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ABSTRACT

This research deals with an analysis of the problem of a fluid-driven fracture propagating
through a poroelastic medium. Formulation of such model of an hydraulic fracture is at
the cross-road of four classical disciplines of engineering mechanics: lubrication theory,
filtration theory, fracture mechanics, and poroelasticity, which includes both elasticity
and diffusion. The resulting mathematical model consists of a set of non-linear integro-
differential history-dependent equations with singular behaviour at the moving fracture
front.

The main contribution of this research is a detailed study of the large-scale 3D dif-
fusion around the fracture and its associated poroelastic effects on fracture propagation.
The study hinges on scaling and asymptotic analyses. To understand the behavior of
the solution in the tip region, we study a semi-infinite fracture propagating at a constant
velocity. We show that, in contrast to the classical case of the Carter’s leak-off model
(1D diffusion), the tip region of a finite fracture cannot, in general, be modeled by a
semi-infinite fracture when 3D diffusion takes place. Moreover, 3D diffusion does not
permit separation of the problem into two regions: the tip and the global fracture.

We restrict our study of the fracture propagation to an investigation of two limiting
cases: zero viscosity and zero toughness. We show that large-scale 3D diffusion and its
associated poroelastic effects can significantly affect the fracture evolution. In particular,
we observe a significant increase of the net fracturing fluid pressure compared to the case
of 1D diffusion due to the porous medium dilation. Another consequence of 3D diffusion
is the possibility of fracture arrest. Indeed, the fracture stops propagating at large time,
when the fracturing fluid injection rate is balanced by the leak-off rate at pressure below

the critical propagation pressure.
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Chapter 1

Introduction

1.1 Context

Hydraulic fracturing is a process by which a fracture is initiated and propagated in a rock
mass by injection of a pressurized fluid from a borehole. A natural example of hydraulic
fracturing is a magma-driven dike, which can reach kilometers in length (Lister and
Kerr, [1991)). Hydraulic fracturing is widely used in industry, for example, stimulation of
hydrocarbons reservoirs, disposal of liquids (e.g. production water in the oil industry,
supercritical CO2, and liquid waste), and preconditioning of rock masses in the mining
industry.

Let us consider in more details an example of stimulation of an oil reservoir by hy-
draulic fracturing (HF) (Economides and Nolte, [2000). First, a fluid with low viscosity
(the “pad”) is used to break down the rock and initiate propagation of a crack. Low
viscosity is necessary to reduce frictional losses in the well. After propagation is es-
tablished, special agents (such as high-density polymers and crosslinkers) are added in
order to increase viscosity to up to 1000 times that water, and enhance the creation of

a filter cake on the fracture walls to reduce fluid losses. The fracturing fluid is followed



production well

secondary well
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Figure 1.1: Hydraulic fracturing vs waterflooding [after (2001))]

by a slurry of fluid carrying propping materials (the “proppant”). The function of the
proppant (e.g., coarse sand) is to hold the fracture open after the hydraulic fracturing
treatment is completed in order to provide a high-permeability channel for the hydro-
carbons (oil or gas). The last step of the treatment is the cleanup of the well. For
this purpose, breaking agents are injected in order to break down the polymer chains.
The resulting thin fluid is pumped out, leaving the proppant in place. This procedure
can take up to one day. Obviously, one would like to create a fracture that is as long
as possible using the least amount of fracturing fluid. At the same time, the fracture
should be wide enough in order to place the proppant inside the fracture.

Another interesting example from the oil industry is a postprimary recovery method

called waterflooding (WF) (Craig|, [1971; [Thakur et al. 2003)). After the main recovery

period, when the efficiency of a production well drops significantly, water is pumped into
the reservoir through secondary wells which surround the production well. This water
pushes the oil toward the production well, thus increasing its efficiency. The treatment

can last for several months. The objective of this treatment is to inject into the reservoir
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as much fluid as fast as possible. Some investigations indicate that the formation of a
fracture improves the efficiency of the treatment (Craig, |1971; [Thakur et al., 2003)).

In both examples, a fluid-driven fracture propagates though a permeable medium and
in both cases we have some fluid losses due the infiltration of the fracturing fluid into
the medium. This process is referred to as leak-off. Despite their apparent similarities,
the two problems are different: the fracturing fluids have vastly different viscosities and
treatment times differ significantly. Additionally, the leak-off phenomenon is evidently
desirable in waterflooding recovery operations, while it is not in the hydraulic fracturing
treatments. It is apparent that these two “similar” problems are in fact quite different
from a physical point of view. Indeed, one can often assume |Adachi et al.| (2007))] that
during an HF treatment, viscous dissipation associated with the flow of the fracturing
fluid dominates over the energy dissipation associated with the rock damage, whereas
during a WF treatment the situation seems to be the opposite. Thus, for the modeling
of HF, toughness — a measure of the energy required to crack the solid, can often be
taken to be equal to zero, whereas for modeling of WF the fracturing fluid viscosity can
be taken to be equal to zero. These two limits were studied in a series of papers where
they were called the viscosity- and toughness-dominated regimes of fracture propagation
[see Detournay| (2004) for a summary|. In particular, it was shown that for a Newtonian
fluid the viscosity-dominated regime is valid for short treatments, whereas the toughness-
dominated regime is expected for long treatments.

The other significant difference between the HF and WF treatments is in the diffusion
pattern. As illustrated in FiglT.2] during an HF treatment when the fluid losses are
minimized, the diffusion explores only a narrow neighborhood around the fracture, i.e.,
the pore fluid pressure changes only in the boundary layer adjacent to the fracture. If the
width of this boundary layer is small enough compared to the fracture size, the diffusion

pattern is one-dimensional, and the mathematical model can be simplified significantly.
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Figure 1.2: Diffusion patterns

In contrast to HF, a WF treatment can be characterized by a rather large diffusion
zone, the size of which is at least of the order of the fracture size (see Fig[l.2). In this
case we say that the diffusion is three-dimensional. An interesting consequence of such
large-scale diffusion is the following: as the fracturing fluid infiltrates into the porous
rock, the rock dilates and attempts to close the fracture. Mathematically, this means
that additional confining stress is generated.

Most papers on hydraulic fracturing simulation assume the first, one-dimensional,
diffusion pattern. The theoretical modeling of such a one-dimensional fluid leak-off
was developed by . The Carter’s leak-off model also takes into account
formation of a low permeability cake build-up on the fracture walls, resulting from the

fracturing fluid infiltration. This theory proved to be very efficient for modeling HF

(Economides and Nolte| 2000). At the same time, it is obvious that the Carter’s leak-off

model is not applicable to three-dimensional cases like WF. Development of a theory
describing the propagation of a fluid-driven fracture with large scale-diffusion is the

raison d’étre of the present research.



1.2 Models

Modeling a fluid-driven fracture propagation is a challenging problem. The mathemat-
ical formulation of the problem is represented by a set of nonlinear integro-differential
equations. Also, the problem has a moving boundary where the governing equations de-
generate and become singular. The complexity of the problem often restricts researchers
to consider only simple fracture geometries. The most widely used ones are (see Fig/1.3)):
i) the plane strain or KGD model introduced by Khristianovic and Zheltov] (1955)) and
Geertsma and de Klerk| (1969), which assumes that crack deformation and propagation
occurs under plane strain conditions; ii) the PKN model, introduced by |[Perkins and
Kern (1961) and Nordgren (1972), which assumes an elliptically shaped cross-section
fracture of constant height (plane strain deformation is assumed within a vertical cross-
section), and localization of the elasticity equation, leading to a simple proportionality
relationship between the fracture aperture and the fluid pressure; and iii) the penny-
shaped or radial model, which assumes a crack propagating symmetrically with respect
to the well perpendicular to it.

3D diffusion was first introduced into the modeling of a fluid-driven fracture by [Ha-
goort et al.| (1980). The authors studied a KGD fracture propagating through a porous
medium by assuming a homogeneous pressure distribution inside the crack and by adopt-
ing Darcy’s law to describe the fracturing fluid flow through the porous medium. As a
result, the pore fluid pressure evolution is governed by a diffusion equation. The problem
was solved numerically through the discretization of a relatively large domain around
the fracture. Some further development of this model was carried out by several authors
including (Gordeyev] (1993); (Gordeyev and Entov| (1997); [Murdoch and Germanovich
(2006), and Mathias and Reeuwijk| (2009).

Gordeyev| (1993) approached the problem analytically. Starting from the general
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Figure 1.3: Different hydraulic fracturing models [after (2001)]

equations of poroelasticity introduced by (1941), Gordeyev derived a set of equa-
tions governing the propagation of an axisymmetric/plane strain hydraulic fracture in
a poroelastic medium. The set of governing equations was solved explicitly only in the

case of the penny-shaped geometry and for large times, when the fracture propagation

terminates. (Gordeyev and Entov| (1997) examined the propagation of penny-shaped and

plane strain fractures as well. Instead of introducing a propagation criterion, the au-
thors postulated that the fracture length evolves according to the square root of time.

However, this time-dependence of the fracture length is not appropriate for the prob-

lem under consideration. An interesting work was published by [Mathias and Reeuwijk|

(2009), who studied the case of a “stationary” 3D leak-off. These authors considered
the case of very slow propagation of a fluid-driven fracture assuming the pore pressure

around the fracture to be always in equilibrium. Of the papers mentioned here, only
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Gordeyev] (1993)) has studied some poroelastic effects like the generation of an additional
confining stress due to the dilation of the medium.

Some numerical simulations of KGD fracture propagation through a poroelastic
medium were performed by Boone and Ingraffea) (1990) and [Boone et al. (1991). It
was concluded there that the poroelastic effects can have a significant influence on a hy-
draulic fracture propagation. For example, it was shown that poroelastic mechanisms 1)
contribute to an increase of the breakdown pressure, ii) can cause the pressure at closure
to be significantly greater than that of the minimum in situ stress, iii) affect the re-
opening pressure, and iv) influence the process of fracture closure and reopening, in that
the fracture was observed to close progressively from the tip back towards the borehole,
whereas in the absence of the poroelastic effects it first pinches near the borehole.

It is also worthwhile to mention studies on non-hydraulic fractures in poroelastic/
thermoelastic materials done by |Atkinson and Craster| (1991} |1992)); |Craster and Atkin-
son| (1994, [1996)) and other authors. These papers dealt either with stationary or semi-
infinite fractures. In both cases the problem is linear and can be effectively solved using

integral transforms.

1.3 First glance at a “simple” mathematical model

Models of hydraulic fracturing aim to predict the evolution of the fracturing fluid pressure
at the inlet, the fracture length and the aperture field. In this research, we study the
influence of 3D diffusion and the related poroelastic effects on the propagation of a
fracture. Physically, one would expect to find the following effects: i) a decrease in the
fracture opening and/or an increase of the fracturing fluid pressure due to the porous
medium dilation and ii) an arrest of the fracture propagation at large times due to the
balance between the fracturing fluid injection rate and the leak-off rate.

It is worth noting that in the case of 1D diffusion fracture arrest is impossible.
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Figure 1.4: Sketch of the problem

Indeed, when diffusion is one-dimensional, the fluid leak-off rate at a given position of
the fracture depends only on the fracturing fluid pressure history at this position and
does not depend on the pressure in the adjacent regions. As time elapses, the leak-off
rate at each position decreases proportionally to 1/v/¢, where ¢ is time; therefore, a
balance between the fluid injection and leak-off is not possible.

In this research we aim to gain a physical understanding of the processes under in-
vestigation rather than to develop a numerical solution of the general case. For this
reason we mainly concentrate on studying the particular propagation regimes in which
certain physical processes overshadow other ones. For example, if the energy dissipation
due to the fluid viscosity dominates over the energy dissipation due to the rock tough-
ness we say that the fracture propagates in the viscosity-dominated regime. During its
evolution, a fracture can go through different propagation regimes, and we would like
to know what are the intrinsic parameters that govern fracture propagation, namely
when a given propagation regime is valid, which parameters govern transitions between

different regimes, and what are the characteristic times of these transitions.
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From here on we consider a penny-shaped fracture driven by the injection of an in-
compressible Newtonian fluid with viscosity pin, at a constant rate Qq (see Figll.4]). The
fracturing fluid infiltrates into the porous medium and, as a result, a low permeability
cake builds up on the walls of the fracture. The crack propagates through an infinite,
homogeneous, brittle, poroelastic rock saturated by a fluid with the same viscosity pout
as the filtrate, i.e., these fluids are physically indistinguishable inside the medium. The
medium is characterized by Young’s modulus E, Poisson’s ratio v, fracture toughness
K., intrinsic permeability k, storage coefficient S, Biot coefficient «, a far-field (undis-
turbed) pore pressure pg, and is subjected to a far-field stress og, perpendicular to the
fracture plane. We assume the existence of a cavity (lag) separating the fracture front
and the fracturing fluid front. The cavity can be fully filled or partially filled (cavitation)
with the pore fluid.

It was mentioned above that the diffusion process leads to the porous medium dila-
tion. This dilation can be modeled by the introduction of the so-called backstress. By
definition, the backstress would be the stress induced across the fracture plane if the
fracture were closed. Studying this backstress is one more goal of this research.

The governing equations are summarized below (see Chapter [2| for details):

e Lubrication equation

ow

V- -g=0. 1.1
5 T9TV-4a (1.1)
Here t is time, w (7, t) is the fracture opening, g (r,t) is the fluid leak-off rate, and

q (r,t) is the “in-plane” fracturing fluid flux inside the fracture given by

3
w
q(r,t) = ———Vpn, (1.2)

12p
where py, is the fluid pressure inside the fracture, 4 = pi, in the fracturing fluid

filled region, and p = oyt in the cavity region. If the cavity is only partially filled

with the pore fluid, the fluid pressure in the cavity is equal to zero: py, = 0.
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e Elasticity equation

w(r,t) = / [pin (7,1) + 0y (7,1) — 00] L[S (¢) , 7, 7] dF. (1.3)
S@t)

Here S (t) is the fracture surface, oy is the backstress, and £ (S, r, 7) is the elasticity
kernel. In the case of the penny-shaped fracture S (¢) = {r < R(t),z = 0}, where
{r, ¢, z} is a cylindrical coordinate system with the origin at the fracture center

and R (t) is the fracture radius.

e Propagation criterion

Kr = K., (1.4)

where K7 is the stress intensity factor which can be related to the opening asymp-

tote in the tip region by

95/2 K; 12

w(r,t) — ol

x — 0, (1.5)

where E' = E/ (1 — v/?) is the plane strain modulus and z is the distance from the

fracture tip;

e Poroelasticity equations

t
Pout (Ir7 t) — Do = / df/ g (ia E)pSi (’I" —r,t— E) df? (16)
s

t
Ub(r,t):/o df/g<r,z)a;i<r—r,t—z)dr, (1.7)
800

where pout (7, t) is the pore pressure outside the fracture, p*i (r,t) and o3 (r,t) are
the medium responses to an instantaneous point fluid source, g5 (r,t) = § (t) 6 (),

and d (z) is the Dirac delta function;

e Low permeability cake build-up
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— Fracturing fluid filled region

Uc

Pin — pout|re$(t) = ;ga (18)
c

where k. is the permeability of the cake, v. is the thickness of the cake given
by
t -
velrit) =5 [ g(r.Ddr (19)
0

0 is a dimensionless constant coeflicient characterizing the rate of cake buildup

relative to the leak-off rate
— Cavity

Pin — pout|re$(t) =0. (110)

Our eventual goal is to find the fracture opening profile w (r,t), the leak-off rate profile
g (r,t), the fluid pressure distributions piy (7,t) and poyut (7,t), the backstress profile

op (r,t), and the fracture shape S (t).

1.4 On different approaches in hydraulic fracturing studies

One can see that the problem under consideration is highly non-linear and challenging
even though we have predefined a simple penny-shaped fracture geometry. Part of
the challenge comes from the integral equations , 7 and and the time
dependence of the integration domain (moving boundary); the other part of the challenge
comes from the non-linear structure of the equation governing the fluid flux inside the
fracture .

Papers dealing with theoretical modeling of fluid-driven fractures can conveniently
be divided into two main groups. The first group can be characterized by ad-hoc conjec-
tures in the construction of solutions. This group contains such classical works as [Khris-

tianovic and Zheltov| (1955)), |Geertsma and de Klerk| (1969)), |Perkins and Kern| (1961)
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and Nordgren| (1972)), which represent the historical cornerstone of hydraulic fracturing
modeling. This group includes studies conducted by |Abé et al.| (1976); |Advani et al.
(1987)); Biot et al.|(1986), who further develop the classical models. Some of these works
were built upon inconsistent assumptions, however. For example, Advani et al.| (1987)
adopted the incompatible assumptions of viscosity domination in energy dissipation and
uniform fracturing pressure distribution along the crack (Detournay, |2004)).

The second group contains papers mostly written from the early 1990’s and which
aim to construct a rigorous solution to the non-linear set of integro-differential equations
representing the problem. The papers within this group are hinged on scaling and
asymptotic analysis (Detournay, 2004), and they address the following features of the
problem: i) the moving boundary and degeneration of the governing equations at this
boundary, and ii) the strong dependence of the set of the physical processes involved
into the propagation of the fracture on the problem parameters like viscosity, toughness,
permeability of the hosting medium, treatment time etc. (see Section ). The latter
property is related to the multiple time scale nature of the problem (Detournay, [2004).

Let us consider each of these features in more detail.

Tip region

As already stated, the governing equations degenerate in the tip region, and the solution
of these equations is singular. As a result, the question of appropriate boundary condi-
tions arises. The problem of boundary conditions is especially important for numerical
modeling of a fluid-driven fracture propagation. The original approach to tackle this
problem consisted in adopting the square root tip asymptote (w ~ 212, where z is the
distance from the tip) that is predicted by linear elastic fracture mechanics. This tip
asymptote, referred to as the toughness-dominated asymptote, depends only on the elas-

tic modulus and on the toughness of the hosting medium. However, it is clear that this
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tip asymptote is not appropriate in the limiting case of zero rock toughness. Spence and
Sharp| (1985) and later Lister| (1990) observed that in this case the tip solution is of the
form w ~ 22/3, due to the coupling of lubrication theory and linear elasticity. This par-
ticular asymptotics was further studied by Desroches et al.| (1994)), who demonstrated

2/3 s also the solution of a semi-infinite hydraulic fracture propagating

that w ~ x
steadily in a zero toughness impermeable elastic solid. This stationary solution depends
only on the fracturing fluid viscosity, the elastic modulus of the medium, and the tip
velocity and it is called the viscosity-dominated asymptote. The authors suggested that
the tip region of a finite fracture is equivalent to a steadily propagating semi-infinite
fracture. A rigorous justification of this assumption in the case of an impermeable rock
was provided by (Garagash and Detournay| (2005)). In this research we will show that in
the case of 3D diffusion, the tip region of a finite fracture cannot, in general, be modeled
by a steadily propagating semi-infinite fracture.

In addition, Desroches et al. (1994) (and also |Carbonell et al. (1999)) introduced a
criterion based on the consideration of energy dissipation, that shows which asymptote
(viscosity- or toughness-dominated) should be used. Namely, if energy dissipation is
mainly associated with viscous flow, then the viscosity-dominated tip asymptote should
be used, otherwise, when energy dissipation is mainly due to the creation of new surfaces
in the solid material, the toughness-dominated tip asymptote is the proper choice.

In studying the propagation of a hydraulic fracture in a permeable medium (the
Carter’s leak-off) with zero toughness, |[Lenoach| (1995) has found one more tip asymp-
tote, w ~ /8. A natural question arises: under which conditions should each asymptote
be used? The first understanding of this problem came with the recognition of the mul-
tiscale nature of the tip region. Thus, Garagash and Detournay| (2000)) have shown that
the solution of a semi-infinite fluid-driven fracture propagating through an impermeable

medium can be characterized by a single length scale £,,,;. This length scale is a function
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of the fluid viscosity, the material toughness, the elastic modulus and the propagation
velocity. If © < £, then the solution is given by the toughness-dominated asymptote,
whereas for x > /{,,; the solution is given by the viscosity-dominated one. Moreover,
the authors developed a numerical solution for the intermediate region, x ~ £,,;. Ex-
perimental validation of this result was reported by |Bunger and Detournay| (2008)), who
studied the propagation of a penny-shaped hydraulic fracture through an impermeable
medium (polymethyl methacrylate (PMMA) and glass).

Applying the results of (Garagash and Detournay| (2000) one arrives at the following
criterion of choosing a relevant asymptote: if the size of the fracture is small compared to
the characteristic length scale /,,;, the toughness-dominated asymptote should be used,
otherwise, if the size of the fracture is large compared to ¢, the viscosity-dominated
asymptote should be used. In the latter case the toughness-dominated region, which is
small compared to /,,, plays the role of a boundary layer near the tip of the fracture
(Garagash and Detournay, 2005]).

An important property of the tip solution is its dependence on the tip velocity. This
dependence plays a key role during matching the tip solution to the global one (Adachi,
2001; Madyaroval 2003|). Moreover, one can encounter a situation in which the tip
solution changes its nature during the fracture propagation. For example, in the case of
a penny-shaped fracture driven by a Newtonian fluid (Savitski and Detournay, 2002]),
the viscosity-dominated asymptote is applicable only at small times, whereas for large
times the toughness-dominated asymptote is the correct one.

Further, Detournay et al. (2002) and |Garagash et al.| (2009)) have shown that in the
case of a permeable medium the 5/8 tip asymptote found by |Lenoach| (1995) can appear
at a length scale, which is intermediate to the ones of the toughness- and viscosity-
dominated asymptotes. In other words, the incorporation of new physical processes

leads to the appearance of new length scales. In turn, the overlapping of different length
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scales can lead to a complicated structure of the tip asymptote.

Multiple time scales

In Section [I.I] we have illustrated that different hydraulic fracturing applications can
involve different physical processes. Thus, for example, for short treatments the diffusion
process has a 1D diffusion pattern, whereas for long treatments it has a 3D pattern (see
Fig.. To quantify the influence of a particular physical process, one can introduce
a characteristic time or length scale. In the case of diffusion, the characteristic length
scale is £4 ~ v/¢T, and the characteristic time scale is tg ~ L2 /¢, where c is the diffusion
coefficient, T' is the treatment time or another time scale of interest, and L is the fracture
size. If {4 < L or tg < T the diffusion pattern is 1D, otherwise if ¢4 = L or tg = T it is
3D. The diffusion time scale ¢4 also can be called the characteristic time of the transition
from 1D to 3D diffusion.

A transition time can also be introduced when two competitive processes are consid-
ered. For example, in the case of a penny-shaped fracture driven by a Newtonian fluid
(Savitski and Detournayl |2002)) there exists a competition between energy dissipation
associated with the material toughness and energy dissipation associated with the frac-
turing fluid viscosity. The transition time scale t,,; is such that for times ¢ < t,,; the
viscosity is the main source of the energy dissipation, and for large times ¢t > t,,; the
toughness is the main source.

Another example of competitive processes is the storage of the injected fracturing
fluid inside the fracture versus the fracturing fluid leak-off. Again, there is a time scale
tmm [KGD fracture, (Adachi, [2001))] such that for times which are small compared to
this t,,7, the main part of the injected fluid is stored inside the fracture and the leak-off
process can be neglected whereas for large times t > t,,,,» the situation is the opposite,

i.e., the main part of the injected fluid leaks into the formation.
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One can see that in the case of a simple geometry, propagation of a hydraulic fracture
can be characterized by a set of transition times ¢;. We define a propagation regime as
a limiting case of the fracture propagation during which either ¢ <« t; or t > t; for
each transition time ¢; (Detournay} [2004). For example, in the case of a penny-shaped
fracture propagating through an impermeable medium (Savitski and Detournay, 2002)
we have only one transition time t,,; and two propagation regimes: ¢ < t,,; called the
viscosity-dominated regime, and ¢ > t,,; — the toughness-dominated regime.

In the case of a penny-shaped fracture propagating through a permeable medium
(the Carter’s leak-off model), we already have four propagation regimes and four charac-
teristic transition times (Madyarova, 2003]) (but only two transition times are indepen-
dent). These regimes are M, the storage-viscosity-dominated regime; K, the storage-
toughness-dominated regime; M, the leak-off-viscosity-dominated regime; and K, the
leak-off-toughness-dominated regime. The corresponding transition times can be de-
noted by tyg, tmm, tyf, and ¢ 7. Each of the propagation regimes introduced above can
be characterized in terms of the transition times as follows: M, t < t,,; and t < timm;
K, t>tppand t <tz M, t <t.zand t >ty and K, t >t and t > t,; . A
nice property of a propagation regime is that in the case of a simple fracture geometry,
such as the ones introduced in Section , and simple boundary conditions (for exam-
ple fracturing at a constant injection rate), the solution of the problem is self-similar
(Detournayl, 2004).

It is convenient to represent the fracture propagation by a trajectory line lying inside
a geometrical figure. Each vertex of this figure corresponds to a propagation regime.
Along an edge connecting two different propagation regimes, the domination of one
physical process is displaced by the domination of another one. In Figll.5| we show
the parametric space for the case of a penny-shaped fracture propagating through a

permeable medium, which we discussed above.
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Figure 1.5: Examples of parametric spaces

All trajectories of the fracture propagation start at the M-vertex and end, for large
enough times, at the K-vertex. If the different time scales are well separated, a trajectory
can follow some of the edges of the parametric space. For instance, trajectory 1 illustrates
the case tymm < tmk, Whereas trajectory 3 demonstrates the opposite case tpr < t)z-
Trajectory 2 shows the case when all the transition times are of the same order.

Here, a transition between two different propagation regimes is characterized by a

transition time. Alternatively, one can introduce a transition parameter. For example,

|Savitski and Detournay| (2002)) used the dimensionless viscosity M to describe the transi-

tion of a penny-shaped fracture propagation from the viscosity- to toughness-dominated
regime. This dimensionless viscosity can be expressed in terms of the transition time
tmk by M = (t/tmk)d/g’. Thus, for the M-vertex M = oo, whereas for the K-vertex
M = 0. Mathematically, the notion of a transition parameter is more straightforward
and more general. Usually transition parameters depend on time, but in some cases they
can be time-independent. For instance, Fig[T.5| shows the parametric space of a KGD
crack propagating through a permeable medium (the Carter’s leak-off model) (Adachi]
2002). Here the dimensionless viscosity M does not depend on time. As a result,

the solution of the problem along the M K-edge is self-similar. Moreover, for the KGD
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geometry, the edge MK is also self-similar. All trajectories start at the M K-edge, and

end at the MK-edge. In Figll.5l we also trace trajectories 1-3, which are analogous to
the ones we discussed in the case of the penny-shaped geometry.

In practice, the different times scales are often well separated. For example, in the
case of an HF stimulation of an oil reservoir, the fracture propagates near the M-vertex,
T <ty < tmk, where T is the treatment time (Adachi et al., 2007). Therefore the
fracture evolves along the M M-edge. Another situation takes place in laboratory experi-
ments when ¢, < T < t,; (Adachi et al.,[2007). In this case the fracture spends most of
its propagation time along the K K-vertex. In practice, studying of the parametric space
and locating the domain of the fracture propagation can significantly simplify modeling
the problem under consideration and improve the efficiency of numerical simulations.
For example, if it is known that the fracture spends most of its propagation time at
the K K-edge, then, during the numerical simulation it is not necessary to model the
fracture propagation along the M K-edge. Therefore one can start the simulation from

the K-vertex using the self-similar solution at this vertex to define the initial conditions.

1.5 Objectives and organization of the research

The main objective of this research is to study the 3D diffusion and the backstress effect.
Throughout this study we will intensively use scaling and asymptotic analysis.

In Chapter 2] we formulate the problem mathematically for a penny-shaped geometry.
We discuss the main assumptions built in the model, and the restrictions introduced by
them.

