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§2 Darboux’s method for solving semilinear hyperbolic equations in the
plane. In this section a brief description is given of the application of Darboux’s method
to the construction of explicit general solutions of semilinear hyperbolic equations. The
reader should note that the method is applicable to more general equations but this is the
case of interest in this paper. To keep this report within bounds, we will not give any
proofs in this section. These will be given in [3].

Since we will only be considering local problems, all manifolds will be regarded as sub-
sets of Euclidean spaces. Let TR™ and T*R"™ denote the tangent and cotangent bundles
on R™ respectively. Let C°>°(R™) denote the ring of real valued, C* functions on R". Let
I'*(T*R™) and I'(TR™) denote the C*°(R™)-modules of smooth sections of T*R™ respec-
tively. For simplicity, we will assume that all mappings and vector field systems, etc.,
are smooth even when some statements don’t need that assumption. By a distribution of
vector fields or vector field system we mean a C*°(R™)-submodule of I'(T'R") of constant
dimension on R™ or some open subset of R™.

Consider the hyperbolic semilinear partial differential equation

o*u Ou OJu

f _—
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(2.1)

where f is a smooth R™-valued function of all its arguments and u is an R™-valued function
of z; and z;. Let J¥(R%,R™) denote the k** order jet bundle of map R? — R™ and let

Ty, 2,24, 24 zfl‘iz, - z{?iz ...4, be local coordinates on J¥(R?,R™), 1y, ...} take values 1
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or 2and 1 < A <m. Let €, be the submanifold in J?2(R%, R™) defined by the equation
(2.1). Throughout, summation over repeated indices is assumed.

DEFINITION 2.1. The Vessiot distribution Qggn of equation (2.1) is the 2m+2-generated
distribution (over C*°(&2)))

0

0 0
D = O, + 2 —— + A =— + f[A—
{ ! 1 9zA 124

A
0z

@ _ 0 40 40 40
= Oz 2 8zA+f 82{4+222az§4

90 9
8zﬂ’3z{‘2 '

We note that ngn is dual to the contact structure on J2(R?,R™) restricted to €2,
and hence the solutions of the equation (2.1) correspond to the integral submanifolds of
Qggn . Clearly we can define the Vessiot distribution of a k** order p.d.e. by writing out
the dual of the appropriate contact structure suitably restricted to the submanifold of the
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corresponding jet bundle. Mostly in this paper we will stick to ¥ = 2 and reserve only
some remarks for general k.

Now from the point of view of the integration of hyperbolic partial differential equa-
tions, the most important construction is that of Monge characteristics. We have the
following.

THEOREM 2.2. The Monge characteristics for equation (2.1) are defined by a pair of
vector field systems

) . (2) (2) A 0 0 —{D,. D
IQEm * {Dl + (D2 f )62?2’62141} { 1 2A+]}
Q 2 D(2) + (D(Z)fA) 0 i} — {D2 D2A}
2 2 ! Oz{y’ 024, ’

each of which is a C*°(€2,)-submodule of Qggﬂ.

We note that each of 15283" and gflggn have dimension m + 1 on €2, and that 1(2337‘ D2
Qggn = Qggn . Also, as we shall see, each of 1@331‘ and 2(253'1 have one dimensional integral
submanifold in €2, which depend on arbitrary functions which is a well known fact about
Monge characteristics. The next theorem is basic to Darboux’s algorithm for solving partial
differential equation °

THEOREM 2.3 (Darbouz, second order). Suppose u: (zy,z3) — u(zy,z,) satisfies
equation (2.1) and that

m: & +— R

is a nontrivial (this means apart from z, or x,) invariant of either system 1(23,2“ or 2(233‘
then

(2.2) mojiu= A (z;)
if  is an invariant oflflggn or
(2.3) mojiu= ()

if 7 is an invariant of 2(28,271 , where A\ and Ay are real valued functions which depend upon
the solution u chosen.

In fact, classically, Darboux’s theorem is stated only for the scalar case m = 1, how-
ever, the extension to the vector case is straightforward. We note that since z; and z,
are characteristic variables, the differential equations (2.2) and (2.3) are really ordinary
differential equations with each of z; and z, appearing parametrically.
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Now the point of Darboux’s method is as follows. Suppose a collection of functionally
independent invariants 7}, ... 7} for IQggn and n%,..., 72 for 52¢2 have been found. Then

(2.4) T} 0 3% = A\ (z2), 7r]2- R = /\3'(331),

1 <i<s,1<j <risa collection of partial differential equations with solution space
S (say). (Note that even though (2.4) may be overdetermined, § will not be empty by
Darboux’s theorem). By Darboux’s theorem, there exists some subset 8’ C § which solves
(2.1). The problem is to derive &' from a knowledge of 8. This is possible when r +s > m
and in this case we will call the equation Darbouz integrable. We will conclude our brief
discussion of Darboux’s method with an example and some remarks.

Example. (Goursat [2]) the equation

0%u 2 [ Ou Ou
2.5 =
( ) 8.7313122 T + ) 6:61 3372

is one of Goursat’s canonical equations [5]. The second order Monge characteristics are
given by theorem 2.2:

~ 0 /7122 fr—
IQSf : {aw + Zl2 + 211 + 2v217 9 + 2 (—222 ﬂ + 2 _ 2122 )
1

Oz 6»’«’1 Ty +29020 T14+23\ 2 V22 21472 z1+7,

(9 9
3222’ 3211 ’

~ 0 2\/ 0 vV
2983 { t+ 20— ZVEE + 222 0 + 2 2z + a4 VAR
3z2 32 T+ ) 3z1 822 T + ) 2 21 Iy + Z9 T + )
o 0 0
8211’ 0z22 ’

The (Riemann) invariants for equation (2.5) may now be computed.

A 7!'1 = T2 ~ 7r2 =T
(26) 1982 : { - , 2982 . { 1
' W% = 2;§Z2 + : ' W% = 2sz1 + >

T141To z1+z2

Equation (2.5) is now seen to be Darboux integrable having a nontrivial invariant for each
of the characteristic systems. We now consider the equations (2.4) in this case. These are

-1
oy 0%y 1 oY
2.7 24 — =
(27) < 3:1:1) 0z,? + z; +x, V Oz, Ar(@1)
-1
oy 0%y 1 oY
2.8 =
28 ( 812) Oxy? * 1 +x2 V Oz, Ao(a2)
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where A; and )\, are arbitrary real-valued functions. Setting w”® = g—f’:, v? = %, AL =
F"(z1) and Ay = ¢"(z2) where f and g are arbitrary and substituting into (2.7) and (2.8)

we obtain

ow w » )
33:1 + Ty +.'L'2 - f (ml)’
(2.9) DoV i) L
) 612 1+ T2 ’
0 2 d
— - — =0.
90, ) " g, (V) )

The system (2.9) has general solution

f—g

u:f'_f__g:L v:g,+

Ty + o x1 + 22
and hence
) ] g'_f 2 ! f_g 2
. = )% —)%d
(2.10) o= [+ Elyan + [+ 2

is the most general solution of the overdetermined system (2.7), (2.8). Since the solution
(2.10) contains two arbitrary functions we conclude that §' = § and (2.10) is the general
solution of (2.5).

