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Exact asymptotics
for the probability of exit from a domain
and applications to simulation

Paolo Baldi
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Abstract We study the asymptotics of the exit probability P§ ,{r < T} where 7
is the exit time from an open set and P  is the law of a Diffusion Process with a small
parameter € multiplying the diffusion coefficient. We consider the case of the Brownian
bridge in many dimensions, this choice being motivated by applications to numerical sim-
ulation. The method uses recent results reducing the problem to the solution of a system
of linear first order PDE’s.

1. Introduction

Let D C IR™ be an open set and let us consider the Diffusion Process X ¢ which is associated
to the SDS

dXE = b(XE,t)dt + Ve o(XE,t) dB,

1.1
(L1) X;=z€D

and let 7 denote the exit time of X¢ from D. In this paper we are concerned with the problem
of finding the exact asymptotics of

(1.2) P: {7 < T}

where T' > 0 and P , is the law of X*. Of course this quantity tends to 1 if the solution of

the deterministic ODE
Ii,'t = b(.’IJt, t)

Ts =1

exits from D before (<) time 7. In any case the Ventsel-Freidlin theory of Large Deviations
states that

1
(1.3) logP, {7 < T} ~ gu(:c,s)
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where the function u is defined in the following way : define the action functional I on the set
of all continuous paths v by

(1.4) Is(y) = 5/ (@(y, ) " (5 = b(es 1)), Fe — blye, 1) dt

if v is absolutely continuous and Is(y) = 400 otherwise (here a = oo*). Then u(z, s) is the
infimum of I, taken on the set of all paths starting at z at time s and such that y(t) € D€
for some t < T.

The Theory of Large Deviations, more precisely, states that if the path v which minimizes
the action functional I is unique, then the asymptotics of the quantity in (1.2) is the same
as

(1.5) PLs{m <T,X* € Bs(v)}

where by Bs(y) we denote the neighborhood (a tube) of radius é of . This suggests that
the requested asymptotics should depend only on the behavior (curvature ?) of the boundary
near the point ¢ at which the minimizer v reaches dD.

The goal of this paper is to give an exact equivalent for P; {7 < T} i.e. to remove the
log in (1.3). More precisely we deal with the situation in which X¢ is a Brownian bridge in
many dimensions with a small parameter multiplying the diffusion coefficient.

The interest for this particular situation, besides the natural question of determining
how the boundary near the exit point affects the asymptotics, is motivated by the following
application. Let W be a n-dimensional Brownian motion, and f : D — IR a function on the
open set D. Suppose we want to evaluate numerically the quantity

(16) B [ f0m) as

Such quantities appear naturally in the stochastic representation of the solutions of second
order linear PDE’s. One way to do that is to fix a step € and to simulate the subsequent
positions of a path Wy =z, W, Wa., ..., Wye,... If N is the first index such that Wy, € D,
one then approximates the functional

(W) = / " f(w,) ds

with the sum

N-1
L(W)=¢) f(Wk)
k=0

Then averaging over many independently simulated paths the functional I, one has the de-
sired approximation of the expectation in (1.6).

The drawback in this procedure is that one implicitly assumes that Ne is a good ap-
proximation of the exit time 7. Indeed this is not the case, since, if & < N, we know that
W(x-1)e and Wy, are still in D, but there is a strictly positive probability that the path has
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performed an excursion out of D in the time interval [(k — 1)e, ke]. If f is nonnegative this
means that in the above described procedure I, systematically over-estimates the functional
I.

One way to handle the problem is as follows: at each step, k say, first simulate Wy 1)..
If W(k41)e € D then compute the probability p that the process has gone out of D in the time
interval [ke, (k + 1)e|, given the positions Wi, and W(x41)e, and with probability p kill the
process and choose (k+1)e as an approximation of the exit time 7, and with probability 1 —p
continue the simulation of the path. The law of a Brownian motion on a given time interval
[ke, (k + 1)e] conditioned to its positions Wi, = = and Wy 1), = y is, up to a traslation in
the time scale, a Brownian bridge conditioned to be in y at time € and starting at x. Thus
the killing probability p is the exit probability from D of such a process.

Unfortunately this is not an easy quantity to compute, so that we suggest to replace it
with its asymptotics as € — 0. In the last section we produce results of simulations showing
that the over-estimation above can actually produce inaccurate results, which can be con-
siderably improved by the suggested correction with an acceptable price in terms of CPU
time.

Of course it might be important to obtain the exact asymptotics also for other condi-
tioned processes, in order to apply the above described technique to processes other than
the Brownian motion. We think that the argument developed here, and which rely on re-
cent results of W.H.Fleming and M.R.James, might be able to handle more general Diffusion
Processes, but we do not know whether the results would be explicit enough to be effec-
tively implemented in a computer program. Possibly these more general situations should be
handled by approximating the conditioned diffusion with the bridge arising from the condi-
tionment of the diffusion obtained by freezing its drift and diffusion coefficients, a situation
that should be reduced to the Brownian bridge.

The above described procedure might be useful in other problems in numerical simula-
tion. In particular it should improve existing techniques of simulation of Diffusion Processes
with reflection, or other conditions, at the boundary.

The table of contents is as follows: in §2 we recall a result of W.H.Fleming and
M.R.James, which, under suitable assumptions reduces the computation of the requested
asymptotics to the solution of a linear partial differential problem of the first order. In §3 we
study the geometry of the characteristics of this system for the (multidimensional) Brownian
bridge and show that the results of Fleming and James are applicable in this situation. The
asymptotics is computed in §4 (Theorem 4.4) and its dependence on the geometry of 4D is
made explicit ; also some examples are given. In §5 the geometric meaning of the asymptotics
is discussed whereas § 6 contains the results of the simulations and some related questions.

The author wishes to thank G.Ben Arous and F.Marchetti for valuable suggestions.

2. A general result

Let X¢ be the solution of (1.1). We shall assume ¢ = I (the identity matrix) and that the
vector field b : D x [0,7] — IR™ is Lipschitz continuous in z uniformly in ¢.

