 0T, then

_ C(d, g)disty(z,y) ifk>1
. k-1 a.s. ’ ’
lim % Ly (2,y, Xa) =

g (disti(z,y)) if k=1.

where C'(d, g) > 0 is a constant depending on d, g and disty(z,y) is a population level

density sensitive distance defined by

el

1 1—k /
disty(z,y) = (izf/o f(%)TWt’dt)

where ~; is a piece-wise continuous curve from z to y.

In chapter 3 we have shown that,

. n l a.s. _l .
éz_{go (logn)d LLPD(z,y,xn) =3V, *diste(,y)
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where V; is the volume of d-dimensional unit ball and dist(z,y) = klim disty(x,y)
—00

is defined as

=

disto(,y) = (m;w: mtinf(%))f

where ~; is any piece wise continuous curve from x to y.

Remark 5.2
Broadly speaking, both of these convergence limit results (for g% and for LLPD

respectively) can be used in two ways for clustering applications.

1. Firstly, we note that un-scaled ¢ or LLPD converge to 0 uniformly which is
very useful for LDLN type models. Here we exploit the fact that in these mod-
els within cluster distances approach 0 while between cluster distances remain

bounded away from 0 as n — oo.

2. Suitably scaled LLPD and ¢ distances on the other hand accurately capture
the density-geometry trade off inherently present in the data generating model.
This approach of clustering lead to the formulation and solution of the continent

problem as presented later this chapter.

5.2.2 g-distance and LLPD restricted to k-NN graph

Given data x,,, k Nearest Neighbor (k-NN) graph Cj, is (V = x,, £') where z; and z;
are joined (i # j) if at least one of them is within & nearest neighbor dist, distance
of another.

The main result in this sub-section is the following: As n — oo, both LIJ,V and
LLPD on complete graph C' are very well-approximated by their restriction to k-
nearest neighbor (k-NN) graphs Cj, for k > ¢logn where ¢ > 0 depends on dimension

d, type of distance, f and manifold M.
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These results will be used in the SC algorithms later and, in particular, lead to
significant reduction in computational complexity. In particular, cost of computing
g or LLPD distance matrix is O(n?logn d) for d dimensional data using O(logn)-NN
graph, which is only marginally expensive than Euclidean distance computational
cost O(n?d).

We provide the following result for restriction of LLPD to k-NN graph.

Proposition 5.1
pa(B(0,1)NB(e1,1))

Itk > +)I logn where p; = , ltq denoting d-dimensional Lebesgue

2|log(1— 24 ~ uq(B(0,1)UB(e1,1))
measure, e; = (1,0,..0)7 then w.p. — 1, LLPD|C = LLPD|C},. O
Proof 5.1

From proposition 2.2 in |Gonzélez-Barrios and Quiroz (2003) we see that w.p. — 1

minimal spanning tree is contained in k-NN graph for k£ > 1 T logn. The result

2“09(1,%;1

follows from this. O

The following 2 results for Lév are provided in this section. We note that sim-
ilar result holds for g-distance as well since in large sample size (n — 00) regime
normalized g-distance is equivalent to L{)\lf where by is the smallest power of g.

Groisman et al. (2018) proposition 2.11: if k& > c;log(%) 4 ¢, for some
¢, ¢ > 0 then P(L)|C' = LY|Cy) > 1 —e.

This result was further improved by Little et al. (2020), Theorem 3.9. which

states the following: If k > 4k8[’}—2][ 4 ]%logn then w.p. at least 1 — L LY|C =

1
4" v
L;V |C). where ky > 0 is a constant, f* and fy are maxima and minima of f in M

respectively.

5.3 Spectral clustering: A brief overview

In this section we provide a brief introduction on SC.
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Given the dataset x, = {z1, 22, ..,2,} and a symmetric similarity measure s(.,.)
one first constructs an adjacency matrix ((W));; == s(z;, z;). For example, a popular

choice is

|2 — ;)

2 )

for some specified o > 0. Let D be the degree matrix defined by ((D))u = >_; Wi

s(x;, x;) = exp(— -

for i = 1(1)n and 0’s in the off diagonal positions.
The next step to construct a graph Laplacian from W and D. In literature there

are 3 distinct graph Laplacians available: (Von Luxburg, [2007)
L=D-W,

Lgym =D 3LD" 3 =[— D :WD3,

and

Ly =D'L=1-—D7'W.

L is called the un-normalized graph Laplacian whereas Ly, and L,,, are called nor-
malized and random-walk graph Laplacians respectively.

The next step is to compute the k eigenvectors u; = \/%71, Ug, .., U corresponding
to k smallest eigenvalues A\; = 0 < Ay < .. < A, of a graph Laplacian for some
pre-specified k < n and form the matrix U € R™* with uy, us, .., ux as columns. Let
y; € R¥ be the i-th row of U for i = 1(1)n. y; is called the spectral embedding of x;.

The final step is to compute cluster labels by applying the K-means on the data
{y;}, if using L or {Hyi/ﬁ};;l as proposed by [Ng et al.| (2002) if using Ly, or L.

Note that k, the number of clusters, need to be pre-specified which is usually
not known apriori. One well-used heuristic for choosing k is the eigen-gap statistic

which suggest k= arg max N1 — A; where ); is the ¢-th smallest eigenvalue of
i=1(1)n—1

graph Laplacian. While it is unclear why k well-separated clusters should imply k=
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Algorithm 1 SC with L.

Input: W € R™", the adjacency matrix of the data x, = {x1, z2, ..,z }.

Output: Label Z,«; with i-th entry being the cluster label of i-th data.

1: Compute the un-normalized Laplacian L = D — W

2: Compute the eigen decomposition {(¢x, Ar) }i_; of L, sorted so that 0 = A} < Ay <
<

3: Estimate the number of clusters k as k = arg max Ny — N Let Uy = (1 ¢

i=1(1)n—1
G2t Br).
4: For 1 <1¢ <mn, let y; = U, define the spectral embedding.
5: Compute the label Z by running K-means on {y;}?, using k as the number of
clusters and Z; _is label of y; as obtained by the K-means.

arg max \jx1 — A;, one can argue that if there are truly k well-separated clusters,
i=1(1)n—1
Ai's for i < k should all be very small while A, is relatively large (Von Luxburg,

2007)). i.e. one should expect k= arg max Air1 — A;. Thus Agyq — Ay is the first

i=1(1)k
prominent eigen-gap under the k clusters assumption. However, that alone cannot be

used to determine correct k£ and in practice we at-least need k= arg mazr A1 —N;
i=1(1)k+m

for some m independent of k to correctly determine k.

We provide the formal spectral clustering (SC) algorithm using L and Ly, (SC
with L,,, is similar to SC with Ly, thus we shall only discuss SC with L and Ly,
here) with the eigen-gap heuristic below (algorithm 1 and 2 respectively). Both al-
gorithms have their own graph cut (for example, SC with L and L, are relaxation
of the NP-hard problems of minimizing ratio cut and normalized cut of a graph re-
spectively), random walk, perturbation theory point of view. We recommend readers
Von Luxburg (2007) for a comprehensive review on these perspectives. General con-
sensus is that Ly, is better candidate than L for SC purpose (Von Luxburg et al.|
2008)).
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Algorithm 2 SC with Ly,. L, is similar

Input: W € R™*", the adjacency matrix of the data x, = {x1, z2, .., z,}.

Output: Label Z,«; with i-th entry being the cluster label of i-th data.

1: Compute the normalized Laplacian Ly, = I — D :WD" 3

2: Compute the eigen decomposition {(¢x, A\x)}7_;, sorted so that 0 = A\ < Ay < .. <
An-

3: Estimate the number of clusters k as k = arg max Niy1 — N Let Upxp = (¢1 ¢
i=1(1)n—1

G2 ¢k)~

4: For 1 <1< mn,let y; = ﬁ define the normalized spectral embedding.

5: Compute the label Z by running K-means on {y;}?, using k as the number of
clusters and Z; _is label of y; as obtained by the K-means.

5.4 Different data generating models

Objective of this section is to introduce data generating models (in order of increasing
complexity) we shall consider throughout this chapter and the potential challenges of
clustering data x, generated from them. We shall primarily focus on density based
clustering methods i.e. clustering methods which, partially or entirely, consider the
underlying density of the data while trying to cluster it and clusters are loosely based
on the criterion of being in “high density region” of the data. Throughout this section
we shall use pp(.) to denote D dimensional Lebesgue measure and reserve D and d

for ambient and intrinsic dimension respectively (d < D).

5.4.1 A density f supported in M C RP where pp(M) >0

This is the simplest and most common data generating model for density based clus-
tering algorithms. Some assumptions about M and f mostly seen in the literature
are

Al: M is connected, compact and smooth i.e. having a D — 1 dimensional
boundary.

We assume f to be nicely behaved i.e.
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A2: [ f =0 forany L C M so that up(L) = 0. This in particular ensures that
f has no lower dimensional structure.

A3: f is Morse-Smale. This allows us to split M (except for a lower dimensional
set) into finite number of “basin of attractions” A;, As,..Ax which are candidate
clusters for mode based clustering algorithms such as mean-shift, quick shift and
variants of it as discussed in |Chen et al.| (2016)); Cheng| (1995)) etc.

In this scenario, clusters are loosely defined as connected components of a suitably

chosen A super-level set of f defined as
My ={x e M: f(x) > A}, (5.1)

or basin of attractions as introduced later.

This approach of clustering is used in DBSCAN (Schubert et al., [2017)), cluster tree
(Chaudhuri and Dasguptal, 2010)), most mode based clustering algorithms such as
mean shift, quick shift or persistence based clustering (Chazal et al., 2013; |Genovese
et al., |2016)). The primary challenges (depending on the algorithm) include choosing
a suitable scaling parameter (bandwidth in case of kernel based estimator, k in case
of k-NN based estimator or € in DBSCAN) to estimate f which preserves it’s cluster
structure, choosing appropriate level A of the super level set, curse of dimensionality
and computational complexity (of estimating f, Vf or “prominence” of basin of

attractions).

5.4.2 Manifold hypothesis

We are increasingly confronted with very high dimensional data in speech signals,
images, gene expression, and other sources. Most of those data are supported on a d
dimensional Riemannian manifold in R” with d << D. In literature this is known as

manifold hypothesis (MH) (Narayanan and Mitter, [2010). We assume
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Al: M C RP is connected, compact and smooth i.e. having a d — 1 dimensional
boundary with pq(M) > 0.

A2: | ; f =0 forany L C M so that py(L) = 0. This in particular ensures that
f has no lower dimensional structure.

A3: f is Morse-Smale. This allows us to split M (except for a lower dimensional
set) into finite number of “basin of attractions” Ay, As, .. Ak.

In addition to the challenges mentioned in the previous sub-section we additionally
have the challenge to estimate the geometry information present in M from the data
Xn in order to cluster meaningfully. Thus problem of clustering and manifold learning
becomes intertwined. Typically clustering is done by performing standard non-linear
dimension reduction techniques such as ISOMAP (Tenenbaum et al.| 2000), Laplacian
eigenmaps (LE) (Belkin and Niyogi, 2003)), locally linear embedding (LLE) (Saul and
Roweis, 2003)) Hessian LLE (HLLE) (Donoho and Grimes, 2003)) on the original data
followed by doing SC or density based clustering on the transformed data (Goh and
Vidal, 2008).

5.4.3 MH with noise

The data generating model is
flx)=al(x e My)fi(x)+ (1 —a)l(x € M\ M) fn(z)

for 0 < a <1, fi and fy being densities in M; and M \ M; respectively.

We generalize the model in the previous sub-section by adding a D dimensional
“noise cloud” around M, a d dimensional Riemannian manifold with the usual as-
sumptions about M; and f; as introduced in the previous sub-section. The added
challenge is to de-noise the data first (effectively labeling all data in M \ M; as
“noise”) appropriately followed by clustering procedure. The de-noising procedure is

typically carried out by labeling those data-points are "noise” whose distance from
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it’s k-nearest neighbor is above certain threshold for suitably chosen k. The chal-
lenges associated with the de-noising procedure is to correctly choose k& and de-noise

the points in M \ M; accurately.

5.4.4 MH with multiple manifolds + noise: LDLN model

LDLN (low dimensional large noise) model (Arias-Castro, 2011; Little et al., [2017)
further generalizes the model in previous sub-section by considering multiple disjoint

manifolds with different dimensions. Formally the data generating model is

k k

flx) = ail(z e M) fiw)+ (1= a)l(we M\ (UL M) fn(z) (52)

i=1 i=1
such that a; > 0, Zle a; < 1, f; and fy are densities supported on M; and
M\ (UF_, M;) respectively Vi = 1(1)k. We further assume dim(M;) = d; < D and
Tgézjn disty(M;, M;) = § > 0. The clustering procedure at stage 1 should be able to de-
noise the data first and identify M, .., M. At stage 2, we can further refine clustering
procedure by clustering within individual M;’s based on geometry of M, and density

fi as discussed in the previous sub-section.

5.4.5 Multi-Manifold Clustering

Multi-manifold clustering (MMC) (Wang et al., [2010; Arias-Castro et al., 2017; Trillos
et al) 2021) further generalizes LDLN by removing the assumption that manifolds
need to be disjoint or not self-intersecting. Thus 2 manifolds can intersect transversely
and when they do we need to recognize it. This is typically carried out by local PCA
Arias-Castro et al.| (2017) or by estimating local tangent space for all data points/ data
points in a small neighborhood [Trillos et al.| (2021); Wang et al.| (2010)), essentially

detecting sharp change of curvature as a hint for intersection of manifolds.
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5.5 Some prerequisites

In this section we briefly introduce some important concepts such as the notions
of ridge, level-set clustering, mode based clustering, Morse-Smale function and 0-
dimensional persistence homology (prominence based clustering) associated with it.

These concepts will be used in future sections.

5.5.1 Ridge

Ridge generalize the notion of a local maxima (which are 0-dimensional ridges in our
formulation) of f. Formally, following Genovese et al.| (2014)); Wasserman (2018) a
d-dimensional rigde in a D dimensional ambient space is a distribution W, defined

by

Wy =W, (5.3)

where W is a distribution supported on M; C RP”, a d-dimensional Riemannian
manifold and ®, is a noise-distribution (i.e. E[®,] = 0) on R” parametrized by
o > 0 and * denote the convolution operator. A typical choice for ®, is Np(0, o?1).

In the context of manifold hypothesis, thus ridges can be viewed either as lower

dimensional clusters or lower dimensional systematic noise depending on context.

5.5.2 Level set clustering

Following |Hartigan (1981)), given data x,, in level set clustering paradigm the clusters
are defined as the data residing in the connected components of super level-set M,
for some fixed A € (fy, f°) and data in M \ M, is defined as "noise”. Once a suitable

A is chosen, clusters and noise are estimated via a consistent density estimator such
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as kernel density estimator or k-NN density estimator (for example, it is sufficient to
choose k = O(logn)). See Maier et al.| (2009)); Chaudhuri et al. (2014)); |Zhao and Lai
(2020)) for consistency results on k-NN density estimator, for instance, and algorithms
for level set clustering.

The main challenge in level set clustering is to choose an appropriate value of .
Two methods for choosing A is popular. One possibility is to choose A to cover some
prescribed fraction 1— 3 of the total mass; thus we choose X to satisfy || My f=1-p(a
typical choice would be § = .05). Another idea is to consider connected components
of super-level set at all levels A € (fo, f°). This leads us to the idea of cluster trees
as developed in |(Chaudhuri and Dasguptal (2010).

5.5.3 Mode based clustering: Morse Smale functions

An alternative but related idea is the mode based clustering and to view clusters as
basin of attractions.

For any x € R we let g(x) == Vf(z) and H(x) denote the gradient vector and
Hessian matrix of f at x respectively. Following Chen et al. (2016]) we define f to be
Morse if for any of it’s finitely many critical points i.e. any z¢ satisfying g(z¢) = 0
of f, we have H(z¢) non-singular. In this case, ¢ is a local maxima if and only if
g(x¢) = 0 and A;(z°) < 0 where A\;(x) denote the largest eigenvalue of H(x).

An integral line/flow-line X\ : R — RP is a curve with ©(s) = Vf(A(s)).
We define s(\) = sl_z;T_noo)\(s) and d(\) = !ﬁg)\(s) as source and destination of
the integral line respectively. Source and destinations are both, by definition, critical
points of f. Define the ascending manifold A(x) and descending manifold

D(z) corresponding to a critical point x of f as

A(z) ={X:s(\) ==z} (5.4)
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D(x) ={X:d(\) =z} (5.5)

A Morse function f is Morse-Smale if the ascending and descending manifolds
intersect transversely only.

In most mode-seeking algorithms such as mean shift and variants of it, clusters
are defined by set of all D dimensional descending manifolds, which are also known

as basin of attractions in literature. I.e. we have the following decomposition
RP =UK A UL

where A;,.., Ax are basin of attractions (candidate clusters) corresponding to K
maximas of f, say mq, .., mg, and L consists of union of lower dimensional descending
manifolds and forms the boundary of Ay, .., Ag.

However, it is well known that basin of attractions can be arbitrarily small in
Lebesgue measure, very complicated in shape and notoriously unstable under small
perturbation of f. See for example Chazal et al. (2013). All of these can cause a
basin of attraction to remain undetected in finite sample.

Therefore to cluster meaningfully, a notion of cluster salience need to be addition-
ally developed in order to distinguish a stable basin of attraction from an unstable
basin of attraction which is discussed in the next sub-section.

