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1. Introduction. We consider the parabolic system
(1) ug — div (|VuP7?Vu) + b(z,u, Vu) =0

where u = u(z,t);R* xR — RN,V = grad, and z varies in an open set Q C RY. Naturally
we assume 1 < p < co. We assume that b(z,t,u,Q) € CY(R™ x R x RN x M N — RN)
satisfies the following controllable growth condition

bo(z,t,u, Q) + [bu(,t,u, Q)1 Q] + |bgi (z,t,u,Q)Q4| < c(1+ QP71

forallz e R", t e R, u € RN and Q € MN", and for some c.

Suppose that u is a solution to (1) which means
u e C°0,T; L*(Q — RY)| n LP[0, T; W P(Q — RN)]

and u satisfies

~uge+ [VulP V- V6 + bz, u, Vu)gdz = 0
Qr

for all ¢ € C$°(r — RYN) where 2z = (z,t) and Q7 = Q x (0, T).

The main result in this paper is the following theorem.

THEOREM 1. Suppose that u € L{° (27),r0 > ﬂ%}:ﬂl then

ue CL¥(Qr)

loc
for some o > 0.

Note that from the definition of solution v € L% (Qr). Thus the requirement that
n(2—p)

P
When p > 2, E. DiBenedetto [5] proved that solutions for equations (1) with a natural

growth condition on b are Holder continuous. Essentially his proof lies on the truncation

ro > &(27—22 becomes restrictive only when > 2, 1.e., when p < 13—_:2

idea of DeGiorgi and a scaling and it seems not applicable to systems. In case 1 < p < 2 E.
DiBenedetto and C. Ya-zhe[10] proved Hoélder continuity of solutions for equations. Also
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when p > +2, E. DiBenedetto and C. Ya-zhe[11] proved Holder continuty for solutions of
parabolic systems up to boundary.

On the other hand E. DiBenedetto and A. Friedman[6] proved that Vu € C}}_ for
homogeneous systems when p > =% Independently M. Wiegner[9] proved that Vu € Cf;,
when p > 2. When1 < p < 2, H. Choe[l] proved that Vu € C}} for homogeneous systems.

Here we prove an inequality of Poincaré type. Once we have a Poincaré inequality, a
Campanato type growth estimate for u follows from the L™ estimate of Vu. Thus theorem
1 follows from the isomorphism theorem of Da Prato [4].

We assume u, uys, Vu, V2u belong to a suitable L? space. Justification for this appears
in [6] when p > 2 and in [1] when 1 < p < 2.

Acknowledgment ; The author whishes to thank the Institute for Mathematics and Its
Applications for hospitality and support at the University of Minnesota.

2. L* bound for Vu. In this section we prove that u is bounded by following Moser
iteration idea and we construct a weak Harnack inequality for |u|. In this section we define
a cylinder Qr by Qr = {(z,1); |z — zo| < R, to — RP <t < to} where (zo,t0) € R* X R is
a generic point. Also we define Agp = {t;to — R? <t < ty}. A similar theorem appears in

[1].

THEOREM 2. Suppose that u € L°.(Q7), then u € L{ (Qr), where ro > ﬂ%ﬁ when
1<p<2andryg=p when p > 2. Moreover we have that for all Qar, C Qr

L
r1

(2) sup |u| <e¢ ][ lu|™dz +1

Rg/2
0 QRO

for some constant ¢ depending only on n, N and p, where ry = ro— 1—;’-(2—p) whenl <p <2
and ry = 2 when p > 2.

Proof. Since u € L (), we can assume g > 2. Let p < R and ¢ be the standard
cutoff function such that

=1 in @,
=0 1ina neighborhood of para,bolic boundary of Qg

0<y <1, < — |V
i ¢ = W)ti (R )p | ¢|
Let ag = rg — 2. We apply u|u|¥yP as a test function to (1) where a > ag > 0. So we have

sgp/]u]‘”‘ztb”dx—}-(a—}-1)2_7’/|V (¢|u|a_}2) |Pdz

3) <e / | 2P g |z + e + 1)27 / P[Pz
+c /(1 + |Vu|)P7 u|* TP dz.
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Using Young’s inequality on (3) we have

sup / fu|o 2P da + / |V(¢|u|3%">|"dz

4

@ < / |u| 2P~ dz tEo / |u|*FPdz + c|QR|-
(R

We assume 2 < p. By Holder’s inequality and Sobolev’s inequality on (4) we have

P

n

e / Iuia“d“f / |5z | gt
to—pP <t<to
B, A, |B

¢ ua+ P lQR'
STy | M Ry

R

(5)

Hence using (5) and Hélder inequality we have

n-p

/|u|(a+p) +2532) 4, < sup/|u|°‘+2da, / /|u| W5 de dt
Q A, \B,

1+2

(6)

