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ABSTRACT

In this paper we introduce the concept of an inertial manifold for nonli-
near evolutionary equations, in particular for ordinary and partial differential
equations. These manifolds, which are finite dimensional invariant Lipschitz
manifolds, seem to be an appropriate tool for the study of questions related to
the long-time behavior of solutions of the evolutionary equations. The inertial
manifolds contain the global attractor, they attract exponentially all solutions,
and they are stable with respect to perturbations. Furthermore, in the infinite
dimensional case they allow for the reduction of the dynamics to a finite dimen-

sional ordinary differential equation.



0. INTRODUCTION

The study of the long time behavior of solutions of evolutionary equations
is a problem of interest in many areas of mathematical physics and mechanics.
This is particularly true when the effects of the nonlinear terms become signi-
ficant. It is well known that, even for an autonomous equation, the long time
behavior can indeed be time dependent, since the solutions do not necessarily
converge to stationary states.

The first natural tool for describing the dynamics of non-stationary

“permanent” flows is the concept of the global attractor for dissipative evolu-

tionary equations. We are uncertain when the global attractor for a flow on an
infinite dimensional space was first studied, but it was known to
Billotti-LaSalle (1971). The finite dimensionality of the global attractor was
proved by Mallet-Paret (1976) for certain flows on a Hilbert space, and by Mane
(1981) in the Banach space setting. More detailed studies of the global attrac-
tor, including good estimates of its Hausdorff or fractal dimensions, for the
Navier-Stokes equations and related dynamics systems can be found in Foias-Temam
(1979), Babin-Vishik (1982), Constantin-Foias-Manley-Temam (1983), Hale (1984),
Nicolaenko-Scheurer-Temam (1985), Temam (1985), and Foias-Manley-Temam (1986).
The concept of an inertial manifold, which we introduce in this article,

allows one to go geeber into the study of dissipative systems. These manifolds,
which are finite dimensional, will contain the universal attractor and, most
importantly, they are invariant. Furthermore, the ambient dynamics of the evolu-
tionary equation, when restricted to the inertial manifold, reduces to a finite

dimensional ordinary differential equation, which we call an inertial form of

the given evolutionary equation. We believe that the inertial manifold and the
corresponding inertial forms will prove to be useful tools for the investigation
of the finite dimensional behavior of dissipative equations.

We consider here a class of nonlinear evolutionary equations of the type



(0.1) g{- + Au + R(u) = 0,

where A 1is a suitable linear, unbounded, self-adjoint operator on a Hilbert
space H, while R 1is a nonlinear operator which (in a sense to be made precise
later) is "dominated" by A. Let S(t): u(0) +u(t) be the semigroup of opera-
tors defining the solutions of (0.1).

For the class of equations (0.1) that we consider, we prove the existence
of a finite dimensional Lipschitz manifold 7ﬂ » which is invariant (i.e.
S(t) 1’1 c m , for al1 t » 0). This manifold is constructed as the graph of a
Lipschitz function ¢ mapping PH into QH, where P is an orthogonal projec-
tion with finite dimensional range in H and Q = I - P. The function ¢ is
obtained as the fixed point of an appropriate mapping :j » which is introduced
in Section 2. 'The manifold ‘14 contains the universal attractor of (0.1) since
it attracts exponentially all the trajectories. The proof of the last phenome-
non relies on the Squeezing Property of the semigroup S(t), a property which
was introduced and studied in Foias-Temam (1979) and Constantin-Foias-Temam
(1985). Another property of 14 , which is proved here, is its stability with
respect to perturbations: For simplicity we restrict ourselves to the pertur-
bations of (0.1) corresponding to its Galerkin approximations, i.e.

duM

(0.2) Tt AM“M + RM(uM) = 0.

It is found that there exists M0 > 0 such that for every M > M0 (0.2)
possess an inertial manifold 1YM’ which is the graph above PH of a Lipschitz
function e Furthermore ¢y converges to ¢ as M » = In particular one
has dhn4VM = dim 14 for M > M;.

It is reasonably accurate to describe an inertial manifold as a global
center (or center-unstable) manifold, cf. Hartman (1964), Pliss (1964), Kelley
(1967), Chaffee (1968), Ball (1973), and other references in Carr (1981). The



methods which we use to construct the inertial manifolds are adaptation of
various theories found in the study of center manifolds and integral manifolds,
cf. Sacker (1964), Hale (1968) and the references cited above. Since we wish to
study nonlinearities which involve (lower order) spatial derivatives, the term
R(u) need not be smooth, nor Lipschitz continuous, nor even continuous in the
given norm on H . Consequently the theory we present here has essential dif-
ferences, which do not appear in the references cited above.

Let us now turn to the organization of the paper. In Section 1 we describe
the assumptions which we make on the terms in (0.1). These assumptions will
insure that (0.1) is dissipative and that there is a global attractor which
is compact and has finite Hausdorff dimension. Since the nonlinear terms in
(0.1) may behave badly at infinity, it is appropriate to modify (0.1). The
modifications which we make do not change (0.1) in the vicinity of the global
attractor. Consequently the global attractor for (0.1) is a compact
invariant set for the modified equation. The modification of the nonlinear
terms in the infinite dimensional equation (0.1) is similar to other modifica-
tions one finds in the theory of dynamical systems in the study of center and
center-unstable manifolds, cf. Hartman (1964), Kelley (1967), Sell (1978) and
the other references cited above. The statement of the Squeezing Property also
appears in Section 1.

In Section 2 we properly define the inertial manifold and we show how the
existence of this manifold can be reduced to a fixed point property for a
mapping :1 . We conclude this section by stating our main results, i.e. the
existence and uniqueness of the fixed point. In Section 3 we study the proper-
ties of (1 and prove in particular that the contraction fixed point theorem is
applicable. In Section 4 we consider the approximation problem and prove that
1"[ is stable with respect to perturbations. In the next section we study

further properties of the inertial manifolds, including some alternate charac-



terizations as well as a comparison between two inertial manifolds with dif-
ferent dimensions. In Section 6 we describe some examples including a modified
Navier-Stokes equation with an artificial viscosity term involving a power of
the operator (-4) for an arbitrary space dimension. (It should be emphasized
that, even in space dimension 2, the Navier-Stokes equation itself does not
enter the class of equations considered here.) We conclude the paper with a
discussion of some open problems in the theory of inertial manifolds.

In a subsequent paper we will study the application to another equation
(i.e. the Kuramoto-Sivashinsky equation) of the general results presented here,
Foias-Nicolaenko-Sell-Temam (1986). The results proved here were announced in a
previous Note in the Comptes Rendus, Foias-Sell-Temam (1985).

Several persons, while not presenting the general theory of inertial mani-
folds which we give in this paper, have investigated related questions. Special
mention should be made of the work of Kurzweil (1970) for differential-delay
equations with small time-delays and the theory of Conway-Hoff-Smoller (1978)
for reaction-diffusion equations with high diffusivity. Other references can be
found in Hale-Magalhaes-Oliva (1984).

We are grateful to Professor Jack Hale for bringing to our attention some

of the references cited above. We express our sincere appreciation to Dr. E.

Titi for his careful reading of the manuscript and his helpful suggestions.



1. PRELIMINARY RESULTS
1.1 The Evolution Equation

Assume we are given a Hilbert space H with an inner (or scalar) product

(*y¢). The nonlinear evolution equation which we will study has the form

(1.1) Sw Au*R(u) = 0
where
(1.2) R(u) = B(u,u) + Cu - f,

The term Au 1is a l1inear unbounded self-adjoint operator on H with domain

D(A) dense in H. We assume that A 1is positive, i.e.
(Av,v) > 0, for all v €D(A), v #0

and that A'1 is compact. This implies that the mapping u + Au 1is an iso-
morphism from D(A) (equipped with the graph norm) onto H. Recall that under
these hypotheses one can define the powers A5 of A for s €R and that the

space V25 = D(AS) is a Hilbert space for the scalar product

(UsV),g = (ASu,ASv), u,v € D(A%).

y
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For u € VS we set |u|S = (u,u)S .
Since A"l is compact and self-adjoint there exists an orthonormal basis

{wj} of H consisting of eigenvectors of A,

(1.3) ij = ijj

where the eigenvalues satisfy

(1.4) 0 < kl <X <, Aj + @ a5 j + oo
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It follows easily from (1.3) and (1.4) that
(1.5) A2y 5 A1/12|u|, for all u & D(AY2)
(1.6) |AP+Y2, | W2IPL|,  for all u e D(AP*Y2), and an1 ).

For N =1,2,... we let PN denote the orthogonal projection onto

Span{wl,...,w and let Qu=1-°P

N} N°®
The nonlinear term R(u) satisfies (1.2) where B(u,v) 1is a bilinear
operator from D(A) x D(A) 1into H, C 1is a linear operator from D(A) into H

and f € D(ALQ). Furthermore we assume that

(1.7) (B(u,v),v) =0, for all -u,v € D(A),
(1.8) B(usv)| < cpful 21aY2u 2 Y20 Y2 a0 (2, for a1 uv e D(A),
(1.9) lCul < cp|AY2u| Y2 au) 2, for all u & D(A),

where C1s oo and the ci's appearing in the sequel are positive constants.

In addition we assume the following continuity properties for B and C:

(1.10) AY2B(u ) | < cqlmullav], for all u,v € D(A),

(1.11) |ALQCu| < ¢,lAulf, for all u e D(A),

Finally it is assumed that A + C 1is positive, i.e.

(1.12) ((A + C)u,u) » alA¥24|2, for all u € D(A),

where a > 0.

Remark 1.1 Since A 1is self-adjoint (1.8) follows from the stronger condition
|B(u,v)| < c1|Ahuu| |A3/4v|.

By using (1.6) we see that (1.9) is a consequence of
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ICul < c,n/®AY2],

The latter inequalities imply that B is continuous from D(Ahu) x D(A3/4) into

H while C is continuous from D(ALQ) into H.

