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Abstract

This paper introduces the perfectly proper frendly equilibrium, a
strict re�nement of the proper friendly equilibrium and of the perfectly
proper equilibrium, and proves that every �nite non-cooperative game
with friends that satis�es certain conditions has at least one perfectly
proper friendly equilibrium.
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rium, perfectly proper equilibrium.
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1 INTRODUCTION

For a strategy combination to be a plausible solution of a non-cooperative
game it must be a Nash equilibrium (Nash 1951), but more re�ned con-
cepts must be appealed to in order to determine a solution from among the
multiplicity of Nash equilibria that generally exist. Marchi (1991) suggested
a re�nement in which the strategy played by each player i at an equilib-
rium mixed strategy pro�le s = (si; s�i) is not only one that maximizes
that player�s expected payo¤ (conditional on the other players sticking to
the strategies assigned them by this pro�le), but is also one that, among the
set of such best responses to s�i , maximizes the payo¤ of his or her best
friend, or �rst friendly successor ; and in case of there being more than one
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such strategy, it is one of those that also maximize the payo¤ of his or her
second best friend, or second friendly successor ; and so on. This solution
concept, the friendly equilibrium, admits further re�nement as the perfect
friendly equilibrium (Marchi 1991), which also re�nes Selten�s (1975) concept
of perfect equilibrium; and as the proper friendly equilibrium (Marchi 1991),
which also re�nes Myerson�s (1978) concept of proper equilibrium.
In this paper we present the perfectly proper friendly equilibrium (PPFE),

which re�nes both the proper friendly equilibrium and the concept of per-
fectly proper equilibrium, according to which the players who lose most by
unilateral deviation from an equilibrium should be the least likely to deviate
(García-Jurado 1989).
In section 2 of this paper we establish notation and state relevant concepts

and results due to Marchi (1991). In section 3 we introduce the new solution
concept and prove some of its properties.

2 Notation and background

Let � be a �nite n-person non-cooperative game in normal form,

� = f�i; Hi; i 2 N = f1; :::; ngg
where �i is the �nite nonempty set of pure strategies of player i and Hi

:
nQ
i=1

�i ! R is his payo¤ function. Let Si be the set of mixed strategies of

player i, i.e.

Si =

(
si 2 R�i : 8�i 2 �i si (�i) � 0;

X
�i2�i

si (�i) = 1

)

If si 2 Si, then C (si) denotes the Carrier of si, i.e.

C (si) = f�i 2 �i : si (�i) > 0g :

si is said to be completely mixed if C (si) = �i:
Each s = (s1; :::; sn) 2 S = S1� :::�Sn is called a combination of strate-

gies, and for s�i 2 Si the combination of strategies (s1; :::; si�1; s�i ; si+1; :::; sn)
is denoted by sn s�i .
The extension of Hi : S =

nQ
i=1

Si ! R is de�ned by
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Hi (s) =
X
�2�

Hi (�) :s (�)

where � = (�1; :::; �n) 2 � =
nQ
i=1

�i and s (�) =
nQ
i=1

si (�i) ; with si 2 Si for
all i:
For each i 2 N we assume given a �nite sequence f 1(i) = i; f 2(i); :::; f

ki
(i)

(1 � ki � n) of friendly successors of player i. For each s 2 S we de�ne the
sets

	1i (s) = fsi 2 Si : Hi (s=si) � Hi (s=s;i) s;i 2 Sig

	2i (s) =
n
si 2 	1i (s) : Hf2(i) (s=si) � Hf2(i) (s=s

;
i) s;i 2 	1i (s)

o
... (1)

	kii (s) =

�
si 2 	ki�1i (s) : H

f
ki
(i)

(s=si) � Hfki
(i)

(s=s;i) s;i 2 	ki�1i (s)

�
:

De�nition 1 Given � and sequences f 1(i); f
2
(i); :::; f

ki
(i) as above, a strategy

combination s 2 S is a friendly equilibrium if si 2 	kii (s) for all i 2 N :

Theorem 2 (Marchi 1991). Given � and sequences f 1(i); f
2
(i); :::; f

ki
(i) such

that, for all i, the point-to-set correspondence 	kii de�ned by equations (1) is
upper semicontinuous, then there exists a friendly equilibrium.