In Chapter [3] we study a semi-infinite fracture propagating through a poroelastic
medium at a constant velocity. We build a semi-analytical solution of the problem, in
the sense that we construct the near- and far-field asymptotes, as well as some interme-

diate ones, and develop a numerical algorithm for the calculation of a transient solution
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connecting the analytical asymptotes. We show that, due to the time-dependence of the
diffusion length scale, the tip region of a finite fracture is not always equivalent to a
steadily propagating semi-infinite fracture (see the details in Chapters 3| and .
Through the rest of the research we use the following simplifications: i) there is
no cake build-up; and ii) from a diffusion point of view the fracturing fluid pressure
distribution is uniform along the fracture. The former assumption means that py, =
Pout | pe S() (further, we simply omit the subscripts “in” and “out”). The latter assumption
means that in the diffusion equation the fluid pressure in the left-hand side is
uniform along the fracture, whereas in the lubrication and elasticity equations it can be
nonuniform. This is an appropriate assumption for the toughness-dominated regime, or
when the confining stress og is large compared to the far-field pore fluid pressure pg.
Indeed, the propagation of a hydraulic fracture is driven by the difference between the
fracturing fluid pressure and the far-field confining stress, p — oy, whereas the diffusion
is driven by the difference between the fracturing fluid pressure and the far-field pore
pressure, p — pg. Therefore if oy > pg then p — pg > p — 0y, which means that from a
diffusion point of view the fracturing fluid pressure is uniform and equal to the confining

stress, p & 0g. Using a uniform pressure distribution we can invert ({1.6))

v = [orpdi= [ws@ri-Ap®-mld 1)
where v (7, t) is the fluid displacement function, the total amount of the fluid leaked-off
at time ¢ through a unit surface of the fracture. The function u (S, r,t) can be considered
as the fluid displacement function normal to the surface S generated by a uniform unit
pulse of pore pressure applied along the surface S, p (r € S,t) —pg = 0 (t). We can write
a similar equation for the backstress.

It is natural to break our “simple” problem into two even simpler ones: i) studying

the poroelastic medium response to a uniform pressure pulse generated on a stationary
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surface S (we refer to this problem as the auxiliary problem); and ii) studying a hydraulic
fracture propagation using convolution-type equations similar to .

Chapter[]is devoted to the auxiliary problem. In Chapter [p|we study the propagation
problem in the case of the toughness-dominated regime, whereas in Chapter [ we study

the viscosity-dominated regime. Finally we summarize the results in Chapter [7]



Chapter 2

Mathematical formulation

In this Chapter we introduce the mathematical model, which describes the propagation

of a penny-shaped fracture through an infinite poroelastic medium.

2.1 Lubrication theory

We assume that there is a cavity (lag) separating the fracture edge and the fracturing
fluid front. The cavity can be fully filled or partially filled (cavitation) with pore fluid.
In the case of cavitation, the fluid pressure inside the cavity pi, is taken to be equal to
zero, pin = 0. Fluid transport in the fluid-filled part of the fracture is governed by the

volume balance equation

ow Ov 190

- = 2.1
ot "o Trar =0 21)
and by Poiseuille’s law
w3 8pin
t)=—— . 2.2
a(rt) = 13- 22)

In the above, r is the radial coordinate of the cylindrical system of coordinate {r, ¢, z}
with the origin at the fracture center, ¢ is time, w (r,t) is the fracture opening, v (r,t)

is the integrated fluid leak-off rate or the leak-off displacement function, ¢ (r,t) is the

21



22

fracturing fluid flux inside the fracture, pi, (r,¢) is the fluid pressure inside the fracture,
and p is the fluid viscosity taken to be p = pjy, in the fracturing fluid filled region, and
= oyt in the cavity region.

In writing the volume balance equation we have neglected the compressibility
of the fluid. Indeed, the compliance of the crack C., C. ~ R/FE’, is large compared to
the fracturing fluid compliance C¢, C¢ ~ w/K¢, where E' = E/ (1 — 1/2) is the plane
strain modulus, F is the Young’s modulus, v is the Poisson’s ration, Ky is the bulk
modulus of the fracturing fluid, and R is the fracture radius. Therefore the fracturing
fluid compressibility effect is as small as wE'/ (RKf) ~ (pin — 00) /Kt < 00/Kr < 1,
where o is far-field confining stress. For example, for water K; ~ 2.2 GPa, and for
hydraulic fracturing oy ~ 10 MPa; the compressibility effect correction is therefore of
order of 1072,

Poiseuille’s law is valid only for a stationary flow and it does not take into
account the inertia effect. |Garagash|(2006) has shown that the inertia effect is important
only at a time scale, which, in the case of hydraulic fracturing, is small compared to the
treatment time. Therefore this effect can be dismissed.

The boundary conditions are given by
2m lil%rq (r,t) =Qo, w(R(t),t)=v(R(t),t)=q(R(t),t) =0, (2.3)

where Qg is the fracturing fluid injection rate. Here we consider times at which the
fracture radius R (¢) is large compared to the wellbore radius, therefore we can model
the injection by a point source in the center of the fracture [see first equation of ([2.3))].

The initial conditions are given by
w(r,0) =v(r,0) =q(r,0) = R(0) =0. (2.4)

Strictly speaking, these boundary conditions are only formal and not physical, in a

sense that they are introduced from view point of mathematical convenience rather than
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from the perspective of a physical problem. Here we would like to reiterate that we
are considering only time scales at which the fracture radius R (t) is large compared
to the well bore radius. At these times the exact form of the initial conditions is not
important. The only requirement is that the total amount of injected fracturing fluid is
correct. Moreover, we expect that a particular similarity solution could act as a small-
time asymptote for the problem under consideration. Thus, in practice, this self-similar

solution plays the role of initial conditions.

2.2 Elasticity equation

The fracture opening w and the pressure loading p;, applied to the fracture walls can
be related using the linear theory of elasticity. If the response of the medium is purely
elastic, then the opening w can be expressed in terms of the net pressure py, — og.
In order to incorporate the backstress o3, we decompose the hydraulic loading and the
confining stress as follows: {pin, 00 — 05} = {pin + 03, 00} +{—0p, —03} (note that o, > 0
for tensile backstress). Obviously, the second part of the loading, {—oy, —03}, does not
make any contribution to the opening. Therefore, the net pressure is equal to pin+op—0.

The relation between the fracture opening and the net pressure can be written

through superposition of dislocations (Arin and Erdogan, 1971} |Cleary and Wong}, [1985))

! 1 w (S
pin(r,t)—i-db(r,t)—UO:—REgt)/() 9 [gs(t)at]M[

R’ s} ds, (2.5)

where E' = E/ (1 - 1/2) is the plane strain modulus, E is the Young’s modulus, v is
the Poisson’s ration, o} (7,t) is the backstress due to the leak-off, and M (¢, s) is the

elasticity kernel,

Mg s) = — K (8) +=teB(5), > , (2.6)
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K (x) and E (z) are complete elliptic integrals of the first and second kinds (Abramowitz

and Stegun) 1972)).
Inversion of (2.5) was initially obtained by [Sneddon and Lowengrub (1969) in the
form of a double integration. Here we use a modified version of this inverse relation

(Barr, [1991; |Savitski and Detournay, 2002

1
w (r,t) = iRE(f)/O (pin [SR (), 1] + 03 [SR () , 1] — 00} G {R?t),s] sds,  (2.7)
where
%F (arcsin %, zz) , £€>s
G, s)= _ , (2.8)
%F (arcsin }:—22, E—) , £<s

F (¢,m) is the incomplete elliptic integral of the first kind (Abramowitz and Stegun)
1972).

2.3 Propagation criterion

The propagation criterion is introduced within the context of linear elastic fracture
mechanics (LEFM). The main assumption of LEFM is that the process zone, a region
near the fracture tip where behavior of the material in not elastic (e.g. region of plastic
deformation, microcracking, etc.), is small compared to the fracture size. According to
LEFM a fracture can propagate only if the mode I stress intensity factor K exceeds the
material toughness Kj.. Thus in the case of quasi-static fracture propagation we can
write the following criterion

K = K. (2.9)

For a penny-shaped fracture, the stress intensity factor K is given by (Sneddon and

Lowengrub, [1969)

Kj—12RV%w/dpmbR@%ﬂtﬁ”fﬂﬂJy—%s@. (2.10)
0 vii—s
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By accounting for the propagation criterion ([2.9)), one arrives to the following tip asymp-

tote (Rice, 1968)

25/2 K.
w(r,t)ﬁm?i R(t)—r as r— R(t). (2.11)

2.4 Poroelasticity equations

The hosting medium is modelled according to the theory of linear poroelasticity (Biot,
1941). However, we neglect the solid-to-fluid coupling, i.e., we assume that mechanical
deformations do not affect the fluid transport through the medium. This simplification
was studied by Detournay and Cheng (1991), who have concluded that in the case of
hydraulic boundary conditions when the pore pressure is prescribed, the fluid exchange
between the fracture and the medium calculated via poroelastic theory is nearly iden-
tical to that computed by uncoupled diffusion equation. The assumptions allows us to
uncouple pure elastic deformation due to hydraulic loading (introduced in Section
from the pore pressure diffusion leading to generation of the backstress.

From the hydraulic diffusion point of view the fracture is simply a distributed fluid
source g (7,t). It is convenient to decompose this fluid source g (7, t), which is distributed
in space and time, into a set of instantaneous point fluid sources g (r,t) = 6 (¢) & (),

where 0 (t) is the Dirac delta function

/ dt / (7,8) g™ (r — 7,t — 1) dF. (2.12)

z=0,F<R(t)
Due to the linearity of the diffusion equation, the pore pressure field outside the fracture

Pout (7,1) can be written as

Pout ( —po = / dt / (7,8) p* (r — 7, — 1) dF, (2.13)

=0,F<R(%)
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where p® (r,t) is the pore pressure induced by an instantaneous point fluid source

g% (r,t) (Cheng and Detournayl, [1998). Integration by parts with respect to time yields

Pout (T, 1) — po = /t dt / v (7, 1) pt (r — 7, — 1) dF, (2.14)
0 z=0,7<R(t)
where v (r,t) = fgg (r,1) dt is the fluid displacement, and p" (r,t) = 9p™ (r,t) /OL.

Let us discuss the meaning of p (r,t). Comparing and one can see
that p!t (r,t) is the fluid pressure distribution generated by an instantaneous point fluid
dilation v" (r,t) = 6 (¢) 6 (r). This instantaneous point dilation is actually equivalent
to the time dipole of a fluid source g (r,t) = ¢’ (t) § (r), where prime means derivative
with respect to argument. In other words we have an instantaneous injection of fluid
immediately followed by an instantaneous withdrawing of the same amount of fluid at
the same point.

A similar equation can be written for the backstress oy, (r,t)

t
ap (r,t) = / dt / v (7, 1) ol (r —7,t — 1) dF. (2.15)

0 z=0,F<R(1)
The pore pressure field p' (r,t) and the stress field ¢!, (r,t) induced by an instantaneous

point fluid dilation v" (r,¢) are given by (Cheng and Detournay, [1998)

i 2 1 [ Ir]” LY r?
li
£) = ——— (201 3 - 2.16
P (1) 7r3/2/£|r|5( det Vict) P\ e ) (2.16)

, 1 16¢ 1 |r|? 7| \° |7 |?
li t) = ne S (t 1—-— _— 2.1
o, (r,t) ok |T‘3 (t) + J |T|2 dct It exp dct , (2.17)

where ¢ is the diffusion coefficient, & is the permeability, n = a (1 — 2v) / (2 — 2v), and «

is the Biot coefficient (Biot} [1941). Substitution of these expressions into ([2.14]), (2.15)

and integration over the angle ¢ yield

11 [f(de)??af (RO r? 47
Pout (T7S0’z_07t)_p0__§ﬁ ) (t_W/O TU(T7£)eXp [_W)] X
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o) s+ i) -2 )

(2.18)
E 4rr
772/R(t)_ _ [(r+7“)2] _
s ¥ :07t:77 )t ————dr+
% (1, 2 ) S Jo rv(rv(r—fﬁ(r—&-?) "
n 4 ['(do) P at /R@ i P4
+Sﬁ G- ), v (7, t) exp T X

(o (i) [0 (i) 270 ()] o
(2.19)

where S = k/c is the storage coefficient, andl, (x) is the modified Bessel function of the

first kind (Abramowitz and Stegun, [1972).

2.5 Low permeability cake build-up

As the fracturing fluid infiltrates into the medium, a low permeability cake of thickness v,
builds up on the fracture walls. We assume that the cake thickness v, is small compared
to the fracture opening w, and that the fluid flow across the cake is one dimensional in
the direction normal to the fracture plane. Pressure drop across the cake can be found
from Darcy’s law

v pout| —0 — Pin Ve OV
a = —HCZU—C = Pin — pout’z:() — K;a’ (220)

where k. is the cake permeability. We further postulate that the rate of the solid particles

into the cake is proportional to the fluid leak-off rate, i.e.,

ve (1,t) = B (r,t), (2.21)

0 is the proportionality coefficient.
In the cavity region we have only pore fluid which is not able to leave any deposit

on the fracture walls, v, = 0, therefore the pressure field is continuous

ve=0 = DPin— Pout|,_o = 0. (2.22)



Chapter 3

Semi-infinite fracture

3.1 Introduction

In this chapter we study the tip region of a fluid-driven fracture propagating through
a poroelastic medium. Inspired by numerous works on the tip region, we model it by
a semi-infinite fracture propagating at a constant speed (see Section . The main
accent of our study is on investigating the influence of large-scale 3D diffusion on the
propagation of a semi-infinite fracture. This large-scale diffusion, which engage a large
volume of the poroelastic material into the fracture evolution process, can lead to the
generation of an additional confining stress (backstress). Studying this stress is one
more goal of this research. In this study, we also take into account the fluid lag and
low permeability cake build-up. The only input parameters of our model are the tip
velocity and the parameters describing the properties of the poroelastic medium and
the properties of the fracturing and pore fluids. The main restrictive assumptions here
is that the tip cavity is fully filled with the pore fluid. As a result our model fails to
describe the near-lag region of a fracture propagating in a low permeability rock. Indeed,

in this case, the pore fluid only partially fills the cavity and the fluid pressure in the

28
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cavity is equal to zero whereas the model predicts negative fluid pressure. However,
our model is still valid in the far-field region, the size of which is large compared to
the fluid lag length, x > A, where z is the distance from the fracture tip and A is the
length of the fluid lag. At the same time, the problems studied by [Garagash et al.
(2009) and |Detournay and Garagash| (2003) represent limiting cases of our more general
consideration (see Section . Note finally that our problem is very similar to the one,
studied by Entov et al.| (2007). However, we use a different approach to model the tip
region of a finite fracture (see discussion in Appendix .

This chapter is organized as follows. In Section we present the current under-
standing of the tip region. In Section [3.3] we introduce the mathematical model and
discuss limits of its applicability.

In Section [3.4] we discuss general ideas of scaling analysis. We show that the problem
depends only on five dimensionless parameters. In Subsection [3.4.1] we introduce a
reference scaling. The main idea of this scaling is to simplify our governing equations
and introduce explicitly the dependence of the problem on five dimensionless parameters.

Before solving the problem numerically, we perform detailed scaling and asymptotic
analyses. Thus is Section [3.5| we study the behaviour of the solution for different limiting
cases. In Subsection we show how our model degenerates to the ones studied
by |Garagash and Detournay| (2000); Garagash et al| (2009); Detournay and Garagash
(2003). In Subsections and We investigate the cases of the storage and leak-off
domination respectively. In Section [3.6] we find near- and far-field solutions.

In Section [3.7] we present a numerical transient solution which connects the near-
and far-field asymptotes. We discuss the main outcomes of the study in Section [3.8

Finally we summarize the results in Section [3.9
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3.2 Review of present knowledge

Different aspects of a semi-infinite fracture propagation were studied by |Garagash and
Detournay| (2000); Garagash et al.| (2009); Detournay and Garagash| (2003)).

Garagash and Detournay| (2000) have studied the case of an impermeable medium.
The authors have shown that the solution is characterized by the existence of a lag
between the fracturing fluid front and the fracture tip. This lag is filled with the vapour
of the fracturing fluid. The pressure of this vapour is equal to zero. As a result the
pressure distribution along the fracture is not singular anymore as it would be if the
fracturing fluid were allowed to reach the fracture tip. |Garagash and Detournay| (2000)

have found the following estimation for the maximum length of the lag A

A~ 44NinE3,2V7

90
where V is the tip velocity.

The authors also have studied the intermediate distances from the tip, which are
large compared to the lag length, yet small compared to the size of the finite fracture
the tip region of which is modeled by a semi-infinite crack. It was shown that if this
intermediate region exists the fluid pressure and the fracture opening are given by an
intermediate asymptote, which can be constructed assuming that the fluid reaches the
tip of the fracture propagating through a medium of zero toughness. Therefore in the
presence of such an intermediate region the details of the tip solution are not important
for the solution of a finite fracture.

Garagash et al. (2009) have analyzed a semi-infinite fluid-driven fracture steadily
propagating through a permeable medium. The fluid exchange between the fracture and
medium was approximated by the Carter’s leak-off model (Carter} [1957). The fracturing
fluid was assumed to reach the tip of the fracture. The authors have shown that the

solution is characterized by a multiscale singular behavior at the tip, and that the nature
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of the dominant singularity depends both on the relative importance of the dissipative
processes and on the scale of reference. In general the tip region can be divided into
three regions: the near-field toughness region, the intermediate leak-off-viscosity region,
and the far-field storage-viscosity region. The first region can be characterized by an
uniform fluid pressure distribution and large energy dissipation due to the fracturing of
the solid, while the last two regions can be described by large fluid pressure gradient
and large dissipation of energy in the fluid. The difference between the last two regions,
however, is in the fracturing fluid balance mechanism: in the leak-off-viscosity region the
volume of the infiltrated into the rock formation fluid is large compared to the fracture
volume, whereas in the storage-viscosity region the situation is the opposite, i.e., the
volume of the filtrate is small compared to the fracture volume. In each of these three
regions, the fracture aperture w is a power law function of the distance from the tip

1/2 in the near-field toughness region, w ~ z°/8 in the intermediate

z. Thus, w ~ zx
leak-off-viscosity region, and w ~ z2/3 in the far-field storage-viscosity region.
Mathematically this multiscale nature of the tip solution can be characterized by
two independent length scales, which both depend on the tip velocity. For example
one can define the following two length scales ¢,,; and ¢, , where £, is the length
scale characterizing the transition from the toughness region to the viscosity region in
the case of an impermeable medium and /,,5 is the length scale characterizing the
transition from the leak-off region to the storage region in the case of zero toughness.
Furthermore, Garagash et al|(2009) have introduced a conceptual representation of this
multiscale solution in the parametric mmk-space (see Fig. In this representation,
the k-vertex corresponds to the near-field toughness region, the m-vertex corresponds
to the intermediate leak-off-viscosity region, and m-vertex corresponds to the far-field

storage-viscosity region. The spatial variation of the solution between the k- and m-

vertices depends on the ratio of the length scales X% = £m/fmk. If this ratio is small,
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Figure 3.1: Parametric space and few solution “trajectories” parametrized by number x:
0<x1<x2

X < 1, the solution has only two regions: the near-field toughness and the far-field
storage-viscosity. With the increase of the ratio x, the intermediate leak-off-viscosity
region emerges in between the near-field toughness region and far-field storage-viscosity
region (see Fig.

Detournay and Garagash| (2003) have carried out a detailled analysis of the fluid flow
around the cavity (the region between the fracture edge and the fracturing fluid front)
at the of a fluid-driven fracture propagating in a permeable saturated rock. They have
carried out their analysis under the following assumptions: i) the problem is stationary,
i.e., the tip velocity V and the cavity length A are constant for the time scale of reference,
ii) the cavity is fully filled with the pore fluid, iii) the fluid exchange is allowed only in the
cavity region, i.e., the fracture walls behind the cavity are impermeable, iv) the cavity lies

1/2

entirely within the toughness-dominated region, i.e., w ~ x'/#, v) the pore pressure field

in the permeable rock is governed by the homogeneous 3D diffusion equation. Because of
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their focus on the cavity region, |Detournay and Garagash| (2003)have taken the length of

the cavity region as an input parameter (in other words, they do not solve the complete
semi-infinite hydraulic fracture problem). The authors have shown that the fluid pressure
is not singular, as in the case of impermeable rocks when the existence of a lag is
accounted for. However, in contrast to impermeable rocks where the tip cavity is at zero
pressure, the fluid pressure distribution in the cavity is now unknown and furthermore
not uniform. This is a result of the fact that the flow of the pore fluid in the cavity
region has rather complicated pattern: the pore fluid is drawn in, by suction, at the tip
of the advancing fracture, and then is reinjected to the porous medium behind the tip,
near the interface between the two fluids. Detournay and Garagash (2003) focused on
the calculation of the fluid pressure in the tip cavity. In particular they have derived
analytical expressions for the pressure and the fluid flux distributions in the two limiting
cases: A\/ly < 1 and A\/€; > 1, where {4 is the diffusion length scale. The authors also
have discussed the inapplicability of their model for low permeability rocks. Indeed, in
this case, the pore fluid only partially fills the cavity and the fluid pressure in the cavity

is equal to zero. Instead, the model predicts negative fluid pressure.

3.3 Mathematical model

It is conventional to study the problem in a moving coordinate system {x,y, z} attached

to the fracture tip and introduced by
t
.1‘——T'+R(t)——T+/V(T)dT, y=rp, z=2z, (3.1)
0

where V (¢) is the tip velocity.
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Figure 3.2: Semi-infinite fracture

3.3.1 Lubrication equations

In the moving coordinates system, the volume balance equation ([2.1)) reads

ow | ow v ov_ da_

o Vs Ta Ve oY
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where we have used x < R. Assuming that in the tip region w ~ x% and v ~ % with

Ay, ay < 1 (to be verified a posteriori), V9/dxz > 0/0t. Therefore the volume balance

equation can be rewritten as follows
V(w+v)=gq,
where we have used the following boundary conditions derived from
Wlo—g = Vg = lo—o =0
Poiseuille’s law in the moving coordinate system transforms into

q o w_38pm Iu _ Mout, S [O, )\)

where A is the size of the cavity region.

(3.2)

(3.3)

(3.4)
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3.3.2 [Elasticity equation

Taking limit £, s — 1 in the kernel (2.6 and substituting the result into (2.5)) we arrive

to the following elasticity equation

N E' [* 0w ds
mtoy—0oo=— [ —— ;
Pin 000 =00 = o Osxz—s

(3.5)

where we have used the fact that if r < X ~ R, then

([ o3) () ol

3.3.3 Linear elastic fracture mechanics

The propagation criterion ([2.11)) transforms to

22 K
w — Wﬁxlﬂ as x — 0. (3.6)
T

3.3.4 Diffusion equations

So far, assuming that =,y < R, we were able to transform our governing equations in
the tip region to the ones that describe the propagation of a semi-infinite fracture. The
situation becomes more complicated when we try to do the same with the poroelasticity
equations and . The problem here arises from the time dependence of the
diffusion length scale €4 ~ v/ct. It is obvious that in order to represent the tip region by
a semi-infinite fracture, the finite fracture itself has to be large compared to the diffusion

length scale, i.e., R > v/ct. After we have established this restriction, the procedure of

transformation of the poroelastic equations (2.18) and (2.19) is straightforward. First,

assuming R > v/ct, one should replace the Bessel functions in these equations by their
large-argument asymptotes and eliminate the curvature effects (Chapter |4| contains the
details of the procedure for a fixed length fracture). Second, one should perform the

change of coordinates (3.1)) and, assuming R > +/ct, move the upper limit of integration
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to infinity. Third, assuming the fracture tip velocity V to be constant, one should
perform integration over time |[here some hints can be taken from the work by |Cleary
(1978)]. Alternatively, we can use the singular solution for a moving constant strength

2D source derived by |Cleary| (1978)

1 \%4
V) = ﬂegKo ey, €= 7:, (3.7)
SV
v oy 1. . _
b= (L e = sien ) K (11} -
Ozz
1 2pV) — dp™) /dg
i S R o
dp\V) /d¢

where K, (x) is the modified Bessel function of the second kind (Abramowitz and Stegun),
1972). Note that an equation for the temperature field, similar to (3.7)), can be found in
Carslaw and Jaeger| (1950) for the equivalent problem in heat conduction.

The strength of the fluid source is given by

ov (r,p, z,t ov (x,y, z,t
g(r,t) = ( 5 ):V (81: ), (3.9)

therefore the poroelastic equations (2.18) and (2.19)) transform to

Pout — Po = V/ @p(V) (IL’ - 3) dS, (310)
0 88

o0
op = V/ ?ag) (x — s)ds. (3.11)
0 S

3.3.5 Low permeability cake build-up

The cake build-up equations (2.20)), (2.21]), and (2.22)) yield

1 + sign (v) @V({)v

Pin — Pout|,—¢ = 5 (3.12)

ke Oz
Here we have used the fact that the fluid displacement function v is negative in the lag

region. To demonstrate this let us take a look at the expression for the fluid exchange
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rate between the fracture and the medium given by ({3.9)). Together with the boundary

conditions , it gives us another interpretation of the fluid displacement function,
namely v (z) ~ [ g(s)ds. This means that the fluid displacement function is propor-
tional to the total fluid volume exchange between the fracture and the medium on the
interval s € [0, z). Moreover, the problem is stationary and depends only on the spatial
coordinate x, therefore the total volume of the pore fluid in the lag region is constant,
and the total fluid volume exchange rate between the fracture and the medium is equal
to zero

v (\) = 0. (3.13)

This equation can be used to define the length of the lag region. Moreover, there is
a region next to the fracture tip and inside the cavity where the pore fluid enters the
cavity. Thus, the fluid displacement function v is negative there. Since there are no
reasons for the fluid displacement function to be equal to zero at any other point, we
conclude that this function is negative inside the cavity, whereas it is positive outside
the cavity.

One more obvious restriction when modeling the tip region by a semi-infinite fracture
is A < R. Indeed, as in the case of the diffusion length scale, in order to model the
tip region by a semi-infinite fracture, the fluid lag A\, being one more length scale of the

problem, should be small compared to the fracture size R.

3.4 Scaling

The problem under consideration has three characteristic length scales

120,V 8/ K 2 2 -
Hin 0 =2 < Ic > oty = <C € — 00 pO‘ (3.14)
go — Po

0, =¢? , ,
’ o0 — Po T |4 B

Here /,, is the viscosity length scale, /) is the toughness length scale, /; is the diffusion

length scale, and € is a small parameter.
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To study the influence of different physical processes we use scaling analysis. We
rewrite each physical quantity a in the from a = a,A, where A is the dimensionless
physical quantity which is usually of order 1, and the parameter a, is of the same order

as a, a, ~ a. In the case of our problem the general scaling is given by
r=0E w=wl, v=uvT, {pin—o00,0p}=p{I, X}, (3.15)

where £, is the length scale of interest, wy, v., and p. are characteristic values of the
fracture opening w, fluid displacement function v, and net fluid pressure inside the
fracture p — og at the length scale of interest respectively, and &, 2, T, II, and X are the
dimensionless coordinate, fracture opening, fluid displacement function, fluid pressure
inside the fracture, and backstress respectively.

In scaled form, the governing equations read as follows

e Lubrication equation (3.2)), (3.4))

H U ins T < O
gUQ + gc 932 m = Ho t/IUI (é-) ) (316)
¢ 1, T(€) >0
e Propagation criterion (|3.6))
O —Q=Grt? as €—0, (3.17)
e Elasticity equation (3.5))
Q) d
H—i—E:gE/ —75 (3.18)
Am Jo  dEE-¢€

e Leak-off equation (3.12), (3.10]), and (3.7)

1+sign(Y) . .dY gs/ dY o9l
0

Gpll+1 = Gob 2 dé or Jo  dé

¢ E Ky gd}g g‘ df?
(3.19)
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e Backstress equation (3.11)), (3.8))

n Gs [*dY dE n dlly

-7 il _ - ) 3.20
27ng/0 d§ & —¢  Ga d§ (3:20)
Here G; are the dimensionless groups defined by
00 — Po GQENK* 00 — Po €2€M£*U* P+« Wk 26/ Uyl
gv:7727 gc: 3 y E = V) K= —_ )
D« Wy D« Wy o0 — po €l W
2
D Kk UZ 2 Ve 2 0,
= R = _ -, = T TS = —. 321
9= o —py 9P i sm 95T a,sE0 94T, (3.21)

Each of these dimensionless groups can be associated with a certain physical process.
Thus G, and G, describe the distribution of the fracturing fluid between the fracture
and the poroelastic medium, respectively. Indeed, G, is proportional to the amount of
fluid stored inside the fracture, whereas G, is proportional to the amount of fluid which
has leaked into the medium. The group Gg is the elasticity group, the group Gg is
referred to as the dimensionless material toughness. The last four groups describe the
fluid leak-off. Namely the group G, ~ (pin — 00) / (60 — po) and if it is small, then from
a diffusion point of view the fluid pressure inside the fracture pj, is uniform and equal to
the confining stress og, pin = 0¢. The groups G, and Gg describe the fluid pressure drop
from py, inside the fracture to pg in the far-field. Thus G, is proportional to the pressure
drop across the cake, Gep ~ Pin — Pout|,—o, Whereas Gg is proportional to the pressure
drop in the poroelastic medium Gg ~ pout|,—o — po. Finally Gg is the diffusion group.
If it is large then the scale of reference /4, is large compared to the diffusion length scale
£4 and the diffusion process is one dimensional, otherwise the diffusion process is three
dimensional.

