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ASYMPTOTICS FOR A PARABOLIC DOUBLE OBSTACLE PROBLEM

XINFU CHEN! aAxpD CHARLES M. ELLIOTT *?

Abstract. We consider a parabolic double obstacle problem which is a version of the
Allen-Cahn equation u; = Au—e~29/(u) in Q x (0,00), where § is a bounded domain, € is
a small constant, and % is a double well potential; here we take 9 such that (u) = (1 —u?)
when |u| < 1 and %(u) = co when |u| > 1. We study the asymptotic behavior, as ¢ — 0,
of the solution of the double obstacle problem. Under some natural restrictions on the
initial data, we show that after a short time (of order £2|ln¢|), the solution takes value 1
in a region Qf and value —1 in Q;, where the region Q \ (2 U Q7 ) is a thin strip and
is contained in a O(e|lne|) neighborhood of a hypersurface I';y which moves with normal
velocity equal to its mean curvature. We also study the asymptotic behavior, as t — oo,
of the solution in the one—dimensional case. In particular, we prove that the w-limit set
consists of a singleton.

1 Introduction.

The Allen-Cahn equation
us = 2akAu — ap'(u) in R*® x (0, 00) (1.1)

was introduced by Allen-Cahn [1979] in order to describe the motion of an ‘anti-
phase’ boundary separating two phases of a polycrystalline material. Each phase
is characterized by the value taken by the order parameter u at the minima of the
double equal well potential ¢ : R — R. With the scaling

1 e?
a=—= k=— e—0, (1.2)

it was proposed that the interface evolves according to the mean curvature flow
V=-‘K™ (1.3)

where V is the velocity of the interface and K™ is the sum of its principle curva-
tures. Formal asympototics showing this were carried out by Rubinstein-Sternberg-
Keller [1989]. Rigorous results have been obtained by Fife-Hsiao [1988], Carr-Pego
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[1989, 1990], Fusco-Hale [1989], and Fusco [1990] in the one dimensional case and
by Bronsard-Kohn [1991], DeMottoni-Schatzman [1989], Chen [1990], and Evans-
Soner-Souganides [1990] in the higher dimensional case.

The purpose of this paper is to study the version of (1.1) obtained by replacing
the smooth double well potential ¥ by

p(u) = { i(io_ w) :ZI f ij (1.4)

With the scaling (1.2) it follows that we study the parabolic double obstacle
problem: find u(z,t), (z,t) € Q x (0,T), such that for a.e. (z,1),

lul <1, (1.5)

(us — Au — u) Signu < 0,
(ue — Au— Fu)(ju| —1) = 0.

In particular we impose the boundary condition

Ou 0, (e)€ 89 % (0,T) (1.6)
on
where ) is a bounded domain in R¥ with a sufficient smooth boundary Q. (Either
Q) is convex and 99 is Lipschitz or 6§ is smooth.)

We note that (1.5) and (1.6) is a gradient flow for the energy functional

E(v) ::/ﬂ{\vvmé(l-vz)}dm, (1.7)
veK:={neH(Q): [o(z)| <lae z e} (1.8)

The existence theory for (1.5) and (1.6) together with asymptotic long time be-
havior and a comparison lemma is given in §2. Using the method of Chen [1990], the
connection with smooth mean curvature flow is rigorously established in §3. Finally
in §4 detailed and precise results concerning the asymptotic long time behavior in
one space dimension are proved.

For other connections between double obstacle problems and curvature dependent
phase boundary motion we refer to Blowey and Elliott [1991a,b,c].

2 The Double Obstacle Problem.

In this section we briefly expose the existence and regularity theory for the parabolic
variational inequality version of the Allen—Cahn equation.

2.1. EXISTENCE.



Let K be as in (1.8) and
G:={neL=Q): In(z) <1ae z€q}.

Given g € G and T > 0 we say that u € C[0,T; L?(Q)] is a solution to the double
obstacle problem provided

u € L*0,T; HY(Q)), ug € L2(0,T; (HY(Q))'),
u(-,t) € K ae. t € (0,T), u(+,0) = g(-),

/oT {<“"” —u)+(Vu, V(7 —u)) - %(u,n - U)} dt >0
Vg € L¥0,T; HY(Q)), n(t)ek Vt.

We have the following theorem concerning existence and uniqueness.

THEOREM 2.1. (1) For each g € G there exists a unique solution to (2.1) and
the mapping g — u(t) is continuous in L*(Q) for eacht > 0.
(2) For each T > 0 and 7 > 0, the following regularity holds:

Viu, € L¥(0,T; L3()),
we Clr,T; HY(Q)] N L3 (7, T; HA(Q)) N CHF0+)/2(Q « (7, T)).

(3) There exist p(= p(e)) and t* (= t*(¢)) such that for each g € G

lu(t)| mra) < p Vi >t
lluell 22y + lu(t) || a20) < p Vit >t~

(4) For any 0 < 7 < t,
Bu(®) +2 [ [l ds = Blu(r).

(5) u solves the parabolic problem

{ uy — Au = € 56(u) in Q x(0,00),
Ou/dn =0 on 08 x (0,00), (2.2)
u(z,0) = g(z) on {2 x {0},

where 5(u) is a maximal graph given by

0 if u<-—1,
[—1,0] i =1,
Bu)=1 u if we(-1,1), (2.3)
[0,1] Fu=1,
—00 if u>1.