The concepts of "�perfect, "�proper, perfect and proper equilibria are
made friendly in ways analogous to that in which the Nash equilibrium is
made friendly by De�nition 1, as follows.

De�nition 3 Given �; sequences f 1(i); f
2
(i); :::; f

ki
(i) and " > 0: A strategy com-

bination s 2 S is a "�perfect friendly equilibrium if each si is completely
mixed and, for all i 2 N ; satis�es the conditions:

i) 8�i; �;i 2 �i Hi (s=�i) < Hi (s=�
;
i) =) si (�i) � ";

ii) 8�i; �;i 2 	1i (s) Hf2
(i)
(s=�i) < Hf2

(i)
(s=�;i) =) si (�i) � ";

...
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ki) 8�i; �;i 2 	ki�1i (s) H
f
ki
(i)

(s=�i) < Hfki
(i)

(s=�;i) =) si (�i) � ":

s 2 S is a "�proper friendly equilibrium if it is completely mixed and,
for all i 2 N ; satis�es the conditions:

i) 8�i; �;i 2 �i Hi (s=�i) < Hi (s=�
;
i) =) si (�i) � ":si (�;i) ;

ii) 8�i; �;i 2 	1i (s) Hf2
(i)
(s=�i) < Hf2

(i)
(s=�;i) =) si (�i) � ":si (�;i) ;

...

ki) 8�i; �;i 2 	ki�1i (s) H
f
ki
(i)

(s=�i) < Hfki
(i)

(s=�;i) =) si (�i) � ":si (�;i) :

De�nition 4 Given � and sequences f 1(i); f
2
(i); :::; f

ki
(i), a strategy combina-

tion s 2 S is a perfect(proper) friendly equilibrium if there exists sequences
f"kgk2N and

�
sk
	
k2N such that:

8k 2 N "k > 0, lim
k!1

"k = 0:

8k 2 N sk is an "k�perfect (proper) friendly equilibrium.

lim
k!1

sk = s:

Remark 1 If for each i ki = 1, the friendly concepts de�ned in De�nitions 1,
3 and 4 reduce to the corresponding �friendless�concepts of Nash equilibrium,
"�perfect equilibrium, "�proper equilibrium, perfect equilibrium and proper
equilibrium.

Remark 2 It is clear from De�nition 4 that all proper friendly equilibria are
also perfect friendly equilibria, but the converse does not necessarily hold.

3 Perfectly proper friendly equilibria

De�nition 5 Given a �nite n-person non-cooperative game in normal form
�; sequences f 1(i); f

2
(i); :::; f

ki
(i) and " > 0, then s 2 S is a "�perfectly proper

friendly equilibrium ("�PPFE) if it is completely mixed and, for all i; j 2 N ;
satis�es the following conditions:
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i) 8�i 2 	1i (s) ; 8�j 2 	1j (s) ; 8�
;
i 2 �i; 8�j 2 �j

if Hi (s=�i)�Hi (s=�;i) < Hj (s=�j)�Hj (s=�j) then

sj (�j) � ":si (�;i) ;

ii) 8�i 2 	2i (s) ; 8�j 2 	2j (s) ; 8�
;
i 2 	1i (s) ; 8�j 2 	1j (s)

if Hf2
(i)
(s=�i)�Hf2

(i)
(s=�;i) < Hf2(j) (s=�j)�Hf2(j) (s=�j) then

sj (�j) � ":si (�;i) ;

...

ki) 8�i 2 	kii (s) ; 8�j 2 	
kj
j (s) ; 8�

;
i 2 	ki�1i (s) ; 8�j 2 	ki�1j (s)

if H
f
ki
(i)

(s=�i)�Hfki
(i)

(s=�;i) < Hfkj
(j)

(s=�j)�H
f
kj
(j)

(s=�j) then

sj (�j) � ":si (�;i) :

If the friendly successors of i are f 1(i); f
2
(i); :::; f

m
(i) , and those of j f

1
(j); f

2
(j); :::;

fn(j); with m < n; then we de�ne f r(i) = f
m
(i) for all r, r 2 fm+ 1; :::; ng :

Remark 3 For i = j, De�nition 5 is the de�nition of a "�proper friendly
equilibrium.