To understand the influence of different physical processes on the fracture propaga-
tion we study different limiting cases. In each limiting case some processes are domi-
nating whereas the other ones could be neglected. Here we obtain a limiting case by

contrasting
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e cnergy dissipation associated with the viscous flow of the fracturing fluid versus

energy dissipation associated with the cracking of the rock material

e volume of the fracture versus volume of the fluid which has leaked into the poroe-

lastic medium

e pressure drop in the cake pin — Pout|,—( versus pressure drop in the porous medium

Pout |z:0 —Po

e 1D diffusion versus 3D diffusion

® (pin —00) /(00 —po) K 1 vs (pin — 00) / (00 — po) > 1

It is convenient to study each limiting case in an inherent scaling. To finish introduction
of the scaling one has to define the parameters £,, wy, v, and p,. Usually a
scaling is introduced in such a way that the groups representing the dominating physical
processes are either finite, e.g., equal to 1, or large compared to 1. The rest of the
groups are usually small compared to 1. Thus, for example, if we want to study region
where the fluid leak-off is negligible we introduce a scaling such that G, = 1 and G, < 1,
whereas if we want to study a general case when the volume of the fracture and the
volume of the leaked-off fluid are of the same order we can introduce a scaling such that
G, = G.. Therefore in order to define the dimensional parameters £, wy, vi, and py
one can simply define four equations which define/relate the values of the dimensionless
groups, and then solve the set of these equations with respect to £y, wy, vy, and py.

A general result of the scaling procedure introduced in this section is that the di-
mensionless formulation of our problem depends only on six dimensionless parameters:
m, n, and four other dimensionless parameters which depend on a particular scaling.
Indeed, we have eight dimensionless groups (3.21]) and four equations binding the values

of these groups, therefore only four of these groups are independent.
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3.4.1 Diffusion scaling

Here we introduce a “reference” scaling that will be used throughout this chapter. All
the other scaling introduced in this charter, will be eventually expressed in terms of
this reference scaling. The motivation for introducing a reference scaling stems from the
dependence of problem on on six dimensionless parameters, four of which hinge on the
scaling. Therefore, by introducing the reference scaling, we fix these four parameters.
At the same time, if we need for some reason to rescale the problem (for example when
we are interested in a particular limiting case) we can express the new set of governing
parameters in terms of those from the reference scaling. This significantly simplifies
writing and analyzing of the governing equations in different scalings.

Since the main goal of this research is to study 3D diffusion we introduce a scaling,

that highlights the role of diffusion, i.e., G4 = G, = Gg = 1 and G, = G.. Thus
by =L, we =0y =€by, psx= 00— Po- (3.22)

The governing equations (3.16))-(3.20) read as follows

e Lubrication equation (3.16)

1 11 ou in T <0
Qiro Logedl ) pouln © : (3.23)

mMdg” 1, T () >0

e Propagation criterion (3.17))

Q—Qo=KeY? as €—0, (3.24)

e Elasticity equation (3.18)

H—i—E:i dft _d§

ek 3.25
dr Jo  dEE—E (3.25)
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e Leak-off equation (3.19)

=£1+Sign(r)’rﬂ+ﬂd, HdEL dfr—egngO (I¢ —¢]) dg,

M=~ 1tsentd)
e dé 278 J, dE

(3.26)

e Backstress equation ((3.20))

__om [dY df  dlg
S=-5 s  Fir & (3.27)

Here the dimensionless parameters are given by

Ly, 4y K 1.,
=24/ — =, X=¢f— =-SE 2
K ”fd’ M 7, 65%’ S 25 , (3.28)

where K is the dimensionless material toughness, M is the dimensionless fluid viscosity,
X describes the cake build-up, and S describes fluid transport through the poroelastic
medium. Physical understanding of the structure of the parameter S can be gained from
the following chain of simple transformations. We start with Darcy’s law, which provides
us with the estimation of the fluid flux through the poroelastic medium: g = —KVpout,
where Vpout ~ (00 — po) / 04 and ;4 ~ +/ct. Then integrating the fluid flux g over time we
obtain the following estimation for the fluid displacement function v: v ~ S (g9 — po) ly.
Therefore the fluid displacement function v is equal to the volume of the fracturing fluid
which has leaked into the rock formation and has been stored inside the region of size
04. There are two mechanisms of the fluid storage in the medium: compressibility of the
fluid and deformation of pores. To finish the chain of transformations we recall that the
reference scaling was introduced under the assumption that Oy~ by ~ x, thus v ~ Sv,.
Therefore in the case when diffusion is the only leak-off mechanism (no cake build-up),
the parameter S provides us with an estimation of the fluid displacement function T,
T ~ S. Hereafter, we refer to the parameter S as the dimensionless storage coefficient.

The advantage of the formulation — compared to the ones introduced
by |Garagash and Detournay| (2000) and Detournay and Garagash| (2003) is that this
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formulation does not include the fluid lag length explicitly. However, once the fluid
displacement function Y is known, the dimensionless lag length A = A\/¢; can be found
from

Y (A) = 0. (3.29)

3.5 Structure of solution

We see that our problem depends on six dimensionless parameters: the material tough-
ness K, the fracturing fluid viscosity M, the cake build-up parameter X', the storage
coefficient S, the ratio of the pore fluid viscosity to that of the fracturing fluid m, and
the poroelastic stress modulus 7. Throughout this section, we assume that m = 1 and
n = 0. In order to understand the dependence of the solution on the other four pa-
rameters we study different limiting cases. Our study is mainly based on simple scaling
considerations rather than on explicit solutions.

One general statement can be done about the dependence of the fluid lag on the cake
build-up parameter, namely the length of the fluid lag decreases with X'. To illustrate
this fact let us imagine a fracture propagating with a certain cake permeability. Now,
let us reduce the permeability of the cake by a small amount. If we assume that the
distribution of the fluid flux and pore pressure in the medium are still the same, the
pressure of the fracturing fluid should increase. Moreover since the thickness of the
cake is not uniform, the pressure gradient of the fracturing fluid should also increase.
Therefore in order to reach a new equilibrium the fracturing fluid should move a bit

toward the fracture tip. This leads to a decrease of the length of the fluid lag.
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Table 3.1: Scalings for different limiting cases



45

3.5.1 Previous works in reference to our model

In this subsection we illustrate how our model degenerates to the ones which were studied
by |Garagash and Detournay| (2000); |Garagash et al.|(2009); and |Detournay and Garagash
(2003).

3.5.1.1 Impermeable cake build-up

Mathematically, the impermeability of the cake build-up is equivalent to taking X /S —
oo. Physically this means that the fracturing fluid is not allowed to infiltrate into the

hosting rock. In other words
T(E) =0 {=A (3.30)

Thus the leak-off equation (3.26)) transforms to

1 Ay . -
@ 6€

H(f)*‘l:% T

Ko (|€ —¢€]) dg, 0<E<A (3.31)

Case of large storage coefficient, S > 1

Here we assume that the dimensionless storage coefficient S is very large. Thus the fluid
pressure distribution pi, is uniform along the fluid lag and equal to the far-field pore

pressure po,

M) =-1, 0<E<A. (3.32)

One can also obtain this solution directly from the leak-off equation assuming
that S — oo.
Substitution of the uniform pressure distribution into the lubrication equation (3.23])
yields
T(E)=-0(), 0<E<A. (3.33)
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Now it is easy to show that mathematically this problem is similar to the one, studied

by |Garagash and Detournay| (2000)). To illustrate this fact we introduce the following

scaling

{g,Q}ZM{gGD,QGD}, I =II GD>

where “GD” stands for the authors names. In terms of our dimensionless groups (3.21])
this scaling is defined by G, = Gg = G, = 1.
In this scaling, the lubrication equation (3.23)), propagation criterion (3.24), and

elasticity equation ([3.25)) read

dIl
1=0%,—2,  &p > Acp. (3.34)
déc
1/2
Qap — kapéap as &ap — 0, (3.35)
1 [*dQ dé
Hep = — Gp__ de (3.36)

Am Jo  dE &ap — €&
where Agp = M™1A and rkgp = M~1/2K.

One can see that this set of equation is exactly the same as the one derived by

|Garagash and Detournay| (2000). The only difference is that |Garagash and Detournay|

(2000) assumed that the fluid lag is filled with the vapor of the fracturing fluid. The
pressure of this vapor was assumed to be equal to zero. In our case the fluid lag is filled
with the pore fluid. The pressure of this fluid is equal to the undisturbed far-field pore

pressure pg.

\Garagash and Detournay| (2000) have derived the following expression for the size of

the fluid lag region

Acp ~ 4.36 - 1073k5, e~"én, Kkap > 1
¢b (3.37)

Agp ~ 1, kap < 1
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Case of toughness domination

Here we assume that the fracture opening in the lag region is governed by the square root
LEFM asymptote (3.24)). This case was studied by Detournay and Garagash (2003)). To
illustrate how our model degenerates to the one, introduced by |[Detournay and Garagash

(2003)) we use the following scaling
£=Aepa, {0 T}=KAY?{Qpa, Tpg}, H+1=MKMpg.  (3.38)

Therefore the lubrication equation (3.23)), propagation criterion (3.24), elasticity equa-
tion ([3.25)), and leak-off equation (3.31]) transform to

dIl
Ope + Yoo = Vhe -2, (3.39)
dépac
Qpg — 5113/2 as &{pg — 0, (3.40)
M 1 K [>®dQpg dE
T pe—1=— =t — 41
wlve 1= 0 | e e (341
1 YdY pq DG DG =1\ gF
lpe (€pa) = Do /0 & exp [ 5 (¢pa — 5—)} Ko (T |¢pa — 5|) d€. (3.42)

Here npg = 2A and ppg = SM/ (/C3A1/2) are the dimensionless parameters introduced
by [Detournay and Garagash! (2003]).

One can see that in the case of the toughness domination when K2/ M > 1, the
elasticity equation degenerates, and the problem in the lag region depends only
on two dimensionless parameters npg and ppg. Note that within this degenerated model

it is impossible to define the size of the lag region.

3.5.1.2 Zero lag
Leak-off equation

Here we assume that the dimensionless fluid pressure II is small compared to 1, II < 1.

Therefore from a diffusion point of view the fluid pressure inside the fracture is uniform
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and equal to the confining stress og, pin ~ 0¢. Below we solve the leak-off equation
under slightly more general assumption. Namely we assume that II +1 = const
along the fracture. Under this assumption, the solution of the leak-off equation (3.26)
is of the form

T = ALstel/?, (3.43)

Note that the structure of this solution is similar to the one of the Carter’s leak-off
model.
In Appendix we calculate the diffusion part II; of the pressure [see def. (3.26])]

and show that it is indeed uniform

m, = 7.‘.1/2 A%gnst
20/2 S

(3.44)

Substitution of this expression and (3.43) into the leak-off equation (3.26f) yields

1/2 I +1
const _ T 7T +

After substitution of (3.43]) and (3.44)) into the backstress equation (3.27)) we get
5 =0. (3.46)

Note that this result is valid for any 7.

We see that in the case when Il + 1 = const along the fracture, in particular when
the far-field confining stress o is large compared to the far-field pore pressure py which
means that II+1 ~ 1, the fluid lag is negligible and the fluid leak-off is similar to the one
predicted by the Carter’s model. We would like to stress here that expressions ,
give the exact solution of the leak-off equation which takes into account
3D diffusion whereas the Carter’s leak-off model considers only 1D diffusion. Therefore
similarity between our solution , and the Carter’s leak-off model is just an

interesting fact, not a retrieve of the 1D case.
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Degenerated model

One can see that the problem has been reduced to the one studied by |Garagash et al.

(2009)). It is convenient to analyze this case in the following scaling

K6 Kt M
5 = WfGa Q= HQGa Ir= ﬁHGv (347)

In terms of the dimensionless groups ([3.21)) this scaling is defined by Gx = Gg = G, = 1.

In this scaling, the lubrication equation ({3.23)), propagation criterion (3.24)), elasticity
equation (3.25)), and leak-off equation ((3.26)) transform to

dt
Q /2 _ 3¢ 3.48
G + XG&G G dfG ) ( )
1/2
Qg — & as &g —0, (3.49)
1 [*dQ 3
Il g _de (3.50)

“Tan )y dE &
where xyg = AF™!/K is a dimensionless parameter, similar to x introduced by (Garagash
et al| (2009) (see also Section [3.2).

We see that in this case the structure of the solution depends only on one dimen-
sionless parameter xg. Thus, if xyg = 0 then the solution has only two regions: the
near-field toughness region £ < 1, and the far-field viscosity region £ > 1. Note
that in the former region the fracture opening is governed by the square root LEFM
asymptote , whereas in the latter one the opening is given by Qg ~ {é/ . As the
parameter Yo increases, the intermediate leak-off-viscosity region emerges in between
the near-field toughness region and far-field storage-viscosity region (see Fig. . In

this region Qg <« ngéﬂ and Qg ~ xg4£é/8~

3.5.2 Case of storage domination

Here we consider the case when the fluid displacement function T is small compared

to the fracture opening €, |YT| < Q. It is clear that in this case our model is not
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applicable in the cavity region. Indeed, if the fluid exchange between the fracture and
medium is slow, the pore fluid can not entirely fill the cavity, therefore the pressure in
the cavity should be equal to zero. Instead, our model predicts negative fluid pressure.
Nevertheless it is interesting to investigate the behavior of the solution in this limiting
case.

To study this case we introduce the following scaling

6~
jl\igg, Q= f/lﬂ Y =T, H_gﬂ (3.51)

g pu—
where v is a small positive parameter which we will define later. In terms of the dimen-
sionless groups (3.21)), this scaling corresponds to Gx = G = G, = 1.

In this scaling, the lubrication equation ({3.23)), propagation criterion (3.24)), elasticity

equation (3.25)), and leak-off equation (3.26)) transform to

- UM ¢ dll
QO+ —T=03— 52
+ 1 ' (3.52)
QO— &Y% as €0, (3.53)
-1 [®dQ dE
I=— —_~75_, (3.54)
477' 0 d§ f —é_
22421+ sign T AN
MHH—X“M ( >Td¥+
SK6 2 dé¢

K8 1= o\ -
s er e E)m(Gpli-d)e om
If uM/K* < 1, the set of equations (3.52), (3.53)), and ([3.54)) gives a unique solution for

the fracture opening 2 and fluid pressure II, which do not depend on any parameters. In

order to find the fluid displacement distribution T, one has to solve the leak-off equation

(3:55) where the only unknown is T (é)



51
3.5.2.1 Cake build-up domination

He we assume that pin, — pout| L0 > PDout | ,—0 — Po. In other words the pressure drop in
the cake is large compared to the pressure drop in the porous medium. In this case the

parameter v can be defined by

_K s

MV

In terms of the dimensionless groups ([3.21)) this is equivalent to G, = 1.

v

(3.56)

The leak-off equation ([3.55) reads

~ 1+sign(T) %
My, <)Td¥
K2 2 d¢

1 K3 Y K8 /o - K6 1= 4\ -
e — — € — Ko | — ‘ — ‘ d€. 3.57
v dgexp[w(f 5)] 0<M25 5)5 (3.57)
where we assume that the term with the integral is small compared to 1.

The solution of this equation is given by

T(é)—\/z/A£<KM2ﬁ(§)+1>dg, £ A,

T (5) =0 (\/%min[l, KM3]> . 0<E<A, (3.58)

where A = (M?/K®) A. Here we have used the fact that if K6/M? > 1 then the

diffusion kernel e Ky (|x|) can be replaced by its large argument asymptote /7/ (2x)
(see Subsection , therefore the integral in is of order M /KC3.

Since the integral in has to be positive, the function which is under the integral
also has to be positive. Therefore we have the following implicit equation for the fluid
lag length

%ﬁ (A) +1=0. (3.59)
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The assumption pin — Poutl,—g >  Poutl,—og — Po is thus wvalid if
(XS)™Y2 min[1, K3/ M] < 1. At the same time the assumption |Y| < € is valid only if
VMKt = K71\/S/X <« 1.

Case K2/ M > 1

This is the case of the toughness domination. Therefore the fracture aperture is given
by the square root LEFM asymptote (3.53)), and the fluid pressure distribution can be

found from the lubrication equation (3.52])
I = In& + const, (3.60)

where const is the integration constant. Substitution of this solution into the equation

for the lag gives
A =exp (-K%/M) , (3.61)

where we have used K2/M > 1. Note, that this solution is similar to the one obtained
by |Garagash and Detournay| (2000]), who used different dimensionless variables, namely

KGp = IC/Ml/ 2 and Agp = MA. Therefore our solution can be rewritten as Agp =

HGGD exXp (_HQGD) .

Case K2/ M < 1

This is the case of the viscosity domination, therefore the fluid pressure distribution
is given by II = —62/3¢-1/3 (see Subsection [3.6.2.2). Thus we have the following

expression for the fluid lag
M3

or in terms of “GD”: Agp = 1/36.
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3.5.2.2 Negligible cake build-up

Here we assume that pi, — Pout|,—g < Pout|,—o — Po, i.e., the pressure drop in the cake
is small compared to the pressure drop in the porous medium. The parameter v can be
defined by (Gs = 1)
1, KS/M? <1
v=_§ ) (3.63)
KC3IM, KS/M? > 1

whereas the leak-off equation ([3.55) transforms to

i 1+sign (T) 49 [ M2/K5, K6/Mm2<1
Ml‘H—l—XS( )TdT / JMES

il +
K2 2 | q, KS /M2 > 1

3 [ o 5 6] (5w
o \/?fog%\/% KS /M2 > 1

Here we have used the fact that if K5/M? > 1 then the diffusion kernel e? Ky (|z|) can

(3.64)

be replaced by its large argument asymptote y/7/ (2x) (see Subsection
Note that there is always a region £ > = were (M/IC2) IT+1 ~ 1. It can be show that
in this region the solution of the leak-off equation is given by T = 25/27-1/2K3 pM~1¢1/2 >
0 (see, Subsection . It is obvious that the size of the lag region is of the same
order as the size of the region where the assumption (./\/l / ICQ) II+1 ~ 1 is not valid
anymore, therefore
M

e (A) ~ 1. (3.65)

This criterion is similar to the one governing the fluid lag in the case of the cake build-
up domination [see ] Therefore all calculation of the previous subsection are also
applicable to our case of zero cake build-up.

One can see that the assumption pi, — Pout e <K Dout| .—o — DPo is valid if

XSmax[l, M?/K®] < 1. At the same time the assumption |Y| < Q is valid only if
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vM/K* = SK~'max[1, M/K3] < 1. These two assumption can be easily satisfied in

the case of a small storage coefficient, S <« 1.

3.5.3 Case of leak-off domination

Here we consider the case when the fluid displacement function behind the cavity is large
compared to the fracture opening, T > (.

To study this case we introduce the following scaling
(£,Q) = VMo {5, Q} . T=oT, =TI, (3.66)

where v is a large positive parameter which we will define later. Note that in terms of
the dimensionless groups (3.21)) this scaling means that G, = G = G, = 1.
In this scaling the lubrication equation ([3.23)), propagation criterion ([3.24)), elasticity

equation (3.25)), and leak-off equation ((3.26) transform to

w/MQ+T:Q3d£, (3.67)
U d€

- K - -
Q— ——¢12 as £-0, 3.68
(MU)1/4£ 3 (3.68)
-1 [dQ dE

= — — 3.69
am Jo  dEE—¢ (369

~ 32 1+sign (T) _ 7 3/4 € g% 3
flp1= Y ( )T‘[{Jr L v / ar_d (370

SM1/? 2 de  282pl2 SMYVA Jo dE /5_5—

Here we have used the fact that v/ Muv > 1 (recall that v is a large parameter) and
replaced the diffusion kernel e* Ky (|z|) by its large argument asymptote y/7/ (2x) (see
Subsection . Hence the diffusion is one dimensional, i.e., the leak-off rate at any
position depends only on the pressure history at this position and does not depend on
any processes happening in the adjacent regions. Also we assume here that the fluid

exchange between the fracture and the medium is very fast. As a result, the fluid pressure
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in the lag region is uniform and equal to the far-field pore pressure py. Moreover, the
assumption that the fluid lag is entirely filled with the pore fluid means that the absolute
value the fluid displacement function T in the cavity is exactly equal to the aperture of

the fracture 2, T = —Q. Therefore in our scaling (3.66)) the fluid pressure I and fluid

displacement function Y in the lag region are given by

i (g) — 1, £<A, (3.71)

_ M~ /- -
T (g) = -0 (f) ~0, E<A, (3.72)
where we have used the fact that the parameter v is large, therefore /M /v is small.

Note that these two equations can be derived directly from the lubrication equation

(3.67) and leak-off equation (3.70)).
One can see that in our scaling (3.66) the dimensionless material toughness

K(Mv)fl/ *is small [see (3.69)]. Therefore, hereafter in this subsection we assume

that the material toughness is equal to zero.

3.5.3.1 Cake build-up domination

Here we assume that pin — Pout|,—¢ > Pout|,—q — Po- In other words, the pressure drop
in the cake is large compared to the pressure drop in the porous medium. In this case

the parameter v can be defined by

v M (S 2/3. (3.73)
X

In terms of the dimensionless groups ([3.21)) this is equivalent to G, = 1.

The leak-off equation (|3.70)) reads

(3.74)

1+ sign (T) AT (xS)7? /5 ay  dé
0

H+1=— N7y "" 4 — )
e\ Jé—&

2 dé 93/21/2
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One can see that the assumption pi, — Pout| =0 > Pout | ,—0 — Po is valid if VAS > 1.

At the same time the assumption < Y is valid only if \/M/v = M3 (x/8)/? <« 1.
One more assumption we have made here is that the material toughness is equal to zero,
K (Muv)™ V4 = K/M~1/3(x/8)/® <« 1. These assumptions can be easily satisfied in

the case of large storage coefficient, & > 1. Moreover, under these assumptions, our set

of governing equation (3.67)), (3.69)), and (3.74) does not depend on any parameters. As

a result the length of the fluid lag A is a constant. In the original scaling this leads to

the following dependence of the fluid lag A on our governing parameters

1/3 B
A= M3 (f{) A, A = const. (3.75)

Our leak-off equation (3.74]) is similar to the leak-off equation (3.57)) which describe
the case of low permeability rock. Thus we can define the length of the fluid lag A using
the following implicit equation [cf. (3.59)]

il (A) +1=0. (3.76)

To estimate the upper limit of A we solve the leak-off equation assuming ‘ﬁ) < 1.
As a result, we have T = 25 . Then using this solution we solve the set the lubrication
equation and elasticity equation . Thus I ~ —().155*3/ 8 (see Subsection
. Now we substitute this solution into and find the following estimation
for the length of the fluid lag

A <6.39-1073. (3.77)

3.5.3.2 Negligible cake build-up

Here we assume that pin — Pout|,—g K Pout|,_g — Do, i-e., the pressure drop in the cake is
small compared to the pressure drop in the porous medium. In this case the parameter

v can be defined by (Gg = 1)
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v=M383, (3.78)
The leak-off equation (3.70) reads
. 1+sign (T) _ gy 1 SdT  dE
H+1:XS(>T~+3/21/2/ a4 (3.79)
2 ¢ 2Pm=Jo de Je g

The assumptions pin — Pout|,—g > Pout|,—o — Po and < T are valid if XS < 1 and
VM /v = MY3/8%/% <« 1 respectively. Also the material toughness is taken to be equal

to zero, K (Mv) ™4 = I/ (MS)? <« 1. Under these assumptions, the set of governing
equation (3.67)), (3.69)), and (3.79) does not depend on any parameters. In particular

A=(MS8)*3A, A = const. (3.80)

To estimate the length of the fluid lag we use the following equation (see Subsection

3.5.2.2)
i (]\) ~ 1. (3.81)

To solve this equation we follow the procedure of the previous subsection. Namely we
solve the leak-off equation (3.79)) assuming ‘1:[‘ < 1. Hence Y =2 5/2771/2¢1/2 " Then
using this solution we solve the set the lubrication equation and elasticity equation
(3-69). Thus II ~ —0.1845_3/8 (see Subsection . Now we substitute this solution
into and find the following estimation for the length of the fluid lag

A<11-1072 (3.82)

3.6 Near- and far-field asymptotes

3.6.1 Near-field asymptote, £ < 1

Here we consider scales which are small compared to the diffusion length scale, £ < 1.

At these scales the pore pressure Il is uniform, i.e., Iy (é_ € {‘5 - E_’ < 1}) ~ 11, (&).



58

Now, let us consider the region inside the cavity and near the very tip. The fluid
pressure is uniform there

[Ty = const. (3.83)

The fracture opening € is given by the toughness-dominated asymptote Qg [see ((3.24])],

and the fluid displacement function T can be found from the lubrication equation (3.23)

Ty = -0y = -k, (3.84)

Substitution of these solutions (3.83]) and (3.84) into the backstress equation (3.27) leads

to

Yo = const. (3.85)

3.6.1.1 Toughness-dominated region with small lag A <« 1

If we assume that the whole cavity is inside the quasi steady-state region, A < 1, then

the lubrication equation yields
T=-0Q, €€ [0,A). (3.86)

If we also assume that we are in the toughness-dominated region, 2 =€) o, and if we
recall that the pore pressure is uniform, Iy = const, we can get the following solution
of the lubrication equation (3.23) in the neighborhood of §& = A [cf. |Garagash and

Detournay| (2000)]

M
My =Tl + 53 In (i) £€> A, (3.87)

Here we have used the fact that T (A) = 0, therefore in the neighborhood of £ = A one
can assume that T < Q.

Substitution of this solution into the leak-off equation ([3.26) yields

TA_\/%\;; [gln <i> —§+A}, £€> A, (3.88)
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Recall that the solution (3.87)), (3.88)) is valid only if Q¢ > T, which leads us to the

following criterion

Kix
A<§<<Aexp(2MS>.
3.6.2 Far-field asymptote, £ > 1

In this subsection we look for a solution of the problem of the following asymptotic form
Qoo = AFE . Too = ATE, & — o0, (3.89)

where A2° and 0 < a; < 1 are constants. Substitution of these expressions into the

elasticity equation (3.25)) yields

o0

A
Moo + Yoo = 94“9 cot (wag) €291 (3.90)

Here we have used the “localization” property of the elasticity kernel. [see and
following explanation, and |Garagash and Detournay| (2000)]. The term “localization”
means, that the kernel “sees” only a finite region around the point of its singularity.
That is why we can assume that € ~ £%? and dismiss the fact that away from the
singularity this assumption is not correct.