Eventhough B and C may be discontinuous in terms of the given norm |e|
on H, the above inequalities mean that that B and C are suitably dominated
by A. The assumptions made above insure that the initial value problem for

(1.1) with initial condition
(1.13) u(0) =uy, uy €H

has a unique solution S(t)u0 defined for all t >0 and S(t)u0 € D(A) for
all t > 0. The mapping S(t) enjoys the usual semigroup property and several
continuity properties which will not be recalled here.

The solution S(t)u0 is uniformly bounded in time in H, and if
ug € D(Al/z) (resp. ug € D(A)) then S(t:)u0 is uniformly bounded in D(Al/z)
(resp. D(A)). We will not prove these classical results here but instead we
refer the reader to Temam (1983). However we will present the a priori esti-
mates which play an essential role in the proof of such results.

These estimates are obtained by taking the scalar product of (l.1) respec-
tively with u, Au and A% and making use of (1.3)-(1.12). We will also use

the following form of the HOlder inequality:
(118) x| = sl |18y, | <& (ol 1P) + B2 (zly, |9
Y4 i il ¢p i q i

where B> 0, p+q=pq and 1 <p,q < » In the first case we obtain

d

1 -
S lul? v alAYu)? < f(Fu)] < YRIF| YRy

1
2

2 2
<w |AL?u| + ZX%E |f1°.



-8-
where (1.14) is used in the last inequality. Consequently one has

d 2 2 _d 2 1 2 2
(1.15) S %+ argjul? < jul? + ala2y <-a1-1—|f|.

When taking the scalar product of (1.1) with Au we use (1.8) and (1.9) to
obtain

(Blu,u) + Cuyhu)| < cpful"2jaY2u) auf3/2 4 ¢, |2y V2 |0y 3/2
< a9(ct|ul2 A2 | & ¢t Aty 2 o ENTHES

where the last inequality follows from (1.14) with p = 4, q = 4/3, B“ = 196.

Similarly one haﬁ
[(FaAu)] < [F] 1Al <2]F1% + L jaul?,
Consequently we get
(1.16) %f |Av2u|2 + A1|Awu|2 <5%-|ALQU|2 + |Au|2
< C5|UI2|AVZUI“ * C7|/\1/2l1|2 ‘ 4lf|*

(The new constants 6 and Cqs @S well as others which are used below, are

derived easily from the other ci's.) Finally the scalar product with A%y uses

(1.10) and (1.11) to yield

d

T |Au|2 + |A3/2u|2 < |(B(u,u) + Cu,Azu)| + |(f,A2u)|

1
2
< |AY2(8(u,u) + cu),A¥ 24y + |(A1/zf’,\3/2m)|

<cqlhul2(AY2u) + ¢, laul (a3 2] + aY26) 1A%/ 2

4 2 1 2 .1 ,3/2 ,2
<3eglhul® + Feglaul? + 3 aY2e|2 L ad2y

2

where the last inequality follows from (1.14) with p =q = 2, g° = 3.



Consequently one has

(1.17) G A1+ A jAu|? < G (Aul? + |a3/2y)2

< c8|Au|“ + c9|Au|2 + 3|ALQf|2.

Inequalities (1.15)-(1.17) provide the a priori estimates which are
necessary for proving the existence and reqgularity of solutions and uniform
bounds on the norms. For this purpose we shall use the following “uniform"

Gronwall inequality which is proved in Foias-Manley-Temam (1986);

(1.18) Let g, h, y be three positive locally integrable functions

for t; <t < += which satisfy

dy <gy +h, for all t >t

dt — 0
t+l t+l t+l
and | gds € a, | hds € a,, | yds < for all t>t,,
: 0] %2 ! % 0

where %, @y, 0y are positive constants. Then

y(t +1) < (a3 + uz)exp(al), for all t > ty.

The standard Gronwall inequality applies to (1.15) and we obtain for

u(t) = S(t)u0
(1.19) |u(t)|2 < |u(0)|2exp(-axlt) + pg(l - exp(-axlt))
where pj =-a%— |f|. Hence |u(t)| 1is uniformly bounded in H and
1
(1.20) lim sup |u(t)]? < pé.
tr
It then follows from (1.15) that j§+1|Ab?u(s)|2ds is uniformly bounded.

Furthermore (1.16) implies that
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d 2 4
S 1AY2u12 <o AY2ul® ¢ (e - o) [AY2u|2 4 agf )

where ¢, = cﬁbg and [u(t)|® €bd for all t >0. It then follows from
(1.18) with g = clOIALQulz, y = |A1/2u|2 and h = (¢, - xl)lAVZuI2 + 4|f|2 that
|A1"2u(t)|2 is uniformly bounded in H. Returning to (1.16) we see that
]t+1|Au(s)|2ds is uniformly bounded. By iterating with (1.17) we see that
tI'Au(t)l2 and gt+l|A3/2u(S)|2ds are uniformly bounded in t. In par-

ticular we have

(1.21) Tim sup [AP2u(t)|? < o2,
trw

(1.22) lim sup |Au(t)|? < o2,
t +

however explicit expressions for P and p, are not as simple as that of Po*

It follows from (1.20)-(1.22) that

(1.23) Any solution S(t)u0 of (1.1) will, after a certain time,

enter a ball of H centered at 0 of radius > pj, say

2p0. The same is true in D(ALQ) and D(A) with balls of

radii 2p, and 2p,.

We denote these balls by '60, 61, 62' Due to (1.23) each ball is uni-
formly ultimately bounded (or point dissipative, or absorbing) in H, D(ALQ),
D(A), respectively. The w-limit set of 155:

Q. B, = O cu NV 5(0)B,) (*)

s >0 t>s

is the global attractor for (1.1), cf. Billotti-LaSalle (1971), Mallet-Paret

(1976), Foias-Temam (1979), Mane (1981), and Constantin-Foias-Temam (1985). Its
basin of attraction is the whole space H. is the largest attractor for

(1.1). Clearly one has

(*) The closure C& 1is taken in H.
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aE‘Bz ﬂﬁm 60-

1.2 The Modified or Prepared Equation.

As a result of (1.18) we see that any ball in H centered at 0 with radius
> pp is positively invariant under S(t) and attracts all solutions exponen-
tially. In particular 150, the ball of radius 290, has this feature.
Unfortunately a similar property is not known in D(ALQ) and D(A). In order to
avoid certain technical difficulties at infinity in D(A) resulting from the
nonlinear term, we borrow an jdea arising in the study of invariant manifolds
for ordinary differential equations and truncate this term; thereby considering
a modified equation which provides the same asymptotic behavior (as t + =) near
the global attractor but is different for |Au| large.

Let 6: R~ [0,1] be a fixed smooth function with 6(s) =1 for
0<s <1, 6(s) =0 for s »2, and |6'(s)|] <2 for s » 0. Fix p = 2p2

and define ep(s) = 8(s/p) for s > 0. The modified equation of (1.1) is

du
(1.24) Tt At ep(lAul)R(u) 0.
The proof of the existence and uniqueness of solutions of (1.24) with initial

condition u(0) = ug H is straightforward. The advantage of (1.24) compared

to (1.1) is that (1.24) possess an absorbing invariant ball in D(A), namely any
ball centered at 0 of radius >2p. Indeed, take the scalar product of (1.24)

with A%u. For |Au| > 2p we have

4
dt

1d_

2 3/2 2
7 gr |Aul® + |A / ul® =0,

N —

Aul® + 2 Aul? <

since ep(lAu]) =0 for |Au| » 2p. (Compare this with (1.17).) Thus if

|Au0| Y where py 2 2p, the orbit u(t) will converge exponentially in D(A)
to the ball of radius 3 while if |Au0| < Py, then u(t) cannot leave this
ball.
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Since ﬁp(lAu|) = 1 for |Au| < p we see that (1.1) and (1.24) are iden-
tical in the D(A)-neighborhood of the global attractor CL given by

{u € D(A): |Au| < pl).

A perusal of the computations leading to (1.15)-(1.17) shows that the ine-
qualities are still valid for a solution of (1.24) instead of (l.1). Hence the
asymptotic bounds (1.20)-(1.22) are still valid for solutions of (1.24) with the
same values for Pg» Py and p,. More generally it is useful to observe that
(1.15)-(1.17), and thus (1.20)-(1.22), are still valid when wu(t) 1is a solution

of an equation

du
! Au + g(t)R(u) = 0

where g(t) 1is any continuous scalar function with 0 < g(t) <1 for all t > 0.
For the remainder of the paper we shall use S(t)u0 to denote the solution
of (1.24) satisfying the initial condition wu(0) = Ug € H. If one has

|AS(t)u0| < p for t » 0, then S(t)u0 is also a solution of (1.1).

1.3 The Squeezing Property

Let S(t)u0 and S(t)v0 be two solutions of (1.24) where ug»vg H. Let
PN and QN be the projections on H described above.
The following Lipschitz property for S(t) is easy to prove, see

Foias-Temam (1979), Constantin-Foias-Temam (1985):

(1.25) For every r > 0 there is a K,, depending on r and the

operators, such that if UgsVg € D(A) with |Au0| <r, and

|Av0| < r, then one has

|S(t)u0 - S(t)v0| < exp(Klt)lu0 - v0|, for all t > 0.
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The squeezing property, which we state below, was proved in Foias-Temam
(1979), Constantin-Foias-Temam (1985) under assumptions for the operators B
and C which are very close to the assumptions made here. Since the argument

can be easily adapted to our case, we will not repeat the proof here.

Squeezing Property: For every T > 0, y> 0, r > 0 there exist constants

K2, K3 (degending on T, y, r and the constants C1=Cq» but not on the expli-

cit nature of the operators or on N) such that for every t, 0 <t < T, and for

every uOf Vo with |Aug| <r, |Avg| <r one of the following inequalities
hold for every N > 1:

(1.26) tQN(S(t)UO - S(t)VO)l < Y|PN(5(t)Uo - S(t)VO)I
(1.27) IS(t)u0 - S(t)v0| < K exp(-K3axN+1t)|u0 - v0|.