In this section we recall a result giving the asymptotics for the exit probability (1.2)
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under suitable assumptions. Let us define the function v : D x [0,7] — R by
u(z, s) = inf I;(7y)

where I is as in (1.4), the infimum being taken on the set of all continuous paths starting
at z at time s and such that y(t) € D for some t < T. It can be shown that u solves the
Hamilton-Jacobi equation

1
-g% +b Du — 5|Du|2 =0 in Dx]0,T|
(2.1) u(z,s) = on 9D x [0, T

u(z,s) — 400 ast /" T,xeD

The above described equation should be considered in the sense of viscosity solutions (Flem-
ing and Souganidis [1986]), and is intended in the classical sense at each point at which u is
differentiable.

The next result, due to Fleming and James [1992], gives an expansion for the exit prob-
ability (1.2), at least for (z,s) in a set N C D x [0,T] satisfying the following assumptions.

Assumption (A) a) N C D x [0,T'],T" < T and N is a relatively open subset.
b) u € C*(N).
¢) Let us denote

B(z,s) = b(zx,s) — Du(z, s) (z,s) € N
Let v, s be the solution of

"Ya:,s(t) = /B(t’ 'Yx,s(t))

(2.2) e s(5)

T
and z, s the first point at which v, s first reaches ON. If
'y = {2z, (z,8) € N}

thenI'y C 0D. Moreover I'; is a C* manifold which is relatively open in ON and vy s crosses
ON non tangentially.

One has then (Fleming and James [1992])



Theorem 2.1 Let N C D x [0, T'[ be such that Assumption (A) is satisfied. Then for (z, s) €
N the following expansion holds

PE {7 < T} = e u@s)/egmwl@s) (1 +Y1(z, s)e + ... + Ym(x,8)e™ + o(em))

where w : N — IRT is the solution of

ow 1 .
g—k(b—Du)Dw——EAu in N

w=0  ondD x [0,T[NN
whereas the coefficients 1; are defined by iteration by vy = 1 and

% + (b — Du)Dyy, = — [% (|Dw|2 _ Aw)?ﬁkﬂ — (Dw, D7) + %Ad;k_l)) in N

Ye=0  ondD x [0,T[NN

Remark The original result in Fleming and James [1992] deals with a more general situation
(b also depending on €, o non constant. . . ).

Assumption (A) also insures that the differential systems for w and ) can actually
be solved by characteristics (the characteristics of both systems are moreover the same and
coincide with the characteristics of the Hamilton-Jacobi equation (2.1)).

Thus the solution of the differential system of Theorem 2.1 is simple: one has to solve
the ordinary equation

;Yt = /B(t, 7t)
Vs =T

where 8 = b — Du and then

1

(2.3) w(z, s) = exp (/ éAu(’yt,t)) dt)
S

7 being the time at which 7 reaches ON.

Remark 2.2 One might ask whether the expansion of Theorem 2.1 still holds if Assumption
(A) is not satisfied. To make this point clear let us consider the example of the Brownian
motion (i.e b = 0). The exact asymptotics for the exit time in this situation can be found in
Baldi [1991] or in Bellaiche [1981,p.185] and it is of the form

Pi,s{T <T}~ cl\/ge—u(x,S)/s
for some constant c¢; > 0 (at least for “most” points z € D). Thus the first term before the

exponential is of order % in € whereas in the asymptotics of Theorem 2.1 the first term is
necessarily a constant, i.e. of order 0 in €.



These two situations show another difference: as pointed out in Fleming-James [1992]
under Assumption (A) the minimizing path joining a point (z, s) € N to the boundary reaches
OD at a time T” < T. In the case of the Brownian motion instead the boundary is always
reached exactly at time 7. It seems that for the asymptotics of the exit time two tipical
situations appear, following that the expansion begins with a term of order 1 or not, and it
might be interesting to classify these two situations. The time at which the minimizers reach
the boundary seems to make a difference.

A related result worth mentioning is given in Azencott [1980]. He deals with expansions
of quantities of the type

P; {X®el}

I’ being a set of paths, for which certain hypothesis of regularity of the boundary (as an
infinite dimensional manifold) hold. In principle these results might be applicable to our situ-
ation with T' = {set of paths which reach D before time T'}. Whereas in general it is difficult
to check Azencott’s assumptions, however they are certainly not satisfied in the range of ap-
plication of Theorem 2.1 because also Azencott’s expansion begins with a term of order % in
E.

3. The geometry of the Brownian bridge

In this section we make some remarks concerning the geometry of the minimizers of the action
functional I for the Brownian bridge, which will allow to determine for which points (z, s)
Theorem 2.1 can be applied. Most of this section consists on the usual remarks connecting
the uniqueness of the minimizers and the regularity of the solution u of the Hamilton-Jacobi
equation.

We shall consider the following family of Diffusion processes (Brownian bridge with a
small parameter)

L)t_ydt-i-\/gdBt

dX*(t) = — ===

(3.1)
Xe(s) ==

where y is a fixed point in the open set D. If by I'; s we denote the set of all absolutely
continuous paths « such that v(s) = = and ~(t) € D for some 0 < t < 1, and we write

1 [,
Jsi(v) = 5/

’U,(HZ, S) = 'yelrl'l‘f <Is,1('7)

then



Lemma 3.1

(3.2) u(e,s) = inf in 1px—m2+W—m2_u_yp}

$€0D 0<t<1 2 t—s 1—t¢ 1—3s

Proof. If y €'y s let 0 <t < 1 and ¢ € dD be such that v(t) = ¢. The infimum of J; ; over
such paths is a typical problem of Calculus of Variations with fixed endpoints. The Lagrange
equation is

j(r) =0

meaning that the minimum is attained by the line segment joining x to ¢ at uniform speed.
In order to minimize Js; 7y will be chosen to be a solution of

on the time interval [t, 1] (by the way this gives the line segment from ¢ to y driven at uniform
speed). On this path the functional Js ; takes the value

1 t
Js1(7) = =
S,].(PY) 2 \/s
(the integrand vanishes on [t, 1]). Integration gives the value
1 1 1 1-s
5{??2‘1_3}F¢‘@t_3+$‘

Of course the minimum of J, ; over all paths starting at = at time s and reaching the boundary
before time 1 is given by the minimum of this quantity in ¢ € 0D and t,s <t < 1.

