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Chapter 1

Introduction

The speed of underwater vehicles is significantly limited due to the skin friction drag
associated with traveling in water. A vehicle can be designed such that the nose of
the vehicle creates a significant pressure drop and induces cavitation. Such a vehicle’s
nose feature is called the cavitator. At high enough speeds and with intelligent appli-
cation of ventilation physics, the cavitator can induce a single elongated cavitation
bubble, referred to as supercavitation, which can engulf the majority of the vehicle.
The immediate benefit of supercavitation is the reduced contact area between the
vehicle and the surrounding fluid. The reduced drag allows for very high speeds un-
derwater, often exceeding 150 knots [1]. The cavitation number, ¢ is used to define
the likelihood of cavitation to occur in a flow [2]. Supercavitation occurs at very low
cavitation numbers, o < 0.1. Onset of supercavitation changes the vehicle dynamics
and introduces an interesting dynamics and control problem. During supercavitation,
interaction between the vehicle and the cavity wall is referred to as planing. Planing
typically occurs at the tail of the vehicle and complicates the dynamics of the vehicle
as it travels.

This thesis presents a study of the dynamics and control challenges associated
with a supercavitating vehicle. What separates this work from previous studies is

the focus on control implications when modeling and analyzing the vehicle dynamics.
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The linear dynamics of the vehicle in non-planing and planing conditions are ana-

lyzed. Comparisons of the effects of different cavitator shapes and fin geometries are

conducted with special consideration to the control design implications. This basic

intuitive understanding connecting the dynamics observed through simulation to the

parameters of the physical vehicle can greatly simplify the design and execution of

future vehicle control experiments.

The organization of this thesis is as follows:

Chapter 1 introduces the supercavitating vehicle, and the benefits and chal-

lenges associated with supercavitation.

Chapter 2 models the longitudinal dynamics of a supercavitating vehicle, in-

cluding discussions of the various force and moment contributing components.

Chapter 3 is organized into two sections. In the first section, the observed dy-
namics of the non-planing vehicle is analyzed. In the second section, the planing
vehicle is analyzed and the dynamics linked back to the physical characteristics

of the vehicle.

Chapter 4 presents a trade-off study comparing planing to fins for supporting
the aft end of the vehicle as well as discussions of fin geometry. A comparison
is also conducted comparing different cavitator shapes and their affect on the

vehicle dynamics.

Chapter 5 presents a final discussion of the analyses presented in the thesis as

well as recommendations for future research.
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1.1 Purpose of each Model

A series of nonlinear and linear models will be presented and utilized for different
purposes in this thesis. The following is a short description of the various models and

their purpose.

1.1.1 Nonlinear Two State Model

Chapter 2 presents a derivation of a nonlinear two state (a,q) longitudinal model
for a supercavitating vehicle. Expressions for each of the model’s terms are derived,
thus providing a closed form nonlinear expression for the model. The closed form
expression is important because subsequent simplified and linear models are obtained
symbolically, in terms of the various vehicle and environmental parameters. Among
the goals of this thesis is to connect the observed dynamics to the physical charac-
teristics of the vehicle. The closed form two state nonlinear model is mathematically
complex, thus masking any insight connecting the model dynamics to the parameters
of the physical vehicle. This is overcome by simplifying the nonlinear expressions
through applying small angle approximations and other assumptions when appro-
priate. Subsequent to deriving the nonlinear force and moment expressions for the
vehicle hydrodynamic components, the simplified nonlinear force and moment expres-
sions are also presented. Modeling the vehicle environment also requires simplified
closed form expressions which will later be embedded within the symbolic linear mod-
els. The primary example of this is the expression for the vehicle planing immersion
depth #Ody. A polynomial approximation for the immersion depth as a function of
the vehicle states is presented in Section 2.4.4. This allows for the symbolic linear
planing model to include the dynamics of the changing immersion depth. Using a
more accurate and complicated planing depth algorithm would not lend itself for

symbolic linearization.
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The two state nonlinear model with simplified force and moment expressions is

used for the symbolic linearization.