Proof. Existence and regularity are proven using the standard regularization
technique for parabolic variational inequalities. For each § > 0, let B¢ € C*®(R)

satisfy
Bé(r)y=r Vir| <1-6,
( =
6 <1 \V'l'r’l <1.
It follows that

rBi(r)<r? V|| <1, (2.5)
%inrolﬁ's(r) =r V<Ll

For convenience we define

Bs(u) = /O " Bo(r) dr
so that
0< Bs(u)<wu?/2  V]u| <L (2.6)

Standard theory for quasi-linear parabolic equations yields the existence of a
unique solution to

ufy — Aub = S65(uf), z€Q,t>0,
oul/dn =0, zeNt>0 (2.7)
ué(z,0) = g(z), z€Q

which satisfies, by maximum principle because of (2.4b) and (2.5),
Wé(z,t)| <1 V(z,t) € Q x(0,00). (2.8)

Multiplying (2.7a) by u$ and integrating yield

ld, 52 sz _ L s 5y 6y o IS
il - - < B4
S+ 19 = L) o < I
so that , 1 ; :
orasin(ied
L Iva)pds <1015+ 5). (2.9)
Multiplying (2.7a) by u®; and integrating yield
ld 52 sz _ 1 d 5
577l Ve 4 I = 5= [ Bo(u) da
so that for each t > 7 > 0,
t
2 [t (o)l ds + BE(u (1)) = B(u’(r) (2.10)
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where

1 2
5(n) = == de. 2.11
B(n) = [ {IVal + 5 — S Bsln)} da (2.11)
It follows from (2.10), (2.6) that
t 9]
2 [ b s)lf ds + VSO < V) + 5 (212)

Similarly multiplying (2.7a) by tu®; and integrating yield
E o6 2 1 801112 L[ i 6012
[ slu(s)izds + stIvaslF = 5 [ 19uf(s)]? ds
0 2 2 Jo
1 5 1 /t/ 5
~ =~ [[B
+€2t/035(u ) - [ [ Bstw?)
LTI
- 2\2 g2 2e?’
by (2.6) and (2.9). It follows that

1 2
J 2 <« — —
IVl < j0l( + ).
Therefore there exists t* such that for t > ¢*/2,

3|9
l|u5(t)||H1(n) < = (2.13)
Differentiating (2.7a) with respect to t, multiplying by (¢ — ¢*/2)u’;, and using
(2.4c) yield

2 (@-rriee) < (1+ N jwse ves g

and integrating in time and using (2.12), (2.13) we obtain for ¢ > */2,

(¢ - v/l < (14 ZEE) (AL 1)

g2 2\ g2 €2

Since (2.8) holds we have from (2.7a), (2.5) that
[ ()l zraqay < C(l[u’ll +1/€?).
For different initial data g; and g, it is an easy calculation to show
[u?1(2) = u*2(t)l| < e**lgr ~ g2 (2.14)

for the two solutions {u®;}2_, and C. a positive constant independent of § and {g;}.

S



The statement of the theorem is a standard consequence of a compactness argu-

ment with
u(t) = (lsin'cl) ué(t),

B(u) 3 B = W*—%i_l"rét)ﬂ5(u6).

2.2. ASYMPTOTIC BEHAVIOR AS t — o0.

Let {S(t)}:>0 be the family of solution operators defined by S(t)g := u(t) where
u(-) solves (2.1) with g as initial data. It follows from Theorem 2.1 that {S(t)}:>0
forms a continuous semigroup on G C L%(f2). We denote by £ the set of equilibria
defined by

E= {vEIC]az(Vv,Vn—Vv)Z (v,n —v), VnEIC}. (2.15)

For each g € G we define the w—limit set w(g) by
w(g) = {v € G|3{tn} — oo such that ||S(tn)g —v|]| —0 as n — oo}. (2.16)

THEOREM 2.2. The semigroup {S(t)}+>0 possesses a global attractor A which is
bounded in K. Furthermore for any g € G it holds that w(g) C £ and there exists a
constant e such that e = £(v), Vv € w(g).

Proof. We follow the exposition given in Temam (1988). It follows from Theorem
2.1 that {S(t)}¢>¢ 1s uniformly compact and that there exists a p such that B = {n €
K [ln)lmq) < p} is an absorbing set. Hence the existence of a global attractor is an
immediate consequence of Temam [1988; Theorem 1.1, p23].

Since E(+) > 0, it follows from the results (2), (3), and (4) of Theorem 2.1 that
E(S(t)g) is a bounded decreasing continuous function on (¢*, 00) and so has a unique
limit e = limy_,co B(S(2)g). Since Us>s-S(t)g is relatively compact, there exists a clus-
ter point v (€ K) = limg—,0 S(tx)g € w(g) and because E(-) is continuous on H*()
and S(t)g € C[r,T; HY(Q)] for all T > 0, it follows that E(v) = limj_, ., E(S(tx)g) =
e. Hence, E(v) = e for all v € w(g) and since w(g) is invariant, S(t)v € w(g) for all
t > 0. Therefore E(S(t)v) = e = E(v) for all £ > 0 and so result (4) implies that
LS(tv=00rve& O

2.3. COMPARISON LEMMA.
LEMMA 2.3. Let w € L?(0,T; H*(Q)) and w; € L%(0,T; (H*(Q))") satisfy
w(z,t) <1, (z,t) € 2 x (0,T),
w(z,0) < g(z), z€Q

and

/OT {(wt,m +(Vw, Vn) — %z(f,n)} <

0 (2.17)
Vne L*0,T; H'(Q)), n>0 ae Qx(0,T)
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where f(w —u)s < w(w — u)4 and u solves (2.1) with initial data g € G. Then

w<u a.e. §x(0,T).