¢—a:+ 1 rT—38 ‘2

t—s 1—7‘[ t—s ] dr

2
_lle—gP  y—¢P |a—yP
2 t—s 1-—t 1—3s

It is easy to compute the infimum in ¢ in the left-hand side of (3.2) for fixed ¢. The
minimum indeed is attained for

A  dout
(3.3) t=t(z,s) :=s+(1 s)|$_¢|+|y_¢|
which gives
1
(3.4) u(w,s) = it s {2 =0l +ly = o))" ~ o — oI}



Remark 3.2 ¢(z, s) is the time at which the path 7, s which minimizes the action functional
starting at x at time s reaches the boundary. It is important to remark that ¢(z, s) is constant
along 7y s ; more precisely t(v; s(r),r) = t(z, s) for every s < r < t(z,s). It is also clear that
t(z,s) < 1 for every s < 1..

Remark 3.3 The drift for the Brownian bridge is

r—y
b(m,t):—l_t

and has a singularity at ¢ = 1. This is not a real difficulty in view to apply Theorem 2.1, where

the drift is supposed to be Lipschitz continuous. Indeed as remarked in the introduction one
has

PL AT STy ~PL {7 <T,X° € Bs(v)} ~ P; {7 <n}

where 7 is the supremum of the exit times from D of the paths in Bg(y). If § is chosen smaller
than d(y,dD)/2 then 7 is strictly smaller than 1 and only the behaviour of the process in the
time interval [0, 1] is relevant, where the drift coeflicient is regular.

We shall note in the following

((lz =8| +1y— ¢)* - |z — y/?)

|z — ¢|
(30 N EATET:
One should remark that the level sets of I are ellipsoids of revolution whose foci are located
in x and y.
Also from (3.6) it follows that

N[ —

(3.5) I(z,¢) =

(37) o = 9(a)| = T2y — #(z)

If D is the set of all points € D such that the infimum in (3.4) is attained at only one
point ¢ € OD then one can define a function ¢ : D — 0D by

(3.8) ¢(z) = argmin I(z,€) = argmin |z — &| + |y — ¢|
¢€dD ¢€dD

so that for z € D
1
(3.9) u(z,s) = A=) 8)1(33, ¢(z))
Let ¥ : IR™ — IR be a smooth function and let ¢y € D be a local minimum of ¥ on 0D. ¢¢

is said to be non degenerate if for some local system of coordinates G:IR" ™! D U — 9D the
Hessian of ¥ o G is positive definite at G~ (¢y).



Definition 3.4 A point x € D is said to be regular if

a) The line segment joining x to y is entirely contained in D.

b) The minimum of ¢ — I(z,$) on 0D is attained at a unique point ¢o = ¢(zx). Moreover
0D is C* in a neighborhood of ¢g and ¢q is a non degenerate minimum for ¢ — I(z, ®) .

Proposition 3.5 Let x € D be a regular point. Then there exists a neighborhood U of x
such that if p € U, then p is a regular point. Moreover the mapping p — ¢(p) is C* on U and
u is C*°(U x [0,TY).

Proof. Because of (3.9) we only need to prove that there exists a neighborhood U of x such
that if p € U then p is also a regular point and the mapping p — ¢(p) is C>(U).

Let (U, G) be a local system of coordinates of 0D near ¢y = ¢(z) and let us consider the
function F' : D x U — R defined by F(z,z) = I(z,G(z)). One has

D,F(z,G (¢0)) =0

because G~!(¢y) is a local minimum of 2 — F(z, z). Moreover the assumption of non degen-
eracy of the Hessian of z — F(z,z) at 2 = G~ !(¢0)) allows to apply the implicit functions
theorem, obtaining that for p in a neighborhood U; of z there exists a unique point z(p) in
a neighborhood V; of G7(¢g) such that

DzF(p’ Z(p)) =0

This means that z(p) is a critical point of z — F(p, 2).

Now the assumption that ¢¢ is the unique minimum of ¢ — I(z,¢) allows easily to
deduce that for any neighborhood W of ¢g there exists a neighborhood Us; of x such that for
every p € U the minimum of ¢ — I(p, ¢) is attained in W.

Thus for p € U; N U, the minimum of z — F(z,2) = I(z,G(z)) is attained in Vi N
G~1(W). But in this set z(p) is the unique critical point of p — F(p, ), which is thus the
minimum. The mapping p — z(p) is C* because of the implicit function theorem, and the
same is true for p — ¢(p) = G(z(p)).

In the next section we shall compute the asymptotics of the exit probability for the brow-
nian bridge starting at a regular point. We see now that every x € D “in general position” is
regular.

Let 'y, 'y be two smooth hypersurfaces mutually tangent at a point ¢ and let us denote
by Ty the tangent hyperplane at the two surfaces at ¢. If w € Ty let be 1,7, two paths on
I'1,I's respectively, such that

71(0) = 12(0) = ¢ 41(0) = 42(0) = w
Then .
e (t) — 2(8)] < / 1() — Aa(s)] ds = O(t2)

We say that at ¢ there is a contact of order > 1 between I'; and I'y if for some w € Ty one
has

71(t) = 72(t)] = o(t?)
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ast — 0.
As we shall see in §5 I'; and I'; have a contact if order > 1 if and only if the Weingarten
maps L; and Lo at ¢ of 'y and I'; respectively are such that L; — Ly is not invertible.

Proposition 3.6 Let ¥ be a smooth function whose gradient never vanishes on 0D and let
be ¢g a local minimum of ¥ on 0D. Then ¢y is not a non degenerate minimum of ¥ on 6D
if and only if at ¢¢ the two surfaces 0D and {V = ¥(¢g)} have a contact of order > 1.

