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Continuation to gradient flows

JAMES F. REINECK

Abstract. We show that any isolated invariant set S in a Riemannian manifold can be contin-
ued to an isolated invariant set in a gradient flow, and hence to one in a Morse-Smale gradient
flow. For the Morse-Smale case, a result of Floer allows one to compute the homology index
of S by counting connecting orbits between the critical points. For an attractor-repeller pair
in S, the same counting procedure allows one to define a map from the homology index of the
repeller to the homology index of the attractor, and this map can also be used to compute
the homology index of S.

1. Introduction. In [1], Conley introduced the idea of continuation of an isolated in-
variant set. Roughly, if one has a parameterized family of flows, and N is an isolating
neighborhood for each flow in the parameter interval, then the sets isolated by N along
the interval are said to be related by continuation. A fundamental result of [1] is that sets
related by continuation have the same Conley index. This continuation property is espe-
cially useful for computations: one can continue a complicated invariant set to a simpler
one and perform the computations in the simpler setting.

The first part of this paper is devoted to showing that any isolated invariant set on a
manifold can be continued to an isolated invariant set in a gradient flow. In the nonde-
generate (i.e. Morse-Smale) case, such flows are particularly simple: all bounded orbits
are either critical points or orbits connecting two critical points. The Morse-Smale case
can always be acheived by an arbitrarily small perturbation (i.e. continuation). In this
case, one can compute the Z, homology of the index by counting the number of connecting
orbits between points of adjacent indices (see [2]).

If we have an attractor-repeller pair in the invariant set, then we can continue the
attractor and repeller to Morse-Smale gradients. The continuation, plus counting the
number of connecting orbits, gives a degree -1 map from the homology index of the original
repeller to the homology index of the original attractor. We will show that this map allows
us to form a chain complex whose homology is isomorphic to the homology index of the
original invariant set. Thus the continuation gives us a new approach to the flow defined
boundary map and two set connection matrix for the Conley index theory.

The rest of this section contains background definitions and results from the theory of
the Conley index. In the second section we prove that any isolated invariant set can be
continued to a gradient. The third section contains background material on attractor-
repeller pairs, Morse decompositions, and index filtrations, and in the fourth section we
use continuation to define the boundary map for attractor-repeller pairs.

Let ¢; be a smooth flow on a finite dimensional manifold M. Everything in this section
is based on the ideas of Conley as described in [1]. Other references are given where
appropriate. For N C M, we let I(N) be the maximal invariant set contained in N, i.e.
I(N) ={z € N | ¢z € Nforallt € R}. If I(N) is strictly interior to N, then N
is called an isolating neighborhood, and S is called an isolated invariant set if there is a
compact neighborhood N of S such that S = I(N). In this situation, Robbin and Salamon
constructed a Lyaponov function.
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THEOREM 1.1 [6]. Let N be an isolating neighborhood of S. Then there is a neighborhood
U of N and a smooth function f : U — R satisfying

(1) f(z)=0forallz € S.
(2) &|,_, f(¢x) <OforallzeU.

A compact pair of spaces (Ny, Np) is called an index pair for S if

(1) N1\ N is a neighborhood of S and cl(Ny \ Ny) is an isolating neighborhood for S.
(2) Ny is positively invariant relative to Ny, i.e. if z € Ny and ¢jo 11z C Ny, then
gb[o)T]ZC C N().

(3) If z € Ny and ¢jg,00)z € N1, then there is a T with ¢jo 1z C N and ¢z € No.
Property 3 says that everything in N; which leaves in forward time leaves via Ny. Index
pairs exist in arbitrarily small isolating neighborhoods of S. Robbin and Salamon used
the Lyaponov function of Theorem 1.1 to construct index pairs. If (Ny, Ny) is an index
pair for S, we consider the quotient N;/Ny as a pointed space with the equivalence class
of Ny as the distinguished point. The following result is fundamental.