Proof. Taking n = (w —u)+ in (2.17) and 7 = u + (w — u)4 in (2.1c) gives a pair
of inequalities which when added yield

/oT {%%H(w - u)+||é + | V(w - u)+|‘2} dt < /OT 213”(“’ —u)+%dt.

The assertion follows from Gronwall’s inequality. O
In the sequel, we shall also use the following comparison lemma.

LEMMA 2.4. Let u be the solution of (2.1) and ' be an open subset of Q with
Lipschitz boundary. Assume that a function v € W2(Q' x (7,T)) satisfies

vy — Av < $6(v) in Q' x(r,T),
v(z,t) <1 on O x [r,T],
v(z,t) < u(z,t) on 09 x [r,t]UQ’ x {0}.

Then
v(z,t) <wu(z,t)  V(z,t) € Q' x(7,1).

Here f < B(v) means that f <vifv e (-1,1), f<lifv=1and f<O0ifv=-1.

Since u solves the parabolic problem (2.2), the proof follows from standard routine
techniques, namely, subtracting the parabolic equations from each other, multiplying
the resulting equation by (v — u)4, integrating and using Gronwall’s inequality.

The comparison lemmas for supersolutions can be stated in a corresponding way
and are omitted.

3 Asymptotic behavior of ¢ — 0.

In this section we consider the asymptotic behavior of the solution, denoted by u?,
to the double obstacle problem (2.1). It is convenient to begin by describing the
evolution of an interface according to its mean curvature.

3.1. MOTION BY MEAN CURVATURE.

The family {T'(¢)}+cjo,7) of sufficiently smooth hypersurfaces in R is said to form
a motion by mean curvature flow starting from Ty if the following holds:

(1) T'(¢) is the boundary of an open set A(t) € RN for t € [0,T};

(it) I'(0) = T'o;



(iii) The speed V of the hypersurface I'(¢) in the outward normal direction to A(t)
is —K™, the sum of the principle curvatures (mean curvature) of I'(¢) where K™ is
positive if A(t) is convex.

It is convenient to describe such a flow by introducing the signed distance function
d(z,t) : RN x[0,T] — R* from z to I'(t) so that d(z,t) is negativein A(t) and positive
in RY \ A(T). It follows that

I(t) = {z € RN |d(z,t) =0}, = |Vd(z,t)]=1 ae. z€RY,
di(z,t) = =V (z,1), Ad(z,t) = K™(z,t) Yz €T(t).

The following facts are known.

(1) If Ty € C™*® (m > 2) is the boundary of a bounded open set then there
exists a unique solution of the motion by mean curvature flow starting from Iy in
a time interval (0,7] for some T > 0. Furthermore the signed distance function
d € Cm+e(m+2)/2 i a neighborhood of Useom(T'(2) x {t}).

(2) If N = 2 or Iy is convex then the solution can be extended up to T' = T*
where T* is the time at which I'(-) shrinks to a single point.

For more details, we refer to Hamilton [1982], Gage-Hamilton [1986], Grayson
[1987], Huisken [1984], Chen—Giga-Goto [1991], and Evans—Spruck [1991].

3.2. APPROXIMATION OF MEAN CURVATURE FLOW BY THE DOUBLE OBSTACLE
PROBLEM.

Let {T'(¢)}tejo,r) be a mean curvature flow such that for each ¢t € [0,T], I'(t) lies
in the interior of a bounded open set Q and dist(I'(¢),09) > § > 0 for some fixed 6.
We shall assume that the associated signed distance function d satisfies

sup sup |V(d; — Ad)| < Do. (3.1)

t€[0,T] |d|<co
THEOREM 3.1. Let y(e) satisfy
1irrc1)'y(e) =0

and assume that there exists eo such that for e € (0, &),
%5 <~v(e) and ga + 29(g)e*PeT < ¢, (3.2)

Let u*(z,t) be the unique solution of (2.1) with initial data g¢ € G N C(Q) satisfying

{z :d(z,0)>7()} C {z:9%) =1}, (3.3)
{z : d(z,0) < —y(e)} C {z: g°(z) = -1}. (3.4)
Then for all t € [0,T), it holds that
{z : d(z,t) > v(e)(1 +2e*P)} € {z: u(z,t) =1}, (3.5)
{z : d(z,t) < —y(e)(1 +2e?P°)} C {z : uw(z,t) = —1}. (3.6)
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Proof. The fact that {I'(¢)} is a mean

curvature flow implies

di—Ad=0 on I(t),t€(0,T]

and the assumption (3.1) yields

|d; — Ad| < Dold]

whenever |d| < co.
Set

2°(z,t) := d(z,t) — 2(e)e?Pet

and

Q) ={z€Q:
It follows from (3.2) that

|2%(z,t)| < em/2}.

ld(z,t)] <co  VzeQ(t),te(0,T).

Hence on Q4(t),

zi — Az°

dy

IAIA I

by (3.2).

