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Abstract

Power-electronics inverters are being integrated in large numbers in distribution
networks with rapid deployment of renewable resources, energy storage, and flexible
loads. Since such distributed energy resources will serve a majority of loads in the next-
generation power network, it is critical to develop scalable and accurate modeling tools
to study the dynamical behavior of systems with large numbers of inverters. Typical
dynamical models for grid-tied inverters are nonlinear and composed of a large number
of states; therefore it is impractical to study systems with many inverters when their
full dynamics are retained. To address this issue, a reduced-order aggregated model for
parallel-connected grid-tied three-phase inverters is formulated. A necessary and suffi-
cient set of parametric relationships is derived to ensure that the reduced-order models
for an arbitrary number of such paralleled inverters have the same model order and
structure as any single inverter. The reduced-order model is extended for photovoltaic
(PV) inverters, where a PV array, a maximum power point tracking (MPPT) algorithm,
and a dc-link capacitor are incorporated into the three-phase inverter model.

Furthermore, a network-cognizant aggregation approach for distribution networks
comprising grid-tied inverters is developed. Inverters are clustered based on effective
impedances to an infinite bus (modeling the transmission-distribution boundary) and
for each cluster, the reduced-order aggregated model is utilized to replace the inverters
in the cluster. The K-means algorithm is leveraged for clustering and a suitable lin-
earization of the power-flow equations reduces computational burden involved in deter-
mining terminal voltages for the clusters. Numerical simulation results for a benchmark
feeder system demonstrate the accuracy and computational benefits of the aggregation

method.
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Chapter 1

Introduction

Large numbers of power-electronics inverters are being integrated in distribution net-
works to interface renewable sources of generation (e.g., photovoltaic (PV) energy con-
version systems), energy storage (e.g., large-scale batteries), and flexible loads (e.g.,
electric vehicles). For instance, island of Oahu in Hawaii has over 800,000 microinvert-
ers [1]. This number is expected to grow as Hawaii plans to achieve 100% penetration
level of renewable resources by 2045 [2].

The ratings of individual inverters are typically less than a few MVA while syn-
chronous generators have ratings of several hundred MVA. This disparity implies that
serving the same net load with inverters instead of generators would require an orders-of-
magnitude increase in the number of energy-conversion interfaces (from a few thousand
generators to potentially millions of inverters). Since systems with large numbers of
inverters will be common in the future, it is critical to develop scalable and accurate
models for such systems with limited computational burden. To this end, this disser-
tation focuses on reducing the model complexity of multi-inverter systems. It begins
with reduced-order aggregate state-space models for an arbitrary number of grid-tied
inverters connected in parallel. An aggregation technique acknowledging the network
interconnection between the inverters is then proposed.

In this dissertation, we examine a three-phase voltage source inverter (VSI) and
output LCL filter. The control architecture of the inverter is composed of a pulse width
modulation (PWM) scheme, an inner current-control loop, an outer power-control loop,

and a phase-locked loop (PLL) for grid synchronization. The model is extended to a



2
three-phase photovoltaic (PV) inverter, where the dc-side components, in this case a
PV array and a dc-link capacitor, are acknowledged in the three-phase inverter model.
The control architecture is expanded to include a maximum power tracking (MPPT)
algorithm and a dc-link controller. The ac-side three-phase and PV inverter models are
prototypical in the literature [3-12].

For parallel connection of inverters with the same topology, we develop an aggregate
reduced-order inverter model that has a state-space model with the same structure
and model order as any single inverter in the collection. To this end, we derive a
necessary and sufficient set of parametric relationships between the aggregate model and
the individual model by which the aggregate model captures the collective dynamical
behavior of the parallel system. For the ac-side three-phase inverter model, we are able
to expand their aggregate model for the case when the power ratings of the inverters are
all different, and the case when the reference setpoints to the inverters are all different.

With the aggregate models at the foundation, we develop a network-cognizant model
reduction technique for distribution networks comprising grid-tied inverters. In addition
to the grid-tied inverters, our model for the distribution network includes impedance
loads interconnected to the inverters through lines modeled with II-equivalent circuits.
Individually modeling the dynamics of all inverters, interconnecting lines, and loads to
glean insights into the collective behavior of the distribution network, with particular
emphasis on the real- and reactive-power injected into the feederhead, is computationally
intractable. As a solution, we develop an aggregation approach for the distribution
network. It involves clustering the inverters based on their electrical distances from the
feederhead that leverages the K-means algorithm, transferring the inverters to auxiliary
buses based on their clusters with the aid of auxiliary transformers to connect these
auxiliary buses to the inverter buses in the original network and linear approximation
of the power flow equations to reduce computation burden of solving a nonlinear ac
power flow.

This dissertation collects the work that have appeared in various conferences and
journals. We report these alongside a discussion of the organization of the disserta-
tion next. Chapter 2 introduces the mathematical notation used in the manuscript.
Chapter 3 describes the three-phase grid-tied inverter model, develops the reduced-

order aggregate model for parallel-connected inverters, and validates the reduced-order



3
model with numerical simulations [13]. Chapter 4 extends the results for the three-
phase inverter model to include the PV array model and relevant dc-side components
and controllers [14]. Chapter 5 develops the distribution-network-cognizant aggregation
approach and validates the approach with numerical simulations for the IEEE 37-bus
feeder system [15,16]. Chapter 6 presents concluding remarks of this dissertation and
outlines a few recommendations for future research. (This dissertation also includes the
work in [17] which developed the reduced-order model for parallel connection of grid-tied
single-phase inverters in Appendix A. In addition to numerical simulations, the aggre-
gate model is validated against measurements obtained from an experimental setup of
parallel-connected single-phase inverters.) Most of the discussion is presented as it ap-
peared in those manuscripts with slight embellishments and interpolations to connect

to the overarching theme. Each chapter includes a survey of the relevant literature.



Chapter 2

Notation

The spaces of N x 1 real- and complex-valued vectors are denoted by R and C¥,
respectively; RM>*N and CM*N denote the spaces of M x N real- and complex-valued
matrices, respectively. The matrix transpose is denoted by (-)T. The Moore-Penrose
pseudo inverse of a matrix B is denoted by Bf. A diagonal matrix formed with the
entries of vector x is denoted by diag(z); bdiag(A41,..., Ax) denotes a block diagonal
matrix of Ay,..., Ay. The entrywise natural logarithm and the smallest entry of vector
x are denoted by log(x) and min(x), respectively; 1n and Oy denote N-dimension
vectors of all one and all zero entries, respectively; Iy and 07« denote the N x N
identity matrix and an M x N matrix of all zeros, respectively. Furthermore, j =
v/—1; the magnitude, angle, real and imaginary components of a complex variable = are
denoted by |z|, Zz, Re{x}, and Im{z}, respectively, and the matrix conjugate transpose
is denoted by (-)!. The cardinality of set A is denoted by |.4|. The maximum of two

scalars, a and b, is denoted by max(a,b).



Chapter 3

Aggregation of Parallel-connected

Grid-tied Three-phase Inverters

In this chapter, we examine a three-phase inverter with a full-bridge topology and
output LCL filter. As shown in Fig. 3.1, the inverter control system includes: a cur-
rent controller (that generates the pulse width modulation (PWM) reference signals),
a power controller (that responds to real- and reactive-power setpoints and generates
current references for the current controller), and a phase-locked loop (PLL) (for grid
synchronization). The topology is prototypical and is recognizably popular in the lit-
erature [3-8]. Models of this sort generally have more than 10 dynamical states (the
particular one we study has 15); and therefore, it is computationally infeasible and
analytically unwieldy to study large collections of such inverters with different power
ratings. To address these limitations, we derive a structure-preserving reduced-order
inverter model for the setting where individual inverters in the parallel setup have the
same topology with filter components and controller gains that scale linearly with the
power rating in this chapter. By structure preserving, we mean that the reduced-order
model itself is a three-phase inverter that is also composed of an LC'L filter, a power con-
troller, current controller, and PLL, i.e., it has the same structure and the same number

of dynamical states as any individual inverter in the parallel multi-inverter system.



Figure 3.1: Feed-back control loops and output filter of the grid-tied three-phase inverter, and
adopted shorthand depicting: i) power rating, with the aid of the power-scaling parameter, x
(see (3.1)), ii) real-power setpoint, kp*, and iii) reactive-power setpoint, xg*. Variables super-
scripted by a, b, ¢ denote the time-domain ac waveforms for the respective phases, while those
super-scripted by d, q correspond to those in the dq reference frame computed with the PLL
angle, § serving as the transformation angle.

A majority of prior literature pertaining to model reduction for energy conver-
sion interfaces has understandably focused on the dynamics of fossil-fuel-driven syn-
chronous generators [18-22]. More recently, there has been increased attention devoted
to aggregate models for wind-turbines in utility-scale collector systems [23,24], elec-
tric vehicles [25], and demand response systems [26]. However, these are focused at
a macro level that disregards the dynamics at faster time scales which arise from in-
verter filters and time-domain controllers. With regard to inverter dynamics, most of
the related literature has predominantly focused on reduced-order models for individ-
ual grid-connected [27], islanded [28-30], and resonant inverters [31]. (Tangentially
related is literature on model reduction of de-dc converters [32-34] and induction ma-
chines [35,36].) Model-reduction methods focused on collections of inverters have been
limited to islanded settings [37,38] and inverters with virtual-inertia emulation [39].
Both are application domains where inverters are controlled to emulate the dynam-
ics of synchronous generators, and therefore, there is a natural translation of classical

model-reduction methods for synchronous generators mentioned previously.
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The remainder of this chapter is organized as follows. In Section 3.1, we intro-
duce a three-phase grid-connected inverter model and power scaling laws for the in-
verter. In Section 3.2, we describe how the states of the inverter are scaled based on
its power-scaling parameter, and propose the reduced-order structure-preserving model
for parallel-connected inverters. To validate the proposed reduced-order model, we
compare numerical simulation of a parallel system to its corresponding reduced-order

inverter model in Section 3.3.

3.1 The Inverter Model and Power Scaling Laws

The three-phase inverter is sketched in Fig. 3.1. We assume a voltage source inverter
(VSI) with a full-bridge topology and an output LCL filter (L, Ct, Lg). The grid voltage
and frequency are denoted by v, and wy, respectively. The control architecture for each
inverter includes: an inner-loop current controller, an outer-loop power controller, and
a PLL. Since the focus of this chapter is at the ac-side point of common coupling,
dynamics of the dc-link and any other converter stages that precede the dc-link are
neglected. As shown in Fig. 3.2, we are primarily interested in the collective behavior
of N such inverters connected in parallel to the grid. We begin this section with an
overview on how the inverters are designed for different power ratings, the features of
the reduced-order model sought for the parallel collection of inverters, and then briefly
discuss the controller and LCL filter dynamics. Lastly, we represent the dynamics of

the inverter in state-space form.

io,l

* | N
K1p @ >ioe
N =1
r1q Y i~ -
pyee 3
“2p*<§ ;H =: P @%
K2q* : %’Dvg Kq™Y 1
io:N
KNDY KN
KNG®
Figure 3.2: For the parallel connection of IV inverters, we obtain the power-scaling parameter,
R, for a reduced-order structure-preserving model.




3.1.1 Scaling Individual Inverters with Power Rating

We first introduce the notion of a power-scaling parameter, x, which is defined as

9

K oi— Prated (31)
Pbase

where prateq is the rated power of a given inverter, and ppase is a system-wide base value.
We make the assumption that both real and reactive power ratings scale linearly with
K. Suppose we denote the base real- and reactive-power setpoints as p* and ¢*. Notice
from Fig. 3.1 that the reference-power setpoints for the inverter are given by xp*, kq*.
Therefore, the output real and reactive power injected by each inverter into the grid are
directly proportional to k. We scale elements of the LCL filter in the manner shown
in Fig. 3.1 so that the output current is inversely proportional to the impedance of the
filter. With regard to the controllers, we also scale the gains of the current controller by
1/k so that its outputs, i.e., the reference for the input voltage of the LC'L filter, do not
depend on k, and neither does the voltage drop across the LCL filter. Thus, the output
current, and therefore the output power, of the inverter scales directly proportionally
to K.

The scaling approach described above is admittedly assumptive by nature. However,
it is a herculean—if not impossible—task to ascertain how commercial inverter man-
ufacturers would scale the cyber-physical architectures of inverters with power rating.
Therefore, we base our analysis around this scaling approach, taking solace in the fact

that it is grounded in and guided by some fundamental engineering insights.

3.1.2 Desired Features of the Structure-preserving Reduced-order
Model

With the control and physical architecture of individual inverters highlighted in Fig. 3.1,
and the procedure to scale the inverter design to accommodate different power ratings
discussed above, we bring attention to Fig. 3.2 to describe the main goal of this work.
We consider a collection of N inverters with different power ratings (described by power-
scaling parameters k1, ..., ky) connected in parallel to the grid bus. The dynamics of
each inverter include those of the different control blocks and LCL filters illustrated in

Fig. 3.1, and are described collectively by a 15-order model (which will be spelled out
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subsequently). We derive a structure-preserving reduced-order model for this parallel
connection. Particularly, we will show that an inverter model with power-scaling pa-
rameter, K = Zé\; 1 ke perfectly captures the input-output behavior of the N-inverter
collection with a dynamical-system model that has the same order and structure as any

individual inverter.

3.1.3 Model of an Individual Inverter

With the design procedure adopted for scaling inverters in place, and the goal of this
effort described, we next briefly overview individual portions of the dynamical models for
the individual inverters in Fig. 3.1. We start with the reference-frame transformation,
and then go through the PLL, the current controller, and the power controller. In each
case, we describe the model assuming assuming x = 1, but indicate how the dynamics

are modified for an inverter with a power rating that is not the base value.

3.1.3.1 Reference-frame transformation

Sinusoidally varying three-phase signals (2%, 2P, 2°) in balanced settings are coordinate

transformed to equivalent DC signals (z¢, z9) using Park’s transformation: [40]

a

d cos(d cos(§ — 2= cos(§ + 2 ! !
L g (6) ( 3 ) ( 3 ) | = 2\1/ P, (3.2)
x4 3 | —sin(6) —sin(6 — Z)  —sin(6+ &) 2° 3 2¢

where ¢ is the instantaneous angle generated by the PLL. The change in coordinates
is signified with the abc-dq block in Fig. 3.1. We further note that [2?, 2", 2T =

\IJT[azd, xq]T. To illustrate the adopted notation in abc and dq coordinates, consider the

grid voltage, vy, without loss of generality. First, fugbc = [v;, v;’, vg]T captures vy in abc
coordinates. In the dq reference frame, we define vgq = [vg, US]T, and v;bc = \IJTUSq.

3.1.3.2 Phase-locked Loop

The PLL is in feedback with the dq transformation for the grid voltage, and it modulates

d
g

coupled with (3.2) illustrate that when 1)3 = 0, ¢ is the instantaneous phase angle of v,

the angle § such that v — 0 asymptotically. (Elementary trigonometric identities
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i.e., the inverter is phase locked with the grid. See Appendix B.1 for a short derivation.)
It consists of a low pass filter (with cut-off frequency we pr1,) and a PI controller (with

PI gains k%, and kbLi1). The dynamics of the PLL that generate the angle § are:

UpLL = wc,PLL(U;1 — UPLL),
$PLL = —UPLL, (3.3)
o= Wnom — kgLL'UPLL + k%’LL(ﬁPLL =! WPLL,
where wpom is the nominal grid frequency (e.g., 2w x 60 or 27w x 50 [rad/s]). From the

dynamics, we can see that at steady state, v‘gi = vprr, = 0. Furthermore, when the grid

frequency is at the nominal, it follows that 5= WPLL = Wnom-

Remark 3.1 (Dynamics of PLL in scaled inverter). The same dynamics in (3.3) are

utilized for inverters with different power ratings, i.e., for the case k # 1.

3.1.3.3 Output LCL Filter

The dynamics of the LCL filter (in the dq reference frame) are derived by running
pertinent time-domain circuit equations through the dq transformation with angle §.
This yields

1
0] wprLidY,
(3.4)

1 ) )
0] wpr,Ra (3§ — id9)

+a(ziq d9) + 1o WPLLY;
h «dq _ r:d ;1T ;dq _ :d ;01T ,dd _ 1, d , 4T d dg _ . d ,, 41T
where ;" = [if,3']", io" = [i,40) ", v; | = [vf, 0], and v; " = [vf, vy

Remark 3.2 (Dynamics of LCL filter in scaled inverter). While the dynamics above

correspond to the case where the power-scaling parameter, k = 1; for inverters with
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power ratings that are scaled values of this base setting, we utilize the filter parameters

Li/k, R¢/k, kCt, Rq/k, Lg/k, Ry/K with k chosen according to (3.1).