In contrast, in the case of the diffusion kernel eﬁ_EKO (}{ —£ ‘) localisation is taking
place only at large £ [see the leak-off equation ] . The small and large argument

asymptotes of the diffusion kernel are given by (Abramowitz and Stegun, 1972])

e?\/—7n/(2z), x— —o0
e" Ky (|£l7|) — —ln(|;p|)7 x— 0 , (391)
v/ (2x), xr — 00
therefore at large £ the main influence in the integral in (3.26) is due to the \/7/ (2z)

asymptote on the interval £ € [0,£). We prove this result carefully in Appendix
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where we also evaluate the integral. As a result, the leak-off equation ([3.26]) transforms
into
AFay  T'(ay)
23/28 T (ay + 1/2)

X
Moo + 1= AF 2 ay &1 4

5 gar—1/2, (3.92)

Now, for large ¢ the fluid pressure I, in the left-hand side is small (as proved later)

and can be omitted. The resultant equation has the following solution

1 . ml/? T 28
=5 N=—gmmyt\Veet (3.:93)
Substitution of this solution into the backstress equation ([3.27)) yields
Yoo =0, as & — oo. (3.94)

Here we have retrieved the case of one dimensional diffusion which is embedded into
the Carter’s leak-off model. One see that the problem has been degenerated to the one
studied by |Garagash et al. (2009)). In the next subsections, we go briefly through the

process of solution of this problem.

3.6.2.1 Toughness region

In this region energy dissipation associated with the cracking of the rock material dom-
inates over energy dissipation associated with the flaw of the viscous fluids. Thus the
fracture aperture is governed by the square root asymptote of linear elastic fracture

mechanics ((3.24)
QF = Kel/2, (3.95)

Substitution of this solution and the solution for the fluid displacement function (3.89)),
(3.93)) leads to the following solution for the fluid pressure distribution

K+ AP

k=M 3 L 1n¢ + const, (3.96)

where const is the integration constant.
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This solution is valid only if £ > 1 and ITI%, < 1. Therefore the toughness region is
defined by

1 —const K3
1 € £ < min {exp ( oo) 7£km,§kﬁ1} . (3.97)
M K+ AS

Here &gy, and &7 are the transition length scales from the toughness region to the
storage- and leak-off-viscosity regions respectively (see the next two subsections). These
transition length scales can be defined from QF (&) = Qoo (€rm) and QF (&) =

Qloeoakiﬁf (ékm) , thus

e K8

Som = =gar5s  Son =5.89-107— = (3.98)
2235M2 Mz AT 2

Note that this far-field toughness region emerges in the solution of a semi-infinite fracture

propagation only under certain conditions which are defined by (|3.97)).
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Figure 3.4: Fluid displacement function profile Y (§), =M =X =85=1

3.6.2.2 Storage-viscosity region

This region can be characterized by large energy dissipation in the fracturing fluid and

negligible fluid losses. The solution of (3.23)), (3.89), (3.90), (3.93), and (3.94) is given
by

Qoo = 23356 MIBE2/3 4 971 APl 2 (3.99)

Il = —6" 23 MM3¢=1/3, (3.100)

where the second term in the right-hand side of (3.99) is the leak-off correction. Thus

one can neglect the leak-off only if & > &3, where &, is the transition length scale

from the storage- to leak-off-viscosity region

Emm = 275375 M2 AE. (3.101)

Substitution of the pressure solution ([3.100) into the leak-off equation (3.92]) adds
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the next order term into the solution for the fluid displacement function T

61/3M1/3S€1/6

Yoo = ATEY? — .
= 47¢ 4X AP + 1.45337

(3.102)

Thus the assumption I, < 1 is valid only if £ > 6MS? [AS (4X A + 1.45337)] 2.
Finally substitution of (3.102)) into the backstress equation (3.27)) yields

6_2/3M1/37] \/g
T AXAP +145337 | 2

Yoo £7%/6 — 0.484446¢ 43| (3.103)

Here we have used (3.90)) to evaluate the first term in the right-hand side of the backstress
equation (3.27]) that is similar to the right-hand side of the elasticity equation (3.25[). We

also have used the result of Appendix[A.3]to evaluate the second term of the right-hand

side of (3.27)).
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In summary, this far-field storage-viscosity region is defined by

6MS?
§> max 1, &km, Emims —— 50 (3.104)
AP 3 (4X A + 1.45337)

One can see that this region is always a part of the solution of a semi-infinite fracture
propagation.
3.6.2.3 Leak-off-viscosity region

This region can be characterized by large energy dissipation in the fracturing fluid and

large fluid losses. Therefore the fracture volume effect in the lubrication equation (3.23)

can be neglected. The solution of (3.23)), (3.89), (3.90), (3.93), and (3.94) is given by

Qo — 2.53356 M1/ AF 1 €/5 4 1.30165M /2 A 12 ¢ (3.105)

Ireak—off — (163974 M4 AP 1/4 =3/8 — 0.244059 M1/ AF T2 ¢=14 (3.106)
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0.779996 M/4¢1/88
SXAP +2.66365

Yleak—off _ gool/2 _ (3.107)

0.0974995 M /4y
sileak—off _ 1.20711¢7/8 — 0.696309¢ /8| . 3.108
o0 5X AP + 2.66365 [ & ¢ } ( )

This far-field leak-off-viscosity region is defined by
M2/388/3
A3 (5X A + 2.66365)

where

Eim = 206 M2 A5 © (3.110)

is the transition length scale from the leak-off- to storage-viscosity region which we have
defined assuming that the storage correction in the solution for the fracture aperture
is small.

One can see that similarly to the far-field toughness region this region emerges into

a real solution only for some restricted sets of parameters.
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3.7 Transient solution

A transient solution which connects the above near- and far-field asymptotes, can be
computed only numerically. We describe the numerical algorithm in Appendix [A-4]
In the rest of this section we test our numerical scheme against different asymptotic
solutions.

Figs B-3}3.7] illustrate a general case. In particular one can see that the transient
solution matches the analytical near- and far-field asymptotes very well. The length of
the fluid lag region can be easily defined from Figs and where we show the profile
of the fluid displacement function Y. Recall that the fluid displacement function changes
its sign at the boundary between the fracturing and pore fluids, T (A) = 0, therefore in
our case Ay—g ~ 0.2 and A;—g 5 ~ 0.28.

Looking at the backstress profile (see Fig. one can observe the following features:
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Figure 3.9: Backstress profile ¥ (£), K =4, M =1, X = 10", § = 0.01, and = 0.5

the backstress along the fracture is tensile, ¥ > 0, and it is singular near £ ~ A. The
first feature will be discussed in details in the next section. As for the second feature
one would wander whether it is just a bug of the algorithm or it is a feature of the
solution. To check this we simulate the propagation of a fracture with small fluid lag
and impermeable cake build-up. Since the fluid exchange between the fracture and the
medium is allowed only in the lag region where the net fluid exchange is equal to zero,
the problem in the far-field £ > A can be modeled by a fluid source dipole propagating
at a constant speed. To derive the solution for a dipole we perform an integration by

parts in the backstress equation (3.27))

A . —
z:g/o T (8) 31 (¢ - €) dé,
where

S (€) = o — 5o [3Ko (€]) — dsign () Ko (€]) + Ko (€])].
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The length scale of the variation of the fluid displacement function is of order A whereas
for XU it is of order 1, therefore if A < 1 then

N (€) ~ Ly g3l v [y dé _ 1 ey dé. (3.111
s(i)rvg s¥1 (€ —Es), s—/o (€) dg, §S—TS/O§ (§)ds. (3.111)

Here Yg is the strength of the dipole and &g is the position of the dipole.

To model such a dipole we set =4, M =1, X =10, S = 0.01, and n = 0.5. In
this case A £ 4.52x 1070 < 1, 5 ~ 1.98x 1076, and Tg = —4.9 x 107, The results are
shown in Figs One can observe very good agreement between the numerical
and analytical solutions (see Fig. . Although the backstress is compressive behind
the lag, it is still tensile in the far-field £ 2 1 where the system feels the finiteness of the

cake build-up permeability (see Fig. [3.10]).

Figs 3.13| compares our numerical solution with the toughness-dominated uni-

form pressure region asymptotes (3.87)) and (3.88)).

Interesting results are shown in Figs 3.17, where we compare our numerical
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Figure 3.11: Constant pressure region solution + toughness dominance: fluid displace-
ment function profile Y (¢), K = 0.4, M =0.01, X = 100, and S =1

simulations with the analytical solutions, found by |Detournay and Garagash (2003)) (see
also Subsection . Recall that this work studied the case of impermeable cake
build-up assuming that the fracture aperture along the fluid lag is governed by the
square root LEFM asymptote . The authors have shown that in this case the

solution depends only on two parameters

MS
vpe = 24, PDG = KC3NL/2
Also they have found analytical asymptotes for the following limiting cases: vpg < 1
and vpg > 1. To model the build-up of an impermeable cake, we set parameter X M /S
to be very large (Y M/S = 10'?). Figs and illustrate the comparison with the
asymptote vpg < 1, whereas Figs and the comparison with the asymptote

vpa > 1.
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3.8 Discussion

3.8.1 Diffusion

Above we have shown that the diffusion process is three dimensional only in the near-field
region & < 1, whereas in the far-field region £ > 1 it is one dimensional (see Subsection
(3.6.2))). A nice illustration of this fact is presented in Fig. [3.18] Thus, the fracture front
propagates according to the linear law x = Vt, whereas diffusion spreads out according
to the square root law x = v/ct. One can see that diffusion covers small distances faster
than the fracture front. At larger distances the fracture front catches up with diffusion
and then passes it leaving behind (see Fig. . As the result the near-field region of
the fracture is under the cover of 3D diffusion. At the same time the far-field region is
governed by 1D diffusion.

Additional insight into the diffusion process can be grasped from the contours plot
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of the pore pressure distribution around the fracture (see Figs 3.21). Fig. |3.20
illustrates presence of a fluid source dipole in the lag region. At the same time in the
far-field the pore pressure levels are almost parallel to the fracture plane (see Fig. [3.21)).

This supports the fact that diffusion in the far-field is one dimensional.

3.8.2 Carter’s leak-off model

Recall the main simplifying assumptions of the Carter’s leak-off model: i) the diffusion
process is one dimensional and ii) the fluid pressure inside the fracture is equal to the
far-field confining stress. In this chapter we have shown that for a propagating fracture
the assumption of 1D diffusion is not necessary. Indeed, in Subsection we have
demonstrated that a Carter-like leak-off model is valid under less restrictive assumption,

namely pi, — 09 < 09 — po, which means that from a diffusion point of view the fluid
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Figure 3.14: Comparison with analytical solution found by [Detournay and Garagash
(2003)): fluid displacement function profile T (&) for the case of vpg < 1. The simulations
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pressure inside the fracture py, is uniform and equal to the far-field confining stress og.

In particular this assumption is valid in the far-field.

3.8.3 Backstress

Studying the general solution of the problem shown in Figs[3.343.7] one can observe that
i) the backstress effect does not have any significant influence on the solution, and ii) the
back stress is tensile along the fracture. Simulation of different cases shows that indeed
the backstress effect is not so important in the tip region.

The fact that the backstress is tensile can be easily explained in the case of zero cake
build-up. Indeed, the loading pressure py, can be decomposed into pi, () = oo + p (),

where p is the net pressure which, in the case of a semi-infinite fracture, is negative,
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Figure 3.15: Comparison with analytical solution found by [Detournay and Garagash
(2003): fluid pressure profile II (§) for the case of vpg <« 1. The simulations were
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A=2.0x10"%3)S =02 A=2.25%x10"54) S=0.01, A =4 .4 x 1076

p(z) < 0. The uniform part g of the loading pressure results in a square root source
distribution which does not lead to any backstress generation (see Subsection |3.5.1.2)).
At the same time the negative part p leads to the generation of a negative source distri-

bution, and, as a result, to a tensile backstress.

3.9 Summary of the chapter results

In this Chapter we have studied propagation of a semi-infinite fracture through a poroe-
lastic medium. Namely, we have performed a detailed scaling analysis and found the
near- and far-field asymptotes, as well as some intermediate ones. In particular, we

have shown that the far-field fluid leak-off can be modeled as Carter’s leak-off. Also we
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provide an explicit expression for the Carter’s leak-off coefficient given by . One
more outcome of the chapter is the numerical algorithm for calculation of the transient
solution. We have shown that the numerical algorithm agrees well with the asymptotic
solutions.

When derivingthe governing equations we mentioned that the tip region of a finite
fracture can be represented by a semi-infinite fracture only if the diffusion length scale
Vct is small compared to the fracture size R. This means that in the case of 3D diffu-
sion, when fracture size is small compared to the diffusion length scale, R < v/ct, this
representation is not valid. Therefore, a new approach of modeling the tip region of a

finite fracture is needed.
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Figure 3.19: Pore pressure distribution —1 + I (§,2/44), K= M =X =8 =1, and
n=0.5
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Chapter 4

Auxiliary problem

4.1 Introduction

In this chapter we study the so-called auxiliary problem, i.e., the poroelastic medium re-
sponse to a unit pore pressure pulse applied to a disk-shaped surface S. The disc of radius
R islocated at the origin of a cylindrical coordinate system {r, p, 2z}, S = {r < R, z = 0}.
We restrict the description of the medium response to u (r,t), the component of the fluid
displacement, normal to the disc, and to o, (r,t), the normal stress component.

Instead of the fluid displacement function u (r,t), one could use the fluid exchange
rate g (r,t) = Ou(r,t) /Ot to describe the medium response. Mathematically these two
functions are equivalent, whereas from a physical point of view it is easier to operate
with the fluid exchange rate g (r,t), which is more intuitive. In hydraulic fracturing,
however, we are more interested in the total fluid losses than in the instantaneous rates.
Thus,the fluid displacement function u (r,¢) is more convenient choice here.

From a diffusion point of view, a hydraulic fracture simply correspond to a planar
distribution of fluid sources, which evolves with time. It is conventional to describe this

fluid source distribution by the fluid rate distribution g. As a result the terms “fluid

80
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source distribution” and “fluid rate distribution” are often used as equivalent. In the
present research we also use the fluid displacement function distribution u to characterize

the fluid source distribution. We believe that there will not be any confusion.

singular
disc

Figure 4.1: Sketch of auxiliary problem

The auxiliary problem is the cornerstone of the present research. First of all, it helps
us understand the physics of the leak-off process. Once the solution of the auxiliary
problem is known, the problem of a propagating fracture can be simplified significantly.
Indeed, if one assumes that the fluid pressure is uniform along the fracture and that
there is no low permeability cake build-up, i.e., pin (7,t) = pout (1,2 = 0,t), then after
decomposition of a continuous in time pressure variation into series of pressure pulses

(Berchenko et al., [1997),
pin (t) —po = /0t5(t—f) [pin (£) — po] dt,
one can obtain the following expression for the fluid displacement function [cf. (1.11)]
000 = [ WlR@ .7t =0 ()~ ol . (a1)
Similar expression can be written for the backstress
op (r,t) = /Ot 0.2 [R(t),r,t —t] [pim (t) — po] dt. (4.2)

The assumption of uniform fluid pressure is valid only if py, — pg > pin — 0. Indeed,

the fracture propagation is driven by the net fluid pressure, i.e., by the difference between
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the fracturing fluid pressure p;, and the far-field confining stress oo, whereas the diffusion
process is driven by the difference between the fluid pressure inside the fracture p;, and
the far-field pore pressure py. Thus the criterion piy, — pg > pin — 0o means that from
a diffusion point of view the fluid pressure inside the fracture is uniform and can be
approximated by the far-field confining stress, pj, = og.

Also we have assumed here that the diffusion process does not depend on the stress
field, i.e., the solid-to-fluid coupling can be neglected. This simplification was studied by
Detournay and Cheng| (1991)who have concluded that in the case of hydraulic boundary
conditions, when the pore pressure is prescribed, the fluid exchange between the fracture
and the medium calculated via poroelastic theory is nearly identical to that computed
by uncoupled diffusion equation. This assumptions allows us to uncouple the elastic
deformation due to hydraulic loading from the pore pressure diffusion leading to the
generation of the backstress.

The plane strain analog of our problem was studied by Detournay and Cheng (1991)).
The authors have analyzed the poroelastic medium response to a unit step of pore
pressure rather than to an impulse. Although mathematically the medium response to
a unit step loading is just integrated over time medium response to a unit impulse [see
], sometimes it is easier to think in terms of a step loading. Thus below we will
analyze some results in terms of a step loading, whereas all calculations will be done in
terms of a unit impulse of the pore pressure. One more useful connection between a unit
step and impulse is that the fluid exchange rate between the fracture and the medium
in the case of a step loading is equal to the fluid displacement function in the case of a
unit impulse.

In contrast to Detournay and Cheng (1991)), we perform here a detailed analysis of
the region near the stationary tip. In particular we show that solution of the auxiliary

problem in this region is singular, and that it strongly depends on the diffusion length
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scale £4 ~ v/ct, where ¢ is the diffusion coefficient.

The results of this chapter can also be applied to the equivalent thermal problem.

4.2 Problem formulation

4.2.1 Starting equations

We assume that the pore pressure p as well as the stress 0;; in the medium are initially
equal to zero, p = o;; = 0. At time ¢ = 0 a unit pulse of pore pressure is then generated

along the disc r < R, 2 = 0.
p(rip zt)=0(t), r<R, z=0. (4.3)

This pulse triggers diffusion of the porous fluid throughout the medium. The pore

pressure field is governed by
= eV =——6()HR~-7), (4.4)

where H (z) is the Heaviside step function, u is the fluid displacement function intro-
duced previously, and S = k/c is the storage coefficient. The right-hand side of this
diffusion equation describes yet unknown fluid sources distributed over the disc r < R,
z = 0. On the other hand the pore pressure field induced by a known distribution

along the disk S and over the time period [0, ] can be written as [see discussion related

o €T, and ETI)
/dt / (7, 2) p" (r — 7,t — 1) dF, (4.5)

z=0,Ff <R
where pll is given by (2.16).
The pressure change into the poroelastic medium leads to a generation of stress o;;.

Here we are interested only in the normal stress o, acting on the plane z = 0, which
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can be expressed in the same way as the pressure [cf. (2.15])]

Sy (rt) = 00n (ryt) = /dt/ (7.8 oL (r— 7.t — ) dF, (4.6)

z=0,Ff <R

where ol is given by (2.17] -

We can now formulate the problem mathematically: we are looking for a fluid source
distribution w (r, t), such that the pore pressure field given by (4.5|) satisfies the boundary

condition (4.3). Once the source distribution is known, we calculate the backstress

distribution using (4.6]).

In some cases, we are more interested in the total fluid volume exchange between the

“fracture” and the medium U rather than in the detailed distribution of
R
U(R,t) = 27r/ ru(r,t)dr. (4.7)
0

Therefore, we will also compute this total fluid displacement function U.

4.2.2 Scaling

The problem has four parameters c, k, 1, and R. The explicit dependence of the solution

on these parameters can be determined by introducing the following scaling

SR SR3

(r,z) =(R¢,RC), t=Tgrr, u=—1v, U=—"Y,
Tr TR
11 i I E li n=l

_TR’ p —WE;TR, Sb:ﬁTTg’ O'zzIWgTRa (4-8)

where T = R?/(4c) is the diffusion time scale. In this scaling, equations (4.5, (2.16)),

(6), @17), and ([E3) yield
/ dr / (& o, 7) 0" (€ — €7 —7) dE, (4.9)

£=0,E<1

2 5 2
I &71)= 27r3/12\£5 <2‘£T‘ — > <l%) exp <—’£T’> , (4.10)
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E(gaT)Z/Tdi— ¢(57¢>7__) Eli (6_577—_7_-) dév (411)
0 ¢=0,£<1
iy 1 4 1 €7 (1€ I35
=) (5,7)_%'5'3 5(7’)—1—7@ (1— . > <ﬁ> exp (—T ;o (412)
mE,r)=o(r), §&£<1, ¢(=0. (4.13)

We also will work in the Laplace transform domain. The Laplace transform of the scaled

governing equations (4.9)-(4.13) are given by

fes= [ GEps)I (- &s)dE (4.14)
(=0,£<1
~ 1 672\/§|£‘
" (&,s) = s, (4.15)
7 |§]
2en= [ dEp9Ei(E-Es)dE (4.16)
(=0,<1
2l _ 1 _ / 2 91/
Zli (¢, 5) = PRI [1 (1+231 21¢| + 4s €] )exp( 25! 2|g|)], (4.17)
Mg s)=1, €£<1, (=0, (4.18)

where s is the Laplace transform parameter.

4.3 Small-time asymptote, 7 < 1

At small times the problem can be split into two independent parts: the global and the
tip region problems. The tip region is such a region near the boundary of the prescribed
pressure domain where the geometry of the domain is not important. Furthermore, if
the size of the tip region is large compared to the length scales of all physical processes
under consideration, the solution of the tip region problem is autonomous.

In general, the geometry can be described by two length scales: the size of the domain
and the radius of the boundary curvature. In our case of a unit disc, these two length

scales are the same and equal to 1. Therefore the tip region is defined by |1 — ¢| < 1.
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The physical processes are represented only by diffusion with a length scale of the
order of /7. Thus the solution of the tip region problem is autonomous only if /7 <
1. We see that this criterion is time dependent, and it is valid only for small times.
Physically, it means that at early times the tip region does not “know” anything about
the finiteness of the prescribed pressure domain. As time elapses the diffusion explores
a larger domain bringing information about the finiteness of the prescribed pressure
domain to the tip. This makes the separation of the problem into the tip region problem
and the global one impossible.

Below, we find the solution for both the tip region and the global problem. We show

that these solutions match each other.

4.3.1 Tip region, |1 —¢| <« 1

In the tip region equations (4.9)), (4.12), and (4.18)) written for z = 0 yield (see Appendix
for the details of the derivation)

.1 Vs o
=~ [0 Ko (e~ . (4.19)
1) Zew S K(c-¢)] . | o
1 _ ! _ S| g6 - (420
= [ M)[(c—c)? (xS A T A
=1, 0 < ¢ < 2v/s, (4.21)

where ¢ = /51, ¢ = 2¢/5 (1 =€), K, (x) is the modified Bessel function of the second
kind, and by Z.0 we denote the normal stress parallel to the disc (the problem under
consideration has only two dimensions). The /s in these equations reflects the fact that
we still do not do any assumptions about the relative size of the diffusion length scale
and the size of the prescribed pressure domain, but we do assume that the curvature

of the domain boundary is large compared to the diffusion length scale. This helps us
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to estimate the error of the assumption /7 < 1 in the case of finite small times (recall
that both geometry related length scales are of the same order, and 7 ~ 1/s).

It is interesting to note the following properties of the poroelastic stress

[1]:

Epe + 2., = —2I0, / .2 (Q)d¢ =0. (4.22)

—0o0
Here the first equation can be linked to the irrotationality of the displacement field
(Cheng and Detournay, 1998), while the second equation follows from equilibrium con-

sideration.

4.3.1.1 Near-field asymptote, (| < 1

Let us consider the near-tip region when it is small compared to the diffusion length,
¢ < 1. On these scales the diffusion is so fast that it flattens the pressure distribution
II. In other words the pressure is uniform near the very tip (inside and outside the
domain of the prescribed pressure). At the same time due to the logarithmic singularity
of the kernel in , the flux function ¢ should have a square root singularity, ¢ ~

1/4/C (Polyanin and Manzhirov, [2008). To prove this property we rewrite the governing

equation (4.19)) in the following way

A B 3 B 0 B B B

r= [Ce@mo(c-chat [Co@Ri(c-dal <t @)
Let 0 < ( < A <« 1 such that in the first integral we can use the small-argument
asymptote of the kernel, Kj (’C — d) ~ —In (’C -

), and in the second one we can
omit the (, hence
A B B B 00 B _ B
re=[o©@ulc-chac+ [o@ K ¢zo. @2
Here only the first integral depends on (. Therefore for ( <« 1 the flux distribution

function ¢ should be such that the first integral does not depend on (. Let us check a
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solution of the form ¢ ~ 1//C

S(le -3 o
/0 N d¢ =2VA

In (A —¢) —2+\/Eln (H)] :
/A LSl PININN (4.25)
0

4.3.1.2 Far-field asymptotes, 2\/s > [(| > 1

One more change of variable, z = ¢ — ¢, moves the lower limit of integration of (4.19)
to the minus infinity. Then equations (4.19) and (4.21]) have the following solution

Poo = 1. (4.26)

In time domain this solution corresponds to 1o, = 1/+/7t.
The divergence of this asymptote from the exact solution of (4.19), (4.21)) is given

by
1 /oo ( ) e min((,2\/§—g) ( )
oo ™~ — Ko (x)dx =~ - . 4.27
T Jmin(¢,2v/5-C) /27 min (¢,2y/s — ()
Substitution of (4.26)) into (4.19) and (4.20]) yields
=0, (< -1, (4.28)
1] 2 1 1
S S . (> 1, (4.29)
2] = ¢ 0
—zZz
1| Eew 1
— =+— —1. 4.30
5\ = o $< (4.30)

4.3.1.3 Transient solution

The explicit form of the near-field solution as well as the transient solution that connects

the near- and far-field asymptotes are computed numerically. A detailed description of
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Figure 4.2: Stationary tip: flux distribution function ¢ = \/Ezﬁ vs ¢

the algorithm can be found in Appendix The results of the numerical simulations
are shown in Figs[4.2][4.6] We see that the transient solution converges to the asymptotes
studied above. In particular in Fig. [£.6] we show the backstress distribution in the tip
region. One can see that although in the far-field the backstress behaviour is singular,
2., ~1 /¢, it is finite in the near-field. Below we will show that the far-field asymptote
of the tip solution corresponds to the near-field asymptote of the global solution.

An interesting illustration of the diffusion process is presented in Fig. [L.7] where
we show the fluid displacement function distribution in the time domain for different
times. We normalize the fluid displacement function on its value at the center of the
disc. One can see, that for small times the fluid displacement function distribution is not

uniform only in a very small region near the tip. The size of this region is approximately

equal to 24/7. As time elapses the size of this region increases and the shape of the fluid
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Figure 4.3: Stationary tip: normal component of stress =,. behind tip, ¢ >0

displacement function distribution evolves towards the shape of the large-time asymptote
given by (1 — 52)71/2 [see (4.50))].
4.3.2 Global solution

Assuming 7 < 1 we can reduce the governing equations (4.9))-(4.12) to (see Appendix
for the details of the derivation)

My = — 2f/ Yo (&,7) 3/2, (4.31)
{(6455)2]

h de, 4.32

/w -8 (c+d) 3 (4.32)

where E () is the complete elliptic integral of the second kind (Abramowitz and Stegun),
1972), and subscript “0” stands for small-time. Equation (4.31)) with the boundary

condition (|4.13]) can easily be solved using the Laplace transform. As the result we have
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Figure 4.4: Stationary tip: pressure distribution II ahead of tip, ¢ < 0

the following solution for the source distribution function

1 1+4sgn(l1-¢)
T 2 '

The fluid exchange function ¥y is equal to

Uy = \/f (4.34)

Substitution of the solution (4.33)) into (4.32) yields

Yo = (4.33)

where K (x) is the complete elliptic integral of the first kind (Abramowitz and Stegun,
1972).

Note that our solution , matches the far-field tip region solution ,
(4.28)-([4.30) (see Figs and [4.6)).
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Figure 4.5: Stationary tip: parallel component of stress =, ahead of tip, ¢ < 0
4.4 Large-time asymptote, 7 > 1

To derive the large-time asymptote we work mainly in the Laplace space. In terms of
the Laplace transform parameter s, large times 7 > 1 means that s < 1. Therefore, we

have a small parameter s. Asymptotic expansion of the singular fluid dilation solutions

(4.15) and (4.17)) for small s yields

~ s 253/2
I (¢, s) ~ -= 4.36
(€5) > 1~ (436)

=li S 833/2
= ~ e —— 4.37
(€5) >~ e (437

Hence, we can seek a solution in the form of series with respect to /s

A (&:5) = AQ (&,5) +5'PAL (€,9) + .. (4.38)

where A = {4, 11, =}.
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Figure 4.6: Stationary tip: backstress distribution 2., vs ¢

After substituting our singular solutions (4.36)) and (4.37) into the governing equa-

tions (4.14)) and (4.16)) and collecting O (1) and O (51/ ?) terms, we have

0D (£,2.5) -
o1): H(O) ,
1) = e
£=0,£<1
ORI
o (s1/2) . ﬁ&) (€, ):f Yoo (faf,s)dg_kqj((}g)( ),
(S ) s s € — ¢ T\
70) (7
ow:  EQEs)=-= Wdé:—ﬁ@@,s),
¢=0,£<1
T (F
12) . B0 (e g5 Voo (€0,5) 2 85 50
O(s ) =y (&, 8) = = €—¢ d£+37r\I’OO (s).