— Ad — 4Dgv(e)e?Pot
Do(|d] — 4y(e)e*™")
Do(em/2 —2v(e)) <0

We now introduce U € CV}(R) given by

Set

v¥(z,t) =
Observe that vé(z,0) > —1 if and only if d(
implies that d(z,0) > v(¢) and so by (3.3)

s>m/2,

€ (—7/2,7/2),

s < —m/2.

U(z(=,1)/e).

) = 1. Hence it holds that

-1 < v¥(z,0) < ¢°(z) = u®(z,0).

Let
ety ={ oY

a:,O() 2v(e) > —en /2. Thus v¥(z,0) > —



For any ¢ € C*(Q x (0,T)) and ¢ > 0 we have

T 1
/ / {vfsﬁ + VvV — —2f<p} dzdt
0 Ja € 1
T 1
= / / {vfcp + VvV — —Zf(,o} dzdt — / — fodzdt
0 JQe(t) € {ve=

—1}ufve=1} €2
T 1
< / / {vt‘ — Av® — —v‘}cp dzdt,
0 JOe(t) g2

where we have used the fact that on 9Q°(t), |2°| = e7/2 and Vv® = 2V2¢U'(2%/¢) = 0.
Calculation yields
1 Az¢ |V 2¢|? 1

zC
vf — Avt — =t =U'L - U’ ~U"—; U
g2 € € € €

and since on Q¢(t), U" = —U, U’ > 0 and |Vz¢| = 1, we find

v — Av® — 2o = %U’(zf CAZ)<0 Yo e ().

52
Therefore r .
/ / {vfgo 4 VoV — —2f<,0} dzdt < 0.
0 JQ 3

By (3.7), f(v® — u®)y < v°(v® — uf)4. It then follows by the comparison Lemma 2.3
that

u(z,t) > v(z,t)  V(z,t) € Qx[0,T)].

Since d(z,t) > y(e)+2v(e)e?Pot implies that z¢(z,t) > er/2 which again implies that
v¥(z,t) = 1, it follows that (3.5) holds. The proof of (3.6) is identical. O

REMARK 3.2. It follows from Theorem 3.1 that the set
I(t) = {z € Q:u*(z,t) = 0}
satisfies the estimate
dist (I'(¢), I'°(¢)) < ey(e)  Vte[0,T)

for some ¢ independent of ¢ and ¢. It follows that choosing

v(e) < %s + ce

the estimate
dist (T'(¢), T°(t)) < ee
holds.
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3.3. GENERATION AND PROPAGATION OF AN INTERFACE.

In this subsection, we shall show that, for more general initial data than considered
in §3.2, after a short time an interface will be formed near the set 'y = {z e :
g(z) = 0} and will propagates according to motion by mean curvature.

LEMMA 3.3. Let g € GNW1>(Q). Then there exist positive constants {c1, €1, 71 }
such that if ¢ € (0,¢1) then

w(z,t)>1—-¢ Yz eQf, te[ne’llnel, (rn+1)’|lnel], (3.8)
u(z,t) < —1+e¢ Vo € Q7, t € [me?|Inel, (11 + 1)e?|Ine]] (3.9)

where

QOF :={z€Q: g(z) > cie|Inel},
Q7 ={z€Q:g(z) < —cie|lnel}.

Proof. Let ¢ € C°(R) satisfy

$(0) = ¢(1) = ¢(-2) =0, ¢'(0)>0, ¢'(1) <0, ¢'(-2) <0,
#(s)<sVse[-1,1]; é(s)>0Vse(0,1); ¢(s)<0Vse(-2,0).

Set v*(z,t) to be the unique solution of

— Ave = Sé(ve), in Qx(0,7),
( ) = g°(z) on &,
av‘/an =0 on 02 x (0,7).

where ¢g¢ € G and

=3/4 if g(z)>17/8,
<g(e) i glo) € (1/2,7/8).

It follows that, by Theorems 1 and 2 of Chen [1991], there exist positive constants
{c1,€1, 71} such that if £ € (0,¢,) then

{ = 9(z) if g(z) <1/2,
gE

v¥(z,t) > 1—¢, Vit € (me’|lnel, (n+1)e?|lnel), 2 € {y € Q : g° > cie|lne|} = QF.

Furthermore, since |[v¢| < 1 and ¢(v®) < B(v?), it follows by the comparison lemma
that

u¥(z,t) > v%(z,t)  V(z,t) € Q x[0,T].
Thus (3.8) is proved and a similar argument proves (3.9). O

LEMMA 3.4. Foranyc> 0 let

Qee :={(z,1) : |z| < ce, 0 <t < e},

11



0rQce = {(z,t) : |z| = ce, 0 <t < c*®}U{(z,0) : |z| < ce}.

Then there exists a positive constant ¢ such that if for some zo € Q and § > 0, the
conditions (2o, 6) + Qc. € Q x (0,T) and

w2+ z0,t+6)>1/2  V(z,t) € 07Qe,
are satisfied, then

u(zo, 6 + c*e?) = 1.