1.1.2 Linear Two State Model

The nonlinear two state model with simplified force, moment, and planing immersion
expressions is used for symbolic linearization. The non-planing and planing linear
models of the vehicle are presented symbolically in Section 2.8 and Section 2.9, re-
spectively. The symbolic linear models are later computed at specific vehicle trim
conditions, resulting in numerical non-planing and planing linear models. The sym-
bolic linear models provide the opportunity to find the source of a specific observed
dynamic behavior of a linear model at a specific trim condition.

The nonlinear and linear two state model are the models derived and analyzed in
the main body of this thesis. A more complicated six degree of freedom model was

also used for validation purposes, and is presented in the appendix for reference only.

1.1.3 Nonlinear Six State Model

The appendix includes a derivation of a six degree of freedom nonlinear model. This
model is derived in a modular fashion for implementation in Simulink software, and
contains more accurate environmental models. For example, the cavity time delay is
accounted for and more complex algorithms are used to detect planing. This nonlinear
model was used to check the two state nonlinear and the resulting linear models. The
complexity of the model makes it difficult to connect the observed dynamics to the
vehicle physical characteristics, nevertheless this model was instrumental in verifying

the derived nonlinear and linear models.
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1.2 Notation and Units

Many variables, subscripts, and occasionally superscripts are used to express the
various vehicle states, geometries, and reference frames. A genuine effort is made to
preserve common variable notations as well as coherent choices for variable names.
Section 1.2 defines the majority of variables used throughout this thesis and can
be referenced to clarify notation. Subscripts and superscripts are used to further
specify the meaning of a variable. In general, superscripts specify the coordinate
frame in which the variable is expressed. For example, F’°% is the force vector of
the cavitator expressed in the vehicle body frame. Subscripts specify the specific
source of the variable. For example, subscripts of ¢ and p specify the cavitator and
planing as sources of the specific variable. Furthermore, subscripts on subscripts, for
example the x in Force,,, further specify a specific component of the force vector.
Any additional variables are defined upon being used for the first time within the

thesis.
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A
Cp,Cr
cg

cp

D, L
Diody

de

dm
DCM;
g

h

Lowy Ly, L,
L
Lcavity

le

lp

P g,

q

T, T,
U, v, W
v

XY, Z
Lo Ybs b
TeyYes Ze
Lpy Yps <p
¥,0,¢
Oc

o

Wy Wy, Wy

List of Symbols
Area defined for nondimensionalizing coefficients
Drag and Lift coefficient
Center of gravity
Center of pressure
Drag and Lift
Vehicle diameter
Disk cavitator diameter
Cavity maximum diameter
Transformation matrix from j — frame to i — frame
Gravitational acceleration
Immersion depth of vehicle tail when planing
Moments of inertia
Vehicle length
Cavity length
Distance from vehicle cg to cavitator cp
Distance from vehicle cg to planing cp
Vehicle angular rates
Dynamic pressure 1/2pV?
Thrust vector z, and z, components
Vehicle velocity components expressed in body frame
Vehicle Speed
Inertial coordinates
Body reference frame coordinates
Cavitator reference frame coordinates
Planing reference frame coordinates
Yaw, pitch, roll, Vehicle Euler angles
Cavitator deflection angle
Cavitation number

Vehicle angular rates

(rad/s)

sTzziic

(rad)
(rad)

(rad/s)



Chapter 2

Longitudinal Modeling

The equations of motion of a supercavitating vehicle can be derived from Newton’s

second law of motion, which can be expressed in vector form as

_ d

F= m(Eﬁcg + W X Tgg) (2.1)
and

_ d _

MG = EHG +w X HG (2.2)

where H is angular momentum and both equations are written about the vehicle
body frame, or b-frame. An overview of the coordinate system used is shown in

Figure 2.1. There are several assumptions which simplify the derivation:

1. The b-frame is selected as the principal axes of the vehicle. Thus the off diagonal

inertia terms (I, I, I,,) are assumed to be zero.