There are a number of questions raised by this discussion of Darboux’s method which
we will not attempt to answer in this paper. For example, what is the relationship between
8" and 87 We have not in this section even given a precise definition of the idea of “general
solution” and the reader must be referred to [3] for a discussion of these matters. We simply
wish to emphasize that the method depends upon the existence of invariants carried by
the characteristics and these are in reality nothing more than the Riemann invariants
familiar from another context. Now if no invariants exist on J*(R?,R™) then the next
prolongation J3(R%,R™) must be considered. In this case one would investigate the third
order characteristics. In this way we proceed to J*(R?,R™) for some k for which nontrivial
invariants exist. Of course it isn’t true that for any equation (2.1) there exists a k for
which nontrivial invariants exist sufficient to integrate the equation. For example, it was
demonstrated by Lie [6] that the nonlinear Klein-Gordon equation

0%u ,
92.02, f(u), u:R®—R,

is Darboux integrable if and only if f(u) = aef*, a,8 € R. A proof of Lie’s result can be
found in [2].



§3 Lie algebra structure for Monge characteristics. From the brief description
of Darboux’s method given in the last section it is not difficult to see that when m > 1, the
process of completing the integration once invariants have been found will in general be
very difficult. In this case and as a first step in dealing with this problem one may make
use of a fundamental discovery of E. Vessiot [4] which shows that there is an intimate
relationship between the Monge characteristics of scalar hyperbolic equations (m = 1)
and finite Lie algebras of vector fields. In [7], Vessiot’s results were extended to the case
m = 2. Specifically, we studied equations (2.1) in the case m = 2 where each system of
characteristics on J%(R?, R?) have two two nontrivial invariants. Thus we studied equations
which satisfy the condition of Darboux integrability as given in section 2. In this paper
we build on the results of [7]. Let E(2;3,3) denote the subset of equations (2.1) with
m = 2 and with 2 nontrivial invariants for each of lﬂag and zﬁeg. Note that the elements
of Qg% and iﬂeg,i = 1,2, are 6-generated and 3-generated distributions respectively on
&2 C J2(R?,R?).

Consider the structure of the Vessiot distribution IQ£§ D2 Qgg. Calculation shows that

0 0 3
D1, D3]l = —.[D = —
[ 1, 3] 3211,[ 17D5] az%’

0 0 d0
Dy, Dyl = —,[Dy. Dl = — mod 3égz.
[ 29 4] 82% ’[ 2 6] azgv 2
All other Lie brackets in 1Q¢z @ 22 = 0

We also note the conditions
[Ds, [D1, Ds]] = 0,[Ds, [D1, Ds]] = 0, [Ds, [Dz, Da]] = 0, [Ds, [Ds, Ds]] = 0 mod Qs

We are led naturally to study the class of C* distributions of vector fields II on R!2 of the
form

I>7=m&m:{y1,y3,ys5} ® {2, Y4, Ys }
satisfying the following properties
(1) [ylay-'i] = Z37 [ylay5] = ZS

[yg,y4] = Zs, [yz,ys] = Zg mod 7
All other Lie brackets in 7 =0

(2) [y5> [yl)y3]] = Oa [y3a [yl’y3]] =0
mod 7w
[vs, [y2, yal] = 0, [ya, [y2, y6]] = 0
and finally, because we wish ultimately to study the class of p.d.e. E(2;3,3)
(3) my has exactly 3 independent invariants, £, u; and u,,

7, has exactly 3 independent invariants, n,v;, and vy,

while 7 has no invariants .
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We note that {m, Z3,..Z¢} is a 10-dimensional C'*° distribution.
Let €,uq,uy be as in (3) and choose any other 9 nine coordinates for R12, 2y, .., q.

Suppose y1,y3 and ys have local expression of the form

) o .8 .0

=g gy gy, Heg,,
_ 39 80 50 a0
3/3—“-’055 +w18u1+w28u2+€3 Er
) ) ) )

_ 57 5_~ 5_7 a__ 7

Ys = woge TWig - twig o+ g )

1

where w},£f € C°(R'?). There are three possibilities for the matrix

A= (w;)

Case I : Rank A = 1. The canonical form for yy,ys,ys is

o ., 0 ) ) ) 9

—_ _ 1_~ a_ 7 —fa_ 7 —_ a7
n=geteig, T, T BTG =g,

Case II : Rank A = 2. The canonical form is

LI _a+w33+§aa o
1= B¢ “’26 'z, T By T 200, T2 o, P57 55,

Case III : Rank A = §. The canonical form is

8+§ a i+£°‘i —i
1= 50 T Ba, uy | B 0zs T Buy

We easily rule out case I since because of [r2,m;] = 0 we have
y2jwi = 07 ijUJ% = Oa 1 S] S 3,

whence wi and wj are invariants of 7. It follows by property (3) that there exist ¢;, @2 €
C>°(R?) such that

= ¢1(& u1,u2), wy = da(€,uruy).

This in turn shows that any nonconstant solution of

of of of

8§+¢1 +¢2__0

will be an invariant of 7 which contradicts properly (3).
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By a similar argument one shows that in case I, there exists functions 1,33 € C>(R?)
such that

= (& ur, uz), wy = P3(€,u1,u2).

It then follows that the canonical form of case II is unadmissible whenever there exist

nonconstant solutions of

6f Bf

Mf = f+¢15f — 0, Aof =

o€ +¢3

Now since {A;, Az} is 2-generated on R?, case II is inadmissible whenever {A;, Ay} is com-
pletely integrable. We now restrict our attention to that subset of the class II of distribu-
tions where each of m; and 7, have the canonical form of case III. Denote this subclass of
II by II; and we have the following structure theorem for IIy which is proved in [7].

THEOREM 3.1. Let 7 € II; then there exist coordinates on R'? such that m = m; @ 7,
is expressed locally as

0 < o 9
{ 0—€+; (S5 (&, u1) + ¢2(€,u2)) La, Efl’a_uz}

=1

(o5

6
o o
T a—+ﬂ§=:1 $5(n,01) + (1, v2))Rg, o s

where 7, and 7y are each defined on U x W and V X W respectively and where U and V are
manifolds with local coordinates (€, uy,uq) and (n,vy,vs) respectively. W is the manifold
of remaining Van'ables on R'? and ¢g,¢f3,e C*(R?), 1<14,j <2,1<a,B<6. Finally
L = {Ly}¢_,,R = {R,}¢_, are simply transitive Lie algebras defined on W satisfying
[L,R] =0. :

Now theorem 3.1 asserts the existence of an underlying Lie algebra structure for the
class of distributions II;. Later we will state a theorem which will enable us to choose
the functions in the distributions of theorem 3.1 in order that they correspond to the
Monge characteristics of some partial differential equation e € E(2;3,3) (definition 3.2
and theorem 3.4). This then establishes a Lie algebra structure for a subset ( at least) of
the Monge characteristics for E(2;3,3) once invariants have been chosen as new variables.
Now if indeed a m € II; is associated (see definition 3.2) with a p.d.e. e € E(2;3,3) then
(n,v1,v2) (say) are the functionally independent invariants of 1(~2£§ (say). Hence IQSQ is
a vector field system tangent to the submanifolds of €2 defined by n = constant, v; =
constant, v, = constant. More precisely, if we let §; denote the foliation of €2 induced by
the invariants of iﬁeg then each leaf of §1 ~ U X W =~ j5cany R®. Similarly each leaf of
Fo VX W ~5cany R