THEOREM 1.2. If (Ny,Ny) and (N{, N|) are two index pairs for S, then there is a flow
defined homotopy equivalence between the pointed spaces Ny /Ny and Ni/Nj.

A nice proof of this fact is in the paper by Salamon [7]. We let h(.S) denote the homotopy
type of N;j/Ny for any index pair, and call h(S) the Conley index of S. The homology
index CH(S) is the Cech homology of any quotient of index pairs, with the identifications
arising from the homotopy equivalences of Theorem 1.2.

EXAMPLE 1.3. If {p} is a hyperbolic critical point, then {p} is an isolated invariant set
with h({p}) a pointed k-sphere where k is the number of eigenvalues of the linerization at
p with positive real part.

A parameterized family of of flows on M is a collection of flows { ¢} | A € I'} indexed by
I =[0,1] such that ®;(z,\) = (¢7z, \) is a smooth flow on M x I. We say S°, an invariant
set for ¢¥, and S, an invariant set for ¢;, are related by continuation if there is an isolated

invariant set ¥ C M x I for ®; such that S° = ¥ N {(z,0)} and S* = ¥ N {(z,1)}. The

following facts will be useful.

PROPOSITION 1.4. If N is an isolating neighborhood for ¢; for all A € I, let ¥ = I(N x I)
in ®;. Then ¥ defines a continuation from ¥ N {(z,0)} to TN {(z,1)}.

PROPOSITION 1.5. For any parameterized family, if N is an isolating neighborhood for
¢, then N is an isolating neighborhood for ¢} for A small enough.

The reason continuations are interesting is the following theorem.
THEOREM 1.6. If S° and S are related by continuation, then h(S°) = h(S?).

Proposition 1.5 says that if we have an isolated invariant set S and make a small per-
tubation of the flow, then the new flow will have an isolated invariant set S’ near S, and

theorem 1.6 says h(S) = h(S").

2. Continuation to a gradient.



THEOREM 2.1. Let X be a smooth vector field on a Riemannian manifold M, and let S
be an isolated invariant set in ¢, the flow generated by X, with isolating neighborhood
N. Then S can be continued to an isolated invariant set in a gradient flow. Moreover, this

can be done without changing X on M \ N.

PRrOOF: Let (-,-); denote the Riemannian metric in T, M, and let f be the Lyaponov
function from Theorem 1.1 defined on an open neighborhood U of N. Vf(z) #0ifz ¢ S

and for z € U\ S, (Vf(z),X(2)), < 0 since
0> 5| f(6w) = (V(402), X (dn2)gor = (VF(2), X(2))..

Let N' be a compact neighborhood of S such that ¢cl(N') C int(N) and choose a smooth
function p : M — [0, 1] such that

()_{1, forz € N'
P = 0, forze M\N.

Consider the one parameter family of vector fields defined by

Xa(z) = p(z) [(1 = M) X(z) = AV f(2)] + (1 — p(2)) X ()
which generates a parameterized family of flows ¢;. Note that
Xo =X,
X1 =-pVf+(1-p)X,
X, =-Vf on N',
X=X onM\N.

For any A € [0,1], f is still decreasing along orbits in U \ S since

4 f($iz) = (VF(2), p(2) [(1 = M X(2) = AVf(2)] + (1 = p(2)) X (2))e

dt|,_,
= (1= Xp(e)(Vf(z), X(2))s — Ap(z)(Vf(z), Vi(z))z +
+ (1= p(2))(VI(2), X(2))2

< 0.

It is easy to see that N and N' are isolating neighborhoods for each A, and I(N) = I(N') =
S for each ¢}. If 2 € N\ S and f(z) < 0, follow the orbit forward under ¢;. Since f
is strictly decreasing along the orbit and all critical points of f are contained in the set
{f = 0}, the orbit must leave N in forward time. If f(z) > 0, then follow the backward
orbit, and it must leave N. Of course, the same applies for z € N’ \ S. Proposition 1.4
implies that S in the flow ¢{ is related by continuation to the set I(N) in the gradient
flow ¢;. 11

If we let I*(IV) denote the maximal invariant set in IV for the flow ¢, the above argument
shows that I'(N) C I°(N).