Another issue with mode based clustering is that it is impossible to distinguish
between background noise and periphery of basin of attractions since both are charac-
terized by arbitrarily low density regions. Thus, in most mode seeking algorithms one

only considers the basin of attractions restricted to some super-level set as clusters.
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5.5.4 Persistent homology: prominence based clustering

Persistent homology is one of the key concepts in topological data analysis (TDA)
literature. Following Chazal et al. (2013); Genovese et al.| (2016]), in context of mode
based clustering, we start with the super level set M) as described in equation
and we let A decrease from f° to f;. We can think of A as "time” but, in this case,
time runs backwards since it starts at f° and decrease to fo. Formally {M)}re (s, r0)
is called super-level sets filtration of f. For any \ € (fo, f°) and z € M, let
C(z,\) € M) denote the connected component of M, that contains x. Morse theory
tells us that when a maxima m, of f enters the super level-sets filtration, at time
A = b(m,), a new path-connected component C(m,, \) appears in the superlevel-set
M,.

Formally, in homological terms, the peak m,, is called the generator of the compo-
nent born at time b(m,,). C(m,, \) ceases to be an independent connected component
in M) when it gets connected to another component generated by a higher peak m,.
At that particular time A = d(m,), we say that the component C(m,, \) gets merged
into C'(mg, A). While m, remains the generator of the component C(m,, \), m, ceases
to be a generator, and we call m, its parent, noted m, = r(m,). The lifespan of m,
as a generator is encoded in a persistence diagram by the point p of coordinates
p. = b(m,,) and p, = d(m,) < p,. The difference d, = p, — p, > 0 between birth and
death times is called the prominence of the peak m,. Thus given a thresholding
parameter 7 > 0, we restrict our focus only to the peaks m, of f of prominence at
least 7 and form clusters by merging basins of attractions of peaks having prominence
< 7 into the basin of attractions of their roots which have prominence > 7. For more
details on theory as well as implementation on real data-sets, interested readers are
referred to (Chazal et al.| (2013); Gerber et al.| (2013); |Genovese et al.| (2016]).

The following corollary relates prominence of local maximas with the bottleneck

values between maximas as introduced in chapter 3 and 4.
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Corollary 5.1
Let f be Morse-Smale with K local maximas m; > mg > .. > my (we can always
perturb f by an arbitrarily small amount to make sure the strict inequality holds).

Then prominence of m; is given by

00 1=1
Prominence(m;) =
f(m;) — max Bottleneck (m;,m;) 1 >1
j>i U
Proof 5.2
Follows immediately from the definition of bottleneck value and prominence. 0

5.6 Continent Problem

Throughout this section we shall assume the data generating model same as discussed
in sub-section 5.4.1, D known and use the similarity measure s(., .) in the SC algorithm

as

(2-)B LLPD(z,y, xn)?

logn

s(x,y) = exp (— = (5.6)

for some 0 = O(1) > 0.

We additionally assume that

A4: Level setsof f, Sy = {z € M : f(x) = A} are finite union of D—1 dimensional
Riemannian manifolds for any A\ € (fo, f°).

Recall that we made the same assumption while proving LLPD’s convergence limit

in chapter 3.
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5.6.1 e-stable clusters

As discussed in the level set clustering sub-section of the previous section, given data
X» While it is possible to estimate the connected components of super-level set M) for
a fixed level A or the entire cluster tree consistently (see algorithm 1, 2 and theorem
3.3, 3.4 in |Chaudhuri et al.| (2014)) without calculating LLPDs, the main challenge is
to choose an appropriate value or the set of appropriate values of A € (fy, f°). While
cluster tree bypasses this problem by considering all values of A\, and thus producing
a "hierarchical cluster structure”, the problem of choosing appropriate values of A
still remains since not all values of A in this hierarchical cluster structure will result
in stable (i.e. which can be reliably estimated from a finite sample) clusters.

As discussed in persistent homology sub-section of the previous section, promi-
nence of the maximas of the connected components of super-level set at some speci-
fied level provides us a way to tell if the resulting clusters are stable. In particular,
if we decide to cluster at a fixed level b for some b € (fo, f°) and if {C'(m;,b) }ic1a)k
(k := k(b), the number of connected components, depends on b) denote the connected
components of M, corresponding to maximas {mi}izl(l)k of these components then
we need to make sure that none of these components merge sufficiently close to b. I.e.

formally we need to have

maz  Bottleneck (m;, m;) < a (5.7)
i#],6,5€{1,2, .k}

for some a < b with b — a = ¢ > 0 sufficiently large since this will ensure that
prominence of m; > € for i = 1(1)k. Alternatively, in terms of persistence homology
we require that topology of M), should not change in the range [a, b].

When equation is satisfied, we denote the clusters (connected components

of M,) corresponding to level b being "e-stable” for e = b — a.
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Note that this notion of stability of level-set clusters is not new in literature.
As discussed here, this idea is intimately related to the persistent homology of level
set filtration and is already introduced in definition 3.2 of |(Chaudhuri et al. (2014))
as " (o, €)-separability”, albeit in slightly different notation. In fact as discussed in
theorem 3.3 in |Chaudhuri et al.| (2014)), e-stability (for some € > 0) is a fundamental
requirement for consistent estimation of level set clusters. However, one important
distinction from a persistence homology standpoint is € also need to be sufficiently
big in order for clusters to be topologically stable.

We provide 2 examples involving Gaussian mixtures in 1 dimension to illustrate

the notion of e-stability further.

Example 5.1

Consider
f(x) ~ 5Ny (0,1) + 5N (2.1, 1)

It is well known that f(z) ~ .5N;(0,1)+.5N;(a, 1) for a > 0 is bi-modal iff a > 2.
Thus, in this case we have 2 modes m; and my with bottleneck point 1.05. However,
in this case f(mq)/f(ms) is extremely close to f(1.05). Thus, only M, for b < f(1.05)
satisfy the stability criterion as discussed above resulting in 1 cluster.

On the other hand, for

f(mq) or f(mgy) is sufficiently bigger than the bottleneck value between m; and
mg, namely f(1.5). Thus in this case M, corresponding to b € (f(1.5) +¢€, f(m4)) for
some € > 0 (corresponds to 2 clusters) is a valid choice for clustering as well along

with b < f(1.5). 0
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Example 5.2
F() ~ A5N,(0,1) + 1Ny (3.25,1) + 45N, (6.5, 1)
This gaussian mixture has 3 maximas my, ms, mg near 0,3.25,6.5 respectively
with f(my) = f(ms3) =~ .18 and f(ms) =~ .03. Moreover, it turns out that
Bottleneck (my, my)= Bottleneck (mg, m3) := a is very close to f(ms), i.e. f(msg) —
a > 0 is very small. Thus, only M, corresponding to b € (f(mz) + €, f(my)) for
some € > 0 (this lead to to 2 clusters corresponding to m; and mg) and b < a (this

corresponds to 1 cluster) results in stable clusters. UJ

Given this notion of stability of clusters in level-set clustering or cluster-tree lit-
erature, we need to be able to estimate bottleneck values between maxima’s of f
from data x,, consistently. In traditional prominence based clustering methods such
as algorithm 1 of (Chazal et al.| (2013)), this is done by estimating f from data x,
resulting in huge computational complexity. This is exactly where LLPD comes into

picture.

5.6.2 Estimating e-stable clusters by LLPD

Recall, from LLPD’s convergence limit and definition of bottleneck value as intro-
duced in , given b (and under the additional assumption A4) for any x5, € C(m;, b)Nx,
and z; € C(m;,b) N Xy, @ # j we have

(750

logn

o=

VD _1 1
LLPD(xy, x1, Xn) — ( = )) P Bottleneck(m;, m;)" D a.s.

2(D -1

D
= (lorgln%) 1LLPD($i;Ij7Xn)_D — Bottleneck(m;, m;) a.s.

Thus, a single LLPD computation between any 2 data-points belonging to differ-
ent connected components of M, (clusters) provide a consistent estimate of bottleneck
value between those 2 clusters. This, along with proposition (LLPDs can be esti-

mated from O(logn)-NN graphs) results in huge computational efficiency as compared
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Algorithm 3 e-stable b level-set clusters of f
Input: Data x,, b € (fo, f°),e > 0.
Output: Indicator of whether e-stable cluster exists at level b, label Z,, 1 with i-th
entry being the cluster label of i-th data or indicator of noise.
1: Compute r-NN distance o;, from each point ;. Label a point x; as “noise” if
Tip > (bn""/D)%. Let remaining data points be xn with |xn| = N.
2: Form the r-NN graph C, of xn. Le. for i # j, join z;,z; in xn if |z; — 2| <
maz{c;,,0j,}.
3: Obtain the connected components of C,.. Let the connected components be
{A17 . Ak(b)}
4: Pick y; € A; for i = 1(1)k(b). Calculate LLPD(y;,y;, C,) for i # j.
5: Check if mas (=D NLLPD(ys, y, Co) ™2 <b—e€=a.

i#j

logn2(D—1)
6: If no, output: “No e-stable cluster at level b”. If yes, output: Label Zyyiwith the
label of z; € xn as the label of the connected component it is in C,.

to estimating f to obtain the bottleneck values. In particular, in order to verify [(5.7)]
we only need @ LLPD computations from O(logn)-NN graphs.

Below we provide an algorithm (algorithm 3) which produces level set clusters
corresponding to level b € (fo, f°) and then checks if the resulting clusters are e-
stable. This algorithm can be easily generalized (by repeating this algorithm at

different levels) to produces e-stable cluster trees of f.

Now we provide the result related to consistency of algorithm 3.

Lemma 5.1

For any § > 0, 3C(6) > 0 depending on § (C'(6) — oo as § — 0) so that as n — oo
if r = C(6)logn, w.p. at least 1 — ¢ connected components of C, in algorithm
3 correspond to the connected components of M;_,5 where a(d) — 0 as § — 0.

Moreover, if step 5 of algorithm 3 is satisfied, then resulting clusters are e-stable. [

Proof 5.3
Follows from definition of k-NN density estimator (finn(z;) = —-p-), theorem 3.4

D
”VD%k

in |(Chaudhuri et al.| (2014)/ theorem 5 in Zhao and Lai (2020) (in particular, theorem
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Continent Problem description: Density f on a D dimensional Riemannian man-
ifold M.

Input: Sea-level b > 0 for b € (fo, f°) and islands i.e. k connected components
C(mq,b),..,C(my, b) of super-level set M, = {x € M : f(x) > b}, m; being the
maxima of C'(m;,b), f(m;)’s are in | order.

Objective: Obtain < k continents from the islands.

Sample level problem description: Input: Data x,, = {z1, xs,..,2,}.
Output: Label Z,,,; with i-th entry being the continent label of i-th data or indicator
of noise i.e. points which are below b-level.

5 in [Zhao and Lai| (2020) states that with probability at least 1 — §, sup|f(z) —
finn ()] < O(k™ 1\/_ .. in particular for § > 0, we can choosxe c(d) =
O(log?s), a(d) = O(@)) along with discussion in previous sub-subsection (how
LLPDs and bottleneck values are related) and proposition . O

Alternatively, in case we don’t find e-stable cluster at level b, we can merge A; and A,
for any 7 # j as one cluster if %)_1LLPD(%7 y;,Cr)"P > a and consider clus-
ters as the all merged connected components of C,.. This produces clusters which are
analogous to persistence based clusters as discussed in |Chazal et al.| (2013)). However,
choice of € (equivalently a) is subjective and moreover algorithm 3 do not suggest
how to merge the clusters when they are not e-stable. Therefore, we want an algo-
rithm which will reliably produce stable level set clusters or cluster tree without any

additional suggestion of €. As we shall see in this chapter, LLPD (or density sensitive

distance) SC with eigen-gap heuristic achieves that.

5.6.3 Continent problem: formulation

The problem of finding stable level set clusters corresponding to a particular level is
analogous to determining continents from all landmasses/islands on a planet. Thus

we refer to this as the continent problem.
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We discussed about topographic prominence of an island in the previous sub-
section. However, depending on application we might consider other factors as well.

3 factors historically in considerations have been

1. Relative size of C'(m;,b), given by

pi: —bef .

Small sized islands should be part of a bigger continent.

2. Topographic isolation between C(m;, b) and C(m;,b), given by

dist1(C'(m;,b), C(m;, b)) = reCom, ?;zﬁc(m | b)distl (x,y).

2 islands with small topographic isolation should be in the same continent.
3. Topographic prominence of C(m;,b), given by

o0 1=1
Prominence(C(m;, b)) =
fmg) —max fom;, ©=2,3,... k.
7>
where f,, = maz min f(y) is the bottleneck value of z and y.
yvo=rm=y ¢

Islands with small prominence should be part of a bigger continent.

Continent problem naturally arises in many geostatistics, genetics, ecology applica-

tions.

5.7 LLPD SC with L,,,

In this section we derive the theoretical performance guarantee of LLPD SC with

Ly, using the similarity measure as proposed in equation in relation to the
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continent problem.

5.7.1 Assumptions

We list our assumptions here again for the sake of completeness.

A1l: M C RP is connected, compact and smooth i.e. having a D — 1 dimensional
boundary. We shall work with M = RP for sake of simplicity, although our result
applies in the general case.

A2: [, f=0forany L C M so that pp(L) = 0. This in particular ensures that
f has no ridges or lower dimensional structure.

A3: f is Morse-Smale. This allows us to split M (except for a lower dimensional
set) into finite number of “basin of attractions” Ay, As, .. Ak.

A4: Levelsetsof f, Sy ={z € M : f(x) = A} are finite union of D—1 dimensional
Riemannian manifolds for any A\ € (fo, f°).

As discussed in last section, in order to make the notion of well-separated clusters
precise we assume that 3 b € (fo, f°) and k < K ”significant” local maximas of f,
namely mq, ms, ..my, so that m; is the maxima of C(m;, b) where C(m;, b) denote the
connected component of M, containing m; as defined in the previous section. L.e. we

assuime

A5: f(mg) > bVi=1,2,.. k; M, = UF_,C(my,b). (5.8)

FEZD) ottleneck values between these k significant local

We further assume that all 5

maximas are between d and a for some fy < d < a <b. lLe.,

A6:d = min Bottleneck(m;, m;) < mazx Bottleneck(m;, m;) = a < b.

'L#],Z,je{l,Q,,k} 7‘75‘]’27‘76{17277k}

(5.9)
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Rationale behind A5 and A6 has already been discussed in the previous section. In

particular, from A5 and A6 and corollary it follows that
Prominence(m;) > b—a (5.10)

for all i = 1(1)k.

We order mq, ms, .., my in terms of the cluster volume. I.e.
Y S
C(maq,b) C(ma,b) C(my,b)

Next we define some parameters in this context which will be useful in our analysis

2

2(D-1) D
" _ Dabp
a =e€ o2

2
2(D—1)
Dbo ),

b =e o2

2
2(D-1) D
Do

d*=e = o2

V:ﬁ%%ifﬂiﬁiﬁﬁifzh
5:£%mir:£lzjififﬁh
R="C= it , Jownn T <1.
v mas AL e f
A

We formally present the algorithm for LLPD SC with Ly, below (algorithm 4).
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Algorithm 4 Continent problem with LLPD SC using Ly,

Input: Data y,, = {21, 79, .., 2.}, b € (fo, f°).

Output: Label Z,,,; with i-th entry being the cluster label of i-th data or indicator
of noise.

1: Compute r = C'logn-NN graph C, on x,.

2a: Compute r-NN distance o;, from each point z;. Label a point z; as noise if

Tiy > (ﬁ)%. Let the remaining data points be yy with |[xy| = N.
<<ﬁ>%LLPD<wi,wj,cr>>2

2b: Form Wyyn with (W));; =e = for some o > 0.

3: Form the normalized Laplacian Ly, = I — D=:WD™>

4: Compute the eigen decomposition {(dx, Ax) }i,, sorted so that 0 = \; < Ay < .. <

/\N-

5: Estimate the number of clusters k. by eigen-gap statistic k. := argmax \jz1 — A;.

Let Unskr = (1 : ¢ @ .. & g, )-
6: Compute the label Zy; by running K-means on {U; }Y | using k. as the number
of clusters and Z; _is label of U; as obtained by the K-means.

Note that, we are not performing the normalization of spectral embedding step (step
4 of algorithm 2) since it is not required to obtain a better performance of LLPD SC
(as noted in |Little et al.| (2017) as well).

Also, this algorithm (algorithm 4) can be run at different levels to obtain stable

cluster trees of f.

5.7.2 Main result: equivalence with prominence based clus-
tering

Our main result on LLPD SC with Ly, in context of continent problem is loosely

the following:

Theorem 5.1
If b — a is sufficiently large (i.e. all islands are prominent) and a — d is sufficiently
small (i.e. bottleneck values between islands are of the same order), then Ay — g

is indeed the largest eigen-gap of Ly, (i.e. k. = k) and algorithm 4 achieves near
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100% accuracy in clustering {C(m;,b)}¥_, when we choose r > Clogn for some
sufficiently large C' > 0. In this case, islands becomes continents and no merging
occurs. Otherwise k. < k i.e. merging of some islands occurs. Almost surely, k. > k

never occurs. O

Thus, LLPD SC with Ly, is very similar to prominence based clustering without

it’s computational burden.

Remark 5.3

Let {Ay, .., A} denote the connected components of xy in C,. From theorem 5 in
Zhao and Lai| (2020) (or theorem 3.4 in |Chaudhuri et al.| (2014)) it follows that w.p.
at least 1 — 0, as n — oo these k, connected components correspond to the connected
components of Mb_o(@) if r = O(logQ%) logn. Therefore from A6 it follows that
with very high probability, k. = k for sufficiently large C' and n. We assume this
set-up for our analysis on the performance of SC. Thus in this case we have (after a

possible re-labeling of A;’s), N ~n [, f and |4;] ~ nfc(mi p [ fori=1(1)k. O

5.7.3 Derivation of main result

Recall from LLPD’s convergence limit result in chapter 3 that under the assumption

A4

logn 2(D — 1)
’I’LVD Df:c,y

=l

LLPD(z,y, xn) — (

)Da.s. (5.11)

where f,, = maxmtz'n f(v) , v is any piece-wise continuous curve with v(0) = x
!

and v(1) = y.

