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1. INTRODUCTION

Kuhn and Tucker (1950) posed, as one of a list of important problems for
study, ''to establish significant asymptotic properties of n-person games, for

large n.'" This paper takes a step in that direction.

We establish that for a broad class of large games, fair outcomes are
nearly stable. Moreover, the larger the game, the more nearly stable is the
fair outcome. In more precise terms, the Shapley value of a large game is in
the e-core, and € is very small if the game is very large. The framework we
use is that of games in characteristic function form with side payments. This
framework can acommodate diverse economic models with money, including
private goods exchange economies (with divisible and indivisible goods), coalition-
production economies, economies with local public goods, and economies with

club goods.

The convergence of the Shapley value to the competitive payoff (and
hence to the core) for private goods exchange economies was suggested by
Shubik, and first demonstrated by Shapley (1964) in the context of replication
economies with money. It has subsequently been extended by Shapley and Shubik
(1969), Champsaur (1975), Mas-Colell (1976), Cheng (1977) and others.  Some
of these extensions treat the case of economies without money, but they are all
restricted to the context of private goods exchange economies*;:< with divisible
goods and concave, monotone utility functions. Moreover, they all treat either
replicated sequences of economies, or convergent sequences of economies. ek

This kind of private goods framework, however, rules out many natural economic

*This list is not intended to be complete.

“Strictly speaking, Champsaur allows for production, but only of a restricted
kind (additive production).

* The work of Aumann and Shapley (1974), Aumann (1975), Hart (1977) and others
on values of economies with a continuum of agents is of a somewhat different
nature since it begins with a limiting continuum economy.



phenomena, such as indivisible goods, nonmonotonic or nonconcave utility functions,
general production, local public goods, or club goods. Our framework is broad
enough to encompass all these situations (in the presence of money*). Moreover,
our framework does not require replicated economies or convergent sequences

of economies.

To model large games we introduce the notion of a '"technology'" (to be
understood in a broad sense). A technology encompasses all possible opportunities
available to any conceivable group of agents in society. More specifically, a tech-
nology consists of a space 2 of possible attributes of agents, and a mapping A
which specifies the maximum utility obtainable by any group of agents, given the
attributes of its members. We make natural assumptions of compactness of the
space 2 of attributes, and superadditivity, continuity and marginal boundedness
of the mapping A. A game is determined from such a technology by specifying a
finite set of players, and the attributes of each player. (In a private goods econ-
omy, for example, we would specify, for each agent, an initial endowment and a

utility function.)

The stability concept we employ is the individually rational €-core. A
payoff is in this e-core if it is feasible, Pareto optimal, individually rational, and
has the property that no coalition can improve upon it by more than € for each

of its members.

Our main result shows that, given an € > 0, any game, derived from such
a technology, which is sufficiently large (in the sense of having many players whose
attributes are sufficiently close) has the property that the Shapley value (a fair

outcome) is in the individually rational €-core (the set of nearly stable outcomes).

In the special case of private goods exchange economies with divisible

goods and money (but allowing for nonconcave and nonmonotone utility functions),

"Without money, such economic settings may be modelled as games without side-
‘payments. In that framework, the analog of the Shapley value is the NTU value
(or A -transfer value). We have some positive, but fragmentary results in this
direction.



such €-core payoffs can be "approximately decentralized' by prices (in the sense
of Anderson (1978)). In this setting, therefore, our result implies that the Shapley
value is an approximately competitive payoff (if the economy is sufficiently large).

We stress, however, that this is a very special case of our result.

Section 2 gives some examples which motivate our work and indicate the
generality of our framework. We collect general information about game theory
in Section 3, and describe our notion of technologies in Section 4. In Section 5 we
give a precise statement of our main result and some comments on its meaning,
and describe the two main ideas of its proof. The proof itself is divided into four
sections: Section 6 is devoted to the first main idea, Section 7 contains a proba-
bilistic estimate, Section 8 is devoted to the second main idea, and the proof is
completed in Section 9. Finally, Section 10 relates the €-cores of a sequence of

games to the core of the nonatomic limiting game.

This work is, in part, an outgrowth of an earlier paper (Wooders and Zame
(1984)), which established the nonemptiness of the €-cores of large games. There
is an overlap of ideas between the two papers, but the thrust is quite different and
we do not assume here any familiarity with Wooders and Zame (1984). In particular,

the present paper may be read quite independently.



2. EXAMPLES

In order to motivate our framework and main result, and to indicate the
wide variety of contexts to which they apply, we give several economic examples.
Since our purpose is largely illustrative, we will be somewhat informal in our
discussions and not go into detail in any of the examples; in particular, we will

not give any numerical calculations.”

We begin with a simple economy with a local public good.

EXAMPLE 1: We consider an economy with two types of agents: entertainers and
spectators. Within types, the agents are identical. The only activity of this
economy is the presentation of performances by a group of entertainers for an
audience of spectators. A group of entertainers can perform for an audience of

any size, but the quality of such a performance will suffer if the audience is too
large (because of crowding). We assume there are no interactions between enter-
tainers performing for the same audience. Thus the value of a performance by a
group of m entertainers to an audience of n spectators may reasonably be assumed
to have an expression of the form v(m,n) = mF(n), where F is a function which

is initially increasing but eventually decreasing.”” We assume that this value is

expressed in monetary terms and money is freely transferable among all agents.

In this economic setting, our Theorem 1 guarantees that the Shapley value
(of the associated game) is in the €-core provided the economy has enough enter-

tainers and enough spectators.

For our second example, we treat a simple coalition-production economy.

*A simple numerical example of the nonemptiness of the e€-core for a coalition-
production economy is worked out in Wooders and Zame (1984).

If m > 2 and n is large, it may be sensible for the group of m entertainers
and n spectators to divide into smaller groups.



EXAMPLE 2: We consider an economy whose sole activity is the production of a
single divisible good, call it rope. The rope produced is to be sold on world mar-
kets at a fixed price of p dollars per foot. Agents in the economy are character-
ized by their skill level, on a scale of 0 to 1. A group of n agents with skill

levels Sl’ s s[1 can produce rope according to the cost function

clg) = K+A(s,n)q2 ,

where c(q) is the cost of producing q feet of rope, K is a fixed cost, and

= sl+. . .+sn is the total skill level of the group. Evidently, A is an inverse
measure of efficiency, so it seems reasonable to assume that A is continuous and
decreasing as a function of s (groups which are more skilled are more efficient)
and is eventually increasing as a function of n (due to congestion and management
costs, for example). We assume that A(s,n) is positive and bounded away from

zero (no free production). It is routine to verify that the maximal profit obtainable

by a coalition of n agents with total skill level s is

At issue in this economy is the efficient division of agents into productive
coalitions and the division among all agents of the total profits. Theorem 1 tells
us that the Shapley value, which is a fair division of the optimal profits, is nearly
stable, in the sense that no group could do very much better, provided the number

of agents is sufficiently large and the skill levels are sufficiently dispersed.

For our final example, we describe a rather general private goods exchange

economy with money.

EXAMPLE 3: We consider a private goods exchange economy with m divisible
goods, ! indivisible goods, and money. Divisible goods are available in arbitrary
nonnegative amounts, while indivisible goods are available only in nonnegative

]
integral amounts. An allocation for an agent is thus a vector (x,y) in ]R_I:l X Z'+,



{
and we take ]R_lr_n X Z+ as the consumption set for each agent. We assume that the
initial endowments of all agents lie in some compact set E ]Rf_lrl X Z’f_ (but we do
not exclude the possibility that some agents have zero initial endowment of some

or all goods).

b /]
We let C +(1R_'r_(1 Xz +) be the space of bounded, continuous functions from
2
]R_lr_n XZ N to R + This is a complete metric space when equipped with the distance

function

; _ . m {
dist(u = sup{|u1(x, y) - u2(x,y)| 1 (x,y) ER_ X Z+}

12U

We assume that the utility functions of all agents lie in some compact set
b, _m

dcc (R X

i.e., there is a constant C such that

/]
V4 +). We assume in addition that (I) is a uniformly Lipschitz family,

\u(xl,yl) —u(xz,y2)l < Cdist((xl,yl),(x2,y2)> ,

. m 2 . sk
for each (Xl’yl) and (x2,y2) in ]R+ XZ+ and each u in (I)

Finally, we assume that utility is (linearly) transferable between agents,

in the form of monetary payments.”

