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Abstract

This paper introduces the perfectly proper frendly equilibrium, a
strict refinement of the proper friendly equilibrium and of the perfectly
proper equilibrium, and proves that every finite non-cooperative game
with friends that satisfies certain conditions has at least one perfectly
proper friendly equilibrium.
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1 INTRODUCTION

For a strategy combination to be a plausible solution of a non-cooperative
game it must be a Nash equilibrium (Nash 1951), but more refined con-
cepts must be appealed to in order to determine a solution from among the
multiplicity of Nash equilibria that generally exist. Marchi (1991) suggested
a refinement in which the strategy played by each player i at an equilib-
rium mixed strategy profile s = (s;,5_;) is not only one that maximizes
that player’s expected payoff (conditional on the other players sticking to
the strategies assigned them by this profile), but is also one that, among the
set of such best responses to s_; , maximizes the payoff of his or her best
friend, or first friendly successor; and in case of there being more than one



such strategy, it is one of those that also maximize the payoff of his or her
second best friend, or second friendly successor; and so on. This solution
concept, the friendly equilibrium, admits further refinement as the perfect
friendly equilibrium (Marchi 1991), which also refines Selten’s (1975) concept
of perfect equilibrium; and as the proper friendly equilibrium (Marchi 1991),
which also refines Myerson’s (1978) concept of proper equilibrium.

In this paper we present the perfectly proper friendly equilibrium (PPFE),
which refines both the proper friendly equilibrium and the concept of per-
fectly proper equilibrium, according to which the players who lose most by
unilateral deviation from an equilibrium should be the least likely to deviate
(Garcia-Jurado 1989).

In section 2 of this paper we establish notation and state relevant concepts
and results due to Marchi (1991). In section 3 we introduce the new solution
concept and prove some of its properties.

2 Notation and background

Let T" be a finite n-person non-cooperative game in normal form,

I'= {Z“ Hi, 1€ N = {]., ,77,}}
where 3; is the finite nonempty set of pure strategies of player i and H;

: [I 3:; — R is his payoff function. Let S; be the set of mixed strategies of
i=1
player 7, i.e.

SZ:{SZGRE‘VUZEEL Si(o-i)zov Z 82(02)21}

0,€X;
If s; € S;, then C (s;) denotes the Carrier of s;, i.e.
C(SZ> = {0'7; €8 (O’Z) > 0}

s; is said to be completely mixed if C (s;) = ®;.

Each s = (s1,...,8,) € S =51 X ... X S, is called a combination of strate-
gies, and for s} € S; the combination of strategies (s1, ..., Si—1, S}, Sit1, -, Sn)
is denoted by s\ s;.

The extension of H; : S = [[ S; — R is defined by

=1



H;(s)=>» Hi(0).s(0)

oeY

—.

where o0 = (01,...,0,) € X = [[ %; and s (o) = [] si (0:), with s; € S; for

=1 =1

all 7.

For each i € N we assume given a finite sequence f) =14, fZ,, ..., f(kz)
(1 < k; <n) of friendly successors of player i. For each 5 € S we define the
sets

\I’ll <§) = {SZ' €S;: H; (5/81') > H; (E/S;) S; € SZ}
Ui (s) = {si€Wl(3): Hpy (5/5) > Hpp (5/5)  si€ 0L (s)}

Uhi(3) = {si eV (5): Hp (5/s:) > Hp (5/5;) ;€ 07! (5)} :
) ¢

Definition 1 Given I' and sequences f(li), f(Qi),..., f(kl) as above, a strategy

combination s € S is a friendly equilibrium if s; € W (s) for alli € N.

Theorem 2 (Marchi 1991). Given T' and sequences f(li), fé),...,f(’z") such

that, for all i, the point-to-set correspondence \I/f defined by equations (1) is

upper semicontinuous, then there exists a friendly equilibrium.

The concepts of e—perfect, e—proper, perfect and proper equilibria are
made friendly in ways analogous to that in which the Nash equilibrium is
made friendly by Definition 1, as follows.

