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GLOBAL EXISTENCE OF CLASSICAL SOLUTIONS
TO THE TYPICAL FREE BOUNDARY PROBLEM
FOR GENERAL QUASILINEAR HYPERBOLIC SYSTEMS
AND ITS APPLICATIONS

L1 TA-TSIEN (L1 DA-QIAN)* AND ZHAO YAN-CHUN*

§1. Introduction. Under certain decay hypotheses we proved in [1] the existence and

uniqueness of global classical solutions to the typical free boundary problem on an angular
domain

(1.1) D ={(t,) |t > 0,e1(t) < z < z5(¢)}
(.'1,‘1(0) = :1:2(0) =0 :El(t) < wz(t), vt > 0)

for the first order reducible quasilinear hyperbolic system

3r+xrg 0,

(1.2) o 63 (A(ry8) < p(r,9)),

o THms) 5

and this result was used in [2] to discuss the global perturbation of the Riemann problem
for the system of one-dimensional isentropic flow and construct a global discontinuous
solution only containing two shocks in a class of piecewise continuous and piecewise smooth
functions.

In this paper we shall generalize the previous result to the typical free boundary prob-
lem on the angular domain (1.1) for the following general quasilinear hyperbolic system

(1.3) Ece,(uxa“’ M) = ) (=1, ,m),

where u = (uy,...,un)T denotes the unknown vector function, (;;(u), Ae(u), pe(u) (4,5 =
1,...,n) are suitably smooth functions of v and
(1.4) det(¢ij) # 0.

The boundary conditions are as follows:
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on the free boundary z = z,(t),

(15) gr(ar(t’x)’u) =0 (T = 1,' o am)a
d$2
(1.6) o Fy(ba(t, ), u), z2(0) = 0;

on the free boundary z = z,(t),

(17) gs(as(taz)’u) =0 (3=m+1a"' ,n),
d(l)]
(18) W = Fl(bl(t,a:),u), .’L'I(O) =0.

We shall prove in §4 that under certain reasonable hypotheses problem (1.3)-(1.8) admits
a unique global classical solution on the angular domain (1.1), then this result will be
generalized in §5 to the typical free boundary problem on a fan-shaped domain, finally in
86 we shall use the result of §5 to consider the discontinuous initial value problem for the
quasilinear hyperbolic system of conservation laws
Ou  Of(u)

{ ug (z), =<0,

U =

u;,"(:l:), x>0,

(1.10) t=0:

where u = (u1, -+ ,un)?, f(u) = (fi(w), -+, fa(u))T is a suitably smooth function of
u, uy(z)and ug () are given smooth functions on = < 0 and on x > 0 respectively with

(111) ug (0) # 4 (0).

Problem (1.9)-(1.10) may be regarded as a perturbation of the corresponding Riemann
problem (1.9) and

u—, =<0,
(1.12) t=0: uz{

Uy, =20,
in which
(1.13) uy = uE(0).

Suppose that |uy — u_| is sufficiently small and the solution to Riemann problem (1.9),
(1.12) is composed of constant states and n typical shocks, we shall prove in §6 that problem
(1.9)-(1.10) admits a unique global discontinuous solution only containing n shocksont > 0
in a class of piecewise continuous and piecewise smooth functions and this solution is a
global perturbation of the solution to the corresponding Riemann problem.
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§2. An Uniform A Priori Estimate. In this section we consider the following

typical boundary value problem on the angular domain (1.1) for the quasilinear hyperbolic
system of diagonal form

n

Ou 0
(2.1) # + /\e(u)% = Z agjr(wujur, (L=1,--- n),

Jk=1

(2.2) on z=x,(t):

n

Ur = Z Orq(t)uq + Z grik(t, wujug + gr(t,u)be(t)(r = 1,--- ;m),

g=m+1 J,k=1

(2.3) on z=uzx(¢):

m n
Ug = Zﬂsp(t)up + Z gsjk(tu)ujur + gs(t,u)bs(t) (s=m+1,---,n).
p=1 J,k=1

Setting Fi(t) = zi(t) (¢ = 1,2), we suppose that this problem satisfies the following condi-
tions:

(H1).  Xe, aijk, 61, gijk, ¢, be, F; are all suitably smooth functions; moreover, gijx and
g1 are bounded if u is bounded and ¢ > 0.
(H2). Boundary conditions (2.2)-(2.3) possess a unique solution u = u°.

(H3). There are no characteristic curves entering the domain (1.1) from the origin,
le.