In the sequel we will apply this result with t satisfying to <t < ZtO,

where ty i ?%I log 2 (See (1.25).), y = %- and N > Ny where No satis-
fies

(1.28) gt 2 (2K3at0)‘llog(2|<2)

In this case, (1.26), (1.27) become

(1.29) 10 (S(thuy - S(EIvg)| <5 [Py(S(thug = S(t)vp)|
(1.30) IS(t)uy - (gl <7 Iug - vyl

with ug,vg € D(A), |Aug| <r, |Avg| <r and ty <t <2t,.

(1)

The coefficient y does not appear in Constantin-Foias-Temam (1985). It
can be easily inserted in (1.26) provided K2 and K3 are modified accor-

dingly.
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1.4 Locally Lipschitz Nonlinearities

With the assumptions on the nonlinear terms B and C described above,
the theory which we describe here does apply when B and C are not continuous
on H. For example if A 1is a differential operator of order 2k, then the
assumptions on B and C would permit these operators to have derivatives of
order < k. We will see an illustration of this in Section 4.

Another situation, which arises in the theory of reaction-diffusion
equations, occurs when the nonlinear term R(u) 1in (1.1) is locally Lipschitz

continuous on H. For example, the equation

up = vau + g(u)

with g(u) = u(l - u)(u - a), for 0 < a <1, and with Neumann, Dirichlet or

periodic boundary conditions on a suitable bounded region Qn < RN gives rise

to an abstract equation of the form
(1.31) du 4 Ay + R(u) = 0
* dt

on Lz(nn). Furthermore (1.31) is dissipative and R(u) is locally Lipshitz

continuous in u. In this case, the modified equation would have the form
du =
(1.32) — + Au + ep(lul)R(u) =0

for a suitable p > 0. Furthermore the nonlinear term F(u) = Bp(luI)R(u)

would be globally Lipshitz continuous, i.e. there is a K such that
(1.33) [F(u) - F(v)| < Klu - v|, for all u,v € H.

We will return to this example later in the paper.
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2. FORMULATION OF THE PROBLEM AND STATEMENT OF MAIN RESULTS

2.1 The Inertial Manifold 77? and the Inertial Form: The Induced Ordinary
Differential Equation on ))].

We consider the solution operator S(t) generated by the modified equation

(1.24). A subset Kn C H 1is said to be an inertial manifold for (1.24) if it

has the following three properties:

(1) )71 is a finite dimensional Lipschitz manifold,
(i) )N is invariant, i.e. S(t))’)z g)f)z, for all t » 0,

(1i1) 772 attracts exponentially all solutions of (1.24), i.e.
(2.1) dist(S(t)uO,nt) +0 as t + w

for every Ug € H and the rate of decay in (2.1) fis

exponential, uniformly for ug in bounded sets in H.

Property (iii) implies that an inertial manifold must contain the universal
attractor.

The next step is to show how the search for the existence of an inertial
manifold can be reduced to a fixed point problem. Let PN and QN be the pro-
jections described above and write P = PN and Q = QN. If u=u(t) is a
solution of (1.24) we define p = p(t) and gq =q(t) by p =Pu, g =Qu. Then

p,q are solutions of the following differential equations on PH and QH:

(2.2) L+ pp + PF(u) = 0
(2.3) %%-+ Aq + QF(u) = 0
where

(2.4) F(u) = ep( |Au|)R(u)
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and u = p + q. We have used the fact that PA = AP and QA = AQ, which
implies that PAu = APu = Ap and QAu = AQu = Aq.

We will be looking for an inertial manifold ‘11 which is constructed as the
graph of a Lipschitz function ¢: PD(A) + QD(A). (Note that PH = PD(A).) The
function ¢ will be sought as the fixed point of an operator :1 on a class

:1b,z’ where b,% are positive numbers to be determined. :;b ¢ 1s defined as
’

the class of those functions ¢ from PD(A) into QD(A) which satisfy

(2.5) |Ae(p)| < b, for all p € PD(A),
(2.6) |Re(p,) - Ae(p,)| < &|Apy - Ap,|, for all py,p, € PD(A),
(2.7) Supp ¢ € {p €PD(A): |Ap| < 4p}

Now u(t) = p(t) + &(p(t)) 1is a solution of (1.24) if and only if p(t)
and q(t) = #(p(t)) satisfy (2.2), (2.3) with u =p + &(p). Assume that ¢
is given in :}b,z and py € PD(A). Since ¢ is Lipschitz continuous, we can
integrate (2.2) with u = p + ¢(p) and p(0) = Po- This defines p(t) wuni-
quely for all t€ R (including t < 0). Furthermore if |Ap0| < 4p, then
|Ap(t)| < 4p for all t > 0. (The last property follows from the definition of
Gp and the fact that |Ap| < |A(p + q)| = |Au|.) This function p(t) actually
depends on ¢ and Pg- We will write it as p = p(t) = p(t;@,po). Of course,
the truncation ep is essential for the definition of p for all t €R.

The main object of analysis in this paper is the operator :J, which is an
infinite integral operator on :75’1. The use of this infinite integral is quite
old (it goes back to Lyapunov in his study of the stable manifold) and is widely
used in the theory of ordinary differential equations, see for example, Coppel
(1965), Kelley (1967), Hale (1968) and Sell (1978). For the benefit of readers
who have not encountered this construction before, we made the following obser-
vations to motivate the definition of :].

Given a continuous, bounded function o: R +H we first note that the
equation

(2.8) g{i + AE = o

nossess a unique solution that remains bounded as t + -=, Indeed by



-17-

integrating (2.8) between s and t, s < t, yields
-(t-s)A b o(t-1)A
E(t) = e E(s) + [ e o T)dT.
s

Now let s + -=, From the boundedness assumption we find that, necessarily one

has

t
(2.9) g(t) = | e'(t-T)A a( t)dT.

This shows the uniqueness of &. It is elementary to check that the function &
defined by (2.9) is a solution of (2.8) and it is bounded as t + -=,

The last paragraph can now be applied to (2.3) with £ =q,
a= -QF(u), u=p+ &p), oe:r'b.z and p = p(t) given as above. Then o(t)
is bounded from R into H, and E(t) 1is given by (2.8) for all t& R. - In

particular £(0) 1is given by

0 aq
(2.10) £(0) = - [ e  QF(p + o(p))dt

where p = p(1) = p(t;o,po) is given above. Note that §(0) depends on

b C b g and p, € PD(A). We have thus defined a formal mapping
o +J 0

where ¢ is the function Py * @(po) and :]¢ is the function which maps p,

into &(0) as given by (2.10). In other words,
) 0
(2.11) C]a(po) = - [ e™ gf(u)dx

where u = u(t) = p(T;0,py) + e(p(T;9,py)).
Finally we will require that (p(0) + q(0)) belongs to the manifold 1”\
defined by "4 = Graph(¢). This means that

al0) = s(pg) = J alpy), for all p,  PO(A),
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i.e. ¢ is to be a fixed point of the operator /. This leads to the fixed

point problem, but first note that the dimension of /Y is N, which is the

dimension of PH.

The fixed point problem is to find conditions on N, b and £ so that

(1) J maps ‘;b,z
(ii) J has a fixed point ¢ in \fg g

into itself, and

After establishing (1) we will prove (ii) by showing that ./ is a contraction
on ;ﬁ')’z.

Before stating our main results let us note that with this construction we
can describe the induced ordinary differential equation on //. Indeed if ¢
is the fixed point of J then dynamics of (1.24) on y77 is completely deter-

mined by the ordinary differential equation

(2.12) S+ hp + 0 (IA(p + ¢(p))|)PR(p + 8(p)) = 0.

Thus (2.12) 1s an inertial form of the equation (1.1), (1.2). (Strictly
speaking, (2.12) describes an ordinary differential equation on PD(A) = PH. The

trajectories on 777 itself are given by u(t) = p(t) + ¢(p(t))).

2.2 Statement of Results

The main assumption which we make below is concerned with the determination
of the dimension N of the inertial manifold. The form of this assumption will

involve a comparison between

Ay (the largest eigenvalue of A|PH), and

XN+1 (the smallest eigenvalue of AIQH)’
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What we will show is that if the gap between AN and AN+1 is sufficiently

1 large then there exists an inertial manifold. Now for the details.

Theorem 2.1

Assume that hypotheses (1.1)-(1.12) are satisfied and let &, 0 < £ < 1/8,

be given. Let N, be given by (1.28). Then there exist a constant K

10°
K11 (dependent on % ’and the data of the problem) such that if one has

| (2.13) N> N, xk?l > Ky
12 Y2
(2.14) AN+1 - N KIO

then there i

——

a b >0 such that:

(i) :jlnags :?b,z into itself;
(i1) :7 has a fixed point ¢ € s

b, s}
(i) 11; Graph(¢) is an inertial manifold for (1.24);

(iv) ’1contains the global attractor ‘l for (1.1);

(v) The dynamics of 1% is completely determined by the

ordinary differential equation (2.12).

Partial Proof:

We will postpone to Section 3 the proof of items (i) and (ii) above. By
assuming the validity of (i)-(ii) it is not difficult to prove that
"1 = Graph(¢) is invariant and that it attracts all trajectories exponentially.

For this purpose we will use the Squeezing Property and (1.29), (1.30).
The invariance of 14 , 1.e. S(t) f1§; fﬂ for all t, follows from the

fixed point equation ¢ = :] ¢ which becomes:

g
(2.15) ®(Pg) = - [ e QF(u(T,pg))dr
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where u(r.po) = p(r;@,po) + O(p(r;®,p0)). Now replace Po by
p(t) = p(t;é,pg) 1n (2.14) and use the fact that

p(r;0,p(t,0,pq)) = p(1 + t;0,p))

to conclude that

0 A
(2.16) o(p(t)) = - | e™Q qr(u(,p(t)))de

t
= - [ e (&M gf (u(,pg))an

for all t e R. Furthermore by differentiating (2.16) with respect to t, we
see that (p(t),q(t)) 1s a solution of (2.2), (2.3) and u(t) = p(t) + q(t) is
a solution of (1.24), where q(t) = ¢(p(t)). This shows that S(t))ﬁ <) for
all t > 0.