Definition 3 Given I, sequences f(li), f(zi), . f(’z) and € > 0. A strateqy com-
bination s € S s a e—perfect friendly equilibrium if each s; is completely
mized and, for all i € N, satisfies the conditions:

i) Vo,,0, €% H;(s/o;) < H;(s/o}) = s;(0;) < &

ii) Vo, 0, € U} (s) Hp, (s/oi) < Hp (s/0}) = s; (0;) < &;



ki) Vo, 0} € \I/fifl (s) kai (s/oi) < kai (s/o)) = si(0;) < e.
@) ()
s € S is a e—proper friendly equilibrium if it is completely mized and,
for all i € N, satisfies the conditions:

i) Vo, 0, €% H;(s/o;) < Hi(s/0}) = 5 (0;) < €.54(0});

ii) Vo, 0, € U} (s) Hf(z) (s/o;) < Hf(z') (s/0}) = s;(0;) < e.s;(0});

ki) Vo,,0; € U (s) H o, (s/o;) < H o, (s/o;) = si(0;) < e.si(0)).
) @

Definition 4 Given I' and sequences f(ll.), f(%.), oy f(’?), a strategy combina-

tion' s € S is a perfect(proper) friendly equilibrium if there exists sequences
{er}ren and {sk}keN such that:

Vk e N er >0, klimékz().

Vk e N sk is an ey —perfect (proper) friendly equilibrium.

k

lim s* = 5.

k—o00
Remark 1 If for eachi k; = 1, the friendly concepts defined in Definitions 1,
3 and 4 reduce to the corresponding ”friendless” concepts of Nash equilibrium,
e—perfect equilibrium, e—proper equilibrium, perfect equilibrium and proper
equilibrium.

Remark 2 [t is clear from Definition 4 that all proper friendly equilibria are
also perfect friendly equilibria, but the converse does not necessarily hold.

3 Perfectly proper friendly equilibria

Definition 5 Given a finite n-person non-cooperative game in normal form
I', sequences f(li), f(zi)7 o f(]?) and € > 0, then s € S is a e—perfectly proper
friendly equilibrium (e—PPFE) if it is completely mixed and, for alli,j € N,
satisfies the following conditions:



i) Vo, € ¥; (s), Vo, € ¥ (s), Vo, € ¥, V7; € X
if H;(s/o;) — H;(s/o;) < Hj(s/oj) — Hj(s/d;) then
s (07) < €.5i(03);
ii) Vo, € V7 (s), Vo, € V3 (s), Vo, € ¥} (s), Va; € U (s)
if Hf(zi) (s/o;) — Hf(zi) (s/o;) < Hf(zj) (s/o;) — Hf(zj) (s/7;) then

55 (0;) < e.5(0});

ki) Yo, € U¥ (s), Yo, € U (s), Vo, € UF 1 (s), Vo, € Wt (s)
if H v, (s/o;) — H g (s/o;) < kaj (s/o;) — kaj (s/@;) then
(4) ( ()

U0 »
Sj (EJ) S £.S; (O’;) .

If the friendly successors of i are fj, f&), .., [{f} , and those of j f(;), f2, -,
iy, with m < n, then we define f{;, = fii for all v, 7 € {m +1,..,n}.

Remark 3 For i = j, Definition 5 is the definition of a e—proper friendly
equilitbrium.

Remark 4 If k; =1 for all i, Definition 5 is the definition of a e—perfectly
proper equilibrium.

Definition 6 Given a finite n-person non-cooperative game in normal form
I' and sequences f(li), fé), e f(]?), a strategy combination’s € S is a perfectly
proper friendly equilibrium (PPFE) if there exists sequences {ej},.y and

{5’“ } keN such that:
Vk e N er > 0, klim&szo.

Vk e N s¥ is an e, —perfectly proper friendly equilibrium.

lim s* = 3.

k—o0



Theorem

7.

a) All perfectly proper friendly equilibria are perfectly proper equilibria.

b) All perfectly proper friendly equilibria are proper friendly equilibria.