Remark 4 If ki = 1 for all i, De�nition 5 is the de�nition of a "�perfectly
proper equilibrium.

De�nition 6 Given a �nite n-person non-cooperative game in normal form
� and sequences f 1(i); f

2
(i); :::; f

ki
(i), a strategy combination s 2 S is a perfectly

proper friendly equilibrium (PPFE) if there exists sequences f"kgk2N and�
sk
	
k2N such that:

8k 2 N "k > 0, lim
k!1

"k = 0:

8k 2 N sk is an "k�perfectly proper friendly equilibrium.

lim
k!1

sk = s:
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Theorem 7 .

a) All perfectly proper friendly equilibria are perfectly proper equilibria.

b) All perfectly proper friendly equilibria are proper friendly equilibria.

Proof. By the de�nitions and Remarks 3 and 4.

The following examples show that the converses of the statements of
Theorem 7 do not necessarily hold.

Example 8 Let player 2 be the friendly successor of player 1 in the following
game:

2
2
1

0
1

0

2
2
0

1
2

1

1
2
1
301

1
2

1
2
1

1
1

3

2
2
1

0
1

0

In this game (�2; �1) and, for all � 2 [0; 1] ; (��1 + (1� �)�5; �1) are all
perfectly proper equilibria, but only (�2; �1) is a PPFE, as may be seen by
considering, for (�2; �1) ; the sequences f"kgk2N and

�
sk
	
k2N de�ned by

8k "k =
1
k+2
:

sk1 (�1) =
1

2(k+2)
; sk1 (�3) =

1
300(k+2)3

; sk1 (�4) =
1

2(k+2)3
; sk1 (�5) =

1
2(k+2)2

sk1 (�2) = 1�
150(k+2)2+150(k+2)+151

300(k+2)3
:

sk2 (�1) = 1�
1+(k+2)2

150(k+2)7
; sk2 (�2) =

1
150(k+2)7

; sk2 (�3) =
1

150(k+2)5
:

and for (��1 + (1� �)�5; �1) the sequences de�ned by
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8k "k =
1
k+2
:

sk1 (�2) =
1
k+2

=; sk1 (�3) = s
k
1 (�4) =

1
(k+2)[300(k+2)�1] ;

sk1 (�1) = s
k
1 (�5) =

1
2

h
1� 1

k+2
� 2

(k+2)[300(k+2)�1]

i
:

sk2 (�1) = 1� k+3
(k+2)3[300(k+2)�1] ; sk2 (�2) =

1
(k+2)2[300(k+2)�1] ;

sk2 (�3) =
1

(k+2)3[300(k+2)�1] :

Example 9 Let player 2 be the friendly successor of player 1 in the following
3-player game:

1
1
1

0
0
1

0
0
0

0
0
0

0
0
1

0
0
1

0
0
0

1
1
0

�31 �32

In this game (�12; �
2
2; �

3
1) and (�

1
1; �

2
1; �

3
1) are both proper friendly equi-

libria, but (�12; �
2
2; �

3
1) is not a PPFE.

Theorem 10 Every �nite non-cooperative game � with friends for which the
	ri (s) are upper semicontinuous has at least one PPFE.

Proof.

Let 
 = "
(�1+�2+:::+�r)

nP
i=1

mi

nP
i=1

mi

where " 2 (0; 1) ; mi = j�ij and

r = jf1; :::; kigj ; �k =
�
1 +

nP
i=1

mi

�r�k
(1 � k � r).

8i; let Si (
) = fsi 2 Si=8�i 2 �i si (�i) � 
g; and let
S (
) = S1 (
)� :::� Sn (
) : S (
) is compact, convex and non-empty.