Let t; = 2%; log 2 and let N, be given by (1.28). Fix r = 4p + b,
According to (1.22) every trajectory of (1.24) eventually enters the ball in
D(A) centered at 0 with radius 4p = 8p,. Since we want to show that a given
trajectory S(t)u0 is exponentially attracted to Y?], we can assume that
|Au0| <4p and |AS(t)u0| < 4p, for t > 0.

We will first show that for any tl with tO < t1 < 2t0 one has
(2.17) dist(S(t,)uy, ) <5 dist(ug, )

where dist(¢,7y) = inf{|¢ - v|: v €/N}. For that purpose choose Yo
such that |ujy - Vol = dist(u0,7N). Then vy = Pvy + &(Pvy). We claim that

APv < 4p. If, on the contrary, one had |APv > 4p > |APu then ¢&(Pv,) =0
0 0 0

ol
and v, = Pvy. In addition there is a B8, 0 < B <1 such that |APvB| = 4p
where Vg = BPug + (1 - B)vo e PD(A). One then has ¢(vB) = 0, therefore

Vg € )N . Finally one has
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i

Vg - ugl® = Ivg - Pugl® + laug)?

2
[(1 - B)vg - Pug|? + |Qugl?

A

2 2 2
|V0 - PUQI + lQu()‘ s lvo l

which contradicts the fact that |v0 - u0| = dist(u0,4W). Since |¢(Pv0)| <b

one has

|Avgl < [APv| + [A®(Pv)| <4p+ b =r.

Next we apply the Squeezing Property (1.29), (1.30) to S(tl)u0 and S(tl)vo.
If (1.30) holds then

dist(S(t))uy, ) < |S(t)ug - S(t))vgl

1 |
< -é-lu0 - v0| <7 dwst(uo, )e
On the other hand if (1.29) holds then we write

dist(s(t))ug, M) < IS(t))ug - (PS(t;)ug + o(PS(t,)ug))|
< |QS(t1)u0 - @(PS(tl)uO)l
< 1s(t )uy - St vyl + |e(PS(t))vy) - @(PS(t))ug)|

(since S(t;)vy €M™ one has Qs(t))vy = #(PS(t;)vy))

(L,

5ty ) PS(E v - Ps(ty

0l

(by (1.29), (2.6) and since |q| < A&illAql for q €QD(A) and [Ap| < A lp|
for p € PD(A))

1
<3 Is(e)vg - sty

1 1 .
S5 v -yl =5 dist(ug,M)



-22-

(by (1.25) and the choice of to and Kl)' Once (2.17) 1is proved it is clear
that

dist(S(nt;),M) < ( %. )" dist(ug,M) o0

as n + =, Then for an arbitrary t > tO we write t = ntl where

tO < t1 < 2t0, and thus

(2.18) dist(s(t)ug, M) < ( 1)" dist(uy,M)
< exp(- %z-]og 2)dist(u0,11)
< exp(- ?%a log 2)dist(u0,14).

which gives the exponential convergence with the rate -gl— log 2.
to
The same considerations lead to a direct proof that the global attractor

(1 lies in ﬂ Indeed if u€g a, then the solution S(t)u 1is defined for

all t R. Furthermore from (1.22-23) one has
dist(S(t)u,T1) < 202, for all t in R.
Let v = S(-t)u, where t > ty- Then from (2.18) we get
dist(u,11) = dist(S(t)V.11) < exp(- i%—-log 2) o 2p2,
0
which implies that dist(u,M) = 0. Vi

In the case where the nonlinear terms R(u) are locally Lipschitz con-

tinuous on H one can derive a sharper inertial manifold result. In the next

theorem we make reference to Section 1.4.
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Theorem 2.2

Let Equations (1.31), (1.32) be given on H where the nonlinear term

F(u) = 8 (Ju])R(u) satisfies (1.33), Let & be given, 0 < 2 < 1/8. Then
there exist constants Nos K2+ Ky3 (dependent on & and the data of the problem)

such that if one has

(2.19) N > NO' Aol 2 Kio

(2.20) ANH - xN > K13

then the conclusions of Theorem 2.1 are valid.

We will say more about the gap conditions (2.14), (2.20) in Section 4 when
we discuss some applications of our theory.

Since the Squeezing Property is valid for (1.31), (1.32) when F(u)
satisfies (1.33), the proof of the invariance of 117 and the attraction pro-

perty given above is applicable in this case as well. We will omit the details.
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3. PROPERTIES OF THE OPERATOR 7.

In this Section we establish the properties of J which lead to the
application of the contraction fixed point theorem. We successively show that
<J 1is well-defined (§3.1) and that it maps \fg.l into Fy | for an
appropriate L (§3.3). Then we show that under suitable assumptions it maps
Q?b.z into itself and is a strict contraction in this space (§3.4). This will
complete the proof of Theorem 2.1. The modifications of our argument needed to

prove Theorem 2.2 are given in §3.5.

3.1 The Operator J s Well-Defined.

Recall that we are considering functions ¢ from PD(A) into QD(A)

(P = PN; Q=0Qy=1-Py) which belong to the class F i.e. they satisfy

b, &*
(2.5) - (2.7). Since QD(A) 1s complete in the norm |-|2, the set J*B L is

a complete metric space when endowed with the distance

(3.1) 1 - ¥i := sup |Ae(p) - A¥(p)|.
p € PD(A)
The mapping J associates to each ¢ in ¢ﬁ5 g @ function on PD(A)
defined by
] 0 A
(3.2) Jolpy) = - | ™ gF(u)dr, By € PD(A)

where u = u(t) = p(r;@,po) + ¢(p(r;¢,p0)) and p(r;¢,p0) is the solution of
(2.2) satisfying p(0;0,py) = pg. We will now show that ¥7o(p0) is well-
defined for all Po» that its range lies in an a priori bounded set of D(A)

and even D(Af’/4

), and that is has compact support, i.e. that ~70(p0) =0 for
|Apg| > 4p.

Let us start with a technical lemma.
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Lemma 3.1

For a> 0 and 1< 0, the operator (AQ) % ™AQ is linear and continuous

on QH. Furthermore, its norm in i(QH), which we denote by I(AQ)"eTAQ|Op, i

bounded by
(3.3) Kolt|™® for -aAll. < 1<0
3ttl for  -olyn
and by
TA
a N+1 w -l
(3.4) XN+le . for -w< 1< aXN+1

Proof. Let v = J b.w; be an element of QH. Then
—— J‘N"'l J J

TA,
(AQ)®e™d y = 1 A%e J bjw; and by the Plancheral formula
=N+

L TA,
| (AQ)® e ™AQ vi2= 1 (aW%e Jy%,2
J
j=N+¢l Y
¢ sup (2%™)%pp?
A>A 3
N+1
sup ()‘aetx)2lvl2
)\)XN+1

Consequently |(AQ)°‘eTAQ|op is bounded by

sup (2% ™M)

X)AN+1

- -1, .
An elementary calculation shows that this supremum is equal to || Y e 1) if

™ _
N+1 for Tt < '“ANil' We thus obtain

(3.3), (3.8) with Ky = Ky(a) = (a™D)™ %

-1 . a
'QXN+1 < 1< 0 and is equal to AN*le

An immediate consequence of (3.3), (3.4) is that
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0 o TAQ 1 1
(3.5) ] |(AQ)%T |0pdt <(1-ate?® AN 0<ac<l.

From (1.10), (1.11) we get

|(AQ)Y2R(u) | < [AY2B(u,u)| + [AY2cu| + |aY2f]

< cqlmul? + g lAu] + [AY2F),
Since 6 (|Au|) = 0 for |Au| > 2p one has
(3.6) ERICORTIRYS
where K4 = 4c3p2 + 2C4p + |ALQf| and F 1is given by (2.4). Next we prove

Lemma 3.2

For every Py in PD(A), ‘j°(p0) belongs to QD(A) and

N/
5/4 -1
(3.8) |A jd)(po)l < K6AN+1
where KS’ K6 are appropriate constants which are independent of Po and ¢,

Proof. Since Qe™Q = ¢™Q ¢ js casy to see that \70(p0) € QD(A). Next
note that

1Ade(p,)| <J |Age "AAF (u) |d <j | (AQ) ¥2 e ™) o1 (AQ) ) Y2F (u) |dx

0 0
A% T a(pg)| < | 10A) ¥ %™ () fax < | [(aQ)Y %™ 1(AQ) Y2 (u) 1ar.
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‘ Inequalities (3.7), (3.8) now follow from (3.5), (3.6) where

- -2 -3/4
Kg = 2Kze™ 78, K = aKpe™ %, ¥
From now on we fix
| kW2
(3.9) b KSAN+1 .

It is then clear that for every ¢ in ?b T jo satisfies the analog of

(2.5), namely

(3.10) |AJalpy)| <b, for all p, € PD(A).

Furthermore due to (3.8) the range of d" is a bounded set in D(A5/4). Since

A"]”4 is compact (like A"l) we have shown that:

a compact subset of QD(A),

(3.11)  The range of do is i

which does not depend on ¢.

We next prove the property of the support of 3 ¢, (2.7).

Lemma 3.3

.

For every ¢ in l?b ¢ the support of j@ is included in the set

{p €EPD(A): |Ap| < 4p}.
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Proof. We observe that if u = p + ¢(p) = Pp + Q&(p) then
|Au|2 = |Ap|? + |Ao(p)|2, and |Au| > |Ap|. Therefore if |Ap| > 2p then
|Au| > 2p and 8 (|Au]) = 0.