(2.4) )\r(uo) <F1(0)<F2(0)</\3(u0) (r=1,---,m; s=m+1,---n),

then
A F1(0) - ’\r(uo) - ’\S(UO) — F5(0)
29 Pt RO @) 7A@ RO <
(r=1,---,m; s=m+1,---,n).
(H4). Let
(2.6) 0 = (65(0)),
(2.7) O_, = diag(oy ', ,0,1)0,



we have

(2.8) 1©-1|min < 1,

where the minimal characterizing number ||A||min of a n X n matrix A = (a;j) is defined as

LA i
Allmin & inf, mpax D1 ail (cF13):
(i=1, ,n) 1=

LEMMA 2.1. Under assumptions (H1)-(H4), there exist positive constants €y and e(0 <
€ < €) so small that if

(2.9) 10(t) — 0¢(0)| < e (4,5 =1,---,7), Vt>0,
(2.10) IFi(t) = Fi(0)| <e0 (i=1,2), V¢>0,
€
2.11 <«_£  4=1... S
( ) |b3(t)| = 1+t7 (f 1) )n)’ vt = Oa

then on the existence domain of the classical solution u = u(t,z) to problem (2.1)-(2.3),
the following uniform a priori estimate holds:

Ke wi>o,

1+t’ -

(2.12) lu(t, ¢)| <

where K is a positive constant independent of t.

Proof. Noting (2.8), we may suppose that (cf. [3])

(2.13) Y > 16ra(0)8,p(0)os ot <1, (r=1,000,m),

p=1s=m+1

(2.14) zn: Z 85(0)6,4(0)|o; o, <1, (s=m+1,---,n).

g=m+1r=1

By (2.11), it is easy to see that for the value u? of the solution at the origin, uniquely
determined by (2.2)-(2.3), we have

(2.15) [u®| < Ape,
where Ay is a positive constant. Hence, we can take € > 0 so small that
(2.16) lu(t, z)| < €,
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provided that ¢ > 0 is suitably small, where €, is a small positive constant to be determined
later on.

In order to prove (2.12), we first suppose that (2.16) holds on the whole existence
domain of the classical solution. Let £ = fo(7;t,z) be the ¢-th characteristic curve passing
through the point (¢, z) on the existence domain of the classical solution:

dr
T =t: fi(r;t,z) =z.

(2.17) { PATL2) _ ) futr, flrstye))), (7<)

By (2.4), (2.10) and (2.16), for any £ = 1,--- , n there exists a unique 7¢(¢,z) < t such that

(2.18) { folre(t @) t,2) = 2a(relt,z)) (r=1,---,m),

fo(ts(t,2);t,2) = 21(76(t,2)) (s=m+1,---,n),

provided that €y > 0 is suitably small. Let (cf. Figure 1)

{Trs(t,ﬂ?) = Ts(Tr(taw)ax2(TT(t’$)))’

(2.19) Tor(t, @) = T,.(Ts(t,IL‘),IIJI(Ts(t,(L'))), = z(t) T = (1)
(r=1,---,m; s=m+1,---,n),
by (2.10) and (2.16)-(2.18) we have (7s,21(75)) (7r, 22(72))

(F1(0) — e0)t — (F2(0) + €0)7r(t, z)
t—7r(t,z)

< (1) = z2(7:(t, 2)) Figure 1

- t — 7 (t, )

T zo(rr(t, ) fr(tit,z) — fr(me(t, )5, )
= t—T(t,x) t—7.(t,2)
S )‘r(uo) + A1€0a

here and hereafter, A;(i = 1,2,---) will denote positive constants independent of (t,z).

Thus, noting (2.5), when € > 0 is suitably small, we have
(2.20) t < (o7 + Azeo)rr(t,z)  (r=1,---,m).

In a similar way we get

(2.21) (t,z) < (o7 + Azeg)Trs(t, 2), (r 1, ms )
=m+1l,---,n
(2.22) Trs(t,z) < (05 + Aseo)Tr(t, T), 8
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Observing (2.5) and (2.13), we can choose constants a > 1 and B > 1 such that if g > 0
is suitably small, then

(071 + Azeo)(07! + Aser) < a,
(2.23) (T =1, ,m; )
(05 + Asen)B < 1, s=m+1,---,n
and
(224) @ Z Z Ia"-’(o)esp(())l < 1.
p=1s=m+1
Let
t)= t —1...
Ul( ) Il(t)rélf%(zz(t) IU(( ,:I:)I (f L, ,7’1.),
(2.25) u(t) = ,Tnax ue(t),
V() = o)

we want to prove that there exists a positive constant K such that
(2.26) V(t) < Kpe

on the existence domain of the classical solution, provided that ¢, > 0 and € > 0 are
suitably small.

By the definition of V'(t), (2.26) obviously holds provided that ¢t > 0 is suitably small.
Suppose that (2.26) holds for 0 <t < T, we shall prove that it still holds for T < t < T,
provided that the classical solution exists on 0 <t < 8T.