Proof. Let £(+) € C*(R) satisfy

£(s)=1/2 Vs <0 (s)=1 Vs>1;
0<¢(s) <2, [€"(s)] <2 VseRL
Define
v(e,t) = € (55 )¢ (=)
where

y(z) = (V2ce — y/|z|? + c2e2)/(ce(vV/2 — 1)).
We wish to compare vé(+,) with u®(zo +-,6 + ) in Q... Clearly,
(i) 1/4 <v*(z,t) <1 V(z,t) € Qc;
(i) v%(z,t) <1/2 <uf(zo+z,8 +1) V(z,t) € OrQe;
(i) v*(0,c%e?) = 1.
Computation yields

el (o ) P ki LSS iy SN 0)

g2 2e2” \c2e2 (V2 = 1)ce(|z]? + c2e2)3/2” \ c2e?
a? ()0 - Lo
(V- 1pee(ap +oe) \ae ) W o
1 N 1 1

< + + -
2e? (V2 -1)c2e? (V2 —1)2c2e2  4de? —
for all (z,t) € Q. if c is sufficiently large. It follows by the comparison principle that
v (z,t) Su(zo+z,6+t) V(z,t) € Qe

and in particular,
u®(zo, 6 + c%e?) > v°(0, c*v) = 1.
The assertion of the lemma thus follows. O
First applying Lemma 3.3 and then applying Lemma 3.4 with § = 7y£?|In¢| yield

u®(z,me?|lne| + c?e?) =1 Ve € {z€Qf : dist(z,007) > ce},
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u(z,mel|lne| + %) =—-1  Vze{zeQ] :dist(z,00;) > ce}.
Finally applying Theorem 2.1 with v(¢) = Ce|lne|, we conclude the following.
THEOREM 3.5. Assume that g € GNWP*°(Q) and

Vgl>c Vae{yeQ:|gy)<c} (3.10)

for some ¢ > 0. Let To = {y € Q : g(y) = 0} and assume that Ty C Q and T, € C3F=,
Then there exists positive constants C and € such that for any ¢ € (0,e0) and
te (Ce?|lnel, T,

u(z,t) =1 if d(z,t) > Ce|lnel,

uw(z,t) = =1 if d(z,t) < —Ce|lne|
where d(z,t) and T are as in §3.1.

REMARK 3.6. In Theorem 3.5, condition (3.10) is only used to ensure that
Q\ (QF UQ;) is contained in a O(e|ln|) neighborhood of 'y, whereas the regularity
assumption on I'y is to ensure the existence of a smooth solution to the motion by
mean curvature equation.

4 Asymptotic behavior as t — oo in one space dimension.

4.1. STATEMENT OF MAIN RESULT.

In this section we shall restrict our attention to one space dimension and set
0 =(0,1). We shall prove the following theorem.

THEOREM 4.1. Let g € G and let uy(t) = S(t)g be the unique solution of the
double obstacle problem (2.1). Then there exists f € C*[0,1] € £ such that

lim ug(z,t) = f(z)  Vz €[0,1].

t—o0

We have already established in §2 that w(g) € &, so in order to prove the the-
orem we need only show that w(g) consists of a single element. It is convenient to
characterize £ as follows (c.f. Blowey-Elliott [1991a]).

Any f € € satisfies: f € C*1[0,1] and

Efext+f =0 for z € Q;:={z€(0,1):|f(z)| < 1}. (41)
f!(z) =0 for z € 0QrUON. '
Let K be the largest integer strictly less than 1/(ew). It is obvious that if K +1 =
1/em, then
f(z) =acosz/e  Vae€[-1,1]

13



is a solution to (4.1) and furthermore for any € > 0,

are equilibria. It is convenient to set

So:={f:f(z)=1 or f(z)=-1}

EC_{{f:f(w)EO} if 1< (K+1)er,
| {f:f(z) =acosz/e, la| <1} if 1=(K+1er.

Any other solution f of (4.1) has at least one layer connecting f =1 to f = —1
in which |f(z)] < 1. By the definition of K, there can be at most K layers in a
solution other than f(z) = cosz/e € £ when 1 = (K + 1)em. Therefore for each
ke {1,2,...,K}, we let & be the set of k-layered solutions characterized by the
k + 1 parameters {a;si,...,sx} in the following way. f = fla;s1,...,sk] € & if and
only if

and

[ Jal=1, 0<sy, sp<1l—e¢m s8;<sj41—erVji=1---,k—1;

Ab=a, AR = AR =12k

ﬁ f(z) = Ak cos(z — sk)/e if sk <a<sk+em (4.2)
flz)=a if 0<z<s,, f(z) = Agr if sp+em <z <1,

flz) = A4 if sj+en<z<s;41, j=1,2,---,k—1.

This leads to the following conclusion.

LEMMA 4.2.
E=Uk & uUeEe.

4.2. STABILITY OF THE EQUILIBRIA.

In this subsection we study the stability of the equilibria in &, &,...,Ex and &£°
respectively. A direct calculation yields the following lemma.

LEMMA 4.3. (i) inf,emi(a)ng E(n) = 0;

() E(f)=El —e, Vfc&, 0<k<K;

(iii) E(f) = 217 = e VfeEE

(iv)0=e <e1 < - <eg < e =1/¢e.

(v) The sets {&, &, -+, €k, E} are isolated in L*(0,1) in the sense that there
exists p > 0 such that

dist (£, &) > p, dist(£;,6%) > p,  V4,5,i # ]

14



(vi) The set £° is connected and for each k = 1,---, K, & consists of two isolated
connected subsets

{f[].;sl,"',Sk]IOSS], sp <1 —em, SjS5j+1—67TVj=1,"',k—1}
and
{f[—13317"',5k]30§31, sp <1 —em, SjSSj.;.l—E’/r\V/j:l,"',k—l}-

(vii) The k-layered equilibria have the energy /¢ associated with each layer (inter-
face) connecting +1 to —1; there is no energy associated with the set {z : |f(z)| = 1}.