By making an arbitrarily small pertubation of f on N', we can obtain a new function
with the property that the resulting gradient flow is Morse-Smale. This fact, combined
with Proposition 1.5 yields the following corollary.
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COROLLARY 2.2. Let X be a smooth vector field on a Riemannian manifold M, and let
S be an isolated invariant set in ¢, the flow generated by X, with isolating neighborhood
N. Then S can be continued to an isolated invariant set in a Morse-Smale gradient flow
without changing the vector field on M \ N.

EXAMPLE 2.3. Consider R? with the usual metric, and consider the vector field in polar
coordinates

r=r(r—1)
f=1.

Let N = {(r,6) | 1/2 < r < 3/2} isolate the periodic orbit {r = 1}. A function with the
properties of Theorem 1.1 is, e.g. f(r,0) = —(r — 1)2. The gradient field will have the
form

r=2(r—1)

A small perturbation to hyperbolic critical points and transverse intersections would be

F=2(r—1)

6 = esiné.

3. Attractor-repeller pairs and Morse decompositions. We first review some facts
from Conley index theory (again, the main reference is [1], and see [7]). Let S be an
isolated invariant set. A C S is called an attractor in S if there is an. S-neighborhood U of
S such that w(U) = A. Similarly, a repeller is a set which is the w*- (i.e. a-) limit set of an
S neighborhood of itself. If A is an attractor in S, let A* = {z € S |w(z)NA =0}. Then
A* is a repeller in S called the repeller dual to A. It follows that S = AU A* U C(A4*, A)
where C(A*,A) = {z € S | w(z) C A, w*(z) C A*} is the set of connecting orbits
from A* to A. A Morse decomposition of S is a finite collection {M, | p = 0,...,n}
of disjoint, nonempty compact invariant subest of S such that for each z € S\ UL M;,
there is an ¢ < j such that z € C(Mj, M;). Given a Morse decomposition, for 7 < j let
M;; = Uf;ziMi U (Ur<iC (M, My)). Then M;; is an isolated invariant set with M;; = M.
It is possible to construct a filtration N_y C Ny C --- C N,, of a neighborhood of S such
that (Nj, N;—1) is an index pair for M;;.

We now want to make a construction which was formalized by Floer in the gradient case
[2], but is implicit in Morse theory. Assume that there is a Morse decomposition of S in
an n-manifold which consists of hyperbolic critical points, and that stable and unstable
manifolds intersect transversally. For critical points  of index k and y of index k — 1, the
set of connecting orbits is finite. Let n(z,y) be the number of orbits (mod 2). Form a

graded Z, vector space C,
Cr= P Zaa)
h(I)=Ek
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generated by the critical points and graded by their indices. Define a map 9 : Cx — Cr_;

via
a(z)= D, n(z,y)y)
h(y)=Th-1
THEOREM 3.1. Ox—100r =0, and H(C,0) = ker Oy /im Or41 = CH(S).
PROOF: Let M; = { critical points z | h(z) = £; }. Transversality implies that { M; | j =
0,...,n}is a Morse decomposition of S. Choose an index filtration {N_1,..., N, } for this

Morse decomposition. A theorem of McCord [5] shows that 0y agrees with the boundary
map of the triple

6/
H.(Ng,Nir—1;2Zy) — Hy(Nr—1,Ni—2;Z5),

and standard arguments show that the result holds for 0'. I
For a discussion of the history of Theorem 3.4, as well as the details of the proof, see
the paper by Salamon [8].

EXAMPLE 3.2 In the situation of example 2.3, there is a point of index 1 and one of index
2. 0=0,s0 CH(S) 2 Z; for k = 1,2, and is 0 otherwise.