3.1.3.4 Power Controller

The power controller consists of two low pass filters (with cut-off frequency w. pc) and
two PI controllers (with PI gains k‘gc, k{;c), with its outputs to be the references for the

current controller:

i?* = kgc (q* - Qavg) + k%c /(q* - ang)dtv

i?* = kgc (p* — pan) + %c /(p* - pavg)dta

where p*, ¢* are reference real- and reactive-power setpoints. Furthermore, payve and gavg

are low-pass-filtered versions of the inverter output real and reactive power outputs:

pavg = Wc,PC (p - pavg), (3.5)

‘javg = Wc,PC(Q - Qavg)a

where p and ¢ are the instantaneous real and reactive output power (measured at the

grid terminals) and given by

3 d.-d .
b= 5(”910 + ngg)’

3, ad  d.
q= 5(1}310 — vgzg).

To ease notation and exposition in subsequent developments, we will find it useful to
define:

ép = p* — Pavg,
e (3.6)

Q'Sq =q" - Gavg-
Remark 3.3 (Dynamics of power controller in scaled inverter). For inverters with

Kk # 1, the power setpoints are scaled as kp* and kq*; all other dynamics reported above

are retained.
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3.1.3.5 Current Controller

The current controller consists of two PI controllers (with PI gains k%, k&) and feed-

forward terms, with its outputs to be the reference for the terminal voltage v;:

o = —wpr Liid + K (i — i) + K / (i — id)at,

o = wer L+ K (5 = 80) + Ko [ G .

The addition of the feedforward terms —prLLiiiq and prLLiigJl is standard practice,
and intended to improve dynamic performance [41]. To ease notation and exposition in

subsequent developments, we will find it useful to define:

(3.7)

abcx _

The (three-phase) PWM modulation signals for the inverter are then obtained as v}

\IJTvid 9 With reference to Fig. 3.1, for an ideal inverter we have that the inverter

terminal voltage, viabc = viabc* (and equivalently vid 4 = vid 9).  This approximation
implies that the inverter terminal voltage follows the commanded reference perfectly

and without delay.

Remark 3.4 (Dynamics of current controller in scaled inverter). While the dynamics
above correspond to the case where the power-scaling parameter, k = 1; for inverters

with power ratings that are scaled values of this base setting, we utilize the parameters
kP /k, kbo/ k-
3.1.4 State-space Model for the Inverter Dynamics

For the model in (3.3)—(3.7), we assumed that x = 1 and hence, it defines the dynamics in
the unscaled inverter. For this case, the controller and filter dynamics can be compactly

represented in state-space form as follows

& = Ax + Buy + g(z,us), (3.8)
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q .d 94 .d d g T
2i5%5,%,7 ’yqvpavg) GQavg, ¢p7 ¢q7 Vg, Vg, UPLL, ¢PPL7 6] ) and
the inputs include u; = [p*,¢*]" and uz = [v}, U};,U;]T = vgbc. Here, the matrices A €

R*15 B € R*2, and function g : R™ x R? — R® can be derived from the dynamical-

where the states are x = [z’id, ,
* *]T

system models in (3.6)—(3.7) straightforwardly. For completeness, their entries are listed
in Appendix B.2.
Now, let us consider a scaled inverter with x # 1. If we replace the unscaled model

parameters as follows: (see Remarks 3.1-3.4)
; Li R; Ry Ly, R, Ko K
(Li7Rivcf7Rf7Lg7RgakIéCJkZCC) - (K7’€7ch’f’g,9’C07CC) } (39)

and the rest of parameters are unchanged, we obtain the scaled inverter model

#° = A%° + Buj + ¢°(2%, u3), (3.10)
where the inputs are uj = ku; and u§ = ug = vgbc. The matrices A5 € R*15,

B® € R®*2, and function ¢° : R x R? — R have the same structure as A, B, and g

for the unscaled model albeit with parametric scalings given above.

3.2 Inverter Scaling and Reduced-order Model

In this section, we begin with establishing the relationship between the states in the
scaled and unscaled inverter models, then we propose a method of aggregating N
parallel-connected inverters illustrated in Fig. 3.2. Lastly, we provide a corollary for

the case when the reference-power setpoints are arbitrary.

3.2.1 Scaling of Inverter States

Here, we establish the connection between the dynamics of the scaled and unscaled

inverters.

Theorem 3.1 (Scaling of three-phase inverter). Consider the dynamics of the unscaled
inverter (with k = 1) and scaled inverter (with k # 1) in (3.8) and (3.10), respectively.
Suppose the initial conditions for the two dynamical systems at some time ty > 0 are
such that 25(ty) = diag(K)z(ty), with K := [k1],, 1], and the inputs are v = kuy
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and u$ = ug. It follows that x°(t) = diag(K)x(t), Yt > to if and only if the parameters
are related as (3.9).

Proof. We begin by defining z := z° — diag(K)z. The dynamics of z are given by

z = 1% — diag(K)x = A%2° + Buj + ¢°(2°, u3) — diag(K)Ax
— diag(K)Buy — diag(K)g(x, uz). (3.11)

We will show that Z = 015,Vt > to when z(tg) = 25(tg) — diag(K)x(tg) = 015. This
implies that z(t) = 2°(t) — diag(K)z(t) = 015,Vt > ¢y as claimed in the theorem
statement.

We partition z as [z],23]T, where 2 = [if, i, id,id, 7%, 79, Pavg, Gave, 8P, ¢9]T and

7 ]T, and we also partition x° the same way. Then we write (3.8)

zy = [vf, v, vpLL, dPPL,
and (3.10) as follows

(#1]  [An Aw] [=]  [B]

=TT e T g u), (3.12)
(22|  |A21 Az |72] | B2

_j/,S— —AS AS ] —xS_ _BS_ ] . ] .

I S Dl B B ol B KR C ) (3.13)
|2 ] _A21 A22_ | 2] _B2_

By observing the entries of the state-space matrices, it is straightforward to see the

following relationships:

1
A?l = A, Aiz = KA127A31 = EA217 A32 = Ao, (3.14)
1
B = By, B5 = ~Bs. (3.15)
K
Then we have
A A AS, A5
diag(K)A = |01 PR R 2 s i (1), (3.16)
A21 A22 K,Agl A52,2
B B3
diag(K)B = |t = |7 = B¥(kly). (3.17)
By kB5

Next, we are going to show that ¢°(diag(K )z, us) = diag(K)g(z,u2). Notice that the
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PLL dynamics for both inverters are decoupled from the rest of internal states and their
parameters are the same, so we can conclude that vp;; = vpLL, ¢prr, = opLL,0° = 9.

Then, the following identities hold for v‘gj and vg:
2 2 2
fu‘gi(diag(K)a:, uy) = 3 (cos(é)vzL + cos(6 — g)v;f + cos(d + ;r)v§>

= v, (z,u5) = vS(x,uz),

2 2 2
v (diag(K)z, u3) = —3 (sin(é)v;‘ + sin(0 — g)v;’ + sin(0 + ;)1@)

= vg(x, usy) = Ug(x,uQ).

Let gj(diag(K)x, u5) and g¢(x, uz) denote the ¢-th entry of ¢°(diag(K)x, u3) and g(z, us2),

respectively. The entries of ¢°(diag(K )z, u3) can be written as follows:

0 = kg1 (z,u2),
g5 (diag(K)x,u5) = 0 = kga(w, ua),
(—

kPLLUPLL+kPLL¢PLL) g — f“ d(diag(K)z, u)
g

= K:g3(x7 UQ),

: S ) : K : S
gi(diag(K)a, u3) = (kpp vpLL — kprp¢pLL)kiy — Lfv‘;(dlag(K)x,uQ)
g

= kg4, u2),
gg(dlag(K)x, U%) =0= ﬁg5(w7u2)7
o(diag(K)x,u3) = 0 = kge(x, u2),

3
gi(diag(K )z, u3) = Srwepc () (diag(K)w, u3)id + v (diag(K)z, u3)if)

= /‘ig7(£I], u2)7

= 2 wepe (v(ding (), u3)id — o (ding (K, u3)i%)

= Hgs(fﬂ,w),

S

g3 (diag(K)x, u3)

go(diag(K)x,u3) = 0 = kgo(x, u2),
gio(diag(K )z, u3) = 0 = kgio(z, u2),

: S ) - R : s
g1 (diag(K)a, u3) = (—kfyyverr + kbLodprn) (—Reid + off) + v (diag(K)w, u3)

Ly
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= g11(z, u2),

. S % . R : s
gio(diag(K)z, u3) = (kll;LLUPLL - kPLL¢PLL)(—Rf1§i + U?) + ffvg(dlag(K)w, u3)
9

= g12(@, ug),
933 (diag(K)z, u3) = we,pLivf (z,us) = gia(x, us),
gia(diag(K)z,u3) = 0 = gia(z, u2),
975 (diag(K)x, u3) = wnom = g15(x, uz2).
Therefore, we have
diag(K)g(z,u2) = ¢°(diag(K)x, u3). (3.18)

Let us define function h(z®,u3) : RY x R? — R, with its -th entry is denoted by

he(x®,us), to have the same structure as ¢°(z°us) except the following entries:

ha(2®,u3) = (=kpppvpLL + kprLdbrr)id®,

_ (1P i id,
ha(2®,u3) = (kPLLU%LL — kprLobLL)io™
_ D -(,S q,s
hi1(2°,u3) = (=kppvprL + kpLLdbLL) <—Hli + vy > )
; Rt q d
_ v ;d,s ,S
o, 15) = (R b, — Kpuadhnn) (— i+ )

his(x®,u3) =

0,
h15(:17s, u%) =0.
Then, the following identity holds

9° (2%, u3) — diag(K)g(z, ug) = ¢°(2°, u3) — g°(diag(K)z, u3)
((z° — diag (K)x), u3) . (3.19)

Leveraging identities (3.16)—(3.19), we can rewrite (3.11) as

z = A%(2® — diag(K)z) + h((2® — diag (K)x), u3)
= A%z + h(z,u3). (3.20)
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It is straightforward to see h(015, u$) = 015. If we initialize z(tg) = 2°(tp) —diag(K)z(to) =
015, we have z(t) = 015, Vt > to. Therefore we have x*(t) = diag(K)z(t), Vt > to.
For the other direction, given that z(t) = 2°(¢t) — diag(K)x(t) = 015, Vt > to, the

dynamics of z in (3.11) are given by

015 = ° — diag(K)z = (A%diag(K) — diag(K)A)x + (kB° — diag(K)B)u,
+ ¢°(2®, u3) — diag(K)g(z, ug). (3.21)

It is satisfied when the following identities hold:
A’diag(K) = diag(K)A, ~kB®=diag(K)B, g¢°(z% u°)=diag(K)g(x,uz). (3.22)

By observing the entries of the matrices and functions, it is straightforward to determine
the parameters of the scaled inverter with respect to the unscaled one: they are given

uniquely by (3.9), and the parameters that are not mentioned in (3.9) are unchanged. [

3.2.2 Aggregation of Inverters

Consider the parallel-connection of N inverters with power-scaling factors xi,...,Kn
illustrated in Fig. 3.2. Define the equivalent power-scaling factor as k := Zévz 1 ke For

this system, define the reduced-order model
= A'z" + B'uj + g" (2", uy), (3.23)

where the inputs v} and u} are given by u} = K[p*, ¢*]T, uf = [v;,v;j’, U;]T = v;bc, and
we have the same collection of states as the model in (3.10), except with the dynamics
of the states being governed with x = K. Consequently, A* € RI®*15 Br ¢ RI5*2
g : RY x R® — R'® have the same structure as (3.10), except with power-scaling
parameter k. It is worth emphasizing that the dynamical model of an individual inverter
has 15 states, and so modeling the dynamics of every inverter in an N-inverter parallel
collection would require a 15/N-order state-space model. By contrast, the reduced-order
model has the same structure as any individual inverter, and is hence described only by

15 states.
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Lemma 3.2 (Aggregation of parallel-connected scaled three-phase inverters). Let us
denote Ty as the state vector of the £-th inverter in the parallel system. We parti-

tion we = N7, ELNT, with Ne = [igy, 34,10 4,00 0, V3V Pave s Qavets 05, 0717 and & =

[U?e,U?K,UPLL73,¢ppL’g,5g]T. We also partition the state vector of the reduced-order

model the same way: x¥ = [)\TT,ﬁrT]T. Suppose the initial conditions are such that
N(to) = Zé\;l Ae(to) and £ (to) = &u(to), VL. The inputs are u] = Zévzl u1 0 = K[p*, ¢*]*
and uy = ug g, VL. It follows that

()= N(t), E(t) =&(t),YL0, Vit >t (3.24)

WE

(=1

Proof. Let 20 denote the state vector of the inverter with nominal power rating. We
also partition 20 = [A\°T, ¢9T)T, Since the reduced-order model has power-scaling factor

of &, it follows that, Vt > tg:

N N
N () =RA(E) =Y red0(t) = D> Melt), (3.25)
/=1
£ (t) = €2(t) = &(t), VL. (3.26)
O

3.2.3 Corollary for Arbitrary Reference-power Setpoints

With the parallel aggregation in place, we present a corollary for the case when the
reference-power setpoints of the inverters in the parallel system are arbitrary instead
of being given by their power-scaling parameters times the nominal setpoints. This
model is useful in, e.g., PV systems where the incident irradiation might be different
for different inverters (hence resulting in different values for p*) and where local-voltage
control may be implemented by modulating reactive-power injections (hence resulting in
different values of ¢*). The reduced-order model of such case has the same form as (3.23),
albeit with the reference-power setpoints of u} = Zévzl u1,¢, where u1 ¢ = [pj, q;], with
p; and ¢; are the real- and reactive-power setpoints of the /-th inverter. We show
analytically the relationships between the states of the reduced-order model and the

individual inverters next.
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Corollary 3.3 (Aggregation of parallel-connected scaled three-phase inverters with

arbitrary reference-power setpoints). Let us denote xy as the state vector of the (-

th inverter in the parallel system. We partition x; = [)\ZT,U?%T,.TELL]T, with A\p =
(d 9 .d a4 _d .4 p T ,da _ r.d _
[ZL@)ZL(?ZO’[a?’O,p’YK » Yo » Pavg,l5 Qavg,ls ¢gv¢g] ’ vfj - [Ufjvvfl] ’ and TPLLY = [/UPLL,Z)

¢PPL75,(55]T. We also partition the state vector of the reduced-order model the same

= [T, o0 ot 1T Suppose the initial conditions are such that N (tg) =

way: T
d d. .
Zévzl e(to), vp ™" (to) = %Zezl /{gvfg(to), and xpyp (to) = xprre(to),Ve. The inputs

are uy = Zezl ur e and uy = ug g, VL. It follows that, Vt > ty:

N N
1
X)) = Nelt), v () = = D kevp(t),  whpn(t) = zpLLe(t), VL. (3.27)
(=1 /=1
Proof. The proof is provided in Appendix B.3. O

3.3 Simulation Results

In this section, we simulate a system of 4 parallel-connected inverters alongside the
reduced-order equivalent inverter model, as illustrated in Fig. 3.2. For the multi-inverter
system, N = 4, with power-scaling parameters: k1 = k3 = 1, k3 = 2, and k4 = 3. The
reduced-order inverter model is given initial conditions as prescribed in Theorem 2. The
power and RMS voltage ratings are 500 [kW] and 288 [V], respectively, and correspond
to a Siemens SINVERT PVS500 inverter [42]. During the time-domain simulation, we

80 -150 x10%
|9 i {
e [ 3.5 oo %
1 i o )
40 | o
) : % s o0 0o o o >
‘-I | -200+ g —25
= 04 ‘LL E [ eoeoeooet &}
e =5 o E | ©
~ @ I — inverter#1 S :S $ K ——inverter#1
| :‘ inverter#3 | JES : —inverter#1 1.5 JU—— inverter#3
-40 { | |----inverter#4 -250 i9 Y [ inverter#3 ~ \-o|-—--inverter#t4
7xinverter#1 | ha S + inverter#4 7xinverter#1
o equivalent o o equivalent - o equivalent
-80 I 0.5 \
0 0.5 1 0 0.5 1 0 0.5 1
t[s] t[s] t[s]
(a) d-axis output current (b) d-axis output voltage (¢) Output power

Figure 3.3: Simulation results for three-phase inverter system demonstrating the validity of the
scaling and model-reduction procedure.
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let ¢* = 0 [VAR]. The filter and controller parameters are taken from [27]. We introduce
a step change in p* from 500 [kW] to 400 [kW] at t = 0.5 [s]. Figure 3.3 shows the
output current, voltage, and real power dynamics of the individual and equivalent (i.e.
reduced-order) inverters. Note that the plots for inverter#2 are omitted since it has the
same scaling factor as inverter#1, and therefore their plots are identical. To validate the
equivalent inverter and its correspondence to the individual inverters, we also plot the
output current and power of the unscaled inverter (i.e., inverter#1) scaled by a factor
of 7. We can see that they satisfy the following scaling properties: % (t) = 7i§71(t),
vf(t) = vgl(t), and Pyue(t) = Tpavg,1(t). The figures also show that the states of the
individual inverters follow the scaling properties: ig73(t) = 2i371(t), ig74(t) = 3i§71(t),

”?,1@) = U?,?,(t) = v?A(t), Pavg,3(t) = 2Pavg,1(t), and pavga(t) = 3pavg,1(t)-



Chapter 4

Application: Aggregation of
Parallel-connected Grid-tied
Three-phase Photovoltaic

Inverters

In this chapter, we extend the reduced-order model proposed in Chapter 3 to acknowl-
edge the photovoltaic (PV) array, maximum power point tracking (MPPT) algorithm,
and dc-link capacitor dynamics in the model of a PV inverter. PV plants with as
many as thousands of inverters are not uncommon [43]. The reduced-order model has
similar model complexity as a synchronous machine model, and thus facilitates the
accurate representation of PV plants in bulk transmission-scale models with limited
computational burden. In this regard, we anticipate applications for the reduced-order
model in power quality studies [44], stability analysis for systems with high PV pene-
tration [45-49], and evaluating opportunities for frequency support by PV systems [50].
The aggregate model presented in this chapter differs to other aggregated PV models in
the literature [51-53] since it provides a systematic way of scaling the PV and control
parameters based on the number of inverters.