As a consequence of this and our assumptions we have

Proposition 5.2

Asn — 0o, C' = oo, for z;,x; € xy we have a.s.
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1
2(D—1) D :
v, (0, ] if x; and z; are from same c.c.
(ln D)% LLPD(JZ’Z',.’L'J‘,CT) € Dbi 1 ’
ogn (2(?);1) v 2(1;;1) P] if 2; and x; are from diff. c.c.
where c.c. denotes connected components of C,. ([l

Proof 5.4

If z; and z; are in the same connected component of C, (i.e. in the same connected
component of M, for sufficiently large C' and n) then for any piecewise continuous
path v joining z; x; and staying in the common connected component that both
x; and x; are a part of, f(y) > bVt € [0,1] by A5. Thus for sufficiently large
n, LLPD(z;,z;,C,) < (%@)%b_ﬁ For the lower bound, if x; and z; are
nearest neighbor (then of course direct edge joining z; and z; will be the LLPD
between them) then |z;—z;| = O,(n~ D), thus in that case (%)%LLPD(%, z;,C,) =
Op(logn_%) — 0 as n — oo.

On the other hand, if x; and z; are in different connected components of C, (i.e.
in different connected components of M, say x; € C(my,b) and x; € C(my, b)), then
any LLPD path joining x; and x; have to pass through a bottleneck point having
the bottleneck value Bottleneck (my, m;). Thus, by A6 we have (io‘g/g %)%a‘% <

LLPD(z;,xj, Xn) < (ff—%%)%d*% when C' and n are sufficiently large. O

Therefore, from our choice of similarity measure as in equation |(5.6)] we have as

n — 00, a.s.

[b*,1)  If z; and x; are from same connected component of C,

[d*,a*) If z; and x; are from different connected component of C,

(5.12)
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Note that we have the following series of inequalities
0<d" <a" <l <1 (5.13)

Note that, is similar to the structure of W which has been analyzed in |Little
et al.| (2017))’s section 5.1 "Ultrametric Cluster Model’. Our analysis of SC, in this sec-
tion as well as in this chapter in-general, will follow some of the techniques developed
by them in order to derive theoretical performance guarantee.

Here we state our main result for LLPD SC with L, formally

Theorem 5.2
Asn — o0, C'— 0o, w.p. > 1—0(logn™?) — 1 for any B < e(Dz_l)’

1) A\k41 — Ag is the largest gap (i.e. k. = k) in the eigenvalues of L, provided

— 3P, +1
P=9) o3 ypy (5.14)
ol 2
where p == %+(1b:1) — and ¢ = m and P, is defined in equation |(5.17)|
Moreover if
i)
C
/{:373 > P (5.15)

where C'is an absolute constant, then algorithm 4 perfectly recovers cluster labels on

xn~ as the connected components of M,. O

Proof 5.5
In the remaining of this section, we shall ignore the r-NN graph C, construction
and work with LLPD(x,y, x,) instead in order to derive the theoretical performance

guarantee. Recall that from proposition we know w.p. — 1 LLPD(x,y,C,) =
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LLPD(x,y, xn) for r = Clogn for sufficiently large C' > 0, thus this won’t affect our
result in anyway.
We start by decomposing Wxwny = U +V where U == E[W] and V .= W — U and

focus on V first.

Lemma 5.2

As n — oo we have P(|maz((V));;| > €) < A'n=5¢ for some A > 0 and any B <
Z?]

e(D-1)
-

loglogn
logn

In particular, w.p. > 1 — O(logn™5), |maz((V));] < — 0. O
ij

Proof 5.6

W.l.g. we can focus on only those data points z;, x; in xn so that |x; — z;| = O(1)

{(.5):|zi—z; | <O(1)}]
N

since contribution of other data points are negligible (i.e. — 0) in
W as n — oo.

We know from LLPD’s convergence result in chapter 3 that when |z —y| = O(1),

LLPD(z,y, Xn)

logn 2(D—1)\ L
O ke

— 1] > €) < Ap~ P~ Ynepq n'o (5.16)

P(sup|
x?y

for some A > 0 and any n < 1.

Let g(z) = e o* for z € R. Then from |(5.16)| it follows,
2(D-1)

nVD

P(swgyzol(logn)éLLPD(x,y, Xn) — (mm > ¢)
< An TP 0Dy B3
= B(sula((o 2V LLP (.5 x) ~a(* 5 1B > elg (A 18]
< A B B0ty -
where |¢'(2)] = %e—j—i.
= P(quﬂg((?;g/z)éLLPD(x,y,xn)) B PR

D fwi,xj
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2(D-1),3
e b
_ 1 2 _Zlry
~(FE ) POt — e o
! ’ pIELC Ay —1
An D fayy logn D
2(D-1),2
[ 1D
SRRECEIS P N CEI D
=An "Ply 2 logn™D
: b : - : 2(D—1)\_2
Now since h(z) = ze=1(z > 0) has a unique minima at z = b with » = (Z7—)7p
z,y

and b = %, we conclude that (z) > h(Z). Thus conclusion follows from observing

[2(D—1)]%
, 7(2(D—1))7%ﬁ Ajzyi(l)fl) D—1 _1
An " Ploy z¢ Tlogn o < An~ 2P~ U logn 5 < A'n~Be
for any B < §(D —1). O

Proposition 5.3
As n — oo, largest eigen-gap of Ly, is determined by largest eigen-gap of I —

D=2UD>. .
Proof 5.7
Given our definition of U and V' we have
W=U+V
Thus,
Luym=1-D3WD%=]-D3UD% - D VD3

We are interested in the spectral perturbation P, in the eigenvalues of
I — D~ 2UD2 due to the matrix D=2V D~2. Clearly Py is bounded by

[V ][mas

1DV ™3l S NID™3V D lnew < Ny

||V||ma$ < HVHmaaﬁ
— x1 x(1 1 — * :
NI +a(1-1)) d
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Thus, from lemma [5.2]it follows that w.p. > 1 —O((logn)~#) — 1, P, is bounded
by O(%) — 0 as n — oo. Thus, largest eigen-gap of Ly, is determined by the
eigen-gaps of [ — D=2UD" % and the perturbation due to D :VD 2 goes to 0 as

n — o0. O

Hence, for the largest eigen-gap analysis, it is sufficient to work with I — D~:U D_%,
or equivalently with D :UD"s.

W.lg. we assume that yy is permuted so that xy = {Ai,.., Ax} with |A;| >
|As].. > |Ag|. Then U have the following structure as specified by

1,2 1,k
UAl,Al UAl,AQ N UA1,Ak UA1,A1 ucJ R urJ
2,1 2,k
UA2’A1 UA2,A2 R UAQ,Ak ustJ UAQ,A2 .. us"J
U = - 9
k,1 k,2
UAk,A1 UAk,Ag .. UAk,Ak utJ u=J .. UAk,Ak

where Uy, 4, is a |A4;] x [A;] matrix for 4, j = 1(1)k with

2
2(D-1) D
D Bottleneck(mi,mj) Vp

U — e =

and .J is matrix of 1’s. Note that by A6 we have 0 < d* < u®’ < a* for i # j,
Note that D=2U D~z can be written as

B 1 1 1 1 1 17

—3 —3 —3 —3 —3 —3

DA1 UA1,A1DA1 DA1 UAlyAQDAQ S DA1 UAl,AkDAk

1 1 1 1 1 1

—32 —32 —32 —32 —32 —32

DA2 UA2,A1 DA1 DAQ UA27A2DB2 s DA2 UAQ,AQDAk

1
D 2UD 2z =

_1 _1 _1 _1 _1 _1

2 2 2 2 2 2
_DAk UAwh DA1 DAk UAk7A2DA2 - DAk UAImAkDAk ]

Proposition 5.4

In this notation, we have
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b* 1
FHIN=F)a*’ ZorH(N—)d*

) ) ) if x,,, and z,, are from same c.c.

(D72UD™2)) €
dr a*

FHIN=F)a*? TorH(N—T)d*

) if z,,, and z,, are from diff. c.c.

where c.c. denotes connected components of C,. 0

Proof 5.8
Recall that

N

= — >k
7T A T
and
N
= ) < k.
fri= min 4y <

From equation |(5.12)] it follows that for any data point in A; it’s degree is within
[|A;|b* + (N — |Ai])d*, |Ail + (N — |A;])a*]. Thus, for any x,, € A;, , € A; and
i = 1(1)k we have

b* 1 1
< (DUD ),
A+ v = ape =\ )

1
Ao+ (N — [A]d

_1 _1

Furthermore, for all ¢ = 1(1)k we have
b* < b*

w2

and

1 1
< :
|[Ailbs + (N = [Ag])d* = Zb + (N — T)d~

Thus, for any i = 1(1)k and m # n

1
N s — Ny
Npr 4+ (N = X)d

- < (D72UD™2))un <
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Similarly, for any z,, € A; and z,, € A; , i # j we have
d*
VAL + (N = [ADa) (4,1 + (N — [A;])a”) —

*

< a
VIAD + (N = [Ai])d*) (|46 + (N = [4;])d")

and for any i # 7 we have

d* d*
TV - S AT N A (AT (VAN

w2

and

a* a*
< .
VA + (N = [ADd)(JA;]b* + (N = [A;)d=) — b + (N — Z)a*

Thus, for any z,,, € A; and z,, € A; , i # j we have

d* 1 1 a*
< (D 2UD 2))pn < .

Now we consider the following decomposition of D :UD":.

- ) _
-3 -3
DA1 UAl,AlDAl DA1 UAl A2DA2 S DA UAl AkDAk
1 1
-1 1 1
DA2 UAZ,AI DAl DA2 UA? AQDBQ T D UAQ A2D
1 1
D 2UD 2 =
1 1 1 1 1 1
2 2 2 2 2 2
| DalUnaiDal DylUnan Dy oo Dy lUsa Dyl
[ Jayxla o)Ay x|a T ——Jja A-
Tr(N-H)ar [A1[x]A1] Tyt (N-)dx [A1|x]Az] Ty f(N— D) [Ar]x[Ag]|
T T el e Azl el Eeeuwy s eyrl PPN
N px _ Nygx 2| X]A1 N _ Ny 2| X A2 © N« _ Nyg* 2| XAk
| =T T (N-X)a Ny (N— X )d

*

a7 a7 b7
_%b*-ﬁ-(N—%)d* [Ag|x]A1] %b*+(N—%)d* |[Ag|x|A2] - - %+(N—%)a* |Ak|X‘A’f|_
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= Bnxn

and consider the spectral perturbation of I — B due to P; and eigen-gaps of I — B,
which is our idealized Lgyy,.
Recall the definition of cluster balance parameter,

min |A;
R=2_ i:l(l)k' | fC(mk,b) f

v ig%:)vklAA Jowmw I

Clearly 0 < R < 1. R ~ 1 when all k clusters (connected components of M;) have
similar D dimensional Lebesgue measure.
and cluster similarity parameter

b* — d*
1—a*’

Q=

Clearly 0 < Q < . Q ~ 1if 1 —b* and a* — d* are small relative to 1 — a*.

l—a*

Then we have

Proposition 5.5

(a* — d*b*) + %3(1 —a*)mazx{a* — d*QR,1 — b*QR}
RQ (] =

(1 —a) +d) (51— a*) + a”) b (5.17)

1>

In particular, P; is small when () ~ 1 and R ~ 1, i.e. when all k& clusters

(connected components of M,) have similar D dimensional Lebesgue measure and

1 —b* and a* — d* are small relative to 1 — a*. O
Proof 5.9
From proposition [5.4, P, is bounded by

1 b* a* d*

N max{ - : - }
Mot (N =J)ar B+ (N =5’ S+ (N = D)a - 5+ (N - 5)ar
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Now,

1 b*
174 1\ 7%
Lo+ (1—1)d

5= par b+ (- D)
(%b* + (1 - %)d*)(% + (1 — %)&*)

(" =bd") + $(1 —a*) — B2b"(1 — a")
(RT?(l —a*)+ d*)(%(l —a*) + a*)

(a* = b*d*) + £(1 — a”)(1 = b*QR)

(
(B2(1 = a*) + d*)(3(1 — a*) + a*)

Similarly,

Ja*

|
S
*
_|_
—~
[a—y
|
=
SN—
S
*
=
+
—~
[S—y
|
=

+ (1= 5)a") = d&* (G + (1 = 2)d")
(—Q< —a*) +d*)(5(1 - a*) +a)

_ (@ —d*?) + (1 — a*)(a* — d*QR)
- (RTQ(l —a*) +d*)(5(1 - a*) +a¥)

Conclusion follows by noting
*2 d*2 = q* — b*d* — (1 —CL*)<CL* _d*Q) S at — b*d*

In particular, it is easy to see that P; can be made arbitrarily small by choosing

a* —d*, 1 —b*and 1 — R arbitrarily small. 0

Now we derive the eigenvalues and eigenvectors for our idealized Laplacian I — B.
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Lemma 5.3

Let
pjol X 01 qul X 02 . . q‘]01 XOg
qJ02><01 pJ02><02 . . qJOQXOk
CVN><N =
_qukXol qJOkXOQ . . pJOkXOk_

- qJNxN + (p - Q) BIOdelag <J01><017 J02><027 cey Jokxok) - Bl + BQ

for p>qgand N = Zle 0;. Also 01 > 0y > .. > 0.

Suppose eigenvalues of I — C are \; < Ag.. < A\y. Then we have

/

1—=(Ng+oi(p—¢q)) i=1

Nl =C)=141—0i(p—q) i=2(1)k

1 i=k+1(1)N .

\

Proof 5.10
By has leading eigenvalue Ng with corresponding eigenvector o \/Lﬁl ~Nx1 and remain-
ing N — 1 eigenvalues are 0 with corresponding eigenvectors L 1. Similarly, By
has top k eigenvalues as 0;(p — ¢) with the requirements for the corresponding eigen-
vectors to be o 1 on the i-th block respectively, and o; — 1 eigenvalues as 0 with
the requirements for the corresponding eigenvectors to be L 1 on the i-th block for
i=1(1)k.

Let eigenvalues of C' be k1 > ko.. > Ky and corresponding eigenvectors are ¢; =

\/LﬁlNX17 ¢2; cey ¢N
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We claim that

(

Ng+op—q) i=1
ki =94 0i(p—q) i=2(1)k

0 i=k+1(1)N

\

149

This means eigenvalues of C' are just sum of eigenvalues of B and B,. But for that

we need to be able to choose ¢; to be L 1y as well as (w.l.g.) constant on i-th block

for 1 = 2(1)k and ¢; to be L 1y and also L on 2nd block for i = k+ 1(1)k + 01 — 1,

1 on the 3rd block for i = k+ 01(1)k + 01 + 05 — 2 and so on. Thus in-particular ¢;’s

can be chosen like this for ¢ = 1(1)V:

1
¢1 = \/—1N><1
N
P2 = B — (Lixoy gy gy ¢ — e 1, )"
- Xo1 * k Xog k Xog * k X0
o1 Zizl o Zj:Q 0j Zj:Q 0j Zj:Q 0j
j=20j
1 09 09 09 T
¢3 = - (01><01 : 1l><02 - k 11><03 T k 11><04 el T k 11><0k)
=397
1 03 03 T
¢4 = e (leol : 0105 * Lixos : < Tixoy oot — % 11><ok)
03 Zizs % Zj:4 0j 23:4 0j
Zj—40j
1 Ok—1
. . .. . - T
¢k - (01><01 . 01><02 . 01><03 c e ]‘1><0k—1 R 11><0;€)
0 Ok—110k Ok
k— o

and

®i = (Citxoy * O1x0p  O1x0g @ -- leok)T fori=k+1(1)k4+o0, —1
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where ¢;’s are o; — 1 orthonormal contrasts in 0; dimension.
i = (01x0y * Citxop © Cilxog @ - : OIXOk)T fori=k+o1(1)k+ 01+ 0y —2

where ¢;’s are 0y — 1 orthonormal contrasts in oy dimension and so on..

k-1
i = (01x0; : O1x0p : O1x0g : - : Cumk)T for i = Zoj + 1(1)N

j=1
where ¢;’s are o, — 1 orthonormal contrasts in o dimension. It is easy to verify that
¢i’s are all orthonormal vectors for ¢ = 1(1)V.