Using boundary conditions (2.2) and (2.3), for any (¢,z) in the domain (1.1) with
T <t < BT, we can integrate system (2.1) along the r-th characteristic curve from (¢, z) to
(1-(t, z), z2(7,(t,))) and then along the s-th characteristic curve from (7.(t, z), z2(7(t,z)))
to (1rs(t, ), z1(7rs(t,2))). Noting (2.9), (2.11), (2.16), (H1) and that 7., < 7, this proce-
dure gives

(2.27) ur(t, 2)] < D (186 (0)] + Aseo)u(re(t, ), (7 (t, 7))

s=m-+1

— + A u’(r)dr
+1 + T,-(t,.’l?) ° (t,x) ( )

Z Z (165(0)8.5(0)] + Aseo)|up(Trs(t, z), 21 (Trs(t, 7))l

=m+1

- A6€ 2 — oo m
+ +T'r.s(t :c) z/r (r)dr, (r=1,---,m).

s=m s=m-+1 rs(1,2)
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When T <t < BT, it follows from (2.20)-(2.23) that

1 1

(2.28) T <

=~ Et < Tps(t,z) < T.

By (2.24) we can choose ¢ so small that
(2.29) @D Y (16:4(0)8,,(0)] + Ageo) < 8y < 1.
p=1s=m+1

Noting (2.28)-(2.29) and the fact that (2.26) holds on 0 < t < T, it comes from (2.27) that

t
(2.30) tlur(t,z)| < 6 Koe + Aze + A7t/ u*(r)dr, (r=1,---,m).
I

(=3

Similar estimates hold for uy(t,z) (s =m +1,--- ,n). Then it is easy to get

: Vi)
(2.31) V(t) < 0pKe+ Age + Ag dr, T <t<pT.
z T
Suppose that W(t) satisfies
t 2
(232) W(t) = 90](06 + A8€ + Ag / w (T)dT, T S t S ,BT,
z T
then we have
00]\"06 + Age

2.33 V(it)<W(t) = .
( ) ( ) - ( ) 1-— (901{06 + Agé)AglnaTt

Hence there exists a positive constant K only depending on Ag and 6y but independent
on T, such that

(2.34) V(t) < Koe, T <t<§T,

provided that € > 0 is suitably small. Repeating the same argument, we get (2.26) on the
whole existence domain of the classical solution. Noting that u(0,0) = u° satisfies (2.15),
from (2.26) we obtain immediately (2.12) which implies that the previous hypothesis (2.16)
is reasonable provided that e > 0 is suitably small. This finishes the proof of Lemma 2.1.

Remark 2.2. The hypothesis that u(t,z) is a C' solution is not necessary in the proof
of Lemma 2.1. In fact, Lemma 2.1 is still valid provided that u(¢,z) is continous, the
characteristic curve exists and the integration along the characteristic curve makes sense.

7



3. Typical Boundary Value Problems on an Angular Domain. We now con-

sider the following typical boundary value problem on the angular domain (1.1) for the
quasilinear hyperbolic system (1.3):

(3.1) on z = z,(t) :
Upr = Gr(ar(t),um+l,“' ,un)7 (1‘ = 1"" vm)v
(3.2) onz =z(t):

us = Gy(as(t),uy, ++ yupm), (s=m+1,--- n).

Still setting F;(t) = zi(t)(¢ = 1,2), we suppose that
(H1). Cej, Ar, Ge,ay, F are all C! functions, p¢ are C? functions and

(33) ,UZ(O) = 07 'g%f(o) = 0> (f,] = 13 e ,n)'

(H2). Boundary conditions (3.1)-(3.2) possess a unique solution u = u° at the origin.
Without loss of generality, we may suppose u® = 0, then

(3.4) Ge(a(0),0)=0 (£=1,--- ,n).

(H3). (1.4) and (2.4) (in which u® = 0) hold and

1, £=7,
(H4). Let
G,
O  ZZ@®0)
5 (@:(0,0) O v
p

(3.7) O_; = diag(a7!, -+ ,0,1)0,
where 04(£ = 1,-++ ,n) are defined by (2.5), we have
(3.8) 1O -1 |lmin < 1.

THEOREM 3.1. Under assumptions (H1)-(H4), there exists positive constants € and
€ (0 < € < ¢9) so small that if
€

(3.9) jar(t) — aO)l, 1@ S 750 (=10 ,m) V420
8



and (2.10) holds, then the typical boundary value problem (1.3), (3.1)-(3.2) admits a

unique global C' solution u = u(t,z) on the angular domain D (see (1.1)), moreover,

Ke
3.10 t <
( ) |U(,$)|_1+t, V(t,.’IJ)ED,
Ou ou Ke
3.11 —(t —_ < — <
(311) et o) |2 < 25, W(t,2) < D,

where K is a positive constant independent of t.

Proof. By the local existence theorem of classical solutions (cf. [3]), in order to prove
the global existence of C! solutions, it is only necessary to get some uniform a priori
estimates for the solution itself and its first order derivatives, therefore it suffices to prove
(3.10)-(3.11) on the existence domain of the classical solution.