2. The vehicle is a rigid body and thus any hydroelasticity effects are neglected.
Note that in higher fidelity modeling of supercavitating vehicles, the hydroelas-
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tic effects may be important because of the long and slender vehicle structure.

3. The mass of the vehicle remains constant. The vehicle’s changing mass through-
out its operational cycle can have a considerable effect on the dynamics. The
goal of the current modeling effort is understanding short term dynamics un-
der supercavitating conditions, and thus the constant mass assumption can be

safely applied.

4. The earth is taken as an inertial reference.

The vector form of Newton’s equations can be expanded into individual linear and
rotational components. The resulting complete equations of motion for a supercavi-

tating vehicle are given as

Z Fy =m0, 4+ v,wy — vyw,)
Z Fy, = m(v, + v,w, — v,wy) (2.3)

Z F, = m(0, + vyw, — vywy)

Z My = Lpoty — (Iyy — Lz )wyw:
Z My = ]yyay - (Izz - ]a:ac)wzwz (24)
Z M. = Lea. = (e = Ly )wswy

The six degree of freedom Equations (2.3) and (2.4) are paired down to a tractable
longitudinal model with only two states: angle of attack («) and pitch rate (g). This
approach allows for better physical insight into the vehicle dynamics. Restricting the

vehicle to the longitudinal plane, the following equations remain



CHAPTER 2. LONGITUDINAL MODELING 9

B A\

vZ

Figure 2.1: Inertial frame is denoted by capital letters (X, Y, Z) and the body-fixed
coordinate system (b-frame) is denoted by lower case letters (xy, yp, 25). Other general
coordinate systems will also use lower case letters and be further identified by their
subscripts.
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Z Fy = m(0,; + v,wy)
> Fo=m(b, — vw,) (2.5)
Z M, = Iya,

The vehicle dynamics depend on the forces and moments acting on the vehicle.
There exist forces and moments that depend on the condition of the vehicle with
respect to the cavity. The primary example of this dependence is planing. When the
vehicle is entirely within the cavity, no force and moment contribution is imparted
by planing. There is an important contribution to the vehicle dynamics from planing
when the tail of the vehicle is impinging on the wall of the cavity. The switching
between planing and non-planing conditions must be accounted for in the vehicle’s
final equations of motion. This is accomplished by initially writing the equations
of motion to include all possible force and moment terms for the chosen vehicle
configuration. Then the specific equations of motion for the non-planing and planing
conditions are obtained by only retaining the relevant force and moment terms for each
condition. Prior to deriving the force and moment equations, a vehicle configuration

is identified.

2.1 Vehicle Configuration

The physical configuration of a supercavitating vehicle depends greatly on the mis-
sion objectives. Requirements relating to launch, homing, drag reduction, and other
factors all play into the decision. An optimal configuration for the supercavitating
phase of the mission may turn out to be a detriment to the performance of the vehicle

during the fully wetted phase. The focus of this thesis is only the supercavitating
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pitch sign notation

@

th rustX

| 4 th rustZ

Figure 2.2: Diagram of longitudinal body and relevant notation - note positive vehicle
angle of attack « is defined opposite the positive vehicle pitch angle 6 direction

Vehicle Parameters

Name Description Value
L vehicle length 2.066 m

Dyoay  vehicle diameter 0.1016 m
l. distance from vehicle CG to cavitator 1.1223 m
ly distance from vehicle CG to tail of vehicle 0.9437 m
m mass of vehicle 22 kg
I,,  moment of inertia 5.1847 kg m?
d. disk cavitator diameter 0.0381 m
P density of water 1000 kg/m3
g gravitational acceleration 9.8 m/s?
o cavitation number 0.029