Conclusion follows after noticing if eigenvalues of I — C are A\; < Ag.. < Ay, then

we have \; = 1 — k; for i = 1(1) N and eigenvector corresponding to A; is ¢;. O

Corollary 5.2
Suppose eigenvalues of the idealized Laplacian I — B are \; < Ay.. < Ay with corre-

sponding eigenvectors ¢; for i = 1(1)N. Then we have

(

1—(¢g+mp—q) i=1

Ai(l — B) = 1 —pi(p—q) i=2(1)k
| i=k+1(1)N
\
with p= —2+— and ¢ = —< 1Al = Jogmen ! . p; for i = 1(1)k, with

5H(1—5)a* Sb(l-3)d N Jug,

the understanding that p > ¢ (this happens when b* — a* is sufficiently large, a* — d*
is sufficiently small and R is not too small from 1). Note that we have p; > ps.. > py,

P = % and pj, = - Zle p; = 1. Additionally, ¢;’s are same as given by lemma

;7

Proof 5.11
Follows immediately from lemma |5.3| U
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Lemma 5.4

If (pv;q) > max{?)P?T“, 4P}, then indeed A\ is the largest eigen-gap of Lgyn,. 0

Proof 5.12
Since |Ai(Loym) — Mi(I — B)| < ||[B — D~ 2UD" 2|y < Py and Ly, is positive semi-
definite, by Hoffman-Wielandt theorem,

(

0 1=1
Ai(Lsym) € [0V 1 —pilp—q) — Pi,1 —pi(p—q) + P1] i =2(1)k

[1— P, 1+ Py i=k+1(1)N
\

Thus, for i = 1(1)k — 1

Ni(Lgym) <1 =pip1ilp—q) + PL<1—pp(p—q) + P
for i =k,

=pe(p—q) — 2P
and for 7 > k,
Ai(Lsym) < 2Py
Thus A is the largest eigen-gap of Ly, if

l—pelp—q)+ P <prlp—q) — 2P,

3P +1
2

= pe(p —q) >
and

2P, < pr(p—q) — 2P
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ie.
= pr(p —q) > 4P

Hence, the condition for Ay being the largest eigen-gap of Ly, reduces to

— 3P +1
w 5 2 > max{ 12+ , 4P} 0

Proposition 5.6
If1-R>0,1—-b">0and a* — d* > 0 are all sufficiently small with 1 — a* being

sufficiently away from 0, then our eigen-gap condition holds. O

Proof 5.13

Clearly, from equation|(5.17)|it follows that P, — 0 as maxz{l—R,1—b*,a*—d*} — 0.

Then additionally suppose a* < % Then by recalling p = Lr(le)a and ¢ =
B B
—2% +— we have,
S (1—2)d*
p—q _ 1—a* 1—a* k 1
~1 — 1y o« > 1 e 25
Y (1 —1)a 1I+)0—a) k+172
Thus, indeed dR, a*, b*, d* so that
— 3P +1
Q > max{ 1; AP} -

This concludes the proof of the part i of theorem

For part ii, we proceed similarly as in |Little et al. (2017)).

Let columns of ¢nyxr = (¢1, .., ¢x) are first k eigen-vectors of B and columns of
éka are first k eigen-vectors of D WD 2 =1 — Lgym.

We define coherence of ¢ by

k
N
coh(¢) = P o
i 2
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Proposition 5.7
coh(¢) < . O

Proof 5.14
Recall that p; = lAT” with Zlepi =1 and p% = [ and pik =.
Note that if 7 is in 1st cluster, then

If 7 is in 2nd cluster, then

B

ﬁquz N(l D1 i Zf:spi
k j=1 N kN sz 2 Di NP2Z§:2P1‘

1 KD 3

k Zf=2 bi P2 Zf:z Di

If 7 is in 3rd cluster, then

k k
N M D2 Zi:4 Di
M Z k N + k k + )
=1 N(Zz 2 Di) N(Zi:2 pi)(zz':g pi)  Nps Zizs Di
1 Mo 4
:E(1+ 51 b — b2 - + Zz:,fp )§E7§7
(Qiapi)  (Qoimapi)(Qoiigpi)  P3 D igpi
and so on..

Finally if 4 is in k-th cluster, then

b1 D2 DPr—1
m Z ij = + k K +ot k

N(Zz o0i)  NQZi_api)(Ximspi) N iy 1 Pi) pk)

(v + ..k times + v) = v

PT‘lH

< 1 and < 1l =

Jp’ J+1

Since
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In general, when ¢ is in j th cluster, inside parentheses there will be maz{j+1, k}

terms all of which are bounded by ~. So

k
N
coh(9) = - maz_ > o5 <
i=1

Proposition 5(8

When equation |[(5.15)[ holds, then indeed algorithm 4 perfectly recovers cluster labels

on xn as the connected components of M,. 0

Proof 5.15
We apply Theorem 2 from |[Fan et al.| (2018) to conclude that 3 a rotation R such that

k3coh?(9) (1 = B) = Loym||oc
Au(B)VN

Since ||V||mae — 0 a.s., we have

|OR — 8imaz = O( ).

|(I = B) = Laymloc < N|[B =D 2UD"?||ynaz < P

Thus 3 C" > 0 so that,

/5
16— ollome < S22
Thus if, {r;}, are rows of ¢ and {7;}Y, are rows of ¢R we have ||r;—7;||s < VEP;
for all 4.
Note that |r; —r;| > O(\/I—N) for i and j belonging to different clusters and thus
O(\/Lﬁ) > 10V/k P is sufficient to ensure that clusters are well separated to be perfectly
classified by K means step, which translate into kg—c;g, > P, for some C' > 0. O

This concludes proof of part ii of theorem O
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5.7.4 Eigen-gap statistic k.

In this sub-section we investigate the conditions under which eigen-gap statistic k.
produces different values in 1(1)k and role of o.
Suppose P is relatively small i.e. eigen-gaps of Ly, are roughly determined by

eigen-gaps of [ — B.

We have
g+ (p1—p)p—q) i=1
Pi — Di p—q i=2(1)k—1
Al | BP0 0
pe(p—aq) = 54 i=k
0 i=k+1(1)N -1

\

We define p1 = 0.
Then k. =1 if

g+ p2—p1)p—q) > iinszgk(pi —pit1)(p — q)

a*

Ty (1_Dyg=
o +(1-1)d

b*

This happens when ¢ = is much bigger than p — ¢ = T T
B B

a*

o Oa and/or (p2 — p1) is much bigger than Zg%a):k(pl — pit1). First condition
holds when b =~ a =~ d i.e. when none of my, .., m;, are prominent. Second condition
holds if p; >> py = p3.. = pi i.e. when there is only 1 dominant cluster in terms of

cluster size.

We have 1 < k. = ko < k if

g+ (P2 —p1)®— ) < (Pro — Pro+1) (P — q)

as well as

i:27(7f)%f§7£k0<pi = Pix1)(P = @) < (Pro = Pro1) (P — @)

occurs.
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These 2 conditions hold if and only if p; &~ ps ~ .. &= Py >> Pror1 ~ .. T pp = 0
(i.e. there are kg dominant clusters in terms of cluster size) as well as ¢ is much
smaller than p — ¢ i.e. when b >> a ~ d (i.e. these ky dominant clusters are all
prominent).

Similarly, k. = k if

q+p2—p1)p—q) <pe(p—q)

as well as

max (P = pis)(p = q) < pe(p = q)

These 2 conditions hold if and only if p; ~ ps ~ .. = pg, ~ pr and p >> 0 (i.e.
there are & dominant clusters in terms of cluster size) as well as ¢ is much smaller
than p — ¢ i.e. when b >> a ~ d (i.e. these k dominant clusters are all prominent).

We also see that k. > k never occurs.

Thus, LLPD SC using Ly, is able to successfully merge k-connected components

of M, depending on the prominences of corresponding maximas as well cluster size of

those components as mentioned in theorem

Remark 5.4

Choice of o: As long as b — a is large, (all k clusters have high prominence) a — d
is small and clusters are fairly balanced i.e. R = 1, a wide range of ¢ should be able
to satisfy eigen-gap condition i.e. equation . In practice, eigen-gap heuristics
works well even when eigen-gap condition is not satisfied since our eigen-gap condition
is very conservative in practice.

Unlike other clustering methods such as DBSCAN, kernel based or mode based
clustering where o (smoothing parameter) is used to estimate the density of f, and
choosing correct o is very important and difficult, performance of LLPD SC do not
depend on o for a large range of o since LLPD itself is being used to estimate the

useful information (bottleneck values) of f. O
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5.8 LLPD SC with L

In this section we consider LLPD SC with L in the context of continent problem.
To be precise, we consider algorithm 4 again but instead of calculating normalized
Laplacian Ly, = I — D 2WD~ % from W in step 3, we shall work with the raw
Laplacian L .= D — W.

Theorem 5.3
As n — 0o C' — 0o, with probability > 1 — O(logn™?) — 1 for any B < £(D — 1),
i) if

6maz{a* —d*,1—b*} + maz{a*, (b —a*) maz (p; — pis1)
i=1(1)k—1 (518)
+2maz{a* —d*,1—b*}} < (b* — a*)px,

then k= arg max \iy1 — \;.
i=1(1)N
ii) Moreover, if

1
k33

> Cmax{a* —d*,1—b"} (5.19)

for an absolute constant C' > 0 then LLPD SC with L perfectly recovers all cluster

labels as the connected components of M. 0

Proof 5.16

In this case we work with the following decomposition of W

O Jjayixjar) @Ay xja) - - @"jag)x|ay

* * *
a*Jjagixjay) O |ag)xjas) - o @7 Ay x| ay)

* * *
@ Jjagxian) @ jagxiael - - D Ay xay |
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From lemma it immediately follows that w.p. > 1 — O(logn™%) — 1, Py =
O(Nlolgolgo]gi[N).

In this case we have L = D — W as the graph laplacian where D is the degree
matrix corresponding to W. Let D" be the degree matrix correspond to the ideal

similarity matrix B" and L' = D" — B" be the corresponding ideal graph Laplacian.

Our first objective will be to find the eigenvalues and eigenvalues of L.

Proposition 5.9
Let eigenvalues of L', the ideal Laplacian be Ay = 0 < Ay < .. < Ay and corresponding
eigenvectors are ¢; = \/Lﬁlel, ¢a, .., on. Then we have,

(

0 fori=1
Na* for i =2(1)k
, Na* + |Ag|(b* — a* fori=Fk+1(1)k+ |Ax| — 1
M) = | Ak |( ) (Dk + | Al
NCL* —f- |Ak_1|(b* — CL*) fOI Z = k? —|— |Ak|(1)k‘ —|— |Ak| —|— |Ak_1| — 2
Na* + |A;](b* —a¥) fori =N — |A;] +2(1)N
and ¢;’s are same as in lemma [5.3| with o0;’s replaced by A;’s. O
Proof 5.17

We can write

/

B = (a")Jnxn + (" — a”) Blockdiag (Jyayx|ass Jjas|x|As]s - Jagix|ag]) = B' + B?

, Thus, L' = L' + L? where L' = D' — B denote the graph Laplacian corresponding
to B! and L? = D? — B? denote the graph Laplacian corresponding to B2. Note that

L'+ 1’=(D'+D*)—(B'+B)=D -B =1
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indeed holds.

Note that L! has 1 eigenvalue 0 with corresponding eigenvector \/Lﬁl Nx1 and N—1
eigenvalues Na* with corresponding eigenvectors which are L 1yy;. Similarly L? has
k eigenvalues 0 with the requirements for the corresponding eigenvectors to be o< 1 on
the k blocks respectively, and |A;|—1 eigenvalues as |A;|(b*—a*) with the requirements
for the corresponding eigenvectors to be L 1 on the i-th block for i = 1(1)k.

It is easy to check that the eigenvectors will be same as lemma [5.3]since they need
to satisfy the same constrains as lemma and eigenvalues of L' will then be given

by the sum of eigenvalues from 2 graph Laplacians L' and L2. 0

Now we have already shown that, w.p. — 1

/ loglogN
P, < NO(————
0= ( logN

)

Thus eigenvalues in L = D — W are bounded by eigenvalues of L' = D' — B plus
the spectral perturbations due to B — W = P, and D — D" = P,.

and it is not hard to see that,
P, < Nmaz{l —b*,a* — d*}
and
P, < N maz{l —b*,a* — d*}

and contribution from P, is negligible compared to P, and P, as N — oo.

Thus combined spectral perturbation of B — W and D — D' is bounded by

P' = P, + P, < 2N maz{a* — d*,1 — b*}.

Proposition 5.10
When the condition in equation |(5.18)| holds, k. = k. O
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Proof 5.18
By Hoffman-Wielandt theorem, we have \;(L) =

¢

0
[0V Na* — P',Na* + P'|

[0V Na* + (b* — a*)|Ax| — P, Na* + (b* — a*)|Ay| + P']

[0V Na* + (b* — a*)|Ay| — P, Na* + (b* — a*)|A;| + P

\

Thus for i = 1(1)k — 1
N;(L) < Na*+ P
while
D(L) > (6 — a*)| Ay| — 2P
assuming
Na* + (b* — a")|Ag| — 2N max{a* — d*,1 = 0"} > 0
= 2maz{a* —d*,1 —b"} —a" < (b* — a")pg.
Thus, for i = k+ 1(1)N

N(L) < max (b —a*)(|A;| = |Aisa|) + 2P

i=1(1)k—1

Thus, if k= arg max X\;11 — \; , we need to have
i=1(1)N

160

fori=1
for i =2(1)k

fori=Fk+ 1(1)k+|Ag] — 1

fori =N —|A;|+2(1)N

maz{Na* + P, mazx (b* —a*)(|Ai| — |Aia|) + 2P} < (b* — a*)| Ay — 2P'.

i=1(1)k—1

Which reduces to

a* + 6mazx{a* —d*;1 —b"} < (b* — a”)py.



5.8. LLPD SC witH L 161

as well as

(b* — a*)l_?(lg;:f 1(pi — piy1) + 8max{a* — d*,1 =0} < (b" — a¥)py.

i.e. overall we need to have|(5.18)| O

This condition is very similar to the eigen-gap condition as derived in equation
for Lgym. In order for this condition to hold, cluster sizes need to be balanced as well
as b* — a* need to be large compared to max{a* — d*, 1 — b*}.

Proof of part ii of theorem follows similarly as the proof of part ii of theorem
and is omitted. U

5.8.1 Eigen-gap statistic k.

The main difference between LLPD SC with L and L, is that while eigen-gap
statistic k. = k implies k& dominant clusters in both the cases, when there are fewer
than k£ dominant clusters eigen-gap statistic for LLPD SC with Ly, can correctly
predict number of clusters while eigen-gap statistic for LLPD SC with L cannot.
Moreover in this case eigen-gap statistic can be more than £, the number of islands.

As usual we shall assume that P’ i.e., a* — d* and 1 — b* are relatively small and

eigen-gaps of L are determined by eigen-gaps of L.
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Clearly, from proposition we have

(

a* fori=1

0 fori=2(1)k —1

pr(b* —a*) for i =k

0 fori=k+ 1(1)k + |Ax| — 2

Ni(L) (Pr—1 — pr)(b* —a*) fori=Fk+ Ay -1

0 fOIiIk+|Ak|(1)]€+|Ak|+|Ak,1’—3

(p2 — p1)(b* — a*) fori=N—|A;| +1

0 fori=N—|A|+2(1)N -1

\

Eigen-gap statistic correctly predicts 1 cluster when a* is significantly bigger
than b* — a* i.e. when none of the k clusters have significant prominence. When
D >> Z_Tz%ckpi — piv1 and (b* — a*) is significantly bigger than a* (i.e. all k clusters
have comparable size and significant prominence), then eigen-gap statistic correctly
predicts k clusters as well.

However in the intermediate regime, i.e. when there are only ky dominant clusters
in terms of size for some 1 < ky < k, i.e. when we have p; = py = .. = p, >>

Dro+1 ~ .. = pr, ~ 0 and all of them are prominent, k. = ko + Zf:koﬂ | A;| instead of

ko which depends on |A;|’s (cluster degrees) as well and therefore is unhelpful.

5.9 Advantages and disadvantages of LLPD SC

In this section we summarize the advantages and disadvantages of LLPD SC.
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LLPD SC allows us to perform robust (based on prominence as well as size of
clusters) density based clustering in the context of continent problem. Note that
although we are doing SC here, we are essentially estimating bottleneck values be-
tween basin of attractions and level sets which almost all density or mode based
clustering procedures such as DBSCAN (Schubert et al., 2017), mean-shift, quick
shift (Vedaldi and Soatto, 2008} [Tran et al., [2006; Cheng, (1995)), kernel based density
clustering (Tran et al., 2006), persistence based clustering (Chazal et al., [2013)) try to
do. Unlike those methods we do not need to perform computation intensive density
or gradient estimation procedure or ponder over smoothing parameter choices. This
is a huge advantage in terms of computational efficiency specially since LLPD can be
accurately computed from O(logn)-NN graph.

However, two major disadvantages of using LLPD SC (whether using L or Ly, )

in the context of continent problem are as follows:

1. Slow convergence rate and high variance: LLPD’s very slow O(l"f;%)
convergence rate, that too with probability 1 —O(logn=?) for as shown in theo-
rem/5.2/and is problematic in real data application. This cannot be improved
because of the underlying distributional property of LLPD as discussed in chap-
ter 3. This issue has been noted in the simulation studies performed in |Little

et al| (2017); [Mckenzie and Damelin/ (2019)) using LLPD SC as well albeit in
different settings.

2. No consideration of geometry The continents formed by LLPD SC are
entirely topological prominence or density based which, depending on f, can
lead to very complicated partition of M,. For example, if we consider a small ball
around x € M, for any z, it can contain as many as K clusters, where K is the
number of maximas of f. For many practical purposes we may additionally want

that if 2 islands are sufficiently near in terms of Euclidean distance or default



5.10. SC usiNG L)Y, p>1 164

geodesic distance between them, then with high probability they should belong
in the same continent. I.e. we might want to consider size and topographical

proximity as well along with topographical prominence.

Both of these problems can be solved by considering L;,V or suitable ¢"-distances

instead of LLPD which performing SC.

5.10 SC using LZ]?V, p>1

In this section we shall derive performance guarantee conditions for SC with Lf,\’
distance in the context of continent problem and compare the conditions with the
conditions derived in the previous section for LLPD.

Recall that given the data x,, = {z1,..,2,} for p > 1,
m 1
L;;V(Ia?J,XH = (mrmz |Tig1 — $i|p>p
i=0
where r is any piecewise continuous path zo = * — z1.. = T, — Tma1 = U,

x; € xpn for i = 1(1)m and m is free to vary.