Let
v = (v, vn)" = ((w)u,

3.12
( ) w:(wla"'awn)TZC(u)g—Z’
au 3U1 ) aun

il G S )T, Similarly to the

where ((u) = ((ij(u)) is the n X n matrix and

proof of Lemma 2.1, we may first suppose that
(3.13) lu(t, z)| < €

holds on the existence domain of the classical solution. Hence, noting (3.5), (3.2) can be

written as
up = V¢ + z bfjkvjvka (e = 1” o ’n)’
j k=1
(3.14) 5 n
=L = we+ > byjr(v)vjwr, (E=1,+,n),
Oz =

provided that €y > 0 is suitably small.
By system (1.3) it is easy to see that v and w satisfy the following system

'aatﬂ + ’\f(”)%% = Y cpvior + Y deji(v)vjw, (E=1,---,n),
j k=1 k=1
3.15 n n
(818) T Owg g - T g, (£=1,++ ,n)
S AN G = 3 Feswn+ D degp(v)ojen (L= 1,00, m)
L j,k=1 3.k=1



Moreover, boundary condition (3.1) can be rewritten as

(3.16) on z = x,(t):

n a n
U=y aG (ar(1),0)ug + Y Grjk(ar(t), w)ujur + Go(ar(t),0), (r=1,--

q=m+1 jrk:]-

then, noting (3.14) and (3.4) we get

(3.17)  on z =uz,(t):

n

Ur = Z (ar(t) 0)vg + Z grik(ar(t),v)v;vi

Q=m+1 7,k=1

+ gr(ar(t))(ar(t) —a,(0)), (r=1,---,m).

Similarly, from (3.2) we get
(3.18) on z = ml(t) :

Us = Z (as(t) 0)op + Z gsjk(as(t), v)vjvk

71,k=1
+ gs(as(t))(as(t) —a,(0)), (s=m+1,---,n)

Furthermore, differentiating (3.16) with respect to ¢t and using system (1.3), (3.5) and
(3.14), we get the boundary condition on z = z5(t) for w as follows:

(3.19) on z = zy(t):
=Y L), 02U 2O, SN g el Bolt), s

q=m+la Fa(t) — A.(0) Ye e
£ Foiplar(t), Bo(t), v)osun +7,(ar(t), Fa(t),0)a(t),
o
Similarly we have
(3200 on z=aa(0):
"3 - 9C. f;—gg—j—f\:%wﬁé Fn(as(t), Fi(8),v)oson

+ Y gajr(as(), Fi(t), v)vjwi +7,(as(t), Fi(t), v)ay(t),
k=1
(s=m+1,---,n).
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According to the properties of the minimal characterizing number (cf.[3] ), the minimal
characterizing number of the matrix

oG, F35(0) — Aq(0)
o 30, @005 G50
£1(0) — 4(0)

0G,
B O DR G T30) 7

is equal to the minimal characterizing number of the matrix

3G, Fi(0) = A-(0)
. O au, " OR© 10
G, F3(0) = 1,(0)
7, O 055 =x.0) 0

Thus, noticing (2.5) it is easy to verify that all assumptions in Lemma 2.1 are satisfied for
problem (3.15), (3.17)-(3.20), then in the existence domain of the classical solution to the
oringinal typical boundary value problem we have

I{Oé
1+t

(3.21) v(t, z)], [w(t, z)| <

where K, is a positive constant independent of ¢, provided that ¢y, and € are suitably
small. Hence, estimates (3.10)-(3.11) come from (3.14) and system (1.3), then the previous
hypothesis (3.13) is actually reasonable provided that e is suitably small. The proof of
Theorem 3.1 is complete. [J

For the purpose in §6, we consider the following initial value problem with the initial
data given on z < 0:

(5:22) S esC + Iy =0, (e=1, )
(3.23) t=0:u=1u"z), (z<0).

As a consequence of Theorem 3.1, we have

COROLLARY 3.2. There exists a positive number € so small that if u’(z) € C' and

€

0 _ 0 < <
(@) = () < T Yr <O,
(3.24) v ¢
< <0
@) € T3y VeSO
then on the domain
(3.25) D ={(t,z)] t>0,z < ¢t}
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where ¢ satisfies
(3.26) £< min (L0},
the initial value problem (3.22)-(3.23) admits a unique global C! solution u = u(t, ) with

Ke
u(t,z) —u(0,0)] <
- ut,a) ~ u(0,0)] < 155,

Ou Oou Ke
(¢ == < 2=
Gt oI5 0] < o

where K is a positive constant independent of t.

Y(t,z) € D,

Y(t,z) € D,

Proof. Taking the transformation of independent variables
(3.28) t=t—az, T =rz,
where a > 0 is so small that

(3.29) l-—a- izr{1§?cn{Ai(u0(0))} > 0,

the domain D is reduced to the angular domain

(3.30) D= {(2,5)| t>0, —lf foz{ }

and the original initial value problem on D to the following boundary value problem on D

R

Emex&“+AwW”»—o (=1, ,n)

(3.31)
F=—17: u=ul(3) = uO(—-;—f),

where

(3.32) Te(w) = % @=1,-n).