(=0,£<1

(4.39)

(4.40)

(4.41)

(4.42)
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Figure 4.7: Normalized flux distribution function 1 (¢,7) /1 (0,7) in time domain for
different times: 7 = 0.0004,0.01,0.04,0.09,0.25,0.5,1.0,10.0. Solid lines for 7 =
0.0004,0.01,0.04, 0.09 were obtained from inverse Laplace transform of the tip solution;

dashed thick lines are numerical solutions of the global problem; solid line (1 — {2) 1/2
is the large-time asymptote; and dashed thin lines mark diffusion length scale for
7 = 0.0004, 0.01,0.04,0.09 and located at £ =1 — /7.

4.4.1 O(1) solutions

Integration of (4.39)) over the angle leads to

¢ |5
O (6,¢=0,5) = / 00 (€, 5) g(f:? €. (4.43)

The solution of this equation with the boundary condition (4.18) is given by

(ms)~"

Nt (4.44)

PO (&) =
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Substitution of this solution into (4.43) gives us the pressure distribution outside the

domain of the prescribed pressure (domain of the boundary condition)

1 £<1

Y

frarctan<\/§12—1>, E>1

Here we have used the following formulas for the elliptic integral K (z) (Gradshteyn and

Y (¢,¢=0) = (4.45)

Ryzhik| 1994)

K[ui)?] —(1+2)K (1), <1,

1 1 dt
K(x):/o V-—22VI-22

The fluid exchange function g (s) is given by

T (5) =2/s. (4.46)

oo

4.4.2 O (y/s) solutions

Mathematically, equations and are almost identical. The only difference
is that instead of term f[g%) in the left-hand side of , equation has l:L()? +
250 Y (s) /. The boundary condition for is T (£ <1,(=0,s) = 1, whereas
for we have ﬁé}) (£ <1, =0,s) =0. Therefore we have the following expression
for 9% (&, 5)

0 (65) = 20 (5) 10 (¢,5). (4.47)

The fluid exchange function \i}é? (s) is then given by

T (5) = ﬁ\ifggﬂ (s). (4.48)

s

Substitution of the solution (4.47)) into (4.42)) yields

~ 2s =~ ~ 8s =~
20 (&) = ——WQ (TR (&) + -V (s). (4.49)
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4.4.2.1 Back to time domain

Combining equations (4.38]), (4.44]), and (4.47) and applying the inverse Laplace trans-

form, we obtain
1+ 4x—3/2771/2

Doing the same with equations (4.38]), (4.46]), and (4.48) we get
gr—1/2
And finally, combination of (4.38)), (4.41), and (4.49)) yields
o (€, 7 = -0 £)[6(1)—2 o 8 )32 4.52
o 3

A reasonable question arises: should we keep the delta function in the above equation?
On one hand it seems that for large times this delta function is not important. On the
other hand it is clear from the expression for the backstress in the case of a propagating
fracture that this delta function is important. To understand the meaning of this
delta function we write down in the case of a unit step loading IT (§ < 1,{ =0,7) =

H(7)
4 16
13/2,1/2 + 373/2,1/27

=% (&7) = ~1Q (&) |H (1) +

where H (7) is the Heaviside step function.

One can see that the Heaviside function corresponds to the large-time equilibrium
backstress generated by a unit pressure step loading. This is what one would expect
from such a loading. Now if we have a unit impulse of the pore pressure, the backstress
at large times is equal to zero and the history of the backstress evolution looks like an
impulse. Therefore the delta function in is simply a mathematical description of

this history.
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Figure 4.8: Total fluid displacement function ¥ vs time 7
4.5 Transient solution

The transient solution, which connects the small- and large-time asymptotes, is com-
puted numerically. First, we solve the integral equation with the boundary condi-
tion . As a result, we find the flux distribution function in the Laplace domain, .
Then, we use this solution in to calculate the Laplace transform of the backstress,
Z. We finish our computation with a numerical inversion of the Laplace transform so-
lution, following the technique developed by [Lopez-Fernandez and Palencial (2004) (see
also Appendix . The details of the computation can be found in Appendix
The algorithm was implemented in Mathematica 6.0. Computation of the backstress
was done inside the disc {{ < 10, = 0}, which was discretized with a spatial step equal
to 0.1. The problem was solved for quite a wide range of times: 107° < 7 < 10°. Outside
this large domain the region of the prescribed pore pressure can be approximated by a

point source. Therefore we have the following far-field asymptote

Srp(€,s) =T (s)E(&,5). (4.53)
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Figure 4.9: Backstress = vs time 7 for different spacial points: £ = 0,0.95,1.05,1.95

The results of the numerical simulation are shown in Figs {.8{4.12] Fig. [£.8|shows the
time dependence of the fluid exchange function V. Figs illustrate the temporal
and spatial behavior of the backstress. One can observe a very good agreement between
the numerical transient solution and the asymptotic solutions.

Note that inside the region £ < &z—¢ (1), where Z[{z—o (), 7] = 0, the backstress is
compressive, = < 0, whereas outside this region it is tensile, = > 0, see Fig. It is
clear that £z—¢ (0) = 1 and &=—¢ (T — 00) — oo. This behavior of the backstress mimics
the diffusion process. In fact, when the diffusion is one dimensional (early times) the
backstress is mainly concentrated inside the pressurising domain, and as time elapses

the compressive backstress occupies a larger region of the medium.

4.6 Summary of the chapter results

In this chapter we have solved the auxiliary problem (see the Introduction). Namely,

we have found a semi-analytical solution for the response of a poroelastic medium to an
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Figure 4.10: Spatial distribution of backstress Z for small time, 7 = 1074

impulse of pore pressure applied to a penny-shaped domain. This semi-analytical solu-

tion includes the analytical small- and large-times asymptotes for the flux distribution

around the fracture as well as for the backstress [see (4.34)), (4.35)), (4.51]), (4.52))]. For

intermediate times we have built a numerical transient solution (see Section . Also
we have found the semi-analytical far-field asymptote for the backstress where the
spatial dependence is known analytically and the the temporal dependence was obtained
by doing a numerical inversion of the Laplace domain using the numerical solution for

the fluid exchange function W.
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Chapter 5
Fracture propagation: zero viscosity

5.1 Preamble

Finally, we have arrived to a point when we can study the propagation of a hydraulic
fracture through a poroelastic medium. In this chapter we consider the simple case of
zero viscosity. The main assumption here is that the most of the energy dissipation
is associated with the damage of the solid medium rather than with the viscous flow
of the fracturing fluid. In other words the fracturing fluid viscosity is assumed to be
equal to zero, with the implication that the fluid pressure inside the fracture is uniform.
Savitski and Detournay| (2002) have shown that in the case of a penny-shaped fracture
propagating through an impermeable medium by injection of a Newtonian fluid, the
toughness-dominated regime can be observed only at large times t 2 t,,k, where t,,,x is

the characteristic transition time between the viscosity- and the toughness-dominated

5 N3 13
lu’inQOE
bk = 4/ 7}(}08 . (5.1)

One more simplification introduced in this chapter is the disregard for the low per-

regimes given by

meability cake build-up effect. As a result, there is no need to distinguish p;, and pout

101
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and, similarly, the viscosities pi, and poyt. Therefore, we shall now omit the subscripts
“in” and “out”.

Earlier works on the toughness-dominated regimes with leak-off include studies per-
formed by |Bunger et al| (2005)) and Mathias and Reeuwijk| (2009). Bunger et al.| (2005)
have conducted a detailed examination of the case of the Carter’s leak-off model by means
of scaling and asymptotic analyses. On the other hand, Mathias and Reeuwijk| (2009)
studied the case of “stationary” 3D leak-off, when the propagation of a fluid-driven frac-
ture is very slow and the pore pressure around the fracture is always in equilibrium. The
authors have not provided any estimations of applicability of their pseudo steady-state
model.

An interesting work was conducted by Berchenko et al.| (1997) who studied propa-
gation of a natural fracture through a porous medium. The authors have introduced an
efficient approach to calculation of the fluid exchange volume between the fracture and
the medium. Namely they decomposed a continuous in time fluid pressure variation in-
side the fracture into series of pressure impulses and then represented the fluid exchange
volume induced by the continuous pressure variation by the superposition of the fluid
exchanges induced by a single impulse (see introduction to Chapter . Unfortunately
Berchenko et al.| (1997) have made some significant algebraic errors. In fact simple scal-
ing analysis shows that the main expression for the fluid exchange volume is incorrect
[see equation (7) of Berchenko et al.| (1997))]. Nevertheless we should admit that the idea
introduced by these authors is the core of our research.

Neither of these papers considered the backstress effect.

In this chapter we build a general model of a hydraulic fracture driven by a zero
viscosity fluid through a poroelastic medium. The main restrictive assumptions are i)
there is no low permeability cake build-up, and ii) the solid-to-fluid coupling can be

neglected (see introduction to Chapter [4)). Throughout this chapter we intensively use
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scaling and asymptotic analyses. We show that the parametric space is a prism. In this
parametric space the case of the Carter’s leak-off model studied by Bunger et al.| (2005)
occupies only one edge, whereas the pseudo steady-state model introduced by Mathias
and Reeuwijk| (2009) covers only one face.

The main objective of the problem is to define the evolution of the fracture radius
R (t), the fracturing fluid pressure pi, (t), and the efficiency of the hydraulic fracturing
E (t) = Virack/ Vinject, Where Vipack is the volume of the fracture and Vigject is the volume

of the injected fracturing fluid.

5.2 Mathematical model

5.2.1 Dimensional formulation

In the case of zero viscosity, 4 = 0, the fluid pressure along the fracture is uniform,
p(r<R(t),z=0,t) =p(t). As a result, Poiseuille’s law ([2.2)), introduced in Chapter
, degenerates. Therefore, instead of the local volume balance equation ([2.1) introduced

in Chapter [2] we use the global volume balance
Vinject (t) - ‘/crack (t) + ‘/leak (t) . (52)

Here Vipjeet (t) = Qot is the volume of the injected fracturing fluid and Vipack (t) is the

fracture volume
1
Virse (6) =202 (6) [ w[R (2)5,1) s, (5.3)
0

Substitution of the elasticity equation (2.7)) into (5.3]) yields

1
Viraele (1) = ?R;(f) {p (t) — o0+ 3/0 o [ (1) 5, 1] /T — szsds}, (5.4)

where £/ = E/ (1 — 1/2) is the plane strain modulus, F is the Young’s modulus, v is the

Poisson’s ration, and o}, (r,t) is the backstress.
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As indicated earlier [see Chapter 4], we can represent the continuous evolution of the
fluid pressure inside the crack by a sum of spatially uniform time impulses of pressure.

Then, the leaked-off volume Vje, and the backstress op can be written in the form
t
View () = [ U[R ().t 5] Ip(5) — o] ds. (55)
0

oy (r, 1) = /0 Sy[R (s),rt — 8] [p (s) — po] ds, (5.6)

where U (R, t) is the volume of the fracturing fluid that has escaped from a fracture of
radius R at an elapsed time ¢ after a uniform unit impulse of pressure has been applied
(see Chapter , and Sy (R,7,t) is the generated backstress. In the following we refer
to U (R,t) as the leak-off Green function, and to Sy (R,r,t) as the backstress Green
function.

Recall the following relations between these dimensional Green functions U (R, t),

Sy (R, r,t) and the dimensionless ones ¥ (7), = (£, 7), obtained in Chapter [4] [see (4.8))]

SR? t n r t R?
U(R,1) Tr (TR)’ Sb (1,7,1) Tr (R’TR)’ R= e (5.7)

where S is the storage coefficient, ¢ is the diffusion coefficient, and 7 is the poroelastic
stress coefficient.

We close the formulation of the problem with the propagation criterion [see ([2.9)

and (210)

_ 2 hy 1p{sR(t),t]+ab[sR(t),t]—aos8
KIC_ﬁR12(t)/O — ds, (5.8)

where K. is the material toughness.
One can see that our model has only two unknowns: the fracturing fluid pressure

p (t) and the fracture radius R (t).
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5.2.2 Dimensionless formulation

The problem depends on seven dimensional parameters: Kj., E', Qq, ¢, S, 0g, and pg,
and one dimensionless parameter n. It is possible to reduce this set of parameters to five
dimensionless quantities. Inspired by earlier works on hydraulic fracture (Detournay)

2004) we introduce the following scaling

r=R()¢, R(t)=L({)p(t),

o Kie
TOL1/2 (t)

I (t), U““”:LS;QZ@”” (5.9)

p(t) — oo
where p (t) ~ 1 is the dimensionless radius, II (¢) ~ 1 is the dimensionless net pressure,
¥ (&, 1) is the dimensionless back stress, and L (t) ~ R (t) is the characteristic size of
the fracture. Note that the introduced above scaling is time-dependent. Moreover we
have not defined yet the parameter L (t). Below we will show that for different propa-
gation regimes the parameter L (t) can be defined in such a way that the dimensionless
quantities p, II, and ¥ will not depend on time.

In the scaling (5.9) our governing equations transform to

e Backstress equation (5.6)) after substitution of (5.7))

)
(€)= 106 0) | LL<(tt)> s [5 s (190 fét)) il
><Fﬂw+ éé%ﬂ@ﬁ(& (5.10)
e Propagation criterion combined with the backstress equation
L= 22 () TL() + Ky (8), (5.11)

NS
e Volume balance equation (5.2)) where we substituted (5.4)), (5.5), (5.7), and (5.11)

1= 3G, () 0772 () [+ Vi () — Ko (8] +



L2(t) 1—s
) [Q" O\ Tes)

1 S
6.0 [ 0009w fa0a )

Here Kps (t) is the change of the stress intensity factor due to the backstress

1
Kbs(t):4”gd(t)/0 L(t) 1 )k:bs[ LWp®) 4o LW 1—5])(

pl2(t) Jo Lits)p(ts) [ L(ts)p(ts) L2 (ts) p? (ts)
[Qg(t)+ I?((;))H(ts) ds, (5.13)

and Vps (t) is the change of the fracture volume due to the backstress

4G [1 L) [ L) L) 1-s
V)= 55506 [P0 L | Lt 91940 T |

lgg (t) + Li(t)ﬂ(ts) ds, (5.14)

L (ts)

where

R =
kos (R, 7) = 2 EET) de, (5.15)

vrlo RET-€2
6 (® -
o (Ror) = = [ €VRI= @2 (€. de (5.16)
VT Jo
One can see that our dimensionless formulation depends on the following four time-

dependent dimensionless groups:

e Storage group
Kr. L% (t)
QuE  t 7

Gy (t) = (5.17)

which is proportional to the fraction of the injected fluid volume stored in the

fracture;

e Leak-off group
Kic
Go(t) = RIepi2 4y (5.18)
Qo

which characterizes the amount of the fluid that has leaked into the formation;



107

e Diffusion group

Ga = chit), (5.19)

which is related to the diffusion process with /G4 proportional to the ratio of the

diffusion length scale to the fracture size. Thus this dimensionless group is small,

Gq < 1, in the case of 1D diffusion and large in the case of 3D diffusion, G4 > 1;

e Pressure group

_00—DP0 r1/2 0o — Po
o (t) = ———L t) ~ ———, 2
G, (1) = 2011 (1)~ D (5:20)

which describes the effect of the material toughness on the net fluid pressure p— o
compared to og — pg. Indeed, in the case of small toughness when Kj;. — 0 and
G, — 00, one can assume that from a diffusion point of view the fracturing fluid
pressure p is equal to the confining stress og, p & 0g; whereas in the case of large
toughness when Kj. — oo and G, — 0, the net fluid pressure p — gg is large

compared to o9 — pg.

Note that the only unknown here are the dimensionless fracture radius p (7) and frac-

turing fluid pressure II (7).

5.3 Methodology

Incorporation of the diffusion and poroelastic effects into the theory of hydraulic fractur-

ing relies on evaluating the convolution type integrals [see (5.10)), (5.12))-(5.14))]. Indeed,

evaluation of the fracturing fluid volume which has leaked into the formation requires
a “convolution” on W (7) [see (5.12))], whereas evaluation of the backstress X (&,t) and
related fracture volume Vi, () and stress intensity factor K, (t) changes requires “con-
volutions” on = (£, 7). These “convolutions” involves both arguments of = (£, 7) and are

way more complicated than the “convolution” on the single argument W (7) [see (5.10)),

ETD. and EID]
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To simplify calculations of Vjs () and K (t) we have introduced the two additional

functions vps (R, 7) and kps (R, 7), such that “convolutions” on these functions yield
Vs (t) and K, (t) [see (5.13)-(5.16))|. Physically the function vss (R, 7) can be interpreted
as the volume change of a fracture of radius R > 1 at an elapsed time 7 due to the
backstress generated by a unit impulse of the pore pressure applied at time 7 = 0 along
the part of the fracture R located inside the unit circle £ < 1 (we assume that the center
of the fracture R is located at £ = 0). The function kps (R, 7) is the corresponding

change in the stress intensity factor. Note that there is a simple connection between

kbs (Rv T) and Ubs (Ra T) [See " "

. 2 a’l)bs (R, T)
kys (R, T) = 3T oRE (5.21)
Small-time asymptotes of ks (R,7) and v, (R, 7)
Recall the small-time asymptote of Z (&, 7) [see, (4.35)]
- 1 -1 48 -1 [ 48 } }
ST = {1 E|— | 401 K . (5.22
067) =~ {0 -07 B | i | sk [ e

where K (x) and E (x) are the complete elliptic integrals of the first and second kinds
respectively (Abramowitz and Stegun, (1972).

Note that this asymptote has rather strong singularity 1/ (1 — &), which causes signif-
icant problems in numerical simulations. Also one can observe a separation of variables,
which simplifies the evaluation of kjs (R, 7) and vps (R, 7) at small time.

Substitution of this small-time asymptote =g (€, 7) into the expression for kys (R, T)

(5.15) yields
kps (R, 7) = 0. (5.23)

Therefore, vps (R, 7) depends only on time [see (5.21))], and in order to define vps (R, T)

we can evaluate it at any convenient point, e.g., R = 1. The expression for the stress



109

distribution, given by (5.22), can be simplified by means of (Gradshteyn and Ryzhik|

1994)
Az = T 22) — (1 -2 z? T
Bl i) s 0en R - 0= K )] a2t
_ Az = T z? T
K[(l—l—az)z] (Ao K@), o<t
such that

2 E(E)

Cp3/271/2 1 — €27

Zo (57 T) =

§<1

Now, using the integral representation of the elliptic integral

1 2
/1 —at
E = —dt
(=) /0 12
one can calculate vps (R, 7) [see ([5.16])]

3
Ubs (R> T) = _57__1/2'

Large-time asymptotes of kys (R, 7) and v (R, 7)

The large-time asymptote of = (£, 7) is given by [see, (4.52)]

B (6,7) =~ (©) [5 (1) ~ 2(r7) ] = 3 (r) 32,

where § (7) is the Dirac delta function and

o) L E<1
I (§) =
?rarctan(\/éj), E>1

Note that in the leading order we have separation of variables.

(5.24)

(5.25)

(5.26)

Substitution of this large-time asymptote = (£, 7) into the definitions of kys (R, T)

and vps (R, 7), given by (5.15) and (5.16]), leads to

kps (R, 7) = —2?/(;) L0 (7_—3/2) 7

3R2 -1

vps (R, T) = — N

5(r)+0 (7*3/2) .

(5.27)

(5.28)
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5.4 Propagation regimes

The problem under study has six propagation regimes. Therefore it is convenient to rep-
resent the fracture propagation by a trajectory line lying inside the prismatic parametric

space shown in Fig. [5.4 where

e Ky-vertex represents the storage-dominated regime with 1D diffusion, during which

most of the injected fluid is stored inside the fracture;

o K,o-vertex is related to the leak-off-dominated regime with 1D diffusion, when the

net fluid pressure p — gg is large compared to g — po;

o K, o-vertex is another leak-off-dominated regime with slow 1D diffusion, when from
a diffusion point of view the fracturing fluid pressure p is approximately equal to

the confining stress og;

o K -vertex is the storage-dominated regime with pseudo steady-state (3D) diffu-

sion;

o K, -vertex is the pseudo steady-state (3D) diffusion version of the K o-vertex;

o K oo-vertex is the pseudo steady-state (3D) diffusion version of the K,q-vertex.

In the transition from one regime to another, the domination of one physical process
is displaced by the domination of another one. Mathematically this means that the
transition is controlled by the ratio of the dimensionless groups, representing the physical
processes. For example the transition Koof( roo 18 governed by G./G,, such that G./G, =
0 for the Ky-vertex, and G./G, = oo for the K,oo-vertex. In another example the
transition from 1D to 3D diffusion is governed by G4, such that G; = 0 for 1D diffusion,
and G; = oo for 3D diffusion.
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Figure 5.1: Parametric space

Usually, each propagation regime is studied in an inherent time-dependent scaling,
such that the propagation of a fracture in a given propagation regime does not depend
on time in this scaling. It is convenient to introduce an inherent scaling in such a way
that all dimensionless groups which correspond to the dominating physical processes
are equal to 1, whereas all the other groups are small compared to 1. Note that these
small dimensionless groups are still time-dependent, therefore it is easy to estimate
when a given propagation regime is valid. Also using these small time-dependent groups
we can easily calculate the characteristic transition times between different propagation
regimes. For example in order to calculate the characteristic transition time ¢ 4p between
the two propagation regimes A and B, one should follow the following procedure: first,
introduce an inherent to the propagation regime A scaling; second, obtain in terms of this
inherent scaling an expression for the dimensionless group QJ(BA) (t), which is dominant
in the regime B, whereas it is small in the regime A; and third, solve the equation

QJ(BA) (tap) = 1 to obtain the characteristic transition time ¢4p.
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ver- definition scaling solution
tex Ga Gs Gv/Ge definition L (t) D
"1/ .\ 2/5 2/5

Ky |<1| - |>G, /? max [1, G,] G, =1 (%t) <%)

; —1/2 1D T-141/2\ 2/3 2/3

~ ~1/2 (1D); _ Qoz-1et/2 |1/? 3/4

Koo |1 | >1 <G, "Gy Ge "Gr=1 [m-‘ =3/

Koo |>1]| - > max[1, G,] Go =1 (%5025 <$LY5
[e'9) y Yo v = Kre 8v/m

Ko | >1]| <1 <1 G. =1 (Qo)2 (1—n)?
KOO c cSKre lom

o — Q 1_

Kyoo (>>)1 >1 < Gs GGs =1 m Tﬁ

D) _ g, 4 _ 4
Here G 7/ = 517 1— E,”S) andZ=1-— E,"S

Table 5.1: Propagation regimes and corresponding scalings

In our case we can introduce different scalings by fixing the length scale L (t) [see

(5.20)-(5.17)]. We define different propagation regimes in terms of the dimensionless
groups (5.20)-(5.17) in Table where we also introduce different scalings which are

intrinsic to each of these propagation regimes. The transition times between different

propagation regimes are given by

o KoK edge

o KoK.o-

o KoKy

o KoK, edge

edge

edge

1/ El4 1/5
=[50 () (0

4n
1_E€>

cl/zSK}Lc <
Koo =1 (50 — p0) Qo
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° f(,{o.f(mo— edge
4
0

5cdpcd
c*S*K7,

tf(nOf(noo =
° Kaokaoo- edge
B Q3

liooioco = oo 3
KoOKooo 0352 (0_0 _p0)2

o K K- edge
A &
KooKkoo — )
roo C5S5E/K;Lc

o K Ky,o0- edge

372
t _ — OKIC ]
ko =\ 5052 (00 — o)’
o KooK o0-edge is self-similar, i.e., the transition along this edge is impossible.
Moreover all trajectory lines of the fracture propagation begin at the Ky-vertex

and end at some point of the K, ,wof(aoo—edge.

Note that the case of the Carter’s leak-off model studied by |[Bunger et al. (2005)) cor-
responds to the KoK,o-edge, whereas the pseudo steady-state model introduced by
Mathias and Reeuwijk (2009) corresponds to the Koo Koo K yoo-face with G, =0.

In the rest of this section we give some details of derivation of asymptotic solutions

for different propagation regimes.

5.4.1 Kof(,igf(ao-face: 1D diffusion, G; < 1

Substitution of the small-time asymptotes of kps (R, 7) and vps (R, 7) [see (5.23) and

(5.25))] into the expressions for K (t) and Vi, (t) [see (5.13]) and (5.14)] leads to

Ky (t) = 0, (5.29)

_ 3G, () [ (Lts)p(ts)\ L(t)
)= [ (et ) [0+ T
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Combination of the propagation criterion ([5.11)) and the volume balance equation ([5.12])

followed by substitution of the obtained above expressions for K (t) and Vj, (¢) and the
small-time asymptote ¥q (7) = /7/7 [see (4.34)] yields

8y
3

1 Gup®/? (£) + 2/7G0P) (1) p? (1)

YL (ts) p(ts) ? ﬁ M -1/2 ds
x /0 [ ’ ] lgg(t)—l— L (ts)] . (531

L(t)p(t) 2 \/ L(ts 1—s
Here
G (t 4nGy (t) Gy (t 2SKq, 4
a0 = gf/“’(é) <1_ e <)> = qun 0 (1_ E'nS>’ (532

where the second term in the brackets corresponds to the fracture volume decrease due
to the pore pressure induced dilation of the medium. Obviously, the medium dilation

should be less than the amount of fluid it absorbs, therefore

477gd (t) gv (t) 477
T(t) <1, or 'S

The only unknown in the volume balance equation ([5.31)) is the fracture radius p (7).

<1. (5.33)

Once the fracture radius p (7) is known, one can use the propagation criterion (5.11)) to

obtain the fracturing fluid pressure

(e =Y, ) (5.34)

where we have used the fact that Ky, () = 0 [see (5.29))].

As indicated above, in the case of 1D diffusion we have only three different propaga-
tion regimes, namely K, K <0, and f(ao. It is easy to solve the volume balance equation
for each of these propagation regimes. One should simply introduce an inherent
propagation regime scaling [see Table , then rewrite the volume balance equation
in terms of this scaling and solve the resultant equation. The solutions of the

volume balance equation for each propagation regime are presented in Table
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5.4.2 Ko K.oK,o-face: pseudo steady-state diffusion, G; > 1

Substitution of the large-time asymptotes of kps (R, 7) and vps (R, 7) [see (5.27)) and

(5.28)] into the expressions for K (t) and Vi, (¢) [see (5.13) and (5.14))] leads to

Ky (t) = Vi (1) = —j,rpl/? (101G, () +11(1) [1+0(G,"%)] . (5.35)

Thus, the propagation criterion (5.11)) gives

VT MR | G (1)
H(t)_7 1—1n + 1—-n’

(5.36)

whereas the volume balance equation ((5.12) combined with the above equation (/5.36))

yields

8T 8. (1) p(1) [ L (ts) p (ts) va L@
1= 3G 000 e [g°(t>+2 Lits)” 1/2(“)] o

(5.37)
where we have used the large-time asymptote of the leak-off Green function ¥, = 2 [see
(4.51)].

One can see that the volume balance equation depends only on the fracture
radius p (t). Following the procedure described at the end of the previous subsection, one
can easily solve this volume balance equation for each of the pseudo steady-state diffusion
propagation regimes Ko, K koo, and K,oo. The results of the solution are presented
in Table Below we discuss only some characteristic features of each propagation

regimes.