We know that

1-p .. 1 1—-p ’ 1
LY (x,y, xn) = C(D, p)n»> (mf/ D ()| ldt)” as. (5.20)
v Jo

where C'(D,p) > 0 is a constant depending on D and p and v is any piecewise
continuous path within M with vy = x and 1, = y.
The similarity measure we’ll be using in this section is

(n"™ L,iv(f,y,xn))Q) (5.21)

s(x,y) = exp (— .

Here we formally provide algorithm for SC with Lév distance using Ly, (algorithm

5). The algorithm using L is similar.
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Algorithm 5 L)Y (p > 1) SC using Ly, at level b

Input: Data y,, = {z1, 72, .., 2.}, b € (fo, f°).

Output: Label 7,4, with ¢-th entry being the cluster label of ¢-th data or indicator
of noise.

1: Compute r = C'logn-NN graph C,. on .

2a: Compute r-NN distance o;, from each point z;. Label a point z; as noise if

Tiy > (ﬁ)%. Let the remaining data points be xy with |xn| = N.

p—1
(n PP L) (2,y,Cr))?

2b: Form Wy n with (W)),; = exp (— - ) for some o > 0.

3: Form the normalized Laplacian Ly, = I — D :WD™ >

4: Compute the eigen decomposition {(dg, Ax) }i,, sorted so that 0 = A\ < Ay < .. <
AN

5: Estimate the number of clusters k. by eigen-gap statistic k. := argmax \jz1 — \;.

Let Unsr = (¢1: ¢t .. & g, ).
6: Compute the label Zyy; by running K-means on {U; }Y | using k. as the number
of clusters and Z; _ is label of y; as obtained by the K-means.

Summary of the performance of this algorithm in context of continent problem is

as follows:

Theorem 5.4
When all k islands are balanced in shape and size, sufficiently prominent and suffi-
ciently distant from one another; algorithm 5 produces k. = k i.e. no merging occurs
and continents are islands w.p. 1 as n — oo. Otherwise k. < k i.e. merging occurs.
Almost surely k. > k do not occur.

For small values of p, merging is more likely to occur when some islands are not
balanced in shape and size or not sufficiently distant from one another while for
higher values of p, merging is more likely to occur when some islands have small

prominence. U

5.10.1 Assumptions

We list our assumptions in this section below:
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Al: M C RP is connected, compact and smooth i.e. having a D — 1 dimensional
boundary. We shall work with M = R¥ for sake of simplicity, although our result
still applies in the general case.

A2: [, f =0 forany L C M so that up(L) = 0. This in particular ensures that
f has no lower dimensional structure.

A3: fis Morse-Smale. This allows us to split M (except for a lower dimensional
set) into finite number of “basin of attractions” A;, As, .. Ak.

A4:

f(mg) >bVi=1,2,.. . k; M, = UF_ ,C(my, b).

Ab5:

min min disty(x,y) = 9(b) > 0.
i#j x€C(m;,b),yeC(m;,b) 1( y) ( )

Notice that we have removed A4 (dominance of D—1 dimensional boundary effect
in level sets) and A6 (assumptions on bottleneck values) from the previous section
since unlike LLPD, performance of SC with L:f)v do not depend on those. Instead we
have added the separation requirement of the connected components of level sets in
A5. Although not strictly needed for our analysis we still recall from previous section

that

mazx Bottleneck(m;, m;) =a <b
Z¢]711J€{13277k}

5.10.2 Theoretical guarantee for L, and L

We formally state the theoretical guarantee results for eigen-gap statistic to return k
as optimal number of clusters and perfect recovery of cluster lables as the connected

compoments of M.

We define

2(1—p) 2
7 2oy PP (g P
= e 02
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2(1—p) 2
_ C2(Dpyge) PP ()P

a =e o2

and
2(1-p) 2
_C2(Dp)agt) PP (vo(1)I5(h)P

b =e o2

where C'(D,p) > 0 is the same constant as in equation |(5.20)| §(b) is the same
constant as in A5 and v5(M,), 13(b), z5(b) and ys(b) are quantities related to within
and between cluaster distances and densities and are provided by equations |(5.26)]

[(5.27)1 |(5.28)] [(5.29)| respectively in this section.

Theorem 5.5

As n — 0o C' — oo, with probability w.p. > 1 — O(exp(—n") — 1 for any r < ﬁ%,

1)A\p+1 — Ag is the largest gap (i.e. k. = k) in the eigenvalues of L, provided

— 3P, +1
p—a) > max{ 2 4P} (5.22)
ol 2
Moreover if
ii)
C
i3+ 2 B (5.23)

O

where C'is an absolute constant, then algorithm 5 perfectly recovers cluster labels on

xn~ as the connected components of M,.

Theorem 5.6

As n — 0o C' — oo, with probability w.p. > 1 — O(exp(—n") — 1 for any r < ﬁ,
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i) if

6max{a* —d*,1—b"} + max{a*, (b — a*) maz (p;i— pi+1)
i=1(1)k—1 (5.24)
+2maz{a* —d*,1 = b"}} < (b* — a*)py,

then k = arg maz N\ — N\
i=1(1)N
ii) Moreover, if

1
k33

> Cmaz{a® —d*,1—b"} (5.25)

for an absolute constant C' > 0 then L;f,v SC with L perfectly recovers all cluster labels

as the connected components of M. O

Note that except for the convergence rate and value of a*,b*, d* the statements of
theorem [5.5] and [5.6] are exactly same to the statements of theorem [5.2] and [5.3] re-
spectively and proof technique is also exactly the same. Thus it is sufficient to derive

the values of a*,b* and d* and provide the proof of the convergence rate.

Proof 5.19
We derive the convergence rate of L;V SC first. The value of a*,b* and d* will be
derived subsequently.

From Hwang et al.| (2016), we know

LN ) ) n /
IP’(sup| 1_: (%4, xn) - —C(D,p)| > 6) < 6$p(—9062na>

vy nrD dist,(x,y)?

for small € > 0, §, > 0 and o = 515

It follows that

C(D, p)3dist x,y%
(D.pfdishie.)hy

p—1
(o0 LY (2, xn))?
; ) —exp (-

P(sup lexp (—

z,y o o

< exp(—0,€'n")
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forsmalle>0,8/1>0anda:ﬁ2p.
In particular,
0 LY (2., xn))? C(D. p)2dist,(z.y):
cap (_( p (2 Y Xn)) ) = eap (~ (D,p) s »(7,Y) ) as
o o
Let W = U +V as usual where
(n5 L) Di 2dist
n rb TiyTi, Xn C(D,p)>disty
(V) = exp (— 2 e XDy CDLVASY g,
and -
(n rb Lp (xivxﬁXn))Q

Thus as n — oo if |x; — x;| = O(1), a.s. we have

P(jmaz((V))i| > €) < exp(~6,e*n®).
4,7
Also w.l.g. we can ignore |z; — ;| < O(1) case. So, in particular if we let € =
O(n™"), then we can say that w.p. 1 — O(exp(—n®~??)), spectral perturbation due
to D-2V D~z is bounded above by O(n~?). Thus we can say w.p.— 1, spectral
: il _
perturbation due to D=2V D~ is bounded above by O(n~?) for any 0 < 9 < M.
The proof for the convergence rate of SC using L is similar and is omitted. 0J

5.10.3 Interpolation between K-means and prominence based
clustering
In this sub-section, we derive the values of a*,b*,d* and argue that LZ],V SC is an

interpolation between K-means and prominence based clustering in the context of

continent problem.
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Proof 5.20
Recall that

p—1

1
053 L (2, g, xa) — C(D, p)inf / £ ()l aus.
Y 0

— (D) / F a0l as.

Where following the notations introduced in chapter 4, v3(¢) denote any piecewise
continuous path minimizing fol f’ﬁ(%)hﬂdt , C(D,p)>0and g = 7%1.

Our analysis will be focused on dist,(.,.) which is defined as

dist, (75(0),15(1)) = / £ (s ) s (8) [t

Now we introduce some measures related to clusters C'(m;,b) i = 1(1)k which will

be useful for our analysis.

For i = 1(1)k and g € [0, o0] we define
1(Cms, b)) = maz el
From chapter 4, we know that ﬁlz_}n; s exists and we shall call it v, (this correspond
to f = 00).
Also, in this notation it is clear that ~o(C(m;, b)) is just the diameter of C'(m;, b)
and from lemma 4.1 in chapter 4 it follows that

70(C(mi, b)) < v5(C(mi, b)) < 6o (C(mi, b))

Define

v5(b) = max v5(C(m;, b)) (5.26)

i=1(1)k
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as the maximum “within cluster” arc-length of v3 and

I5(b) == max 23(Clmi, b)) >1 (5.27)

=1()kYo(C'(m;, b))

which is a measure of within cluster density-geometry interaction.

Remark 5.5
Note that we are using v5(0) and v5(1) to denote the beginning and endpoint of the
v5(t) curve. This is not related in any way to vz(b). O

Clearly for any 0 < f < oo we have

Y0(b) < 73(b) < Yoo(b).

Now we define 75 as any arc that maximizes within C(m;, ) dist,(.,.). Le.
Yig = arg max dist,(v5(0),v5(1)).
v8:78(0),78(1)€C (m4,b)
Note that we do not require ;5 to be entirely within C(m;,b). The only require-
ment we have is v5(0) € C'(m;,b) and v5(1) € C(m;, b).

We now define

i i dt,. _1
10 Im(t)l
as the “ minimum average within cluster density” w.r.t. L;V metric and
dt, _1
yp(b) == sup fo 3(0)15() )7 (5.29)
~5(0)€C (4 ,b) 15 (1)€DC (i b) i |76(t)|

as the “maximum average between cluster density” w.r.t. LI])V metric.
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Remark 5.6

Note that for most types of C(m;, b)’s and/or for sufficient large 3, x3(b) will be > b
while yg(b) will be always be < b, although it can be arbitrarily close to b depending
on f. Indeed, any 3 path joining 2 points within the same cluster should mostly stay
within that cluster (i.e. will stay within > b density region), specially when £ is large,
unless those 2 points happen to be very close in Euclidean distance and the straight
line between them travels through a very low density region i.e. z3(b) < b occurs only

when [ is not too large and/or at least one of C'(m;,b)’s are highly non-convex. [

Remark 5.7
Also, zo(b) = b since 7 path within a cluster always stays within that cluster

whereas 9, (b) = maz Bottleneck(m;, m;) = a as introduced in the previous section.[]
i#j

Our goal will be to find an upper bound of ' L;V(x, Y, Xn) When z and y are
from same cluster and a lower bound of n%l LZJDV (,y,Xxn) when z and y are from
different clusters.

Clearly, as n — co we have

1
1-p / _ _

maz  sup / F7 (a0t < 25(6)5(5) < 25(6)10(b)5(b)

=1k 55(0),75(1)eC(mi,b) Jo

On the other hand

1
. 1p / _
inf |7 a0l = )50
0

vg(O)EC(mi,b),fyB(1)€C(mj,b),i7éj

If we denote

V5(My) = maz |ys(t)] (5.30)

Y0,71E€ My

as n — 0o , for z;,x; € xny we have a.s.

—1 2
(nz;TD L{,Vm,zj,xm) [b*,1)  If both z; and x; are in same cluster
e o2 €
(d*,a*] If z; and x; are from different clusters
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Where

2(1_17) 2
2(p)f, PP (vp) P
d"=e" o2

2(1—p) 2
_C%(Dp)ygb) PP (5(b)) P

af=e o2

and
2(1-p) 2
_ C*(Dpag(t) PP (b)) P

b =e o2

Thus we have arrived at the values of a*, b*, d* as mentioned in the beginning of the

previous sub-section. ]

In the rest of this sub-section, we focus on the role of p and how clusters (connected
components of b-level sets) are merged based on prominence, size as well as their
geometric characteristics depending on it.

Note that for k. = k (i.e. for eigen-gap heuristics to retain all the islands as
continents), we need to have maximal within cluster LIJ)V distance much smaller than

minimum between cluster Lév distance. l.e.

25(b) " 70(b)15(0) << ys(b)""3(b)

rex(®) 0 a0) 1
= (yp;(b)) << (%(b) Iy(b)) (5.31)
Remark 5.8

This equation demonstates the interplay between distance and density in LJJDV SC.
Notice that when p — oo RHS — 1, therefore the requirement for k. = k reduce to

the density requirement of
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i.e. all k clusters are significantly prominent- which is the requirement we had in

LLPD SC. This is not surprising since lim L]]?V = LLPD. 0

p—0o0

Remark 5.9

On the other hand, when p is close to 1, requirement for k. = k is dominated by
the geometry requirement 0(b) > 7o(b) so that RHS — oo i.e. the minimum distance
between different clusters should be bigger than maximum within cluster diameter
which is a sufficient requirement for K-means clustering algorithm to return perfect

clusters as shown in proposition [5.11] O

Proposition 5.11
When 6(b) > v9(b) then K-means algorithm with number of clusters=k perfectly

clusters dataset. O

Proof 5.21
For dataset x, = {z1,..,2,} sampled from f in M, let C(m;,b) N x,, = A; as usual
with 327 |A;] = N < n.

K-means objective function in this case is given by

k

Ty = > Ml — il

j=1 z€$;
where {9, .., S} is a partition of {U%_ C(m;,b)} N, and p; is the mean of points
in S;. We want to show that (w.l.g.) S; = C(m;,b) lead to minimization of J(k).
Let the partition P, correspond to the partition S; = C(m;, b) fori = 1(1)k. W.lL.g.
suppose 1 € C(my,b) and let P, denote the switched partition S; = C(my,b) \ {z1},
Sy = C(ma,b) U{z1},..,Sx = C(my,b). W.Lg. we can also assume n is large so that
wilp, = pi| Py for i =1,2.

Now

J(F)|p,
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= J(k)|p, + [|l21 — p2||* = [lz1 — pua]]?
> J(k)|p, +6(b)* —0(b)* > J(k)|R,
since ||z1 — pz|| > 6(b) and ||z1 — p1|| < Y0(b) from their definition and 6(b) > ~o(b)
from our assumption.

The proof follows by noting that any generic permutation P can be reached from

Py after finitely many switches like Py — P;. 0

Remark 5.10

Now we focus on Lf,v SC for a specific 1 < p < oo. From RHS of equation |(5.31)}, it

is clear that vo(b) (the maximum within cluster diameter) need to be minimized. It
is not difficult to show that for a fixed cluster volume [ M, f and number of cluster
k, vo(b)- the maximum within cluster diameter is minimized when C(m;,b)’s are of

same volume and spherical in shape. O

Remark 5.11

Moreover when p is close to 1, more emphasis is put into “cluster balance” charac-
teristics in terms of geometry (size and shape) and minimum cluster separation 4 (b)-
which are all geometrical property of C(m;,b)’s. Any elongated or large cluster is
discouraged and any 2 clusters which are close (in terms of Euclidean distance) will
get merged. On the other hand as p becomes large, all geometric characteristics of
C(m4, b)’s becomes gradually irrelevant (i.e. more elongated and larger clusters can
be tolerated) and only the prominences of these clusters become important. This
interplay between geometry and density (or equivalently between prominence based

and K means clustering) is the key theme in le?v SC. 0

Remark 5.12
Choice of ¢: Similar to LLPD SC, ¢ do not play an important role and in principle

should not change the underlying clustering structure. It is a good practice to choose
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o =AC(D,p) for some A > 0 to compensate for the constant C'(D,p) in equation
(5.20)] 0

5.11 LLPD/LéV SC in LDLN model

In many important application (speech, images, gnome, cosmology data etc.) clusters
are defined as lower dimensional (nonlinear) manifolds sitting inside higher dimen-
sional ambient space with or without noise around them. In literature, this is known
as manifold hypothesis (MH). In this section we shall focus on how to cluster (i.e.
identify lower dimensional structure) from data generating models as discussed in
sub-sections 5.4.2, 5.4.3 and 5.4.4.

The key difference between the family of SC algorithms in this section and the
previous section(s) is that we shall be working with the un-scaled version of ¢ and
LLPD and mostly will be using the fact that these distances approach uniformly to

0asn— oo.

5.11.1 LDLN model

Our ambient space A is a D dimensional subset of R” with pp(A) < co. Following
Arias-Castro| (2011) we let M C A an element of V(d, s, ) for d < D, x > 1 and

o > 0 if it is connected, pg(M') < oo and for all z € M', € € (0,¢) we have

14 _ pa(M 0 Bp(z,€))
kel < 1a(Ba(0. 1)) < ke (5.32)

where Bp(z,€) denotes D dimensional ball of radius € around x and pg4(.) denote d

dimensional Lebesgue measure. Or equivalently

g1(2,y) < |2 — y|(L+ Kl — y[?) for any o — y| < & (5.33)
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where g1(x,y) denote the default geodesic distance between z and y.

Also, we define
B(Mj, €)= {x € RY : dist,(x, M;) < ).

Note that V(d, k, €y) includes d-dimensional smooth compact Riemannian mani-
folds with positive reach (i.e. this condition in equation prevents M from being
too narrow or self-intersecting in some places.) (Federer, [1959) and in most practical
situations the lower dimensional manifolds we encounter do belong in V' (d, k, €;) class.