¢ 1 uoz+ - |QR{
: <R—p>qu' et m =

We define p, = %‘1(1 +27%),vr=0,1,2,---, and Q, = Q,,. We now define a, by

2
Oyt1 = (1+£)au+_p> ag = 0.
n n
Then we see that a, = 2(6” — 1) where § = 1+ Z. Also note that

. v 1
lim = —.
vooa,+p 2

¢V :f Uay+PdZ,

Qv

We define ¢, by

then we can write (6) as

(7) $u41 S Py +c”
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where ¢ depends only on n, N and p. Iterating (7) we prove theorem 2 when p > 2.
Now we assume 1 < p < 2. From (4) we get

(8) £ |3

i, Q)
)P/" detem_op

and

2
/'ul(a+l))(l+n a+p)dz < sup/|U|a+2d(E / /|u|(a+p);£_“;dm dt
(9 A B
1+£

1 a+2 |QR1
<¢|@®- )P/'“' T

Defining a, by
2
ayp1+2=a,0+p+ 7—5, Qg =19 — 2,

we can have
(10) bv41 < C"¢g +c”

for some constant ¢ depending only on n, N and p. We note that

.o, +2
lim

v—00 g

n
=ro— —(2—p).
p( )

Iterating (10) we prove theorem 2 when 1 < p < 2. [J

We define a new cylinder S by Sr = Br(zo) X (to — R?,t5). We denote A = supg,, |ul.
Now we recall the following theorem due to Choe (See Theorem 4 in [1]) which proves that
Vue LS for 1 < p < 2.

THEOREM 3. Suppose Sap, C Q7 and 1 < p < 2. Then there exists a constant c
depending only on A, p,qo, N and n such that

1

91

(11) sup |Vu| <c ][ |Vul?dz +1
SRy/2
Sk,

4



2
where go > %(2 - p) and q1 = 2qo—n(2-p) "

We note that theorem 3 implies Proposition 3.1’ in [11]. Suppose that

S 2n
P~ +2
then we see n
> —(2—
p>5(2-p)
and we can take ¢o = p and ¢; = m in theorem 3. Consequently we have the

following Collorary.

COLLORARY. Suppose Sygr, C 7 and nz.{-lz < p < 2. Then there exists a constant c
depending only on n, N and p such that

TG
(12) sup |Vu| <e¢ ][ |Vu|Pdz +1

SRy /2 5n
0

Now we consider the case p > 2. Again by following Moser iteration we prove a weak
Harnack inequality for Vu. In this case we recall that E. DiBenedetto and C. Ya-zhe
proved a similar theorem using a more complicated iteration(see Proposition 3.1 in [11]).

THEOREM 4. Suppose Sar, C S and p > 2. Then there exists a constant ¢ depending
only on n, N and p such that

1
2

(13) sup |Vu| <e¢ ][ |Vu|Pdz| +1
Rg/2
S,

Proof. Differentiating (1) with respect to z, we have

(ui-y)t - (a2ﬂ|vu|p_2ui'7:ca )13/3 + bz.L., (LIZ, ta u, Vu)

(14) . ) . .
+b,i (2, u, Vulul +by,; (z,t,u, Vu)ui o =0,
where o
i _ giig 9)ze 2
aaﬂ - af + (P - ) |Vu|2
and ¢ is the Kronecker delta function. We introduce a new cutoff function 1 such that
¥ = 0 in a neighborhood of parabolic boundary of Sg
c c
0<% <1l £ 75—, IV¥| < .
1= m—y R p



Taking ¢ = u,, |[Vu|*®?, @ > 0 as a test function to (14) we get
sup [ [Vul*2pda+ [ 190905 )

(15) < c/|Vu|°‘+2¢|1/)t|dz+c/|Vu|°’+”|Vz/)|2dz.
+c /(1 + |Vu|Pt*)p?dz.

By Holder’s inequality and Sobolev’s inequality we have

/ |Vu|(°'+p)(1""l ) de

z
16) <clsw [Ivuprtas] | [1v0va#e)ras
1+2
N |Sr|
= |®- ,,)2/ VAT R

We set p, = (1 +277 %ﬂ, p=puv+1 and R = p,. We define up =1+ % Also we define a,,
by

4
a’u+1+p=/‘au+p+;3 ag = 0.
If we define
d(v) = / |Vu|*+Pdz,
S

then (16) can be written as follows
(17) ®(v+1) < "P(v)* + ¢

for some ¢ depending only on n and p. We note that

. w” 1
lim = —.
v—oo oy + p 2

So iterating (17), we prove theorem 4. []

3. Holder continuity of u. In this section we define Ay = (t9 — 2R?,to — RP) and
Qr = Br x Az. We introduce a cutoff function n € C§°(Bpg) such that

n=1in Br
2

C
0<n<1,|Vy| < =.
<n< |77|_R



Also we define

1
= — t)d
UR.t B /u(w, )dx
Br
and

7/
up = — [ udz.
|QR|Q
R

First we prove a lemma which is essential for a Poincaré inequality for solutions of a
degenerate parabolic system.