Problem (3.13) can be regarded as a special case of problem (1.3), (3.1)-(3.2) in which
m = 0 and ©_; is the null matrix, hence by theorem 3.1 problem (3.31) admits a unique
global C! solution u = u(%,7) on D with

K"e V(%,%) € D,

| [a(t,7) —u(0,0)| <
(3.33 )
22 E) o u—n_f;,V(w D,

provided that € > 0 is suitably small. Noticing (3.28)-(3.29),we get the global C' solution
u = u(t,z) =u(f,Z) on D and (3.26) holds. This ends the proof of corollary 3.2. (]
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§4 Typical free boundary problems on an angular domain. Theorem 3.1 will
be generalized to the typical free boundary problem in this section. For the free boundary
problem (1.3)—(1.8) on the angular domain (1.1), we give the following assumptions:

(H1). There exists a unigue state u® such that
(4.1) ge(ae(0,0),u®) =0, (£=1,---,n).
Without loss of generality, we may suppose that u® = 0, then
(4.2) ge(ae(0,0),0) =0, (£=1,---,n).

Moreover, (3.3) and (3.5) hold.

(H2). In a neighborhood of u = u® = 0, boundary conditions (1.5) and (1.7) can be
rewritten as

(4.3) T = 29(t) : ur = Gr(ar(t,2),Umg1, +* ,un), (r=1,-- ,m),

(4.4) z =z1(t) : us = Golas(t,z),ur, -+ ,um), (s=m+1,---,n).
(H3). There are no characteristic curves entering the domain D from the origin, i.e.

(45) )\r(O) < Fl(bl(0,0),O) < FQ(b2(0,0),0) < AS(O),(T = 1v' ,MmMySs =m + 1" o vn)a

then

4.6

(4.6) s Fi(01(0,0),0) = A(0) s As(0) - F3(62(0,0),0) _, ( p=1,-,m ) ‘
0< or = F2(b2(0,0),0) - )\T(O)’ s /\3(0) - Fl(bl(0,0),O) s=m-+ 1,- e ,Nn

(H4). Let

oG,
O B, (ar(0,0),0) ( rp=1-,m; )

) :m+1» s T
*(a,(0,0),0) 0] 4

Oup
(4.8) O_, = diag(oy",-++,071)0,
we have
(4.9) 10 -1]|min < 1.
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THEOREM 4.1. Under assumptions (Hl) (H4) suppose that &1, A\, Gy, ay, F;, b; are C!

functions, y; are C? functions (I,j = 1,- ;¢ = 1,2) and (3.3) holds, then there exist
positive constants €y and €(0 < € < €0) SO sma]] that if on © = z(t)

lar (2, VE>0, (r=1,---,m),

(4.10) +t )

Oa, Oa, €

15, o)l =, o)l < 7 V¢>0, (r=1,---,m),

1+¢
(4.11) |ba(t,z) — b2(0,0)| < €, VE>0
and on r = ()
las +t Vi>0, (s=m+1,---,n),

(4.12) 0a3 6(13
(413) lbl (t,.’L’) - b] (0,0)| < €o, Vit > 0,

then the typical free boundary problem (1.3)-(1.8) admits a unique global classical solution
on the angular domain D ( see (1.1) ): u = u(t,z) € C1,z1(t), z2(t) € C?%, moreover, we
have (3.10)-(3.11) and

(4.14) [24(t) — 24 ()], [2() — 25(0)] < Koeo, VE>0,

Where K, is a positive constant independent of t.

Proof. According to the local existence theorem of classical solutions (see [3]), under
aassumptions (H1)-(H4) the typical free boundary problem (1.3)-(1.8) admits a unique
classical solution u = u(t,z) € C! and z,(t),z2(t) € C* on a local domain

(4.15) D(8) = {(t,z)] 0<t<621(t) <z < aa(t)).

In order to get the global existence of classical solutions, it stilll suffices to prove the
uniform estimates (3.10)—(3.11) on the existence domain of the classical solution.

In the course of derivation of these a priori estimates, since the classical solution has
been supposed to exist on the existence domain, the originally unknown free boundaries
can be actually regarded as given boundaries with (4.10)—(4.13) as the conditions on them,
therefore, we can establish the desired estimates in a completely similar way to the previous
section.