Proof. Let (U, G) a local system of coordinates at ¢o. If H = Hess ¥(¢) was not inversible
there would be a vector v € R™ ! such that

2

0= (Ho,v) = 5 oW 0 GG ()

Let %—f € Ty, the corresponding tangent vector and let 1, vz the paths on 0D and ¥ = ¥(¢y)
respectively such that

oG

71(0) = 72(0) = ¢, 41(0) = 42(0) = B

Let us assume that there exists a neighborhood Uy of 0 such that v;(t) # v2(t) for t € Up ;
otherwise there is nothing to prove. Then for some 0 <7 <1

V(1 (2) — U(r2(t) = (grad U (1 (t) + 7(72() = 11(8))s 11 (t) — 72(t)) =

(3.10) (grad ¥(o), 11(6) — 12(8)) + o()

Moreover
d

& (2n ) - o) =

e~ @t )i =0
since ¢g is a minimum of ¥ on D. But also

(¥ (®) - W) = v ), = (Hoo) =0

't:O

so that W(y;(t)) — U(y2(t)) = o(t?). Putting this together with (3.10) we have

o) = T (1 (1)) — U(pa(t)) = 1 (8) — a(0)] <grad (o), %H> Fo(t?) =

= [71(t) = 72(t)|(grad ¥(¢o), n) + o(t?)
where n denotes the normal at both surfaces at ¢o. Since grad ¥(¢p) doesn’t vanish and

points in the same direction of n this implies that |y (t) — y2(¢)| = o(t?).
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Remark 3.7 Because of (3.8) DyI(zx, $) is a vector which is orthogonal to 8D at ¢ = ¢(z).
If we denote by n(¢) the inner normal to 0D at ¢, computing the derivative DyI(z, ) this

implies
T—¢ | Yy—¢
+
lz—¢ |y — 4l

for some A € R. It is easy to see that

y—¢
=2 ,n(o >
<w-m (@)
from which we derive

rt—¢ y—¢ n n(d) — y—¢
(3-1) Iw—¢l_2<ly—¢|’ (¢)> @ = 1=

In particular (3.11) implies that if x is a regular point and v, s is the solution of (2.2), then
Yz,s Teaches the boundary non tangentially. Indeed in the time interval [s,t(z, s)] 74,5 follows
the line segment from z to ¢(x) at uniform speed. From (3.11) if (z — ¢,n(¢)) = 0 then also
(y — ¢,n(4)) = 0 and this implies that ¢ lies on the line segment joining = to y, which is not
possible since x is a regular point and the line segment joining = to y must lie entirely in D.

= An(¢)

4. The asymptotics for the Brownian bridge

In this section we compute the Laplacian of u at a point (z,s), where z is assumed to be
regular, and solve the differential system of Theorem 2.1 by computing w by (2.3).
We start with the first derivatives of u (we can assume s = 0). From (3.9)

0 ol ", 9I 0,
2% 0,0) = (2 6(@) + 3 (0 ) 2

But it is easy to recognise that in the previous formula the last term is equal to 0, because
%‘P—i(x) is a tangent vector to D at ¢ = ¢(zx) for i = 1,...,n whereas DyI(z, ¢) is orthogonal
to 0D. Thus

(4.1) Du(z,0) = D, I(z,p(x)) =

and

o%*u |y—¢|] __0¢i (1_5@) Iy—¢|+

0
i |z — ¢ < 3% w ¢| 0d;
W—¢P[ ly — @E: 3% z: ( Eé>

11




In the calculus of the Laplacian we make use of the following Lemma 4.1 which implies that,
after summation on 7, the contribution of the term in the last line is equal to

_ly—4
|z — ¢|
giving
1 _ 1 Iy ¢ 3¢z Iy ¢
(4.2) 2Au(93,8) BT { ( z — ¢|> Z 3% |:z: — ¢|}

Lemma 4.1 If x is a regular point

for every j =1,...,n.

Proof. The solution of the problem

ov
— + (b—Du)Dv = —-h in N
(4.3) 5 ( u)Dv = in
v=vy  ondD x[0,T[NN
is given by
(4.4 (a,5) = volzas) + [ lrma(t),1) de
where 7z s is the solution of
Y= IB(t’7t)
TYs =2

where 8 = b — Du, 7 is the first time ¢ for which v, s(t) € ON and z; s = 5 s(7). But, for
every j = 1,...,n, ¢;(z) is of the form (4.4) for h = 0,vo(z) = ;. This can be seen either
by remarking that 7, s is also the system of characteristics of the Hamilton-Jacobi equation
(2.1), or directly by computing

b(z,s) — Du(z,s) = _11::1? (”j::;l +1>

which allows to check easily that

rT—S8

t(z,s) — s(q5 —2)

Ye,s(T) =T +

12



is a solution and that it reaches 0D at ¢ at time r = t(z, s). Thus ¢;(z) is a solution of (4.3)
for this choice of A and vg. In particular it must hold

0= (b(a,9) ~ Dulz, )Da(a) = L= ALl ‘“‘”'Z

l1-s |z — &( 89:1

In order to conclude the computation of Au we want to obtain an expression for the
quantity
— J¢;
8:1:1

This will be done by the implicit functions theorem, as hinted in the proof of Proposition 3.6.
The fact that z is regular justifies all the derivatives we are going to do. We denote as before
with (G,U) a local system of coordinates of 0D at ¢(z). Let z € U be the point such that
¢(z) = G(z). Thus z = 2(z) is defined as

z = argmin (|z — G(w)| + |y — G(w)|) := argmin F(z,w)
welU welU

Since z(z) is in the interior of U it is necessary that all derivatives of H vanish at z(z):
OF z— G(z) y—G(z) 0G >

4.5 —(z,2z) := Hg(x, 2 + , =0

@9) e = e == (GG G e

for k = 1,...n — 1. The relation (4.5) allows to state that the function x — z(z) is defined
implicitly by

H(z,z)=0

where H(z, 2) = (Hy(z,2), ..., Hy—1(z, 2)). The derivatives of z are thus given by the implicit
function theorem .
0: __(om\ "t om
or 0z oz