In this framework, to specify completely an exchange economy with n
agents we need to specify for each agent i an initial endowment eie E and a utility
function uie $. Theorem 1 guarantees that, given an € > 0, if the number of
agents is sufficiently large and their endowments and utility functions are suffi-

ciently dispersed in E x{, then the Shapley value for the economy is in the €-core.

A few remarks may help to put this example into perspective vis-a-vis the

existing literature.

*See Remark 1 following this example for comments on these assumptions.

**More formally, we could, in the usual way, introduce money explicitly, and
‘assume that each agent's utility for an allocation (x,y, &) of goods and money
is of the form u(x,y)+&.



REMARK 1: We have assumed that utility functions are bounded and Lipschitz.
These assumptions are parallel to, but weaker than, the assumptions made by
Mas-Colell (1977). On the other hand, Shapley (1964) and Champsaur (1975) do
not assume that utility functions are bounded or Lipschitz. However, these
authors consider only replica economies and concave utility functions. In the
replication framework, concave utility functions may always be replaced by
suitable modifications which are bounded and Lipschitz without altering the Shapley

value or the €-core payoffs.

REMARK 2: In the framework we have described, competitive equilibria need not
exist. However, at least in the absence of indivisible goods, the work of Ander-
son (1978) may be used to show that allocations corresponding to payoffs in the
€-core may be approximately decentralized by prices. Hence in this context, we
can conclude that the Shapley value is a nearly competitive payoff, provided the
number of agents is large and endowments and utility functions are sufficiently dis-
persed. We point out that no assumptions need be made about the relative distri-
bution of endowments or utility functions. All the other value convergence theorems
of which we are aware do make assumptions on the distributions of endowments and
utility functions: Shapley (1964) and Champsaur (1975) treat replica economies,

for example, while Mas-Colell (1977) treats convergent sequences of economies.



3. GAMES

By a game (in characteristic function form, with sidepayments) we mean
a pair (N,v) where N is a finite set (the set of players) and v is a function (the

characteristic function) from the set ZN of subsets of N to the set R + of non-

netagive real numbers, with the property that v(f) = 0. We usually refer to sub-
sets S of N as coalitions; the number v(S) is the worth of S. If the player set
N is understood, we frequently refer to v itself as the game. We say that v is

superadditive if for all disjoint subsets S, S' of N we have

v(SUS") > v(S) + v(8") .

By a payoff for (N,v) we mean a vector x in ]RN; it is convenient to use
functional notation, so for ieN, x(i) is the i-th component of x. We say that x

is feasible if x(N) < v(N) (where x(S) = X, x(i) for each SCN).
ieS
For € > 0, a feasible payoff x is in the €-core of (N,v) if

(a) x(N) = v(N) (Pareto optimality);

(b) x(8) >v(S) - €|8] for all subsets S of N.

(We use |S] to denote the number of elements of the set S.) We say x is in the

individually rational €-core if it is in the €-core and in addition

(c) x(i) > v({i}) for all ieN (individual rationality).

When € = 0, the €-core (which coincides with the individually rational e€-core) is

simply the core.

Less formally, a feasible, Pareto optimal payoff x belongs to the €-core
of (N,v) if no group of players can guarantee for themselves a payoff which each
of them finds better than x by more than €. As Shapley and Shubik (1966) point
out, such a payoff can be interpreted as stable if players are nearly optimizing,
or satisficing; or if there is anorganizational or communicational cost to formation

of coalitions (proportional to the size of the coalition).

The Shapley value Sh(v) of the game (N,v) is the payoff whose i-th

component is given by



IN] -1

Shiv, ) = T > INI > [wsuin -ws)

= NN s
|S]=4d
In other words, Sh(v,i) is player i's average marginal contribution to coalitions
in N. The Shapley value is a feasible, Pareto optimal and individually rational
payoff. It is frequently interpreted as representing a "fair" payoff since it yields
to each player his expected contribution. It can also be given various other inter-
pretations (as a von Neumann-Morgenstern utility function for example, see Roth

(1977)).



4. TECHNOLOGIES

We want to formalize the notion of a large game for which the worth of a
coalition depends in a continuous fashion on the attributes of its members. To do

this, we introduce the notion of a technology. g

Let Q be a compact metric space. By a (positive) divisor “on 2 we mean
a function f from 2 to the set Z'+ of nonnegative integers for which the support
of f,

support(f) = {weQ s f(w) # 0} s

is finite. We denote the set of divisors on Q by D(£2). Note that the sum of divisors
(defined pointwise) is a divisor, and that the product of a divisor with a nonnegative
integer is a divisor. We write 0 for the divisor which is identically zero. We

write < g if f(w) < glw) for each W€Q. For w_ a point of Q, we write X, for

0 0

the divisor given by

X (W=0 if wHuw ;
“0

=1.
Xwo(wo)

By the norm of a divisor f we mean
l£] = E flw) .
we
(Notice that this is a finite sum, since f has finite support.)

In essence, a divisor is simply an (unordered) list of elements of 2, with

each element w appearing as many times as it multiplicity f(w).

By a technology we mean a pair (2, A) where Q2 is a compact metric space
(the space of attributes) and A :D(2) = R L isa function with the following properties:

*In Wooders and Zame (1984) the term "pre-game with attributes' was used; the
‘term "'technology" was suggested by Y. Kannai, and seems much more descrip-
tive.

““This is the usual mathematical term.

10



() A(0) =0 ;

(i) Mf+g) > A(f) + Mg) (superadditivity) ;

(iii) there is a constant M such that A(f+xw) < A(f) + M for each

w€R, feD(R) (we say M is an individual marginal bound);

(iv) for every € > 0 there isa 6> 0 such that
A(f+ - A(f+ <
( le) A( X“)z) €

whenever fe D(2) and wl,wze Q with dist(wl,wz) < 6 (continuity).

The interpretation we have in mind is that a technology encompasses all
the economic possibilities for every conceivable group of agents. A point of Q2
represents a complete description of the relevant attributes of an agent (endow-
ment, utility function, etc.). A divisor f represents a group of agents, of whom
f(w) are described by the attribute w; the total number of agents in the group is
just Hf" The number A(f) represents the maximal possible payoff the members
of this group could achieve (using their own resources) by cooperation. The
requirement that A(0) = 0 means that the group of no agents can achieve nothing.
Superadditivity has its usual interpretation: one of the possibilities open to the
group represented by f+g is to split into the groups represented by f and by g,
and share the proceeds. (Note that disjointness is not required here; if
f(wo) = g(wo) = 1, for example, then the group represented by f+g has
f(wo) +g(w0) = 2 agents described by the attribute wo.) The existence of an individual
marginal bound simply means that there are no agents whose (potential) contribu-
tions to society are arbitrarily large. Continuity of A simply means that agents

with similar attributes are good substitutes for each other.

If Q is finite, we frequently refer to its elements as types; agents of the
same type are exact substitutes. (Notice that continuity of A is automatic in this

case.)

To derive a game from the technology (2,A), we specify a finite set N and

a function a:N —Q (an attribute function). We associate with each subset S of

11



N a divisor div(e|{S) given by

divie |S)(w) = la_l(w)ﬂ s|

i.e., div(a|S)(w) is the number of players in S possessing the attribute w. We

then define the characteristic function Va:2N —R . by
va(S) = A(d1v(a[S)) .

It is easily checked that (N,Va) is a superadditive game.

12



5. THE SHAPLEY VALUE AND THE €-CORE

Having described the framework, we can now state our main result. If
the space Q of attributes is finite (and so consists of a finite number of types),
it seems natural to think of a game as large if it has many players of each type;
thus each player has many exact substitutes. If Q is not finite, it thus seems

natural to think of a game as large if each player has many near substitutes.