14



In fact, on the existence domain of the classical solution, let

(416) ar(t) = a,(tas(t), ao(t) = ault, 1)), (r=1,,m; s=m+1,-.,n)

)

(4.17) { (1) = R(bi(taa (1), ult 1 (1),
Fy(t) = Fa(by(t, z2(t)), u(t, z2(t))),

similarly to the proof of Theorem 3.1, we can still suppose that (3.13) holds on the existence
domain of the classical solution, then by (4.10)-(4.13) there exists a positive constant K,
independent of ¢ such that on the existence domain of the classical solution we have

(4.18) |Ey(t) — Fi(0)| < Koey (1 =1,2),
|&e(t) - &f(0)| < : s (f =1,--- ’n)’
(.19) 1+t
' I(oé
ah(t) < —— =1,.- .
|a(( )I =1 -|-t, (e 1> ,'I’l)

Repeating the argument in §3, we get that (3.10)-(3.11) hold on the existence domain of
the classical solution, provided that €y and € > 0 are suitably small. This also illustrate
the validity of hypothesis (3.13). The existence of global classical solutions is then proved.
Moreover, (4.14) is nothing but (4.18). This finishes the proof of theorem 4.1. (]

§5. Typical free boundary problems on a fan-shaped domain. For the purpose
in §6. Theorem 4.1 will be generalized to the typical free boundary problem on a fan-shaped
domain (cf. [3]) in this section.

The fan-shaped domain under consideration is

n—1
(5.1) D= ] Di={tz) t=0,z1(t) <z <zalt)},
i=1
where
(5.2) D; ={(t,z)] t>0,z;(t) <z <zipa(t)}, (t=1,---,n—1)
and ¢ = z;(t)( = 1,- - -,n) are free boundaries satisfying
z;(0)=0, (¢=1,---,n),
55 0)=0, ( .
zi(t) < z;41(¢), VE>0, (:=1,---,n—1).
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Suppose that for any fixed i(i = 1,---,n — 1),
(5.4) u' = (uj,- e, ul)T
satisfies the following quasilinear hyperbolic system on D

0

i . Out . Out
(55) (a2 + M) 52
j=1

Oz

)=0, (£=1,--,n).

Suppose furthermore that u'(i = 1,- - -,n — 1) satisfy the following boundary conditions:
onz=uzt)(t=1,---,n),

(56) g;'c(ui_l,ui) =0, (k =1,-- yn— 1)a
dz; i i=1 i

(5.7) — = F'(v'"H,u'), z;(0)=0,
dt

where u® = u°(t,z) and u™ = u™(t,z) are given C! functions.

We give the following assumptions for the typical free boundary problem (5.5)-(5.7)
on the fan-shaped domain (5.1):

(H1). There exists a unique state u*%(: = 1,- - -,n — 1) such that
(58) gi(ui—l,o’ui,O) =0 (k = 17 N — 1;i = ]-,' o ,Tl),

where u%° = u°(0,0),u™° = u™(0,0).

(H2). Let
(5.9) vt = (vi, e ,vf,)T = {(ui’o)ui,(i =0,1,---,n),

where ((u) = ((i;(u)) is the n x n matrix. For any fixed i(i = 1,- - -,n), (5.6) can be

rewritten as

i—1 i—1/, i1 i—1 i i _ .
vt =G (v, b, 000 ,0h), (r=1,--,1-1),
(5.10) { ( mo

vi = G\ig('U::_l,"' ’v;—l’vi,_” ,’U::), (3 :z+13 ,'l’l).
(H3). For any fixed i(i = 1,- -+, n)
(511) Ai’0<Fi’0<Fi+l’0<>\i'0, (T:]_,,Z, s:i—l—l,---,n),

where

Ai,():A ui,O’ e:]_,...,n;izl,...,n_l),
(5.12) { (),

Fi,O — Fi(ui—l,O’ui,O), (2 — 1,_ . ’n),
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then

, i0 _ \i,0 (0 it1,0
(5.13) Dcoia =X A X FT0
T Fz'+1,0 _ /\:‘,0’ s /\:’0 _ Fi’o

(r=1,---,55 s=i+1,---,n; i=1--+,n-1).

<1

The characterizing matrix of problem (5.5)-(5.7) is the following (n — 1)n x (n — 1)n
matrix (cf. [3])

B, C
Ay By, (G O
(5.14) 0-— S ,
O An—2 Bn—2 Cn—2
An—l Bn—l
where
(9 o 9 s=itle,m
O 31 l(vl l,Ovz,O) ’ g=1,-"+,n ’
aG 1,0 z+10
Q 3vz(v ) T
(515)  Bi=| .. q ( pr=Leei )
aG (’Ul lO,vi,O) O q75:7'+1a"')n
ov} T /.

c= (3 Q) ()

are all n x n matrices and v*° = ((u*®)u>?. Let
(516) 0.1 = (dlag(ai, e vgrlw tet 70?_1’ HRE) 03—1))_1@,
similar to theorem 4.1 we can prove

THEOREM 5.1. Under assumptions (H1)-(H3), suppose that (i, \;, Gi, F*,u®,u™ are
all C! functions and

(5.17) 1©-1||min <1,

then there exists a positive constant € so small that if on = (t)

5.18 lu®(t, 000)|| (t )||“0(tm)|<L vt >0
( * ) u ( ZE) —u ( T at ) — 1 +t7 -
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and on & = z,(t)

(5.19) [u" (%, z) — u™(0,0)], Ia (t z)l, I at (t )| < — 1+t vt >0,

then prob]em (6.5)-(5.7) admits a unique global classical solution: u'(t,z) € CY(D;)(i =
1,--+n—1) and z,(t) € C*(i = 1,- - -,n) on the fan-shaped domain (5.1), moreover,

. K
|u'(t,x)|§1\€t, V(t,(IJ)ED, (i:]-""an_l))
(5.20) Ny o p
u U \ €
- el < (1 =1 - . —
|ax (t:x)l’l ot (t,x)l =T3¢ V(tvx) €D; (1=1, yn—1),

where K is a positive constant independent of t.