% o 8Zk
3:8 ~ \ Oz,

_ (ﬂ)

where

QJ

Thus we have

0¢i _ \~0Ci(z(x) _ _ [0G (OHN\T'oH| _ [ (OH\"' 0H 9G
Zaz, _; oz, Y9z \8z) oz 9z ) oz 0z
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Lemma 4.2 Let z be a point in D and let us define the matrices A = (aij)ij and B = (bij)ij

by
o= ({28,266 06\ (-Gl 00
Yy - G(2)] 0z, 0z ly — G(2)|” 02 ly — G(2)|" 9z
y—G(2) 0%G
bi' =2 ITEEETYE )
/ <|y— G(2)] ”> <” 0202,
Then
OH 1
R
OHOG _ 1- tOA
BIE az N to
Proof. By a plain computation
oG
Ozk |z — G(z)l |3: - l3 8zk
B, (v 8G> oG\
ly — G(2)] Iy G |3 0z

/z-G()  y-G) &G
<|:c — G(2)] + ly — G(2)|’ E)zkazj>

and collecting the terms together

OH; _
0z

=<§—Z’§—i>{m-2<z» * |y—1G< >|}+
e PG IR CR

e (0 ) (v )+

(G0 7)) * o= Goy 795

Now we replace everywhere the quantity © — G(z) with a function of y — G(2) and to. More
precisely we replace |z — ¢| with the left-hand side of (3.7) and

-4
|z — 9|
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with the left-hand side of (3.11). Using the fact that for all K = 1,...n — 1 n is orthogonal to
g—gc for all k =1,...n — 1 one gets finally

0z, to

8_@1_1{<3_gﬁg—g> (126 96 =Gt 8G>}+

ly—G(2)|  ly—G() \ly—GR) 0z / \ly— G(z)|’ 0z
o/ y—G[) 2N 0%G
2 (e ™) (™ 5 )
L
to
Similarly
oF,
6(1,'2' B
_ 61@ _ (.’L’g — Ge(z))(.’l,'z — Gz(z)) aGg .
; {|:1:—G(z)| |z — G(2)° } Bz,
L 1 0G; (z;—Gi(2)) / z—G(2) 0G
|z -G(2) { Oz |z —G(2)] <I$ — G(2)| 0z >}
Thus

(5459), -t (52 8- (0 BN 2)-
e (2.00)- (8 ) )

= A
to

Let = be a regular point and let ¢ be a point in the line segment joining z to ¢(z). It is
easy to check that ¢ is regular. 3

Indeed first it is easy to see that ¢ € D and that, ¢(q) = ¢(x); moreover the minimizing
path of the action functional I starting at ¢ is the polygonal formed by the line segments
joining q to ¢(q) = ¢(z) and ¢(q) to y. This is a consequence of the fact that for the points
in D the minimizer joining z to D is unique. Moreover by Lemma, 4.2 the Hessian of F(q, z)
at z =G~ '(¢(q)) = G~ 1(¢(z)) is given by

R SRS U 11
P R P e B+<t0<q> tom)A Hess F(z, G (¢($))+(to(Q) t0<w>>‘4

Now A is a positive definite matrix and tq(z) > to(q), because of (3.5). This implies that also

the Hessian of F(q,z) at 2 = G~!(¢(q)) is positive definite, so that by Remark 3.7 q is also
regular.

15



If = is regular it is now easy to show a set N C D x [0,T] containing = and satisfying
Assumption (A): if U is the neighborhood of z given by Proposition 3.5 and V C D is the
set formed by the union of all line segments joining p to ¢(p) for p € U ; then one can choose
N as the set of couples (z,s) for x € V and for suitable values of s.

Lemma 4.2 implies that

§:8¢i:trUA-mBy4(1—t@A}

x.
i=1 Oz;

and replacing into (4.2)

1.1 f Y=\ a1 ol —9l
et (=) R CELL R R =)

so that by (3.7)

1 1 1 . 1—t
5Au: 508 {—%tr [(A—toB) (1 —to)A] + (n—1) o 0}

From (3.3) we have to(1 — s) = (t(z,s) — s), so that expressing to in terms of ¢ and s

(4.6) %AMQQ:E{W‘”-W”‘”— ! uuu—gA—@—@BrnL4pﬂ

2| t—s 1—s t—s

From now on we shall write ¢ instead of t(x,s). It is convenient to simplify the expression
above by remarking that

(n-1) 1
t—s t—s

= L (- 9A-(t-5)B) (1 - 1)4] =

t—s

tr [((1—s)A—(t—s)B) (1 —t)A] =

- [(1 - 9)A— (- 9)B) {1 - 94— (t- 9B~ (1-94}] =

t—s

:ukﬂ—@A—u—ﬂBrWA—Bﬂ

::mkﬂ—sﬂ—(t—gA*BrWI—A*Bﬂ

so that finally

[—(%:—i) + tr (((1 — ) —(t—s)A™'B) (I - A‘lB))] =

{— (711 — i) + tr (((1 —tA™'B) —s(I - A7'B)) (I - A‘lB))}
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We recall that our goal is to compute

¢
1
o) —exp (- [ dulraa(r),r) i
S
This is now easy since

(n-1)

1 1
iAu('Yx,s(r)J') - 5 |:_ 1—r

+tr ((L—tA7'B) ~r(I- A7'B) ' (I - A™'B ))}

(as remarked before t(v; s(r),7) = t(x, s) for s <r < t(z, s)).
Remark 4.3 The matrix %A — B is positive definite, being the Hessian of the function
F(z,2) = |z — G(2)| +|y — G(2)| at z = G~1(¢(z)), since z is regular. But A is also positive

definite so that for s < r <t the same is true for (1 —tA~!B) — r(I — A=!'B) which can be
written

1-r)I—-(t-r)A"'B=(1-r)A"Y(A—-1t,B)

This justifies the existence of the inverse of this matrix and the raising to the power % in the
proof of the following theorem, which is our main result.