THEOREM 1: Let (£2,A) be a technology. For each € > 0 there are a 6(€) >0
and an integer n(€) with the following property: If (N, Va) is a game derived from
the technology (2, A), and for each player i in N there exist n(€) distinct players
jl’ .. ’jn(e) in N such that dist(a(i), a(jn)) < 6(€) for each n, then the Shapley
value of (N,Va) is in the individually rational €-core of (N’Va)'

A number of remarks are in order. Most importantly, we stress that our

result is valid for games and not simply for private goods exchange economies.

The case of private goods exchange economies (with money) is covered by our

framework, but is a special case.

Continuity of A assures us that players whose attributes are close together
are close substitutes. The parameter 6(€) is thus a measure of how close these

substitutes must be.

For the remainder of our remarks, we will, for ease of exposition, assume

that the attribute space 2 is finite and speak of types.

We stress that our result asserts that the Shapley value is in the €-core
whenever there are enough players of each type; we do not need to know anything
at all about the relative proportions of players of each type. By contrast, all the
extant value convergence results for private goods exchange economies treat con-
vergent sequences of economies, or sequences of replica economies, so that the

relative proportions of players of each type play a crucial role. * Sequences of

"Of course, these value convergence theorems also assert the convergence of the
“value to the competitive equilibrium, which is meaningless in our framework.

13



games are also of interest to us (we discuss them in Section 10) but our main result

is much more general.

It is important that the game have enough players of each type (or at least
of each type which is represented at all). It will not suffice merely to have enough
players in total; Example 2 of Wooders and Zame (1984) shows that this weaker
condition does not guarantee that there is any payoff at all in the individually

rational e-core.

We note that the Shapley value may be in the €-core and yet not be close to
any point in the core. The most obvious reason for this is that the core may be
empty. However, the Shapley value need not be close to the core even if the core

is not empty, as the following simple example illustrates.

EXAMPLE (The market for gloves): The attribute space 2 consists of two points,
Q= {L,R} . Every divisor f on 2 may then be written uniquely in the form

f=n_x_ +n_x_; define A(n_x._ +n ) = min(n_,n_). (This is the market for

UL "R*R’ L. "R R LR

(indivisible) gloves. Agents of type L own one left glove; agents of type R own
one right glove. The value of a pair of gloves is one dollar; odd gloves and frac-
tional combinations are valueless. Money is perfectly divisible and freely trans-
ferable3 If we consider a derived game (N,va) with k players of type L and k+1
players of type R, we see that the core of (N’Va) consists of the unique payoff for
which the players of type L each receive one dollar, while the players of type R
receive nothing. The Shapley value, on the other hand, shares the total payoff of

k dollars more evenly, with players of type L receiving only a slightly higher pay-
off then players of type R. (See Shapley and Shubik (1969) for a detailed numerical

discussion of this example.)

Notice that in this example, if we let k tend to infinity and imagine the
limiting continuum market, the imbalance between left and right gloves disappears.
In the limit, the Shapley value divides the total payoff equally between players of
type L and type R; this payoff is indeed in the core of the limiting continuum

market. We will pursue this idea in Section 10.

14



Finally, we want to make some remarks about the proof. The usual proofs
of value convergence theorems for private goods exchange economies depend of
course on the special structure: divisible goods, concave utility functions, etc.

At the heart of all such proofs is the idea that the marginal contribution of a player
to a large coalition depends essentially only on the approximate distribution of
types within the coalition. The law of large numbers guarantees that, for most
large coalitions, the distribution of types within the coalition is approximately the
same as in the economy as a whole. Thus, the Shapley value for each player is
approximately the same as his marginal contribution to the entire economy, which

is his competitive payoff. *

Such an approach cannot work for games in general, since a player's
marginal contribution to a coalition may depend very critically on the precise
make-up of the coalition. This is the case, for instance, in the glove market, and
will commonly be the case whenever we are modelling indivisible goods, or

coalition-production, or club goods, etc. Our approach is quite different.

At the heart of our proof are two ideas. The first of these ideas is that,
even in large games, the blocking power is concentrated in small coalitions. A
little more formally: if the feasible, Pareto optimal payoff x is not in the €-core
of a game derived from the given technology, so that there is a coalition S with
v(S) > X(S)+€[S] , then there is a small coalition S' with v(S') > x(8") + %elS'l .
The second idea is that, in a large game, no small group can profit by forming a
syndicate (i.e., an a priori coalition). More formally, the Shapley value which
would accrue to a group if they agreed to act as a single unit is very nearly the

sum of their individual Shapley values.

Our ?esults on the blocking power of small coalitions are in Section 6.
Section 7 contains a probabilistic estimate which is used in Section 8, where we
discuss the power of syndicates. The proof of Theorem 1 is given in Section 9;
it follows quite easily from the two basic ideas. We also discuss the question of

estimating the parameters 6(€) and n(e).

*This discussion is over-simplified, but we think it captures the essential idea.
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6. THE POWER OF SMALL COALITIONS

Throughout this section, we fix a technology (2,A). Our goal is to show
that, for games derived from this technology, the blocking power is concentrated
in small coalitions. We first isolate a combinatorial lemma which will be used
several times.

LEMMA 1: Let wl, .. ,wK be distinct points in 2 and let 61, e ,GK be strictly
positive real numbers whose sum is one. Let {¢1} and {z//]_} be sequences of

divisors in D(f2) such that:

(a) ¢i(p)) =0 for each i and each w ¢{w1, - ,wK} (no restriction is

made for v);

(B lim [g] = lim llw | =

i>w j=>o
() lim (¢ (w )/[|¢ “) lim ( l//(w )/"xp I = 6, for each k, 1<k K.
i=>o j=> o

For each i,j let r1 be the largest integer such that r ¢ 1//),. Then

lim lim sup (r ";6 || /“‘l/ n) lim liminf (r "¢ ”/“‘// ")
i>o j=>o i>mw j>ow

PROOF: For each i,j the integer rij is characterized by the inequalities
< f :
rij;é(wk) < wj(wk) or each k;
+ L.
(rij 1)¢i(w£) > (//j(wﬂ) for some

We now fix an arbitrary real number p with 0<p < 1. By (c) above, and the fact

that each 0 is strictly positive, we can find integers i and j0 such that, for

0

i>i and] > g

(1-p)6, < 8.w)/l8] < (1+p)6

0

(1-p)0, < wl/ [l < A+p)0

16



for each k. Combining these inequalities with those which characterize r.. and
i

simplifying yields

o Bl e
Lro gl 7 i T 1-o [
or equivalently
1 BB L,

1+p '"_(pj|_]\<rij,—[¢j_“<1-p

provided that i> i and j> If we let j tend to infinity (holding i fixed) and

Jae
0 0
recall that “l[/]" tends to infinity, we obtain

- I#)

< liminf 1,

5 ol
I8,

< limsup r,, v

j=>

1tp
1-p

/N

for each i > 10. Letting our arbitrary p tend to zero, so that i tends to infinity,

0
yields the desired result.

Our next task is to obtain some information about payoffs for sequences of
divisors with a given limiting distribution. (Note carefully the difference in

assumptions between Lemma 1 and Lemma 2.)

LEMMA 2: Let wl, .o ,wT be distinct points in £ and let 61, . ,OT be non-

negative real numbers whose sum is one. Let {fi} be a sequence of divisors in

D() such that lim [|f.] = +o and lim (f.(wt)/"f,") = Gt for each t. Then
i=> o ! i=>o ! !
lim (A(fi)/”fi") exists. Moreover, this limit is independent of the sequence {fi}
i=>o
and depends only on the points w w_ and the numbers 61, ...,0

120 Yy T

PROOFT: After renumbering if necessary, we may assume that 6_,... ,GK are

strictly positive and that 9K+ = ... = GT =0 for some K, 1<K T. Define

1
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a new sequence of divisors {561} by

¢i<wk) = ) for 1<kgK-1,

K-1
Is] - ;&w ,

0 if w¢{w1,...,wK} .