Since from §2 the Lyapunov functional E(-) is constant on w(g), the following

holds:
COROLLARY 4.4. w(g) is contained in one and only one of {€o, &1, -+, Ek, E°}.

DEFINITION 4.5. (1) f € € is called asymptotically stable if there exists § > 0
such that

lim ug(,t) = f, Vg€ Bs(f):={h€G:|f —hlr- <6}.

t—oo

(2) f € € is called stable if for every § > 0 there exists an 7 > 0 such that

Iim max [ug(z,t) — f(z)] <6 Vg € By(f).

t—oo z€[0,1)

(3) If f € £ is not stable then it is said to be unstable.

)
(4) An unstable f € £ is called M-unstable if there exists a sequence g, — f in
L>(0,1) such that

lim tlirg llug,(+,2) = fllze >0

n—oo {—

and a sequence f, — f in L*(0,1) such that

lim Tim [lus,(-,t) = f()ll 2 = 0.

n— o0 t—o00

LEMMA 4.6. If f € &, then f is asymptotically stable.
Proof. For every a € (0,1) U (—1,0), set

w(a, ) = aet/s’ if 0<t<e?lnl/a,
/7| signa if t>¢%lnl/a.

It follows that w(a,t) = S(¢)a and we can prove, by the comparison Lemma 2.2, that

w( inf g(z),t) < ug(z,t) < w( sup g(z),t)
z€[0,1] z€[0,1]

15



and therefore
if ¢ >0 then lim u,(-,t)=1,

t—o00

if ¢ <0 then tllrgloug(‘,t) = -1,

from which, the lemma follows. O

Remark 4.7. This Lemma is true for the multi-dimensional problem. The proof is

identical.

LEMMA 4.8. FEach element of £¢ is M—-unstable.

Proof. Set
o [ K+l i en(K+1)=1,
Tl K if en(K+1)>1,
K/
U={n:n(z)=>_ajcos(jmz)},
Jj=0
and -
S={n:n(z)= Z a;cos(jrz)}.
J=K'+1
Let f € £° and
g=f+heg

where h(#0) € U. A direct calculation yields

a2 Kl a?
Blo)= 5 - 2+ > (i - ) < 5 = B().

2 2
€ e 32

(If K'em =1 and f = cosz/e, then take ax < 0 and ag # 0 so that f + h € G.)
It follows that
Hm E(ug(-,1)) < E(g) < E(f).

Therefore U is an unstable manifold. |
On the other hand, let h € S be chosen so that

g=f+h€gG and |g(z)]<1 ae. .

It follows that

ug = f(z) + Z aje(l/‘z_ﬂ"z)t cos(jmz)
j=K'+1

solves

Ut — Uge = u/€2, z € (0,1),t > 0;
u(z,0) = g(z), =z € (0,1); uz(0,t) = u.(1,t) =0, t>0.

16



Since 1/e* — 7272 < 7?((K' + 1) — 5%) < 0, it follows that

fm (.0 = f
Suppose that f # +cosz/e then there exists § > 0 such that ||f|lec < 1 — 6.
Choose h € S such that

oo

S ol < 6/2.

© j=K'+1
It follows that
lluglloo < 1—6/2 Vt>0

which implies that w4g(+,t) = ug(+,t) and the assertion of the lemma follows.

When f = 4 cos /e, the sequence {£(1 — 1/n)cos z/e}, is a sequence of equi-
libria. which converges to f as n — oo. This completes the proof of the lemma.
O

In order to discuss the stability of {€x}£_,, it is convenient to introduce

8,::{f[a;sl,...,sk]eé'k:0<51, sp<l—em s;<sjy1—enVyj=1,---,k—1},

_ : oL _ ko _ ok :
Ei‘—{f[a,sl,...,sk]eok.sl—Oor sk =1—¢€m or si, =s+em forsome]},

so that
Ee =& UEL, 5,:(15}::@.

LEMMA 4.9. Foreachk € {l,...,K}, every element of £} is M-unstable.

Proof. ~ We first consider the case k = 2. Without loss of generality let f =
fll;s,s +em] € €. Then fn := f[l;s,s +em + 1/n] (or fn := f[l;5 —1/n,s + e7)
when s = 1 — 2em) is a sequence of equilibria which converges to f as n — oco. It
remains to show that f is unstable.

Let g # f satisfy
f<g<1

By comparison,

ug(-,t) > f() V¥t >o0.

so that
ug(z,t) =1 when |z —(s+em)| > em.

Let o € (7/2,7) and set

0 z— (z+em) < —ag,
h(z) := < sin [7r(o: —(s+em)+ as)/(2as)} |z — (s +em)| < ae,
0 z—(s+em)> ce.
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Clearly,

s+2em 1 ]_ _ s+42em " i B
/s {fh—;fh}dm_—/s (f +£2f>hdx_0.

Take § € (0,1) small so that
g=f+6heqg.

Direct calculation yields

1 2
Sh }dw

B(g) = B(N+28 [ {fH - Srhbdere [T {h7 -

= E(f)+6° /(””Hm h< . ih) dz
(stem)—ea g2

(s+em)tea }2 < 72

— 2 _ —
B E(f) +6 ‘/(‘s+57r)—¢¢1 €2 \4a? 1> dz < E(f)

Therefore if f € w(g), then E(f) < E(f). This establishes the instability of f. The

proof for k =1 and k& > 2 is identical. O

LEMMA 4.10. For each k € {1,...,K}, the set £} is stable .
Proof. Let f € & and g € B,(f). The Sobolev inequality yields

If = o(s)lleo € V2IF = uglIIf = uglly? < yf2mpe”? Vet (43)

where in the second inequality we have used (2.14) and Theorem 2.1(3).