The remainder of this chapter is organized as follows. In Section 4.1, we introduce the

grid-tied three-phase PV inverter model. In Section 4.2, we derive the reduced-order

21
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model for parallel-connected PV inverters in the homogeneous setting, and describe
extensions to the model for different solar irradiance and parameters of the MPPT
algorithm. In Section 4.3, we provide comparative numerical simulations of a parallel-

connected system and its corresponding reduced-order model.

4.1 Model Description

A block diagram illustrating the PV array, feedback controllers, and output filters in the
grid-tied three-phase voltage-source inverter (VSI) is given in Fig. 4.1. The controllers
consist of a phase-locked loop (PLL), a maximum power point algorithm, dc-link &
power controllers, and a current controller. This PV inverter model (and closely related
variants) are fairly common in the literature [9-12]. The PV inverter is assumed to
operate at unity power factor. The LCL filter, VSI, PWM, three-phase to dq transfor-
mation, PLL, and current controller are identical to those in Chapter 3. We describe

the remaining pieces of the model next.

4.1.1 Model of PV Array

Each inverter is connected to an array composed of N}, strings of Ny series-connected

modules. We adopt a single-diode model with a parallel output resistance, Ry, for each

PV Array

—_—

. +
Nyi NRy 1
piph Ny U‘i“‘ T Cdc
’i?* 1}~d*

N v* | DC-link & [1 g - i
cha MPPTAS,] Power |49%| Current [
pv —{ Controller

Controllers

ipv

Vg

="
~.
el
~
=
~
o
~
=0

vdld| 4] a i
Vg |vgl 5| ta i

147 a
)

c
9”9

v,

PLL
v

3
Figure 4.1: Block diagram of the grid-tied three-phase PV inverter (left) and shorthand repre-
sentation adopted for the same (right). The PV array is represented with a single-diode model.
A single leg of the LCL filter corresponding to the a phase is depicted.
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module [54-56]. The output current of the PV array is:

qYgc
ipy = Np (iph — irs <e7NmKdTNs - 1) - N”‘}% ) : (4.1)
silp

where iy}, is the photocurrent that depends on the solar irradiance, i, is the reverse

saturation current, q is the electron charge, vq. is the voltage across the dc-link capacitor,
Ny, is the number of cells in a module, K is the Boltzmann constant, and 1" is the surface

temperature of the module.

4.1.2 Dc-link Capacitor

The dc-link capacitor, Cy., interfaces the PV array to the inverter. It is designed to
minimize the current ripple imposed on the PV array. The state of the filter is the
energy stored in the capacitor, ey := v?ic. Assuming lossless operation of the switches

in the VSI, the dynamics of eq. are:

1

€dc = a(ppv - pi)a (4'2)

where pp, and p; denote the power sourced by the PV array and the real power calculated

at the terminals of the inverter:

Ppv = Udcipva (4.3)
3. 4, .
pi = (i + oflif). (4.4)

4.1.3 Maximum Power Point Tracking (MPPT) Algorithm

We assume that the perturb and observe (P&O) algorithm is utilized to track the
maximum power point (MPP). The basic premise of this algorithm is to perturb the
dc-link voltage reference in a direction to increase the power drawn from the PV array.
To facilitate computations with accuracy, a low-pass filter with cut-off frequency, wc pv,

yields an averaged PV output power, ppy ave, that is utilized in the algorithm:

ppv,avg = Wec,pv (ppv - ppv,avg)' (4'5)
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The update for the dc-link voltage reference is given by: [57]

Uéc(t + T) - Uéc(t) + P sgn(Ade(t))sgn(App‘,,an(t)), (46)

where p denotes the perturbation size, 7 denotes the perturbation period, sgn(-) denotes

the signum function, and

Avdc(t) = ’Udc(t) - ’Udc(t — 7’), (4.7)

Appv,awg (t) = Ppv,avg (t) - ppv,avg(t - T)a (4'8)

denote the change in dc-link voltage and corresponding change in averaged PV output

power, respectively.

4.1.4 Dec-link & Power Controllers

The controller consists of a dc-link voltage controller and a reactive power controller.
The dc-link voltage controller is composed of a PI controller (with PI gains k@c and

{,C). The reference to the controller is the dc-link energy setpoint, €., which is equal
to the square of dc-link voltage setpoint, v}, i.e., €], = vgg. The output is the reference

for i

i?* = —k%c(egc —eqe) — k{}c /(eﬁc — eqc) dt. (4.9)

The reactive power controller is composed of a PI controller (with PI gains kzg and ké)
and a low-pass filter (with cut-off frequency w.q). If the inverter operates at unity

power factor, the reactive power reference is zero. The output is the reference for iid:
= — kD Gavg — ki dt 4.10
Zi - QC_Iavg Q Qavg 9 ( . )
where gavg is the output of the low pass filter:

Qavg = WC,Q(q - Qavg)y (4'11)
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where ¢ is the instantaneous reactive power at the output:

3, 4. .
q= i(vgzg - vgzg). (4.12)

We define the following variables to simplify notation subsequently: ¢qc = €3c — €des

qu = —(avg-

4.1.5 State-space Representation

The dynamics of the inverter can be represented in a compact state-space form as
follows: & = Ax + g(x,uq, ug, us), where the states and inputs are:

d .q d - d d T

€T = [7’1 ’ Z?a (Y /L(c)l7 R ’U?, €dc, Ppv,avg ¢dca Gavg, ¢qa v ’an UPLL, ¢PLL7 5] ) (413)

Ul = V), U2 = [U;,’UE,U;]T, u3 = iph. (4.14)

Note that the dc-link voltage setpoint, v}, is obtained from the MPPT algorithm.
Entries of A € R6%16 and ¢ : R x R3 x R — R0 are in Appendix C.1.

4.2 Reduced-order Aggregated Model

We now derive a reduced-order aggregate model for a collection of N identical inverters
with the same PV array configuration, connected in parallel. Following this homoge-

neous setup, we briefly overview some practicalities for heterogeneous settings.

4.2.1 Aggregation in Homogeneous Settings

In order to derive the aggregate reduced-order model, we scale the following parameters

corresponding to the inverter controllers and PV array:

(irm Rpu CdCu Liu Cfa Lg) k{)/'Ca k{/Ca kzéc: szC) - (Nirsa

R L; L o Kl ki
WpaNOdle?NCfvWgaNk{)/(jaNk‘{/CaWa N .

Parameters not mentioned above are unchanged. In particular, note that the PLL

and reactive power controller parameters, and the frequency of any low pass filter are
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Figure 4.2: Reduced-order aggregated PV inverter model for N parallel-connected inverters
(left) and its adopted shorthand (center). This model precisely captures the output current and
power injected by the parallel combination of N PV inverters (right). Scaling of parameters
corresponding to equivalent PV array and LCL filter acknowledge the parallel interconnection
of pertinent circuit elements.

unchanged. With these scaled parameters, the resulting aggregate reduced-order model
is illustrated in Fig. 4.2. We draw attention to the fact that this model has the same
model order and structure as any individual PV inverter model in the parallel setup.
Certain aspects of this model derive straightforwardly from elementary circuit theory.
This is particularly obvious for the PV array and the output LCL filter. Given the
parallel setup, we can see that the impedance corresponding to the LCL output filter in
the reduced-order aggregate model is 1/N of that in the individual inverter. Similarly,
the equivalent PV array for the aggregation is obtained from a parallel connection of N
single-diode models for the individual arrays.

Formally, the dynamical model of the reduced-order equivalent has the following
state-space form: " = A"z" + ¢ (a", u}, uh, u), where the states and the inputs are:

r _rdr .qr dr .qr ,dr aqr r r T T r
r = [Zi’ aZi’ 7207 » o 7Uf7 avf7 7edc7ppv7avg7d)dcaQavga¢qa

,yd,r’ Vq’ra /UerLLa ¢11;LL7 5r]T7 (415)
uj = v, uh= [v;,vl’?,vg]T, uy = Nipp. (4.16)

All signals above with superscript r correspond contextually to their counterparts for
the individual inverter model as discussed in Section 4.1. For instance, U:;’Cr denotes the
dc-link voltage reference for the reduced-order model, generated from the corresponding
MPPT algorithm. Inputs also have the same connotation, except notice that uj captures

N times the photocurrent, ip,. The matrix A" € R16x16 and function ¢* : R16 x R xR —
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R'® have the same structure and dimension as A and g.
We now establish the main result of this chapter, whereby the current- and power-
related states of the reduced-order aggregate model are noted to be N times those in

the individual inverter model, while the voltage- and PLL-related states are the same.

Theorem 4.1 (Aggregation of parallel-connected PV inverters). Consider the state-

space model for the individual PV inverter. Permute x in (4.13) as

H)

[7’;:17 /L?) Z(()ia .oappv avgs Qavg ¢q7 ’Vd) ’Yq, Ugu /U?7 €dc, ¢dC7 UPLL, ¢PLL7 6]T7 (417)
and also permute z* in (4.15) the same way, denoting the permuted vector by x*.
Suppose the initial conditions at time to are such that T*(tg) = diag(v)z(to), where
Y= [N1§, 11T, and ei, (to) = eac(to) > 0. The inputs are ul = uy,ub, = ug, u} = Nus.
It follows that ¥t > to, " (t) = diag(y)x(t). In other words, the states of the reduced-

order model and the individual inverter model are related as follows Yt > ty:

'd7 > ) ) )
[Zi r) Z? 9 ?) rv Zq 7p;V avg) qz;vgv gbaa ’yd r’ ,yq I"]T
= N[ ZRAIR) .gy 155 Ppv,avg, Qavg, qua’}/da'yq]v (4‘18)
d,r s T
[Uf U? eém (é(ricv v}gLL7 (ZSE’LLv 5r]
= [vf, v, ede, Bde, VPLL, BPLL, I)- (4.19)
Proof. We begin by showing the difference in output current of PV array, i.e., i, — Nipy,
can be written as a function of (e, — eqc). Let us define y := it — Nipy, given by
v . . . IV e eficNNp
Yy = va_NZpV:NNprh_Ner e NmKTNs — ] —TRP
. . 4v/edc vV 6dcj\]p
— N <Np1ph — 1yg <eNmKTNS - 1> - TRP . (420)
Note that the following identities hold for any w, z > 0: [58]
= (Vw+Vz)(Vw —V2) & Vw—Vz= (4.21)

voEa
w" — 2" = (w—2) Z w2 (4.22)
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where n is any nonzero integer. Using the identities above and Taylor series expansion

of the exponential function, we can write (4.20) as:

14/¢q 4./dg NN.
y = —Niy (eNmKTﬁfs - eNmK%Ns> N R‘; (veq — vedc)

k
00 4 k
_ N Z(Nmms)<( - v S ede)u>
=1

k=1

- NNP ( egic Y edc)
Rp

k
o <#> k
N KT Ny _ NN,
e (\/630—@ N’Lrs Z (Z edC /edc)g 1) _ NRP
sdip

k=1

= (eéc - edC)h(eé(w edC)7 (423)

where function h(el,, eqc) is given by

k

oo [—9 k

1 <NmKTNS) ., -1 NN,
—Niys — e’ v €dc — P

Voo * Ve X (Z( S NoFy

The rest of the proof follows in the same manner as in Theorem 3.1, with the power-

scaling parameter picked as Kk = V. O

4.2.2 Aggregation in Heterogeneous Settings

We look into the following heterogeneous settings:

1. Inverters have different perturbation size and frequency for the P&O MPPT algo-
rithm. The dc-link voltage reference for the reduced-order model is updated in the
same manner as (4.6), except, with perturbation size, p, and period, 7, selected to

be the average of the perturbation size and period for the individual PV inverters.

2. Inverters are exposed to different values of incident irradiance. The irradiance
for the reduced-order model is the sum of the irradiance values of the individual

inverters.
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While we are only able to analytically establish dynamic scaling of pertinent states in
the homogeneous setting (see Theorem 4.1), the approach suggested above to contend
with heterogeneity is empirically established through simulations to yield acceptable

performance.

4.3 Simulation Results

We compare results from simulating all the dynamics of a system of N = 10 parallel-
connected PV inverters and the corresponding reduced-order aggregated model. Param-
eters are adopted from the Schneider Electric Conext CL125 string inverter [59] (power
rating 125 [kW] and voltage rating 600 [V(rms)]) and the First Solar FS-6420 [60] PV
module (power rating 420 [W] and open-circuit voltage 218.5 [V]). The PV array inter-
faced to each inverter consists of IV, = 60 strings, with each string comprising Ny = 5
series-connected PV modules. Filter and controller parameters are in Table 4.1.

The solar irradiance data for this simulation is sourced from NREL’s Oahu Solar
Measurement Grid on July 24, 2011, for the time period 09:30:00 to 09:30:10 AM [61].
The data is then interpolated from 1- to 0.1-second step intervals (see Fig. 4.3a). We
consider the following cases: #1) For all inverters, the period and perturbation size of
the MPPT algorithm are selected to be uniformly distributed between 5 — 10 [ms] and
50—70 [mV], respectively. #2) Same setup as #1, but the solar irradiance corresponding

Table 4.1: Controller and Filter Parameters

dc- and ac-side dc-link & Power
Filters Controllers

Li =23.1 [uH] | kP =0.0865 [A/V?] | kB, =0.735 [rad/V]

Ry =0.016 [Q] | ki =0.865 [A/(V?s)] | kbyy = 5.88 [rad/(V -s)]

PLL

Cr = 0.216 [mF] k¢, = 0.0059 [V~ we,pLL = 7854 [rad/s]
Ry = 0.462 [mQ)] | k{ = 0.059 [(V-s)7"]
L, =231 [uH] We,@ = 50.26 [rad/s] MPPT
R, = 2.77 [mQ)] Wepy = 50.26 [rad /3]
Cqe = 0.1 [mF] Current Controller

'kzéc =0.6 [V/A]

oc =35 [V/(A -s)]
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Figure 4.3: (a) Incident solar irradiance. Simulation results for case #1 comparing the multi-
inverter system and the corresponding reduced-order model of (b) dec-link voltage, (c¢) averaged
PV power, and (d) injected real power to the grid.
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Figure 4.4: (a) Incident solar irradiance for selected inverters. Simulation results for case #2
comparing the multi-inverter system and the corresponding reduced-order model of (b) dc-link
voltage, (c) averaged PV power, and (d) injected real power to the grid.
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to each inverter varies between +20% of the nominal value as shown in Fig. 4.4a (for
three selected inverters). The simulations were performed on a personal computer with
an Intel Core i7-7700HQ processor (2.80GHz CPU with 8GB RAM) using the ODE23
solver in MATLAB.

The results for case #1 are shown in Figs. 4.3b—4.3d. Figure 4.3b shows the dc-
link voltage of three inverters (selected arbitrarily) in the parallel system and that of
the reduced-order model. Figure 4.3c compares the total averaged PV output power
(Ppv,avg) of the inverters in the system and the reduced-order model, and Fig. 4.3d plots
the total injected real power to the grid of the multi-inverter system and the reduced-
order model. Results indicate that despite variations in the operation of the MPPT
algorithm in the inverters, the reduced-order model captures the total power of the
parallel system closely. The results for case #2 are shown in Figs. 4.4b—4.4d. These
figures establish the accuracy of the reduced-order model in spite of differences in the
MPPT algorithm and solar irradiance. The computation times to simulate dynamics of
all the inverters and that required for the reduced-order model for case #1 are 966.8 [s]
and 91.2 [s], respectively, and those for case #2 are 1128.9 [s] and 133.0 [s], respectively.

This clearly demonstrates the computational benefit of the aggregate model.