Theorem 4.4 Let x be a regular point (Definition 3.4) Then
e~ @) = (1 — §)"=D/2det (1 — 5) — (t(z,s) — s)A"B) /2
so that for s =0

P o{m < T} ~e @0/ det(I — toA™'B) /2

Proof. Let us set
1 A
I'(\) = exp <—§ / (1 —tA™'B)—r(I-A"'B))"Y(I - A"'B)) dr>

Then
—1 -1 1/2 ~1 -1 -1/2
I'A)=(1-tA'B)-AI-A"'B)) ""((1-tA™'B)—s(I- A7'B))
Indeed the two left-hand sides agree for A = s and both satisfy the differential equation
I'(\) = —%((1 —tA'B) = MI - A"'B)) (I - AT'B)T'()\)

17



(in the computations we make use of the fact all that the matrices ((1 — tA™'B) — r(I —

A_lB)) ~! and (I — A~1B) commute as r varies being, up to scalar multiplicative constants,
the resolvents of A1 B ). Thus, recalling that det e = e*r 4,

e~ w(Ts) _

( )(""1)/2 exp <_% / e ((1—tA'B) — (I A7B)) (I - A7B) m«) _

( ><n—1)/2 detexp (_% /: (1 —tA™'B) - r(I — A"1B)) (I - A"1B) dr) _

(n=1)/2 o 1 -
= (1_t) det(((1—tA—1B)—t(I—A—1B))—1) 2(1-tA"'B)-s(I-A"'B)) "/ ) _

C(1-s\™V? [det (1 —tA-1B) — (I — A"1B))) _
= <—> det (1 —tA-1B) —s(I — A-1B)))

1-1t
_[1-s (n=1)/2 det((1 —t)I) B
B (1—t> det((1—s)I — (t—s)A-1B)

=(1- S)(n—l)/2 det((1—s) — (t— S)A_lB)—1/2

One should remark that as « approaches the boundary, and y remains fixed, to(z) — 0,
because of (3.5), so that for x near D the quantity det(I — tgA~*B)~1/2 is ~ 1.

Example 4.5 (The case of the half-space) If D is a half space, then it is easy to see that
all its points are regular: indeed an ellipsoid of revolution cannot have a contact of order > 1
with a hyperplane. The computation of the first coefficient e~*(#:%) is immediate in this case,
because G can be chosen linear which gives B = 0; thus from Theorem 4.4

e w(0) =1

or equivalently w = 0. It is immediate to see that in this case also all the other coefficients
Y, in Theorem 2.1 vanish. Thus

PE {7 <1} = ¢°(z,) = PV (1 4 oe™)

for every m > 0. Indeed it is not difficult to check that the above equality holds ezactly, since
the function (z, s) — e~ u(®:9)/¢ golves the equation for ¢°, namely

%qs +§Aq€=0 in D x [0,1]
¢ =1 on 0D x [0,1]
¢ (z,1)=0 if teD

18




It suffices to remark that u satisfies the Hamilton-Jacobi equation and that, from (4.6),
Au = 0.
In this situation it is also easy to compute explicitly w: if D is the hyperplane given by

the equation
D = {z,a — (z,v) > 0}

where v is a vector of length 1, then

2

u(z,s) = T—(a— (y,0))(a — (z,0))

(such a function satisfies the Hamilton-Jacobi equation and its boundary condition). For this
computation and the following it is sometimes useful to use Lemma 6.1 below, in order to
compute the quasi-potential u.

For the sake of completeness we write here the asymptotics for the exit probability of a
one dimensional Brownian bridge. If D = [a,b] and y € D then (3.4) gives easily

u(z s):{Tll——s_)(((m_a)'*'(y—a))z—(w—y)z) ifr<a+b—y

s (0—2)+(0-y)? - (z-y)?) ifz>a+b-y

Or, after simplification

u(z, s) = {

Every point excepted * = a + b — y is regular and at each regular point « is linear, which
gives w = 0 and

[\

(1 S@—a)(y—a) fz<a+b-—y
rb—x)(b—y) ifr>a+b-y

N
N

—~

PS {7 <1} = e®9/5(1 4 o(e™))

for every m > 0. By repeating the arguments of the previous example if x = a + b — y, then
from z there are two minimizers leading to the boundary and summing the contribution of
each we have

P;ys{r <1} = 26“(“)/5(1 + o(e™))

for every m > 0.

It is fair to remark that the asymptotics for the situation considered in this example
should be considered already known. Indeed the multidimensional case can be easily reduced
to one dimension by projecting the process in the direction of v and the one-dimensional case
is easily treated directly, since for a Brownian motion B the joint distribution of sup,<; B
and Br is known. -

In the following example we are able to handle situations in which the assumption of
uniqueness of the minimizing path for the action functional is not satisfied (but there is still
a finite number of such minimizers).

19




Figure 1

Example 4.6 Suppose D = the square in Figure 1 with y located at the center. we suppose
y = 0 and that the sides of the square have length equal to 2.
Suppose that z lies in the upper triangle (excluding the diagonals), then by an elementary
computation the minimizer of the action functional is the line segment joining x = (z1,z2) to
725-,1). Since the asymptotics of the exit time in (1.2) is the same as for the tube in (1.5)
and the latter is unchanged if we replace D with the half-plane {z2 < 1}, Example 4.5 gives
2(1 — iL‘g)
e(1—s)

Conversely if z = (¢,t) lies on the upper right diagonal (but not in the center) then there
are two paths minimizing the action functional, one, 7, given by the line segment joining x
to (3%,1) and a second one symmetric to the first, 72, reaching the boundary at (1, 7%).
Again the Large Deviations Theory states that the asymptotics for the exit time is equal to
the asymptotics of the sum of the two probabilities

P; {7° <1,X° € Bs(m)} +P; {7° <1,X° € Bs(72)}

The first probability has the same asymptotics as the exit probability from {z,zo < 1},
whereas the second one has the same asymptotics as the exit probabilities from {z,z; < 1}.
These were calculated in the previous example and are both equal to

2(1—1)

e(l1—s)

This argument obviously holds whenever z lies on the diagonals (excepted the point at the
center), so that if z = (¢,t), t # 0 the asymptotics for the exit probability is

2(1 - [¢)

e(1—s)