Table 2.1: List of the vehicle parameters [3]
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condition and a simple vehicle configuration is chosen for the analysis. The nominal
vehicle has a cylindrical body with a conical nose and a disk cavitator mounted on
the nose of the vehicle. There are no fins, but instead thrust vectoring is assumed
at the tail to support the aft end of the vehicle enabling the vehicle to maintain a
non-planing flight condition. The chosen vehicle configuration along with the sign
notation is depicted in Figure 2.2 and the physical properties of the vehicle are listed
in Table 2.1. The physical properties used in this thesis are taken from [3], primar-
ily for purposes of comparison. Studying the trade-offs between the various physical
parameters for a supercavitating vehicle is important but beyond the scope of this

thesis.

2.2 Two State («,q) Model

There are four contributions which make up the total forces and moments imparted to
the vehicle for the selected configuration. These are the cavitator, planing, thrust, and
gravity. Equation (2.5) can be rearranged with each force and moment contribution

identified as follows

1
W= —(Fe, + Fp, + Fr, + F,,) —wg (2.6)

1
i = — (Fo.+ Fp. + Fr. + Fy.) + ug (2.7)

1

G =7 (M, + My, + Mr,) (2.8)

vy

The subscripts ¢, p, T', and g correspond to the cavitator, planing, thrust, and
gravity contributions respectively. Assuming that the x—body velocity is constant and

applying a small angle approximation, the vehicle angle of attack can be introduced to

reduce the model to two states. Namely, & ~ % and thus the following two equations
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remain
) ! (F.+ F,.+Fr. +F,)+ (2.9)
a=—(F, .
um z pz Tz z q
1
q=— (M., + M,, + Mr,) (2.10)
Ly,

Expressions for the forces and moments imparted by the cavitator, planing, grav-
ity, and thrust must be obtained. A close look at both the cavitator and planing will

reveal the dependence of their respective characteristics on the vehicle state.

2.3 Disk Cavitator

The forces and moments imparted by a disk cavitator at the nose of the vehicle depend
on both the angle of attack of the cavitator as well as the cavitation number. In [4]

the equations for lift, drag, and moment coefficients of a disk cavitator are given as

D.(o,a.

CDC(O', ac) = ﬁ ~ CDo(l + O')COSQCYC
L

Cre(o,a.) = % ~ Cpo(l + o)cosa.sina, (2.11)
MC ) (&

Carelo, o) = Me(o,ae) 0

T 1/2pV2d,A.

where D. and L. are the drag and lift forces acting on the cavitator, M, is the
hydrodynamic moment, A. = wd?/4 is the disk area, and «. is the cavitator angle
of attack. Cpq is the drag coefficient at zero angle of attack and cavitation number,
and is taken as approximately 0.805 based on empirical data [5]. Equations (2.11) are
utilized by [4] to approximate the experimental results of [6], which is a very complete

study of the forces and moments imparted by various cavitator shapes as a function
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of angle of attack and cavitation number. Since supercavitation occurs at relatively
low cavitation numbers (o < 0.1), the dependence of the disk cavitator forces and
moments on any fluctuation in a low cavitation number is very small.

Utilizing Equation (2.11) to approximate the forces and moments on a disk cavi-

tator implies the following:

e The magnitude of the force vector acting on the cavitator is proportional to

Cpo(1 + o)cosa.

e The force vector acting on the cavitator is always oriented normal to the cavita-
tor, assuming there is little or no pitch rate on the vehicle. This is seen because

the lift and drag coefficient expressions differ only by sina. and cosa,

e In the case that the cavitator is fixed perpendicular to the vehicle (6. = 0),
as the vehicle angle of attack changes there will be little or no force induced
moment from the cavitator on the vehicle. This is because the cavitator force
vector is oriented normal to the cavitator and any substantial change in force
induced moment would only arise from cavitator actuation. The possibility of a
small force induced moment would arise if the cavitator angle of attack differed
from the vehicle angle of attack, for example as a result of the vehicle pitch

rate.