K-vertex: storage-dominated regime

The solutions for the two storage-dominated regimes Ky (1D diffusion) and K, (pseudo
steady-state diffusion) are the same in terms of the fracture radius p . However in terms

of the fracturing fluid pressure II these solutions are different [see ([5.34]) and (5.36))].
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Indeed the propagation criterion ([5.36]) yields

k., ()],= Go (t _
e ()= =0 100 0], —0svmt 0. 639
whereas the 1D diffusion solution is
Mk, (t) = Ui (8)],=0 - (5.39)

T
slow diffusion

distance

fast diffusion |

time

Figure 5.2: Physical interpretation of the difference between Ky- and K-vertices

Therefore the poroelastic effects split the storage dominated regime (known before
as the K-vertex, see Bunger et al|(2005)) into two: the Kp-vertex (1D diffusion) which
is similar to the former K-vertex, and the K, -vertex (pseudo steady-state diffusion)
characterized by a higher pressure. The essence of the difference between these two
regimes is illustrated in Fig. Initially the fracture front propagates faster than
the diffusion front, therefore the diffusion length scale is small compared to the size of
the fracture and the diffusion is one dimensional. As time goes on, the diffusion front
catches up and then passes the fracture front, making the diffusion length scale to be
larger than the fracture size, and, as a result, switching the propagation regime from the

1D diffusion to the pseudo steady-state (3D) diffusion.
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KooK yoo-edge: leak-off-dominated regime, G, < 1

In this case the fracture is stationary, and the volume balance equation (5.37)) has the

following solution

_ ¢%+2u—ng%—v%2 ‘ (5.40)

L=1
It is interesting to note that the Koo Kyoo edge is self-similar, i.e. a trajectory of the
system can not follow this edge. Moreover, all trajectories of the system end at some

point on this edge.

p T T T T
L / ]
n=0 Py — f
10—3 L ’]7 _= 05 poo -
1074 ¢ :
Po\

107°F ;
1071 1078 107° 1072 7

Figure 5.3: Fracture radius p vs time 7: general case G, = G. =1, n = 0.0,0.25,0.5

5.5 Transient solution

To obtain a general trajectory of the system starting at the Ky-vertex and ending at the
f(mof(goo—edge, we develop an implicit numerical algorithm solving our set of governing

equations (5.11)-(5.16)). From a numerical point of view it is convenient to introduce a



H T T T T
200 / .
i 11y .
100 ..
50 F \ -
n=0.5
10r 77:0 \ i

10711 1078 107° 1072 T

Figure 5.4: Fracturing fluid pressure Il vs time 7: general case G,

0.0,0.25,0.5

new, time-independent scaling such that G, =1

_ R(1) ot
,0(7')— Ltr7 T_Tv

where

K 2 L2
Ly, = < e ) ) T=-"
go — Po 4c

Now the governing equations ([5.11))-(5.16)) transform to

e Propagation criterion

- \;pl/ﬁ (F)TL(7) + Koy (7),

e Volume balance equation
8/
r = ST, P12 (7) L+ Vi () = K (7)] +

3
+4GC/OTp(T)x1: [;2_(:)} [+ 11 (7)) d7,
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(5.41)

(5.42)

(5.43)

(5.44)
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Figure 5.5: Hydraulic fracturing efficiency £ vs time 7: general case G, = G, = 1,
n =10.0,0.25,0.5

where G; = G; (t =T, L = L) and

o T1+1I(7) p(r) 7—7 -
Kps (1) = i (T)/O e Kps [p(%),pz(_)}d : (5.45)
- n T . p(r) T—7 1 d
) =t oo (20 nan@e, s

In this scaling the found above asymptotes have the following form:

e Ky-vertex

2/5
w0 =(5) ™% Kol =o
- _ 3 w22 T (9/5) /2 T (8/5)
bso (T) = =37 o2 ey |T(23/10) 7 9,172 (1) T (21/10) |
7t/ s 52 (r T
m() =T ), &)= g, DL Va0

o K,o-vertex

Gy

c

—2/3
pr (1) = n4B3G3 (1 ) T3 Kpee (1) =0,
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Figure 5.6: Fracture radius p vs time 7: G, = 107%, G, = 10, n = 0.0,0.25,0.5. Here
fracture goes through Kg-vertex
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Figure 5.7: Fracturing fluid pressure Il vs time 7: G, = 107°, G, = 10,7 = 0.0,0.25,0.5.
Here fracture goes through K-vertex

Here we have introduced the hydraulic fracturing efficiency £ defined by £ = Viyrack/ Vinject -

During the development of the numerical solution we encounter the following diffi-
culties: 1) the problem is history dependent and ii) the leak-off and the backstress Green
function are numerical and singular. As a result, it is difficult to perform the spatial
integration of the backstress Green function in and as well as the temporal
integration (convolution) in , and . To overcome these difficulties we
use remeshing and numerical decomposition of the backstress Green function into “phys-
ically meaningful” analytical functions. The implementation of these ideas is described
in Appendix [C]

The results of the numerical simulations for different values of the parameters G; are
presented in Figs We show that, depending on the values of the parameters
G, the system can travel through different vertices, although the journey always has to

start at the Kp-vertex and terminate at the f(mof(aoo—edge.
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Figure 5.8: Hydraulic fracturing efficiency &£ vs time 7: G, = 1075, G, = 10, n =
0.0,0.25,0.5. Here fracture goes through Kp-vertex

In some cases the propagation of the fracture terminates before it arrives to the
Koo K yoo-edge (see Figs i . In these cases, the system, going through a diffusion-
dominated vertices, arrives to a point when the dilation of the poroelastic medium ~ Vj,
is very large, such that the volume of the fracture becomes equal to zero. Substituting
the obtained above analytical expressions for Vjs and Kps into Vepaek (7) ~ 1+ Vi (1) —
Kps (1) = 0 and solving it with respect to time 7 one can easily estimate the fracture
closure time. Note the this estimate is based only on the total volume of fracture and it
does not say where the fracture will close. In reality though the fracture will rather switch
to a viscosity-dominated propagation regime then close. Indeed, from a point of view of
the lubrication theory, the fracture is just a channel for the fracturing fluid. Therefore
the decrease of the fracture opening leads to an increase of the pressure gradient of
the viscous fracturing fluid, which in turn leads to an increase of energy dissipation
associated with the fluid viscosity. This leads to the violation of the assumption of zero

fracturing fluid viscosity. Moreover the pressure profile of the fracturing fluid inside the
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Figure 5.9: Fracture radius p vs time 7: G, = 107", G, =3 x 10", = 0.0,0.5. Here
fracture goes through K,o-vertex

fracture becomes to be strongly nonuniform, thus one can not use the results of the
auxiliary problem to model the poroelastic effects. As a result one has to use more

sophisticated models to study this situation.

5.6 Discussion

In the present chapter we have performed a detailed study of a penny-shaped fracture
driven by a zero viscosity fluid through a poroelastic medium. The main contribution of
this study is the incorporation of large scale 3D diffusion and related poroelastic effect
(backstress) into the theory of hydraulic fracturing. The study relies on scaling and
asymptotic analyses. In fact, we have shown that the problem under consideration has
six self-similar propagation regimes (see Section. In particular we have demonstrated
the existence of a stationary solution (f( mof(goo—edge) when the fracture propagation
arrests. In this case the fracturing fluid injection is balanced by the 3D fluid leak-off.

This stationary solution in the case of zero backstress, n = 0, was originally obtained by
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Figure 5.10: Fracturing fluid pressure II vs time 7: G, = 1071, G, = 3 x 10711,
n = 0.0,0.5. Here fracture goes through K,g-vertex

Mathias and Reeuwijk| (2009).

Numerical simulations illustrate that poroelastic effects represented by the backstress
have significant influence on the propagation of a hydraulic fracture. Namely in the case
of 3D diffusion the backstress effect leads to a decrease of the fracture radius (see Figs
and accompanied by an increase of the fracturing fluid pressure (see Figs
and . Moreover, the poroelastic effects can lead to premature closure of a fracture
propagating in a leak-off dominating regime with 1D diffusion (see the discussion at the
end of the previous section).

Let us perform some simple numerical estimates of the influence of the poroelastic
effects. Using data of typical high permeable reservoirs (see Chapter 7)) one can conclude
that the fracture arrives into the Kyoo-vertex in just a few minutes which is very fast
compared to the treatment time. In the f(aoo—vertex the fracture radius is equal to R =
3.4 m and the net pressure is p — o9 = 7.4 MPa in the case of the low porosity reservoir
(LPR), wheres for the mean porosity reservoir (MPR) R ~ 0.35 m and p — op ~ 7.2

MPa (see Table . If one does not take into account the poroelastic effect he would
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Figure 5.11: Hydraulic fracturing efficiency & vs time 7: Gy, = 107, G, =3 x 10711,
n = 0.0,0.5. Here fracture goes through K,g-vertex

arrive to R =~ 4.4 m and p — gg =~ 0.071 MPa in the LPR case, and R ~ 0.44 m and
p— o9~ 0.71 MPa in the MPR case. One can see that the fracture radius decrease due
to the poroelastic effects is not so significant. At the same time the net pressure increase
is huge (100 times in the LPR case and 10 times in the MPR case).

In all our examples, the numerical simulation sweeps huge time ranges. Is it reason-
able from a practical point of view? Well, if one wants to get accurate solution one has
to have good, from a physical point of view, initial condition. In this research we use the
small-time asymptote (Kp-vertex) as the initial condition. This force us to go to very
small initial times. This is one more inconvenient feature of the problem of hydraulic
fracturing. In practice though assessment of the part of the parametric space of the
fracture propagation can dramatically simplify the situation. Knowing this information
one can use the analytical vertex asymptotes for preliminary estimation, and then op-
timize a numerical algorithm. For example Figs illustrate that one can use the
asymptotic solution of an intermediate vertex as the initial condition provided that the

transition time from the Ky-vertex into this vertex is small compared to the treatment
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Figure 5.12: Fracture radius p vs time 71 G, = 107, G. = 107'%, 5 = 0.0,0.5. Here
fracture goes through K,o- and K,q-vertices

time. In Chapter [7] we consider in details an example of production water reinjection.
We show there that the fracture propagation arrests within just a few minutes, whereas
the characteristic threatment time is of order of hundred days. Thus from a practical
point of view in this case one can simply use the analytical large-time asymptote to
design the treatment.

The technique developed in this chapter could be also applied to the problem of in situ
stress determination by hydraulic fracture (Detournay et al., [1989). In this application
the in situ stress determination relies on the interpretation of the fracture breakdown
and reopening fluid pressure as well as of the fracture closure pressure during the shut-in
phase of experiment. It is obvious that the poroelastic effects could lead to a significant

corrections into the stress measurements.
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Figure 5.14: Hydraulic fracturing efficiency & vs time 7: G, = 1073, G, = 10719,
n = 0.0,0.5. Here fracture goes through Ko- and K,g-vertices



Chapter 6

Fracture propagation: zero

toughness

6.1 Preamble

In this chapter, we study the propagation of a hydraulic fracture driven by a viscous
Newtonian fluid through a poroelastic medium with zero material toughness. In contrast
to the case analyzed in the previous chapter, we assume here that energy dissipation
associated with the cracking of the rock material is small compared to energy dissipation
associated with the viscous flow of the fracturing fluid. Similarly to the previous chapter
we neglect the low permeability cake build-up effect. One more restrictive assumption
of this chapter is that the net pressure p — oy is small compared to o9 — pg. Thus,
from a diffusion point of view the fluid pressure p inside the fracture is uniform and
approximately equal to the confining stress, p ~ op. As a result, the fluid leak-off
process and the associated backstess effect can be studied in terms of the decompositions
introduced in the previous chapters [see Chapters |4| and .

Some particular cases of our problem were studied by |Savitski and Detournay (2002)
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and Madyarova and Detournay| (2008). The former work dealt with the impermeable

case, whereas the latter one adopted the Carter’s leak-off model to study the permeable
case. The main contribution of this chapter is the introduction of 3D leak-off and the
backstress effect into the theory of hydraulic fracturing. The main objective of the
problem is to define the evolution of the fracture radius R (t), fracture opening profile
w (r,t), fluid displacement function profile v (r,t), and fracturing fluid pressure profile
p(r,t).

Although, we include the backstress effect into the analytical consideration, we are
not able to incorporate this effect into the numerical simulations. This is due to the
strong singularities of the backstress Green function = (£, 7) with respect to space and

time (see Chapter 4)).

6.2 Mathematical model

6.2.1 Dimensional formulation

Substitution of (2.2)) into (2.1)) yields

d(w+wv) 1 0 30p
o —mar<”” 87‘)’ (6-1)

where p/ = 12u. The boundary conditions are given by [see ([2.3)]

. ap (r,t)
_ — 3 _— = L =
w (R (t) 7t> =v (R (t) 7t) - rilgzr) w (Ta t) or 07
2 . 3 op (r,t) B
_ TL/ il—r{(l) rw” (r,t) o = Qo, (6.2)

where Qg is the fracturing fluid injection rate.
It is also useful to write down the global volume balance equation, which can be

obtained by the integration of the lubrication equation ([6.1) over space and time

R(t) R(t)
Qot = 277/ w (r,t) rdr + 271'/ v (r,t) rdr, (6.3)
0 0
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where we have used our boundary conditions (6.2)).

The connection between the fracture opening w and the fracturing fluid pressure p

is given by the elasticity equation ([2.7))

w(rt) = S /{ SR(6) ] + o3 [sR (1) 1] — JO}G[R’Et),s] sds,  (64)

where £/ = E/ (1 —v ) is the plane strain modulus, F is the Young’s modulus, v is the

Poisson’s ration, oy, (1, t) is the backstress due to the leak-off, and G (&, s) is the elasticity

éF(arcsin\/} gz,g), E>s
%F(arcsin,/ 62’%>’ E<s

F (¢, m) is the incomplete elliptic integral of the first kind (Abramowitz and Stegun)

kernel,

G (& s) = , (6.5)

1972).
The leak-off displacement function v and the backstress o, are given by [cf. ,
(5-6)] t
v (rt) = <ao—p0)/ w[R(s),rt — sds, (6.6)

oy (r,t) = (00 — po / Sp[R(s),r,t — s|ds, (6.7)

where u (R, r,t) is the volume of the fracturing fluid that has escaped through a unit
area around a point r from a fracture of size R at an elapsed time ¢ after a uniform unit
impulse of pressure has been applied (see Chapter , and Sy (R, t) is the generated
backstress.

Simple scaling analysis reveals (see Chapter [4))

t n - ¢ _ R?
U(R,T',t) w <R T ) Sb (R,T',t) Ti‘—' <R TR> TR - Ea (68)

where S is the storage coefficient, ¢ is the diffusion coefficient, and 7 is the poroelastic

stress modulus.
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6.2.2 Dimensionless formulation

Here we introduce the following scaling |cf. ]
r=R@®)§, RE)=LHy®), vrt)=U@TEL), op(nt)=c(t)ED(S1),

p(r,t)—oo=c(t) E'TL(,,t), w(rt)=c(t)L(t)Q(¢). (6.9)

where 7y (t) ~ 1 is the dimensionless radius, II(£,¢) ~ 1 is the dimensionless net pres-
sure, (&,t) ~ 1 is the dimensionless opening, T (§,t) ~ 1 is the dimensionless leak-off
displacement function, ¥ (&, ¢) is the dimensionless backstress, L (t) ~ R (t) is the char-
acteristic size of the fracture, U (t) ~ v (r,t) is the characteristic value of the fluid
displacement function, and ¢ (¢) is a small time-dependent parameter. Note that in con-
trast to the previous chapter here we have three undefined time-dependent parameters
L(t), U(t), and € (t), which we will use to adjust our scaling to a given propagation
regime (see Chapter [5)).

In terms of the introduced above scaling our governing equations read

e Lubrication equation (6.1))

: ét Lt Lt At) o0

Go |2+ <5+L>Q_ <L+7> o | "

Ut Lt At\ . or| G,'o (. 50l
TG | Tt 771 = <L+7> 7e| = e\ ) (6.10)

e Boundary condition (6.2))
oIl
_ ; 37

2#%13(1)59 o€ Gus (6.11)

e Global volume balance equation (6.3))

1 1
| — Gy2m7? / Q(&,1) £dg + o277 / T (€1 £de, (6.12)
0 0



132
e Elasticity equation (6.4))

1
a0 =2 [ Mo+ Eneeo (6.13)

o Leak-off displacement equation

_GGs M L))
T€0=35 [ v [H

L(t)v(t)
ts)y (ts)

e Backstress equation ([6.7)

%(&1)

5550 (20

= [ LB~ L) 1-s7
- L(ts)’y(ts)g’gd (t) 12 (ts) ,),2 (ts):| ds, (6.15)

One can see that our dimensionless formulation depends on the following six time-

dependent dimnesionless groups:

e Viscosity group
/
K Qo
)= —— =, 6.16
Gu (1) et (t) E'L3 (¢) ( )
which characterizes energy dissipation associated with the viscosity of the fractur-
ing fluid. In the present chapter viscosity is the only dissipation mechanism there-

fore it is reasonable to put this dimensionless group to be equal to 1, G, (t) = 1.

As a result

/ /
e(t) = (ME?O)l L, (6.17)

e Storage group

Gy (t) = (6.18)

eI _ (@ N
Qot _(QéE’) t

which is proportional to the fraction of the injected fluid volume stored in the

fracture;
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e Leak-off group
U (t)L*(t)
Qot

which characterize the amount of the fluid that has leaked into the formation;

Ge (1) = (6.19)

e Diffusion group

Ga (t) = Lg(tt) ¢ = de, (6.20)

which is related to the diffusion process with /G4 proportional to the ratio of the
diffusion length scale to the fracture size. Thus this dimensionless group is small,

Gq < 1, in the case of 1D diffusion and large in the case of 3D diffusion, G4 > 1;

e Filtrate storage group

S (o0 —po) L (1)

t) = 6.21
which characterizes storage of the filtrate inside the poroelastic medium;
e Backstress group
n
Gy = S5 (6.22)

which represents the poroelastic effect. In the previous chapter (see Section |5.4)

we have shown that this group is smaller than 1/4, G, < 1/4.

The aim of our study is to define the dimensionless fracture radius v (¢), fracture opening
profile 2 (¢, t), fluid displacement function profile Y (&,¢), and fracturing fluid pressure
profile IT (§, t).

6.3 Propagation regimes

The problem under study has three propagation regimes. Therefore it is convenient to
represent the fracture propagation by a trajectory curve lying inside the triangle shown

in Fig. [6.1] where
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Figure 6.1: Parametric space

e M -vertex represents the storage-dominated regime during which most of the in-

jected fluid is stored inside the fracture;
o My-vertex is related to the leak-off-dominated regime with 1D diffusion;
o M,-vertex is the pseudo steady-state (3D) diffusion version of the Mo-vertex.

We summarize the definitions of different propagation regimes in terms of the di-
mensionless groups — in Table Where we also introduce the scalings that
are inherent to each of these propagation regimes [see Chapter [5|. Here the different
scalings can be introduced by fixing the length scale L (¢) and the fluid displacement
scaling parameter U (t). The transition times between different propagation regimes are

given by
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ver- definition scaling

tex | Gq | Gy Gv/Ge definition L(t) U (1)

3 1/9

Mo | = | = | > ming[élg/d2 1] o =1 (Q i t4> -

N /2

My | <1] 0| <GgGi? G =1, [%} V'S (o0 — po) t/2

gsg1/2 ¢ o(00—po
y - _ Qo [¢/S(o0—po)]”
My | >1 < GsGa ggcg = ) o o=poll’y
SYd —

Table 6.1: Propagation regimes and corresponding scalings

o M Mjy-edge

° MMOO-edge

° MOMm—edge

tMMo = [\/ES (00 — po)] o <

tMMoo = [C/S (0’0

t

E/2

el

MOMOO = c,_3 |:S(

0o — Po

w2Q3

>2/7

6\ 1/4
()"

The case of an impermeable medium studied by Savitski and Detournay| (2002) cor-

responds to our M-vertex, whereas the case of the Carter’s leak-off model studied by

Madyarova and Detournay| (2008) corresponds to the M My-edge.

The rest of the chapter is dedicated to a detailed study of the propagation regimes

and the development of an numerical scheme for a transient solution.

6.3.1 M-vertex: storage-dominated regime

In this case in terms of the intrinsic scaling [see Table [6.1] the lubrication equation (6.23)

reads

1, 4,09
5 O

S0 56

(GeGsGamax |g,"/2,1]) = 715 5 (593 aH) (6.23)

23
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Since ¥ ~ G, 0 (gcgsgd max [gd‘l/?, 1}) < 1 ~ 11, the backstress effect is negligible,and

the elasticity equation (6.13) then reads
gy 1
o -2 [ meneeo (6:21)

Equations (6.23)), (6.24]) together with the boundary condition (6.11]) were solved by

Savitski and Detournay| (2002). Below we present only the final result

M (€) = Y Amilliy; (€) + BuIl™ (€),
i=1

Qum (&) =7 ZC’Mi i (§) + Bur™ (6] (6.25)
i=1
Here
I ¢)=—-mné+mn2-1, Q¢ = % (1 — 52)1/2 — %{arccos&,
1 17*
T30 (6) = Tl (6) + [ 28 g,
0 —C

. Q-9 4 . o a-9 /10
Iy (§) = m@—l <3,2,§> , () = m@—l <3,2,§> ;

where G; (p, k, ) is the Jacobi polynomial (Abramowitz and Stegun) 1972)

Tlg+i) < i i Tp+2i—j) ,_;
Gi(}??k,ﬁ)zwz(_l) 31— ) F(Z)q-ki—j))f -

T+ t+pT(i+p—q+1)
(2i+p)T2(2i +p)

The coefficients Ay, By, and Cyy; as well as the dimensionless fracture radius yas

§=0

were computed numerically. In the case of truncated sums in (6.25) (four terms for
the pressure and five terms for the opening) Savitski and Detournay (2002) found the

following numbers
yum = 0.697572,  App = 0.338609, Ape = 0.011333, Aprz = 0.00235756,

Apa = 0.000164632, By = 0.0932001, Chr = 0.678295, Cha = 0.0686402,

Chz = 0.00019302, Chprq4 = 0.000886672, Chrs = 0.000221234.
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6.3.2 My-vertex: leak-off-dominated regime with 1D diffusion, G; < 1

Substitution of the small-time asymptote of the leak-off Green function v, given by

(4.33)

1 1+4sgn(l1-¢)
N 2 ’
into the expression for the dimensionless fluid displacement function T (6.14)) yields

2
T (61 = =059, V1= 0 (D), (6.27)

where 6 (£,t) = to [L (t)y (t)&] /t, and o (r) is the time at which the crack has reached

Yo (§,7) = (6.26)

point r.

In the My-scaling [see Table the backstress stress equation (6.15)) reads

gnl/l L)~ (t)
V() Go Jo L(ts)y(ts)™*

Here 2(7 (§) = 7122, (¢, 7) [see (E37)]

[1]

S o [ £010

I )’y(ts)g] ds. (6.28)

where K (z) and E (x) are the complete elliptic integrals of the first and second kind
respectively (Abramowitz and Stegun, (1972)).

We see that ¥ ~ G,/G,, whereas by the scaling definition G, < 1 [see Table .
According to the previous chapter the fracture volume change due to the poroelas-
tic material dilation XQI;‘;CI{ is related to the leak-off volume Viga by VCI;‘;Ck/ Vieak =

—4G,. At the same time the fracture volume should be positive, Vipack > 0 (recall

that (Verack — V22

Crack) /Vieak ~ Gy). This means that in the case of leak-off-domination

with 1D diffusion when G, < 1, a self-similar solution exists only if G, = 0. Hereafter
in this subsection we assume that G, = 0, in other words the backstress is equal to zero,

S (€,1) = 0.
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Since in the inherent scaling the dimensionless fracture radius « does not depend on

time, then 6 = &*, and the global volume balance equation (6.12) yields,
91/2

The lubrication equation (6.35)) transforms to

arccos (€2) + O (G,) = —m2Q° 81; (6.31)

This equation together with the boundary condition and the elasticity equation
(6.13) (where we assume ¥ =0 ) gives the full set of the governing equations for the
leak-off-dominated regime with 1D diffusion. Similarly to the storage-dominated regime
we solve this set of the governing equations using the procedure developed by [Savitski

and Detournay (2002)

Z AMOz M + BMOH** (5) )

Z Citgi¥igyi (6) + By Vg, 7 (€) - (6.32)
Here
1 HMM (€)
- (1-8~°8 (5 (1-¢)°® 13
H*~ . (5) = 7Gi—1 77256 ) Q*~ (5) = —Gi— ) 75
AM01 = 0.273806, AM02 = 0.0231315, AMos = 0.00216872,

I, (€)= M, 6+ | —t—sec,

Ajog = 0.000211575, By =0.107441, Cp | = 0454113, Cy , = 0.0409774,

Cips = —0.0009154,  Cpy = 0.00036471,  Cpy 5 = 0.000052578.
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6.3.3 M. -vertex: leak-off-dominated regime with pseudo steady-state
(3D) diffusion, G; > 1
Substitution of the large-time asymptote of the leak-off Green function 1, given by (4.50))

1 1+sgn(l—¢)

my/1 — &2 2 ’

into the expression for the dimensionless fluid displacement function T (6.14)) yields

Voo (5’7—) =

1 1
Yy = S (6.33)

Ty /1 — €2

where we have used the inherent scaling [see Table [6.1].

Substitution of this equation into the global volume balance equation ([6.12)) and into
the lubrication equation (6.10]) yields

i, = 1/2, (6.34)
11
VIZ€+0(G) = -2me oL (6.35)
The backstress equation (6.15)) reads
g
$oo= I 6.36
Moo gdgv ( )

where we have used the large-time asymptote of the backstress Green function Z, given

by ([.52)
1, §<1

B (&,7)=—0d(T) . (6.37)
iarctan( >, E>1

1
NG
The solution of (6.35)), (6.11)), (6.13) is given by

E:AMZ o (©) + By T (6) =Sy,

ZCM (O + By 7 27 (9). (6.38)
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Here B
T (0)

0o VI-C
_ (1—¢)7%8 (5 . (1—¢)>8 13
1Ty (E) =5 ——Gi1|2¢), Q (g) = ———Gi1 | —,2,¢ ],
et h3 (5/4,2) 4 Mot 2 (13/4,2) 4
A, = 0323853, Ay, = 00242777, Ay, = 0.00271007,

Iy (€)=-IIy (O + ¢de,

Ag_, =0.000219905, By, =0.118428, Cy | =0.444079, Cpy , = 0.0405383,

Cyr.3 = —0.000785927,  C'; , = 0.000366025, Cy; - = 0.0000601663.

,-y T T T — — T
7
z,
0.1F G s
Vs
1072 F 7
107° F 7
num
oty 7T A
— == 9
1 1 1 1
10710 1077 1074 0.1 100 T

Figure 6.2: Fracture radius « vs time 7: G, =1

6.4 Transient solution

To obtain a general trajectory of the system starting at the M-vertex and ending at
the M.-vertex, we developped an implicit numerical algorithm which solves our set of
governing equations ((6.10))-(6.15). From a numerical point of view it is convenient to

introduce a new, time-independent scaling which is based on the leak-off-dominated,
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Figure 6.3: Fracture opening at the injection point €2 (0) vs time 7: G, =1

pseudo steady-state diffusion scaling

2
R(t) __t LMOO‘

v (7) , U=8(0o—po) Ly, T=

(6.39)

M|

Ly . ’
The governing equations (6.10))-(6.15)) transform to

e Lubrication equation (|6.10))

.y 8Q> < 0% 8T> 1 0 < 38H>
G, ——— |+ | T——f— )| =—— | EQ— ), 6.40
(0-Te5e Voe ) = 2e0e \O e (6.40)
e Boundary condition

oIl
_ ; 03— —
2 %m}of € 1, (6.41)

e Global volume balance equation (6.12)
1 1
=G [ Qe nedsram? [ 16 eds (6.42)
0 0
e Elasticity equation (6.13)

1
a@n) =2 [ men+sEneEo (6.43)
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Figure 6.4: Fracturing fluid displacement function at the injection point YT (0) vs time
T Gy =1

e Leak-off displacement equation (|6.28|)

T<5,7>::]Q77—1<%>¢)[”(i)a,7";f]df, (6.44)

e Backstress equation ([6.15))

G [, ],
Ben =g [ 0= (15 S o (049

where G, = G, (t =T,L= LJ\?IOO>'

In this scaling the found above asymptotes have the following form:

o M -vertex:

Yo = G014y, Qo = G, 0719y,

1/2
_ 1/3_-1/3 (D) _ 27
My = G2 Y3y, 1) = S\,

9G/° 720 (~5/8)
TBD) _ v 5/94+5/4 _ 2
p o T B (&%,-5/8,1/2) |,
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Figure 6.5: Fracture radius v vs time 7: G, = 10710

° MO—VerteX:
70271/471(407 Qo=71/16QM0,
~ - 271/2

Iy = 7—_3/161_1]\207 Ty = 1172 V31— 547

o M -vertex:

'?oo:’VMOO, Qoo:QMooa Hoo:HMooy Toozii

Here B(z,p, q) is the incomplete Euler beta function.