Finally if £ = O there are four minimizers and the exit probability can be estimated by
summing the contribution of the four tubes which gives

P; {7 < 1} ~exp—

exp —

P;‘,S{T < 1} ~ 2exp —

2
Pe {r<1}~dexp———
zs{T <1} ~dexp =)

20



Example 4.7 D = the ball of radius R in R", with the conditioning point y at the origirll.
8D can be written locally as the graph of a function defined on the ball of radius R of R" .
For instance the upper half of S*~! is the graph of

W(21y ey Zne1) = \/R—z% —.—22
z = (21,...,%,_1) being a point in the ball of radius R of R"!, so that a local system of
coordinates is
G(z) = G(21,..,2n-1) = (zl,...,zn_l,\/R—z% —. =22 )

Since y = 0 then of course |y — ¢(z)| = R and Iz:ig% is the inner normal of 0D at ¢(z). In

particular (E%,n) =1 and (y — ¢, g—g) =0 for every j = 1,...n — 1. A straightforward
computation gives then

1
n=% (—zl,...,—znfl,\/R——z%—...—zﬁ_l)

L (200N L (s + 2 ) = (ne )
ly— o) \0z 0z, / R\ ¥ R-—2-... -2 * 920z

B =2A

Thus

so that
e (=0 = det(I — tgA™IB) Y2 = (1 — 2ty)~(»~1)/2

It is now easy to compute to(x): the minimizing path is the one which goes first from z to
the boundary following the radius at point |—f:| and then back to y = 0 (again Lemma 6.1 is
useful). Thus

_ R—|df
(@) = SRR
n—1)/2
e—w(a:,O) — <2R _ |‘T|)( )/
||
Moreover . IR(R | |)
2 —|T
U(mas):m[(R—|$|+R) —|$|2] = -
so that

—-1)/2
PE {7 < 1} ~ e2R(A-Iz])/e (2R = |x|>(” /

]

For a general domain D it might be impossible to do exact computations, the difficulty
being the computation of ¢(z). However the formulas are explicit enough to be used in simu-

lations: the program should find numerically ¢(z) by local search, which enables a subsequent
analytic computation of A and B.
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5. Geometric interpretation

We are now going to interpret the meaning of the coefficient det(I —tgA~!1B)~1/2 which has
been derived in the previous section.

It is clear from the discussion of the previous sections that if x € D is regular then the
point ¢(z) € OD of Definition 3.4 is also the point of 0D at which the smallest ellipsoid F
of the form {z; |z — z| + |y — 2| = const} and 0D are mutually tangent. We shall see that
det(I — toA~1B)~1/2 is a measure of the contact between D and such ellipsoid at ¢(z).

It is always possible by a rotation and a traslation to assume that ¢ = 0 and that the
common normal to both surfaces points upward in the direction of, say, the n-th axis. Thus
both the surfaces ' and 0D can be described locally as the graph of two functions, f and g
respectively, of the variables zi,...,2,_1. By the previous assumptions the differentials of f
and g vanish at z = 0.

A system of coordinates on 0D at z = 0 is given by

(51) G(Zl, e 7Zn—1) = (2’1, e ,zn_l,g(zl, ceey Zn~1))
so that
oG g
— =1(0,...,0,1,0,...,0, ==
0z, ( % 8zi)
i—th coordinate
0G

(5.2)

(0):(0,...,0,%,0,...,0)
i—th coordinate
0%*G 0%g
= (0,...,0, 2L
02;0z; 02;0z;

0z,

Moreover (remember that ¢ = 0)

)b
ly — ¢|’ |yl
and the matrices A and B of Lemma 4.2 take the form
1 YilYj
(3-8
'yl ’ |y|2 ij
2
B = (2y—" 9% )
ly| 02;0z; ”

A natural way to compare the contact between E and 8D is to compare the Hessians of f
and g at 0. More precisely

(5.3)
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Lemma 5.1

I —toA™'B =T — Hess f(0)~ ' Hess g(0) = Hess f(0) ' (Hess f(0) — Hess g(0))

Proof. We only need compute the Hessian of f at 0. Now f is defined implicitly by
F(z1,...y2n-1, f(21,.+.,2n-1)) = const

where F(z) = |z — z| + |y — z|. We already know that

DF(Z):—<|$—z + yﬁz)

-z ly-2|
and
(5.4) DF(0) = —An
where
A=2 <i, n> —oin
|| |yl
By the implicit functions theorem
of 5
ST T oF
0z; 5
so that OF _8°F OF 8?2
F
82f _ azn BziBZj - 8z,~ azn32j
02;0z; or \?
o)
At z = 0 one has 3—2 =0fori=1,...,n—1, because of (5.4) (recall that the normal n lies

along the n-th axis) and gTIZ =—A Thus for7,57=1...,n—1

o%f 1 0°F
——(0) = ~5-5-(0)
02;0z; A 02,0z

O0*F 1 TiTs 1 Vil
—(0)= — [ §;; — =2 — 6 — 2L ) =
Dzi0z; ) |x|( J |x|2)+|y|( J |x|2>

_ 1 <5‘. _ &)
tolyl \"" T2

PF _ 1 (s i
020z Moly] \"7 " Jz|?
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so that finally




and from (5.3) the statement follows.

We are now going to give a more intrinsic version of the previous Lemma.
Let M be a hypersurface of R", let ¢ be a point on M and My the tangent space to
M at ¢. Let n(z) be a C°° unit normal field around ¢. If X = Sy aia_az'i is a vector in My

consider the transformation

(5.5) X —Xn

where Xn is the vector whose j-th component is Y ;. ; ai—i.;—zf(gb). Then Xn is still a vector
in My so that (5.5) defines a transformation of My into itself Which is called the Weingarten
map (see Hicks [1965], p.21 e.g.). This map is closely related with the curvature of M at ¢
(ibidem p.24).