In this context, the LDLN data model as introduced in sub-section 5.4.4 is as

follows
N k k
X (1= a)Y + > au(Wi  ¢i(03)) for i = 1(1)n (5.34)
=1 =1

where a; > 0 for i = 1(1)k such that Zle a; < 1,Y is the “background noise”
(uniform or close to uniform) distribution with the density fy supported on the
ambient space A in R”, W; is a distribution with density fy. supported on M;. We
assume that

Al: M, e V(di,/{,éo) Vi = 1(1)/{5

, di < D and ¢;(0;) is “surrounding noise” distribution for M; with E[¢;(o;)] = 0,
density fs, supported on R” or a D dimensional subset of it, having maxima at 0 and
o; denoting it’s dispersion parameters for ¢ = 1(1)k and x denoting the convolution
operator. To be more precise, density function of W; * ¢;(0;), fw,«s at a point z € A

is given by

s @) = [ fala =) (5.3)

i.e. M;’s are d; dimensional "ridges” in D dimensional background as introduced
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in sub-section 5.1.
We additionally need to have M;’s well-separated and ¢;(c;)’s to be concentrated
around 0 (i.e. dispersion parameter o;’s to be small) to make the LDLN model

identifiable. Thus we also assume
A2: mﬁn di(M;, M;) =0>0 (5.36)
i#j

where d;(X,Y’) denotes the minimum dist; distance between points in X and Y
and o;’s to be small.

Some choices for fy, include fy, (z) = do(x) where Jy is the Dirac delta function at
0. This choice corresponds to no surrounding noise/smoothing for the density fi, on
the lower dimensional manifold M;. Other choices, which provide smoothing around
fw, can be ¢; ~ Np(0,02I) or ¢; ~ 0;Z; where Z; is a density supported on Bp(0, 1),
o; > 0.

Our clustering procedure for a data x,, generated from LDLN data model will have
2 stages. Our goal in stage 1 will be to identify lower dimensional manifolds M;’s
for i = 1(1)k. In stage 2, we further cluster within each M;’s based on it’s density
fw,. Note that in most real data application the ambient dimension D is known, but
d; < D’s are unknown. We shall assume the same and w.l.g. shall work with the "no

surrounding noise” version i.e. o; = 0 for all i = 1(1)k in equation |(5.34)]

5.11.2 LLPD/L]]DV SC algorithm for LDLN data and compar-
ison

Little et al. (2017) advocate for using LLPD SC with eigen-gap heuristics in order
to identify lower dimensional clusters (i.e. in stage 1) M,’s for ¢ = 1(1)k following
a denoising procedure. However, strictly speaking we don’t need to perform LLPD

SC, in particular calculate LLPDs, in order to identify lower dimensional clusters.
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Algorithm 6 LLPD/LZJ?V SC with Ly, for LDLN data

Input: Data x,, = {x1, 22, ..,z,}, r € N sufficiently large, D- ambient dimension.

Output: Label Z,,,; with i-th entry being the cluster label of i-th data or indicator

of noise.

1: Denoising step Compute r-th nearest neighbor distance o;, from each point ;.
1

Label a point z; as noise if 0;, > ep = n =% Let the remaining data points be
xn with |xy| = N.

2: Level 1 clustering step Obtain ep-NN graph C,, of xn. Le. join z; and z; in
xn if and only if |z; — z;| < ep. Obtain the connected components of C,,. Let the
connected components be {A;, .., Ay} with xy = UF_; A;. Declare Ay, .., A;, as stage
1 clusters.

3: Dimension determination step Compute ¢;-NN graph C; on each ofA;, .., Ay

for j = 2(1)D — 1. Set dim(A;) = { min : A; is connected in C, .} — 1.
je2(1)D J

4: Level 2 clustering step Perform step 3-6 of algorithm 4/5 on A; with dim(A;)
and chosen level b; for i = 1(1)k.

Instead in order to save computational resources, we can opt for computing the con-
nected components of ep-NN graph of the denoised data instead for some €p to be
discussed later to identify lower dimensional clusters and then perform appropriately
scaled LLPD/ Lév SC with eigen-gap heuristics on individual lower dimensional man-
ifolds essentially solving continent problem on them. Below we provide an outline for

LLPD/L]" SC algorithm (algorithm 6) on LDLN data.

Theorem 5.7
As n — oo algorithm 6, w.p. — 1 recovers all lower dimensional manifolds and

correctly determines their dimension. O

Proof 5.22

Note that when local dimension is D, connectivity distance as well as largest k-nearest
neighbor distance are O(lo%%) Penrose (1999); Penrose et al| (1999)) for £ = O(1).
Since O(l"%ﬁ) < ép = n_@ < O(lo%%) and ep < 0 = Tipdl(Mi;Mj) for all

sufficiently large n, it follows that as n — oo the denoising procedure removes all
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D-dimensional points while leaving behind all lower (upto D — 1) dimensional point
and connected components of €p-NN graphs are indeed data points residing in lower

dimensional manifolds.

1

Similarly, if A; has dimension d; < D, then since connectivity distance is O(*22 %)
_ 1 1

it follows that d; + 1 is the smallest interger so that €41 = L4+2 > O(la%di ). Thus

indeed dimensions of all lower dimensional manifolds are correctly determined. [

Remark 5.13
Little et al.| (2017)) advocate for LLPD SC with similarity measure

LLPD?(x;,,XN)

w(x;, z;) =e a2
and )
logn 4
maz O( ogn ) <o <O0(1)
i=1(1)k n

(remark 3.14 in their paper). It is not difficult to see that this choice of o lead
to the perfect E[W] with a* = d* — 0 and b* — 1 as n — oo (since "within cluster
1
LLPD” is bounded above by m??k O(l"% %) and "between cluster LLPD” is bounded

i=1(1

below by §.) thus leading to a perfect clustering. Thus both Little et al. (2017) and
our approaches are able to find lower dimensional clusters accurately as n — co. [
Remark 5.14

1
maz O(Len d;)
i=1(1)k i

Also, since — 0, the de-noising procedure can separate lower dimen-

|

logn D
n

sional clusters from arbitrary high amount (i.e. Zle a; can be arbitrarily close to 0)

of background noise in LDLN model. Alternatively in terms of sample size n, num-
D

mazx d;
i=1(1)k

of cluster points can be tolerated when LLPD SC is used in the step 1 of clustering
procedure in LDLN data. 0

ber of background noise points exponentially times larger than the number
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Remark 5.15

On the flip side, this also reveals that LLPD metric is very vulnerable to the presence
of any arbitrarily small amount of lower dimensional ”systematic noise” inside ambient
high dimensional clusters and thus provides a justification of no ridge assumption

(assumption A2) in section 5.7. O

Remark 5.16
It is not hard to show that if we instead use L;f)v SC in the step 1 of clustering

1)

procedure, then number of background noise points exponentially % times larger

i=1(1)k
than the number of cluster points can be tolerated. This make L]]?V less suitable
than LLPD for LDLN model but more robust towards lower dimensional ”systematic

noise”. O

5.12 Multimanifold clustering (MMC)

For our 2 stage procedure of MMC clustering as proposed in sub-section 5.4.5 where
we not only wish to detect (possibly intersecting) lower dimensional manifolds but also
wish to detect cluster structures in them, we propose the following hybrid algorithm
(algorithm 7) below. Note that this particular algorithm combines the idea developed
in Arias-Castro et al. (2017) with the ideas developed in this chapter so far. The

similarity measure proposed in equations |(5.37)| and |(5.38)| detect any sudden change

of curvature of the manifolds as well as geometry and density information in it.

Remark 5.17

We look at the similarity measure in |(5.38)

1
nrantad LN (2, 25, Cy )2

o2

19— QP

Wi = 637]9(— ) 633])( ?
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Algorithm 7 LLPD/LZJOV SC with Ly, for MMC

Input: Data x, = {z1,22,..,2,}, r € N sufficiently large, s = O(logn), D ambient

dimension, o > 0 spatial scale, n > 0 projection scale.

Output: Label 7,4, with ¢-th entry being the cluster label of ¢-th data or indicator

of noise.

1: Denoising step Compute r-th nearest neighbor distance o;, from each point z;.
1

=% Let the remaining data points be

Label a point z; as noise if 0, > €p = n
xn with |xn| = N.

2: Level 1 clustering step Obtain €p-NN graph C,, of xn. Le. join z; and z; in
xn if and only if |z; — x| < ep. Obtain the connected components of C,,. Let the
connected components be {A;, .., Ay} with xy = UF_, A;. Declare Ay, .., A;, as stage
1 clusters.

3: Dimension determination step Compute €;-NN graph C, on each ofA;, .., Ay

for j =2(1)D — 1. Set dim(A4;) := { min_: A; is connected in C¢,} — 1.

je2(1)D
4: Level 2 clustering step Perform step 3-6 of algorithm 4/5 on A; with dim(A4;)
and chosen level b; for i = 1(1)k with the following affinity measures:

1
[(%)_WLLPD(@,QJ,CS)]Q Qi — Q; g
W, - e:z:p(— = J )e$p(|| = ill ) (5.37)
or
p—1
[nramad LN (x5, 25, C))? Qi — Q|
W = expl £GP exp(Hn—23||) (5.38)

where (Q)(.) is the local PCA measure as introduced in |Arias-Castro et al.| (2017)).

This similarity measure is close to 1 if both e LY (x;,25,C,) and [|Q; — Qj]]
are close to 0. This can only happen when z; and x; are in same high density region,
are sufficiently close to one another (small ) L)Y (3, x5, Cs) ensures this) and
there is no sudden changes of curvature in the underlying manifold between these
2 data points (small ||Q; — @;|| ensures this). If one of these criterion fails, the
similarity measure in will be small. Thus this measure is effective in MMC
scenario. Similar justification can be provided for the similarity measure in [(5.37)] 0
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5.13 Comparison of LLPD, L]]?V and ¢"¥ SC

We conclude this chapter by showing that after the de-noising procedure is applied,
for LDLN model ¢"V distance is able to distinguish clusters w.p. 1 and compare LLPD,

LZ])V and L;V distances in this scenario.

5.13.1 Noiseless LDLN model

In the noiseless scenario as discussed in [Mckenzie and Damelin (2019) we assume

clusters By, ..Bi are all < D dimensional open and bounded subsets embedded in

R? with m;ém di(B;, B;) = 9, maxdiam(B;) = A where diam(A) = mazx disty(z,y).
17£) 2 RIS

L.e. in this case we sample x,, from the model

fl@)=c> filx)lp,
i=1
for some normalizing constant ¢ and f; > 0 for all . We apply algorithm 1 and 2
(@, 4,xn)>

(for Ly, and L respectively) with the similarity measure e” «> | where d(.,.) is

LLPD(z;, x5, Xn), LI],V(:z:i, Tj, Xn) OF g~ (x4, 74, Xn) depending on the context.

Theorem 5.8
Under this data generating model, SC with LLPD, L) and ¢" with L or Ly, and
eigen-gap heuristics is able to perfectly identify number of clusters and cluster the

labels. O

Proof 5.23

As n — oo,

1. For LLPD SC, we have within cluster distances < O((l"%)%) and between
cluster distances > § with within cluster distance < O(n™") from it’s expected

value for any r > % w.p. L.
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2. For L] as well as ¢g" with lowest power 1 < p < oo, we have within cluster
1—
distances < O(nTDp) and between cluster distances > § with within cluster

distance < O(n~") from it’s expected value for any r > ’;;Dl w.p. 1.

+ 2(D+2 )
For both of these 2 cases, within cluster distance — 0 while between cluster

distance remains bounded below

3. For gV with lowest power 1 we have within cluster distances < g~!(a;A), which
can be made arbitrarily small by suitably choosing g while between cluster

distance remains > § with within cluster distance < O(n™") from it’s expected

value for any r > #ﬁl w.p. 1 where a; is the coefficient corresponding to the
linear term of ¢ and by is the 2nd lowest power of g. O
Remark 5.18

Proof of these 3 results follows from the convergence rates of LLPD and ¢V-distance
as derived in chapter 2 and 3. We show the L;,V /g~ scenario with p > 1 here. From
the result in chapter 2,
LY (x n
P(sup— (%9, Xn) 1
vy oD dist (T, y)P

—C(D,p)] > €) < eap(—en®)

1

fOI'Oé:m.

- " 2(p=1)
P(Sup|L;V(x,y,Xn) —C(D,p) b distp(a:,y)%| > €) < exp(—bye’n*"v0 »D D)

x7y
Thus, w.p. — 1, [L)Y(z,y,xa) — C(D,p) b dz’stp(m,y)%| < n~" for any r >

-1 1

I;)_D + 2(D+2p) " O

Remark 5.19
Note that if we let ¢ = O(1) and sufficiently small, then in LLPD as well as in
L]]jv scenario, we have within cluster distance — 0 while between cluster distances

remaining > d as n — oo resulting in a W with a* << 1 and b* = 1 scenario. Thus,
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SC with LLPD, LY and gV , with L or Lgym, and eigen-gap heuristics will be able to
perfectly identify number of clusters as well as the cluster labels. Also note that if p

L__ > L making SC with LZJDV more robust than

and D are sufficiently large, 7;;[)1 + 350 > D

LLPD SC. But on the other hand, LLPD SC have within cluster faster convergence
rate O((l"%)%) as opposed to Lév SC, which is O(nlp;Dp) This in particular provides
the theoretical justification to the simulation observations in Mckenzie and Damelin

(2019). O

Remark 5.20

Note that for g"-distance with lowest power = 1, the upper bound of within cluster
distance g~!(a;A\) can be made arbitrarily small by choosing ¢ with sufficiently higher
powers and /or higher coefficients corresponding to higher powers- resulting in a highly
“contraction mapping”.

For instance, for g(t) = e — 1 and g(t) = at + bt?, which has been widely
used in SC/K-means algorithms; under this settings we have within cluster distances
< % In(1+aA) and < —”abr;:mw respectively, both of which can be made arbitrarily
small by choosing a and g sufficiently large respectively while the between cluster
distances always remains bigger than d. Thus in this scenario as well we obtain a W
with a* << 1 and b* ~ 1. Thus, SC g" when the lowest power is 1, with L or L,
and eigen-gap heuristics will be able to perfectly identify number of clusters as well

as the cluster labels. O



Chapter 6

High dimensional, robust,
unsupervised record linkage

6.1 Introduction

In recent times, owing to rapid advancement of a variety of technological resources
and services, and increasingly digitally connected environment, numerous kinds of
datasets are available. For example, for a given community of individual’s, there
may be very high dimensional data available on each individual’s (i) online shopping
patterns, as well as on their (i7) social media presence and usage. It may of interest
to businesses to understand their customers better based on their social and cultural
backgrounds, consequently it is of interest to link an online shopper’s profile with
their social media data. Owing to privacy rights of individuals and confidentiality
concerns, identifying information may not be available to the statistician linking the
records.

This chapter is primarily on a methodology for linking high dimensional datasets
of above type. Many existing approaches for entity resolution and record linkage
are applicable only on low dimensional datasets, and where the datasets have shared
features or variables. We do not require the two datasets to have a common set of

features and in fact, present our discussion for the case where the datasets have no

186
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common variable.

In this context, we also develop a mathematical framework for the topic of record
linkage, for better understanding and tractability of the theoretical properties of such
linking algorithms. Parts of the existing literature on record linkage and entity res-
olution are based on ad hoc principles, and we hope to address some foundational
challenges in this topic.

Additionally, it is routinely observed that high dimensional datasets can con-
tain outliers or aberrant observations. Consequently a major aspect of our proposed
methodology is to develop robust techniques for data linkage. Our proposal borrows
recent studies on high-dimensional principal components and extends them to the
case of robust principal components.

Another aspect of this chapter is that we propose a computationally much sim-
pler and easily implementable method for linking records than the available Bayesian
approaches such as the ones given in Liseo and Tancredi (2013). Other machine learn-
ing approaches involving graphs and networks that are sometimes adopted for entity
resolution, also require heavy machinery computing. It is not clear if such extremely
computation intensive methodology is either necessary, or whether there is a princi-
pled statistical foundation to such methodology. Apropos of this, the computational
burden from our proposal is significantly lower.

This chapter advocates a principled approach. Our approach is broadly as fol-
lows: we implement a robust, sparse, high-dimensional principal component analysis
(PCA often hereafter) on both datasets, and consolidate the information about each
observation (that is, each row of both matrices) into a low-dimensional vector (pg
in the notations of this chapter). Then, we compute correlations between these pg
dimensional vectors from the two matrices, with the understanding that an existing
linkage will show up as a highly correlated entry. The threshold for the correlation is

based on the training set in the current chapter, but our principle is workable even
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when there is no training set available. Owing to the facts that (a) our proposal
requires no common features or variables common to both datasets, and (b) we do
not require a training dataset, we call our proposal unsupervised record linkage.

In order to ensure clarity of our presentation and to keep the technicalities at a
reasonable level, in this chapter we only present results on unsupervised record linkage
where all the variables are continuous in nature. In particular, commonly used vari-
ables for record linkage, like name, date of birth, address, do not satisfy our technical
assumptions. In practice, we may use a traditional method using the nominal and
ordinal variables to do a preliminary sub-setting of potential linkages, after which the
unsupervised record linkage method may be used on the continuous variables. Also,
it is possible in some cases to use continuous variables as underlying latent variables
governing the behavior of a categorical random variable. These directions of research
will be part of our future work.

The rest of this chapter is organized as follows: In we present a brief
and necessarily incomplete state of the literature on record linkage, in order to clarify
how our contribution differs from the advancements on this topic thus far. Then, in
Section we discuss notations, the conceptual framework of the datasets
that we propose to link, and the linking model. Following that, in we
present our statistical model and technical arguments. In particular,
contains the record linking algorithm, and contains the theoretical
framework and justifications for our statistical model and algorithmic steps. Then,
in we present some numeric results based on simulation studies, along

with additional comments on practical implementation of our proposed methodology.