Our aim now is to show how theorem 3.1 and its consequence can be used to study the
Darboux integrability of the class E(2;3,3) . Ultimately we wish to show how to obtain
local explicit general solutions for the class E(2;3,3). We denote the class of distributions
I, which are the Monge characteristics for some p.d.e. e € E(2;3,3) by ) (2;3,3) and
each of the subdistributions m; and w2 by o1 and o respectively. Now our approach to
the integration problem may be summarized by the following commuting diagram

E(2;3,3)2e —— (explicit local solution of e)

$7(2;3,3) 06 —— (local integral submanifold for og)

The idea is that one begins with a Lie group G. As we will show, this determines a
distribution og € Y (2;3,3) which is the Vessiot distribution of some e € E(2;3,3). We
will show that the integral submanifolds of oG may be explicitly constructed and that
these give the general solution of the equation e. Of course from the point of view of
applied mathematics the question of interest is the converse : given e € E(2;3,3) find the
corresponding og € »(2;3,3) for some G. At present however it is not clear how this
problem may be solved.

DEFINITION 3.2. A distribution of vector fields A on R™ is said to be associated with
a p.d.e. (2.1) if and only if there exists a local diffeomorphism P : R — J2(R?,R™) such
that

?*(A) = QE?n
where €2, C J?(R?,R™) is the submanifold defining the p.d.e.

DEFINITION 3.3. The characteristic system of a distribution of vector fields A denoted
charA, is the set of all A € A such that [A\,A] C A.

We now state and prove a theorem which gives sufficient conditions for a distribution
of the form given in theorem 3.1 to be associated with an equation e € E(2;3,3).

THEOREM 3.4. Let 0 € ) (2;3,3) be a distribution of the form given by theorem 3.1.

That is
0 0 a 0

U:{L’B_m’a_w}@{g{’a_m’a_w}

Suppose the subdistribution

) ) o 0)°
: C (1)
r e e R} €0

j=1

9



has four functionally independent invariants 1,2, 2", 2% such that Lzg = Rxq = 0 and
(Lz1)(Rzq) # 0. Define the functions

f& Lz A R4 A Eﬁ

Lzl’ 22 - :Rzz’ 211 [111

(*)

Then whenever the functions (ty,xq,2%,2{1, 2{}, 255) are functionally independent they

define a map

P:U XV xW — J*(R?* R?)

such that
(3.1) Peo = Qg2

where £2 C J*(R?,R?) is defined by the functions z{}.

Theorem 3.4 enables us to explicitly construct the equation or family of equations
associated with a given o € Y (2;3,3). Now since the integration problem for the p.d.e.
is equivalent to constructing the integral submanifolds of the Vessiot distribution {l¢2, the

explicit knowledge of P means we can transfer the integration problem to o which as we
will show is easier.

Proof of theorem 3.4. The proof proceeds by attempting to solve the partial differential
equations defining the equivalence (3.1). The existence of the map P implies the existence
of a g € GL(6,R) satisfying

L D
- ( s \
d/0u, 8/82
3.2 P. — 11
(3.2) 0/0uy g 0/02%,
0/0v 0/ 0z,
8/ v, \0/0:3, /

where D%z), Dgz) are the total differential operators of definition 2.1.
We have

2.(Qu) = (Quir) - + (Qutr) 5 + (Qas )y + (@it op
(3.3) 3 A
+(Qa?; )8 A +(QaZ11)a A +(Qa322)a é‘é

where {Qq}5_, is the set of vector fields {£, 52~ Sa 6‘22 R, 22~ 5o 5%;}.
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Let
(3.4) g = (Wap)i<a,p<e : U XV x W — GL(6,R).
Then from (3.2), (3.3) and (3.4) we have the equations defining the equivalence as follows

A A 1 A _ A A
Lz, =wyy, Lxg = wig, L2? = wi12] +wiazy, Lz{ = wii2]] +wiaf”,
A A 1 2 _ 1 _ 2 _
Lz{1 = w1 [ 4+ w1225y, L21; = wis, Lz7; = wis, Lzyy = wis, Lz55 = wis,
A A A A _ A A
Rzy = wo1, Rxy = wap, R2” = wo12{ + w225, Rzl =wa21; +waf”,

A A A 1 _ 2 _ 1 _ 2 _ .
Rzy' = wor [ + waazdy, Rzyy = was, Rzjy = wag, Rzgy = was, Rezgy = woe;

0 0 0

B B B
T—T1 = W24Al, T2 =W24A2, T2 = W2+4,1%] T W24+A4227,
auA 6uA auA

0 0

. B B B B _ B B

(3.5) 7 2y =wata12 Twaraaf, EY 2y =Wwoganf’ +warazyy
U A UA

0 0 0 0

1 2 1 2
211 = W24A3, 7211 —W24A 4, 5 290 = W24AS5, 5 222 = W24A4.6;
auA 11 + ) auA 11 ) aUA ) a'LLA 22 ’

3 . 3 . 5 B _ B B

T T1 T Wit A1, T2 =Wi4A2, T2 T W44A412] T Wit+A2%9,
a'UA avA BvA

0 0

B B B B B B

o 20 =WapA121 Fwatafo, Fox 2y =waparf” +waga 2y,

VA VA

0 9 2 9
N R11 T W4+A 3y, %11 T Wa4 A4y, [ R0 = W44 A5, 7 R9p — W4+ A
a’l)A 11 + ) a'l)A 11 + ’ a’UA 22 + ’ a’l)A 22 +

We now notice that considerable simplification is gained if we seek diffeomorphisms P such
that g lies in the subgroup defined by matrices ¢ € GL(6,R) of the form

wipz 0 wiz wig ... wie

W22 W23 W4 ... W2e

g = 0 0 w33 W34 ... W3e
0 0 we3  We4 ... Wee

11



In this case equations (3.5) became

(3.6)1 A A 1 2

Lz, = wiq, Loy =0, L24 = wn2fy, Lz = wii f4, Lz1; = wis, Lz = wig,

1 2 .

LZZ2 - w15, LZzz :w16,

(3.6)2 ) .
A A A A _
R.’El :O, :R.Tg = W22, RZ = W3229 , fRZl = f ; RZ2 = W22299,
2 2 1 _ 2 _ .