Chapter 5

Network-cognizant Model
Reduction of Grid-tied

Three-phase Inverters

This chapter outlines a model-aggregation procedure for grid-tied three-phase inverters
with the goal of capturing the time evolution of real- and reactive-power injections at
the distribution-network feeder head while acknowledging power flows between the in-
verters. The three-phase inverter model is described in details in Chapter 3. In addition
to the grid-tied inverters, our model for the distribution network includes impedance
loads interconnected to the inverters through lines modeled with II-equivalent circuits.
Individually modeling the dynamics of all inverters, interconnecting lines, and loads to
glean insights into the collective behavior of the distribution network, with particular
emphasis on the active- and reactive-power injected into the feederhead, is computa-
tionally intractable. As a solution, we outline a reduced-order model for the distribution
network, where inverters are clustered based on electrical distances from the feederhead
and an aggregated model is derived for each cluster.

The aggregation procedure is built on the aggregated model for parallel-connected
inverters. We leverage aggregation methods previously used for synchronous genera-
tors [18,21,22] to transfer all inverters to a single auxiliary bus, and then obtained the

aggregated model. The auxiliary bus is connected to the original buses through ideal

32
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transformers to preserve the power flows in the network. The auxiliary-transformer turns
ratios are designed such that the voltages of the inverter-facing terminals are approxi-
mately the average of the voltages in the original network. To obtain an estimate of these
voltages, we leverage linear approximations of the AC power flow equations [62-64].

Recent works in the literature on the single-auxiliary-bus approach for system of
inverters are [15,65]. We improve upon the approach by introducing multiple auxiliary
buses and clustering inverters to these buses according to their electrical distance from
the grid bus. This strategy is based on the underlying assumption that inverters that
are electrically the same distance from the grid bus should be—in theory—dynamically
coherent. This assumption is also leveraged in prior work on synchronous-generator
coherency [18,21,22,66] and network partitioning [67—70], where, it is recognized that
electrically close generators tend to swing together during disturbances. While the
classic notion of coherency as it relates to machine angles does not perfectly trans-
late to inverters [71,72], we find that the electrical-distance-based clustering approach
effectively identifies groups of inverters that have similar dynamic behavior during tran-
sients. Given its ease of implementation and scalability, we apply the K-means algo-
rithm [73-76] to cluster inverters. With regard to determining the optimal number of
clusters, we point to several numerical methods that have been proposed in the litera-
ture [77-82] to this end. For the present application, we find that the so-called silhouette
analysis method [80-82] provides a good insight into the optimal number of clusters to be
introduced. The aggregation method outlined in this chapter can be applied to the other
inverter models if aggregated model for elemental parallel connection is known. For in-
stance, Chapter 4 and Appendix A outline the aggregate models for parallel-connected
photovoltaic three-phase inverters and single-phase inverters, respectively, [83] for wind
turbines, and [37,84] for grid-forming inverters.

The remainder of this chapter is organized as follows. In Section 5.1, we briefly
overview the three-phase grid-connected inverter model and the aggregation results for
parallel-connected inverters. In Section 5.2, we describe the distribution feeder model.
In Section 5.3, we outline the network-cognizant aggregation approach. We validate
the proposed approach with exhaustive numerical simulations for an illustrative feeder

network in Section 5.4.
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Figure 5.1: (a) Block diagram of grid-tied three-phase inverter (phase a of the output LCL filter
is depicted) and adopted shorthand, (b) Parallel connection of N inverters, and the adopted
shorthand representation of the reduced-order model. The reduced-order model has the same

. . . ~ N . N
form as (a) with equivalent power-scaling parameter K = ), k¢, real-power setpoint, >, ; pj,
and reactive-power setpoint, Zé\;l q;-

5.1 Inverter Model and Parallel Aggregation

This section briefly overviews the model of a single three-phase inverter, and the aggre-

gate model for a parallel collection.

5.1.1 Inverter Model

A block diagram of the inverter model is depicted in Fig. 5.1a. Key elements here are
reference frame transformations used to facilitate control, internal controller and filter
dynamics, and power-scaling parameters that capture the different power ratings for the

inverters.

5.1.1.1 Reference-frame Transformations

b T

Three-phase signals 22°¢ = [22, 2P, 2°|T are transformed to equivalent DC signals (24, 29)
using Park’s transformation implemented with the PLL angle, §. The abc-dq block in
Fig. 5.1a captures the transformation. In a system of inverters, the controller for each
inverter operates on signals in its own dq reference frame. For analytical convenience, in-
verter outputs and network variables should be represented in the same reference frame.
To do so, it is common practice to rely on a global DQ frame with phase denoted by d,
and frequency wgy. Given variables in the local dq frame, x4 and 29, the corresponding

variables in the global reference frame are denoted by P and 22, and they are obtained
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through:
[xD] _ cos(dg —d)  sin(dy —d) [xd] . (5.1)

z —sin(dy —9) cos(dy — 6)

.'Eq

For subsequent developments, we define zPQ := 2P + jzQ and 299 := 29 4 jz9.

5.1.1.2 State-space Model for the Inverter Dynamics

A block diagram of the inverter control architecture is illustrated in Fig. 5.1a. The
details on the inverter model are presented in Chapter 3. To capture inverters with

different power ratings, recall the power-scaling parameter, x:

R = prated/pbasea (52)

with Prated and ppase denoting the rated power of the inverter and the system-wide base
value, respectively. Inverters with power rating kppase have parameters Li, R;, Cr, Ry,
Lg, Ry, kbl ki scaled as k7 Ly, k' Ry, kCp, k™ 'Ry, k™ Ly, k™ Ry, k' kP, k7 kb . The
reference inputs to the inverter are the real- and reactive-power setpoints (denoted by
p* and ¢*, respectively).

The inverter dynamics can be compactly represented by the following 15th-order

model:

i = Az + Bug + g(z,uy), y=i>9, (5.3)

with states and inputs:
Tr = [2?7 /L?) iga /ig7 Ugu U{qv ’Yd7 ’Yq7pavgu Gavg, (;Sp’ (;Squ UPLL, ¢PPL7 5]T7 (54)
us = [0 01T,y = 02 1= [o2, 0, 0T, (5.5)

Input ug captures the real- and reactive-power setpoints, and input u, is the voltage
sensed at the inverter terminals. The output of the state-space model, y = iy QeCis

the Lg-branch current represented in the global DQ reference frame (see Fig. 5.1a).
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5.1.2 Reduced-order Model of Parallel-connected Inverters

Consider a collection of N inverters, all with the dynamical model (5.3) connected in

parallel to the grid bus. We capture the following types of heterogeneity in inverters:

1. The inverters have different power ratings. The power scaling parameter of the /¢

inverter is denoted by ky.

2. The inverters have different reference-power setpoints. The real- and reactive-

power setpoints for inverter ¢ are denoted by p; and gy, respectively.

We have shown in Collorary 3.3 that the dynamics of this system of inverters can be
described by a model with the same structure and order as any individual inverter (see
Fig. 5.1a). The aggregated inverter dynamics can be compactly expressed with the

following 15th-order state-space model:
T =A%+ B, +§(@,0,), §=i>9, (5.6)

with states and inputs:

=~ d 7q 7d Tq ~d ~d ~q = ~ P a4 = n T

T = [Zi 7/1?7207 gavf ai)\(f:l77 77q7pavgaqavga¢p7¢qaUPLL7¢PPL75] ’ (57)
N

-~ T -~ b b T

Us = Z[p?,q}] Uy =g = [ug, vy, vg] (5.8)
/=1

Input us captures the net real- and reactive-power setpoints of the inverters in the
system, and input u, is the voltage sensed at the inverter terminals, which in this case,
is the grid voltage. The output of the state-space model, iy = /ZHODQ € C is the output
current of the collection of inverters in the global DQ reference frame. The aggregated
inverter has power rating of Kppase, with K := Zévzl k¢ denotes the equivalent power-
scaling parameter. The states of the aggregated inverter (5.7) relate to the individual

inverter (5.4) as follows Vt > t:
d g °d g ~d ~qg ~ —~ 3 Ta1T
[Zi 71?7%71277 77qapavg7Qavga¢pa¢q] =

N
d q d .q d .4 p q1T
§ :[zi,@ zij: o,05 207[7 Ye s Ve Paveg,ls Qavg,ls ¢f ) ¢[] 3
/=1
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N
Z’W Ufeﬂffe )

(=1

R)\ =

[f’f

[UpLL, dpPPL, 0T = [VPLL.¢, PPPL.¢, Or) T, VL.

5.2 Network Description and Dynamics

In this section, we describe the distribution-network topology and outline its dynamical

model.

5.2.1 Distribution-network Topology and Constitution

We study the networked dynamics of inverters connected in a balanced three-phase elec-
trical distribution network with the II-model adopted for branches in the network [85].
Figure 5.2a illustrates the system: each inverter is pictorially represented with the
shorthand established in Fig. 5.1a. The slack bus (representing the secondary of the
step-down transformer that connects the distribution network to the bulk system) is
denoted by g. The nodes of the electrical network and the grid are collected in the set
N U{g}, inverter buses are denoted by Z C N, and Z = N '\ Z collects the set of buses
with zero current injections. Branches are collected in the set £ C N U {g} x N U {g}.

~ 1)11
Zaux 2 42 11'2

Figure 5.2: Illustrating adopted notation and aggregate model: (a) Network of |Z| inverters with
different power ratings and reference-power setpoints (five of which are explicitly illustrated)
with IT-equivalent circuits adopted to model interconnecting lines. (b) Reduced-order model of
the system with the inverters aggregated into clusters (two of which are explicitly illustrated)
determined based on electrical distances from bus ¢ that denotes the transmission-distribution
interface.
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VI+1)

The edge-incidence matrix of the network, F € R( *I€] has entries

1, if k is the source of ¢-th line,
[Elke :== { —1, if k is the sink of /-th line, (5.9)
0, otherwise.

: : — T T

Furthermore, we will find it useful to define F' := [I|z, (D(IN\H)X\II] .
Let Re € IR|5‘7 L¢e € |R|g|, and Cg € RWI denote the vectors that collect the line re-
sistance, line inductance, and shunt capacitance, respectively. The network admittance

matrix, Y € CIVIHDXUNIHD) - maps the nodal voltages to the current injections, and it

is given by:
Y := Ediag(Re + jwyLe) 'E* + juw,diag([CE,0]T). (5.10)
Nodal voltages and current injections in the DQ reference frame are vP® := [(v/]\D[Q)T,
UIQDQ]T and iPQ := [(i/]?/Q)T, —igDQ]T (the negative sign that precedes i?Q is in acknowledg-

ment of its assumed direction as shown in Fig. 5.2a). It follows that i/]?/Q = [(Z?Q)T, <D|T2|]T
and vJ?/Q = [(vIDQ)T, (UEQ)T]T. Finally, z'gDQ € CI€l collects the directed currents of the
lines, and iODIQ € C7l is the vector that collects output currents of the inverters on the
L4 branches. We introduce no additional notation to distinguish between time- and
phasor-domain representations of variables. Differences are expected to be contextually

clear.

5.2.2 DQ-frame Network Dynamics in the Time Domain

In their original form, and without any model reduction, the dynamics of the distribution
feeder include those arising from the interconnecting distribution lines and inverters.
With a slight abuse of notation compared to (5.3), the dynamics of all inverters in the

system are given by

& = bdiag(A1,..., Az)x + [(Bius1) .., (Byrjug ) 1" + ¢ (z, uy),

_,DQ
y - ZOZ 9

(5.11)
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where x = [z],... ,xa‘]T € Rl collects the states corresponding to all inverters in

the system (each z, € R'® has entries shown in (5.4)), ¢ : Rl x R3*IZI — R15IZI is;

gl(m,uv) = [gl(xl,vv,l)T7 -5 9|17 (l‘|z\7vv,|I|)T]T7

with Ay, By, and gy above defined in the state-space model of an individual inverter as
in (5.3). Finally, us, = [p},q;]T captures the real- and reactive-power setpoints of the
abc

(-th inverter, and u, = v7>¢ captures inverter voltages in the abc reference frame. The

line-current and bus-voltage dynamics in the network in the DQ-frame are given by

diag(Le)ig? = —diag(Re + jwyLe)ig® + ETvPQ, (5.12)
diag(C’g)z}J]?/Q = —ngdiag(Cg)UB—Q + FNiODIQ - ENi?Q,

where, recall that E is the network edge-incidence matrix (5.9), and matrices Fyy €
RVIXIZI and En € RVIXED are obtained from F and E by discarding the row that
corresponds to the grid bus. The current injected into the grid, 44, in Fig. 5.2a, is given
by igDQ = —EgigDQ, where I, denotes the row in E corresponding to the grid bus. The

real- and reactive-power injections into the grid bus are given by
3 D D Q.Q 3 Q.D D .Q
pgzi(vg ig + Uiy, qui(vg ig — Vg ig). (5.13)

With all dynamics explicitly modeled in (5.11), (5.12), the order of the dynamical model
one has to simulate to obtain the time-domain evolution of py and g, is 2(|€| + |N]) +
15|Z|.

5.3 Network-cognizant Aggregate Model

In this section, we present the details of the clustering approach and the aggregate
dynamical model. The aggregation strategy applies to any connected network topology

(meshed, radial) with arbitrary line impedance values.
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5.3.1 Auxiliary Network with Aggregated Inverters

To describe the circuit equations that underlie the reduced-order model, consider the
network sketched in Fig. 5.2b, where inverters have been clustered (and subsequently
aggregated) based on the electrical distances between their terminals and the grid bus
in the originating network sketched in Fig. 5.2a. In subsequent developments, this
network with clustered and aggregated inverters is referred to as the auziliary network.
Let ;EIQ € CI°l denote the vector that collects the output current of the aggregated
inverters, zale;% e CHl captures the currents from the auxiliary buses into the primary
side of the transformers, and @Q e CHI captures the currents from the secondary-side of
the transformers into the electrical network. Similarly, ﬁID Qe ¢l captures the voltages
on the secondary-side of the transformers, and vaDu(?( € Cl°l denotes the voltages on the
primary side. See Fig. 5.2b for an illustration of these variables. Denote Z, as the index

set of inverter buses that belong to the c-th cluster. For subsequent developments, we

will find matrix ® € RZIXICl with entries:

1, if ke X,
[(I)]kc = {

0, otherwise,

useful in identifying the clusters that inverters belong to.

5.3.1.1 Clustering of inverters

We use the effective impedance as a measure of the electrical distance. The effective
impedance between the grid bus, g, and the ¢-th inverter bus, denoted by zzg e C,
is defined as the potential difference between these two buses when a unit current is

injected in bus g and extracted from bus £. It can be computed as [86]:
2 = (eg —e)Tv = (eg — e0) V(g — e), (5.14)

where YT is the pseudoinverse of the network admittance matrix, eg € RN+ and
ee € RN+ denote the canonical vectors of all zeros except with entry one at the
position of index ¢ (i.e., the grid bus) and index ¢ (capturing the inverter at bus ¢ € ),
respectively. Let z¢f € RIZI denote the vector that collects all the magnitudes of effective

impedances between the grid bus and inverter buses. With this measure of electrical
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distance, we utilize the K-means algorithm to group the inverters into |C| clusters [75,76].

We apply the algorithm to a pre-processed version of zf, denoted by zggfaled € [R|>Z(‘), and
defined by:

2o 4= log <zeﬂ/ min(zeﬁ)) . (5.15)

We scale 2° by the inverse of its smallest entry so that its logarithm is nonnegative.
Clustering based on entries of zsegled is noted empirically to yield better results, i.e., with

a higher probability, inverters farther away from the grid bus are clustered together.

5.3.1.2 Determining the optimal number of clusters

One method to measure the quality of clustering is silhouette analysis [80-82]. For a
point a € Cy, let d(a) denote the average of the distance between point a and other
points inside cluster Cp, glvk(a,Ck) denote the average of the distance between point a
and all other points in cluster Cj, where k # £, and the minimum of all cjk(a, Ci) values

is denoted by d(a). The silhouette value of point a, denoted by s(a), is given by: [82]

s(a) = —d@) = dla) 5.16
(a) max(d(a),d(a)) (5.16)

Note that the range of s(a) is between —1 and 1. Observing (5.16), s(a) has a negative
value if d(a) < d(a), and a value close to 1 if d(a) > d(a). With K-means, the sum
of within-cluster distances decreases as the number of clusters increases, therefore, the
average silhouette value of all the points tends to approach unity. Without loss of
generality, we choose the number of clusters with average silhouette value around 0.8
as the optimal number of clusters for simulations that follow. The silhouette analysis
method outlined above is one of many [77-82] that have been proposed in the literature
for determining the optimal number of clusters. Empirically, we observe that this yields

good results for the considered application.

5.3.1.3 Engineering the Auxiliary Network

The formulation of the auxiliary network (Fig. 5.2b) hinges on the choice of the auxiliary-

transformer turns ratios. Omne option is to pick the nominal auxiliary-bus voltages,



42

EaDu% e CI°l to be the weighted average of the inverter-terminal voltages:

702 = diag((diag(K)®) " 17) " (diag(K)®) Ty ?, (5.17)
where K := [kyq,..., H‘IHT. Above, UIDQ collects the inverter terminal voltages in the

original network (Fig. 5.2a). This is a key point and deserves emphasis. The choice
in (5.17) establishes the link between the original and auxiliary networks. Simulating

DQ

the dynamics of all constituent elements in the original network to obtain v; * would

be computationally burdensome; instead, we utilize the linear approximation:
DQ ~ X * *
P v 4 VP V,QP (5.18)

where P* := [p],... ,pTI‘]T, Q" :=1q,... ,q‘*ﬂ]T, and v7 is the linearization point. We
pick v = —YI_I1 YgTIv]g)Q, where Y77 and Y7 are submatrices of the Kron-reduced admit-
tance matrix (formally defined in (5.26)). The voltage v} is the no-load voltage, which
is the voltage profile in the network with zero power injections at inverter buses [62].