As indicated earlier at the beginning of this chapter we are not able to incorporate
the backstress effect into the numerical scheme. This is the result of very complicated
structure of the backstress Green function Z (¢, 7). In fact, this Green function has very
strong singularity at small times, Zo (¢, 7) ~ 7712/ (1 — ) [see (6.29)], whereas at large
times it behaves as the Dirac delta function, Ee (£,7) ~ 0 (1) [see (6.37)]. During the
numerical simulations we assume that G, = 0. As a result the backstress is equal to

zero, ¥ (&, 7) = 0.
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Figure 6.6: Fracture opening at the injection point Q (0) vs time 7: G, = 10710

In contrast to the backstress Green function = (&, 7), the leak-off Green function

u (&, 7) has slightly weaker singularities [see (6.26)) and (6.33])]. This fact allows us to

perform numerical integration of the leak-off displacement equation .

One more challenge here is the absence of a tip asymptote. As it was shown in Chap-
ter [3] where we have studied the propagation of a semi-infinite fracture, the standard
approach to model the tip region by a semi-infinite fracture is not applicable to the case
of large scale 3D diffusion. In fact this approach can be used only at early times when the
diffusion length scale is small compared to the fracture size, i.e., vVct/R (t) < 1. At the
same time, the solution of the problem in the tip region is always singular whether the
diffusion length scale is small or large. This means that in order to develop an efficient
numerical scheme one has to have an appropriate tip asymptote.

Looking at the reduced lubrication equation in different scaling , , and
one can observe that all these equations have the same structure in the tip region.

Moreover, this structure is similar to the one of the classical Carter’s leak-off model.
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Figure 6.7: Fracturing fluid displacement function at the injection point YT (0) vs time
7: Gy = 10710

During the numerical simulations we assume that the structure of the lubrication equa-
tion in the tip region is always of this simple form. The implementation of this idea is
described in Appendix [D-3]

The numerical algorithm itself is based on the control volume method adopted to

the fracture propagation problem by Kovalyshen and Detournay| (2009). The details of

the algorithm are described in Appendix

The results of the numerical simulations are shown in Figs [6.2 The simulations
were conducted for different values of the dimensionless parameter G,. We see that in
all these cases the trajectory of the system starts at the M-vertex and arrives to the
Mo-vertex. Sometimes the system can go through the third vertex My (see Figs
. We would like to note here that, strictly speaking, the M-vertex can be split into
two limiting cases: i) the case of 1D diffusion, and ii) the case of pseudo steady-state
(3D) diffusion in which the fracture growth is so slow that the pore pressure around it
is always in equilibrium. The difference between these two cases can be observed in the

fracturing fluid displacement functions’ time dependence and spacial distribution (see
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Figure 6.8: Fracture opening profile: M-vertex, G, = 10710

Figs [6.7, [6.10] [6.18] [6.19)).

6.5 Summary of the chapter results

In this chapter we have performed a detailed study of the propagation of a penny-shaped
hydraulic fracture driven by a viscous Newtonian fluid through a poroelastic medium
with zero toughness. The study relies on scaling and asymptotic analyses. In fact, we
have shown that the problem has three self-similar propagation regimes (see Section .
We have found semi-analytical solutions for each of these propagation regimes. Also
we have developed a numerical algorithm, which is able to build a transient solution

connecting these asymptotes.
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Figure 6.11: Fracture opening profile: My-vertex, G, = 10710
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Figure 6.12: Fracturing fluid pressure profile: My-vertex, G, = 10710
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Chapter 7

Conclusions

7.1 Main results

During the course of this research we have studied the propagation of a penny-shaped hy-
draulic fracture within a poroelastic medium. We put the emphasis on the investigation
of the 3D diffusion and related poroelastic effects. Instead of developing a straightfor-
ward numerical solution of the general problem as was done for example by [Boone and
Ingraffea (1990) and Boone et al.| (1991), we aimed at grasping a physical understanding
of the processes under consideration using simplified models. In this study, we used scal-
ing and asymptotic analyses adopted to the hydraulic fracturing problem by [Detournay
(2004]).

We believe that the present research is the first rigorous study on the influence of
large scale diffusion together with the associated poroelastic effects on the propagation
of a hydraulic fracture.

The problem of the fluid fracture propagation is challenging, in particular due to the
singular behaviour of the solution at the moving front. Usually in order to undestand

this behaviour, the tip region is modeled by a semi-infinite fracture propagating at
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a constant velocity [see Desroches et al| (1994); Lenoach| (1995); Carter et al.| (2000]);

Detournay et al.[(2002); Garagash and Detournay| (2005), and Garagash et al. (2009)]. As
a result, the terms “tip region” and “semi-infinite fracture” are often used interchangeably,
nowadays.

We started our research by studying the propagation of a semi-infinite fracture. We
have shown that the semi-infinite model and the tip region are equivalent only at early
times R > v/ct, when the characteristic diffusion length scale v/ct is small compared
to the fracture size R. Assuming that this criterion is satisfied, we have found a semi-
analytical solution for this problem (see Section . In particular we have shown that the
far-field solution can be described by the classical Carter’s leak-off model. Additionally
we have shown that if the confining stress o( is large compared to the far-field pore
pressure pg, 0g > pg, then the solution of the problem is of the same form as in the
Carter’s leak-off model. We would like to stress that in this case the diffusion is not
necessarily one dimensional.

In Chapter [4 we have studied the so-called auxiliary problem, which consists in the
determination of a poroelastic medium response to a unit impulse of pressure applied
from inside of a stationary penny-shaped fracture of radius R. As a result we have defined
the fluid exchange rates between the fracture and the medium as well as the generated
backstress, which embodies the response of the poroelastic medium to the change in the
pore pressure field caused by the pressure pulse in the fracture. The solution to the
auxiliary problem is a key element of this research as it helps significantly simplify the
formulation and treatment of the hydraulic fracture propagation problem.

We then developed the solution of the propagation problem. We restricted our-
selves to the cases of toughness-dominated regimes (Chapter [5) and viscosity-dominated

regimes with o9 > py (Chapter @ We have shown that compared to the classical
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case with the Carter’s leak-off (Adachi and Detournay, |2008; |Madyarova and Detour-

nay, 2008), the problem under consideration has a series of stationary vertices when
the fracture does not propagate. These vertices exist only due to well developed 3D

diffusion.

7.2 Practical applications

Let us consider the results from an application point of view. In the Table we list

parameters of a production water re-injection (Longuemare et al., 2001)).

low porosity reservoir mean porosity reservoir
(LPR) (MPR)

porosity ¢ (%) 10 20
permeability £ (md) 10 100
Young’s modulus E (GPa) 30 15
Poisson’s ratio v 0.2 0.25
rock toughness Ky, 1.0
(MPa - m'/?)
water bulk modulus K; (GPa) 2.2
water viscosity p (mPa - s) 1.0
Biot coefficient « 0.6
diffusion coefficient ¢ (m?/s) 0.212 1.04
storage coefficient S (Pa™!) 4.65 x 10711 9.49 x 10~ 11
poroelastic stress modulus n 0.225 0.2
reservoir thickness H (m) 50 5
confining stress og (MPa) 55
initial pore pressure py (MPa) 30
injection rate Qo (m?/day) 750
treatment time 7' (days) 100

Table 7.1: Characteristic parameters during production water re-injection (Longuemare
et al., [2001))

Here, in order to calculate values for S and ¢, we have assumed that K¢/F < 1 and
have used equations provided by [Detournay and Cheng (1993).

To characterize the propagation of a fracture we compute the transition times, found



156

current possible transitions vertex
vertex | vertex transition time LPR, sec | MPR, sec | choice
! 3
M, | Ko tas, ko = || e — 2.1 10° | 2.7 x 10*
_ “/E/Z —4 —4
{\4 tMuM = 7(00_1)8)3 7.5x10 2.0x 10
My trg, Ny = FIGTS TS 1.5x 101 | 1.1 x 10%
~ Qb
M b N = TTSTATET 4.4x10M | 47x10" | M
M| K tariy = ) o 2.1 x 106 | 2.7 x 10*
Ic
Mo tait, = 59x107% | 1.8x 1073
1 <.“/2Q8>2/7
[\/67’5(00*170)]18/7 B
My |ty = L (“'Q3)1/4 3.7 | 24x1072 | M
e ) MM [c’S(oo—pg)]9/4 E/ ) . . 0
- ~ 1 Q2 o N2, 142 T
My | Koo | tyg, = S 1.2x1012 | 101
> )
. T 0 -
M tyioir, = ¢ [75(003[)0)] 91.1 0.19 Mo

Table 7.2: Crack propagation

in the present research. To describe the transitions between the viscosity- and toughness-
dominated regimes we introduce the following dimensionless group [known as the dimen-

sionless viscosity (Savitski and Detournay, 2002)]

_ WQoE?

Gm (1) K:L (@) (7.1)

where L (t) is the characteristic fracture size. If the fracture propagates in a viscosity-
dominated regime, then G, (t) > 1. In the case of toughness domination we have
Gm (t) < 1. Using this property, one can easily estimate transition times between dif-
ferent viscosity- and toughness-dominated regimes. For the storage-dominated regimes,
for example, the transition time from the M-vertex into the Ky-vertex can be estimated
after one substitutes L (¢) for the M-vertex, see Table [6.1] into (7.1)).

Also, during the examination of the fracture propagation through a rock with zero

toughness (see Chapter @, we assumed that p — o9 < 09 — pg. In general, on can have
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a situation whenthis assumption is not applicable. In order to study validity of this

assumption we introduce the following dimensionless group

/ ! /
g# (t) ~ p(t) — 00 - E (M Q0>1 4L—3/4 (t), (72)

oo—po  0o—po \ E

where the subscript p indicates that the difference p — o9 occurs due to the viscous flow
of the fracturing fluid. [We believe that there should not be any confusion with the
dimensionless group G, introduced by ] To derive we used the definition of
the viscosity-dominated scaling (6.9), (6.18)-(6.22). It is clear that if G, () < 1 then
the assumption p — o¢p < g9 — po is quite accurate.

The results of the analysis of the fracture propagation are presented in Table [7:2]
Obviously, at the beginning of the fracture propagation, when the aperture is very small,
the viscous flow of the fracturing fluid leads to large fluid pressure p, p—og = 09—po. We
denote this storage-dominated regime by M,. We see that the fluid pressure decreases
quite rapidly and the system moves to the M-vertex. Note that the vertices Muo and
MHOO are analogous to K, and K, in the sense that these are leak-off-dominated
regimes in the case of 1D and 3D diffusion respectively with high fracturing fluid pressure
p, p—00o > 09— po, generated by the viscous flow. Recall that in the case of the Kyo- and
K .o0-vertices this high pressure is due to the rock toughness. To calculate the transition
times ¢ M, M0 and ¢ My W€ follow the general procedure of calculating the transition
times (see Section . Namely, we introduce the scalings QMQSQ;/ 2_1and G. =1 for
the M#O—Vertex and G,GsGq = 1 and G. = 1 for the M#oo—vertex (cf. Table . Then,
for each scaling we define the length scale L (t) and estimate the transition times using
the inequality G, < 1.

We would like to stress that in the present example all time scales are well separated.
As a result, the fracture follows the edges with the shortest transition time passing
through the My-vertex and ending up at the M.o-vertex. Note that at the Mo-vertex

the dimensionless groups G, and G,, are equal to G,, = 3.6 X 10% and G, =59x 102
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in the case of the low porosity reservoir, and G,, = 4.9 X 10% and G, = 0.2 for the mean
porosity reservoir. Therefore our model is still applicable there.

We see that the fracture almost immediately reaches its steady state. This occurs
within a few minutes compared to the 100 day length of the total treatment time. From
a modeling point of view this means that in order to build a more general (e.g. case
of general fracture geometry) model of the described above treatment, one can study
only a stationary fracture. Note that during the analysis performed above we used only
general results of the scaling analysis, without involving explicit asymptotic solutions.

At the My-vertex the poroelastic effects do not have any influence on the fracture
redius R. In the case of LPR R = 4.4 m whereas in the case of MPR R = 0.44 m. It
is also interesting to see what is the influence of the poroelastic effects on the net fluid
pressure. At the My-vertex in the case of LPR with 7 = 0 the net pressure is of order
p — oo ~ eE’ = 1.5 MPa whereas in the case of MPR p — 0y = 5.0 MPa (n = 0). The
poroelastic effects lead to an increase of the net pressure by Ap = —eE'Y 47, » Which in

the case of LPR is equal to Ap = 5.6 MPa, whereas in the case of MPR, Ap = 5.0 MPa.

7.3 Further development

We see that as we add more and more physical processes into consideration the paramet-
ric space of the problem grows quite fast. Therefore we believe that it is inefficient to
build a general solution, which takes into account everything. It seems more reasonable
to take a particular case (as it was done in the previous section), define which part of
the parametric space corresponds to this case and then adopt/develop a solution only
for this particular case.

Another direction of research could be the incorporation of large scale diffusion into
2D models of fluid-driven fracture, e.g., into the KGD and PKN models which are

very important in practical applications (Economides and Nolte, 2000)). A significant
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difference between a penny-shaped and 2D fractures is in the propagation speeds. Indeed,
we have shown that the size of a penny-shaped fracture depends on time as R (t) ~ to®)
where a (t) < 1/2 and da/dt < 0. As a result at early times when R (t) > £y (t) ~ V/ct
the diffusion process is one dimensional, whereas at large times when R () < 44 (%) it is
three dimensional. In contrast, in the 2D case £ (t) ~ t®) where £ (t) is the length of the
fracture, 1/2 < g (t) < 1, and df/dt < 0 (Adachi and Detournayl 2008; Bunger et al.
2005; Kovalyshen and Detournay, [2009). Moreover 5 = 1/2 in the leak-off-dominating
regime (the Carter’s leak-off model). As a result diffusion is two dimensional at early
times but not necessarily one dimensional for large times. Preliminary scaling analysis
shows that at large times when the leak-off dominates over the storage, the fracture
length evolves as a square root of time, thus ¢ (t) /¢4 (t) = const. Therefore the diffusion
process can be either one or two dimensional. Moreover, the problem does not have a
stationary solution.

Let us consider an example of the PKN model with the Carter’s leak-off model.
In the leak-off-dominating regime the fracture length is given by ¢ = Qut'/?/ (rCH),
where C' is the Carter’s coefficient and H is the fracture height which is equal to the
thickness of the reservoir (Kovalyshen and Detournay, 2009). Using 1D solution of the
fluid displacement function one can find the following expression for the Carter’s
coefficient: C' = 27~1/2,/¢cS (o9 — po). Substitution of the data from the previous section
into these expressions yields ¢ (t) /¢4 (t) ~ 0.25 for both LPR and MPR. Therefore the
Carter’s leak-off model is not applicable to these cases. In similar way one can check
applicability of the Carter’s leak-off to 2D models. If ¢ (t) /¢4 (t) > 1 then the Carter’s
leak-off model is an appropriate choice (note that in the case of low permeability cake

build-up one should use the results of Chapter to calculate the Carter’s coefficient C).
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Appendix A

Semi-infinite fracture

A.1 Approach of Entov et al. (2007)

Here we would like to make clear distinguish between our model and the one developed
by [Entov et al. (2007), who have examined the tip behavior of a fluid-driven fracture
propagating in a high-permeability rock. In their approach a finite fracture was divided
into two parts: the tip region and the channel. The tip region was modeled by a finite
fracture propagating through a permeable medium. The analysis of the tip region was
based on the assumptions: i) the cavity is fully filled with the pore fluid, ii) the tip region
is stationary, i.e., the size of the tip region, the tip velocity, and the fluid lag length are
constant, iii) both the infiltration of the fracturing fluid and reinjection of the pore fluid
from the cavity region into the porous medium lead to a low permeability cake build up
on the fracture walls, iv) all fluids have the same viscosity, v) the walls of the channel
are impermeable, vi) the fluid pressure in the channel is uniform and small compared to
the fluid pressure in the tip, and vii) the fluid pressure in the channel and the length of

the tip region are input parameters.
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The third assumption leads to the following cake build-up equation [cf. (3.12))]

1+ sign (g) v
Pin — pout|2:0 = 2(),{!9- (Al)
C

The fifth assumption yields the following pore pressure field [cf. (3.10))]

Ltip v
Pout — Po = / g(s)pV) (z — 5) ds, (A2)
0

where Ly, is the length of the tip region.
To derive the elasticity equation used by Entov et al.| (2007) we first write the elas-
ticity equation for a finite plane strain fracture of length 2¢ and then use the sixth

assumption. Thus, we have the following chain of transformations

w(X) =

1
4Ev /0 B (X7 5) [pin (3) - 0'()] ds,

™

4 [t 4 [t
wx) == | L B () pa ol ds+ | B o= o).
(A.3)
where X is the axis which originates at the fracture center and runs along the fracture,
Peh 18 the fluid pressure in the channel which is uniform, B (X s) is the elasticity kernel

given by

\/62—X2+\/€2—s2
\/f2—X2—\/€2—52

The last step consist of the evaluation of the second integral in (A.3)), the evaluation

B(X,s)=1In

of the limits X,s — £, pin > pen in the first integral, and the change of coordinate
r=X—/

21/2 4 1/2

iz g1z | Pin (8) —o0]ds + Cec V2, (A4)

4 Ltip
w(x) = 5 /0 In

_ 65/2,1/2Pch — 00

where
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However, Entov et al. (2007)) did not use the last expression. Instead, Cs was one more
input parameter.

Finally Entov et al.| (2007) arrive to the following set of equations: (3.2), (3.3),

(13.4), (3.9), (A.1), (A.2), and (A.4). Then the authors perform one more change of

variable u ~ z'/2 and solve the resultant set of equations numerically using an uniform
discretization mesh. We would like to stress here that the set of governing equation

derived by Entov et al| (2007)) does not contain a propagation criterion.
A.2 Uniform pressure
Here we show that

Aconst9
Mg (&) = =

o ) ) 2172
/O E V266K (|6 — €]) dé 2@ ASemstg = const. (A.5)

To do this we use the following representation of the Bessel function (Clearyl, [1978)

* exp (—zt)

1 V2 —1

Substitution of this representation into (A.5|) yields

/ \/7[/51/2 (E-€)(t— 1d£+/ o G 5)(t+1dg] (A7)

de [ [t—1 / E1/2(6-€) (-0 g | [t+1 / £ 1/26- (&~ 5)(t+1)d§] dt.
t+1 t—1

Ko (2) = dt. (A.6)

(A.8)
dIl oo [ e €t Derf [ E(t— 1)] et erfe { E(t+ 1)}
/ - + dt, (A.9)
dE 1 Vit+1 Vi—1
where erfc(z) = 1 — erf (z) and erfi(z) = erf (iz) /i, erf (z) are the error functions.

Integration by parts of the first term yields

. - =
/1 jg(t 1)}dt:ﬂ_1/2i§erf[ §(t+1)}erﬁ{ g(t—l)} L
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dt. A.10
— (A.10)

Substitution of this equation into (A.9)) followed by the evaluation of the integral in the

/oo St Derf [ E(t+ 1)]
1

left-hand side of the resultant equation leads to

o)

Cg[glmerfc[ €+ D] erfi [VEE-T1)],

Simple investigation shows that erfc (z)erfi (z) — 71272 as 2 — oo, thus dlly/d¢ = 0.

. (A.11)

Therefore, we have that II; is uniform. In order to find the exact value of it, one can

simply evaluate the integral in (A.5) at & = 0.

A.3 Far-field asymptote

Here we evaluate the diffusion part of the pressure I [see (3.26))] in the case T (§) =

AFE, 0 <ay <1,and { — o0

0 % _ : -
Iy (€) = %AOTOQT/O gorletE K, (|6 - &) dé. (A.12)

Let us rewrite this equation in the following form

ngiT =I=1I+1, (A.13)

where .
n=- /0 Er g (¢ - €)) dé, (A.14)
I = % /5 g6 E Ky (¢ — €]) dé. (A.15)

Assuming that the far-field asymptote, /7/ (2z), of the diffusion kernel, e* Ky (|x|), is
accurate enough for z > A (A ~ 1 for the accuracy within 10%, and A ~ 10 for the

accuracy within 1%) we can split I into I;; and Ij2 given by

E-A _ _ _
= /0 E 16K (|6 — E) dé, (A.16)
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1 & _ - o
Iy = / g et K (€ — &) dé. (A.17)
7T E-A
The first integral ;1 can be evaluated using the far-field asymptote of the kernel
L E=A
48 5“* 1d§ 1 3. ¢
I = / \/75‘1T 1 —&oF) < —ayr;5;1— ) )
Vo 2 IS o

éaT—I/Q F(a'r) A
e s Lol D]

where oF) (a,b;c; ) is the hypergeometric function and I' (z) is the Euler gamma func-

I =

tion (Abramowitz and Stegun| 1972)). We assume here that A < &.
To estimate I12 we use the fact that \/7/ (2x) > e* Ky (|x])

ar—1q¢ A or—t A
§ 5 (3= / 2 iy A)ar 1
canE—¢

\/ﬁgA\/—f m

L1y < £77120 <\/§> = 1,0 <\/§> . (A.19)

Similarly, one can estimate I

Iio <

/oo faT 1 2(£ {) dg faT 1 eQ(éfé)dg _

= Var VE—¢ vors E—¢

gay 1 ( E+1 > E 5 dE gay 1 E+1 d§ 00 2(5*5) 2\
/ /+1 VE \ﬁ / §—§+/§+1e )=

_5“;1 1
‘m(“%)’

I < £07120 (g-lﬂ) — 110 (5—1/2) . (A.20)

Compilation of (A.13)), (A.18), (A.19), and (A.20) yields

e <\/§)] | el

gayfl/Q F(a’r)

I, =
477932 T (ay +1/2)

HAT ay

where we have assumed that A > 1.
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A.4 Numerical scheme

Inspired by |Garagash and Detournay| (2000), we introduce a so-called interpolation mesh
&, 1 = 0,1,...n, such that for ¢ < & the solution has the shape of the near-field
asymptote, and for £ > &, the solution has the shape of the far-field asymptote, i.e.,
IL(§ < &) = const, I (§ < &) + X (§ < &) = const, X (§ < &) = const, T (£ < &) ~
2 and (> &) ~ €3 T(E> &) +T(E>8) ~ &3, B(E26) ~ €70
T(E>¢,) ~ €2 Also, we introduce two adjacent meshes 52-(0), i=0,1,...,n9 and
{Z-(OO), i =0,1,...,n() such that, f((]o) = 0, 57(%) = &, and 5000) = &,. During the
simulations we also use 57(;20)) ~ 2&,. The general philosophy of this scheme is the
following: the fluid pressure II, the backstress ¥, and the fluid displacement function
T are discretized on the interpolation mesh. Then, by means of using the shapes of
the near- and far-field asymptotes, these parameters are extrapolated onto the adjacent
meshes. At the same time, all governing equations are discretized on the joint mesh
(the two adjacent meshes and the interpolation mesh). The resultant set of algebraic
equations, which has more equations than unknowns, is solved using the least-squares

minimization.

A.4.1 Elasticity equation

Following \Garagash and Detournay| (2000) we use the following inversion of the elasticity
equation ([3.25|)
4 [ -
Q= k24 7T/0 K (£,8) [T (&) + 2 (§)] dE, (A.22)

/
_2(5_)”.
§

where
51/2 + 51/2

K(f,g) :ln m
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The fluid pressure and the backstress distributions are approximated by
oy + %o, § <&

ME)+X(E) =9 ai+b& V3, ¢elé ] (A.23)
boog_l/?’v 5 Z En

where
~1/3 —-1/3
o — (I +30) &, = (Wi + Bi) & Y p = W1 £ Dign — 1L — %
i = —1/3  —1/3 T =1/3 _ +=1/3 ’
§ivt — & Sivt — &
II, + X
boo = ——7—, i+ =T0(&)+2(&).

5—1/3 )

n

Substitution of (A.23) into (A.22) yields the following discretization of the elasticity

equation
4 4 00
Q&) = ke"? + — (I + %) Fu (€.€) |2 + —boe By (£.8) |2, +
i=n—1

+%§:@@@@+mm®©]

1=0

&i
e (A.24)

where the functions Fj, (f ) 5) and Fy (§ , E) are defined by

3 3
(68 = [ Keod A= [ CPREL
Substitution of the elasticity kernel K (f , f) into these definitions leads to

24 <

Fa(g,g‘):—5[2<+(1—<2)1n1_C 2

57

By (5’5) - _252/3 [4C + 2v/3arctan <1 + 2C> — 2V/3arctan (1_%) +

V3 V3
L= (140N |1+ (&)
o (1) | emlizal) ()
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A.4.2 Leak-off equation

Integration of the leak-off equation (3.26)) over & leads to

¢ C xO1l+sign(Y) O [ e ¢
/0 HEds+c=5—— T +27T/0 YO Ko (e -8 e| - (a)

During the numerical simulations we evaluate this equation only at the midpoints of our
.. . 0
joint mesh, i.e., at fl.(+)1/2, &iv1/2, and 51.(3:’1)/2.

To calculate the first term in the left-hand side of (A.25) we use similar to (A.23)

representation of the fluid pressure
o, §<&
() =9 ai+b 3, Eelé, &l (A.26)
bool 113, £=>&n

h
where - 13 - 13
v — i1 — Hita; o L -1 b — 11,
C -1/3 -1/3 ’ vt —1/3 —1/3 oo —1/3°
fi-&-l/ - 51 / 51.1_1/ - fl / fn /

To compute the integral in the right-hand side of (A.25), we approximate the fluid

leak-off function by

T (€) = w2+ 1 (¢), (A.27)
where
07 5 < 50
T(T) (5) = Tz(jr)l/Z’ 6 € [£i7£i+1] )
(Voo —10) 6%, €2 &n
and TE?UQ =7 (§i+1/2) — U0§i1ﬁ/2. Substitution of this expansion into the integral
yields
) _ ¢ X o e g o
[T @Ko ey = o [7 a6 - €]
£=0
o 3 €0 3 ‘
o) [ @K (el [0 (€ o4k (f6 - 8]
0

n(o0) £=0
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The first term of the right-hand side is equal to

o s I 3/2 1
|8 (e — gl = () (5+4);

(o0)

the second term is of order of e “n(=) & 1, thus it can be dismissed; and the third term
can be calculated using
&it1 _

i+l _ _ _ _ _
/6 T (€) e E Ko (|6 — €]) dE ~ T (E111/2) /5 ot Ky (|¢ - €]) d,

& _ _
/e%wkmﬁzéWQMDHGKUWL

The last two formulae are used to perform the integration over &; and fi(oo) meshes.

A.4.3 Backstress equation

Here we follow the procedure as we did for the leak-off equation. Thus, the integration

of the backstress equation leads to
‘ _n [ ) _ E RTINS
[e@a=2 ["1@ 5 (- &) +& Ko (i - )] df'ézo. (A.28)

We evaluate this equation numerically only at 52.(3_)1 /2 §iv1/2, and §§_T_01)/2.

To calculate the left-hand side of (A.28) we approximate the backstress by

So, £< &
T = ai+b0, el &l (A.29)
bOO£75/67 fzgn

h
where 56 56
v — Yi&i1 — Xiné; p — il — i )
i = =5/6 _ ,5/6 T 756 ,-5/6 YT _5/3°
§i+1/ -4 / §i+1/ - & / &

To calculate the right-hand side of ({A.28) we use (A.27) to approximate the fluid dis-

placement function Y. Substitution of this approximation into the backstress equation
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yields
/wr(f)a[hl(\ﬁ—f_!)+e€—fK0(‘§_€—,)]d€—'< o _UO)/OO fe
0 85 £=0 0o gio(ooi) 5_5
£ ¢
+/" T ) (E) [ln(\é‘ €[) + Ko (|€ - f\)} dg] : (A.30)
o o

where we have used the fact that a square root fluid displacement function does not

generate any backstress (see Subsection [3.5.1.2)). Also, in the first term of the right-
: . N —2¢(%)

hand side, we have neglected the Bessel function term which is of order of e Enoo) < 1

To evaluate the right-hand side of we use the following formulae
oo gl/2d5 ¢
foo, T,
it1
JANRGT [m (I — &) + Ko (J¢ - s!)}

~ Y0 (€i4172) [ (J€ &) + Ko (¢ — €])]

(o0)
&. oo)

—

&it1

E=¢

A.4.4 Lubrication equation

The lubrication equation (3.23) is discretized in a standard way [cf. |Garagash and
Detournay (2000)]

1 3 1L — 10, o Nout/,uinv Ti+1/2 <0

Qig12+Tig12= Q1 , m = . (A.31)
mM g — & 1, Tii1j >0

A.4.5 Closing remarks

After the discretization we get a set of nonlinear algebraic equations
F (H07 Hlv s 7Hn) Vo, TI/Q’ T3/27 s 7Tn—1/2a UOO) = 0.