The notion that the cavitator force vector is oriented normal to the cavitator can be

derived from the following statement in [6]:

"In the case of the disc the ratio of lift coefficient to drag coefficient is
found to be almost exactly equal to the tangent of the [cavitator] angle of
attack, therefore tangential friction forces are negligible as compared to the

normal pressure forces.”
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It will later be shown that this distinction plays an important role in defining the
static stability properties of the vehicle.

Rather than using Equation (2.11) to approximate the cavitator forces and mo-
ments, the hydrodynamic data for a disk cavitator collected in [6] was digitized and
can be seen in Figure 2.3 and Figure 2.4. Notice that this range of cavitation numbers
has little effect on the lift coefficient. In the case of a non-linear simulation, the data
can be used in a lookup table to determine the hydrodynamic coefficients of the cavi-
tator. A closed-form expression for the hydrodynamic coefficients is derived for later
use in the linear simulation. The hydrodynamic data can be fit with a polynomial of
sufficient order to capture the data with sufficient accuracy.

The fitting approach was applied to both the lift and drag coefficients of the
cavitator. Assuming a constant cavitation number, the resulting polynomial approx-

imations are

Cpe = —kpa? + ky (2.12)
Cre ~ —kso, (2.13)
Chate = ke (2.14)

where ki, ko, ks and ky > 0 . For o = 0.08, then k; = 0.875, ko = 0.0002(180/7)?,
ks = 0.0126(180/7), and k4 = 0 for the disk cavitator. Note that a. is the angle of
attack of the cavitator (different from the vehicle angle of attack) and is in units of

radians.

2.3.1 Nonlinear Expression

The force and moment nonlinear expressions for the cavitator are next derived. This
requires determining the velocity and angle of attack at the nose of the vehicle, where

the cavitator center of pressure (cp) is located. The cavitator angle of attack is then
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C L cavitation number o

0.08 0.1 0.12 0.14
™ 30 0363 0.369 0.373 0.380
B 20 0264 0.268 0.271 0.275
3 .10 0.140 0.143 0.145 0.148
é 5 0.071 0.073 0.074 0.075
£ 0  0.000 0.000 0.000 0.000
O 5 -0.071 0.073 0.074 0.075
o 10 -0.140 -0.143 -0.145 -0.148
@ 20 0264 -0.268 0.271 -0.275
S 30 -0.363 -0.369 -0.373 -0.380
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Figure 2.3: Table and plot of disk cavitator lift coefficient as function of cavitator
angle of attack for various cavitation numbers based on [6]
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cavitation number o

0.08 0.1 0.12
0.659 0.670 0.682
0.783 0.797 0.811
0.848 0.864 0.881
0.866 0.884 0.901
0.875 0.891 0.908
0.866 0.884 0.901
0.848 0.864 0.881
0.783 0.797 0.811
0.659 0.670 0.682
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Figure 2.4: Table and plot of disk cavitator drag coefficient as function of cavitator
angle of attack for various cavitation numbers based on [6]
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used to lookup the corresponding hydrodynamic lift and drag coefficients, and the
cavitator velocity vector is used to determine the magnitude and direction of the lift
and drag. The lift and drag vectors are transformed and expressed in the vehicle
body frame and the force induced moment is also calculated. These are the general
steps that are followed, not only in the case of the cavitator but also in the case of
planing whose force and moment expressions are derived in Section 2.4.1.

The following variables define the vehicle velocity and angular velocity vector, the
position vector from the center of gravity (cg) to the cavitator ¢p, and the transfor-

mation matrix from body to cavitator frame.

Ve =[u, 0,w]"
w =[0,q,0]"
Fegsep =[le; 0,0]"

cos(d.) 0 —sin(d.)
DCMap=1{ 0 1 0
sin(d.) 0  cos(d.)