With this choice,

Ubase .
V, = T A
P 3Shase ( +J )’

Ubase .
V, = b (A i),
1 33base ( )

(5.19)

where matrices I', A depend on the linearization point and network topology /constitution,

and they are given by:

* s *
Fsziag( cos Lvk >—Xdiag< sin Zv¥ >’

|U§'|/Zbaie |’U2|/Zbise (5‘20)
COS S
A = Xding () | Rdiag () ,

|UI‘/Ubase |UI|/Ubase

) _ _ D
with R := Ybase Re{Yl—Il}, X = Ybase Im{yjzl}, and Upase 1= |UgQ|7 Sbase and Ypase
denoting the voltage, power and admittance base values. With the nominal auxiliary-

bus voltages specified in (5.17), and the linear approximation of vIDQ in (5.18), the



43
auxiliary-transformers’ turns ratios, n € CH! are:
n = diag (@EB&)_I vIDQ, (5.21)

which follows from the fact that UID Q are the voltages on the secondary side, and T

are the nominal voltages on the primary side of the transformers.

5.3.2 Dynamics of Auxiliary Network

The dynamics that characterize the auxiliary network are those of the aggregated-
inverter models in the |C| clusters. These, coupled with pertinent algebraic equations
that arise from the circuit laws that underlie the auxiliary network yield the real- and
reactive-power grid injections. The dynamics of the aggregated inverters in the auxiliary

network are:

= A"r" + Blug+ g" (2", uy), Y :/Z'\ODZQ, (5.22)
r._ [T ~T 1T 15[C| :
where 2" := [z, ..., Z| C|] eR collects the states corresponding to all the aggregated

inverters in the reduced-order model (each 7, € R!® has entries as shown in (5.7)).
The power input u} = [ugl, ... ,uST‘C|]T € RCl, where (with slight abuse of notation)

Use = D per, [Pk, q;]T, contains the power setpoints of the aggregated inverters; and

abc

20¢ (since the inverter terminal voltages are the auxiliary-

the voltage input u, = v

bus voltages). The model output y* = ZEIQ e Cl is the collection of the output

currents of the aggregated inverters. Furthermore, A* € RISICIX15[CI  Br ¢ RI5ICI>2IC]

g- € R15ICI « R3XICI — R15ICI gre:

A" = bdiag(Ay,..., Ag|), B" = bdiag(By, ..., By,
T
gr(wrv UV) - @\l (5517 uv,l)Tv s 7§\C\(E|C\’uv,\C|)T ’

where ch, EC, and g. define the state-space model of the aggregated inverter for |Z,|
parallel-connected inverters in the c-th cluster as in (5.6). To complete the model, we

need to specify the terminal voltages of the inverters (which in this case are the voltages

DQ

abe (equivalently vauy)), as well as the current injected into the

of the auxiliary buses vy
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grid for the new model. Kirchhoff’s current law at the auxiliary buses is captured by

AODIQ = @Tzaux Furthermore, the primary- and secondary-side quantities are related by:

— diag(n)®vDQ, 29 = diag(n') 1LY (5.23)

aux.’ aux?

with the second equation arising from the conservation of power for an ideal transformer.
With the time-domain model of the network in place, we simplify the network dy-
namics by modeling them to be in steady-state. Writing (5.12) in phasor form, we

get:
ig? = diag(Re + jwyLe) L ETTPQ. (5.24)

Let iPQ € CWVI*! denote the vectors that collect the nodal current injections in DQ-

frame, defined as follows:
P = Fi2? + jw,diag([0, CF TP, (5.25)

Substituting for Z?Q from (5.24) in (5.25), we can write :°Q = Y3PQ, where Y is the

network admittance matrix given in (5.10). Partition PQ = [((29)T, ®‘TZ|, ~ig YT and

PQ = [(AID Q)T ‘TZ‘ v? Q] . Kron reduction of Y eliminates the zero-injection buses
and yields:
e Yrr Yz, [029
[ wa| = lyr | ool (5:20
g ng Yog] (Vg

Substituting ﬁIDQ and gIDQ from (5.23) to (5.26), we have

diag(nth) 74P = vz diag(n)®vDQ + YIgv];Q, (5.27)

aux aux

ADQ = YIg diag(n)®vDQ + Yggv?Q. (5.28)

aux
Then, we multiply both sides of (5.27) by ®Tdiag(n!!) and use /z\ODZQ = ®TiDS to obtain:
oD = (Y7711 7 (D9 — TMY7,0D9), (5.29)

aux

where II := diag(n)®. The dynamics of the system with the network represented in
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phasors and auxiliary buses introduced to aggregate inverters are given by (5.22) with
uy = v22¢ obtained by applying Park’s transformation to (5.29). From (5.28) and (5.29),

we can write the grid current injection as a function of the output currents of the

aggregate inverter model:
> -1 ~
D9 = YA (MMy77In) (D9 — Y700 Q) — V0D ?, (5.30)

following which, the real- and reactive-power injections into the grid bus g can be
straightforwardly computed. The order of the reduced-order model dynamics with |C|
clusters is 15|C|. Recall that the order of the original-network dynamics was 2(|E|+|N|)+
15|Z|. Since in practice we expect to have less clusters than the number of inverters,
ie., |C| << |Z|, the reduced-order model is indeed computationally less burdensome.

We demonstrate this, and the accuracy of the reduced-order model through simulations

next.
1 Y
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Figure 5.3: IEEE 37-bus feeder system with 15 inverters and 7 loads. Notice that setpoints and
ratings of the inverters are all different. Shaded colors represent clusters obtained by applying
the electrical-distance clustering algorithm to the network with C' = 4.
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Table 5.1: The z° value for the inverter buses.

Bus # ) 6 10 13 14 16 20 21
P 0.031 | 0.031 | 0.047 | 0.055 | 0.055 | 0.055 | 0.080 | 0.080
24 26 32 33 35 36 37

0.080 | 0.088 | 0.16 | 0.16 | 0.14 | 0.14 | 0.080

Table 5.2: Computation time in [s] to simulate the complete time-domain and aggregate models
with different number of clusters.

Time- Aggregation (C-cluster)
domain | C' =1 2 3 4 5 6 7 8

Case #1 | 1035.4 1.71 | 2,56 | 3.53 | 3.78 | 3.93 | 4.23 | 4.45 | 4.82
Case #2 | 1031.5 1.76 | 2.45 | 3.54 | 3.82 | 3.95 | 4.27 | 4.46 | 4.81
C= 10 11 12 13 14 15

485 | 4.87 | 4.88 | 4.89 | 4.91 | 4.93 | 4.94
4.83 | 4.86 | 4.87 | 4.90 | 4.93 | 4.95 | 4.96

5.4 Simulation Results

In this section, we validate the model-reduction method with numerical simulation re-
sults for a system of 15 inverters connected in a modified IEEE 37-bus network. The
network is sketched in Fig. 5.3. The impedance of the lines connecting the buses in
Z is 0.0081 + j0.00027 [©?], except the lines: (17,18), (22,23), and (27,28); these have
impedances that are 5 times that of the other lines. The impedance of the lines con-
necting the buses in Z to Z is 0.0066 + j0.00010 [€2]. The shunt capacitors are identical,
with capacitance of 1 [uF]. The values of 2¢% for the inverter buses are listed in Ta-
ble 5.1. All loads in the system are modeled as resistive loads with identical admittance
of 0.05 [27!]. The voltage and frequency of the grid are 288 [V] and 27 x 60 [rad/s],
respectively. The power scaling parameters k are selected to be uniformly distributed
between 1 and 4. Parameters of the unscaled inverter (i.e., k = 1) are listed in Table A.1.
The simulation is performed on a computer with an Intel Core i7-7700HQ processor @
2.80GHz CPU and 8GB RAM.



47

w 1 N

= X

© X

=

2091

E

508

$0.71 X

<

< 0.6 ‘ ‘
2 5 10 15

# of clusters, |C|

Figure 5.4: The average silhouette value for different number of clusters.

We validate the accuracy of the reduced-order model through the following simu-
lations: case #1: step change in p* values from being uniformly distributed between
2-4 [kW] to 4-5 [kW] at ¢t = 1 [s], and back to the original values at ¢t = 1.02 [s], case
#2: step change in ¢* values from 0 [VAR] to being uniformly distributed between
0-1 [kVAR] at ¢ = 1 [s], and back to 0 [VAR] at ¢ = 1.02 [s]. For both cases, we stop
the simulation at ¢ = 2 [s]. The running time of the simulations for the complete time-
domain model and reduced-order models with 1 to 15 clusters are listed in Table 5.2.
Note that the 15-cluster model is the case when all inverter dynamics are retained, and
the lines are modeled with phasors. As expected, it takes significantly longer to simulate
the full time-domain model, and the reduced-order model with a single cluster has the
least simulation time. Figure 5.4 shows the average silhouette value for different number
of clusters. We choose 4 as the optimal number of clusters given its average silhouette
value is above the reasonable threshold of 0.8. Figures 5.5 and 5.6 show the injected real
and reactive power to the grid bus for case #1 and #2 of the following models: A) the
time-domain model and the 4-cluster and 15-cluster reduced-order models in Fig. 5.5,
and B) the parallel model (i.e., the case when the network is ignored so that all inverters
are connected in parallel to the grid bus), the 1-cluster (i.e., without clustering) and
4-cluster reduced-order models in Fig. 5.6. The average errors for the 1-cluster and
4-cluster reduced-order models with respect to the 15-cluster reduced-order model for
one AC cycle after each step change in the power setpoints are listed in Table 5.3. The
figures show that the reduced-order model with 4 clusters accurately captures the grid

injections (indicating that accurate results can be obtained with modeling few clusters)
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Figure 5.5: Simulation results for Case #1: Real-power setpoints p* are selected from a uniform
distribution between 2-4 [kW] for ¢t < 1 [s], 4-5 [kW] for 1 < ¢ < 1.02 [s], and back to the original
setpoints for ¢ > 1.02 [s]. Reactive-power setpoints ¢* are 0 [VAR] for ¢ > 0 [s].

and it has better transient performance than the 1-cluster reduced-order model while
the model where the inverters are simply assumed to be in parallel (by neglecting the
distribution network) is associated with errors in steady state and through the transients
because the power losses and damping induced by the network are neglected.
Furthermore, we perform simulations with different sets of line impedances for the
IEEE 37-bus system. In particular, we consider line impedances with r/x ratios of 0.1,
1, and 5. In these simulations, all inverters have the same power scaling parameters x
as 1, and the same power setpoints with p* values having step changes from 3 [kW] to
4 [kW] at t = 1 [s] and back to the original values at ¢t = 1.02 [s], and ¢* = 0 [VAR]. The
real power injection to the grid bus for the 1-cluster, 4-cluster, and 15-cluster reduced-
order models are shown in Fig. 5.7. The figures show that the 4-cluster model performs
well regardless of the r/z ratio of the line impedances, while the performance of the
1-cluster model degrades as the r/x ratio increases (i.e., the network becomes more

resistive).
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Figure 5.6: Simulation results for Case #2: Real-power setpoints p* are selected from uniform
distribution between 2-4 [kW] for ¢ > 0s. Reactive-power setpoints ¢* are 0 [VAR] for ¢ < 1 [s],
uniformly distributed between 0-1 [kVAR] for 1 < ¢ < 1.02 [s], and 0 [VAR] for ¢ > 1.02 [s].

Table 5.3: Average error of the real and reactive power injection to the grid bus in [%)] for one
AC cycle after each step change in power setpoints.

Pg dg
150 step | 2" step | 15% step | 29 step
Case #1 1-cluster 1.58 4.71 0.47 8.4
4-cluster 0.49 0.47 0.041 0.58
Case 42 1-cluster 0.25 0.24 0.62 9.32
4-cluster | 0.035 0.031 0.064 0.18
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Figure 5.7: Real power injection to the grid bus for various r/x ratio values.



Chapter 6

Conclusion and Future Work

With large numbers of power-electronics inverters being integrated in distribution net-
works, it is critical to develop computationally affordable models that scale with pene-
tration level and accurately capture the system dynamics. This dissertation developed
reduced-order aggregate models for various grid-tied inverter models for parallel con-
figuration and as well as interconnected in a network. In Chapter 3, we laid down the
groundwork for this research by deriving a reduced-order structure-preserving model for
parallel-connected grid-tied three-phase inverters. In particular, it was shown that N
parallel inverters with heterogeneous power ratings can be modeled as a single inverter
with an equivalent power rating equal to the sum of the individual inverter ratings. At
its foundation, the proposed reduced-order model is built on a set of scaling laws that
prescribe how the filter and controller parameters of an individual inverter change with
power rating. Ultimately, we showed that N parallel inverters that adhere to such scal-
ing laws can be represented as one equivalent inverter whose output terminal behavior is
identical to the original multi-inverter system. In Chapter 4, we extended the reduced-
order model for parallel-connected three-phase inverters to acknowledge photovoltaic
array, maximum power point tracking algorithm and dc-link capacitor dynamics. Nu-
merical simulations were provided to establish the accuracy of the reduced-order model
in capturing the dynamics of inverters during large-signal transients. Direction for fu-
ture work includes expanding the aggregate models for different types of inverters that
are not covered in this dissertation, and developing an accurate method of aggregating

inverters with different parameters.

o1
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In Chapter 5, we presented a model-reduction method for a collection of inverters
connected in an arbitrary electrical network. The foundations of this method were: i)
the reduced-order aggregate model for parallel-connected grid-tied inverters, and ii) clas-
sical results on aggregation of coherent synchronous generators. This method involves:
i) clustering the inverters based on their electrical distance from the grid, ii) transfer-
ring the inverters in each group to their respective virtual buses with the aid of ideal
transformers and linear approximation of the power-flow equations, and iii) aggregating
the inverters in each of the buses to an equivalent inverter using our previous work
on the aggregate model for parallel-connected grid-tied three-phase inverters. Numer-
ical simulations established the accuracy and computational benefits of the approach.
Future work involves developing a non-heuristic method of determining coherency of
the inverters in the network, and accommodating different load models, in particular,

constant-power loads, in the aggregation approach.
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Appendix A

Aggregation of Parallel-connected

Single-phase Grid-tied Inverters

In this appendix, we examine the ac-timescale dynamics of a single-phase voltage source
inverter (VSI) with an output LCL filter. To ensure broad applicability across VSI
topologies, we only assume that the switch-averaged voltage across the ac terminals is
controllable via pulse width modulation and we neglect switch-level dynamics. The con-
trol architecture is composed of an inner current-control loop, an outer power-control
loop, and a phase locked loop (PLL) for grid synchronization. This filter and control ar-
chitecture are prototypical and it ensures broad applicability of the results [87-91]. The
state-space model that captures the dynamics of the inverter is composed of 16 states.
This appendix significantly builds upon and extends the results for parallel-connected
three-phase inverters in Chapter 3. Here, we examine the (admittedly different) filter
and controller dynamics for single-phase inverters which will conceivably be more dom-
inant in number in future distribution networks. Furthermore, we provide experimental
validation of our approach with a multi-inverter setup composed of three 750 [VA] grid-
tied single-phase inverters.

This appendix is organized as follows: In Section A.1, we establish mathematical
notation and describe the grid-tied single-phase inverter model. The reduced-order
model for a collection of these inverters connected in parallel is derived in Section A.2.

We validate the model-reduction method by comparing numerical simulation results
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Figure A.1: Block diagram of the single-phase inverter and adopted shorthand.

with results from the experimental prototype in Section A.3.

A.1 Inverter Model

In this section, we describe the single-phase inverter model and develop a standard

state-space model representation.

A.1.1 Dynamical Model of Single-phase Inverter

A block diagram of the grid-connected single-phase inverter is illustrated in Fig. A.1l.
This model represents a prototypical implementation in a single-phase grid-connected
setting and captures all relevant ac-side system dynamics. In this appendix, the dynam-
ics of the dc-link and any other converter stages that precede the dc-link are neglected
since the focus is at the ac-side of the common coupling. Extensions to include the dc-
side dynamics can be done in the same manner as described in Chapter 4 for photovoltaic
system. We briefly overview the reference-frame transformations and the dynamics of

the filter and controllers next.

A.1.1.1 Reference-frame Transformations

The controllers illustrated in Fig. A.1 are implemented in the dq reference-frame. To
enable this, the Hilbert transform [92,93] (denoted by G ;) is first utilized to generate
orthogonal signals with quarter-cycle phase lag for each sinusoidal measurement, i.e., it
yields signals in the a8 (stationary) reference-frame [40]. Each signal and its correspond-
ing phase-shifted counterpart is subsequently processed by an o to dq transformation.