Proof. By the definitions and Remarks 3 and 4. &

The following examples show that the converses of the statements of
Theorem 7 do not necessarily hold.

Example 8 Let player 2 be the friendly successor of player 1 in the following

game:

2 1 1

2 0 0
2 0 2

2 1 1
1 1 1

2 301 2
1 1 1

2 1 3
2 1 1

2 0 0

In this game (s, 5,) and, for all p € [0,1], (nay + (1 — p) as, 5;) are all
perfectly proper equilibria, but only (a2, 3;) is a PPFE, as may be seen by
considering, for (o, ;) , the sequences {;},.y and {sk} rey defined by

vk Er —

1

k+2
st (o) = m, st () = m’ st (o) = m, st () = m
3’1“ () =1 — 150(k+2;3&25f§;c;2)+151.

K(B) =1— 202 (8y) = kg, sk (B) =

and for (pag + (1 — p) as, B1) the sequences defined by

6



vk Er = k_i?
k _ 1 _ k _ ok _ 1

s1 () = 2 o 51 (az) = 57 (o) = (k+2)[300(k+2)—1]’
k _ ok _ 1 1 2

s (o) = st (as) = 5 |1 — k2~ (h+2)[B00(k+2)—1] | ©

k _ k+3 k _ 1
53 (B1) =1- (kr2)°B00(k12)—1]" 2 (B2) = (k+2)2[300(k+2)—1]°

k _ 1
53 (Bs) = (k+2)3[300(k+2)—1]"

Example 9 Let player 2 be the friendly successor of player 1 in the following
3-player game:

1 0 0 0
1 0 0 0
1 1 0 0
0 0 0 1
0 0 0 1
1 1 0 0
31 %

In this game (a3, a3, a3) and (o, a2, a?) are both proper friendly equi-
libria, but (a3, a3, a?) is not a PPFE.

Theorem 10 FEvery finite non-cooperative game I with friends for which the
U (s) are upper semicontinuous has at least one PPFE.

Proof. .
(a1+ag+...+ar) 'g:l my
Let v = ¢ - = where ¢ € (0,1), m; = |3;| and
> my

=1

n r—k
r=H{1,. k}, o = (l—i-Zmi) (1<Ek<r).
i=1

Vi, let S; () = {s; € S;/Vo; € 8; s;(0;) > ~}; and let
S(y)=51(y) x...x S, (7). S(v) is compact, convex and non-empty.

Consider the correspondence F : S (y) — P (S (7))such that, Vs € S (v)



F(s)={seS0)/VijeN,
a) Vo, € ¥} (s),0; € Vi (s), Vo, € 5,7, € &;
it H;(s/o;) — H;(s'/o;) < Hj (s'/o;) — H; (s/7;) then s; (7;) < e.s;(0});
b) Vo; € V7 (s),0; € V3 (s), Vo, € V] (s),7; € U] (s)
if Hf(2i) (s/o;) — Hfé) (s/o;) < Hf(zj) (s/o;) — Hf(2j) (s/@;) then

s; () <e.si(0});

r) Vo; €V (s),0; € U (s), Vo, € U] " (s),7; € U (s)
it Hy. (s/o0) — Hy (s/07) < Hy: (3/o3) — Hy: (/) then
sj(0;) < e.si(0}) }

We shall show that F' complies with the requirements of the Kakutani
fixed point theorem. We first note that V s € S(v), F (s) is convex and

compact. We now show that V s € S (v), F (s) # 0.
Let s € S(v). Vi e N, 0, € ; we define

Ai(s)o) = |{aj €% Vo, € Ul (s),Vo; € Ul(s)
j=1

Hy (s/0,) — Hy (3/3) < Hi (s/05) — Hi (s/o)} 5 and ¥ o = {2, ..,
Vo, € U1 (s) we define

Agp (s/0}) = ; [{5; € U1 (s) Vo, € Wk (s),Yo; € Uh (s)

Hys (s/0;) = Hyy (s/) < Hyy (s/os) = Hy (s/7)} .