¢i( wK)

¢i(w)

It is evident that the points wl, “eo ,wK, the numbers 91, . ,OK and the sequence

{¢1} satisfy all the conditions of Lemma 1 (i.e., take y, = $). For each i,j let
rij be the largest integer such that rij¢i < ¢j. We are first going to show that
1im(A(¢i)/||¢i||) exists.

Note that if M is an individual marginal bound for the technology (2,A) then

Ag)
0L 5777 <M foreachi .
I#.]

Hence liminf(A(¢i)/||¢i||) and lim sup(A(¢i)/[|¢i|]) both exist, and

lim inf(A(4)/ [, < lim sup(A(g)/ 4] -

To see that the reverse inequality holds we note that since rij¢i < ¢j' the super-

additivity of A yields

A(¢j) > A(rij¢i) > rijA(séi)

and hence that

g AB) I A
Bl >y #) (7

for each i,j. Let € be a small positive number. In view of Lemma 1 and the

definition of lim sup, we can find an index iO such that

18






<rioj [ | > <A(¢i N Ay
l¢” "¢ ”>>11msupm-e

for every index j greater than some jO (which depends on io). On the other hand,

we can, by the definition of lim inf, find an index j1 > jO for which

A(¢. ) 1_&(_@
|l¢ " < liminf ¢”

Combining these inequalities yields that

A(p.) Ag.)
liminf —L + € > lim sup -
1. Il

Since € was arbitrary, we conclude that lim 1nf(A(¢ )/ "¢ ”) > lim sup( A(g, )/“¢ ]])
and hence that L = llm(A(¢l)/.|]¢1”) exists.

Returning to our original sequence {fi} of divisors, we want to show that
L = lim( A(fi) /“flll ). To see this, note that | fin = "?51" and that our individual

marginal bound and the definition of ¢i yield:

A(t) ) AB)

 [at) - Al
Il

I£;]

K
5 1) -l

< 2M
h £l

Since <Zf () - £, “)/Hf | tends to zero (as i tends to infinity), we conclude that

lim (Af)/llf\l) = lim (AB)/[g]D = L.
i=>m i=> o

Finally, to show that this limit L is independent of the sequence {fi}, let
{gi} be another such sequence. Define a sequence {hi} by h2i = fi and h2i+1 = gi.
By the above argument, lim(A(hi) / "hi”) exists. Since all subsequences of a conver-
gent sequence converge to the same limit, we conclude that L = lim(A(fi) / [|fi||)

= lim(A(gi)/ “gi“)’ as asserted. This completes the proof. Ml
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We can now give the main result of this section.

LEMMA 3: For each € > 0 there is an integer £(€) with the following property:
If (N’Va) is any game derived from the technology (2,A) and x€ ]RN is a feasible,
Pareto optimal payoff which is not in the €-core of (N,VQ), then there is a coalition

SC N such that [S|< £(€) and v (8 > x(8) + §|S|

PROOF: Suppose this were not so. Then we could find, for eaclhinteger £, a

. . . £
finite set Nl’ an attribute function o, : N, — 2, an vector Xﬁ €R , and a subset

0 £
B 0 of N ' with the following properties:
(a) x,(N)) = VQK(NE);
) v, (B)) > x,(B))+ €lB,|,
(©  ifv (8 >x,(9+=]|s|, then |S|>¢.
2, [ 2

In order to obtain a contradiction, we are going to construct small representative

subcoalitions Sﬂ of B!Z for which VQZ(SB)/ISZI is approximately VaE(BIZ)/IBEI

and xe(Sﬂ)/lsll is (almost) less than Xl(Bz)/lBlzl .

We begin by choosing a 6 > 0 such that if wl,wze Q and dist(wl,wz) < 6
then |A(f+ X, ) - A(f+x(1J )] < €/10 for each divisor f (continuity of A). We then
1 2

use compactness of 2 to write Q2 as the disjoint union of a finite number of non-

empty subsets Q.,..., QT’ each of diameter less than 6. TFor each t, choose and

1
fix a point wte Qt'

For each £ and t, set

] -1
6, = |e, (Qt)nBz]/Bz
]
so that Gt is the relative proportion of players in B ' with attributes in the set Qt'
0 T 4
Notice that 0 Gt <1 and that 2 Gt =1 for each £. Passing to a subsequence if
t=1
necessary, we may assume that 6, = 2lim Gt exists for each t. Renumbering if
= 0
necessary, we may also assume that 61, eee ,GK are strictly positive and
9K+1 =... = GT =0 for some K, 1<K LT.
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We now define divisors ¢E and ¢, by

-1

¢£(wt) = Ioz2 (thBzI for 1<tg<K;

¢£(w) =0 for w¢{w1,...,wK} 5
-1

v,) = o, (Qt)ﬂBZI for 1<t T ;

Y, () =0 for w#{wl,...,wT} .

(Notice that ¢£ < % .) It is easily checked that the points Wisee oW, the numbers
61, ces ,GT and the sequences {¢£} and {%} satisfy the conditions of Lemmas 1
and 2. Hence,

A(¢£) AY,)
lim i

- = lim —/—
ts>o Bl 150 I

and both these limits exist; call this common limit L. Fix an index {_ so that

0
[L-AB)/Ig,l| < /10 and |L-A(¢£)/||¢z||| <€/10 for every £ 3.4,.
For each i,j let r . be the largest integer such that r 56 £ ¢,. In view of
Lemma 1, we may choose an index I>{ and an index J such that (for M

0 O 0
the individual marginal bound for the technology):

R oLiey e\t
ol (o)

whenever J > J (keeping I fixed).

For each £ > max(I,J ) we now define a coalition S C N, in the following

{ l
way. For each t, 1t K, we consider all subsets A of a (Q)ﬁB . with
IA‘ = (w) = Ia (Q ) ﬂB ; there are of course only f1n1te1y many such sets.

Among all such sets, we let S be any one for Wthh the aggregate payoff X, (A)
is as small as possible. Finally, we set §, = Z S Notice that [82[ = u¢1“ \‘IBI )

so if we can show that

€
vaﬂ(sl) > x,(8,) + 5|8
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or equivalently that

v _(S)
aﬂ ] xz(Sz)

>
A s

€
+ =,
ll 2

we will have obtained a contradiction.

To see this, let us first estimate v (SB)/ ISe| . Our choice of the sets Qt

and our construction of 8, together with the facts that ISEI = ";61“ and £ >I1>1¢

0
imply that
v_(8S)
a, L g A(¢I) e
S 7 lgl 10
€ €
TR,
A(wﬁ) € €
> — = L= . =
o) 10 10 10
v, (Bﬁ)
s 4 - _E _E _E
~ | 10 10 10 10
By assumption, Vaﬁ(Bl) >x,(B,) + €IB£]: so we obtain
v_ (8,
@, ] § Xz(Bﬂ) . 6
Is, B, 10

We now estimate xﬂ(Sg)/lsll . By construction ruyﬁ < Y, so that

— t — -
r80) <Y, () for 1<t<K. But pilw) = ISZ| = |s£na£ (Qt)l’ and

-1 t -1 -1
t//z(wt) = |a£ (Qt)nBﬁl’ SO rI£|S£| = rHISveﬂaz (Qt)l < la2 (Qt)nBIZ, for 1<t K.

-{ t
Using the fact that SE minimizes xz(A) over all subsets A of @, (Qt) with [Sﬂ
members, we obtain
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K

XE(BE) > Z X, (BQ ﬂaﬂ—l(Qt))

t=1

K
> g T X(St)
7

o1 | A
= rIIZXE(SZ) .