The dq signals are then used in the PLL and current controller. Note that although the
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above formulation utilizes the Hilbert transform as a means of generating quarter-cycle
phase-shifted waveforms, these signals can also be realized with a quarter-cycle delay
buffer or an all-pass filter with appropriate phase response [93-95]. The remainder of
this appendix focuses exclusively on the Hilbert transform without loss of generality.

The transfer function of the Hilbert transform is given by

WPLL — §
GT(/Q(S) = wpLL + 5 (Al)

where wpry, is the frequency returned by the PLL. As shown in Fig. A.1, we will consider
the measured signal to be the a-component, and the corresponding output of the Hilbert
transform as the B component. Next, signals in the a3 reference frame (2%,z") are

transformed to the dq reference-frame (24, 29) with the following rotation matrix: [40]

x4 _ | cos 0 sind| [x® 7 (A.2)
x4 —sind cosd| |2f
where 9§ is the instantaneous angle generated by the PLL.

A.1.1.2 Controller and Filter Dynamics

The internal controllers in the PLL are identical to those in the three-phase inverter

model (see Section 3.1.3.2), with an additional state for vg . The dynamics of vg are

obtained by applying (A.1) to vg:

1')5 = wpLL(vg — vg) — 0. (A.3)

d
g

dynamics. Note that we assume the first derivative of vy, i.e., 7y, to be well defined.

Furthermore, we apply (A.2) to v, and vg to obtain v¢ which feeds into the vpry,

The LCL filter is composed of inverter-side inductance L;, grid-side inductance, Ly,
and filter capacitance, Ct. The dynamics introduced by the LC'L filter in the af frame

are given by

i = (R 4 of — o), (Ada)

i = wprr (i — i) — i, (A.4b)
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. 1

ig = —(—Ryig + vf" — vg), (A.4c)
Ly

i = wprL, (i — if) — 2, (A.4d)

. 1

08 = Ry (i — i%) + — (i — i%), Ade

i f ( ) Cf( ) (A.de)

8 _ N A4f

b = wpLL(vf' — vp) — OF, (A.4f)

where the a-component dynamics are derived from fundamental circuit laws, and the
B-component expressions result from the application of (A.1) to the corresponding a-
component dynamics.

The power controller is identical to that in the three-phase inverter model (see
Section 3.1.3.4). Note that the instantaneous real- and reactive-power outputs can be

calculated directly in the a8 frame as follows:

1, .

p= 5(’0913‘ + vgzg), (A.5a)
1, 3. .

q= 5(1}51? — vng), (A.5b)

The current controller is also identical to that in the three-phase inverter model (see

Section 3.1.3.5), albeit we use different feedforward terms in the outputs:
o = o kg (i = i) + ko / (i~ )., (A.6a)
o = ofl R (38" = i) + R [ (0= i) (A.6b)
Suppose the VSI is ideal (see Fig. A.1), then the terminal inverter voltage is given by:

o — M cos § — v sin 4, (A.7)

V] Xy

where 9§ is the instantaneous PLL angle.
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A.1.2 State-space Representation of Inverter Dynamics

The dynamics of the LCL filter, PLL, power controller, and current controller for an

individual inverter are now expressed in state-space form to facilitate analysis:
& = Az + Biuy + Baug + g(z,uy, ug), (A.8)

where the state vector, z, and inputs u;, us are given by

T = [igviﬁigvigﬂ]?vU?7’7d77q7pavgaQavga¢pa¢qa
vy, UPLL, $PPL, 8], (A.9)
up = [p*’q*]T’ Uz = [Ugﬂ.)g]T‘ (AlO)

In order to show the entries of matrices A € R'*16 B, € R16%2 and By € R6*2 let us

partition the state vector as z = [mECL,xEC, xgc,ngL]T, where T, = [zf‘,zlﬁ, i 0, Vf,
BT I | T _ T _ B T
vt e = Y5, 2P = [Pave, Gaves P, ¢4]", and xpLr, = [vg,vPLL, dPLL, 0]
Then, we can write (A.8) as
Tror Arcr Osx2 Oexa  Osxa | |TLCL
tece | | O2x6 O2x2 Acc O2xa | | zoc
Tpc Osx6  Oax2 Apc  Oaxs TpC
TPLL Osx6  Oax2 Osxa Aprn| |zPLL
D62 Brer
Bcc D2x2
+ u1 + ug + g(x,uy, ug), (A.11)
Bpc O4x2
O4x2 BprL




69

where entries of the nonzero sub-matrices Arcr, Acc, Apc, ApiL, Bec, Bec, Bror,

Bprr, and the function g(z,ur, us) : R'® x R? x R? — R'6 are spelled out below:

Arcr,

Apr,

Brer

-1 0 0 0 0 0
Wnom + % —Wnom 0 0 0 0
R 1
0 0 —fz 0 z, 0
0 0 Wnom + 7 —Wnom _%g 0
R; 1 R 1 Ry
—Rffi + (oA 0 Rffi en 0 _LTE 0
Rf% — Cif 0 —Rf% + Cif 0 —Wnom + % —Wnom |
— - T — -
0 _k]};C —We,PC 0 0 0
. ) APC - ?
0 ki;c —1 0 0 0
k%c 0 0 —1 0 0
—Wnom 0 0
0 —wepr, 0 0 0 kpg
’ , Bee=| )
0 —1 0 kPC 0
0 _k}}?’LL k%LL 0
0 0 0 -1
_ T
00 0 0 0 0 ] 5 U - 0
1 1 R R 5 PC = ’ PLL —
_0 0 — I, I, f; f; 1 0 0
01 0

B

the entries of g(x,u1,us), with g, denotes the ¢-th entry of g(x,uy,us), are

g1 = [14 (k‘gc(i?* — i cos 6 — i sin &) + kécfyd) cos §
- 21 (kéc(i?* +i{sind — zlﬁ cosd) + kecfyq> sin 0,

g2 =i =) — g1, gs=0, g1=0,

g5 = Reg1, g6 = n(vf — U?) — 95,

g7 = —i{' cosd — 2'13 sind, gs=14sind — 2'13 cos 0,

g = ZFC (vgi6 + vJil) g0 = “F (]G — vyil),

2
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Figure A.2: (a) Reduced-order aggregate single-phase inverter model and adopted shorthand

representation. The inverter-side inductance and resistance are related to those in the individual
model as % = % (b) Dynamics of the parallel connection of N single-phase inverters can be

captured by the aggregate inverter model in Fig. A.2a.

«

Yg

g =0, gi2=0, gi3=mn(vy—1)),

914 = we,pLL (Vg o8 8 + v sind), g15=0, gi6 = Wnom.

where 1 := _kgLLUPLL"‘%LLWLL» i?* = k;;c (" — %wg)"‘%(}ﬁbq, and iiq* = k?c (P* — Pavg)+

pc?’-

A.2 Aggregation of Parallel-connected Inverters

In this section, we first introduce parametric scalings required to realize the aggregate
model for the parallel-connected inverters. Next, we prove that the aggregate model
indeed captures all the scalings in pertinent states (currents, voltages, internal-control
states) for the uniform setting as well as in cases with heterogeneous power setpoints

and ratings.

A.2.1 Parametric Scalings and Structure of Aggregate Model

We consider N identical single-phase inverters (with model described in Section A.1)
with the same setpoints, p* and ¢*, connected in parallel to a grid bus. We are interested
in an aggregated reduced-order model with the same structure and dimension as the
model in (A.8):

&' = A'x" + Biuj + Byuy + ¢' (27, uy, ub). (A.12)
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In particular: we desire matrices A* € R16*16 Br ¢ R16x2" BT ¢ R16X2 and function
T R6 x R? x R?> — R'6 have the same structure and dimension as A, By, By, and
g in (A.8) (implying that the control architecture and output-filter arrangement of the
aggregated model are the same as that in an individual inverter); entries of state vector
z' and inputs uj, u5 to have the same connotation as states in x and inputs w1, us.
In our main result, we demonstrate that if and only if the following relationships hold

between parameters of the reduced-order and original models:

Ry ., L R,

) iy ro__ 9 r _ "9
Cf = NCf, Rf N L 5 Rg = N 5 (A13a)

Lr L L L L

and the reference power settings of the lumped-parameter aggregate inverter model in
Fig. A.2a are N times those of the inverter model in Fig. A.1, the current- and power-
related states i?’r,iiﬁ’r,zf 1 ’B’ AL LYY, Phves Ghvgs PP, 93T in the reduced-order model
are N times the Correspondlng ones in an individual inverter. Furthermore, the voltage-
and PLL-related states in the reduced-order model v?’r, vfﬁ ’ vg ", vprLs @ppr, 0" are the
same as those in any inverter in the parallel combination. This is consistent with the
electrical behavior of a parallel connection of current (or power) sources.

In establishing the above result, we will have established that the reduced-order
aggregate model in Fig. A.2a captures the dynamics of the parallel collection. Put

differently, we will mathematically establish the equivalence illustrated in Fig. A.2b.

A.2.2 Validating the Aggregate Model

We now state and prove the main result of this appendix.

Theorem A.1 (Aggregation of parallel-connected identical single-phase inverters).
Consider the dynamical model for the single-phase inverter specified in (A.8). Permute
x in (A.9) as

EZ [Z?J 157 gﬂgﬂ/ , Y 7pan7ang7¢ ¢ vf7vf‘67

U’B ,UPLL, $PPL, 0], (A.14)



72
and also permute x* (corresponding to the reduced-order model (A.12)) the same way,
denoting the permuted vector by x". Denote Z(t) to be the solution to the permuted
version of (A.8) with initial condition T(tg) and inputs ui,uz; and T*(t) to be the so-
lution to the permuted version of (A.12) with initial condition T"(to) and inputs uj, ub.
Suppose initial conditions are such that " (to) = diag(V)Z(t9), where the scaling vector,
V= [N1%,, 121, and the inputs are: v = Nuy,ub = uz (see (A.10)). The states of

the reduced-order model and the individual inverter are related as:
' (t) = diag(¥)z(t), Vt > to, (A.15)

if and only if their parameters are related as (A.13a)—(A.13Db).

In particular, given the definition of the scaling vector, ¥, (A.15) establishes the
following relationships between states of the reduced-order model and those in the in-

dividual inverter model Vt > tg:

[i0" a0 0 BT A AT PTG 9P, 0T

= NI, 3,717, Pavgs Gave: @7 61 (A-16a)
v U?’ ) 5’ ,UpLL, #ppr, 0" "

= [vf',vf, v, vpLL, dppL, 6] (A.16b)

Proof. Let us define z := 2" — diag(¥)z. The dynamics of z are given by

;=7 — diag(W)z = A'Z" + B} + Bhub + §(@, ut, ub)
— diag(¥)AZ — diag(V)Byu; — diag(¥)Baus
— diag(¥)g(Z, u1, u2), (A.17)

where matrices ][7 §1, Eg, gr, E{, §5 and functions g(z, uy, uz), g(z*, u}, uh) are appro-
priately permuted versions of corresponding matrices and functions in (A.8) and (A.12).
We will now show that Z = 016, Vt > to when z(tg) = Z"(t9) — diag(¥)Z(tg) = 016. This
would further imply that z(t) = z"(t) — diag(V)z(t) = 016 Vt > to, as claimed in the
statement of the Theorem.

o . ~ /\T /\T T ~
Partition 7 = [z],73]T, where 7, = [if*, i lﬂ,zo,zo,’y YL, Dave, Gave, #P, ¢4]" and To =
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|7, and we also partition Z' the same way. Then, we partition

[v&,vf, vy, vpLL, $PPL, O
the appropriately permuted versions of (A.8) and (A.12) as

z A Al |71 B Bay N

=~ ~ s wm | L ue (7, ur, ug), (A.18)
21 A9 Az |72 |B12 Baso

-AI‘-' r -~ —~ | ~ r—~ b r -~ |

Iy Al ALl |7y Bi By AT [

P e P N D I P uy + ~ uy + g (T, uy, uy). (A.19)
| L2 ] Ay A | 2] By, By,

From the definition of matrices Arcr, Acc, Apc, AprL, Boc, Bece, Bror, BpLi, and
the parametric scalings established in (A.13a)-(A.13b), we note the following:

N S S 1~ N
Al = A, Ay = NAy, Ay = NAQh Aby = Apo,

R L A L R (A.20)
Bi, = By, Biy = NBH, B3 = NBa1, By, = Bo.
Then, we have
. [NA,;, NA NAY, A -
diag(W)A = | " TP = |7 T2 o A diag(w), (A.21)
| Ay Ay NAy, A,
~ [NBy| [nBr .
diag(0)By = | .| = | 2 = NB, (A.22)
| B | |NB
~ [NBy] [By] -
diag(0)By = |~ . 2'| = | 22'| = BL. (A.23)
| Baa | | Bo

The next step is to show that g*(diag(V)z, u}, uy) = diag(¥)g(x, u1, u2). Let g¢(x)
and gj(diag(V)z) denote the ¢-th entry of g(Z, w1, u2) and g*(diag(V)z, uf, uj), respec-
tively. The nonzero entries of g*(diag(V)z,u},us) are related to the corresponding
entries of §(&, u1, u2) through:

N [[KE , ki
91 (diag()7) = + K;C (k:gc(Nq* — Navg) + kb Nod — Niid> + ](\chNvd) cosd

KL ~ . kL i SN
- <](\3[C (kJF)’C(Np* - Npavg) =+ k%’CN(bp - NZ?) + ](\jch’Vq> S 6:| = Ngl($)7
g5 (diag(¥)7) = (N — Ni}) — gt (diag(¥)7) = NG2(7),
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= —Ni®cosd — Nz sind = Ng5(7),

We,PC

(W)z)

gg(diag(¥)z) = Nif*sind — Nz'i cosd = Ngg(),
(¥)z)
(¥)z)

Gt (diag(¥)Z) = (vgNig + i Nif) = Ng:(2),
T 7: ~ We,PC .o .3
gS(dlag \I/).%' = T(vgNZo - UQNZO) Ng8( )
. ~ R PO
911 (diag(¥)7) = -1 (diag(¥)z) = Eg1(2) = gu (@),
5y(diag()Z) = n(vf —vf) — gt (diag(¥)7) = G12(2),
Gis(diag(¥)z) = n(vy — v)) = G13(%),
914(diag(¥)Z) = we prr,(vg cosd + v sind) = g14(7),
glG(dlag(\I})f) = Wnom = §16(x)7
with n := _kgLLUPLL + k%’LI}ﬁPLL- Therefore we have
diag(¥)g(z, u1, uz2) = g'(diag(V), ui, uy). (A.24)

Notice that the PLL dynamics are decoupled from the remainder of the states in the
state-space model. Therefore, the parameters of the PLL in the individual and reduced-
order models are the same, and we can conclude that:

Ug’r = ’Ug’B, ’U]E’LL = VPLL, ¢£’LL = ¢PLL, o' =4. (A.25)

Now, consider the function h(z,u},u5) : R x R? x R? — RS, which is defined to have
the same structure as g" (2", u}, uh) except that its 13th, 14th, and 16th entries are 0.
Then, the following holds

Tl ) — G (ding(), uh, 1) = h((@ — diag (V)7), 05,48).  (A.26)
Using identities (A.21)—(A.26) in (A.17), we have

2= A"(Z" — diag(V)Z) + h((Z" — diag (¥)Z), 0g, ub)
= Az + h(z, 0, ub). (A.27)
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If we initialize z(t9) = 016, we have z(t) = 016, Vt > to, due to the fact that h(016, 02, u5) =
016. By the definition of z(t), we have z"(t) = diag(V)z(t), Vt > to.

For the other direction, given that z(t) = 2" — diag(¥)z = 014, Vt > o, u} = Nuy,

and ub = ug, (A.17) can be written as

016 = (A'diag(W¥) — diag(V)A)Z + (N B — diag(V) By )u; + (B} — diag(¥)Bs)us
9" (diag(V)Z, Nuy, us) — diag(V)g(Z, u1, uz). (A.28)

The equality above is satisfied when the following identities hold:

A'diag(¥) = diag(V)A, NB! =diag(V)B;, B} = diag(V)B,, (A.29)

g' (diag(¥)@, Nuy, uz) = diag(¥)g(@, u1, uz). (A.30)

It emerges that R;, L, k’éc, and kcc always appear in the identities above as fractions:
%, kE—C nd % Therefore, these parameters relate to those in the reduced-order model

through (A.13b). The remainder of the parameters can be determined straightforwardly
from (A.29) and (A.30); they are given uniquely by (A.13a), including the unchanged
parameters (i.e., those which are not mentioned in (A.13a) and (A.13b)). This concludes
the proof. O

A.2.3 Corollaries for Heterogeneous Settings

We now present two corollaries. In the first, we examine inverters with different
reference-power setpoints for both active and reactive power. In this particular case, the

relationships between the states of the reduced-order model and those of the individual

inverters £ = 1,..., N are as follows Vt > tg:
/Br b o b b T
[21 7Zj 7Zo 75 77 77qr7p£vg7q;vga¢pra¢qr]
N
Z Liet 1@7 gﬁa gga7£anapangaQangangad)g] )
/=1

N
1
ol = 5 D et ofl)
=1
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T T
02" Vb $bpr, 81T = (U] 4 vPLL, SPPLe O] T, VL.