Here .. is the distance from the vehicle cg to the disk cavitator pivot which is assumed
to be the cavitator cp. The superscript ”"'T” is used to denote the matrix transpose.
As shown in Figure 2.2, an intermediate local cavitator frame will be used in the
derivation of the forces and moments of the disk cavitator expressed in the body
frame. Since the cavitator hydrodynamic coefficients are known as a function of the
angle of attack at the cavitator, the first step is to determine the local conditions at

the cavitator and express them in the local frame. The velocity at the cavitator is
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determined as

V5o = DO My [Veg + w X Tegoyep)

U 0 le
=DCMy < 0] + |g]| x |0
w 0 0
_003(56) 0 —sin(d.) u
= 0 1 0 0

sin(d.) 0 cos(d.) w—l.q

ucos(6.) — (w — l.q)sin(d.) Ue
= 0 =10
usin(d.) + (w — l.q)cos(d.) W

Using the definition of angle of attack, the local angle of attack (a.) of the cavitator
and the local speed (V,) can be determined

o — tan (ﬂ)
Rl G e ) 219
Ve = /u2 + w? (2.16)

The Cp. gives the non-dimensional drag force which is opposite the direction of
the cavitator velocity vector. Similarly Cp. gives the non-dimensional cavitator lift
force perpendicular to the drag and defined as positive upwards by [6]. The opposite
of the lift and drag vectors define the cavitator wind axes, w-frame. The lift and drag

expressed in the cavitator wind axes can be transformed into the the cavitator axes c-
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Figure 2.5: Diagram showing the necessary rotation of the lift and drag forces into
the cavitator frame and then to the body frame.

frame and then to the body axes b-frame, as shown in Equation (2.18). The frame in
which the force is expressed is denoted by a superscript. Figure 2.5 is representative

of the following transformations from w-frame — c-frame — b-frame.
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chind — 0

F% =DCM}, - DCM,, - F™

cos(0.) 0 sin(d,) cos(—ae) 0 sin(—ag)
= 0 1 0 0 1 0
—sin(d.) 0 cos(d.)| |—sin(—a.) 0 cos(—a.)

= 0

c080.(—D.. - cosa. + L, - sina.) + sind.(—D, - sina, — L, - cosa)

—sind.(— D, - cosa. + L. - sinag) + cosd.(—D, - sina. — L, - cosa)

(2.18)

21

(2.17)

Equation (2.18) is a complete expression for the longitudinal force of the cavitator

on the vehicle cg, expressed in the body frame. The polynomial approximations of

the drag and lift coefficients (Equations (2.12) and (2.13)) can be dimensionalized as

shown below to obtain D, and L..

Dc - Och_CAC
Lc - CLC@:AC
1
7, = = V2
q 2p C

T
A, ==d?
4¢

There is no moment coefficient contribution for a disk cavitator, thus the only mo-
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ments are those induced by the force F,.

MW =79y X W
00 o] [F,
=10 0 | |0
01 0]|F.
[ 0
— | E (2.19)
0

Equation (2.18) and (2.19) are the non-linear expressions for the force and moment

from the cavitator on the vehicle expressed in the body frame.

2.3.2 Simplification

The longitudinal model in Equation (2.48) assumes a constant x — body velocity, thus
it is only necessary to look at Fi, and M., . The force and moment equations for the
cavitator can be simplified greatly using a small angle approximation. Applying the
small angle approximation and looking only at the terms of interest for the two state

longitudinal model, Equations (2.18) and (2.19) are reduced to:

F.,=—0.(—D.+ L.a) + (—=D.ce — Le); (2.20)
M, =—I.F,. (2.21)
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The nonlinear expression for the cavitator angle of attack can also be simplified as

follows

w0, w — l.q

Q

u—0c(w—1.q9) u—d.(w—1.4q)

The u term in the denominator dominates and so the denominator can be approxi-

mated u — d.(w — l.q) ~ u. Thus the expression can be further simplified

ud, W — l.q
Q. ~ +
u u
le
~ 6, +a— -4 (2.22)
u

This derivation was accomplished for a disk cavitator, but another shape cavita-
tor may also be used if the equations for the hydrodynamic coefficients are known.
Additionally, if the non-disk shape cavitator has a moment coefficient, that must also

be added to the moment equation.