Now assume that |Ap0| > 4p. Then |Ap(t)] > 2p on some interval I

taining t = 0. On I equation (2.2) reduces to

dp -
qt + Ap = 0.

This implies that

4_

1
2 dt

2
AR 1%+ A 1ap1® <z G 1an1? + 1a¥2p12 < o,

Hence for 1t < 0 one has
2p < |Ap(0)] < [Ap(1)| exp(A 1) < |Ap(1)].

Consequently |Ap(t)| will never reach the value 2p for 1< 0, i.e.

con-

|Ap(T)| > 2p, for all 1< 0 and 99(|Au(t)|) = 0, for all 1 < 0. Therefore

the integral on the right side of (3.2) vanishes and ¢(p0) = 0 for all

) €:]b.£. Vi
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3.2 Lipschitz Properties of F.

We return to the nonlinear function F(u) defined by (2.4). Note that F
depends on p and ¢ since u =p + ¢(p). Let pl,p2€ PD(A), ¢1'°2€?b 2

and set u; =py ot °i(pi)' i =1,2. Our object here is to show that

(3.12) A2 (u)) - AYRF(u,)| < KyL(1 + 8)[Ap, - Ap,| + 1o, - o)1)

for some constant K7 which does not depend on p; or °i’ i=1,2.

First notice that (1.10) and (1.11) imply that

AY2R(u)) - AY2R(u,)| < |AY2LB(up,u)) - Blup,u;) - Blup,u,) + Bluj,uy) - B(uy,uy)]]
+ A2 clug - uy)|

<Ca(fAuy| + [Auy )| |Auy = Auy| + Colhuy - Auy|

and
2
AY2 R(uy )| < cqlhup |+ cylauy | + [AY25].
Define G by
G = AY2 Fluy) - AI/ZF(uz) = 6 (Au;|) A]"?R(ul) - o (1Au,)) AVZR(uz).
We then distinguish between 3 cases:
1) 20 < |Auy|, |Aup| 5 2) |Aup| < 2p < |Auy| (or |Aup| < 2p < [Auyl)

3) |Au1|, |Au2| < 2p
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By using the facts that ep([Aul) =0 for |Au| »2p and |8'| < 2p'1 we

obtain the following:
In case 1 has G = 0. In case 2 we have
161 = 16, (1Auy ) A¥ZR(uy)|
= 16 (1Auy|) AY2R(u;) - 0 (lAuy|) AY2R(u;)|
< o (1A ]) - 8 (1Auy )| [AY2R(uy) |
<207t |JAuy| - JAu,|| - |A]”2R(u1)l
<257t (cy - 4%t cy v 20+ |A YV26)) AUy - Ayl
The argument for |Au2| <2p < |Au1| is similar. In case 3 we obtain
161 < Lo (1Au, 1) = 0 (1Au, |) 1 1AYZR(u) |
+ ep(|Au2|)|A”?R(u1) - AY2R(u,)|
< 207 JAuy | - [Au, || (cqlAuy|® + ¢, lAu| + |AY2g )
+ [c3(|Au1| + |Au2|) + c4] |Au1 - Au2|.
Hence

(3.13) A2 (u)) - AY2R(uy) | < K, lAup - Au,|

2

where K7 = 2p'1(c34p + c4-2p + |Au1/2 fl) + cq 4p + Cy

Since Up = Uy =pp - Pyt (ol(pl) - 01(p2)) + (¢1(p2) - 02(p2)) one has
|Au; - Aug| < (1 + 2)|Apy - Apy| + oy - 0,1,

By combining this with (3.13) we obtain (3.12).
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3.3 Properties of J (continued)

We now show that under suitable assumptions vf is a Lipschitz mapping

from Cﬁb . into dﬁb L and we estimate L. Then we show that as a result of
1] 1]

the hypotheses of Theorem 2.1, J maps gﬁb B into itself and that it is a

strict contraction.

First let ¢ be fixed. Let Po1+Pg2 belong to PD(A) and let
P, = pl(t) and Py = pz(t) be the corresponding solutions of (2.2) satisfying
p1(0) = Pgi» 1 =1,2. Define 4 =p; - p,, then & is a solution of the evolu-

tionary equation
(3.14) dA . Aa + PF(u;) - PF(u,) = O
' dt 1 2

with Uy = py 0(p1). i1 = 1,2. Taking the scalar product of (3.14) with AZa

we obtain

(3.15) 33z 1AalZ + A2 = (W) - Flup)), A2

Therefore using (3.12) with ¢ = 4 = ¢, we obtain

3/2

1d 2 3/2,,2
|z q¢ 1Aa1” * 1A3/2,12 <K (1 + 2)|AA[|A7 "a|

and thus
sl G 1a] > - 1a¥281% - k(1 + 0)[Aa]|A¥/ %),
Since A € PD(A) one has
A/25) = |a¥2na| < 372 |Aal,

and consequently
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d 2 y 2
|Aa| S 1Aa] > -ay|A8]® - Ky(1 + APRCITIVRS

S IRAL+ (O + k(1 z)x,l{z)lmq > 0.

We easily infer from (3.16) that

(3.17)

|Aa(T)| < lAA(O)lexp(-r(xN + Ky(1 + z)x&Q)), for all

We can now prove

Lemma 3.4

Assume that

(3.18)

Then for

(3.19)

with

(3.20)

(3.21)

2 > 0.

YN Ay - Ay - Kp(Lo+ )y

® €3, and py.Pgp € PD(A) one has

|A\JO(P01) - A~j¢(P02)| < L|Ap01 - AP02|

r,a
L = K7(1 + R)Aﬁ+f [+ (1 - rNaN)'l] e']/2 exp( —%r! )

- - -1/2

Consequently ® é.j”b L

Proof.

Due to (3.2) and (3.12) one has

0
‘AJ¢(p01) - Aj‘b(poz)l < J lAQ eTAQ Q(F(ul) - F(uz))‘dT

T

< 0.

0
<K (1 + ) | |(AQ) V2™ jAa(1) lde

- G0
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where A = Py = Py, as above. Then with Lemma 3.1 and (3.17) the last integral
is bounded by

-a
( J A,];’fl explr(Ay,y = Ay - Ky(L + z)xl/,f)]dr

0
+ ) Kyl ) I ¥2explon(ag + K (1 + z)xl/N?)]af) + 1Apg, - Apgyl
-a

where a = %’Aﬁil' An elementary calculation shows that the last expression is

bounded by

_ - - r
M2 e 01 e (1= ra e (N ) g - A, I

This proves (3.19) with L given by (3.20). The fact that J¢ belongs to
'J%b,L now follows from (3.9), (3.19) and Lemma 3.3. A

At this point we have shown that J maps g%b L into Jﬁb L. Next we
want to show that J s a Lipschitz mapping on these spaces. For that purpose

we consider two functions ¢, and ¢, and a single initial condition

Pg € PD(A). Let P = p(t,®;,py) and set wuy = p; + °i(pi)’ i=1,2. We will
now estimate lA\j°1(Po) - A‘J°2(Po)l by using essentially the same methods as

above.

Define A = Pp - Pps then (3.15) and (3.16) are still valid. However

instead of (3.17) one obtains

AT

d
(3.22) ag'lAA| + xNaN|AA| > -Kgdy 1

- &,

2

where oy is given by (3.21). Here one has A(0) = 0 and it follows from
(3.22) that
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b?u

3.23 ) Kydy He, - 0,1
(3.23) |Aa(1) | < an (Cexp(-aya 1)l = 1), 1 <0
< K7A&1/2I01 - Ozuexp(-aNth), T<0

since ay > 1.

As in Lemma 3.6, using (3.2), (3.12) and (3.23) we get

0
(3.24) [AJ e (pg) - AIe(py)| <) 1AQe ™A q(F (u;) - F(up))|dt
<K 0 Y2 1AQ
7 1 1AQ) T2 ™) [ (1+2) |A4] + 1ey-0,1 |de

0
< K7I¢1-¢2u1m|(AQ)y2etAQ|op(1+K7XﬁLQ(1+£)exp(-aNANT))dt.
By Lemma 3.1, the integral in the last term in (3.24) is bounded by

-a
2e'1/2)ﬁ+1/12 + Ky(1 + A)x'N]v’Z(-L Alﬁl exP[T“Nﬂ - Ayay) Jdt

0
+ Kq( %— )|1|'V2exp(-ANaNt)dr>
-a

r,as

< 2e'y25&}? + Ky(1 + z)ﬁiyz( ;%2 e’bQ(l + (1 - rNaN)'l))exp( —g—ﬂ )
< 2e'y25;}? + N;LQ L
where L 1is given by (3.20). We conclude therefore that

(3.25) |AJd ¢, (py) - AJe,(pg)| < L'1e) - ¢

1 LD for all p, € PD(A)
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where

(3.26) L' = k(20720702 + a2,

3.4 Conclusion of the Proof of Theorem 2.1.

As indicated above, we seek conditions which insure that :7 maps

:?b,z into itself and that it is a strict contraction on :7b 2 This amounts
to finding sufficient conditions (primarily on AN and XN+1) which insure

that
L <& and L' <1

where L and L' are given by (3.20) and (3.26).

First notice that (3.18) is equivalent to

(3.27) 1l - Y ke 0,

or 1> ey 2 0. It then follows from (3.27) and (3.20) that

L <Ky(1+ 02 [1+ (1 - rya)™H0.