In the second corollary, we examine inverters with different power ratings, and derive
an aggregate model with currents that scale systematically. Recall the notion of power-

scaling parameter rky for the £-th inverter introduced in Chapter 3 as:

Ky = prated,é7 (A32)
Phbase

where prated,r and ppase denote the rated power of the /-th inverter in the parallel system
and system-wide base value, respectively. Without loss of generality, we assume that
the inverter model in Fig. A.1 has a power rating equal to the base value. Also recall

the notion of equivalent power-scaling parameter:

N
Ri=> k. (A.33)

The states of the reduced-order model relate to those in the individual inverters ¢ =
1,..., N and the unscaled inverter (i.e., inverter model with rating equal to the base

value) as follows Vt > tg:

,3, T T g,
[ i i Y Y Py Qg O 0V
N
— P
iz 127 1[7 g[) gé77€77{7pavg£7Qavg,€7¢g7¢g]
(=1

T
:’1[2?77’157 g7 577 ’}/ 7pan7qewg7¢p7¢q]
57 y 1T
[of"" vp " W) vbrr, $bpr, 6]
T
= [vf'y, ng 05’47 UPLL,¢; PPPL,¢; 0¢) ", VL

T
= [vf', vy, vl vpLLéPPL, ]

Formal results establishing these two aspects follow next.

Corollary A.2 (Aggregation of parallel-connected identical single-phase inverters with

different reference-power setpoints). Let us denote ¢, p;, and q; as the state vector,
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real-, and reactive-power setpoints of the £-th inverter in the parallel system. Per-

mute zy the same way as in (A.14), denoting the permuted vector as Xy. Partition

= _ \T ,aBT _ Lo B e B d A4 P q ap

Tp=[A Vg g xPLL e] , where \p = [Zfeﬂi,bzg,z?lg,zv’yz 'Yy ,pavg’g,qavg,g,@,(be] vpp =
[vf‘e,v@] , and xpry, = [v 5£,UPLL 7, OPPL g,ég]T We also permute and partition x* the
same way, denoting the permuted vector as x° = [)\rT af,rT x%TLL]T. Suppose the ini-

aﬁ7
Vg

= > Melto), (to) = % i, U?f(to), and

xpyp(to) = xprre(to), Ve, and the inputs are:

tial conditions are such that \"(to)

N
uy = Zul’g, Uy = ug. (A.35)

It follows that, ¥t > tg:

Ae(t),  vEP(2)

(=1 (=1 (A.36)

rpry(t) = wprLe(t),

if and only if the parameters of the reduced-order are related to the individual inverters
through (A.13a)-(A.13b).

Proof. We begin by noting that the PLL dynamics are decoupled, and the its parameters
in the individual and reduced-order models are the same, therefore Vt > ¢, xp () =
xprre(t) VO if we initialize xpp; (to) = @prr(to) V€. Next, partition the permuted
versions of (A.8) and (A.12), excluding the PLL dynamics, as

x| [An A [N Bn [ By | 51 (@ ur 0, u
sl =5 R as| Tt ue+ | fue+ | (2 ) . (A.37)
Opp | [A21 Az |vpy, Bia | B2z | | 92(Zp, w1 0, u2)
A ] Alil A1i2_ B Ail _§51_ §1i(fr,ul7“2)
['aﬁvr 1o | Lo Tlae Ut 5 |2 o o (A39)
Vs 21 “A22] |Vt 12 | B3 | |95(@", ul, up)
where g1 : R0 x R? x R? — R!? and g : R'® x R? x R? — R? are the nonlinear parts

of the dynamics of Ay and v;" f , respectively (similarly for gj and g5). We bring to note
a slight abuse of notation in terms of the submatrices in (A.37) and (A.38) and those
n (A.18) and (A.19). Furthermore, the submatrices in (A.37) and (A.38) also follow
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the relationships in (A.20). Define z; := A" — Zévzl Ae and zp = Nv?ﬁ’ Ze 1 v”

The dynamics of z; and zo are:

N
= A= S0A = AN+ Ay 4 Bl + Byyub + G uf, ub)

¢

N o~ o~ o~ o~

- Z (An)\z + A12vf°f’r + Biiuie + Barug + g1(Te, vt e, U§)> ) (A.39)
=1

= N Z o = N (AN + A50f™ + Biyul + Biyus + G5(3", uf, )
N

- Z (A21>\z + Azzvgf’r + Biguy ¢ + Basua + G2(Te, u1 4, U§)> . (A.40)
—1

Next, we will show that

M) =

g1 (@5 ul, uy) — Y G1(Te, ure, u2) = gi(x, 02, u2), (A.41)

~

M= -

Ngy (", ui, uy) — Y g2(Te, ur e, u2) = g2(x, 02, u2), (A.42)

~
Il

1

where x 1= [2], 23,255 1 |T. Let g1x(Zr), Gok(Ze), G5 o (T7), and G5 . (Z%) denote the k-th
entries of g1(T¢, u1e, u2), G2(Te, u1 e, u2), 91(7", ui, uy), and g5(z", ui, uy), respectively.

Then, we have

N
(=
kiCC d,r r kgc P Y * r ) p .q,r kéC q,r sST
—|—T’y’ cosd" — N kPC(Zpg—pavg)—i—kPC(b N R sin &

/=1
N
KL k
- Z <( EC (kZF)’C( [ — Gave,e) T kPC¢£ 12) EC’Y?> cos dg
=1 !

kP N i q.r ki r .
+-¢c <(k%ic(pe = Pavgs) + kpod® — i) — =59 ) sin 54)

KL N
= < EIC <kp qavg Z Qavg, + kPC (;5017 Z (z)e i — Z ZSZ)>
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- N
kz . . k.p
e ) L LT CAURIENES SRR
! ! =1

=1 =1 =1
= /g\l,l(Xa (D27 UQ), (A43)
N .
G12(T") — 251,2(@) = (—kPrpvpLr + kpLnépLy) (57 — iig’r) —911(7")
=1
N .
= (( kprpvpLLe + kprropLLe) (i — i5,) — 91 1(1’4))
=1
N N
= (—kprrvbLL + kpLLObLL) (( = Zifg) N G- Z ifg)) — (@{71(5?)
=1 =1
N
- Zﬁl(@) = G1,2(x, 02, u2), (A.44)
=1
N
Fia3@) =Y G13(F0) = 0= Gi3(x, 02, u2), (A.45)
=1
N
FLa@) = G1a(@) = 0= Gra(x, 0a, u2), (A.46)
=1
N N
g15(T") — ZALE’(@) = —i" cosd" — 1’8’ sin ¢ — Z (—iﬁ‘z cos dy — z"fg sin 5g)
=1 =1
N N
= =i =Y i) cos 8" — (i =Y i) sind" = Gis(x, 0o, ua), (A.47)
=1 =1
N N
Ji6(7") — ZAL@(@) = i sind" — i’ cos 6" — Z (igg sin dp — iiﬁe cos (5g)
=1 =1
N N
= (i{"" — Z i) sin 8" — (i’ — Z if@) cos 0" = g1.6(x, 02, ua), (A.48)
=1 =1
al w Y
~ (AT ~ -~ ,PC -qu,T r:B,r ,PC . .
91,7(z") — Z 1,7(Ze) = 62 (vgig™" + vf’ it — Z 62 (Uglg,e + Ug,ﬂg,e)
=1 =1

N N
We,PC or : . , N
= — (Ug(lg’ - Zlg,e) + )" (i — 2254)) = 91,7(x; 02, u2), (A.49)
=1 =1
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(=1 =1
e pe N N
P : : : . N
= C72 - (’U‘gvr(lgz’r — Z Zgiz) — ’Ug(’[/(ﬁ)’r _ Z Zg,é)) = gl,S(Xa @2’ ’UQ), (A50)
=1 =1
N
Fro(@) = Gro(@e) = 0= Gro(x, 02, up) (A.51)
=1
N
F10(@) = D Gr10(@e) = 0= G110(x, 02, u2), (A.52)
=1
Y R
v A PN £y
Ngz1(2") — ; 2,1(T¢) = ~9 g RfZgl 1(Zy)
N
= Re(911(2") = > 91.1(%0)) = G2,1(x, 02, u2), (A.53)
=1
N .
Ngyo(Z") — ZE,z(@) = N(—kppvprr + kpLodbrr) (vp — Uf )= Ngy, (3"
=1
N .
- ((_kgLLUPLL,f + kprLoprLe) (vf — vf,g) - §2,1(@))
=1
’ N N
= (K vbrs + kb dbin) (Vo = D vf) = (Vo = S of))
=1 =1
N
Ngy 1 (z Z (Ze)) = g2,2(x; 02, u2). (A.54)
/=1

Therefore, (A.41) and (A.42) hold. Using identities (A.20), (A.41) and (A.42), we can

write the dynamics of z; and zo as

= Aj121 + A1222 + G1(x, 02, u2), (A.55)
Zo = Ao121 + A2zza + g2(x, 02, ug). (A.56)

If we initialize z1(tg) = 010 and 22(tg) = 02, we have z1(t) = 019, 22(t) = 02,Vt > tg
since g1(x, 02,u2) = 0109 and g2(x, 02,u2) = 02 when z; = 019 and z3 = 02. By the
definition of z; and 22, we have \'(t) = Zévzl Ae(t), U?ﬁ’r(t) =+ Zév 1 U” ( ), Vt > to.

For the other direction, given that Vt > to: 21 (t) = AT(t) = S0 Ae(t) = 019, 22(t) =
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Nvfaﬁ’ (t)— Zf 1 v”( ) = 02, 2py 1. (t) = zprLe(t), V¢, (A.39) and (A.40) can be written

as

010 = (A5} — AN + (A5, — NAp)w?" + (B, — Bi)u}

N
T (Byy — NBar)ub + G5 (3, o} u) — Z@a(@, g, 5),
(=1

N
+ (N B3y — NBag)uy + Ngp(zF, ut, uy) Z 2 (Zg, ur e, usy).
=

These equalities are satisfied when the following identities hold:

N U P 1~ - N
Al = Ay, Al = NAy, Ay = NAQM Ay = Ao,

~ . L 1 - R (A.57)

B{l = B117 B§1 = NBZ].? B{Q = NB]_Q, B£2 - _8227

912", uy, uy) Zgl (e, ut,e, u2), (A.58)
N

NGy (@, ui,uh) = Y Go(@e, wr g, us). (A.59)
=1

It is straightforward to see that (A.13a) and the unscaled parameters are the only set
of parameters that satisfy (A.57). For the rest of parameters, i.e., R;, Li, k{, agd kéc,
it can be derived that they always appear in (A.57)—(A.59) as fractions of %, k%c’ and

kgc Therefore, they are related to those in the reduced-order model through (A.13b).
This concludes the proof. ]

Corollary A.3 (Aggregation of parallel-connected single-phase inverters with hetero-
geneous power ratings). The parameters of each inverter are related to the unscaled

inverter through

R L R
Ctp = keCt, Ry = *Z Lye= /?Z’ Ryo= -2, (A.60a)

Ry R koo _ ke koo, _ ke (A.60b)
Lie L’ Ly L’ Lg L’ '
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and parameters not mentioned are unchanged. Suppose the reference-power setpoints
for each inverter are p; = kep* and q; = keq*. The parameters of the reduced-order

model are related to the unscaled inverter through

L R
Cr = RCy, RE = B Ly==2 Ry= =, (A.61a)

%
T . p,r P izr 7
Ri _ R; kCC _ kCC kCC _ kCC

L L L IF L (A.61b)

Parameters not mentioned are unchanged. Let x, xy, x° denote the state vectors of
the unscaled inverter model, (-th inverter of the parallel system, and the reduced-order
model, respectively. Permute the state vectors the same way as (A.14), denoting the
permuted vectors as T, Ty, T°. Partition the permuted state vector T = [A\T,¢T]T, where

A= [Za Z/B ig7i§77d7/yq7pavgaqavga ¢p’ (;Sq]T and dj = [Ufavlvfﬁ))r‘}gﬁvvpLLa ¢PLL75]T' We also

199>
wr

partition T, and Z° the same way: Tp = [A},¥}]T, 75 = N, T. Suppose the initial
conditions are such that X" (ty) = Zévzl Ae(to) = KA(to), ¥ (to) = Ye(to) = ¥(to), V¢, and
the inputs are:
N
uy = Zuu =Rui, uy=ugy = uy, VL. (A.62)
/=1

It follows that for t > ty:

N
N (1) =D M) = RA®), (1) = te(t) = (1), 2, (A.63)
/=1
if and only if the parameters of the reduced-order model are related to the unscaled

inverter through (A.61a)—(A.61Db).

Proof. Each of the inverters in the parallel system can be viewed as the aggregate of kg
inverters, while keeping in mind that s, is not necessarily an integer. The rest of this

proof is straightforward from Theorem A.1. O
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A.3 Experimental Validation & Simulation Results

In this section, we outline results from an experimental prototype and an exhaustive
simulation study to demonstrate various aspects of the reduced-order model. The pur-
pose and scope of the experiments is to demonstrate the validity and establish the
accuracy of the reduced-order model (under uniform and symmetric settings) and this
is done by comparing the net current injected by the parallel system of inverters in
hardware to the output current of the aggregated reduced-order model. The exper-
iments also establish robustness of the reduced-order model to parametric variations
that are indeed inescapable in any hardware setup. Following the experimental results,
we also include an exhaustive simulation study that: validates the reduced-order model
derived for hetereogeneous settings (Corollaries A.2 and A.3), investigates robustness
of the reduced-order model to variations in filter parameters, and demonstrates the

computational benefits of the reduced-order model.

A.3.1 Hardware Setup

To validate the reduced-order model, our collaborators at the National Renewable En-
ergy Laboratory (NREL) built an experimental system comprised of three identical
750 [VA] single-phase inverters connected in parallel across a stiff voltage source. The
hardware setup is illustrated in Fig. A.3(a). It consists of three distinct inverters each
with a dedicated power stage and a TI F28335 DSP controller. Each inverter utilizes
the control structure shown in Fig. A.1. Controllers are discretized with a step size
of 1/(15 x 10%) [s] and unipolar sine-triangle PWM is utilized with a switching fre-
quency of 30 [kHz|. The single-phase 60 [Hz], 120 [V] RMS ac system voltage (i.e.,
the grid point of interconnection) is realized with an Ametek MX-45 grid simulator.
Subsequently, measurements obtained from the multi-inverter system are compared to
a software simulation of a single aggregated inverter model (see Figs. A.2a and A.3b).
The simulation of the aggregated inverter, as given in Fig. A.3b, was carried in MAT-
LAB with the ODE45 solver, performed on a computer with Intel Core i7-7700HQ
processor @ 2.80GHz CPU and 8GB RAM. The parameters of the experimental setup
are summarized in Table A.1. Simulation parameters used in the aggregated inverter

model are obtained from these, and the scalings reported in (A.13a)—(A.13b).
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Figure A.3: (a) Experimental setup consisting of three parallel-connected single-phase inverters
rated at 750 [VA]. The system of three inverters are given real- and reactive-power step com-
mands to generate the results in Fig. A.4 (Currents plotted in Fig. A.4 are shown in dashed
boxes, marked with the same color scheme above.) (b) The reduced-order aggregated model
where the multi-inverter system is represented as one equivalent inverter.

Table A.1: Inverter LC L-filter and controller parameters.

LCL filter Current Controller PLL
L; = 1.0 [mH] kio =6 [V/A] kppp =1.25 [rad/(V - s)]
R; =0.7[Q] Lo =350 [V/(A-s)] | kby =10 [rad/(V -s?)]
Cf =24 [MF] We,PLL = 27 x 200 [rad/s]
Ry =0.02 [Q] Power Controller
Ly = 0.2 [mH] kpo =0.01 [A/VA]
Ry =0.12[Q] | kby = 0.1 [A/(VA -5)]

we,pc = 50.26 [rad/s]

A.3.2 Validation of Reduced-order Model

To validate the proposed reduced-order model, we compared the measured and simulated

dynamic responses under a comprehensive set of step changes in both real and reactive

power. The real-power steps are representative of, e.g., sudden irradiance transients that
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Figure A.4: Comparison of experimentally measured and simulated waveforms: (a) Real-power
step up p* : 30 [W] — 600 [W] with fixed ¢* = 0 [VAR], (b) Real-power step down p* : 700 [W] —
50 [W] with fixed ¢* = 0 [VAR], (c) Reactive-power step up ¢* : 0 [VAR] — 500 [VAR] with fixed
p* =200 [W], (d) Reactive-power step down ¢* : 500 [VAR] — 0 [W] with fixed p* = 250 [W].

a microinverter system might contend with. The reactive-power steps are representative

of, e.g., ancillary services that grid-connected inverters may provide. Results are plotted

in Fig. A.4. The plot pair in each subfigure illustrates:

1. The measured net sinusoidal current injected into the grid by the parallel inverters

overlaid with the simulated current from the aggregated-inverter model. The mea-

surement point and corresponding point in the reduced-order model are marked

prominently in Fig. A.3.