A final collects our concluding remarks.
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6.2 A broad overview of record linkage

The seminal article by |Fellegi and Sunter| (1969) presented the first mathematical
model for this topic, based on earlier work by Newcombe and Kennedy| (1962)) for one-
to-one entity resolution across two databases in terms of Neyman-Pearson hypothesis
testing.

In this brief review, we focus primarily on bipartite record linkage, where the
key assumption is that each entity is recorded at-most once in each files. Most of
the literature (including our set-up) on record linkage falls in this scenario. This
assumption implies a maximum one-to-one restriction in the linkage, that is, a record
from one file can be linked with maximum one record from the other file.

The main principle of bipartite record linkage may be described as follows: Con-
sider two data files Y, € R™*P¢ that record information from two overlapping sets of
individuals or entities. These data files contain n, records respectively (without loss
of generality we assume n; < ng) for £ = 1,2 with ny being the number of entities
simultaneously recorded in both files, hence 0 < ng < n;.

In the bipartite record linkage context, we can think of the records from files Y;
and Ys as two disjoint sets of nodes, where an edge between two records represents
them referring to the same entity, which we also call being co-referent or being a

match. Formally, this match can be encoded into a matrix A, «,,as follows:

A 1 if records 7 € Y; and j € Y, represent the same entity
v 0 otherwise
The characteristics of a bipartite matching imply that at-most one entry in each
column and each row of A can be equal to 1. The goal of bipartite record linkage is
to estimate A using the information contained in Y; and Y5.

The set of ordered record pairs Y; x Y5 can be thought as the union of the set

of matches M = {(i,5) : i € Y1, j € Y, A;; = 1} and the set of non-matches
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U=A{(,j):ieYr, jeYs A; =0} Thus, the problem of estimating A from Y;
and Y5 can be seen as identifying the sets M and U. When record pairs are estimated
to be matches they are called links and when estimated to be non-matches they are

called non-links.

6.2.1 The Fellegi—Sunter approach of record linkage

The key idea of the Fellegi-Sunter approach is as follows: Comparison vectors «,;
are obtained for each record pair (7,7) in Y; x Y5 with the goal of finding evidence
of whether they represent matches or not. These vectors can be written as v,;; =
(V55 - - ,%fj, ...,7%;), where F denotes the number of criteria used to compare the
records. Traditionally, these F' criteria correspond to one comparison for each variable
that the data files have in common.

Let S¢(7,7) denote a similarity measure computed from field f of records i and j.
The range of Sy can be divided into Ly+1 intervals Ifg, Iy1,. .., I, , which represent
different disagreement levels. In this construction, the interval Iy, represents the
highest level of agreement, which includes total agreement, and the last interval Iy,
represents the highest level of disagreement.

In their chapter, Fellegi and Sunter| (1969)), the authors propose to the log-likelihood
ratios

]P)h/ij’Aij = 1]
P[’Yij’Aij = 0]

wij = IOg

as weights to estimate which record pairs are matches. The expression for w;; assumes
that v;; is a realization of a random vector, say, G;; whose distribution depends on the
matching status A;; of the record pair. Similar to the Neyman-Pearson hypothesis
testing, if this ratio is large we favor the hypothesis of the pair being a match.
When P[y,;|A;; = 1] and Plv,;|/A;; = 0] are known, the procedure orders the

possible values of «,; by their weights w;; in non-increasing order, indexing by the
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subscript h, and determines two values, b and A", such that Zhg W1 IP’[7ij|Aij =0] <
p< Zhgh’ P['YiﬂAU = 0] and thh” P[’YiﬂAij =1 >A> thh"+1P[7ij|Aij = 1],
where p = Plassign (7, j) as link|A;; = 0] and A\ = P[assign (7, j) as non-link|A;; = 1)
are two admissible “type 1”7 and “type 2” error levels.

Finally, the record pairs are classified into 3 groups:

1. Those with h < h' — 1 are declared links

2. Those with & > h"” + 1 are non-links and

3. Those with configurations between h" and h” require clerical review.

Fellegi and Sunter showed that this decision rule is optimal in the sense that for fixed

values of 1 and A it minimizes the probability of sending a pair to clerical review.
However, in practice, P[vy;;|Ay; = 1] and P[y,;|A;; = 0] are not known, and have

to be estimated from Y; and Ys. So, |Jaro (1989); Larsen and Rubin| (2001) proposed

to model the comparison data using mixture models of the type

Gijl Ay =17 M(m)
itd

Gijl Ay =0~ U(u),
JAVS P Bernoulli(6)

for comparison variables G;;, some distributions M(m) and U(u), and 6 € (0,1).

Estimation of M and U is usually done by EM-type algorithms.

6.2.2 Machine learning/classification approach

In-general, record linkage task becomes quickly infeasible with size (n,) as well as
the dimension (p,) of data files. A common solution to this problem is to partition

the data files into blocks (e.g. geography, or gender and year of birth) of records
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determined by information that is thought to be accurately recorded in both data
files, and then solve the task only within blocks. See |Christen (2011)); Steorts et al.
(2014)) for extensive surveys. Earlier development into blocking is presented in Herzog
et al.| (2007)), who also discuss the use of blocking to identify duplicate list entires and
for matching records between two sample surveys.

Recently a common approach of tackling the record linkage problems has been
to treat it as a traditional supervised or semi-supervised classification problem: we
need to classify record pairs into matches and non-matches. If we have a sample of
record pairs for which the true matching statuses are known, we can train a classifier
on this sample using comparisons between the pairs of records as our predictors, and
then predict the matching statuses of the remaining record pairs. See |Martins (2011));
Torvik and Smalheiser| (2009); Treeratpituk and Giles (2009); Ventura et al.| (2015)

for some examples.

6.2.3 Bayesian methods

Bayesian methods have a long history of use in record linkage models. A major advan-
tage of Bayesian methods is their natural handling of uncertainty quantification for
the resulting estimates. For a review of recent development in Bayesian methods, see
Liseo and Tancredi (2013)). While some of the Bayesian work incorporates the record
data only through pairwise similarity scores Sadinle (2017); Sadinle and Fienberg
(2013), other works |Steorts et al.| (2016) directly model the actual record data which
usually requires crafting specific models for each type of field, and therefore mostly
deal with categorical information. However, recently [Steorts and Others (2015) has
generalized Bayesian methods to incorporate string variables such as addresses, phone
numbers, or dates.

In addition, |Sadinle and Fienberg (2013) has extended the Fellegi-Sunter approach

to linking records across more than two databases. Also, [Singla and Domingos (2006));
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Enamorado et al.| (2018)) generalized the underlying mixture models (specially the i.i.d.

assumptions) in the Fellegi-Sunter approach.

6.3 Notations, the data and linking model

The main focus of this chapter is to link observations from two datasets. Both datasets
are matrices, with iid rows. However, the same observational units may have been
used for both datasets. For example, the 17-th row of the first dataset and 47-th row
of the second dataset may belong to the same individual. For a number of cases (n
in the notation used below) we know the linkage, and thus can match and pair the
information from both datasets. However, such linkage is not known for many other
rows of both datasets. The main goal of a record linkage exercise is to establish
such linkages.

It is also commonly understood that most observations from both datasets are
linked, and only a handful of observations from either dataset do not have an entry
on the other. For this chapter, we assume that the datasets do not have any common

variables. We also assume that both datasets considered here are high-dimensional.

6.3.1 Notations

Since the data, various parameters and latent variables will have multiple indices, we
establish some notations first. The notation a; denotes a vector, of dimension that

will be determined by the context. All vectors are column vectors, and the notation

T

I or a™ denotes the transpose, and |a| denotes its Euclidean norm. The n x m matrix

Q

A has column vectors denoted by A1,..., Ay, € R", and row vectors denoted by



6.3. NOTATIONS, THE DATA AND LINKING MODEL 194
Al’[“ e 7A7’L,[[ E Rm, thuS

Aig
AQ,D

A= (A iAo i Ao) e =

Ang

)

nxm

We index the datasets used in this chapter by ¢ = 1, 2, and the notation Y, stands for
the (-th dataset with dimensions ny X py, consisting of n, independent observations of
the p, features that are stacked as row vectors of the Y, matrix. The k-dimensional
multivariate Normal distribution with mean g € R? and variance X € RP*P will be
denoted by N,(u,X). The notation X; "% | denotes that the X,’s are independent,

identically distributed according to F.

6.3.2 The data and the linking framework

We consider two datasets for linkage, Y, € R™*P¢ for ¢ = 1,2. Without loss of gener-
ality, n1 < no. In both datasets, each row represents an observation, and each column
a feature. We assume, for mathematical simplicity, that there is no duplication of
features in the two datasets. Within each matrix, the rows are independent. However,
a pair of rows, one from each matrix, may have dependency.

For any positive integer k, let Ny = {1,2,...,k}, the set of positive integers or
natural numbers up to and including k. For any finite set S (for example, Ny), let
0(S) be any permutation of the elements of S.

Suppose that ng < n1(< ng) is the unknown number of linked observations be-

tween the datasets. Define n, = ny — ng for £ = 1,2, denoting the number of un-
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matched observations from either dataset. Define N = ng + 11 + 7, this is the total
number of observational units we consider, and we label the observational units with
the index set Ny. The i-th observation of the first dataset, Y7 ;5 € RP', corresponds
to the unit whose index matches with the i-th element of a({l, N ﬁl}), a ran-
dom permutation of the index subset S; = {1,...,n9 + n1}. The index subset of
the second data is Sy = {1,...,n9,n9 + 71 + 1,..., N}. The i-th observation of the
second dataset, Y3, € RP?, corresponds to the unit whose index matches with the
i-th element of U(SQ}), a random permutation of the index subset S;. Note that S;
and Sy have exactly ny elements in common, reflecting the ng matched observational
units for the two datasets.

In a few cases, the linkage between some observations units is known, and forms
the training set. A training set is not needed for the present chapter, but if indeed
we have known and established linkages between, say n < ng, observational units,
without loss of generality we stack these known linkage cases as the first n rows of
Y, 0 =1,2.

We assume that the observations satisfy
Yoin b N,, (O, Eg),z' =1,...,n4 X;unknown, ¢=1,2.
We use the spectral representation

Y= I’gAgFeT, where
Ay = diag (Am, L Am), with
/\Z,l 2 )\Z,Q Z .. Z /\K,po > )‘Z,p(ﬁ-l 2 s >\£7p£,

Iy = [W,D,l T W’D’m} c RPexPe.

Thus, Ay is the diagonal matrix of the eigenvalues of 3, and the columns of I'y contain
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the corresponding eigenvectors. It is assumed that the first pg eigenvalues are consid-
erably higher than the rest, and contain information relevant for linking records. Also
for mathematical simplicity, we assume henceforth that A\; ; = Ay ; for j =1,..., po.
That is, the top pg eigenvalues are the same. This is not a necessary assumption,
but makes the presentation and technicalities of the developments presented below
considerably simpler. We assume that the top py eigenvectors of both ¥,, ¢/ = 1,2 are
sparse, in that all but x; of the entries in these eigenvectors are zero. This is a nec-
essary assumption to obtain statistically consistent and computationally obtainable
estimators of the principal components that we use in this chapter, see [Wang et al.
(2016)) for further details.

There are multiple record linkage contexts in which the above framework may be
useful. First, traditional linkage techniques that rely on nominal and ordinal variables
like names, addresses and so on often result in plausible subsets of observations from
one dataset linked to each unit of the other dataset. At that stage, a further analysis
based on the continuous variables as described here may be useful. Second, due to
confidentiality and privacy considerations, datasets are often anonymized. In such
cases, the model presented above may be extremely useful, either directly for mod-
eling the reported continuous variables, or in conjunction with other continuous but
latent variables. Third, our framework allows the scope of record linkage to extend
beyond the traditional applications of linking sample surveys involving individuals or
households, into linking data from multitude of sources, like social media, online shop-
ping platforms, and electronic records of various kinds (Li et al., 2020; Fatemi et al.|
2018). In many such contexts, the observed and often suitably anonymized data may
be modeled using high-dimensional continuous (observed or latent) variables. With
such an extended scope, record linkage may provide an increase in precision and ac-
curacy of recommender systems (Drachsler et al. 2010; |[Shabtai et al.| 2013; |Slokom,

2018)), for providing online security and privacy (Zhu et all [2016; Salas, 2019)), for
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transfer learning (Rong et al., |2012)) and for distributed computing and related tech-

nical developments.

6.4 The statistical model

Without loss of generality and to considerably simplify the presentation below, we
assume that the first ng rows of Y,,/ = 1,2 are linked. To relate the two datasets
Y, e R"*Pe (= 1,2, we define the following quantities:

T1ig i Ny ! , Lr , whent=1,... npand j=1,...,po,

L2 j 0 p 1

Zyij rid N(0,1), for £ =1,2, when i > ng or j > po.

Thus, Zy; ; are all standard normal random variables, and for the case i = 1,...,ny
and j = 1,...,po, the two random variables Z;;; and Z,;; share a correlation p
between them. We arrange the Z,;; into two matrices of dimensions identical to
those of our datasets Y. Thus, Z, ; is the (4, j)-th element of the matrix Z, € R™*?¢,
¢ =1,2. It can be seen that each matrix Z, has iid N (0, 1) entries, but the top left
corners of Z; and Z5 are related.

We model the data as

1/2
Yoio=Tel,*Zy;, where

1.3.d

Zpir :'Npe(o,ﬂm),z':L...,nz
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Algorithm 8 Record Linking Algorithm

1.

Scale each row of the two datasets by their respective norms, to get X,;, =
Yeio/|Yeig|, for £ = 1,2 and i = 1,...,n;,. Collect these in the matrices X, €
Rnrexpe ¢ =1, 2.

. Run the high dimensional sparse PCA algorithm due to |Wang et al.| (2016]) on

Xy, 0 =1,2. This obtains the leading eigenvalue and eigenvector for these ma-
trices. Project the data on the orthogonal space to this estimated eigenvector,
and repeat the process to obtain the leading py eigenvectors.

Obtain the coefficients Wy, € RP (given in below) for each i = 1,...,ny,
¢ = 1,2 from the projections of the observations on the top py eigenvectors.

Obtain the correlations C(i,7) of Wy, and Wi

. Arrange the correlations in descending order. Based on the values corresponding

to the training set and a pre-set value for the maximum proportion of false
positive matches, select a correlation threshold. If there are multiple matches
above this threshold for any i € {1,...,n,} or i € {1,...,n,}, the match with
the higher correlation value is chosen. The proportion of false negatives is
estimated from the number of training sample matches below the threshold.

described above. In matrix terms, this then translates to

Y, = ZgAé/QF;?F, where

Zoi; "= N(0,1).

Note, however, that we do not imply with the above that the matrices Z, € R™*P¢

are independent of each other, and indeed they are not.

6.4.1 The record linking algorithm

Our proposed algorithm (algorithm 8) is as follows:

We now discuss in details the steps outlined above. First, the scaling X,;, =
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Yiio/|Yeip| ensures that each Xy, has unit norm, thus ensuring that outliers do not
affect the PCA and subsequent computations. It is well known that PCA is very
sensitive to outliers. The second step of the above algorithm is about computation
of the high dimensional principal components using an established procedure. The
third through last steps of the algorithm are about using the principal component
scores to obtain the record linkage. There can be considerable variation in the details
in these steps depending on the context, we have presented one simple procedure.
The above algorithm used the training data only for the last step of setting a
threshold for the correlations. We can easily formulate a variation, where a training
set is not needed. Since we compute nyng correlations of which only min(ny,ng) can
possibly correspond to linked data, a threshold can be determined based a change-
point in the correlation values, or on multiple matches. We illustrate this aspect in

simulations reported later in this chapter.

6.4.2 Theoretical properties

The justification for using the above algorithm rests on the fact that there is a clear
separation of the correlation values between the linked data-pairs, as opposed to the

correlation between the not-linked cases. We establish this fact in the following result:

Theorem 6.1
Under the conditions of the model, the population correlation value for each linked

pair of observations is p, and is zero for two observations that are not linked. 0

Thus, there is a clear separation of the correlation values from the linked data-
pairs from the rest. There would be sample variations, and the value of p is not
known. Consequently, either a training set-based threshold or a change detection

technique can be used to sort the true linkages from the rest.
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Proof 6.1 (Proof of Theorem [6.1))
Let

T . . X
Ff = fo,D,l L VE,D,PO] - RPe pO,

the first py columns of I'y, for which the eigenvalues are considerably higher than the
rest. We project the datapoints Yy, on the column space of Ty, fori=1,...,n, Note
that all columns of ', are orthonormal (by construction, since these are estimators
of successive eigenvectors, so they are orthogonal to each other and have unit norm).

Given this, it is easy to see that the projection of Yy, is

Po
Yoin= E (Yein Yeos ) Vers
=1

= Dol Yo
= fewe,z‘,u-
The relevant information about the projections is carried in the low-dimensional

weights W, ,;, € R, consequently we develop our analysis based on these below.

Putting these weights as rows in a matrix, we have

W, = YTy (6.1)
— Z,\/*TIT, € R
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This last expression can be simplified further, since

T
Vi1

T
7@,5,2

TH ) ) .
I AVES Yep,d ;.- Venpo

T
ryzvmvp[

I

Po

0(?@ —Po) XPo

Thus we have

A)PTIT,
NEoo000
0 NG 00
1/2

o0 0N
0 0 00
0 0 00
A}

— ERPZXPO.
0 (p¢—po)xpo

Define

ZE = Zé,D,l . ZAD’Q et Z&D,po c RngXpo.
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Consequently, we have

Wg YZFZ
= ZZA1/2Fg1f‘€
|:)\1/22€D]. )\é222652 e )\;’/pQOZZ,D,p()]

= Zg]\é/z € R™xpo,
We thus have, for any ¢ € {1,...,n0}

EW@,@',D = 07
VW(,?Z,E[ = [\57
EWyioWes o = MEZy 027, Mo,

Po
EWE@',DWQ,LD = ]EZ A A2 2,i,0 Z )‘i,/JZ 1/QEZl )i ]Z2 (R
Then it follows that
Cor (Wl,i,D7 W2,z’,1]) =p. O

The algebra for the observations that are not linked is similar and omitted here.