Consider the correspondence F : S (
)! P (S (
))such that, 8s; 2 S (
)
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F (s;) = fs 2 S (
) / 8i; j 2 N ;

a) 8�i 2 	1i (s;) ; �j 2 	1j (s;) ; 8�
;
i 2 �i; �j 2 �j

if Hi (s;=�i)�Hi (s;=�;i) < Hj (s;=�j)�Hj (s;=�j) then sj (�j) � ":si (�
;
i) ;

b) 8�i 2 	2i (s) ; �j 2 	2j (s) ; 8�
;
i 2 	1i (s) ; �j 2 	1j (s)

if Hf2
(i)
(s=�i)�Hf2

(i)
(s=�;i) < Hf2(j) (s=�j)�Hf2(j) (s=�j) then

sj (�j) � ":si (�;i) ;

...

r) 8 �i 2 	ri (s) ; �j 2 	rj (s) ; 8�
;
i 2 	r�1i (s) ; �j 2 	r�1j (s)

if Hfr
(i)
(s=�i)�Hfr

(i)
(s=�;i) < Hfr(j) (s=�j)�Hfr(j) (s=�j) then

sj (�j) � ":si (�;i) g :

We shall show that F complies with the requirements of the Kakutani
�xed point theorem. We �rst note that 8 s 2 S (
) ; F (s) is convex and
compact. We now show that 8 s 2 S (
), F (s) 6= ;:
Let s 2 S (
) : 8i 2 N ; �;i 2 �i we de�ne

Ai (s=�
;
i) =

nP
j=1

��f�j 2 �j =8�i 2 	1i (s) ;8�j 2 	1j (s)
Hj (s=�j)�Hj (s=�j) < Hi (s=�i)�Hi (s=�;i)gj ; and 8 k = f2; :::; rg,

8�;i 2 	k�1i (s) we de�ne

Afk
(i)
(s=�;i) =

nP
j=1

����j 2 	k�1j (s) =8�i 2 	ki (s) ;8�j 2 	kj (s)

Hfk
(j)
(s=�j)�Hfk

(j)
(s=�j) < Hfk

(i)
(s=�i)�Hfk

(i)
(s=�;i)

o��� :
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Consider s = (s1; :::; sn) ; de�ned by

si (�i) =
"

rP
k=1

�kAfk
(i)
(s=�i)

nP
u=1

P
�;u2�u

"

rP
k=1

�kAfk
(u)

(s=�
;
u)

8�i =2 	ri (s)

si (�i) =

1�
P

�;i =2	ri (S)
si (�

;
i)

j	ri (s)j
8�i 2 	ri (s) :

s 2 S; because 8i 2 N ; �i 2 �i

si (�i) � 0; and
P
�i2�i

si (�i) = 1:

Moreover, s 2 S (
)

i.e. 8�i 2 �i si (�i) � 
 : for

a) if �i =2 	ri (s) ; then si (�i) � 
 follows from

rX
k=1

�kAfk
(i)
(s=�i) �

rX
k=1

�k

nX
i=1

mi

and

nX
u=1

X
�;u2�u

"

rP
k=1

�kAfk
(u)

(s=�
;
u)

�
nX
u=1

mu

and b) if �i 2 	ri (s) ; then si (�i) � 
 follows from

1�
X

�;i =2	ri (S)

si (�
;
i) =

nP
u=1

P
�
;
u2�u

"

rP
k=1

�kAfk
(u)

(s=�
;
u)

+
P

�
;
i
2	r

i
(S)

"

rP
k=1

�kAfk
(u)

(s=�
;
u)

u 6=i

nP
u=1

P
�;u2�u

"

rP
k=1

�kAfk
(u)

(s=�
;
u)
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�

P
�;i2	ri (s)

"

rP
k=1

�kAfk
(u)

(s=�
;
u)

nP
u=1

P
�;u2�u

"

rP
k=1

�kAfk
(u)

(s=�
;
u)

� j	ri (s)j :
:

We now show that s 2 F (s) :
8t; t 2 f1; :::; rg ; consider any e�i 2 	t�1i (s) ; �j 2 	t�1j (s) such that

8�i 2 	ti (S) ; �j 2 	tj (S)

Hf t
(i)
(s=�i)�Hf t

(i)
(s=e�i) < Hf t

(j)
(s=�j)�Hf t

(j)
(s=�j)

Clearly, �j =2 	tj (s) and

Af t
(j)
(s=�j) � 1 + Af t

(i)
(s=e�i).