Rzi; = woz, Rzt = was, Rzi; = was, Rzgy = was, Rzgy = wae;

(3.6)3
9 d d O 5__ 9 p__0 p
I = Tl = 7Ty = T2 = zZ = z =

6UA BvA 8uA BvA 3uA c%A OuA 1

— 0 B __ 0 B __ 0 B __ 0:

= 2 = 2y = 29 = U

Oova Ou Ovga

(3.6)4

=2 =W2+A43 122 =W24+A4 9 — 2 =W2+A5 9 — 2z = W24+ A6

Juy M 2 Guy Mt ’8 22 ’3 22

0 0 0 3

1 2 1
AR T Wi+ A3, 5 R11 — Wi+ A4, [T R — W44 A5 —2] = W4+ AL
aUA 11 + ) a 11 + ) 6 22 — + ’ 6 22

The system (3.6) consists of 54 equations for 28 unknowns so it is overdetermined and we
proceed to find all integrability conditions. From the first equation of (3.6); and that of
(3.6)3 we have

8Ld11 _ 3 6331 i 8
Ouy Bulel Laul [aul’L] o1

In the same way we find

8 Bwll 8 N Bwu
8u2 L] " Ouy L%A’L] = Ova

a :R T _6—7 131 :07

a'U,A aUA

(3.7) >

0 L = -—i L =0
Oua’ ¥2 = Ovy’ 72 =5

0 a‘*“’22 8 _ awzz
auA’:R T2 = Ou 4 [31)/1’52] 2= Ova )




Hence by assumption on P,w;; # 0 and we have

_ 8214 _ L 8 Bwn A}
(3:8) 0= %u = on {[aul L] Bu, L

Now (3.8) is one of the integrability conditions for set of equations (3.6). In the same way

we construct the remaining independent integrability conditions. These are

oz _ 1 { o] zA—a“’”zf}=o
Ouy  wiy ([Oug’ | Ouy
A Rk e B
- [ -} -
(3.9) gf _ ! {ja zA_%‘*;lllzf}=o
5 ([ -
o = o[ - Gt =
o =w22{m?,2v"? -G

Thus the middle two equations of (3.7), equation (3.8) and equations(3.9) is the com-
plete set of integrability conditions for equations (3.6). Taking into account these equa-
tions, it is not difficult to see that if z,,z,, 2! and 2% are chosen to be any functionally
independent invariants of the subdistribution

0 0 0 0
F'{[WA’L]’ [BUA’:R]’ Ouy’ 0vA}

of o) such that Lz, = Rzy = 0 and (Lz1)(Rzy) # 0 then all integrability conditions will
be satisfied. In this case from equations (3.6); we obtain the equations (*) in the statement
of the theorem.

Finally, we need to check that if new coordinates are chosen in this way, the condition

RzA L24
3.10 Ray _ Lz
( ) Rz, Lz,

is satisfied. From equations (*), theorem 3.4, we have

. LzA\  (Lz1)(RLz4) — (L24)(RLzy)
fRZf =R (Z;:T) = (L:L‘g)2 ’

13



and

ReA\  (Rap)(£ReA) — (ReA)(£Raa)
et =2 () = Ry '

Making use of the fact that [£,R] = 0 and Rz; = Lz, = 0 gives

LRzA RL2A
A _ SR A_ .
Lzy = Ry’ Rz Lo

Making use of [£,R] = 0 once again proves (3.10) 0

Theorem 3.4 provides a simple algorithm by which a diffeomorphism may be explicitly
constructed so that given o € ) (2;3,3) the associated equation e € E(2;3,3) may be
found. Of course we have not proved that the subdistribution I' C ¢(!) always has the
required invariants. Theorem 3.4 amounts to sufficient conditions for equivalence with the
important feature of being constructive. We will show in §5 by direct computation that a
diffeomorphism can in fact very easily be found in this way.

84 Integral submanifolds of Lie-Vessiot distributions. Theorems 3.1 and 3.4
solve in part the classification problem for equations F(2;3,3) in the sense each equation
e € E(2;3,3)isin correspondence with a pair of six-dimensional Lie algebras of vector fields
on RS. The classification of six-dimensional Lie groups will now give the class of p.d.e in
E(2;3,3) associated with distributions ) (2;3,3), however we will not here consider this
classification problem. Instead, in this section, we give results which will enable us to
integrate the distributions of the form expressed in theorem 3.1 which we will call Lie-
Vessiot distributions. Then, because of theorem 3.4, this result will enable us to solve the
associated partial differential equations.

We begin with a theorem due to Vessiot.

THEOREM 4.1. (Vessiot, [8]) Let G be an r-parameter Lie group with composition
function

c:GxG— G.

Let L = {Lo}o=1 and R = {R,}%_, be bases for the left and right -invariant vector fields
on G. Then the vector field system

d < 0 <
V : - o La, a a\~— (e
{3z++;¢(z+) az_+;¢(" )R}
on R? x G has integral submanifold

g:(24,2.) — R*x @

defined by
g(z+7 Z_) = (z+’ z_,cl(a(z+), b(z—))v <. ,cr(a(z+), b(z—)),

14



where the curves a,b : R — G in G satisfy the ordinary differential equations

dag
dZ+

=Y #s(2+)Apala),

B=1

dbe
T = Y balz-)opal).
nap

and where the functions A\go and pge : G — R are defined by

0 0
Lﬂ = )\ﬁa(a)%-;, R[g = pﬂ"(b)a_bﬂ’

the left and right invariant vector fields on G.

Proof. V is generated on R? x G by

0

0 0 0
{2+ bales Pas(@ s 5= + e Iron(W) |

The annihilator of V' is V* generated by
{dag — parapdzs — Yapapdz_} .

Suppose ¢ : (24,2-) — (24,2-,a1(24,2-),...,ar(24,2-)) is the integral submanifold.
Then from the condition ¢*V* = 0 on R?, the ag must satisfy -

" Oag
(41&) E - ¢a)‘cvﬂ - Oa
(4.1b) 995 _ 4 pes =0
. P aPap = 0.
Now let
(4.2) a8(z4,2-) = capi(24); ez i1 (2= - 0r(2-)

be a trial solution for (4.1). The set of functions (4.2) may be thought of as defining a pair
of Lie transformation groups

c : GxC — G

cr:Cpx G —C,

where Cp : p1(24),...,pr(z+) and C; : q1(2-),...¢r(2-) are curves in G. That is, in cg,
as z_ varies elements of the Lie group G act on €, by right-translation and in c; elements

15



of the group act on €, by left-translation as z; varies. Hence substitution of (4.2) into
(4.1a) is equivalent (since there are no z_ differentiations) to applying an element of the
transformation group cg to (4.1a). But the Lie algebra of the transformation group cp is
a curve in the right invariant vector fields R on G; and since

[Ra i + ¢aLa] =0
3z+

(4.1a) is invariant under the action of cg. It follows that substitution of (4.2) into (4.1a) has
the effect of replacing each ag(z4,2-) in (4.1a) by pg(z4). A similar argument involving
transformation group cy shows that in (4.1b) each ag(z4,z_) is replaced by gg(z_) and
the theorem is proved. [J

Example. Let G = (R?,c) where
c:GxG— G

is defined by
c:(a,b) — (a1by,azb; + by).

Define left & right G-actions on R?:
cr :GxR* —R? c¢p:R?xG — R?
by

cr(a,x) = c(a,x) = (a121,a221 + 72),

and

CR(X,b) = C(X,b) = (b]il?l, b1$L'2 + b2)

Calculating the Lie algebras of ¢1, and cp provides isomorphic copies in R? of left and right
invariant vector fields on G as follows

0 0

L.L]—ivla—ml, L2—$la_x;7
0 0 0

R:R=2,— — = —

! 1:181131 +x23x2’ R2 8272
The vector field system to be integrated is
g 3]
Vi a— +01(24)L1 + ¢2(24) L2y 5— + (2= )Ry + ¥h2(2-)Ro
0z 0z_

defined on R? x R?. The integral submanifold for V is a map
g:R*> — R? x R?