LEMMA 1. Suppose Q2r C 2, then u satisfies the following inequality

sup /ds/n2|u(:c,t)—uR’s|2d:v
tEAR
— Br

< cR™ / |Vul|Pdz + ¢ / lu — up¢|?dz + cR*2.
Q2R Qn

(18)

for all R < Ry where ¢ depends only on n,N and p, and

sy =p and s, =n + 2p when p > 2
si=p(p—1)ands; =n+p+p(p—1) whenl <p<2.

Proof. Since u € C°[0,T; L*(Q)], there exists #(s) € Ag for all s € Ag such that

/ nP|u(z,t) — ups|*de = sup /77p|u(a:,t) — up,|2dz.
Br 02130 4
R

We take (u—uRr,)n?X[s,7 as a test function to (1) where X[, 7 = R — R is the characteristic
function such that X, 3(s) = 1 for all s € [s,%] and X[, 7(s) = 0 for all s & [s,]. Hence we
have

/ut “(u = ur, s )P (2)X[s,5d2
(19) + / |VulP~2Vu - V((u — uR,a)n?)X[e,7d%
+ / b(z,u, Vu)(u — ur,s)n? X, 5dz = 0.
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Now we assume p € [2,00). Using Young’s inequality and the structure condition on b
we have

/ lu — uR,slzn”(m,ﬂdm + / |Vu|PnPdz
BRX[S,ﬂ
€
(20) <o [lu-urlrre et 5 [ - unidrras
BRX[s,ﬂ

+c / |VulPdz 4+ cR™P
Br X[s,i]

for some ¢ independent of R. Integrating (20) with respect to s from tq — 2RP to to — RP,
we have

/ds/|u—uR,3|27)1’(m,t_)d:v
R Pr

ce
(21) <c / lu — uR,t|277de + Ry /dS / lu — “R,s|277pd2
Q}; A}; BRX[‘SrZ]

+ cR? / |Vu|Pdz + cR™1?P,
Q2R

By the choice of ¢ we have that for small €

/d3/|u—uR,3|2np(x,ﬂdx
Br

J
(22) :

Sc/|u—uR,t|2npdz+cRp / |Vu|Pdz + cR™1?P,
Qr Q2r

So we have lemma 2 when p > 2.

In case p € (1,2) we estimate the second term of (19) as follows

/IVUP’"ZVU *V((u —ur,s)n?)X[s,5d2
(23)

:/|Vu|pan[s’qdz -I—p/ |Vu|p_2ui.anza (u' - u’}{,s)np"lx[s,ﬂdz

8



and using tha fact that p(p — 1) < p and ;£ > 2, we have

./lvulp—zuianl'a(ui - uj?,s)np_lx[s,ﬂdz

< / Y ulP=! [Vl u — wp,o|Xpo.dz

_Rp /Iu—uR |p l'f]px[s ﬂdz+ RP(2 ) /qu|P(P Ddz

< RP /|u — uR,|*n?X[e,9d2 + 55— RP(° = / |Vu|Pdz 4+ cRNTP(P—D),
Bpr X[s,]

(24)

Applying Young’s inequality and the structure condition of b on (19) and combining (19),
(23) and (24) we have

/ lu — uR,s|217p(:v,f)dz

Br
(25) T /'“"“RS' "X+ ey RP(2 D) / [Vuldz
Bax[s,ﬂ
+cRn+P(p'—1) + c/ |u —_ UR,8|277P(:B’ S)dm.
Br

Integrating (25) with respect to s and using the choice of ¢ we prove lemma 2 when
l<p<2. (]

Now we prove a Poincaré’s inequality.

THEOREM 4. Suppose Qor C Qr, then we have

/ |lu — u%|2dz < cR? / |Vu|*dz

Qr Q2R

(26) :
+cR% / |VulPdz + cR®?,
Q2r

where c is independent of R.



Proof. Using lemma 2 we have

/|u—u;i1|2dzSc/lu—uR,slzn”dz

QR Qr
2
£ — 2nP
SRP ds / |lu — upg,|nPdz
-~  Qr
< - Zyp
(27) _ctse%& / ds/|u ug s|*n?(z,t)de
A’__R Br
Sc/lu—uR,tlzn”dz+cR31 / |Vu|Pdz + cR*
Qn Q2r
<cR? / |Vu|®dz + cR™ / |Vu|Pdz + R*?
Q2R Q2r

where we used a Poincaré type inequality for « variables only as follows

/lu —uR,t|277pdx < cR? / |Vul|?dz. 0O
Br Bpr

Proof of Theorem 1. Since Vu is bounded, we have from theorem 4

/ lu — ug|*dz < cR™TPT? when p € [2,00)

Qr
< cR™P+P®=D  when p € (1,2)

where ¢ is independent of R. Hence by isomorphism theorem of Da Prato[4] we prove

theorem 1. [0
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