Remark 5.2. Similar results to theorem 5.1 still hold for the typical free boundary
problem on more general fan-shaped domains (cf. [3]).

§6 Discontinuous initial value problems. In this section we turn to the discon-
tinuous initial value problem (1.9)-(1.10). We give the following hypotheses:

(H1). (1.9) is a hyperbolic system, i.e., it can be reduced to a system of characteristic
form

(6.) Zee, (o 4 2fu) 5

)=0, ({=1,---,n)
with detl(ljl 9‘-‘ 0.

(H2). System (6.1) is strictly hyperbolic and all characteristics are genuinely nonlinear
in the sense of P.D. Lax. Without loss of generality, we may suppose that

(6.2) A(u) < Ap(u) < -+ < Ap(u)
and
(6.3) Vae(w) - ¢*u) =1, (k=1,---,n),

where (¥(u) stands for the k-th column vector of the inverse matrix ¢ ™' (u) of {(u).
(H3). The solution to the corresponding Riemann problem (1.9), (1.12) is composed
of constant states and n typical shocks (cf. [4], [3]).

We shall solve the discontinuous initial value problem (1.9)-(1.10) in a class of piecewise
continuous and piecewise smooth functions. For this purpose we first give the following
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DEFINITION. u = u(t,z) is a classical discontinuous solution containing a k-th shock
z = z(t) in a class of piecewise continuous and piecewise smooth functions, if u = u(t, z)

satisfies (1.9) out of x = x(t) in the classical sence and satisfies on z = z(t) the Rankine-
Hugoniot condition

(6.4) Flus) = f(us) = s(us — u_)
and the entropy condition

)\k(u+) <s< /\k(u_),

6.
(6.5) Akg1(ug) >8> Apo1(u-),

where uy = u(t,z(t) £0), and s = da;_(tt) (when k = 1 (resp. k = n), the term Ap_q(u-)
(resp. Ak+1(u4)) disapears in (6.5)).
By hypothesis (H3), the solution to Riemann problem (1.9),(1.12) is composed of n 41

constant states 4'(i = 0,1,--+,n) and n typical shocks z = ﬁ’it(i =1,--+,n) such that the
solution takes the constant value @' on the angular domain Di(: = 0,1, - -,n) where

={(t,z)| t>0,z <F't},

DO
(6.6) Di={(t,z) t>0Ft<z<F*4}, (i=1,---,n-1),
D" ={(t,z)] t>0,F"t <z}

and

(6.7) 8 =u_ 2uy(0), 4" =uy 2uf(0).

Moreover, for i = 1,- - -,n

(6.8) f(at) - f(@771) = Fo(at — i),
£ (0 < F< (@i,

(6.9) { A,-E,l()ai) > Fi> (/\,'_1()&"_1)

(when ¢ = 1 (resp. 7 = n), the term Ai—1(@i71) (resp. Ai41(4')) disappears in (6.9)). In
particular, noting (6.2), for i = 1 and ¢ = n, it follows from (6.9) that
F' < A(us) < oo < An(us),

(6.10) Ar(ug) < -+ < Anlug) < F™

Regarding the discontinuous initial value problem (1.9)-(1.10) as a perturbation of
Reimann problem (1.9), (1.12), we have
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THEOREM 6.1. Under assumptions (H1)-(H3), suppose that ug (z) and ug (z) are all
C' functions on z <0 and on z > 0 respectively, f(u) is a C? vector function and

(6.11) 12 fus —uc| = [uF (0) — uz (0)] > 0
is suitably small, then there exists a positive constant € so small that if

Vz

lug (z) —ug (0)],  |uy (2)] < :
(6.12) , =3 t'x'
ug (2) —ug (0)],  Jui'(z)| <

IN

0,

\

)
v

) 0,
1+ |z|

then problem (1.9)-(1.10) admits a unique global classical discontinuous solution u = u(t, x)
only containing n shogks z = z;(t)(z;(0) = 0)(¢ = 1,- - -,n), such that u(t,z) belongs to
C' on each domain D*(i = 0,1,---,n) and z;(t)(i = 1,- - -,n) to C? on t > 0 with

K .
. lu(t, ) — u(0,0)| < 1:L€t’ V(t,z) € D',(i = 0,1,--- ,n),
o) 28 o 124 0)) < 5 Wt 2) € DY (6 = 0,1
Oz ) ) ot ) = 1+t, y L a(Z— ) ,"'vn)’
(6.14) @) — 24(0)) < ==, Ve20, (i=1,--,n),
1+1¢
where

D* ={(t,z)] t>0,z<a(t)},
(6.15) D' ={(t,z)] t>0,z;(t) <z <zipa(t)}, (E=1,---,n-1),
D™ ={(t,z)] t>0,z,(t) <z}
and K is a positive constant independent of t. Moreover, u(0,0) = @' on the domain

Di(i =0,1,---,n) and z}(0) = (i = 1,--+,n). Therefore, as a global perturbation, u(t, z)
possesses a similar structure to the solution to Riemann problem (1.9),(1.12) ont > 0.