For simplicity, we shall assume that & = 2. Since for f € &, the layers are
isolated and lie in the interior of (0,1), the argument we use for ¥ = 2 can be
readily extended to the general case. So without loss of generality, we assume that
f=Ffl-1;51,8] € & where 0 < 57 < 55 —em < 1 — 2¢em.

For any p satisfying 0 < u < ¢ min{em,s1,5, — s1 —em,1 — 55 — e}, let wh(y,1)
be the solution of

wf - wgy = 1/(252)) (y7t) € (—ﬂ‘nu“) X (0,00),
wh(—p,t) = wh(u,t) =0, t € (0, 00),
w“(y>0) = O) ye (—,LL,/J,)

One can easily verify that
wh(0,t) > w(y,7) VO0<7<t, y€(—p,p).
Set M(p) = w*(0,1). Taking smaller p if necessary, we can assume, without loss
of generality, that 0 < M(p) < 1/2. For every z¢ € (81 + €7+ i, 82 — p), consider the
function W* defined by

WH(z,t) =1— M(p) + w'(z — zo,t).
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Clearly,
1/2<Wt<1 Vte[0,1), z €I :=(zo— p,zo+ p).

It follows that

1 1
Wtﬂ—W;I—EW#S’wf—wgy—Z—gz:O, (m,t)EIX(O,l).

Taking 7 small such that \/2npe(t'+1)/2 < M(p), one obtains that for all (z,t) €
oI x (0,1) U I x {0},

WH(z,t) =1 — M(p) <1 —npe"+) < uy(a,t)
by (4.3). The comparison Lemma then implies that

WH(z,t) < ug(z,t* +1) V(z,t) € I x[0,1].

Consequently,
ug(zo,t*+1) =1 Vao € (s1 +em+ p,80 — p).
Define ]
n(p) = mmin {M?(n), 45in® %}

We claim that if n € (0,7(p)) then the inequality
ug(z,t* +1) > f[—1;81 + 2u,8, — 2u)(z)  Vz €(0,1) (4.4)

holds. In fact, since (4.4) holds in the interval I; := [0,s; + 2u] U [s; — 2p + e, 1]
(where f[—1;s; + 24,82 — 2] = —1) and in the interval Iy := [s; + &7 + p, 52 — p]
(where ug(z,t* +1) = 1), we need only consider the case when z € [0,1]\ ([; U ;) =
(s14+2p,81 +em+p)U(sy — p, 82 +em —2u) = I3 U I,. When z € I3, we can use the
definition of f in (4.2) to calculate

fl=1;51,82)(z) — f[—1; 81 + 2u, 82 — 2u)(z)

) ) — s — 81 —2
me{ min (—cosy 1-Fcosy——-¥>,
y€[s1+2p,8 +em) € € 9
. -8 —
min (1 + cos yl—,u) }
y€[sl +em,sy +c7r+p.] £
= 2sin® £.

2e
It follows that
ug(z,t* + 1) — f[—1; 81 + 21, 85 — 2p)(z)
> fl=1; 81, 82)(z) — fl=1; 81 + 20,80 — 2u)(x) — |Jug(-,t* + 1) — fl=1; 1, 82| Lo

> 2sin® £ — /2npeC(H1/2 >
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by (4.3) the the definition of n(x). The case when z € I, can be treated similarly.
This establishes (4.4).

It follows from (4.4) that, for all (z,t) € (0,1) x [t* + 1, o0),

ug(,t) > S(t—t* — 1)f[—1;81 + 21,82 — 2p) = f[—1;52 4+ 2p, 8, — 2.

Similarly, we can show that

ug(z,t) < fl=1; 81 — 24, 82 + 2p)(z) V(z,t) € (0,1) x [t*+1,00)

provided that n € (0,n(x)). Therefore,

T s = £ < |£1=15810 = 2,50 + 20l = fl=1;51 4 201,50 — 2.

t—o0

Clearly, as 7 — 0, we can let p — 0 so that the right hand side goes to zero. Hence,

lim lim sup |ug(+,%) — flleo = 0.
n—0t—o0 QEBn(f)

The assertion of the lemma follows. O

Remark 4.11. From (4.3), we see that the L stability is equivalent to L? stability.

4.3. COMPLETION OF THE PROOF OF THEOREM 4.1.

It is sufficient to show that w consists of a singleton. Suppose that f; and f,
belong to w(g). By Corollary 4.4, both f; and f, belong to the same set being one of
{&, &, Ex, E°Y.

In the case f; € (Uf{:1 Ei) U &, it follows, by lemma 4.1 and 4.10, that f; = f,.

Now we consider the case f; € &, k € {1,---, K}. Write f1 = fla;s1,- -+, sk and

f2 = fla;3,-- -, 3k). We want to show that a = @, s; = 51, -, and s = 3.
Since w(g) is connected, f; and f» belong to the same connected component of
&, so that a = a. Without loss of generality we assume that a = a = —1.

We proceed to show that s; = §;. Assume that this is not true, say, 57 > s; > 0.