In order to achieve L < £, it suffices to have N chosen so that both of the

following two inequalities are satisfied:

(3.28) Kp(1+ 0)a¥2 ok
(3.29) K1+ a2 (1 - rpa)™d <k

Now (3.28) can be rewritten as
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(3.30) K1o € W2

where K10 = 2K7(1 + z)z’l. We assume now that N is chosen so that (3.30) is

valid. Inequality (3.29) can be rewritten as

-2

(3.31) KIOAN+1 < (1 - rNaN)

or equivalently as

(3.32) Kloxaig - l4ry+ K7(1 + E)AQ}? r&Q <0

where N = MW Mn4pe Let us assume for the moment that

12 -12 -1\ -12

By applying (3.33) twice one has

277 -2 e

-1/ 2
Kio*sl = 1+ Py ¥ Kporhel TN S Kpphyey = 1+ ry €

(3.34) 0

Since & <1/8 one has K7(1 + L) < Kig» and consequently (3.33) implies (3.32)
which, in turn, implies (3.31).
Let us summarize the situation to this point. In order to conclude that
:7 maps E; b, 1 into E;D,L we need to assume that W > 0, or equivalently
that (1 - rNaN) > 0. This assumption is guaranteed by (3.31). A sufficient
condition for ;7 to map £;b,z into itself is that both (3.28) and (3.31) be
satisfied, however this in turn is guaranteed by (3.30) and (3.33). Both of the

latter inequalities are consequences of a single condition:

(3.35) Ko < W - W2
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In order for _J to be a contraction mapping on “fb G also want

L' <1, say L' < V2. However this follows immediately from (3.36) when one has

< Ah@

(3.36) K N2

11
where K11 - 2|(7(2(e"]/2 + ).

Under the conditions (3.35), (3.36) J maps JPb g into jtself and it is
strictly contracting and compact. The existence of a fixed point for J
follows in fact either by the contraction fixed point theorem or by Schauder's

theorem. This completes the proof of Theorem 2.1.
3.5 Proof of Theorem 2.2

In Theorem 2.2 we assume that modified nonlinear term F(u) = ep(luI)R(u)

satisfies a global Lipschitz condition
[F(u) = F(v)| < Klu - v|, for all u,v € H.

While the proof follows the same outline as that of Theorem 2.1, there is a
significiant simplification of some of the technicalities. We shall only indi-
cate the major changes in the argument here.

First the parameter p 1is defined by »p = 290 since one will be limiting
the analysis to the Hilbert space H. Next the space dﬁb,z consists of those

functions ¢: PH » QH that satisfy:

|e(p)| < b, for all p € PD(A)
|o(py) - o(py)| < 2lpy - pyls for all p,.p, € PD(A)
Supp ¢ € {p € PD(A): |p| < 4p}.

The operator J 1is defined by

0
Jolpg) = - | e aF(u)ds
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where u = u(rt) = p(r;o,po) + 0(p(1;¢.p0)). Inequality (3.6) is replaced by
|F(u)| < Ka

where KA depends on R(u), 8 and p. Lemma 3.1 remains valid for o = 0,
and it is this version which will be used in the proof. Likewise, inequality

(3.5) remains valid for a = 0. In place of (3.7) one shows that

;-1
| Jelpg) | < K5 Ayyy

where Ké = K&. Therefore one can take b = Kéx&il. Lemma 3.3 is changed in

that the norm |Av| 1is replaced by |v| throughout. Inequality (3.12) reduces
to

(3.37) |F(u1) - F(u2)| < K;[(l + z)|p1 - p2| + e - ¢2u].

where 1¢4 = sup{|¢(p)|: p € PD(A)}.
A more significant change occurs in the arguments in Section 3.3. First of
all, if & is fixed and A = Py - Py then (3.14) is the same. However we now

take the scalar product of (3.14) with A to obtain

1o %+ Y2812 = (p(F(u)) - Fluy)), o).

From (3.37) one obtains

]Q.

| 35 a2+ N2 <1+ ) [al?,

(=%

t

which implies that

d 2 . 2
8] S 14l > -1AY281% - k(1 + 9)] 8]
> —AN|A|2 - Ky(1 + 2) | a|2.

Consequently one has
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[a(e) | < [a(0) | exp(-T(xy + K3(1 + 2))), 1<0

in place of (3.17).

Hypothesis (3.18) in Lemma 3.4 is then replaced by

rN 1= AN+1 - A - K;(l + %) > 0,

The Lipschitz condition (3.19) is replaced by

| Je(pgy) - Jelpg,) | < Llpgy - Py,
where
L=K(1+ g)r:l
7 N
Indeed the argument in Lemma 3.4 reduces to
0 TAQ
| Jelpgy) = Jolpga) | < ] o™, IF(uy) - Flup) ld
0 A
<K+ e jage)|dr
0
1 ]
< K7(1+£)|p01-p02|1m?xp(1(xN+1 - - K7(1+£)))dr
K1) Oyyq = Ay - K510 Mgy - g,
Similarly one has
- i
190, (pg) - Toylpg)| < L'1e, - 1

where

| l-l ] ] “1
L' = K7AN+1 + K7[AN + K7(1 + )] °L

Finally the two conditions
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L<z, L'<lp
are satisfied when ¢ < 1/8 and

where K12 = 4K} and Kiz = K;(l + 2)(1 + z'l). This completes the proof of

Theorem 2.2.

Remark 3.1 The arguments used to prove the existence of inertial manifolds in
Theorem 2.1 and 2.2 also imply that these manifolds are normally hyperbolic, cf.

Hirsch-Pugh-Shub (1977) and Sacker-Sell (1980).
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4. APPROXIMATION AND STABILITY WITH RESPECT TO PERTURBATIONS

The inertial manifold which we have constructed in Sections 2 and 3 is
stable with respect to certain perturbations of the evolution equation. In
order to give the main ideas without concern for some technical difficulties, we
will restrict ourselves to the perturbations of (1.1), or better (1.24),
corresponding to a Galerkin approximation associated with the eigenfunctions

{wj}. Thus for any integer M > 1 the perturbed equation is

duM
(4.1) + Au, + PMF(uM) =0

dt M

where F(u) = ep(lAul)R(u) and u, takes its values in PyD(A). (We have used
the fact that PMAuM = APM“M = AuM.) Equation (4.1) is an ordinary differential
equation on the finite dimensional space PMD(A).

It is easy to see that (4.1) satisfies the same properties as (1.1) and
(1.24). Consequently for all M large enough, Theorem 2.1 is app]icable(l) and

provides an inertial manifold 7%h for (4.1). The inertial manifold for (4.1)
is the graph of a Lipschitz function

o PD(A) ~» QPMD(A) c QD(A)

We will now investigate this point in more detail and study the convergence

of 0M to ¢ as M + =, We will prove the following result:

Theorem 4.1

The assumptions are those of Theorem 2.1. Let £> 0 and N be given

satisfying the conditions in Theorem 2.1.

Then for every M > N equation (4.1) has an inertial manifold )7[M which

is constructed as the graph of a Lipschitz function

(1) We win1 still write P = Py, Q= Q, where N {is given by Theorem 2.1. Of
course we must assume that™ M > N.
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8y = PD(A) + QPyD(A) < QD(A).

Moreover the Lipschitz constant & for °M is the same as that for the func-

tion ¢ : PD(A) + QD(A) constructed in Theorem 2.1. Finally one has

-1/4 ,-1/4
(4.2) Hoy - o1 < 2K AN+l MMl
where
1 - o1 = S A - A¢ .
N peBB(A)I oy(p) (p)]

Proof. It is straightforward to verify that (4.1) satisfies the same
assumptions as (1.1) and (1.24). Consequently Theorem 2.1 is applicable to
(4.1), and if N satisfies (2.13) for (1.24), the same conditions(l) are
satisfied for (4.1) provided M > N,

It follows that (4.1) has an inertial manifold 7¥M for every M > N. Let
us now look at the construction of this manifold with some care. First we

define ‘}b,z,M to be the set of those functions
ay: PD(A) + QPD(A) C QD(A)
which satisfy:
|A0M(p)| <b R for all p € PD(A)
|A°M(p1) - A°M(p2)| < JLIAp1 - Ap2|, for all py,p, € PD(A)
Supp ¢y C {p € PD(A): |Ap| < 4p}.

Notice that one has «Jhb M E \}b g for for all M > N. One then obtains
s Myl — ’

IRM = Graph(@h) where O is a fixed point of the operator

(1) This follows from the fact that IPMI <1, IQMI < 1. Therefore all the

estimates for (4.1) are uniformly valid in M.
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Jw Fo,em * Fo,0u given by
0 1AQP
(4.3) Tntupg) = <L e ™ o (1AuyaPyR(uy)d.

In (4.3) we use Uy = Py * oM(pM) where py = pM(r;oM,pO) is a solution (2.2).
Becuase the PM's and QM's are orthogonal commuting projections one has
QPM = PM - P.

Let us also rewrite equations (2.2), (2.3) as they apply to (4.1). Let
Uy = Py + Gy Where py = Puy € PD(A) and qy = Quy = QPyu, € QP,D(A). Then

(4.1) becomes

dp
M
(4.4) T ApM + ep(|AuM|)PR(uM) = 0
dq
M
(4.5) T * Ady + ep(IAuMl)QPMR(uM) = 0.
TAQP TAQP
Since PMe‘AQ =e Mae My, it follows from (2.11) and (4.3) that

:]M is the restriction of PM:] to :}b,z,M' This fact allows us to both
derive properties of :]M from those of :] and to compare the fixed points o
and ¢. We will study next the convergence of :]'4 to :J and the convergence
of °M to ¢.

Let & Cjb,z,ME 3b,£ and p, € PMD(A). Let u = uy = py+ ch(pM)
where py = pM(t;¢M,p0) is the solution of (4.4) (and also (2.2)). (These two

equations are identical on PD(A) for ¢ éjb . M.) From (4.5) one has
Jayteg) - Dyay(pg) = 9y Jeytag)-
In addition for all M > N, all oMe‘:]b .y and all py € PD(A) one has
A ey(pg) - Adyoy(pg) | = 1A a,(pg) |

-1/4.5 -1 -1/4.-1/4
= loa %4 Joy(pg) | +{41A5/43°M("0” < Ks"m{ "M+{
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by (3.8). In other words one has

-1/4 ,-1/4 ,
(4.6) 1T 8y - Tyt SKghgl® Mgel »  for all e, € S

M
Let us now compare @, and ¢. By adding and subtracting ;7®M in
o-oMz\jo-jMoM
we obtain
10 - 01 < 1Je - Jogt + 170 - MR

From (3.25) and (4.6) we then get

. Vre - -1/4,-1/4
(K 0Ml <L'id 0MII + KGAN‘H fol

Since L' <}z this yields (4.2). A

Remark 4.1. Inequality (4.2) should be useful not only in approximating
the inertial manifold J7)= Graph(®) but also in approximating the dynamical
properties of )?2. Recall that the dynamics on )77 is completely determined by
the ordinary differential equation (see (2.12))

(4.7) %%—+ Ap + PF(p + ¢(p)) = 0,

where J¢ = 9. An approximation to (4.7) is given by

d
Te * Ao+ PE(p + ay(p)) = 0

where \J7M¢M = dy. In order to compare these two equations we rewrite (4.7)

as

%% + Ap + PF(p + oy(p)) + E(p) =0
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where the “error" term E 1{s defined by

E(p) = P(F(p + o(p)) - F(p + o(p))).