Consider s = (51, ..., 3,) , defined by

> apAk (s/oi)
(@)

k=1
5 (03) = —— Voi & W] (s)

n glakAfk (s/o)

> e

u=1o0, X,

1= > si(o)

_ 7 ¢V (S)
i\0i) = s Vo, € ¥}
)= ) 7w

5€ S, because Vi e N, 0; € 35

S; (0'1) 2 0, and Z S; (Uz) =1.

0,€X;
Moreover, 5 € S (7)
ie. Vo, €%, 5;(0;) > : for

a) if o; ¢ VI (s), then 5; (0;) > v follows from

ZCYkAfk (s/o;) < ZakZmZ

and

n i D‘k‘Afk (s/oy) n

DD SR S

u=1 g, €Y, u=1

and b) if o; € ! (s), then §; (0;) > ~v follows from

S A (/o) T agd g (s/oh)
n (u) k=1 (u)
s ox + T .
u=1lo} €y oleUT(S)
,\ . u#i
1= Z 5i (1) = S apA g (s/oh)
ap k s/oy,
o, ¢ (S) Z": T I
€
u=10},€X,



b kA g (3/h)
K=10 G

e

o,ev (s

= : > |5 (s)] .
> akAfk (s/o)
= Cu

2. 2 &

u=1 0,2,

We now show that 5 € F (s).
Vt, t €{1,...r}, consider any o; € U ' (s),7; € ¥' ! (s) such that
Vo, € \Ifi (S) , 05 € \Ilﬁ (S)

Hffi) (s/o;) — Hf(ti) (s/o;) < Hf(tj) (s/o;) — Hffj) (s/7;)
Clearly, 7; ¢ W} (s) and
Ap (s/a;) 2 1+ Ap (5/03).
Now either a) 7; ¢ Wl (s) or b) og; € Vl(s).

a) Ifo; ¢ Ul(s) then ;¢ U’ (s), whence

ZakAfk (S/Ej)-‘rat 1+Aft (8/51)
k=1 () (©)

r
Z akAfk (S/Ej) k#i
- gk=1 (4) e
Sj (O’j) = s S T
n kzlakAfk (s/oy) n k§1akAfk (s/oy)
> X e > X e v
u=1 Ou €Xu u=1 O';,(EEH
1+(at—1)+atAft (s/74) (at—l)—l—atAft (s/54)
€ (@) € (@)
=&

IA

T
X ooapAp (s/oy)
I Cu k=1 )

n =1 n

> 3 > €

u=1o0,EX,y u=1o0, X,

atA ¢ (S/Ei)+at+1A t4+1 (S/5¢)+...+a7«Afr' (S/El)
uc Ut (i)

€ (%) (4)

<e -
n X oapA g (s/oy)

k=1 (u)
2 > €
u=10,€X,

and since Afzsi) (s/5;) =0 when g; € U1 (s)

10



Sj (O’j) <es; (O’l) .
b) If 5, € V! (s), then either

i) 3p e {t+1,..,r} such that 5; ¢ ¥¥(s) in which case an argument
analogous that developed in (a) leads to the conclusion

5 (07) <esi(0i);

or ii) ; € ¥! (s), in which case

A (s/oi) = ....= Ai(s/o;) = 0, whence
Z Lok )(s/ow
1= > si(o}) > e
o, &V (s) o, €Wl (s)
€.5;(0;) =¢ > € .
V=S G 2T e
LGP
u=10}, €Yy
Z gatAng]) (s/ﬁj)f(atfl)fl
Lewn
> T > 5, (7))

Z akAfk (s/ow)
(w)

LHCIP o

Hence 5; (7;) < ¢e.5,(0;), whence 5 € F' (s) and F'(s) is non-empty.

Since F is also upper semicontinuous (because, by hypothesis, the U¥ (s)
are), the conditions of the Kakutani fixed point theorem are satisfied and F
has a fixed point, which is therefore an e—PPFE. Hence, given {¢} keN such
that lim ¢, = 0, there is a sequence of e—PPFE {sk}k y; and since S is

k—oo

compact, this sequence has a limit point, which is therefore a PPFE. B

11
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