16



defined by

g:(24,2-) — (24, 2—, a1(z4)bi(z-), az(z4)bi(z-) + b2(2-)),
where aq(24) and bg(z_) satisfy the o.d.e’s

day day

dZ+ - ¢la1 = 07 dZ+ - ¢2al = 01

db db

1 —1/)1b1 =0, —2 _1/’11)2—'(/)2:0'
dz_ dz_

We can now give the main theorem on the integration of Lie-Vessiot distributions

THEOREM 4.2. Let G be a six-parameter Lie group with composition function
c:GxG—G.

Let 5 9
:Aa ey -, Ra:‘a gy )
Lo ﬁ(wl, wﬁ)a'wﬂ P ﬂ(w we)awﬂ

1 < a,B8 < 6, be isomorphic copies in R® of the left and right-invariant vector fields
respectively on G (assumed to be simply transitive). Suppose o € ) (2;3,3) is associated
with some e € E(2;3,3) and that o involves the Lie algebras {L,}%_, and {R,}%_, as in
theorem 3.1. Then, the integral submanifold for o is a map

J:R? S UXxVXW

defined by

(4.3) J:(&m) — (&, f1(8), £2(€), 91(n), 92(n), w1 (&, m), - . ., we(€5 7))
. :(f,n,ul,u2,vl,v2,w1,w2,--~w6)a

where

fi,gi : R — R are arbitrary C*° functions and

wa(f) 77) = Ca(a1(£)7 a2(£)> cee aﬁ(ﬁ); by (77)’ b2(77)v SR bs(ﬂ))
Finally, the ao(€) and by (n) satisfy the ordinary differential equations

da,

(4.4) d“ﬁf
d_; = 1/113(77, g1, (77)’ gz(’l))/’ﬁa(b)-

= ¢ﬂ(§7 fl (6)3 f2(£)))‘ﬂa(a)7
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Proof. The distribution to be integrated is locally generated on U x V x W by

0 o 0 0 o 0
{66 +¢a(§’ul,u2)La, 6 6 677 +¢a(n1vl3UZ)Raa%7'aT2}

o 0 0 0
- {L’ Ovy’ Ouy’ R, Ovy’ Ovs }

which is 6-generated on a 12-dimensional manifold. Now by Vessiot’s theory on the inte-
gration of vector field systems [9], in order to find integral submanifolds for ¢ we must look
for nonsingular involutions of maximum order (see also [7], [8] ).. We have the following
structure for o:

0 0
L, a | R7 a. 0,
(4.5) [ Bui] [ 3viJ # } mod o
, all other Lie brackets = 0.

This structure is imposed on ¢ by the structure conditions on Y (2;3,3). The nonsin-
gular involutions of order 2 are given by subdistributions {S;,S,} C o

where
0 0 0 0
= kol + by —— + kg g
S 0 +k15‘ +k262+m0fk+m181+m2avg
0 0 0 0
52—aoﬁ+0116—+a25— +ﬁ01R+,31 +ﬂ2
and

Eo,..., B2 € C°(U x V x W)
which satisfy

(46) [51,52] =0 modo.

Condition (4.6) becomes, taking into account (4.5)

0 0
(koas — agky) [L, O—ul} + (koaz — koayg) [[/, 6_u2]

(4.7)

+ (moB1 — mifBo) [fR, %] + (mo B2 — mafy) [fR, _6%] =0.

Again, by the structure conditions on Y (2;3,3) all vector fields [L, a—iy] , [fR i] , 1=

1,2, must be linearly independent and hence (4.7) becomes

(4.8) 0 = koay — apky = koay — kaag = mofy — m1 8y = meBy — myfBy.
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We now assume that S (say) is fixed and solve the ao,..., 2 in terms of ko,...,mz to
ensure that condition (4.6) holds. This leads to the linear algebraic system

[~k ko O 0 0 01

[~ b

(¢ 7]
Qg

Qa3

(4.9) = 0.

B
0 0 0 —my me O 0
A
| B2 ]
0 0 0 —my 0 mo)
Now in the nonsingular case, the functions ko, k1,...,m2 are assumed to be in general

position and hence the first Vessiot index is ¢; = 4. There will therefore be exactly two
independent solutions S; for each S (one of them has to be S; itself). Furthermore, there
can be no higher order involutions for this would mean that the second Vessiot index g2

would have to satisfy ¢2 > 4 and ¢ + 2 < 6 by [9, p356; 7, pp 113-116]. Solving (4.9) we
find that

0 0 0 0
52:%(k0'£’+k1_+k2 )-}—&(moﬂl—l—ml——i—mg >
0

Ouq Ouq my vy Ovg

and ko,mo # 0 while ¢y = 4. Hence S; is any vector field in the linear span (over

C(U x V x W)) of

] 9 d d
koL + ky=—— + kp—— — — 5.
{0 Thigy Thgy mRtmig; +m28v2}

Hence the involution of order 2, {S1,S2} can be taken in resolved form

0

0
AQ . {L-i—w%a—ul —i—w%%,

0 0
2 0 2 9
R+ w; B0, +w28v2}.

By Vessiot’s existence theorem [9], it follows that there are choices of the w} in A so that

it be Frobenius-integrable. It follows that the most general integral submanifolds for o are
2-dimensional. We therefore seek a map

J:R2 SUXxVxW

such that
JA; = on R?
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where A} is the anihilator of A,. By inspection of A3, we take { and 7 to be independent
coordinates on R? and the map J has the form

J: (5,77) H(ﬁanafl(ﬁan)af2(€an), 91(5777)
gZ(fan)le(g’n)’ cee vHG(ﬁan))a

= (faﬂ,ul,uz,vl,vz,wl,---,ws)

fi,9i, Ho € C°(R?). It remains to determine the precise form of these functions. Now Aj
is generated by

91 = du1 - wldﬁ, 92 dU2 — wzdn,
m = dvy — wldé, T = dvy —w2dn,

o = dwﬂ - ¢a(§, Ui, u2) aﬁ(w)d£ - ¢a(77,01,U2)Paﬁ(w)d77-

sectioning 6y, ...,7, by J gives
0fi _O0fs 0g1 _ Oge
4.10 = = = = 0.
(4.10) on on 0¢ 0¢
Hence given Ay, we can section 64, ...,m by choosing the wjl- to be functions of ¢ only and

w?— functions of n only and such that f; and g; satisfy

dfz dgi _
T =elo, F=do.

We next proceed to section the og. Now the distribution of vector fields dual to the og is
generated by

Vi { 5+ 8al€ O O Lo 5 + bl 01 (1) 02(n) R

where we have made use of the result of sectioning 6,,...,7. Notice that V has the

precise form of distributions studied by Vessiot (theorem 4.1). An application of theorem
4.1 proves theorem 4.2. [J

With theorem 4.2 we have completed the promised algorithm for solving equations in
the class E(2;3,3) which are associated with Lie-Vessiot distributions (see diagram, page
9). As mentioned earlier, we have as yet no results which begin with a given e € E(2;3,3)
and which then associates a o € ) (2;3,3) for some G. We hope however that the
forward problem will lend some insight into the inverse problem. Before going on to
apply these results to an example, we point out that the construction described in this
paper splits the integration problem for equations E(2;3,3) from that of integrating a
6-generated distribution on €2 ~ R!?, to a 3-generated distribution on R®. This is because
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if the Monge characteristics are tangent to lower dimensional submanifolds in &% (that is
1§, Q possess non-trivial invariants) then (theorem 3.1) there exist coordinates in which
the Vessiot distribution has the local representation

0 0 g 0
0201@02-{5,5171,0—%'}@{3{,'671,51)—2}

where o, and o, are each defined on 9-dimensional manifolds with an intersection consisting
of a 6-dimensional manifold.