Set g = (5, — s1)/5. We can use the same argument as in the proof of Lemma 4.10
to deduce that

ug(-t) < fl=1;81 —2p]  Vi>t,+t7+1
where t,, is the time such that ||ug(:,tn) — f2llee < n(p). It follows that
fF<fl-1,5-2u]  Vfewy),

contradicting to the fact that f; € w(g). Therefore s; = 3;. Successively repeating
the same argument for = = 2,---, k, it follows that s; = 3; for all 7 = 1,---,k, and

therefore f; = fs.
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It remains to consider the case fi1,f, € £°. We need only to consider the case
when 1 = (K + 1)em since otherwise £° consists of a single element f = 0. The
following lemma completes the proof of the theorem.

LEMMA 4.12. Suppose that 1/em is an integer and w(g) € £°. Then there exists
a constant a € [—1,1] such that

Jim ug(, t)—acos§ z € [-1,1].

Proof.  Since w(g) is connected, we need only consider the case when there
exists @ € (—1,1) such that acosz/e € w(g) because otherwise w(g) = {cosz/e} or
w(g) = {—cosz/e} and therefore the lemma holds automatically.

Noting that ug(,t) is in H?((0,1)), we can write uy as the uniformly convergent
Fourier series

l oo
ug(z,t) = = + > ax(t) cos(kmz)
2 k=1
where
ak / (z,t) cos(krz)dz, k=0,1,2,-

and, by using Theorem 1 (5),

d 19
Eak(t) = 2/0 aug(m,t) cos(kmz) dz
o 1 . 1
= 2] <um + -E—2u> cos(kmz)dz + = J, (B(u) — u)cos(kmrz) dz
1 1
- <5—2 k2 2) ax(t) + Zer(t) (4.5)
where

ex(t) = Al(ﬁ(u) — u)cos(kmrz)dz.

The function ey satisfies

lex(t)| < m(t) := sup measure {z : |ug(z,7)| = 1}.

>t
We claim that
llTom( ) =0. (4.6)
In fact, otherwise measure {z : |ug(z,7,)| = 1} > & for some positive § and for a

sequence T, converging to oo. It then follows that there exists an f € w(g) such

that |f(a)| = 1 for some o ¢ {0,em,2em, -, Ken,1}. Hence f ¢ £°, which is a
contradiction. Therefore (4.6) must hold.
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Solving the ordinary differential equation (4.5) yields

1 ¢ 2
ar(t) = a(to)e/&? -+ m)t-to) o - e/ =R )t-T)e, (1) dr YVt >t > 0.
€2 Jig

It follows that for £ > K + 2,

1
(1/e2—k272)(t—1to)
lax(?)] < ax(to)e + (her =1 1m(t0)
2 2 t )
< 9emU(K+1)2-k)(t-to) m(to
= TRE T -k
< Cle™ +mlto)/k?) V> 2, (4.7)

where in the second inequality we have used the fact that |ax| < 2 which follows from
the definition of ay.
Direct calculation yields

E(ug(-,2)) = 1 _alt) gjl ai(t) (k2 2_ —1—) + i () (k27r2 _ i)

g2 4e2 2

Since E(ug(-,%)) \, €€ = 1/¢? and

0< Y a,";(zt)<k27r2 - é) < O[ c

k=K+2

it follows that

le.,

tlim ar(t) =0 Vk=0,1,---,K. (4.8)

Write ug4 as

where

u®(z,t) = ag41(t) cos((K + 1)mz) = ax41(t) cos E,
€

oo

u(z,t) = > ax(t)cos(kma).
k=K+2
It follows from (4.8) that
tlim [u™(,t)]leo = 0 (4.9)

22



and from (4.7) that

e—t

1—et

(20w € S Jan(28)] < C

k=K+2

+m(t)] — 0 as t— oco. (4.10)

Let N be large enough such that

Jg(a,220) — acos(a/e)llo < (1 lal),

1
b0 < SO la) VEZ
It follows that |ug(z,tn)| < 1—Z(1—]al). Let d be the largest constant such that

1
lug( Moo <1 =2l —lal) V2 € [tw,tw +d).

Clearly,d > 0 and ex(t) = 0 for all ¢t € [tn,tn+d). It follows that ax41(t) = ax+1(tn)
for all t € [tn,tny + d]. Therefore, for allt € [ty,tn + d],

ug(z,t) =ut(z,t)+ ax+1(tn)cos(z/e) + u(z,t).
= ug(z,tn) + (v (z,tn + d) —ut(z,tn)) + (v (z,txy + d) — u=(z,tn)).
This implies that d = co since otherwise
1-31 —lal) = llug(-,ty + d)lle
< s tv)lloo + (5 tn)lloo + [[u* (5t + d) oo

Hlu=Cotwlloo + w5 tw + oo
<1-g(1—la)+4-5(1—lal)=1-3(1—la]),

a contradiction. Therefore,
ug(z,t) = u(z,t) + ag1(tn) cos E +u(z,t) Vi€ (tn,00).
Consequently, by (4.9) and (4.10),

lim ug(z,t) = aK+1(tN)cos§- Vz € [0,1].

t—oo

The assertion of the lemma follows. This also completes the proof of Theorem 4.1. O

Remark 4.12. The fact that |jug|| < 1 in [ty, 00) implies ax(t) = ax(ty)el/e*—**
for all t > ty, so that ag(t) =0 for all k =0,1,---, K and t > ty; that is, ut = 0 for
t>tn.
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