4. The boundary map for attractor-repeller pairs. Suppose (A4, A*) is an attractor-
repeller pair in S C M. We define a map

A: CH(A*) — CH(A).

First choose an isolating neighborhood N of S, and disjoint isolating neighborhoods N4,
Ng+« C N of A and A*. Continue A and A* to isolated invariant sets A; and.A} in
Morse-Smale gradient flows. By making a small perturbation if necessary, we may assume
that the connections from points in A} to points in A; are transverse, and the hyperbolic
critical points in A; and A} form a Morse decomposition of S; = I(N) in the altered flow.
There is a map 0 as in §3. We can think of 0 as a matrix, and in this case, 9 = 95 has

the following form:
_ |94 O
9s = [ 0  Oa-

where 04 represents maps between points in A;, 04+ represents maps between points in
A7, and Q4 4+) represents maps from points in A} to points in A;. 94, 4+), from points in
A; to points in A}, is zero since (A, A*) is an attractor- repeller pair in S. 8% = 0 implies

aAa(AyAt) + a(A’Am)aA* = 0.

Let C(S) denote the Z, vector space generated by the collection of rest points on which
0 acts, C(A) denote the vector space generated by points in 4; and C(A*) denote the
space generated by the points in A}. There are obvious projections w4 : C(S) — C(A)
and w4+ : C(S) — C(A*). By Theorem 3.1 and Theorem 1.6, there are isomorphisms

U,y :kerdqa/imdy — CH(A)
U 4« : ker Op+ /im Op — CH(A™Y)
Us: ker0s/imds — CH(S).
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There are obvious projections
pa ker04 — ker04/im 04,

etc., and choose maps
pa:kerda/im0y — ker 94

such that pspua = id, and similarly for A* and S. Note that for any « € ker 94, (papaz)—
z € im d4. Now define

A(A,A")z = Uapada arypa- ¥ iz

This depends on the continuations, of course, but not on p 4+ as one can easily verify. We
now make a chain complex

co- (L 4

THEOREM 4.1. H(CA) = CH(S).

PROOF: By theorem 3.1, it suffices to show that H(CA) = H(C(S),0s). Note that
O0s(A*) C ma~(ker 04) since if f = Oa+b, then (94, 4+)b, B) € ker s. (The matrices act
on column vectors, but we write them as rows in the text to save space). Define a map
a' : mas(ker Og) — ma(C(S)) as follows. Let B1,..., B be a basis for ker 94+, and extend
this to a basis fB,..., 81, .., Bm of ma«(kerJs). We first define o' on ker9a«. For i =
1,...,1, choose a b; such that 04+b; = fB;. Define o'(3;) = Oa, a+)bi. For i =14+1,...,m,
let o/(B;) be any a such that dqa + 0(4,4+)B: = 0. Extend o' to m4.(ker Os) by linearity.
Note that d4a'(8) + 04,48 = 0 for any B € ma«(ker Os). Also, for any («, ) € ker 9s,
a—a'(B) € ker 0a.

Now define a map

® : ker 9s — ker A
(a,B) = (Yapa(a —a'(B)), ¥ a-pa-B).

U 4+pa~f € ker A(A, A*) since

UpepasB=VapaBia asypiar¥ eV aepas B
= U 4pa0(a,a+)(B + 04-a) for some a € C(A)
= \I’ApA(—aAOl - BAa(A,A.)a)
= 0.
® is onto: suppose (z,y) € kerA. Then z is arbitrary, and A(A4,A*)y = 0, so
Oaaypas ¥y € imda. It follows that pa¥ily € mas(kerds), so @(uA\I/ZI:c +
o (A U ty), pa U 5ty) = (2,9).



Define @ to be the composition

é proj
ker 0s — ker A —— H(CA).