Now theorem 4.2 shows that each of o, and o, have genus 1 and that the integral
submanifolds for ¢ may be constructed explicitly once those of o1 and o, are known.
Specifically, the group composition function ¢ : G X G — G determines a nonlinear map
for the integral submanifolds of o, and 0. Finally, only one of o1 or o3 need be integrated
since the Lie algebras L and R are isomorphic and the isomorphism is usually known
explicitly. We now briefly discuss the above remarks in terms of the maps P and J found
earlier. We have

0= 9°(0F) = I"P* ().

Hence

Pod:R* — €2

is the integral submanifold for the Vessiot distribution Qgg associated with og. Thus PyJ
is the 2-jet extension-of the solution of the partial differential equation associated with
Qeg. Now its easy to see from theorem 4.2 that the integral submanifold of o is a map

J]Z(f)——-)UXW

of the form

12§ — (&, f1(6), f2(£), a1(§), . . . as(£))

and that of o9 is a map
Jo:(n) VW

of the form

J2 2 — (1,91(n),92(n), b1(n), ..., bs(n))

where ao(€) and by (n) satisfy the equations (4.4). Hence assuming we have integrated o4
and o, we identify the map J with J, ®c J2 : (¢,7) — (&, 7, fi(§),9i(n), c(a, b)) where c is
the group composition function. It is in this sense that we say that the group G associated
with o acts as a nonlinear map for integral submanifolds of the Monge characteristics.
Now in the scalar case, Vessiot has shown that o7 and o3 are each locally diffeomorphic
to the third order contact structure Q3(R,R)%. In that case one integrates o; and o, by
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explicitly constructing the diffeomorphisms o' : U x W — J 3(R,R) and ¢ : V x W —
J3(R,R) such that

Plo? = Q*(R,R)L,
bioy = B3(R,R)L.

Then if f,g € C*(R) we obtain integral submanifolds for g1 and o3 as follows

W) R—UXW
t— (EG )y (5P f), u2 (P f), a1 (5% £), as(7° f))

for oy

and

W) iy R— V xW |
cs — (1(339),v1(5%9), v2(539), b1(5%9), b6(5°9))

for o9

The integral submanifold for o is then given by

| J . (taS) — (é’n’ul,u2’vlaU2ac(a(j3f)?b(jsg))

where ¢ : G X G — G is the group composition function. The solution of the partial
differential equation is then given as before. A natural question is to extend this result
to the vector case. It turns out however in the vector case that o; and o, area not
diffeomorphic to contact structure in general as we will show (Proposition 5.1).

§5 A system of semilinear hyperbolic partial differential equations associ-
ated with the Lie algebra so(3,1;R). By way of illustrating the results of the previous
sections of this paper we give in this section an example of a Darboux integrable partial
differential equation associated with the Lie algebra so(3,1;R). This example will also
serve to demonstrate that in contrast to the case m = 1, the Monge characteristics o; and
o9 are not diffeomorphic to contact structures in general.

Consider a local projective action on C of the form

a; a
oy m, P € GL(2;C).
asz +1 as 1

The composition function for the Lie group is

) ) arby + azbs  a1by + as a3b1+b3)
(5.1) c.GxG—»G.(a,b)o—>( ot abhtl aht1l)’
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The Lie algebra g of G has structure
g: Ky, Ky = —K,[K1, K3] = K3, [K3,K3] = —2K;,

and g ~ sl(2; C). We now investigate the real six-parameter Lie group GR with composition
function (5.1). The Lie algebras associated with left and right translations by GR are
obtained by direct computation:

0 0 0
Li =w o + wo Bog + w2_3?4 + wsa—ws-,
RC T
2= w33w1 + Ow, +w68w4’
L3 = (waws — wlw2)5?u_1 + (w? — w%)'a—a@ + (w1 — waws + w5w6)8—w_3-’
— (wawy + wiws) 7— — 2w2w5_8_ + (wq — waws — wzwﬁ)—a—,
L. Owy Ows Owg
_ 0 0 0 0
L= e T g, T Bw T 2 By
Ly = —we7z— + w3—8— 9
Owq owy, Ows’
0 0
L¢ = (wyws + wzw4)a—w1 + 2w2w50—w2 — (wg — wowe — W3w5)%—3',
\ + (waws fwlw2)a_w +(w§ —w%)a—ws-i-(wl — wows +w5w6)a—w6.

The Lie algebra R associated with right translations by GR is obtained from L via the
permutation

P:wy = wy, wy = w3, wz = wy, wy — Wy, Ws — We, We — Ws.

That is, P.(Ly) = Rs. L and R are simply transitive Lie algebras isomorphic to so(3, 1; R),
the Lie algebra of the homogeneous Lorentz group. Our interest now is in obtaining a
system of equations e € E(2;3,3) associated with the Lie algebras L and R. There are in
fact a number of systems which may be so constructed but we will not here deal with this
classification problem. Instead, we make the ansatz ¢ = o1 oy € ) (2;3,3):

0 0 0
o1t {0_§+L3+L4+ulLl+u2L2’6_m’6_w}’

0 0 0
X 02'{8_77+R2 + Ry +v1R1+U2R3,5;1-,‘872}-

It is desirable to check some necessary conditions if o1 @ o2 is associated with a p.d.e.

e € E(2;3,3).
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DEFINITION 5.1. Given a vector field system V on R™, the i** derived system V) of
V is defined inductively by

v — v vy g v y) — vy

It is known [Hermann, 10] that dim char V(# are numerical invariants for the equivalence
of two vector field systems with respect the pseudogroup of diffeomorphisms of F{". If
ng is the Vessiot distribution of some equation (2.1) with m = 2, then dim char ¢z =

0,dim char Qg,) = 4,dim char Q( = 12,5 > 2. For the vector field system o associated

with so(3, 1; R) we have

0 o 0 0 o 0
(1) .
ag {a€+L3+L4aL1)L21a 1’62’8 +R2+R47R1’R3’a ’avz}

0 o 0 0

@.) 9 — L Ry + Ry, Ry, Ry, Rs,
g {an+L3+L4,Ll’L2,L3) 2L1+ 576 l’auz an + 2+ 4 1 2 3

o 0
—2R; + RG’EE’(‘?_UZ}

2
and we note that char o = {0}, char o) = {%, %} , char 0(®) = T(T(U xV xW))
i70vi fiy

and hence the necessary conditions are satisfied.

We wish now to show how the partial differential equation associated with o may be
found. Making use of Theorem 3.4, we need to construct the invariants of the subdistri-
bution I' C o) generated by

P:{LI’L2>R1,R3308 0 9 9 }'
1

u ’ 8‘02, 0’01 ’ 6’02
To do this it is convenient in this case to construct the completely integrable codistribu-
tion dual to I' which we denote by I'*. Since I' is an 8-generated completely integrable

distribution of vector fields on U x V x W(=~ |, R!2?),T'* is 4-generated

wt =d€,w_ = dn,

D*i{ w1 = dwy - wadwy — waduy — (25228 ) dupg — (22223) duyg,

wy = dwy — wedwy — wsdwsz — (M_T”;zﬂﬁ) dws — (Mﬂi) dwg.