Note that the are more equations than unknowns.
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To solve this set of equations we use a Newton-method-like linearization of the equa-
tions around the input guess. The resultant set of linear equations is then solved using
the least-squares minimization. The main difference between the numerical scheme pre-
sented here and the one which was developed by |Garagash and Detournay| (2000) is that
the former scheme “knows” only the shapes of the asymptotic solutions, whereas the
latter scheme uses the exact asymptotes. In this respect, our scheme is more flexible
and, as a result, more stable.

The algorithm was implemented in Mathmatica 6.0. We used a logarithmic interpo-

lation mesh and homogeneous adjacent meshes.



Appendix B

Auxiliary problem

B.1 Small-time and tip asymptotes

Here we give the details of the derivation of (]4.19]) ([4.20]) ([4.31]) and ([4.32).
Substitution of the singular solutions and (| into and (| - yields

L[ m/ el £25).
x {TiT [(§2+§2) Iy (ffi) — 26€IL ( 2E )} — 31 (Tzfi)}d{, (B.1)

&€
2 [Men (e E[(sié‘f}
==— T d
- e e e ot

4 T €2+£2
= - 5/2/&/»5, exp< T)

() e (25) an (e oo

where E (x) is the complete elliptic integral of the second kind and I, (z) is the modified

Bessel function of the first kind (Abramowitz and Stegun, |1972). The Bessel function
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has the following large argument asymptote

exX A — 7/2
I, (z) ~ \/%) <1+ ! 8;1 > (B.3)

In the case of small times the argument of the Bessel functions in (B.1)), (B.2) is large.

Therefore we can write

R Y A Y L (S (-9
Ho—g A (7__7__)2/0 \/;ﬁo(ﬁ,f)exp _—ﬁ X

(-9 e+2-18ef]

X [2 = + SEt dg, (B.4)
& | 4

2 (1o - [(HY} -

Zo== | & dé+

0 7_‘_/(; (T)(g_g)Q(é_'_g)
o 7 ar e -8 [wg-—e2—-& (c-9°] -
m/o (T_T)zfo \/;/’O(f”)expl‘ — e o7 |©
(B.5)

The exponents in the above equations are non-vanishing only in a very narrow neigh-

borhood & ~ &, therefore we can move the integration limits to infinity. Evaluation of

the integrals in (B.4)) and (B.5) leads to (4.31) and (4.32]).
To obtain the tip region equations (4.19) and (4.20)), we eliminate the curvature effect

in (B.4) and (B.F), assuming £ ~ ¢ ~ 1 everywhere except in the terms that include

¢ — £, From here we apply the Laplace transform.

B.2 Numerical solution of the tip region problem (4.19),
[@21)

The numerical algorithm is similar to the one we used in Chapter [3| (see Appendix |A.4]).

Similarly, we introduce an interpolation mesh (;, i = 0,1,... N, such that ¢ ({ < (o) ~
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¢~'/2 (the shape of the near-field asymptote) and ¢ (¢ > (y) = const (the shape of the
far-field asymptote). Then we approximate the flux distribution function ¢ by

$(G<C<Gr)=di(C) = % + by, (B.6)

where a; and b; are unknown constants which can be related to the values of the flux

distribution function in the nodes of the interpolation mesh ¢; = ¢ ((;)

o bwm—¢ .t -6 ®7
v —1/2 —1/2° L 1/2 1/2 : ’
G =aY e

Substitution of the interpolation into the governing equation (4.19)) yields the

following linear algebraic equation

G K _ B Gi+1 B B
7r=¢oﬁo/ Md<+¢N/ Ko (|¢ —C|) dc+
0 Ci

V¢

Nl G Ko (|¢ = C) Gt I
i ——=—d( - b; Ko (|[¢ = ¢])d¢| - B.8
DY oo IR [ (o) ac (B.3)

Here the unknowns are the values of the flux distribution function in the nodes of the

interpolation mesh ¢;. This equation can be solved using a fitting procedure. Note that
the only assumptions we make here are ¢ (¢ < (o) ~ ¢~/ and ¢ (¢ > (y) = const, i.e.,
we assume only the general shapes of the asymptotes and do not force the numerical
algorithm to follow any exact asymptotic solutions.

During this study we developed the following fitting procedure. First we enrich the
interpolation mesh (; by i) an interval [0, () discretized with an uniform step equal to
¢1—Cp, and ii) an interval ((x, 2] discretized with an uniform step equal to {(xy —(n—1.-
We denote the resulting mesh by ;. Here we use a logarithmic interpolation mesh. For
collocation we use the geometric mean \/(;C;iy1 , and for fitting we use the least-squares
minimization.

The algorithm was implemented in Mathematica 6.0. Although we used standard
Mathematica functions to evaluate the integrals in , we treated all singularities ana-

lytically by means of an analytical series expansion and integration of the corresponding
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expansions. The results shown in this paper were obtained using the following set of

parameters: (o = 1078, (v = 20, and N = 100.

B.3 Numerical algorithm for the transient solution

First we introduce a homogeneous spatial mesh &;, ¢ = 0,1,... N, where £ = 0 and

&nv = 1. Then we approximate the flux distribution function 1/; by

(&G <E< &)~ (€)= \/;Liig + b, (B.9)

where a; and b; are unknown constants which can be related to the values of the flux

distribution function in the nodes of the mesh 1; = 1 (&)
Div1 — i . @Ez‘+1\/1—§i2+1—%5m/1—§i2 (B.10)
—1/2 —1/2° vt : )
(1-¢&4) - (1-¢&) \/1—1‘2+1_\/1—§i2

In other words, we use a linear combination of the small- and large-time asymptotes to

a; =

approximate the flux distribution function ¢ at each interval [€iy€i+1]. To describe our
flux distribution function 1/; at the interval [Eny_1,&n], instead of Q;N, which is equal to

infinity, we use the singularity strength, oy, = %nriq/; (&) /1 — £2. In other words instead
of (B.10) we have
" o
aN—1= 0y, bn_1=UN_1— 71/]2 (B.11)
V31—

Using the approximation the problem (4.14)), (4.15), (4.18) can be reduced to

2 N-1 egiq a; ™ €Xp [_251/2\/52 + 52 - 255(305 (90)} _
e

Ny V& + & —26€cos (p)

(B.12)
where 0 < ¢ < 1. This equation represents the discretized analog of (4.14). Writing

this equation for N different & and solving the resultant set of equations we can find
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the unknowns v, i € [0, N —1], and g,. During this study we evaluated (B.12)) at the

midpoints of §; and at £ = 0. The only problem here is the computation of the integrals
in the right-hand side of (B.12)). Let us consider the following integral

e ™ €Xp [*251/2\/52 + €2 — 2€€ cos ((p)] )
= /fl gf (@/0 \/§2+52—2§£COS (90) d90d£7 (B13)

where f (£) is a non-singular function, and 0 < §; < £ < & < 1. The standard approach

in calculating this integral is through the regularization procedure
=1+, (B.14)

where I, (£) is the regular part of the integral

& ™ exp [—251/2\/52 + €2 — 2¢€ cos ((p)} -1 -
r = = = dpd€, B.
! / O /o VE+ & — 2L cos (9) - (B49)

and I (€) is the singular part, which can be simplified analytically
€€

& Ef (8) dd€ “E1(9)
I, = =2
/1/¢s2+52 26€ cos () / eve (et

The problem here is that when the Laplace transform parameter s is large, s > 1,

the integral (B.13]) is small compared to both integrals (B.15]) and (| - As a result,

dg. (B.16)

the usage of the regularization (B.14]) leads to a significant error. Indeed, the left-hand
side of (B.14)) contains a subtraction of two large numbers. To avoid this problem we

divide the entire integration domain, {{; < £ < &,0 < ¢ < 7}, into three regions (see

Fig. : i) the near-field domain /€2 + €2 — 26€cos (p) < po where we can use

the regularization technique (B.14); ii) the far-field domain /€2 + €2 — 2£€ cos (@) >
Poo N & < € < & where the under integral function is vanishingly small, thus the

integration over this domain is also vanishingly small; and iii) the transient region py <

VE2 +E2 —26€cos (@) < poo Where the integral is not singular anymore and can be

calculated straightforwardly. From a numerical point of view the shapes of the near-
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Figure B.1: Sketch of numerical integration

and far-field domains are quite inconvenient. In their place, we introduce the following
simple ones (see Fig: {50_ <éE< far,O <p< <p0} as the near-field domain, and
(61 <€ <€,0 < <TIU{EL < € < &,0 < ¢ <} as the far-field domain. Here £ =
€+ po/V2, wo = po/ (\/ifar), and ¢£ = ¢ 4 poo. Therefore we compute the integral
by means of the following representation (see Fig. |B.1)

- / 152 / ) dipdé = / ) dpdé+
/f/@o d¢dg+/£°°/ d¢d5+/£w / ) dpdE| +
/ foo / ) dpdé + / i / dgodf] (B.17)

where the first integral we calculate using the regularization technique (B.14). The

integrals in the first square brackets are not singular and we calculate them straightfor-
wardly. The last square brackets are equal to zero. Note that this simplification of the
integration domains significantly increases the efficiency of the scheme.

We conclude this Appendix with simple estimations for the near- and far-field domain
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sizes pp and peo. To estimate py we impose an acceptable smallness of the ratio 1 to

min [Iﬁo),lgo)] equal to e, i.e., IO /min [Iﬁo),lgo)} 2 €. Here superscript (0) means

that we integrate over the near-field domain, /€2 + €2 — 2¢€ cos (p) < po. Now it is

easy to estimate the size pg

eV > g = pp = — 2, (B.18)

To estimate ps, we impose the truncation error e defined by 1(°°) /I01 S €co, Where

I(>) is the integration over the far-field domain, \/€2 + €2 — 26€ cos (@) > poo N0 < € <
1, and Iy is the integration over the whole disc, 0 < & < 1. The far-field integration
domain is non-empty only for large values of the Laplace transform parameter s, therefore
we can substitute Ip; by I, where I, is the integration over the infinite plane, 0 < £ <

00. The estimation of the size p, thus can be done as it follows

o0 s _ _ T
Top ~ Lo ~ 2 / / e 2V dopdf = —,
0 0 \/g

1(®) < 97e=2V5pP0 :

poo = 2\1/511(1 (2\/§> . (B.19)

o
B.4 On numerical inversion of the Laplace transform

The Laplace transform is introduced by (Sneddon, [1951)

f(s)= / f(t)exp (—st) dt. (B.20)
0
The inverse Laplace transform is given by
1 v+ico ~
0 =50 | Fe)em (st (B.21)

where v > 0, such that all singularities of f (s) are to the left of the line Re (s) = v.
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Lopez-Fernandez and Palencia (2004) have shown that in the case when all singu-

larities of f are inside a sector arg (—s) < § < 7/2 the inversion formula (B.21) for

tp <t < t1 can be approximated by

1ln

o (t) = Z exp [tT (2x)] F [T (@x)] T' () -

Here xp = kln (n) /n,

T(x)=A[1-sin(a—ix)], a+d+d<n/2, d<min(a,7/2—a),

a, d, and X\ are numerical constants.

It was shown that the error of this approximation is

1)~ Fa Ol < 25 (2, 0,0)

where x = Atg, M is a constant such that Hf(s)H < M/ |s|, and

F, (z,a,\) = i:im {1 + ‘ln <1 - e—zsin(a—d)) H x

1 1

Az

x e (eQde/lnn -1 + esinawn/?) ’
where A = t1 /1.

The parameters «, d, and A can be found by the error minimization

min {F, (z,, \) |x,ad > 0,d < min (o, 7/2 — ) ,a+d+ 06 < 7/2}.

In our case § = 0, and we take A = 10. Thus o = 0.79, and = = 3.27.

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)



Appendix C

Zero viscosity case: numerical

scheme

C.1 Temporal integration

Here we consider in detail only the backstress intensity factor equation . Let us

introduce two times, 7y and 7., such that for 7 < 7y the backstress intensity factor is

given by the small-time asymptote (5.29), and for 7 > 7 the backstress stress intensity

factor is given by the large-time asymptote . Let us also assume that we know

the solution of our governing equation on mesh Ti(g), where ¢ = 1,..., N, Tl(g ) = T0,
(9)

TN = Too, and the superscript (g) stands for “global”. The backstress intensity factor at

moment Tz-(g), Ky, (T(g)

i

), is given by

(9) _ (9) (9) _
Ti 1+ 11(7) p<Ti ) Y —F

K s T'(g) = - " / — k S _ ) ! — dT? C1

() R ) N IR G (©1)
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To evaluate the integral in the right-hand side of (C.1) we introduce the convolution

mesh T](C), j=1,...,n, 7'1(6) =0, and qu,c) = Ti(g). Hence we can write
n—1 (e) _ (9) (9) _
T PL\T; \9) _
Ky (7) = — o / i, ( ] ) i Tlar,  (C2)
12 (1) 25 o NGRS

The problem with the evaluation of the integrals in the last equation is related to the
small time singularity of the backstress Green function [see (4.35))]. Therefore we intro-

duce the following function k‘gs (R, 7) which is regular with respect to time

kbs (R, 7) = /0 ' kps (R, T) d7. (C.3)

Simple transformations lead to

(T 2 ) s T
_ZEZ; [Zg;r_l %% - {Zgr 02 (7) [1+2222 (T—f)} Kps,
Ko [/’(7_')7 T—_T:| _ ap? (F)u (7 Y _p(T)pgi')u 7")_ ak,fs_
p(7) p? (7] T+2u(F)(r—7)" T+2u(7)(r—7) IR
: )

) (
i L ) e
where u (7) = 75 (1) /p (), and @ is a number yet to be defined. The spatial derivative

Okl (R,7) /OR can be found using

0 [® e = (R, 7)

9 _/RﬂyG%ﬂ% _
IR Jo J/R2—-¢2 \/Wgzn 0 (R2—g2)??

Rl EEn o FEEED TR E R
= R{ /0 (R2 — 52)3/2 d€ . (R? 52)3/2 d€ + R o , (C.5)

dé =R

where & € [0,R), and
=! ,T) = T: ,T)dT. C.6
(&) /0 (&7) (C.6)
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Substitution of (C.4]) into the integral of (C.2) yields

1 (1), [p(r) T
P12 (1) / pm) L, (7)’ P2 (7)

o Mp@u@+@),,
() L e [

J

p
P

Tt p(T)u(T)[1+1(7)] O
—p'/? (T)/T 74 2u(7) (1 —7) ﬁkl [

J

(
[ ) o]y [0 £ o

We introduce the parameter « in order to have a finite limit as 7 — 0 of the expression

in the curved brackets in the last integral of (C.7). In order to have a finite limit as
7 — 0of pt=@ (F) [1 + I1 (7)] we set a = 1/2. Now it is natural to introduce the following
descretization of the integral ((C.7))

1 T+l 1 11 (F) p(T) T—
() / pm) L(ﬂ’ 2@

1/2 () Ay p(T)u(T)1+IL(7)] 0 ; [p(r) T—7 B
prma { P+ 2u(r) (r—7) DR [ﬂ(T)’pQ(T)HT_TM/z
I A GIER G) 0@y [om =\

{ 7+ 2u(7) (1 —7) }T:mm{ o) L}(%)’ 2(?)]} — o

where A7j = 7541 — 75 and 741/ = (75 + Tj41) /2.
To evaluate p(7) and II(7) we use piece-wise linear interpolation in log-log space.

To calculate u (Tj+1/2) we use

p(Tjr1) —p(75)  Tit1/2
Tj+1 — Tj P (Tj+1/2)

u(Tj41) =
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C.2 Spatial integration

Here we consider integrals of the following form
R I
IR = [ FROE € e (C9)

where =7 (¢, 7) is a numerical function, defined by (C.6]), known on mesh & < R, and
continuous with respect to time, and f(R,&) = £ (R* — fz)h, h={1/2,-1/2,-3/2}.
The small- and large-time asymptotes of Z/ (¢, 7) are given by [see (4.35), (4.52)]

Eé 7<) = —mzo (€,

2 (67> 1) = = (6), (C.10)
where
Yo (6)=(1— _IE[ 4 } 1 —1K[ 48 ]
O(‘E) ( §) (1 +€)2 +( +§) (1 +§)2
L £<1
Yoo (&) = 2 et . - (C.11)
= arc an( %{2_1> , £>
One can see that the small-time asymptote is singular at £ = 1,
1 1 8
20(5)%1_§+21n<’1_€’>. (C.12)

Therefore in order to avoid difficulties during the numerical integration we decompose

our numerical Z (£, 7) into ¥g (¢) and Yo (€)

BN &) =ai (1) S0 (&) +bi (1) Bae (€) s € € [ &i1] (C.13)
0; (7) = E (607 Boo (§i11) =E7 (6i41.7) X (&)
' 50 (&) Soo (1) — To (§i11) B (&)
o BN T) B0 (Gir1) — BT (G, ) Do (&)
blr) = oo (&) o (§ir1) — Voo (&ig1) Xo (&) (C.14)
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Substitution of this decomposition into the integral (C.9)) yields

min[&;4+1,R]

Mﬁﬂz/i F(R&E(&,m)dE = a; (1) IV (R) + b (1) IV (R), (C.15)
&

where

. min[&;4+1,R]
1w = [ (€)% (€) de. (16

The decomposition takes into account the singularity and gives correct small-
and large-time asymptotes of the left-hand side integral. The integral IZ-(OO) (R) can
be calculated analytically. We do not give here the explicit expression of this integral
because of its expansive size. At the same time the integral IZ.(O) (R) can be evaluated
only numerically, which is expensive from a computational point of view. To save some
computational time we adopt one more decomposition of

min[2,R] R

[(R,7) = (/ +/_ >f(R,£) =1 (¢, 7) de, (C.17)

0 min[2,R]
where the first integral is evaluated using the decomposition described above ,
and the second integral is calculated via linear interpolation of =7 (&, 7), i.e., £ (£) =1

and Y (§) = . Further improvement can be achieved by replacing ¢ (§) during the

evaluation of the first integral by

1 1 16
) =—+=-In{ — 1
5O =12+ 31 (g ) (©18)
which has the same singularity as 3¢ (§), but allows an analytical evaluation of IZ-(O) .

C.3 The end of the story

Using the integration algorithms described above we can reduce our set of governing

equations ((5.42))-(5.44]) to a set of two nonlinear equations

.7:1‘ (pl,pz,...,pi;nl,ng,...,Hi):O, (Clg)
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where pi, = p <7']59 )>, I, =11 (Tlgg )>. The unknowns are the radius p; and the pressure
II; at the current time Ti(g ). To solve this set of equations we use the following algorithm:

e Using an input guess for p; we solve the part of (C.19) related to the propagation

criterion (5.43) employing the standard Newton method. As a result, we get
I; = 10; (p1, p2s - -, pi; 1, o, oo Tl —1) 5

e Substituting this equation into the volume balance part of (C.19) we obtain a

nonlinear equation of the form

fi (p17p27' -'7Pi§H17H27~ . 7Hi—1) = 07
where the only unknown is p;. We solve this equation using the secant method.

The results presented in this work were obtained using a homogeneous convolution mesh

with n = 50 nodes for the cases of n = 0 and n = 0.25, and with n = 100 nodes for the

case of n = 0.5, and a logarithmic global mesh such that T(g)l _ 9 = (n—1)

7 1 ! ,7__(9)‘

)

The algorithm was implemented in Mathematica 6.0.



Appendix D

Zero toughness case: numerical

scheme

We divide the fracture into n control volumes of equal length. The center of a volume is
denoted by &;, 7 =1,...,n. Note that & , = 0, and &, ;5 = 1. All governing quantities
are evaluated at the centers of these volumes. In other words, our discretized governing
quantities are Q; = Q (&), II; = I1(&;). Also we assume that the opening into the last

two control volumes €,,_1 and 2, is governed by the tip asymptote (see Appendix [D.3]).

D.1 Elasticity equation

Here instead of the elasticity equation (6.43)) we use the inverted version of it given by

(2.5). In the numerical scaling (6.39)) this elasticity equation has the following form

00 (
/ M (&,¢) g’ ) dc. (D.1)
Integration by parts yields
_ IM(EQ)
nen =1 [ 2D nac (D2)
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Now we discretize this equation as follows
1
I; = ~ A9, (D.3)
Y
where
Ay =M (&,&4172) — M (&,&5-1)2) - (D.4)
D.2 Lubrication equation

D.2.1 Channel

Here we integrate the lubrication equation ([6.40) over space from &;_; /5 to & 41/2

Eiv1/2 /. | Eiv1/2 . | ) &ivr1/2
/ ' <Q . 89) ¢de = / Oede — 2 (529 e 2/ dig) ~
&i—1/2 NS &i—1/2 v =172 &i—1/2

Q; - Q(Old) Y (220Gt
~ £ i 1 it1/2 AL
S GG (e20ffn2 —20608) ~
B 5(21- — did) Ae - jﬁfﬂ/zﬂiﬂ — 26U A8 — 53,1/29171
TYAT oy 2 '

We apply the same discretization to the leak-off term. The right hand side of the
lubrication equation ([6.40)) is discretized as follows

1 /§¢+1/2 o < 381‘[)
— — €’ — | dE =
’72 &i—1/2 23 ¢ 23 ¢

i1y (Qi—i-l + Qi>3 i — I &i1p2 (Qz + Qi—1>3 I; — I1;
ok 2 A&iv1/2 ok 2 A&i1yg

Here we use the following approximations

§iv1/2
Q. ~ Qz’ + Qi—i—l T~ fi—1/2 Tﬁdf . Y= ’Y(Old)
e 2 o GAEG 7 AT
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D.2.2 Tip

Instead of writing a discretized lubrication equation into the tip region we use the global

volume balance equation (6.42). As a result we have the following expression for the

-1/2
} , (D.5)

where Utip is the volume of the last control volume calculated from the tip solution, and

dimensionless fracture length ~

n—1
2w
v = {T [(Z Q&AL + Utip> + Vieak

i=1

1
Vleak :/0 T(&T) fdf

D.3 Tip solution

The scaled lubrication equations (6.31])) and (6.35]) indicate that in the tip region we can

use the approximation

v O¢

In practice, in order to find the coefficient Cy, we evaluate the left-hand side of this

1 .
/s (T - 7(“) CdC ~ Cyr/T— €2, (D.6)

equation at &,_1 using

1 . ,_y 8T) 1 . ,Y 9 1
T - —¢6— dé = Td — T, — Td ,
/§< Teoe ) ede /&f S GELSREY R

and then we divide the result by /1 —¢&2_ .

Under the assumption that & — 1, substitution of the approximation into the

lubrication equation ((6.40) yields

1500

v 1/2
Gy~ +212G,Cr\/1 — € = -3 —. D.7
Y ’ : SRENC3 (B-7)

At the same time, the elasticity equation (D.1]) transforms to

1 [®00(¢, ) dC
I )= 4m/0 e (D.8)
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Now we introduce the following scaling

1-¢=10, Q=WQ, II=PIl, (D.9)
where
R 8 2G6CG . 4 2G4c4 . 23 GS
R R O (D.10)
v GY ¥ Gy 27y G2C%
The governing equations (D.11}) and (D.12)) transform to
4 gt (D.11)
dg
. 1 [0 () d¢
i (g) _ L 7o) de (D.12)
47 0 8< 5—(

These equations have been well studied [e.g. see (Adachi and Detournayl 2008)]. Note
that these equations do not depend on any parameters, therefore one can solve them
only once and then tabulate the solution. Throughout this research we use the simplified

version of our algorithm developed in Chapter [3]

D.4 Evaluation of leak-off displacement function ((6.44))

D.4.1 Temporal integration

Let us introduce two times, 79 and 74, such that for 7 < 7 the leak-off displacement
function is given by the small-time asymptote Yj;, and for 7 > 7, the leak-off dis-
placement function is given by the large-time asymptote T ; - (for the asymptotes see
Section . Also let us assume that we know the solution of our governing equations
on mesh 79 (9) (9)

27, where i = 1,...,ng, 7|"" = To, Tn, = Too, and the superscript (g) stands

for “global”. The leak-off displacement function at moment Ti(g ), T (f , Ti(g)>, is given by

(Ti(g)> ) -

v (7)

Y (g,fi(v"’) — /OTW (7) ! d7, (D.13)
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To evaluate the integral in the right-hand side of (D.13]) we introduce the convolution

mesh T](C), j=1,...,nc, 7'1(0) =0, and TT(L? = Tl-(g). Hence we can write
ne—1 () T.(g)> (9) =
(g) B j+1 1= Y ( 7 Ti — T _
T (Ti ) = Z /{c) v (7)Y ES &, VZ () dar, (D.14)
j=1"7;

The problem with the evaluation of the integrals in the last equation is related to the
square root singularity of the leak-off Green function [see (4.33)]. Therefore we perform
the following transformations

‘o Y (Tz‘(g)) 0 _ 7 1 - ?w 7 (Ti(g)>§ i 7

€ Tl J—
NI N R A

]

v (F -
(D.15)

Now we can approximate the expression in the curly brackets by a polynomial and

perform an analytical integration. In this research we used the first order polynomial.

D.4.2 Spatial integration

Here we consider integrals of the following form

&2
1(51’€277—) = : 677[} (5,7') dé? (D16)

where 1 (£, 7) is a numerical function known on mesh & < 1. The small- and large-time

asymptotes of ¢ (§,7) are given by (4.33)) and (4.50) respectively. As in the auxiliary

problem, here we approximate 1 (¢, 7) by

(0 (é@ <¢< £i+1) ~ 9 (§) = \/% + b, (D.17)

where q; and b; are unknown constants which can be related to the values of the flux

distribution function in the nodes of the mesh ; = ¢ (5,)

Vit — Y ’ bi:w"“\/l_gﬂ_%vl_g@z. (D.18)
(1 - €§+1>_1/2 B (1 B 512) -1/2 \/1 — 57;24-1 _ \/1 B 522
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In other words, we use a linear combination of the small- and large-time asymptotes
to approximate the flux distribution function v at each interval [&,&H}. We then

substitute this decomposition into the integral (D.16)) and evaluate it.

D.5 The end of the story

As a result of the discretization described above we get a set of non-linear algebraic
equations

Fi(viov2s -7 -1, Q53 X1, X5 I1) = 0, (D.19)

where A; = {A; (15),A2(7j),..., An (75)}. Note that IT; and Q; are connected through
the discretized elasticity equation (D.3), and that Y'; depends only on the dimensionless

fracture length {v1,72,...,7;}. Therefore the set of equations (D.19) can be reduced to

‘7:] (’71772777]79]*179]) = 0. (D20)

The unknowns here are {v;,;}.
To solve this set of equations we use an algorithm which is similar to the one we have

developed for the toughness-dominated case:

e Using an input guess for v; we solve the part of (D.20) related to the lubrication
equation discretized in the channel by employing the standard Newton method.

As a result, we get

Qj = Q] (717727 cee 77])9]—1)7

e Substituting this equation into the discretized global volume balance equation

(D.5)) we obtain the following nonlinear equation

Fi(v1:725 -7 2j—-1) =0,

where the only unknown is ;. We solve this equation using the secant method.
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The results presented in this work were obtained using a homogeneous convolution mesh
with 300 nodes, and a logarithmic global mesh such that Ti(i)l — Ti(g) = 0.05Ti(g ). The

algorithm was implemented in Mathematica 6.0.
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