, that £ > J0 (which gives an estimate

Recalling that ISQI = “¢I" and IBfl = "‘//g]

on ru) and that XQZ(BQ) < Va'g(Bﬂ) + E,BZ

, and using our individual marginal bound,

we obtain:
Xz(sz) _ xﬂ(Bﬁ)

x,(B)N /vl
<rf£ |1¢iu> |B2|>
(Bt ) %)

v, (BZ)
2 €

< B,] 10

Combining this estimate with our estimate on v, (s Z) / |S£| yields
¢

N\

v _(S)
xﬂ(Sz) g a, [ _§§+£_
s, s, 10~ 10
Va (S!Z)

[

which is the contradiction we desire. This completes the proof.
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7. A PROBABILISTIC ESTIMATE

As with most calculations involving the Shapley value, ours depends on a

probabilistic estimate. The estimate we use is very simple, so we derive it here.

We consider an urn which contains a total of t balls, of which g are green.
We draw, at random and without replacement, a sample of size k (k t), and
write h for the number of green balls in the sample. We want to estimate the

probability that

where 71 is some predetermined parameter.

To obtain this estimate, we simply follow Feller (1968, p. 233). The
number h is a random variable whose expected value is kg/t and whose variance
is

- k-1 kg(t -
Var(ny = kgt-g) [1_] . katt-g)

t2 t-1 t2

Hence Chebyshev's inequality yields

h Kk
prob ;o;—t_ >n

prob (‘h - gtE

Var(h)
(ng)2
kg(t - g)

2.2 2
tng

s )

AN

AN

VAN
N|H

Equivalently
h k 1
—_ - = < > 1 —_ —
prob (‘ g t n> 2

This is the estimate we shall need.
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Note that this estimate is independent of t (the total number of balls) and

of k (the sample size). Note too that for n fixed, this probability tends to one as

g (the number of green balls) tends to infinity.
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8. THE POWER OF SMALL SYNDICATES

The purpose of this Section is to study the way the Shapley value of a game
changes if we allow a group of players to form a syndicate. We will show that, if
the syndicate is small (in the sense that there are many near substitutes for mem-
bers of the syndicate), then the change in the Shapley value is also small. Since
this phenomenon seems of interest outside the context of technologies, we will

formulate and prove a general result.

We consider games (N, v) which are not required to be superadditive. If

S is a nonempty subset of N, then by the syndicate game (NS, VS) we mean the
game whose player set is NS = (N\S) U {S} and whose characteristic function is

given by
vg(W) = v(W) it {sl¢w ,
VS(W) = v([W !'\(N\S)] ¥] S) if {s7s€w .
That is, (N_,v_) is the game which results if we treat the syndicate S as an indi-

S’'S
visible unit. We want to compare Sh(VS, {s}) with 'ES Sh(v, i); the difference
ie

between these two numbers might be called the power of the syndicate, i.e., the

gain or loss resulting from formation of the syndicate.

We need some terminology. We will say that the positive number M is an

individual marginal bound for the game (N,v) if

[vw O {ib - viw| < ™

for each jéN and each Wc N. For v> 0, we will say that players i,j€N are

v-substitutes if
|vtw 0 TiD) - W u | < ¥

for every W c N\{i, j}. Our result on syndication is the following.

LEMMA 4: Let M and 7 be positive numbers and let s be a positive integer. Then
there is an integer r(M,,s) with the following property: If (N,v) is a game with

an individual marginal bound of M, S is a subset of N with IS]\< s, and for each
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player i in S there are at least r(M,~, s) players not in S who are <y-substitutes

'Shv {S3) - ZSh

ieS

for i, then

3ISiIs|+ Dy
2

/

PROOF: We are going to obtain an estimate for lSh(v ,ish - Z Sh(v, i)| in terms
of the number of y-substitutes for members of S and some other parameters We
will then show that this estimate can be reduced to the one we want by judicious
choice of these other parameters provided the number of y-substitutes is large
enough. If s = 1 there is nothing to prove (since v_ = v); we consider first the case

s = 2.

S

We fix a game (N,v) and a coalition SC N with |S| = 2. Write S = {a,b},
N = M8 and n = N|-1= [N"]+1 = [N|. Let A cN* be a set of v-substitutes
for a, and let B C N* be a set of v-substitutes for b. We may assume that
lAl = IBI = r (simply ignoring some Y-substitutes if necessary). Finally, we fix

parameters p, 7 and € with 0<p<1/2, 0<7, and 0<¢< 1.
For the remainder of the proof it is convenient to write
AW, i) = v(WU {i}) - v(W)
for WCc N and i€N.

By definition,

=3
!
—

-
M

(v, {S}H ( {sh) - (W)
ShvS {s} - (n;1>w N[ \WASRES v :|
\Wl=J
n-1
_ & ;lel) “Z;\I [Mwus) - v(w)]
N g
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1 1
(Wl=J
n-1
+l>: fl Z [v(W U fab) - v(w)]
N 750 @J) WC N
Wl=J
n-1
_ 1 {1 z: AW U {a}, b)
" 320 nJ ) WenN*
IW|=J
n-1
1 1
L (W,a) .
e (“;1) v&;v e
W=

Let us write Q for this last double sum and P for the next to last. We are going

to estimate ISh(v, a) —QI and |Sh(v,b) —Pf.

As a guide to the intuition, we point out that Q is itself the Shapley value
for player a in the game (I\—I,V), where N = N\{b} and ¥(W) = v(W) for each
WCN = N\{b}. Since B consists of y-substitutes for b, it is natural to expect
that Q = Sh(v,a) should be close to Sh(v,a) if ]B] =r is large. Verifying that this

is so, however, takes quite a lot of work.

By definition,

n
Sh(v,a) = n-il-—i —rll—- E A(W,a) .
J=0 (J) Wc N\{a}
(Wl=J
Write
n-1
E - % % A(W, 2)
J=0 (J) W N\{a}
(Wl =g

Using the individual marginal bound of M, we see that
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(1) IE - Sh(v,a)l < %IM— < 21\‘_/1_

Now, we want to estimate |E -Q|. Note two main differences between the expression
for E and the expression for Q: different coefficients, and the presence of coali-
tions which contain b. We are going to approximate terms involving coalitions which
contain b by terms not involving coalitions which contain b; this will also have the

effect of "correcting" the discrepancy in the coefficients.

We first introduce some sets of coalitions. For each J and k, we let
I'(J,k) be the set of coalitions W € N\{a} for which |W| =J, |WNB| = k and
béJ; we let I, (J,k) be the set of coalitions WCN\{a} for which Ww| =g,
IWNB| =k and bew.

We now use these sets to break up the expressions for E and Q. Set

Z AW, a) ,

WEe I'(J, k)

E, (J,K) Z AW, a) ,

WE rb(J, k)

E(J,Kk)

Il

E(J)

r
1
(—n)- ; [E(7,k) + E,(J, K]
J

and

Q) = 7 y D B
J

Notice that

n-1
ZE(J)

J=0

n-1
Q = ZQ(J) .
J=0

Thus, we want to estimate |E(J) -Q(J)| for each J.

=
1l
=

and that

==
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The estimate we use depends on the size of J. If (J-1) {p(n-1) or
(J-1) > (1-p)(n-1) we use the obvious estimate given to us by the individual

marginal bound:
(2) |E) -Q(I] < 2Mm .

If p(n-1) <(J-1) <(1-p)n-1), we need to be more careful. Let us fix

such a J, and let I be the set of indices k for which

+ +
’kl J+1 <7

r-k n-1-J

(recall that 7 was one of our initial fixed parameters); let I' be the complementary

set of indices.

Fix an index k€I. For We l"b(J,k) and c e B\(WNB), write
W, = (W\{b}) U{c}. The fact that b and c are y-substitutes yields that

]A(W,a) - AW ,a)| < 27

Hence if we average over the r -k elements of B\(W NB), we obtain

|A(W,a) - r—lk Z A(Wc,a)

ce B\(WNB)

<27

Notice that W was chosen to be in rb(J,k) but that each Wc belongs to [(J,k+1).
Now, as W runs over all elements of l"b(J, k), the sets WC run over all elements
of I'(J,k+1), but each element of I'(J,k+1) occurs exactly k+1 times (because
there are k+1 elements which might have occurred as replacements for b). Hence

if we sum over I‘b(J,k), we obtain

k+1
o m—— + .
Eb(J,k) _— E(J,k+1)| < 2'Y|1"b(J,k)l

Combining this with the fact that k is in I yields
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J
n-1-J

3 |E (K - E(J,k+1)| < 27| (3, 0]+ 7[E(W, k+1)|
< 2v|r, (3.K)] + 2M7|r(j,k+1)| .