An easy calculation shows that

w; — WaWws Wy — WaWe — W3Ws
w) = wswed | ——————— ,we = wswed
WsWe WsWe
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and hence the four functionally independent invariants of I' are

1 w; — WaW3 2 Wy — WoaWeg — W3Ws
xl——‘é, T2 =1, 2 = y 2= '

W5We WsWe
If we now make use of the equations () in the statement of theorem 3.4, we obtain the

local diffeomorphism P such that . i
:P*O' = ng

and the associated equation e € E(2;3,3) is explicitly known. We will not attempt to write
these equations down as they are extremely complicated. We wish only to show that the
construction can in principle be carried out. We will end by giving a result concerning the
canonical form of the ¢; and o, associated with so(3, 1; R). Let e, be the hyperbolic partial
differential equation with Monge characteristics o1 and o3 associated with so(3, 1; R).

PROPOSITION 5.1. The Monge characteristics o1 and o4 associated with the Darboux
integrable equation e, € E(2;3,3) are not diffeomorphic to contact structures.

Proof. The k** order contact structure Q*(R,R%)* on J¥(R,RY) is locally generated
by .

{3 +z 0 +z o ttz o + 0 +--+ o +
O 11 9710 12 1k 221 9720 22k 322,k—1

0 0 0 0 0
+qu qug to +quazq,k_1 ’ 021k, aZQk o 3zqk} )

Calculation gives the following structure properties for o1( Similarly for a;):

(1) (2)
1 1

l.dimo; = 3,dimo,”’ = 5,dimo;”’ =7, dimag‘g) =9

2.dim char oy = 0,dim char 051) = 2,dim char O’§2) = 3,dim char 053) =9.

Now from property (1), if o1 were diffeomorphic to a contact structure, the only candidate
would be Q3(R,R?)~. However, dim char (Q*(R,R?)4)(?) = 4 +£ dim char a£2) = 3 by
property (2). ]

Proposition 5.1 leaves open the interesting question of the appropriate normal forms
for the Monge characteristics in the vector case.

Acknowledgements. The results of this paper were obtained in part while I was a
visitor in the Department of Mathematics at the University of British Columbia. I would
like to thank Dr. George Bluman and the Department for a stimulating and enjoyable stay.
I would also like to thank the Institute of Mathematics and its Applications, University of
Minnesota, where this paper was completed, for its hospitality and excellent facilities.

25



(1]

2]
(3]
(4]

5]

0]

REFERENCES

P.J. OLVER, Applications of Lie groups to Differential Equations, Springer—Verlag (1986).

H. WanLquisT, F. EsTABROOK AND R. HERMANN, Differential Geometric Prolongations and Back-
land Transformations, Proceedings of the Ames Seminar on Differential and Algebraic Geometry for
Control Engineers, Brookline, Math. Sci. Press (1977).

C. RoGERS AND W.F.SHADWICK, Backlund Transformations and Their Applications, Academic Press
(1982).

A. NEWELL, Solitons in Mathematics and Physics, SIAM, Philadelphia (1985).

W. MILLER, Symmetry & Separation of Variables, Addison—-Wesley (1977).

E. GoURsAT, Lecons sur l'integration des équations aux dérivées partielles du second ordre a deux
variable independantes, Hermann, Paris, IT (1898).

P.J. VassiLiou, On the solution of partial differential equations by the method of Darboux, (to
appear).

E. VEssioT, Sur les équations aux derevées partielles du second ordre F(z,y,z,p,q,r,8,t) = 0
integrable par la methode de Darboux, J. Math. Pure et Appl., 18 (1939), pp. 1-61; 21 (1942), pp.
1-65.

E. GOURSAT, Recherche sur quelques équations aux derivées partielles du second ordre, Ann. Fac.
Toulouse, 2¢ serie 1 (1899), pp. 31-78, 439-464.

S. Lie, Discussion der differential gleschung s = f(z), Archiv. for Mathematik, Christiania, Bd6
(1880), pp. 112-124.

P.J. VassiLiou, Coupled system of nonlinear wave equations and finite-dimensional Lie Algebras I
& II, Acta Appl. Math., 8 (1987), pp. 107-147, 149-163.

E. VESss10T, Sur une classe de faisceaux complets de degfe 2, Bull. Soc. Math. Fr., 45 (1937), pp.
149-167.

E. VEssioT, Sur une théorie nouvelle des problémes généraux d’intégration, Bull. Soc. Math. Fr., 52
(1924), pp. 336-395.

R. HERMANN, Invariants for feedback equivalence and Cauchy characteristic multifoliations of non-
linear control systems, Acta. Appl. Math., 11, no 2 (1988), pp. 125-153.

26



Recent IMA Preprints
# Author/s Title

495 Lucas Hsu, Niky Kamran and Peter J. Olver, Equivalence of Higher Order Lagrangians
II. The Cartan Form for Particle Lagrangians

496 D.J. Kaup and Peter J. Olver, Quantization of BiHamiltonian Systems

497 Metin Arik, Fahriinisa Neyzi, Yavuz Nutku, Peter J. Olver and John M. Verosky
Multi-Hamiltonian Structure of the Born-Infeld Equation

498 David H. Wagner, Detonation Waves and Deflagration Waves in the One Dimensional
ZND Model for High Mach Number Combustion

499 Jerrold R. Griggs and Daniel J. Kleitman, Minimum Cutsets for an Element of
a Boolean Lattice

500 Dieter Jungnickel, On Affine Difference Sets

501 Pierre Leroux, Reduced Matrices and g-log Concavity Properties of g-Stirling
Numbers

502 A. Narain and Y. Kizilyalli, The Flow of Pure Vapor Undergoing Film Condensation
Between Parallel Plates

503 Donald A. French, On the Convergence of Finite Element Approximations of a Relaxed
Variational Problem

504 Yisong Yang, Computation, Dimensionality, and Zero Dissipation Limit of the
Ginzburg-Landau Wave Equation

505 Jirgen Sprekels, One-Dimensional Thermomechanical Phase Transitions
with Non-Convex Potentials of Ginzburg-Landau Type

506 Yisong Yang, A Note On Nonabelian Vortices

507 Yisong Yang, On the Abelian Higgs Models with Sources

508 Chjan. C. Lim, Existence of, Kam Tori in the Phase Space of Vortex Systems

509 John Weiss, Backlund Transformations and the Painlevé Property

510 Pu Fu-cho and D.H. Sattinger, The Yang-Baxter Equation for Integrable Systems

511 E. Bruce Pitman and David G. Schaeffer, Instability and Ill-Posedness in Granular Flow

512 Brian A. Coomes, Polynomial Flows on C™*

513 Bernardo Cockburn, Suchung Hou and Chi-Wang Shu, The Runge-Kutta Local
Projection Discontinuous Galerkin Finite Element Method for Conservation Laws IV:
The Multidimensional Case

514 Peter J. Olver, Invariant Theory, Equivalence Problems, and the Calculus of Variations

515 Daniel D. Joseph and Thomas S. Lundgren with an appendix by R. Jackson and
D.A. Saville, Ensemble Averaged and Mixture Theory Equations