® is onto since & and the projection are. We will have H(CA) = H(C(S), ds) if we can
show ker ® = imds. Suppose (a, ) € ker ®. Then (Vspa(a — a'(B)), Pa+pa+B) € im A.
Thus ¥ 4+pa«p =0, so f = 94+b, and we can choose b such that a'(8) = 04, 4+)b. Also,

Yapa(a —ad'(B)) = A(A", A)z
= Upadia,nnyparVy.z

so o — a'(B) = Oa,av)1ar \Il;z + Oaa for some a. It follows that ds(a, pa- T iz + b) =
(a, B), so (a,B) € im Os.

Suppose (a, B) € im Js. Then o = 942+ 04, 4+)y and f = Ja»y for some z € C(A) and
y € C(A*). Let b be as in the definition of o/, i.e. § = 04+b and o'(B) = 94, 4+)b. Note
that pa«B =0, and y — b € ker 04+. We have

A0,V pepas(y — b)) = (L apadia, arypar Wi (y — b),0)
= (U apadia a~y(y — b+ 0a+c,0) for some ¢
= (Vapa(a — daz — a'(B),0)
= (Vapa(a—a/(B)), ¥ a-pa-B).

Thus &(a, 8) € imA, so (a, ) € ker ®, and we have H(CA) = H(C,9) = CH(S). 1
The proof that H(CA) =& H(C, 0) actually works for any field.

This is a different proof of the existence of a connection matrix for an attractor-repeller
pair, and it uses only the basic Conley index theroy from [1]. Fransosa ([4]) has shown by
other methods that in an arbitrary Morse decomposition, there are boundary maps like
0' in the proof of Theorem 3.1 between adjacent sets, and one can define maps between
nonadjacent sets to obtain a connection matrix A which satisfies the conclusion of theorem
4.1. Tt is not known whether the procedure used here can be extended to arbitrary Morse
decompositions.

EXAMPLE 4.2 Suppose A and A* are hyperbolic periodic orbits, for each orbit the Poincaré
map preserves orientation on the unstable eigenspace (i.e the space spanned by the eigen-
vectors whose corresponding eigenvalues have modulus > 1), A has k such eigenvalues and -
A* has k + 1 such eigenvalues. Let N4 and N4+ be tubular neighborhoods of A and A*,
respectively. W?*(A) denotes the stable manifold of A, and W*"(A*) denotes the unsta-
ble manifold of A*. W?*(A) N N4 is the cartesian product of an (n — k — 1)-ball and a
circle, and its boundary B¥ = S"7%=% x $1. Similarly, the boundary of W*(A*) N Nas,
B~ = S* x S'. We can continue A to points r of index k and s of index k + 1, which are
connected by two orbits as in Example 2.3. Similarly, we can continue A* to two points,
p of index k + 1 and ¢ of index k + 2, which are connected by two orbits. Moreover, we

can arrange the continuation so that W*(A) = W*(r)UW?(s), W*(A*) = W*(p)UW?*(q),
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We(s)NBY = {(z,0) € S**72x 51 | § = 0},and W¥*(p)NB~ = {(z,6) € S¥xS' | § = 0}
(see [3] for details). The possible nonzero maps in 0 are (s, ¢) and d(r,p). W*(A*)N B*
is closed, embedded 1-manifold, so it must be a collection of circles. If W*(A*) and W*(s)
intersect transversally in BT, then the number of intersections gives us the entry (s, q).
If the intersection is not transverse, any perturbation to a transverse intersection will give
us the same number of intersections (mod 2), (namely, the intersection number of the 1-
manifold W*(A4*)NB™ and the n —k— 1-manifold W*(s) in BT). Similarly, the intersection
number of W*(p) N B~ and W*(A) N B~ gives us the entry d(r, p).

CH(A) is nontrivial in dimensions k£ and k + 1. CH(A*) is nontrivial in dimensions
k +1 and k + 2. Since the maps 94 and 04+ are both zero, it is easy to see that Agyo :
CHy42(A*) = CHiy1(A) = 0(s,q) and Agqq : CHgy1(A*) —» CH(A) = O(r, p).
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