On the other hand, for indices kg‘I we certainly have

(4) [E (3.K)| < 2M|[, (3,K)]
and
(5) |E(3,K)| < 2M[I"(3,k)] .

T
The next step is to show that most of the coalitions in (J Fb(J ,k) actually
=0
belong to \U l"b(J, k). Note first that if k/r = (J-1)/(n-1), then direct calcula-
kel
tion gives

)

Since we have taken J -1 in the range p(n-1) <(J-1) <(1-p)(n-1) and p is fixed,

(6) =

the second term on the right-hand side of equation (6) is certainly less than 7/3
if r is sufficiently large. Since n > r, the first term on the right-hand side of (6)
differs from (J+1)/(n-1-J) by less than 7/3 if r (and hence n) is large. That

is,

k+1 J+1 I
‘r—k a1-g| <%/
provided that r is large and k/r = (J-1)/(n-1). Hence

k+1 _J+1
r-k n-1-J

(7 I <7

provided that r is large and that

‘k J—l‘
T n-1

is sufficiently small; if (7) holds, then k€I.

We can now use our probabilistic estimate from Section 7 in the following

way. Choosing at random a coalition W in rb(J) is the same thing as choosing at
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random a set of J-1 elements from N\{a, b}, and then adding the element b to
this set. If k = [WNB|, the estimate of Section 7 tells us that with probability at
least 1 - ¢ (recall that € is the third of our fixed parameters), the quantity

T n-1

k J-ll

will be very small, provided only that r is sufficiently large. In other words,

r
(8) U o, o <t |kuo ERY

keI
provided that r is large.

We now begin to estimate |E(J) -Q(J)| for p(n-1) <(J-1) <(1-p)(n-1).

We write

(9 EJ = ZEE(J k) +E (J,k)] + — Z[E(J k) +E,(J, K] .

kel ) kel

Combining the inequalities (4), (5) and (8), we see that the second of these sums is
small; to be precise,

1
o Z[E(J k) +E, (3,k]
5

(10) < 4M¢ .

kel

We can use (3) to obtain an approximate expression for the first sum in (9),

L 1 J
(11) ZEE (9,8 + E, (3,k)] = o ZI[EfJ,k) + — 7 BULk+ 19

() k

with an error not exceeding 2v+2M7. Notice that in the right-hand sum of (11),
every one of the terms E(J,k+ 1) appears twice, with the exception of the term
corresponding to the smallest value kO of k which is in I: the term E(J,k+1)

appears the first time with a coefficient of J/(n-1-J) and a second time with a

coefficient of 1. Hence we can rewrite the right-hand side of (11) as
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(12) N ZIEE(J,I{)+ —5 Bk )]

_ L —J 1
= Z (n-l-J fl)E(J,k+1)+ o E(J, k) -
' J

Combining (5) with the same probabilistic estimate we used before, we can see that

the last of these terms can be made small:

(13) l% E(J,k)| < 2M¢
(

5

if r is large.

We now point out a very convenient identity:

1 J B 1
(9 o iy - (oY
J J

If we plug this identity into (12), and combine (9) with the estimates (10), (11) and

(13), we conclude that:

~ L
(15) E(J) <n_1> ;:_,;E(J,kﬂ) ,
J
k#k
0

with an error not exceeding 4M¢+ 2v+2M7+2M¢. But the right-hand side of (15) is
just part of the expression for Q(J); the terms which are missing are just the ones
for which keI', and just as before we can see that the sum of the missing terms

does not exceed 4M¢, for large r.
To summarize, we have shown that
(16) |E(3) -Q(3)| < 10M¢E + 2M7 + 27,

provided that p(n-1) <(J-1) <(1l-p)(n-1) and r is large. Recall from (2) that
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|E() -Q| < 2M

if (J-1)<p(n-1) or (J-1) >(1-p)n-1).

In order to estimate |E -Q|, we need only add all these estimates and

divide by n. This yields

1
E-Q| < " [2onM + n(10M¢ + 2MT + 2]
= M(2p + 10¢ + 27) + 2y .
Combining this with (1) gives us the estimate we are after:

2M

[Sh(v,a) - Q| < M(2p + 10¢ + 27) + 2v + 'y

2

for r sufficiently large. It is now clear that we need not be very careful in our
choice of the parameters p, 7 and {. If we simply choose each of them very small,

we obtain

|Sh(v,a)|-Q < 37,
provided that r is sufficiently large. This is the desired estimate for Q.

The intuition underlying our estimate for P is similar to the intuition
underlying our estimate for Q. We want to see that P is nearly the Shapley value
for player b in the game (N,¥), where N = N\{a} and v(W) = v(W) for each
W C N\Ja}. Since the preceding argument, with the roles of a and b reversed,
shows that ‘Sh(\zr, b) - Sh(v,b)l L 3v if r is large, this will give us the estimate we

need.

Our previous argument was based on the idea of systematically replacing
every term which involved a coalition containing b by terms which do not involve
coalitions containing b. This time, we want to systematically replace every term
involving a coalition containing a by terms which do not involve coalitions con-
taining a. The twist is that all these terms occur in the expression for P and not
in the expression for Sh(V,b). The terms we seek to replace are of the form
AW U {a},b), and following the same procedure as before, we obtain the approxi-

mation

34



AW U {a},b) ¥ AWU {d},b) ,

for de A\(WNA). Notice that WU{d3 is a coalition in N\{b} = N\{a,b}, and
IWU {d}‘ = |W|+ 1. Thus if we follow the same averaging procedure as before,

the terms in the expression for P corresponding to coalitions W of size J become
terms in the expression for Sh(v,b) corresponding to coalitions WU{d} of size
J+1. The averaging procedure also gives us an extra factor which (for most of

the terms) is nearly equal to (J+1)/(n-1-J). This extra factor is just what we

need, since we can then use, instead of the identity (14), the identity

<n31><n:1:—1J> - n{1>

J+1
After carrying out the same sort of approximations as before, we obtain that

provided that r is sufficiently large. Since, as we have already noted, the first
argument (with the roles of a and b reversed) gives lSh(x:/, b) - Sh(v, b)l< 37,

we conclude that
|P - sh(v,b)| < 67,
if r is sufficiently large. Combining our estimates for P and Q gives

]Sh(vS, {3 - Sh(v,a) - Sh(v,b)| = |P+Q - Sh(v,a) - Sh(v,b)|
<9,

provided that r is sufficiently large. This is the estimate we want, so the proof

in the case |S|= s = 2 is complete.

Finally, we come to the general case. Let |S|< s and write

S = {al, een ,alS |} We write, as before,

Sh(vS,{S}) = P1+...+PIS| .

Just as above, we find that lPl S| - Sh(v,as)l < 37, that IPIS 1 - Sh(v, as_l)l < 6,

and so forth. Summing yields
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|S|

Sh(vs, {s§) - ; Sh(v,ai)

3ISiIS|+ 1)y

< : :

provided that r (the number of y-substitutes for members of S) is sufficiently

large. This is the estimate we needed, so the proof is complete. 1]

Although we shall have no need of it, we point out that a similar argument ca

can be used to show that for i¢S we also have

31sl(USi+ 1)y

| sh(vg, 1) - sh(v,i)| < > ,

provided that the number of y-substitutes for members of § is sufficiently large.
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9. PROOF OF THEOREM 1

It is now very easy to combine Lemma 3 of Section 6 and Lemma 4 of

Section 8 to give a proof of Theorem 1.