It follows from (3.12) and (4.2) that

|ALQE(p)| <K e - g0 < 2K6K7N;:{4ﬁ;1{4, for all p € PD(A).
Remark 4.2. The contraction fixed point theorem is robust. What this

means in our situation is that if the coefficients in (1.1) depend continuously

on a parameter yu, and if the estimates (1.4)-(1.12), or (1.33) are valid uni-

formly in u, then the inertial manifolds )7Q(u) and the fixed point

Ou: PD(A) + QD(A) vary continuously in u. In the same way o, will be

Lipschitz continuous in u if the coefficients have this property and the esti-

mates are valid uniformly in ..

Remark 4.3. The mapping \jh above appears as an approximation of J .

Of course one can consider other approximations of J and study, by similar

methods, their convergence to J.



-46-

5. FURTHER PROPERTIES OF INERTIAL MANIFOLDS

In this section we want to examine some additional properties of inertial
manifolds. First we present several alternate characterizations of the inertial
manifold constructed in Theorem 2.1 (or Theorem 2.2). Next we reformulate the
operator J as a "vector" mapping. This reformulation will lead to a calcula=-
tion of &¢(p) 1in terms of the eigenstates of A. Finally we derive an impor-
tant relation between J/, and Y[, when both )); and )N, are inertial
manifolds for (1.24). While our comments in this section apply equally to the
inertial manifold theories described in Theorem 2.1 and Theorem 2.2, we will

restrict them to the former in order to simplify the notation.
5.1 Characterization of the Inertial Manifold

Let N satisfy the condition of Theorem 2.1 and et ¢ be the unique
fixed point of the operator J . Recall that from (2.11) one has

t
o(p(t)) = - J e (A gr(u(r,py))dr

where u(7,py) = p(7) + ¢(p(t)) and p(7) = p(7;9,p5). Let q(t) = o(p(t)),
then (p(t),q(t)) 1is a solution of

(5.1) 4 Ap + PF(u) = 0
(5.2) 9+ Aq + GF(u) = o.

From (3.7), (3.9) we have

(5.3) |Aq(t)| < b, for all t &R,

j.e. q(t) has a "bounded" A-norm. The next theorem shows that this line of

reasoning can be reversed.
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Theorem 5.1

Let p:R »PH and q:R + QH be given continuous functions and set

u(t) = p(t) + q(t). Assume that p(t) is a solution of (5.1). Then the

following statements are equivalent:

(A) u(t) € forall tE€R.
(B) q(t) = e(p(t)) for all. tc R.
(C) q(t) is a solution of (5.2) and q(0) = &(p(0)).

(D) gq(t) is a solution of (5.2) and (5.3) is valid.

0
f (5.2) and there is a b0 < +o with

— ———

(E) q(t) is a solution

(5.4) |Aq(t)] < bO‘ for all t € R.

(F) q(t) is a solution of

t
(5.5) q(t) = - J e (=DAe(p(1) + g(1))dr.

Proof. (A) <==> (B). This follows from the fact that /7{ = Graph(¢).

(B) <==> (C). This follows from the invariance of }7].
(D) ==> (E). Trivial.
(E) ==> (F). We will use here the ideas outlined in Section 2.1. By

integrating (5.2) between s and t, s <t, we get
t-s)A b (t-1)A
q(t) = e (E-5)AQ qs) = j e (E=DAQ g (p(1) + q(x))ar.
S
However from Lemma 3.1 and (5.4) we get

e7(690A0 g(5) | < a72] ((pre™(E-0M) - jags) |

-(t-s)A

N+1
bU AN+1 e ’

< |A'2|

for t -s > A&il. Let s » -=» to conclude that |e'(t'S)AQq(s)| + 0, which

yields (5.5).
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(F) ==> (C). By differentiating (5.5) with respect to t we see that q(t)
is a solution of (5.2). Equation (5.5) is, of course, another fixed point

equation. Let 4 denote the collection of all continuous functons q:R + QH

for which

sup{|Aq(t)|: t € R} < +=,

A

We define a mapping J on AY as follows: Fix q(t)é& and p, € PH. Let
p(t) denote the solution of

%% + Ap + PF(p + q(t)) =0

that satisfies p(0) = Pge Define

A t
Jalt) = - e EDA e (1) + q(0))dr.

-0

The methods from Section 3 show that _J maps A? into itself and that J is

a strict contraction in the norm

iqi = sup{|Aq(t)|: t € R}.

N

By the contraction fixed point theorem, _J has a unique fixed point in 19 .
Since q(t) := Q(p(t);é,po)) is a fixed point of \; , we see that the q(t) in
(5.6) and q(t) are the same and that p(t) = p(t;o,po). Consequently one has
q(0) = q(0) = e(p(0)). )

Remark 5.1 Other characterizations of the inertial manifold 77/ are
possible. For example, let u(t) be any solution of (1.24). Then the

following statements are equivalent:

(A) u(t) €T, for all t € R.
(B) Qu(0) = @(Pu(0)).
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(C) There is a b0 < +» such that

|AQu(t)| < by, for all t € R.

5.2 A Vector Formulation of the Operator J.

Let N = N1 satisfy the conditions of Theorem 2.1 and let ¢ be the uni-
que fixed point of the operator J. Let N2 be another integer with N1 < N2.
Let Pi be the orthogonal projection onto Span{wj: 1 <¢j <« Ni} and set

Q1 =1 - Pi’ i =1,2. Let R = P2 - P1 and introduce two local coordinate

systems on H:

where Py = Piu, qq = Q1u, i =1,2. Also define p,r,s € H by p = Plu.

r=Ru, s = Qzu. Then one has
u=p+r+s, q =r ts, pp=prr.

Recall that J is given by

0 TAQ1
Jolpg) = - | & " qyF(ulr,pg))dr
where u(r,po) = p(t) + ¢(p(t)) and p(1) = p(t;¢,pq) for py & P{D(A). Also
;7 is a strict contraction on \}B g» aS guaranteed by Theorem 2.1. For

¢ 6J'b'£ we define

¢r := R¢, 05 = 020.

Since |R| <1, |Q,| <1 we see that ¢, ¢ € ‘*b,z whenever ¢ €& “;b,n and

r’

that ¢ = Qr + ¢S.

The fixed point problem Je = ¢ can now be written as a vector fixed

point problem
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jr¢ =0
(5.6) JL@ = 0
© =0 + o

where \jr and ;é are defined by J = RJ, ‘js = QZJ , or equivalently

0 TAQ
J#(pg) = - | Re L 0)F(u(r.pg))d

- ) e™ RF(u(t,p,))dr

-0

0 TAQ1
Jselpg) = - | Qg Q,F (u(,py))dt

0 'rAQ2
J e 2 QuF(u(t,py))dr

The fixed point problem (5.6) can be rewritten as

0 TAR
tr(Pg) = - J e RF(p + o (p) + o (p))dr

(5.7)
0 TAQ,
- e T QF(p+ e (p) + o (p))dr

o (pg)

where p = p(1) = p(1;0,p0). By replacing Py by p(t) 1in (5.7) and using

the group property of the solution p(r;@,po), we get

t
0 (p(t)) = - | e IR pe(p(0) 4o (p(1)) + 0 (p(1))d
t -(t-1)AQ
o (p(t)) = - J e 2 Q,F(p(1) + 0.(p(1) + o (p(1)))dx.

Remark_5.2. By using the argument of Lemma 3.2 one can easily verify that

-1
1)1/2 b

(5.8) Rec(p(£D)] < By IRag(pEN) | < Oy g+,

for all t € R.
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Remark 6.3. The reformulation of J given above can be extended to get a
complete expansion of & 1in terms of the eigenvectors of A. For i =1,2,...
let Ri denote the orthogonal projection of H onto Span{wi}. For
o € &b’z define ¢, = R,0 and Ji =R;J, N+1<i. The fixed point

problem J¢ = ¢ then becomes

(5.9)

The solution of (5.9) is

0 TAR1
o1(‘)0) = ‘-1 e RiF(p + o(p))dr

RiF(p + o(p))dr,

N+ 1 <1, which can be rewritten as

t -(t-1)A,
o (p(t)) = - J e VRiF(p + o(p))dT, N+ 1 <.

Furthermore one has
» -1

for all t€R and 1 » N + 1.

5.3 The Nesting of Inertial Manifolds.

Let N1 < N2 be two values of N that satisfy the conditions of Theorem
2.1. Let \11 and \12 be the associated operators defined by (2.12) and let
¢ and ¢, be the fixed points of J, and Jo+ As in Section 5.2 we define
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Pi» Qj» 1= 1,2 and set R =P, - P;. Let

u=p1+q1=p2+q2=p+r+s

be coordinates on H where Py = Pi“' gy = Qiu. i=1,2, and p = Pl”’ r = Ru,

s = Qzu. Also define
p = ROy, 05 = 0p0p-
Theorem 5.2

With the above notation one has

(5.10)  9(py + 0.(py)) = 9(py), for all py € P{D(A).

In particular one has )|, ¢ 777,, (see Figure 1).