Now either a) e�i =2 	ti (s) or b) e�i 2 	ti (s) :
a) If e�i =2 	ti (s) then e�i =2 	ri (s) ; whence

sj (�j) =
"

rP
k=1

�kAfk
(j)
(s=�j)

nP
u=1

P
�;u2�u

"

rP
k=1

�kAfk
(u)

(s=�
;
u)

� "

P
k=1
k 6=i

�kAfk
(j)
(s=�j)+�t

 
1+A

ft
(i)
(s=e�i)!

nP
u=1

P
�;u2�u

"

rP
k=1

�kAfk
(u)

(s=�
;
u)

� "
1+(�t�1)+�tAft

(i)
(s=e�i)

nP
u=1

P
�;u2�u

"

rP
k=1

�kAfk
(u)

(s=�
;
u)

= "
"
(�t�1)+�tAft

(i)
(s=e�i)

nP
u=1

P
�;u2�u

"

rP
k=1

�kAfk
(u)

(s=�
;
u)

� ""
�tAft

(i)
(s=e�i)+�t+1Aft+1

(i)

(s=e�i)+:::+�rAfr
(i)
(s=e�i)

nP
u=1

P
�;u2�u

"

rP
k=1

�kAfk
(u)

(s=�
;
u)

and since Aft
(i)
(s=e�i) = 0 when e�i 2 	t�1i (s)
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sj (�j) � ":si (e�i) :
b) If e�i 2 	ti (s) ; then either
i) 9 p 2 ft+ 1; :::; rg such that e�i =2 	pi (s) in which case an argument

analogous that developed in (a) leads to the conclusion

sj (�j) � ":si (e�i) ;
or ii) e�i 2 	ri (s) ; in which case

Afr
(i)
(s=e�i) = :::: = Ai (s=e�i) = 0; whence

":si (e�i) = ":1�
P

�;i =2	ri (s)
si (�

;
i)

j	ri (s)j
� "

P
�;i2	ri (s)

"

rP
k=1

�kAfk
(u)

(s=�
;
u)

j	ri (s)j
nP
u=1

P
�;u2�u

"

rP
k=1

�kAfk
(u)

(s=�
;
u)

� "

P
�;i2	ri (s)

"
�tAft

(j)
(s=�j)�(�t�1)�1

j	ri (s)j
nP
u=1

P
�;u2�u

"

rP
k=1

�kAfk
(u)

(s=�
;
u)

� sj (�j) :

Hence sj (�j) � ":si (e�i) ; whence s 2 F (s) and F (s) is non-empty.
Since F is also upper semicontinuous (because, by hypothesis, the 	ki (s)

are), the conditions of the Kakutani �xed point theorem are satis�ed and F
has a �xed point, which is therefore an "�PPFE. Hence, given f"kgk2N such
that lim

k!1
"k = 0, there is a sequence of "�PPFE

�
sk
	
k2N ; and since S is

compact, this sequence has a limit point, which is therefore a PPFE.

11



References

[1] García Jurado, I.. (1989). Nuevos equilibrios estables ante tendencias al
error en juegos no cooperativos. Ph.D. Thesis. Departamento de Estadis-
tica e Investigación Operativa. Universidad de Santiago de Compostela.
España.

[2] Kakutani,S.. (1941). A generalization of Brouwers �xed point theorem.
Duke Mathematical Journal 8, 457-459.

[3] Marchi, E.. (1991). Friendly equilibrium. Instituto de Matemática Apli-
cada San Luis.Universidad Nacional de San Luis, Argentina.

[4] Marchi, E. and Olivera, E.. (1990).Strongly perfectly proper equilibrium.
Revista de la Union Matemática Argentina 36, 181-194.

12