In our situation the two hypersurfaces E and D have the same tangent hyperplane at
¢ on which the Weingarten maps Ly of E and Ly of 9D both operate. Thus a measure of
the contact between E and 0D can be obtained by looking at the difference Ly — Ly. The
following statement gives an intrinsic expression for the quantity det(I — toA"1B)~1/2

Proposition 5.2
I—t0A'B=L"YIL,—Ly)=1—-L;'L,

Proof. Let us choose the system of coordinates introduced before Lemma 5.1 and let n(z)
be the C* unit normal field pointing in the direction of the positive n-th axis. It is then an
elementary exercise in differential geometry to check that in these coordinates

L; = —Hess f(0) Ly = — Hess g(0)
Indeed it suffices to remark that

oG
(f(z),’n(z» =0
1
fori=1,...,n—1 since % is always a tangent vector. Thus, if j = 1,...,n—1, by derivation
0 0G 0%’G oG on

0= (9_ZJ<8_ZZ(Z),’”(Z)> = <82i32j (z)’n(z» + <8_Z,(Z), a_zj(z»

But at z =0 n(z) = (0,...,0,1) so that by (5.2) at z = 0 the previous identity becomes

0%g on;
Gziazj (0) + 8,2]'

0) =0

2
which expresses the fact that —%992(0) is the ij-th entry of the representative matrix of the

Weingarten map in the given coordinate system.

One should remark that whereas the Weingarten map depends on the choice of the nor-
mal field (outer or inner), which makes that it is defined up to a multiplicative factor of —1,
the quantity L;l(Ll — Lo) is intrinsic and does not depend on the choice of the normal field.
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6. Computing the mean exit time by simulation

We have performed a set of simulations in order to obtain numerically the mean exit time
from a ball D C IR? of radius 1 of a Brownian motion starting at the origin. The well-known
exact value is 3.

As explained in the introduction a raw simulation scheme is biased by a systematic error.
In order to get a correction of this error we compute the asymptotics in € of the probability
that a Brownian motion B goes out of D in the time interval [ke, (k + 1)e], given Wi, =z
and Wgy1)e =¥, 7,y € D. The conditioned Brownian motion, up to a traslation in the time

scale, has the same law as

o

s
W3=x+§(y—a:)—|—Bs—gB5 0<s<e
Performing the time change t = s/e

Y, =Wie=a +t(y — z) + Bie — tBe "L 2+ t(y — x) + V(B —tB;) 0<s<e
for 0 < t < 1. Thus the process Y has the same law as the solution of

_w dt + /e dB,

AXE(t) = — =2

Xe(s) =z

Since the probability that W exits from D before time € is the same as the probability that
X°¢ exits D before time 1, its asymptotics is given by Theorem 4.4.

The following table reports the results of three sets of numerical simulations, each based
on 10,000 simulated paths. In the first set (crude 1) the paths were obtained by simple simu-
lation with a step € = 0.01. In the second (corrected) the paths, still with step € = 0.01 were
killed with the procedure described in the introduction, using the asymptotics derived in the
previous sections. The third set was again obtained by crude simulation but with the step
reduced to 0.002, to increase precision.

It can be remarked that the enhancement of the performances provided by the correction
procedure is considerable. The increase in CPU time might be taken into account, but is
considerably less than the one observed in the third simulation, which denotes a less dramatic
improvement in the results. It should be added that the second set of simulations, in which
the correction procedure described in the introduction were applied, is the only one for which
the true value () lied in a confidence interval, at any reasonable level. For instance at level
95% the confidence interval is [0.495,0.509).

Of course the results below should not be considered conclusive since more sophisticated
simulation schemes might be considered for a comparison (using a variable step, for instance).

They however suggest that the correction procedure which is proposed here deserves to be
tried in real problems.

25




type step | estimated mean time | error | CPU time
crude 1 | 0.01 0.557 11.4% 1.00
corrected | 0.01 0.502 0.4% 2.90
crude 2 | 0.002 0.527 5.4% 4.85

The increase of the CPU time requested by the correction procedure is less considerable than
it may be expected because one may ask the program to compute the the killing probability p
(a demanding task in terms of computation time) only when the process is near the boundary.
Otherwise p is too small to influence the simulation significantly.

It is fair however to point out that by far the most time consuming part in the compu-
tation of the killing probability is the determination of ¢(x), which depends on the form of
the boundary 0D. One may expect that if D is more complicated than a ball the increase in
CPU time might be heavier.

The point ¢(z) can be obtained by local search on the boundary ; a different procedure
to the same goal can be derived easily from the following Lemma.

Lemma 6.1 Let v(t) = z +t(y — x) be the uniform motion on the line segment joining x to
y. Then
{K—v@P
t(1—t)

Moreover if z is regular and t and £ are respectively the time and the point of 8D at which
the minimum above is attained, then t = to and £ = ¢(x).

(le =2l +ly = 2))* — |o - y|* = min

,0§t§1}
€€8D

The Lemma says that the cost function is also given by the minimum of

d(y(t),0D)?

<t<
i 0<t<1

which might be easier obtain numerically if the boundary D is such that the distance
d(v(t),0D) is easy to compute (e.g. if D is a ball).
Lemma 6.1 may be restated in terms of elementary geometry by saying that if for each

0 <t <1 we consider a ball of radius const - \/t(1 —t) and centered at v(t), then the union
of all such balls is an ellipsoid of revolution having its foci in z and y.

Proof of Lemma 6.1. If
12 = (z + t(y — z)|?
t(1 —t)

H(t) =
1 2
::ﬁuty[-2&1-@@—4x+ﬂy—@xy—my-u—2ﬂp_4m+ﬂy_mnﬂ
Developing the quantity between brackets, the critical points of ¢ are the solutions of
lly —a* —2(z —z,y —z)] + 2]z — 2> — |z — 2> = 0
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This second order equation is easily solved and, having discarded the negative solution and
after some simplifications, one finds that the critical point is

|2 — 2|

=
|z — 2| + [z -y

which is of course also a minimizer. Substituting back in order to compute the minimum and
performing some more tedious simplifications one gets finally

|z = (z+ 1ty —2)
1= D)

2
=2(z—z|lz—y|+(z—3,2—y)) = (Jz — 2| + |y — 2)* — |z — y|?
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