516 P. Singh, Ph. Caussignac, A. Fortes, D.D. Joseph and T. Lundgren, Stability of
Periodic Arrays of Cylinders Across the Stream by Direct Simulation

517 Daniel D. Joseph, Generalization of the Foscolo-Gibilaro Analysis of Dynamic Waves

518 A. Narain and D.D. Joseph, Note on the Balance of Energy at a Phase Change Interface

519 Daniel D. Joseph, Remarks on inertial radii, persistent normal stresses, secondary
motions , and non-elastic extensional viscosities

520 D. D. Joseph, Mathematical Problems Associated with the Elasticity of Liquids

521 Henry C. Simpson and Scott J. Spector, Some Necessary Conditions at an Internal
Boundary for Minimizers in Finite Elasticity

522 Peter Gritzmann and Victor Klee, On the 0-1 Maximization of Positive Definite
Quadratic Forms

523 Fu-Cho Pu and D.H. Sattinger, The Yang-Baxter Equations and Differential Identities

524 Avner Friedman and Fernando Reitich, A Hyperbolic Inverse Problem Arising in
the Evolution of Combustion Aerosol

525 E.G. Kalnins, Raphael D. Levine and Willard Miller, Jr., Conformal Symmetries and
Generalized Recurrences for Heat and Schrédinger Equations in One Spatial Dimension

526 Wang Jinghua and Gerald Warnecke, On Entropy Consistency of Large Time Step Godunov and
Glimm Schemes

527 C. Guillopé and J.C. Saut, Existence Results for the Flow of Viscoelastic Fluids with a
Differential Constitutive Law

528 H.L. Bodlaender, P. Gritzmann, V. Klee and J. Van Leeuwen Computational Complexity of
Norm-Maximization '

529 Li Ta-tsien (Li Da-qgian) and Yu Xin, Life-Span of Classical Solutions to Fully Nonlinear
Wave Equations

530 Jong-Shenq Guo, A Variational Inequality Associated with a Lubrication Problem

531 Jong-Shenq Guo, On the Semilinear Elliptic Equation Aw — %y Vw4 Aw—-w?=0in R®

532 Andrew E. Yagle, Inversion of the Bloch transform in magnetic resonance imaging using
asymmetric two-component inverse scattering



533
534
535

536
537

538
539
540
541
542

543
544
545
546

547
948

549

550

551
552
553

554
555
556
957

558
959
560

561
562
563
564
565
566
567

568

569

570

971

572
573

574
975
576
577

Recent IMA Preprints (Continued)
Author/s Title

Bei Hu, A Fiber Tapering Problem

Peter J. Olver, Canonical Variables for BiHamiltonian Systems

Michael Renardy, A Well-Posed Boundary Value Problem for Supercritical Flow of Viscoelastic
Fluids of Maxwell Type

Michael Renardy, Ill-Posedness Resulting from Slip As a Possible Explanation of Melt Fracture

Michael Renardy, Compatibility Conditions at Corners Between Walls and Inflow Boundaries for
Fluids of Maxwell Type

Rolf Rees, The Spectrum of Restricted Resolvable Designs with r» = 2

D. Lewis and J.C. Simo, Nonlinear stability of rotating pseudo-rigid bodies

Robert Hardt and David Kinderlehrer, Variational Principles with Linear Growth

San Yih Lin and Yisong Yang, Computation of Superconductivity in Thin Films

A. Narain, Pressure Driven Flow of Pure Vapor Undergoing Laminar Film Condensation Between
Parallel Plates

P.J. Vassiliou, On Local Equivalence for Vector Field Systems

Brian A. Coomes, On Conditions Sufficient for Injectivity of Maps

Yanchun Zhao, A Class of Global Smooth Solutions of the One Dimensional Gas Dynamics System

H. Holden, L. Holden and N.H. Risebro, Some Qualitative Properties of 2 x 2 Systems
of Conservation Laws of Mixed Type

M. Slemrod, Dynamics of Measured Valued Solutions to a Backward-Forward Heat Equation

Avner Friedman and Jiirgen Sprekels, Steady States of Austenitic-Martensitic-Domains
in the Ginzburg-Landau Theory of Shape Memory Alloys

Avner Friedman and Bei Hu, Degenerate Hamilton—-Jacobi-Bellman Equations in a
Bounded Domain

E.G. Kalnins, Willard Miller, Jr., and M.V. Tratnik, Families of Orthogonal and Biorthogonal
Polynomials on the N-Sphere

Heinrich Freistithler, On Compact Linear Degeneracy

Matthew Witten, Quantifying the Concepts of Rate and Acceleration/Deceleration of Aging

J.P. Albert and J.L. Bona, Total Positivity and the Stability of Internal Waves in Stratified
Fluids of Finite Depth

Brian Coomes and Victor Zurkowski, Linearization of Polynomial Flows and Spectra of Derivations

Yuriko Renardy, A Couette-Poiseuille Flow of Two Fluids in a Channel

Michael Renardy, Short wave instabilities resulting from memory slip

Daniel D. Joseph and Michael Renardy, Stokes’ first problem for linear viscoelastic fluids with
finite memory

Xiaxi Ding, Superlinear Conservation Law with Viscosity

J.L. Ericksen, Liquid Crystals with Variable Degree of Orientation

F. Robert Ore, Jr. and Xinfu Chen, Electro-Optic Modulation in an Arbitrary Cross-Section
Waveguide

M.V. Tratnik, Multivariable biorthogonal continuous-discrete Wilson and Racah polynomials

Yisong Yang, Existence of Solutions for a Generalized Yang-Mills Theory

Peter Gritzmann, Laurent Habsieger and Victor Klee, Good and Bad Radii of Convex Polygons

Martin Golubitsky, Martin Krupa and Chjan. C. Lim, Time-Reversibility and Particle Sedimentation

G. Yin, Recent Progress in Parallel Stochastic Approximations

G. Yin, On H-Valued SA: Finite Dimensional Approximations

Chien-Cheng Chang, Accurate Evaluation of the Effect of Diffusion and Conductivity in Certain
Equations

Chien-Cheng Chang and Ruey-Ling Chern, The Effect of Viscous Diffusion in Discrete Vortex
Dynamics for Slightly Viscous Flows

Li Ta-Tsien (Li Da-qian) and Zhao Yan-Chun, Global Existence of Classical Solutions to the
Typical Free Boundary Problem for General Quasilinear Hyperbolic Systems and its Applications

Thierry Cazenave and Fred B. Weissler, The Structure of Solutions to the Pseudo-Conformally
Invariant Nonlinear Schrodinger Equation

Marshall Slemrod and Athanasios E. Tzavaras, A Limiting Viscosity Approach for the Riemann
Problem in Isentropic Gas Dynamics

Richard D. James and Scott J. Spector, The Formation of Filamentary Voids in Solids

P.J. Vassiliou, On the Geometry of Semi-Linear Hyperbolic Partial Differential Equations in
the Plane Integrable by the Method of Darboux

Jerome V. Moloney and Alan C. Newell, Nonlinear Optics

Keti Tenenblat, A Note on Solutions for the Intrinsic Generalized Wave and Sine-Gordon Equations

P. Szmolyan, Heteroclinic Orbits in Singularly Perturbed Differential Equations

Wenxiong Liu, A Parabolic System Arising In Film Development