2. Pertinent d- or g-axis current waveforms measured at each inverter output in

addition to measured and simulated net current injection.

It is worth emphasizing that we focus just on the net current at the point of grid
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Figure A.5: Simulation results comparing the injected current for a system of 100 parallel-
connected inverters with all inverter dynamics simulated superimposed to results from the
reduced-order model for the following cases: (a) heterogeneous power ratings with power-scaling
parameters (k) vary between 0.5 and 5, (b) identical power ratings with x = 1 and LC L-filter
parameters vary between +10% of their nominal values,(c) same setup as (b), but with variation
of £80%.

interconnection and compare that with the current suggested by the aggregate model.
The match between these through a variety of large-signal changes—as suggested in
Fig. A.4—validates the accuracy of the aggregate model. Furthermore, note that in this
case, the parallel collection of inverters are collectively described by a 48-state model,

while the simulations are performed with the reduced-order 16-state model.

A.3.3 Simulation Results

Next, we establish the accuracy and computational benefits of the proposed reduced-
order model (for a system of 100 parallel-connected inverters) in heterogeneous settings
with numerical simulation results. The parameters of the inverter with nominal power
rating are listed in Table A.1. We consider the following cases: #1) Inverters have
heterogeneous power ratings with power-scaling parameters k selected to be uniformly
distributed between 0.5 and 5. #2) All inverters have ratings that match the nominal
power ratings, but their LC L-filter parameters vary between +10% of their nominal
values. #3) Same setup as #2, but the LC L-filter parameters of the inverters vary
between +80% of their nominal values. For all cases, the real- and reactive-power
setpoints of the inverters are assumed to be uniformly distributed between 0 — 200 [W]
and 0 — 100 [VAR], respectively, and we perform a step change to both setpoints,
with the values again selected to be uniformly distributed between 400 — 600 [W] and
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300 — 500 [VAR], respectively. The step change is introduced at ¢ = 2 [s], and we stop
the simulations at t = 4 [s]. We note that case #2 and #3 have the same reduced-order
model. The parameter scalings of the reduced-order models for case #1 and #2 (#3) are
given by (A.61a)-(A.61b) and (A.13a)—(A.13b), respectively. The net current injection
of the multi-inverter system and the reduced-order models for case #1, #2, and #3 are
shown in Fig. A.5. We can clearly see in Fig. A.5a that for case#1, the output current of
the reduced-order model is exactly the same as the net current injection of the parallel
system—this validates Corollaries A.2 and A.3. Furthermore, Fig. A.5b shows that the
reduced-order model is quite robust with respect to the parametric variations in the
LC'L filter parameters with discrepancies obvious in high-frequency content. For larger
variation (£80%), Fig. A.5c¢ shows that the reduced-order model captures the dynamics
of the multi-inverter system, albeit with degraded accuracy during the transient. Finally,
the computation time for the 1600-th order multi-inverter system simulation for cases
#1, #2, and #3 are 58.23 [s], 66.97 [s], and 145.08 [s], respectively, and of the reduced-
order 16-th order aggregate model are 1.89 [s], 1.62 [s], and 1.62 [s], respectively. This

clearly establishes the computational benefits of the proposed model.



Appendix B

Three-phase Inverter Model

Particulars

B.1 Steady-state Operation of PLL

The three-phase grid voltage is expressed as v = V; sindg, v;’ = Vysin(dy — 27/3),vg =
Vysin(dy+2m/3), where V; and §, are the voltage amplitude and the angle of the phase-a
voltage, respectively. The d-axis component of v, is obtained by applying the Park’s

transformation (3.2) to the three-phase voltage as follows:

Vgsind,
vd =2 [cosd cos(d — ZF)  cos(6 + %ﬂ)] Vg sin(dy — 27/3)
Vg sin(dy + 27/3)

=V sin(dy — 9).

From above, it follows that when vg =0,0d =9,

B.2 Entries of State-space Matrices of Three-phase In-

verter

In order to show the entries of matrices A, B, and function g(z, u2) compactly, let us per-

~._1d 9 .da,d,d .d T
mute the state vector as x := [zi s Ui gy 1oy Vg Vg Y ,yq,pavg,qavg,gbp,qbq,vpLL,qupL,5} ,
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and the permuted dynamics are given by

T = AZ + Buy + §(F, us), (B.1)

Suppose we partition the permuted state vector as T = [z] ., ¥dq, The, Topp) s where
_d 4 q,d AT _ od AqlT _ T _
TLCL = [Zi P Zi y 155 %oy vf ) Uf] , LCC = ["Y 7/}/q] , TPC = [pavga anga ¢p7 ¢q] ) and TPLL —

[vpLL, ¥PLL, 6] 1. Then, we can write (B.1) as

- _ . o i} _ i
Tror Arcr ASS, AYS, Oexs | |zror Brcr
. LCL PC
oo A O2x2 A 02x3 Too Bcce o
. = e cc + U1 —l—g(:v,uz),
TpC Oaxe  Oux2  Apc  Oix3 TpC Bpc
TPLL Oaxe  Oax2  Oaxa Aprn| |zPLL 032

where the nonzero submatrices Aoy, AggL, AEgL, AégL, Agg, Apc, ApLy, Bror,

Bcc, and Bpc are given by

B kP +R;
—_ cicL A 0 0
k2 +R;
_ Fgethi
0 T 0
Rg
A B 0 0 I,
LCL —
0 0 —Wnom
kL +R; 1 R 1
—RfCCT +& —Wnom Rt Rffz -
kLo +R; 1
L Wnom Pt _RfCCT + Cr 0
0 -+ 0
1
0 0 —1I
1
Wnom I, 0
Ry 1 ’
I, 0 L,
0 —Re(£+ 1) w
f Ly L; nom
Ry 1 1 1
Rffg en —Wnom _Rf(fg + fl)



ALCL -

ALCL

Apc

Brcor =

£ o 0 ferte 0
0 e —e kb 0 ke
0 0| e 0 0 0
0 0 oL = 0 0 0
%kéc 0 0 k;;ch 0
] k
0 Rl —=eo P Ry 0 20 kb Ry
-1 0 0000 PC _ 0 —kbe 0 kg
0 -1 00 0 0] Kb 0 Kb ’
—w 0 00
S’PC —wepc 0 0 wept 0 0
ore , ApLL=| -1 0 o0},
~1 0 00 ) 2,
0 ] 00 kpr  kpur O
kP, 1
v 7 Fpo o
ke 0 0 0
0 0 0 KB 0 0
; Boe = Pel, Bpo=
0 0 Ko 0 10
0 HerloR 01
_k%ckgch 0 _

Let g¢(Z, ug2) denote the ¢-th entry of g(Z,us). The nonzero entries of g(¥, uy) are:

93(T,u2) =

94(T,u) =

05(Z,u2) =

§6(§7\7 U2) =

~

99(T,u2) =

?10(57\, U2) =

; . 1 ~
(—kprrvpLL + kpriéprr)ig — fvg(x, u),
g

(kpppvpLL — kbpLopLL)is — L—gvg}(x, us),
' , Ry 4,
(—kprLvpLL + kprpopLL) (— Reif 4 vff) + L—vf}(m, us),
9
' : Ry
(kbppvpLL — kpLooprn) (—Reif + vf) + L—gvg (Z,us)

3
5We,pC (vd(x ug)id + vg (7, uz)zg) ,

Swepc (V3@ w)id — d(@ uw)id)

913(F, u2) = we pLLV) (T, u2),
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/9\15 (:f; u2) = Wnom

where U‘; (Z,u2) and vg(ZT,uz) are given by

[N

~ 2 2
vg(x, ug) = = <cos(<5)v§,L + cos(d — g)vs + cos(d + ;)v;) ,

w

52"

2 2
vl (T, ug) = — (sim(é)vzl + sin( 3 )v;’ + sin(6 + ;)v;> .

3

B.3 Proof of Corollary 3.3

Note that the PLL dynamics are decoupled from the rest of internal states and their
parameters are the same in the reduced-order and individual models, therefore zp; | (t) =
xpLLe(t), VO for t > to if we initialize xpp [ (t0) = @pLLe(to), V. Next, we partition the
dynamics of the individual inverter and the reduced-order model excluding the PLL

dynamics as follows:

A | A A A Tp, U

-déq _ 11,0 12,0 dt; 4 1,6 ure + gl,f( /4 2) (B.2)
Org]  [Aone Az iy 2.0 g2,0(Te, u2),

)‘\r ] _Ar AT AT BT r xr’ur

Gl = 11 12 o 1 w4 gi( 5) (B.3)
o Ay A v B; g (", ub)

We also consider the dynamics of the inverter with nominal power rating, whose states

denoted by z°, as follows:

[ A0 B A[1)1 A[1)2 A0 B? w0+ g?(wo,ug)] (B.4)
.dq,0| — dq,0 1 : :
b A3 Ay [vo® Bj 95(2°, uf)

The submatrices in (B.2) and (B.3) are related to those in (B.4) above as follows:

1 1
0 0 0 0 0 0
A1 =AYy, Arap = KeAly, Aoy = ;KAQD A=Ay, Biy= Bj, By = K;BQa

(B.5)
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al 1 1
=AY, Al = RAY, = Z’WA?Q» 21 = %Agla bo = A, Bl = BY, B = EBS-
(=1
(B.6)

We define z1 := \' — N A and z9 = Rodar lig’l) The dynamics of 21 and 29
(=1 £ 13 1 fzz y
are:
\T

=N =Y A= AL 4 ALt 4 Biub + gh (27, ub)

MZEMz

(Ai1ehe + Ao evfg + By gui g + g1,0(ze, uz)) (B.7)

~
Il
—

d b}
Zo = m}f Z ﬁgv” = R(AQH A" + Abyup ¥ + Biuj + g5(2", uj))

k(A1 A0 + A22,ev?f} + Bo g1 0 + go,e(e, u2)). (B.8)

Mz

~
Il
-

Using identities in (B.5) and (B.6), the dynamics above can be written as follows:
Allzl + A1222 + gl il U2 Zgl Vi ﬂ?[, 'LL2 (Bg)
= A 21 + A 2o + Kb (", ub) Z Keg2,0(xe, u2). (B.10)

Let gy, and g1k g?,k denote the k-th entry of gj(z",u5) and g1 (¢, u2), respectively,
and g5 . and g2 denote the k-th entry of g5(z",ub) and go¢(x, u2). We also denote
the k-th entry of z; and 23 as 21, and 2. The entries of gf (2", u}) — Zévzl g1.0(xe, u2)

are:
N N
- Zgl,m =0, gia—) g102=0, (B.11)
=1
q,r K der v
291 03 = (—kpppvbLe + kbLLdbLL)id” — 7Y (2", up)

g
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N

Ky
Z PLLUPLL ¢+ kPLL¢PLL )il ol ~ fvj(xg, u2))
g

H

= (—kprvpLL + k%’LLgb;’LL)ZL& (B.12)

o~

_ (1P i d, K
=Y grea = (Kp b — brodbu)is” — Tvd(a’ u)

g
N
- Z((klgLLUPLL,Z — kprrdpLLe)io, — ng(fév uz))
=1
= (KprpvbLL — kpLLdbLL) 214, (B.13)
N N
- 291,6,5 =0, g16— 291,6,6 =0, (B.14)
-1

29187 uJcPC( (CU u)ig "t vg (2t up)ig")

— *wc PC Z (wg,ug)i e + U;}(l‘b “2)ig,z)

3
= §wc,pc(v§(:vr, u2)z1,3 + vg (2, u2)z1,4), (B.15)
Z 9168 = Swepc(vi (e, ub)igt — vg(a",uh)id")
- *wc PC Z (g, un)ig o — vy (e, un)ig )
= iwc,PC(U;}(ajr7 UQ)ZL?, — US(xr, U2)2174), (B.lﬁ)
N N
91,9 9169 =Y, 91710 2917&10 =0, (B.17)
=1 =1

and the entries of Kgh (2", uh) — Zévzl keghe(Te, ug) are:

N

- . ; Ry . R

Rgbi— > kegars = R(=kDp vbrr, + k%’LL¢£’LL)(_§7’iq7r + i) + ffvﬁ(xr, uy))

=1 g
N

- Ry . R
- Z ’W((_kgLLUPLL,K + kZPLLCbPLL,Z)(—EZgz + U?,é) +

f d
vy (e, u2))
g
=1 Ly
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= (—kppLvpLL + k%LL¢rPLL)<—Rf21,2 + 229), (B.18)
N
~ T —~ r . r Rf -d, d, Rf r r
Roso — D keg2e2 = R(kprpvpLL — kprropLl) (— =4 " +vp") + —vg(a’, u3))
(=1 k L

N
; Rf . Rf

- Z re((KpryvPLLe — kaLLQbPLL,Z)(_ITZZSZ + i) + Lfv;‘(xe, uz))
= 9

1
= (KprpvbLL — kpLodbro) (—Rezin + 22,1). (B.19)

Notice that z; = 019 and 2z = 09 imply 2; = 019 and 29 = 05 since the nonlinear parts
of the dynamics shown in (B.11)—(B.19) are also zero. Thus, we have \'(t) = éV:O Ae(t)
and 00V (1) = N, %v?%(t) for t > tp if we initialize them as A*(tp) = S Me(to) and

v?q’r(to) = Z?Ll %vﬁ%(to). This concludes the proof.



Appendix C

Three-phase Photovoltaic

Inverter Model Particulars

C.1 Entries of State-space Matrices of Three-phase Pho-

tovoltaic Inverter

Partition the state vector as x = [v{p, 71, hcs e, 2pp) s where zcr, = [if, i, id, i,
o, o], Zae = [edes Ppv,aves @del Ty TRC = [Gaves @5 zoc = [v4, 74T, and zprL =
[VPLL, PPLL, 5]T. The inverter dynamics are
Evea [ ArcL Afe ARG ACC Ogxs 1 [zrer]
Tde O3x6  Adc  03x2  O3x2 033 Tde
irc | = | Oaxe  Oaxz  Arc  Oax2  Oox3 | | zre | +9(@, u1, u2, u3),
Tco ARCE Ade. ABS 0axo Ooxs | | woc
| TPLL | | O3x6  O3x3  Osx2  Osx2 ApLr| |ZTpLL)

95



where the nonzero submatrices are given by

Arcr, =

de __
ALCL -

cc _
ALCL —

ALCL _

RC _
Ace =

r _ Rit+kgq

T 0 ) 0
Ri+k
0 _7Licc 0
_ R
0 0 I,
0 —Wnom
Re (KR +R; R¢R
4 CLC1 ) + Ci —Wnom I2f Egg Cif
P
i wnome Rf(kchi; +R1) O
) _
0 —I 0
1
0 0 —1I
1
wnom fq 0
R, 1 ’
I, 0 I,
0 _%f % Wnom
RiRg 1 w _ Rt _ R¢
L, . nom Li Ly
[ kEckg keok T
I 0 0 ] L L;
okle o Hokie 0 0
L L RC 0 0
0 0 0 ) ALCL = )
0 0 0 0 0
k2 kP R kP kL R,
k¢ o kg Ry 0 el reris - CCLiQ f CCLiQ f
- Lo - 0 0 |
- _
0
k'L
0 cc
. g 0 0 0 .
—w,
) Adc - 0 —We,pv 0], ARC = c,Q )
0 0 . 0 0 0 -1
kiR -
cgi f .0
kit~ R
L 0 =
1 0 00 0 0 w 0 0 0
) ACC - . )
i 0O -1 0 0 0 O k{)/C 0 —kyc
T —wepr, 0 0
Q "Q Apry, = -1 0 0
L 0 0 4 )
_kPLL kPLL 0
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Let g¢ denote the f-th entry of the function g(x,u;,us,us). The nonzero entries of

g(x,u1,u2,uz) are given by

kP, EY,
PR LR
L;
, . 1
93 = (—kpLpvpLL + kprr¢pLL)ig — fvﬁ, 913 = —k{vi2
g
. . 1
g4 = (kgLLUPLL - k%LquPLL)'Lg - Lfgv;}?
— (—kP ki Reid q Ry 4
g5 = (—kprr,vpLL + kprpopLL) (—Red + o) + T Y%
g
) ) R; RekP K
g6 = (kpypvpLL — kprpoprn) (—Reif + of ) + f”? - %Uﬁ?
g i
1 . 3, d4.d a4
g7 = o (Vedcipy 5(2)1 i + ;')
gs = We pvy edcipva
g9 = ’U:i(za
_ § ( q;d _ d~q)
gio = 2WC,Q Vgly = Vgl),

d
914 = Wc PLLYg

916 = Wnom-