One important consideration for our framework is to ensure that the robustness
procedure we implemented in the first step does not alter the eigenvector structure of
the original data. That is, we need to ensure that the eigenvectors of ¥, match those

of the variance of X, £ = 1,2. This is ensured in the following result:

Theorem 6.2

Suppose X € RP is a random vector with variance Y x, and let the variance of U =

X/|X| be denoted by Xy.
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(1) When X has an elliptically symmetric distribution and zero mean, the eigenvec-

tors of X x and X are identical.

(it) f EU = 0 € R?, EU|X| = 0 € R? and E|X|?UUT = E|X]2EUUT € RP*?, then
again the eigenvectors of Y x and Yy are identical. Moreover, if the eigenvalues

of ¥x are \y > Xy > ... > A\, > 0, then the eigenvectors of ¥y are Pl >

=1 M T

M
p—>\,>0- O

HEDY

Note that a p-dimensional random vector X is said to elliptically distributed if
there exist a vector pu € RP, a positive semi-definite matrix > € RP*P and a function
¢ : (0,00) — R such that the characteristic function of X is exp{it’ u}o(tT3t) for
t € RP. See Fang et al| (1990)) for several alternative and equivalent definitions of
the elliptically contoured family, as well as for additional details. An example of
elliptically contoured distribution is the multivariate Gaussian distribution, thus the
framework adopted in this chapter satisfies the first condition of Theorem [6.2l The

second part of Theorem is for general interest, in case an elliptic distributional

assumption is not satisfied.

Proof 6.2 (Proof of Theorem [6.2))

First, consider the case where X has an elliptically symmetric distribution with mean
zero. In such cases, we may write X = RI'AY2E, where I is a rotation matrix, A
is a diagonal matrix with positive elements, E is uniformly distributed on the unit
sphere and R is a positive random variable that is independent of E. Then, we have
|X[> = R’ETAE. Let E = @5—25\ Consequently, U = X/|X| = I'E is a function
of E alone. Note that in the circularly symmetric case where A = A, we now have

| X | independent of U, and the above conditions are trivially satisfied. For general A,

note that

EUUT =TEEE"TT,
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and it can be easily shown that EEET is a diagonal matrix. Thus, ¥y = TAT'T and
Yy have the same eigenvectors in this case. This proof is reminiscent of the arguments
used in [Taskinen et al. (2012).

Under the assumptions of the second part, that is, EU = 0 € R?, EU|X| =0 € RP
and E|X[?UUT = E|X|PEUUT € RP*?, U and |X| are uncorrelated, as is |X|? and
UUT. This immediately implies that EX = EU|X| = 0, thus we have ¥y = EXXT
and Xy = UUT. We also easily have

Yy = EXXT
=E|X]*UU"
=E|X]*EUU".

Thus, the eigenvectors of ¥ x and Yy are identical, since E|X|? is a scalar.
Now, note that
x Xx 2x Xx

T EX]2 E[Trace X X7T| " Trace &y PN O

Xy

The rest of this section is on the estimation of the high dimensional principal
components. We present the results only for the first principal component. Our de-
velopment here closely follows that of[Wang et al. (2016]), and we essentially make use
of their theoretical machinery and algorithm for the rest of this chapter. The results
below are primarily designed to show that the technical conditions of Wang et al.
(2016)) hold for our case, and the eigenvector estimation algorithm they established
also works for us. We omit many algebraic details, since they are similar to those of
Wang et al. (2016).

Our first result is to show that U has a sub-Gaussian distribution. This is imme-
diate, since U is bounded. We have multiple proofs of this result with sharp bounds

on the constant o2, but present the simplest one here for clarity. Ensuring that U
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has a sub-Gaussian distribution facilitates the use of various known concentration

inequality and other probabilistic results.

Lemma 6.1

U € Sub-Gaussian(2). O

Proof 6.3 (Proof of Lemma [6.1)

We recall the definition of Sub-Gaussian distributions

0'2\u|2
2

X € Sub-Gaussian(c?) if Vu € R?, E[e* X] < e

Since |U| = 1, we have for |u| > 1

u'U < |uf*(C-S inequality) for any u on R?
= "' U < el for any u on R?

= U € Sub-Gaussian(2).

The case for |u| < 1 is more delicate, but can be handled with some routine

algebra. We omit the details here.

We now recall some definitions from Wang et al. (2016)) for developing our next set
of results. Since our framework is high dimensional, we need structural assumptions
on the nature of the eigenvectors of ¥y (or Xy ), and the most common and convenient
assumption here is one of sparsity. We define the sparse unit ball in p-dimensions

having at most k non-zero entries as follows:
p
By(k) = {x €R”: |z| =1, Zf{msﬁo%k}'
j=1

Based on this and sample size n, for any j € {1,...,p} and C' > 0, a probability mea-

sure P is said the satisfy the Restricted Covariance Condition (RCC) with parameters
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p,n,j and C, and written as P € RCCy(n, j,C) if

P{ sup [V(u) — V(u)| > Cmax(y/ 1182/ 7loe(p/0)

u€By(1) n n

)} <9

for all § > 0, where V(u) = Eu'Su, V(v) = EuSu and ¥ = L3 UUE for
iid

Uy,Us,...,U, ~ P. We also define

RCC,(C) = (p] ﬁ RCC,(n,1,C).

I=1n=1
Suppose, associated with a generic distribution P on RP, is the variance matrix
with the j-th eigenvalue and eigenvector respectively being A; and v, 7 = 1,...,p.
The results for the rest of this section are valid for the following class of probability

measures. For 6 > 0, define
Py(n, k,0) = {IP € RCC,(n,2,1) N ROC,(n, 2k, 1) : yo1 € Bo(k), A — Ao > 9}.

Our next result states that U, after suitable scaling, has a distribution that satisfies

the restricted covariance condition with appropriate selection of constants.

Lemma 6.2
For the random variable U € RP with p > 2, assume that 7,; € By(k) and 6 =
(M(Ex) = X(Ex)) >0. Then Z = £ € Py(n, k, syrtes—)- O

» 22Trace(Xx)

Proof 6.4 (Proof of Lemma [6.2)
Recall from Proposition 1 of [Wang et al.| (2016)) that for every o > 0,

))-

9
log(p)

Sub-Gaussian(o?) C RCC,(160°(1 +
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Therefore using Lemma [6.1], we have that

9
log(p)

X
U

= € RCC,(1),

32 (1+ —10g9(p))

).

U
iﬁ € RCCP(I),
0

U
— —). U
T € Poln,k, 22Trace(2x))

For a symmetric matrix A € RP*P| we define

~ Kk

Vo,maz (A) = sargmax,cp, (k) UTA’LL

to be the k-sparse maximum eigenvector of A, where sargmax denotes the smallest
element of the argmax in the lexicographic ordering. We use A as an argument of
‘yéﬁmm(-) here to distinguish between the estimated eigenvectors from various matrices.

Also, between 2 unit vectors v and v , we define the loss function
L(u,v) = (1- (UTU)2)1/2.

Note that 4%, ,,(A) are all identical for A = Su, Yx, Xz, Our next result is the
main consistency and probabilistic guarantee result on the sample version of the k-
sparse maximum eigen-vector. This result ensures in particular that under suitable
conditions with log(p) = o(n), the sample k-sparse maximum eigenvector is consistent

for the population maximum eigenvector.

Theorem 6.3
For 2k log(p) < n, the k-sparse empirical maximum eigen-vector, ’Ayﬁmax(XAIU) satisfies

1 k log(p)

~k A <
EL(VD,max(EU% Vﬂ,l(ZU)) = 44\/§<1 + log(p)) no2?

Trace(Xx).
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Proof 6.5 (Proof of Theorem [6/3)
We apply Theorem 2 of Wang et al.| (2016)) on Z and note that for 2k log(p) < n, the

k-sparse empirical maximum eigen-vector, ﬁmm(Z 7) satisfies

. o k log(p
EL (’.Yéf,max(EZ)v ’}/D,l(EZ)) < 2\/_( lOg( >) n92< ) TI’&CQ(ZX).
Proof follows by noting that
EL (&g,max<2Z>v ’YD,I(EZ)) =EL (’?Ek[,maz(iU)a ’75,1<EU)) . 0

Let U; = |X1| for i = 1,2,...,n where X; % P, and we denote ASPP(U) for the
output of the SDP algorithm of [Wang et al.| (2016). with input U = (Uy,...,U,)7T,
A=4 log( and € = loip).

While Theorem provided a general probabilistic guarantee on the error of
the sample k-sparse maximum eigenvector, we need a similar result for the sparse
maximum eigenvector that is obtained using the SDP algorithm. Note that the SDP
algorithm allows for computation of a sparse maximum eigenvector in real time, and
is thus both practical and is of theoretical relevance. The following result establishes

a probabilistic guarantee and consistency for this version of the sparse empirical

maximum eigenvector.

Theorem 6.4
If 4 log(p) < n < k?p*0~2log(p), then

k2 log(p)
ng? U

EL(35PP(U),%,1(S0)) < (352v2 + 44) Trace Sy
Proof 6.6 (Proof of Theorem [6.4)
We apply Theorem 5 of Wang et al| (2016 on Z and note that

k2 log(p)

0 Trace(Xy).
n

EL(35PP(Z),71(22)) < 22(16v2 + 2)

for Z = (Z,. .., Zn)T where Z;, = ;J—Q The result is immediate.
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In general, 4577 (U) is not a sparse estimator. However, it turns out that a

k-sparse version of 47PF(U), that is, some ﬁg?P’k(U) € By(k), may be obtained

by setting all but the top k coordinates of ’}ngP (U) in absolute value to zero and

renormalizing the vector. In particular, 957 is computable in polynomial time and

under the same condition as in Theorem [6.4].

6.5 Some simulation results

In this section, we present a simulation exercise to illustrate the performance of the
proposed record linkage methodology, and also to illustrate some practical implemen-
tation steps.

To generate data, we followed the framework laid out at the start of Section
tion 6.4l That is, we generated a set of independent bivariate Gaussian random vari-
ables with common correlation p, and several independent univariate standard Normal
random variables, and used these to populate the two data matrices. We tested vari-
ous choices of sample sizes, dimensions, correlation p. For brevity, we report the case
where the two matrix datasets that we use are of dimensions n; = 60, p; = 100, and
ng = 70, po = 120 of independent rows each, and p = 0.8. The first ny = 50 entries of
these two matrices are linked to each other. The rest (10 for the first matrix, 20 for
the second matrix) are not linked. We use the first n = 20 observations for training
in the version of the algorithm where a training set is used, thus leaving the last 30
linked data points for testing. We also demonstrate the performance of our method
when no training dataset is available. We fix pg = 10 for this exercise, and repeated
the entire simulation 100 times.

As practical steps, we found that using a sparse version of the estimated eigen-
values, as proposed in Theorem [6.4] considerably improves performance, owing to

reduction of the effect of noise terms in the eventual linkage. Also, the estimated
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principal components for the two datasets may not have the same orientation and
may not appear in the same order. Hence, when needed, a principled permutation
and sign reversal of the estimated eigenvectors of the second dataset is done to im-
prove linkage accuracy. While in theory the estimators of the eigenvalues are not
required for the linkage steps, using those as weights improves linkage.

Over 100 replications of the simulation experiment, the correct linkage established
on the test set by our proposed method was about 43.5% times, with a standard error
of about 5.37%. When no training sample is used and instead a threshold for the
correlation estimated from the data, the correct linkage percentage increases to about
56%, however, the standard error also increases to about 14.8%. The estimated
threshold for correlation was at a lower value than the case with training data: a
pattern that we noticed in multiple simulations, which we will study further later.
The linkage accuracy may seem low, however, we need to remember that this is
a unsupervised framework, involving high dimensional datasets with no common

variables, and minimal or no training data.

6.6 Conclusions and future work

Record linkage is in-general a difficult exercise. Bayesian models are often too com-
plex for practical purposes and some Bayesian formulations fail to accommodate non-
categorical variables. Supervised classification methods assume the existence of large,
accurate sets of training data, which are often difficult and/or expensive to obtain.
Also, in those methodologies, it is difficult to guarantee maximum one-to-one assign-
ment constrain of bipartite record linkage. While some theoretical modifications have
been developed to ensure an one-to-one assignment(Sadinle, 2017)), typically some
subsequent post-processing step is required to solve these inconsistencies.

In view of these difficulties, in this chapter we propose a completely new approach
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towards record linkage. We do not require a common set of variables between the two
datasets, we do not require a training set, and the dimensionality and sample sizes
can both be large. Naturally, our methodology extends to cases where a common set
of variables exist, we will elaborate on this in a future work. If a training set exists,
we can make use of it, as illustrated in this chapter. We have presented the case for
the bipartite record linkage, but our model conceptually extends to other cases as
well.

Some of the technical assumptions of this chapter, like the two covariances matrices
having the same set of leading eigenvalues, or the number leading eigenvalues pq
being known, or the latent random variables that link the two datasets having the
same correlation p, can be addressed with some additional work and methodological
developments. The assumption of multivariate normality of the data is not critical:
our proposal only depends on robust, high dimensional principal components, and
these are available for data from many distributions with both discrete and continuous
components. The assumption of sparsity in the leading eigenvectors is owing to the
fact that for high dimensional modeling, some structural assumptions are needed
since the sample size is not adequate to estimate all relevant unknown parameters. In
any case, there are considerable challenges to estimating high dimensional principal
components, see Paul (2007)).

The robust, high dimensional principal component we use is built on the work by
Wang et al|(2016)). The credit for both the theoretical framework and the algorithm
goes to that work primarily. Our setup differs from Wang et al.| (2016)) in the detail
that for robustness purposes we transform each observation to be on the unit sphere.
One future work for us is to establish the theoretical results under weaker assumptions
than |Wang et al.| (2016)), or to show better theoretical properties.

We have used a simple method for linking observations in this chapter, using cor-

relations. A correlation-based linkage is not critical to our primary methodological
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steps. More complex and realistic measures of linkage will be studied in the future.
The case where no training data is present needs further investigation, which will
also be part of our future work. In absolute terms, our simulation results are not
excellent; however, we do not have a baseline for comparison since most other papers
on record linkage do not use as general a framework as ours with (7) high dimensional
data, (i) no common set of features, and (i7i) possibly no training set. Our frame-
work may be termed unsupervised learning of record linkage, and in the unsupervised
learning framework, our numeric results are perhaps acceptable. However, consider-
able fine tuning and experimentation with the algorithm for record linkage is needed.
We have ensured that our high-dimensional, robust and potentially sparse principal
component estimator is highly accurate, and some of our studies (not reported here)
suggest that using a small number of common features dramatically increases linkage
accuracy. A part of our future work is on including nominal and categorical variables
for linkages in our framework, which will make our proposed approach more aligned
with traditional record linkage techniques. In this context, we will also investigate
how much additional gain results from using PCA in addition to available matching
fields, compared to the traditional Felligi-Sunter method.

An important topic to consider in future from this chapter is on statistical infer-
ence based on linked datasets. This is a non-trivial task, since the datasets are used
multiple times in the process of linking, estimation of various quantities of interest,
and then inference. The article [Han and Lahiri (2019)) provides review of the cur-
rent state of the art in this direction of work. Some alternatives to fully Bayesian
methods, for example regression analysis using linked data Lahiri and Larsen| (2005);
Scheuren and Winkler| (1997, |1993), have both computational efficiency and analyt-
ical tractability, which may make them attractive practical choices for applications.

Comparisons with such alternatives is an additional future work.



Chapter 7

Future Work

We list our future work as follows.

e We would like to work on the "inverse problem” of chapter 2. l.e. given a

generic function h as in equation |(1.2){ dy(z,y) = inf fol h(f(v))|7,|dt, can we
o

find a sample based distance that converge to this distance as n — oo? If yes,
we would like to derive the convergence rate and properties of this sample based

distance.

e Given a data-set, a clustering objective and a particular form of g-distance, we
would like to formulate and derive a theoretical framework for optimally choos-
ing the coefficients/powers of the g-distance and perform numerical experiments

comparing performance of different g.

e In many applications the underlying network/graph is directed. We would like
to generalize the notion of g distance (i.e. capturing geometry and intensity in-
formation present in the network simultaneously) for directed data and develop

relevant statistical methodologies.

e We would like to study the optimality of SC using density sensitive distances
when data is generated from a known mixture distribution, for example from a

Gaussian mixture model. In this scenario, distribution based clustering methods

213
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such as EM algorithm should outperform SC. However, it will be interesting
to derive the performance guarantee condition for SC and compare it with
existing performance guarantee conditions for SC using Euclidean distance and

EM algorithm.

e We would like to do extensive numerical work to understand the practical im-
plications of the theoretical results presented in this thesis. In particular, we
would like to perform numerical experiments and simulation studies comparing
the performance of the algorithms developed in chapter 5 on synthetic as well
as real datasets. Also, we would like to do extensive numerical experiments to
compare performance of different g distances and LLPD in varying sample size

and density regime scenarios in relation to our work in chapter 2.

e We would like to extend the methodology proposed in chapter 6 to multiple
datasets. We will also work on real data examples, which has not been possible
owing to data access limitations. It will be of interest to compare our unsuper-

vised record linkage approach with more traditional record linking algorithms.
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