Proof. We first use the initial condition on z < 0 to solve system (6.1) on the domain
(6.16) D_={(t,z)| t>0,z <t}

where

(6.17) £ = A—l(“;z)tﬁ
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It is easy to see from (6.10) that (3.27) holds, then by corollary 3.2 we can get a unique

global C! solution u = u°(¢,z) on the domain D_ and there exists a positive constant K|
such that

Ou’ Ou® Kye .
6.18 ul(t,z) —u_|,|—(¢ —(t,z)] < ==
618)  W0ta) — w1 G (o)l [ (o) < 15, Wit@) € D,
provided that € > 0 is suitably smalll. Similarly, by means of the initial data on & > 0, we
can get a unique global solution u = u™(¢,z) on the domain

(6.19) Dy ={(tz)] t>0,z > &4t}
where

A Fm
(6.20) gy = i)+ 7
and we have

ou™ ou™ Kye .

6.21 " — — — <
( ) |u (t,(IJ) u+|a| oz (t,l‘)l,l ot (t,(l))| = 1+t’ V(t,.’lf) € D-l-'

According to the local existence theorem of discontinuous solutions (see [3]), the discon-
tinuous initial value problem (1.9)-(1.10) admits a unique classical discontinuous solution
only containing n shocks ¢ = z;(t)(¢ = 1,---,n) on alocal domain D(6) = {(¢t,z)] 0<t <
§,—00 < < 0}(6 > 0), and this solution has a similar structure to the solution to the
corresponding Riemann problem in a neighborhood of the origin. Moreover, the entropy
condition implies that = z1(¢) must lie to the interior of D_, z = z,(t) must lie to the
interior of the domain D, and to the right side of z = z,(t), hence the solution on the left
side of z = z,(¢) and on the right side of £ = z,(t) should be furnished by u°(t,z) and
u™(t, z) respectively. Thus, in order to prove the global existence of classical discontinuous
solutions to the discontinuous initial value problem(1.9)-(1.10), it is only necessary to solve
the following typical free boundary problem on the fan-shaped domain

(6.22) D= nL_J Di={(t,z)] t>0, z;(t) <z <zn(t)}:

=1

On the domain D' = {(t,z)] t>0,z;(t) <z <z;11()}c=1,--,n—1),
- . Out . Out
(6.23) > ()5t + M) 52y =0, (€=1,,m);
j=1
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Onz =z;(t)(i=1,---,n),

(6.24) Fluh) — fui~ty = & diBz

(u - ui_l)a

/\(u')< dei </\(u’ h,

(6.25) d
v i—1
1+1(u)> dt > Al l(u ),
where u’ is the unknown function on Di(i = 1,--,n — 1),u° = u’(t,z) and u™ = u™(t, )
Since at the origin (6.24)-(6.25) gives (6.8)-(6.9), in a neighborhood of ui = ai(; =
0,1,---,n), (6.24) can be rewritten as (cf. [3])
e Gi_l(v::_l,... ,v:l 1, i P ,v::), (7' — ]_’... ,i._ 1)’
(626) vi:Gi(’U:—l,n-,v; lavl, ",U::), (3=i+1,~-,n),
dz; i i=1 i
E =F (u , U ),
where
(6.27) vt = (@', (=0,1,---,n).

Besides, for the minimal characterizing number of the characterizing matrix of problem

(6.23)-(6.25) we have (cf. [3])

(628) HGHmin = 0(77)1
then
(6.29) 1©-1lmin = O(n),

where 7 is defined by (6.11). Therefore, if n is suitably small, we have

It is easy to verify that all other hypotheses in Theorem 5.1 are satisfied, then by Theorem
5.1 there exists a positive constant € so small that if (6.12) (then (6.18), (6.21)) holds, then
problem (6.23)-(6.25) admits a unique global classical solution u' = u'(t,z) € C}(D*)(i =
1,--+,n—1) and z;(t) € C?(: = 1,- - -,n) on the fan-shaped domain (6.22), and (6.13)-
(6.14) hold. This also shows that z = z(t) and = = ,(t) always lie to the interior of D_
and b.,. respectively, provided that € > 0 is suitably small, then the previous procedure of
constructing the global classical discontinuous solution is reasonable. The proof of theorem
6.1 is finished. [
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