Proof. Fix P € PlD(A) and let p(t) = p(t;0l,p0), r(t) = ér(p(t)) and
s(t) = os(p(t)). Next define u(t) = pz(t) + qz(t) where p2(t) = p(t) + r(t)
and qz(t) = s(t). Then (pz(t); qz(t)) is a solution of the system

EE§_+ Ap, + P_F(u)
dt 2 2
Eig + A

gt t A QR

0

0.

From (5.18) we have |Aq2(t)| < b2 for all t € R. Therefore we can apply
Theorem 5.1 to N,, \jz and ¢, to obtain

qz(o) = ¢2(p2(0)),
which can be rewritten as (5.10).

Remark 5.4 Since an inertial manifold attracts all solutions at an expo-

nential rate, we see that an is exponentially asymptotically stable in 7%%.
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r

=Py * o (pg) + ay(py + o (py))

Figure 1. Sketch of )7?1 and M,

My =1p +o(p): pePD(A))
mz = {p+tr+ oz(p +r):pe PlD(A), r € RD(A)}.

() typical point on 7772
typical point on 71(1 with 77{1 g_h]z
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6. SOME EXAMPLES

We present here a brief description of two examples to which the previous
results apply. We refer the reader to Foias-Nicolaenko-Sell-Temam (1985,1986)
for another example and to Constantin-Foias-Nicolaenko-Temam (1986) for a more
geometrical construction of the inertial manifold with several examples. Also
see Mallet-Paret and Sell (1986) for a different construction of the inertial

manifold for a reaction-diffusion equation.

6.1 A Modified Navier-Stokes Equation

The first example is a modified Navier-Stokes equation in space dimension

n with a higher order viscosity term, cf. Lions (1969):

(6.1) .%% v at? oy - vau+ (u» VYu+ Wps=F

(6.2) Veu=0.

The functions u = u(x,t) and p = p(x,t) are defined on R" x R, taking
values in R" and R, respectively. (Note that u = (ul""’un)') Also a
and v are strictly positive numbers(l).

We assume that u and p are periodic in each direction XpsesesXp with

period L > 0:

1}

u(x + Lei,t) u(x,t)
(6.3) i =21,00.,n,
p(x + Ley,t) = p(x,t)

where {el,...,en} is the natural basis of R". Furthermore we assume that

(6.4) J u(x,t)dx = 0, | p(x,t)dx =0
Q Q

(1) (6.1) reduces to the usual Navier-Stokes equation when a = 0.
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where @ = [0,L]" 4s the n-cube, see Temam (1983).

By classical results (6.1)-(6.4) reduces to an evolutionary equation for u
of the form (1.1) where the assumptions (1.3)-(1.12) are satisfied. Let
ngr(“) denote the restriction to @ of the @-periodic function v from R"
to R which are locally in H™R™) (m > 1). Let gger(n) denote the subspace
consisting of the functions wu that satisfy [ v(x)dx = 0. The spaces ngr(n)
and ﬁger(n) are both Hilbert subspaces of Hg(ﬂ).

For the application of Theorem 2.1 we define the space H to be the

subspace of Lz(n)n consisting of the restrictions to Q of the locally L2

vector functions with a free divergence and a null average on Q. We set

. n Yo, . ik n

D(A) = Hion(R) N\H and D(A7¢) Hoer () NH. Then
Au = ar’u , for all u ¢ D(A)
Cu = -vau , for all u ¢ D(ALQ)

and B(u,v) 1is defined by
(B(u,v),w) = [ ((u « 9)v)w dx, for all wu,v,w € D(A).
Y]

A1l the assumptions of Section 1 are satisfied. The reader is referred to Temam

(1983) for the details.

It remains to verify the assumptions of Theorem 2.1, especially (2.15). It
follows from the methods of Temam (1983), Metivier (1978) that there is a ¢ > 0

such that
Ay ~CA N“ as N » =
N 1 ’ *

Clearly (2.15) is satisfied for N sufficiently large and consequently there is

an inertial manifold for (6.1)-(6.4)
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6.2 A Reaction-Diffusion Equation

The next example is the vector-valued reaction-diffusion equation in space

dimension n:

(6.5) U, = vau + g(u)

where u = (ul,...,um) and v > 0. We assume that (6.5) is given on the n-cube

8 = [0,27]"  with periodic boundary conditions(l). This gives rise to an

abstract equation
(6.6) Sé+ Au+ 6(u) =0

on H = Lz(nh)m where A = -vA and G(u)(x) = g(u(x)). We assume that g is

chosen so that (i) the solutions of (6.5) are well-defined and regular for
t >0, (ii) G(u) 'is locally Lipschitz continuous on H and (iii) equation
(6.6) is dissipative, cf. Henry (1981). An example of this occurs when (6.5) is
a scalar equation (m = 1) and g(u) 1is an odd degree polynomial with
ug(u) < 0 for |u| large.

With periodic boundary conditions the operator A 1is not positive (it is
nonnegative) since A =0 1is an eigenvalue. We then modify the equation by
replacing Au by (Au + oau) and replace G(u) by G(u) - au, where a > 0.

With this change the eigenvalues of A now have the form
2 2
\)(ml + ... t mn) + a

where Myyeee,m

h are integers.

The global attractor [1. for (6.6) lies in a bounded set in H. Choose
p > 0 so that

(1)

The theory described here also applies with Dirichlet or Neuman boundary
conditions on Q.. Also the nonlinear term can depend on x € Q.
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A C {ueHt: |ul <p/2},

the modified equation is

v+ 6,(1ul)G(u) = 0

and F(u) = 9p(|u|)G(u) satisfies the global Lipschitz condition (1.33).
In order to apply Theorem 2.2 we need to verify the spectral gap condition

(2.20), that is we want to choose N so that

A - Ay, 2K

N+1 N 13°

However the last inequality is valid (for an arbitrary v > 0) only in space

dimensions n = 1,2, cf. Richards (1982) and Hardy-Wright (1962). We conclude

therefore that (6.5) has an inertial manifold for every v >0 when n = 1,2,

Remark 6.1 The existence of an inertial manifold for reaction-diffusion
equations (with Neumann boundary conditions) was shown implicitly by
Conway-Hoff-Smoller (1978) under the assumption that the diffusion coefficient

(1.e. viscosity) is very large.
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7. CONCLUSIONS AND OPEN PROBLEMS

In the Introductory Section we had said that our theory of inertial mani-
folds is not applicable to the Navier-Stokes equation in any space dimension
n > 2. We want to explain the reason for this. However before doing that, it
is informative to point out some features of the two inertial manifold theorems
which may not be apparent upon first reading. For this purpose it is convenient

to introduce a viscosity factor into (1.1) and (1.32) and write these equations

as

(7.1) g.g. + VAu + R(u) = 0

where v is a positive constant. If the eigenvalues of A satisfy (1.4) then

the eigenvalues of VA are

0 < vll < vxz € eoe o

We assume that the conditions (1.5)-(1.12), or condition (1.34), is also
satisfied.
The main point which must be checked in order to determine whether (7.1)

has an inertial manifold (as a consequence of Theorem 2.1 or 2.2) is the

spectral gap condition in (2.14) or (2.20). Our hope is to show that for each
v > 0, equation (7.1) has an inertial manifold. This means that we must seek an

N such that

-1

in the case of Theorem 2.2, or

e ANVZ > w2 g

N+1 10
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in the case of Theorem 2.1. The last inequality can be rewritten as

-1f2 1/2 2

We see that both Theorems 2.1 and 2.2 require arbitrarily large spectral
gaps in the spectrum of A 1in order to guarantee the existence of an inertial

manifold for every v > 0. The two conditions (7.2) and (7.3) can be refor-

mulated heuristically as follows:

(7.2 new) "The spectrum of A should have arbitrarily large gaps".
(7.3 new) "The spectrum of A should have arbitrarily large gaps

and these gaps should occur soon enough."

In the case of the Navier-Stokes equation (with periodic boundary con-
ditions) one has that A is the restriction of the Laplacian (in space dimen-
sion n = 2,3) to divergence free, periodic vector fields. As noted in the
last section, A satisfies (7.2) on the 2-cube Qy = [0,2n]2. However Theorem
2.2 is not applicable because the nonlinear terms for the Navier-Stokes equation
do not appear to be locally Lipschitz in the sense required for Theorem 2.2
Instead these nonlinearities do satisfy conditions similar to (1.7)-(1.10).
While we do not have a rigorous proof, it appears that the spectrum of A does
not satisfy (7.3), cf. Richards (1982). Therefore neither is Theorem 2.1 appli-
cable for the Navier-Stokes equation.

The question of whether the Navier-Stokes equation in space dimension 2
admits an inertial manifold for every value of v > 0 remains one of the very
interesting outstanding problems about inertial manifolds.

Another question which arises is whether the spectral gap conditions (7.2)
or (7.3) are necessary for the existence of inertial manifolds. Since the

Squeezing Property does not depend on large spectral gaps, there is some hope
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for a theory of inertial manifolds which uses weaker conditions than (7.2) or
(7.3). (See Mallet-Paret and Sell (1986) for example.)

If Theorem 2.1 (or 2.2) is applicable to (7.1) for every v > 0, then for a
fixed v > 0 there exist infinitely many choices of N that satisfy the

spectral gap condition (7.2) or (7.3). Denote these N's by
Nl < N2 < N3 < LN )

Then for each Ni there is an inertial manifold WVl(Ni) with dim 7ﬂ(Ni) = N;.
Obviously the manifold with lowest dimension is the object of greatest dynami -
cal interest. In particular good estimates of this dimension, along with the
basic question of the existence of inertial manifolds, are central issues in the
study of nonlinear evolutionary equations, see for instance
Foias-Nicolaenko-Sell-Temam (1985,1986).

As seen in Section 5 one has

MN) S TN & P(Ng) € ..

[t would be of great interest to study the global bifurcation of these manifolds

as the viscosity crosses certain critical values.
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