We are given a technology (2, A) and a positive number €. Let £(€) be
the integer given by Lemma 3. Set

€

Y= 3o+

and choose a positive number 6(€) > 0 such that, for each fe D(),

AME+x ) - Alf+x )| < v
“1 W

whenever w, and Wy belong to 2 and dist(wl,w ) < 6(€). Let r(M,,1(€)) be the

1 2
integer given by Lemma 4. Finally set n(€) = r(M, v, 2(€)) +2(€).

Now suppose we are given a game (N, va) derived from (£2,A) and that for
each player i €N there are at least n(€) distinct players jl, o ’jn(e) such that
dist(a(i),a(jk)) < 6(€) for 1<k < n(e). We must show that Sh(va) belongs to the
individually rational €-core of (N’Va)' Certainly, Sh(va) is feasible, Pareto optimal

and individually rational. If Sh(va) were not in the e-core, we could, by Lemma 3,

find a coalition S €N such that |S|< ¢(€) and
E Sh(v_,i) < v (9 - =|s]|
4 o a 2
ies
On the other hand, our choice of 6(€) guarantees that each member of S has at

least n(€) y-substitutes in N; our choice of n(€) guarantees that at least

(M, v, £(€)) of these y-substitutes do not belong to S. Hence Lemma 4 tells us that

. 3ISi(Isl+1)y
E Sh(v , 1) > Sh{(v ) {8}) - ==
i€ S
On the other hand, individual rationality of the Shapley value for the game (va) S
guarantees that Sh((v ) S,{s}) >(v) S({s}) = v (S). Combining this fact with the

37






previous inequality and the definition of v yields

. €

: Sh(v_,1) > v () - §|s] .

i€S .

which is a contradiction. We conclude that Sh(va) indeed belongs to the individually

rational €-core of (N,Va), as asserted. @

It is of interest to obtain good estimates on 6(€) and n(€), in terms of certain
natural parameters of the technology ($,A). The chief obstacle to doing so is that
the integer £(€) given by Lemma 3 depends on the technology in a way that seems
difficult to quantify. If we think of 4(€) as known, however,ﬂ< it is not hard to obtain
an estimate for n(€). Simply keeping track of the various parameters in the proofs

of Lemma 4 and Theorem 1 gives an estimate for n(€) on the order of a constant

sleats
b3

times (M/€)3(£(€))3. * The number 6(€) of course, depends only on the modulus

of continuity of A.

*That is, if we regard £(€) as a known parameter of the technology.

>k*This may be compared with the estimate obtained by Mas-Colell, which is of
" the same order.
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10. LIMITING BEHAVIOR

The example presented in Section 5 shows that the Shapley value of a large
game, while in the individually rational €-core, need not be close to any point in
the core (even if the core is not empty). The same example also suggests that
the Shapley value should be close, not to the core of the large finite game, but to
the core of a limiting nonatomic game. The purpose of this section is to show
that this is indeed the case. In fact, we show quite a lot more: the individually
rational €-cores of a sequence of games converge to the core of the limit game.

To make this precise we require some preliminary discussion.

We will restrict our attention to the case where 2 is a finite set, say
Q= {wl, cee ,wT} so that we will speak of types. (Similar results could be estab-
lished in more general contexts, but would be much more complicated, and lose

much of their intuitive flavor.)

To define a nonatomic limiting game, we fix strictly positive* real numbers
91, oo, GT with Zet = 1, and disjoint intervals Il’ vee ’IT on the real line for
which length(It) = Gt. Set I = UIt’ let 8 be the family of Borel subsets of I, and
let u be the restriction to I of Lebesgue measure. (The interpretation we have
in mind is that I represents a continuum of players of which the fraction Gt = u(It)

are of type t. The family # of all Borel subsets of I is the family of admissible

coalitions.)

To define a nonatomic game on I, in the sense of Aumann and Shapley (1974),
we must define a set function A on @ which is of bounded variation. To this end,
let B be an element of 8. If u(B) = 0, we define AM(B) = 0. Otherwise, we write
Bt
{fl; of divisors on Q such that [[fkn —> o and fk(wt)/ "fk” —>Bt for each t. We -

= u(B ﬂIt)/u(B) for each t; note that Bt> 0 and that ZBt = 1. Choose a sequence

then define

*The case in which some of the Gt's are zero can be treated by restricting attention
"to a subset of .
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A(fk)
AMB) = < lim TEI_I *KW(B) .
k=>m "k
(In view of Lemma 2, this limit exists and is independent of the particular sequence
{ka of divisors we choose.) To see that X is of bounded variation, we note that
0< AD/[|f]|< M for any divisor f (where M is the individual marginal bound for
the technology (2,A)) so that 0 < AM(B) < MuM(B). (The construction we have given

corresponds to the usual "fractionating process'" for constructing nonatomic econ-

omies. The limit lim A(fk) / ||fk|| is to be interpreted as the limiting per-capita
k>

payoff to a coalition with a given distribution of types, so M(B) is the limiting pay-

off, normalized relative to the number of players.)

Recall that the core of A consists of all nonnegative, finitely-additive set
functions o : 8—>R such that o(I) = XM(I) and o(B) > X(B) for each B€B. (If ¢
is in the core, we may interpret o(It) as the total (normalized) payoff to the set of
agents of type t.) It is a useful fact that every element of the core treats agents

of the same type equally.
LEMMA 5: Let o belong to the core of A. Then for each t and each Borel subset
A of It’

o(A) = G(It)M(A)/M(It) .

PROOF: Let us first perform a preliminary calculation. Suppose that B is a Borel
subset of I such that w(B f\It)/u(B) = u(It) = et for each t (so that B has the same
relative distribution as I); write B' = IN\B. The definition of A implies that

AMDuB) ,

A(B)

A(B"

DB .
Since o is in the core of A, we obtain
o(B) > AMB) = MDu(B) ,

o(B) 2 A(B) = MDUBY .
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Additivity of ¢ and p imply that
o() = o(B) +a(B") > D) .
Since ofI) = M(I), we conclude that o(B) = \(B) and o(B') = \(B").

Now suppose that Al,A2 are subsets of It with u(Al) = u(Az); we claim that
O'(Al) = o(A2). To see this, we write p = “(Al)/et = u(Az)/et, and choose a subset
C of I\It such that u(CN IS) /GS = p for each s # t. Our preliminary calculation

implies that

o(A, U0 = MA, U0 = )\(I)M(Alu 0 ,

O'(A2UC) K(A2 ve) = A(I)M(Az uQ) .

Since /«L(A1 uQC) = u(A2U C), we conclude that cr(AlU C) = c;(A2 UC), and additivity
of ¢ implies that o(Al) = 0(A2).

Finally, let A be a Borel subset of It’ and let m be a positive integer.

There is a unique integer r such that

<

T M(A) r+1
—_ — < —
m Gt m

We may then choose disjoint Borel subsets E Em of It such that UEi =1

1: ooy t:
T r+1
WwE) = Ot/m for each i, U EiC Ac U Ei' Our previous calculations, together
1 i=1 i=1

with additivity of ¢ yield that O‘(Ei) = O’(It) /m for each i, and hence that
rG(It)/m < o(A) < (r+ 1)0(It)/rn .
Letting m tend to infinity now yields the desired result.
For each o in the core of )\, define 6€IRT by a(t) = o(It)//J(It). In view

of Lemma 5, we can unambiguously interpret o(t) as the per-capita payoff to players

of type t. Let
C(\) =36 :0 is in the core of A3,

so that C(\) is a subset of ]RT.
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We now fix a sequence {(Nk, Vo )} of games derived from the technology

-1
(22, A). We assume that ,Nkl —> 00 and that o (wt)/INkl —->6t for each t; there

is also no loss of generality in assume that a[{l

the nonatomic game X as the (normalized ) limit of the games (N

(wt) > 0 for each k and t. We view

'V, ). For
k
€> 0 we will say that a payoff x in the individually rational e-core of (Nk, Vk) is

k

an equal-treatment payoff if x(i) = x(j) whenever ozk(i) = ak(j) (so that players

of the same type receive the same payoff). For such an x, we define ie]RT by

X(t) = x(i) for any i€ N with o(i) = t; we write 6€(N sV, ) (for the set of such
k

. T - =
,vk) is a subset of R~. Of course, for xeCE(Nk, Vk)’ we

k

vectors, so that C (N
€k

may interpret x(t) as the per-capita payoff to players of type t. Evidently, then,

to show that the sets 6€(Nk, v, ) and C(\) are close is to show that, in a natural
k
sense, the individually rational €e-core of (N , v, ) (and the Shapley value in par-
k

ticular) is close to the core of A; this is what we are going to do. We use the

k

Hausdorff distance between sets as the measure of closeness; for information about
the Hausdorff distance and the lim sup and liminf of a sequence of sets, we refer
to Hildenbrand (1974).

THEOREM 2: Given 6O> 0 and €0> 0 there is an €1 with 0 < 61 < €0 and an

integer k_ such that

0
aist(C_ (N, v, ), TO) < &,
1 k
for every k}ko. Equivalently,
c) = M limsup Ce(Nk’ va)
€e>0 k> k
= (N liminf C (N, ,v_) .
e>0k>0 © £ %
In particular, if §k = Sh(Nk, vak), then
lim dist(g . CO) = 0
k= o

42



. k =
PROOF: We write C€ = Ce(Nk’ Va/ ). Note that each Clé is a compact set. More-
k
over, if x ECE, then for each t,

M[Nkl
o))

. -1
Since [N [/‘a/ (w )\ —=0 ¢ we conclude that the sets Ck are in fact uniformly

_ -1
R(t) < Vak(Nk)”"‘k (w)] <

bounded. We have already noted that, given € > 0, the sets Ck are nonempty for

sufficiently large k. It follows then that lim sup C # @ for each €> 0. Since
K K k =00 K
C , C C whenever €' <€, we also have that lim sup C , € lim sup C whenever

€' < €. Thus {hm sup C } is a nested family of compact sets, and in partwular

N 11msupC # 0.
€>0

k
The next step is to show that ﬂohm supC CCO). Let X € ﬂo lim sup Ck
€> €>

then x € lim sup CIZ for each € > 0, so there is an increasing sequence {kn"_s of
positive integers, a decreasing sequence {€n} ofk positive numbers tending to zero,
and a sequence {in} converging to x with iné Cen for each n. We claim that X
is in C(\).
T —
To see this, set o0 = 3 x(t)u,; we need to show that o belongs to the core

t=1
of A . First of all, note that

T

o) = Z x(t)u (I)
t=1

T
T
7

-1
) : lakn(wt)l
1 (t){ 1 —_—
t=1 <n1;100X <n1-r;100 !Nknl
T in(t) |al—<:l(wt) I
= li
t=1 ninoo lNkn]
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lim 1
néoo INk I
n
v (N, )
ak kn

n-=>aoo lNkn]

D .
Thus o is feasible. If o were not in the core we could find a Borel set B for
which ) (B) > o(B); hence there would be a positive number p such that

MB) _ o(B)
w® B P

Choose coalitions SnC Nk
n

such that [Sn|—>oo and

Ialzl(wt) n Snl

wBNIL)

n t

s | E
n

(B)

for each t. The definition of A yields that

Vak (Sn)
—-—MB) = lim —l—-l—n
H(B) n - Sn
so we have
v (S) - -1
ak n T xn(t)lak (wt)ﬂ Snl
n S n L L
ISnI t=1 ISnl 4

for n large. If we write X for the equal-treatment payoff in the en-core of

(Nk 2V, ) which gives rise to in’ then our last inequality implies that
n k
! e
+
Vozk (Sn) > Xn<sn) 4 ISnl
n
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for large n. However, since enw\O, this contradicts the fact that X is in the

en-core of (Nk AN ) for large n. We conclude that o is in the core of X and
n k
_n Kk -
that X belongs to C(\), as asserted. Thus N lim sup Ce C C(\); note that in

- >0
particular, C(Q\) # 0.

The next step is to show that 5()0 c N liminf Clé. Given 556(» and an
€ > 0, we must therefore construct, for ea§h>1('c)1rge k, a {\/Iector ike Clé such that
ik%(;, To this end, define, for each k, a vector ykelR k by yk(i) = 6(ak(i)).
We will show that a small perturbation of yk is in the individually rational €-core
of (Nk’ vak).

It is convenient and involves no loss of generality to assume that our games

are zero-normalized, so that v, (Ti}) = 0 for each k and i.

k
Write o0 = Zc?(t)ut, so that o is in the core of A. By definition,
v, (Nk)
o) = lim ————
N
Since
T
PN = D ) = a0 |at)]
k" k k - k "t
t=1
and ‘a-l(w)l/IN |—=6, = u1)
k Tt k t t

we conclude that

and

Thus if we set
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v, (Nk)

z, = Y,
k yak(Nk) k

we obtain a feasible, Pareto optimal, individually rational equal-treatment payoff

for the game (N, , v, ), and clearly z —>o0. We need to see that z, is in the

k k k
€-core of (Nk’va ) for k large. If this were not so then for each k we could find
k
a coalition Sk c Nk such that
Vak( Sk) Zk( Sk)
s 7 s €
k k

Passing to a subsequence if necessary, we may assume that

Bt = lim lalzl(wt) nskl/lskl exists for each t. Let B be any Borel subset of I

k>
such that u(B ﬂIt)/u(B) = Bt for each t. Then
v_(S)
AMB) = lim T ‘
HB) s 5]
On the other hand, the equal-treatment nature of z and the fact that Zk —> G imply
that
o(B) = lim Zk(Sk)
HB) s 1]
Hence

M(B) > o(B) + €u(B)

which contradicts the fact that o is in the core of . We conclude that z is in

the €-core of (N, ,v,) for k sufficiently large. Hence CO)C NliminfC .
k’ 'k €>0 €

We have now shown that
: k = . k
N limsup C_ Cc CA\) ¢ N liminf C_ ;
€ €
e>0 k=>m e>0k=>m

Since lim sup Cle{ Dlim inf Cf for every €, it follows that
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N1im sup Clé = C() = Nliminf Cl; .

The first statement of the Theorem is an easy consequence of this fact. To

see this fix 6 >0, €

0 0 > 0, and let U be the 60—neighborhood of (_J(A); i.e.,

U = {7er" : aist, C) < 505 -

Since C(\) = Nlim sup Clé, we can findan €., 0<e_ <€, such that

1 10
k k
U O lim sup Ce . Hence U DC€ for all sufficiently large k. Writing Uk for the
1 1
60—neighborhood of Clé , we need to show that C(\) C Uk for all sufficiently large
1

k. If this were not so we could find a sequence Olf< integers {kn} tending to infinity
and a sequence {6n75 in C(\) such that dist(&n, Cerll) > 60 for each n. Passing to
a subseq;:ence if necessary, we may assume that 6n —>0. But then

dist(3, C_")
in lim inflclz . This is a contradiction, so we must have (—J(X) cU
large k. In ither words

> 5 60 for kn large, so that o would be a point of 6()\) which was not

K for all sufficiently

dist(élél, o) < s,

for all sufficiently large k, as desired.

The final assertion, about the Shapley value, is an immediate consequence

of this distance estimate and Theorem 1, so the proof is complete.

We remark that a similar argument may be used to show that, for every
k
€ >0, liminf Cl; = lim sup Ce; this set may be interpreted as representing the set
of equal-treatment payoffs in the €e-core of A. (Of course, this is not true if € = 0,

as the example in Section 5 shows.) We shall not go into the details here.

It is tempting to suppose that the (per-capita normalized) Shapley values of
the games (Nk’va ) converge to the asymptotic Shapley value of the nonatomic game
L. Unfortunately, X\ need not have an asymptotic Shapley value (see the "three-
handed glove" market in Aumann and Shapley (1984), for instance). Perhaps such

a result could be proved using the more general value of Mertens (1983).
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