2.4 Planing

The force and moment expressions for planing are not trivial. The community has
yet to settle on a model that is well suited for dynamic modeling purposes. The
work of Logvinovich and Paryshev are cited often in the planing literature relating
to supercavitation, for example, [7], [8], and [9]. Both Logvinovich and Paryshev
take an analytically based fluid dynamic approach to the planing problem and the
resulting expressions are not trivially implementable into a dynamic simulation. A
simple expression for the planing force based on theory from Logvinovich is given

in [4], though there is no discussion of its derivation. There is room to improve the
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modeling of planing so as to

e capture the relationship between the forces and moments of planing to the static

and dynamic state of the vehicle
e allow for implementation in a dynamic model

As opposed to using the above references’ planing force and moment expressions, it
was decided to continue utilizing non-dimensional coefficients. This way the model
can be updated as better data becomes available on the hydrodynamic coefficients and
even the fluid dynamic expressions can be used to back out hydrodynamic coefficients
for comparison purposes. The basis for this approach is an extensive study on planing
of cylinders conducted at California Institute of Technology [10]. To the extent we
are aware, this extensive planing study has been relatively unused by the community
of researchers working on dynamic modeling and control of supercavitating vehicles.

The work in [10] studies the forces and moments from a planing cylinder as a
function of angle of attack, cavitation number, immersion depth, and the curvature
of the fluid surface on which the planing occurs. The data for lift, drag, moment,
and non-dimensional cp location was digitized in the region of interest. This region
is namely for small cavitation number, angle of attack, and immersion depth. Since
the non-dimensional center of pressure is given, the moment induced by the lift and
drag can be calculated and thus there is no need for the moment coefficient data
(which is given about the tail of the vehicle). The digitized data for the lift, drag,
and non-dimensional cp are shown in Figure 2.6, Figure 2.7, and Figure 2.8. For the
non-dimensional ¢p, L, is the distance from the tail of the vehicle to the center of

pressure. A positive L; is the distance from the tail towards the nose of the vehicle.
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C L 5= 0.08 submergence ratio h/d
0 0.2 0.4

5 0.000 0.053 0.087
6 0.000 0.055 0.080
7 0.000 0.062 0.080
8 0.000 0.069 0.086
9 0.000 0.077 0.091
10 0.000 0.080 0.107
11, 0.000 0.084 0.116
0.000 0.090 0.123
13, 0.000 0.097 0.131
14 0.000 0.100 0.135
15 0.000 0.101 0.140
16 0.000 0.102 0.146
17, 0.000 0.104 0.154
18  0.000 0.106 0.160
19, 0.000 0.107 0.167

angle of attack a (deg)

CL = = =
018 —4—h/d=0 —=h/d=0.2 h/d=0.4

0.16
0.14
0.12
0.10 ' i
0.08 -
0.06
0.04
0.02
0.00 - ==

Figure 2.6: Table and plot of planing lift coefficient as function of angle of attack
(cvep) and immersion depth [10]
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c D 5 =0.08 submergence ratio h/d
0 0.2 0.4

. 6 0.000 0.022 0.040
%" 8 0000 0023 0041
= 10 0.000 0.025 0.042
;’ 12 0.000 0.026 0.046
Q 14 0.000 0.027 0.043
-
= 15  0.000 0.029 0.048
5 16 0.000 0.030 0.051
o 17 0.000 0.031 0.054
» 18 0.000 0.033 0.057
® 19  0.000 0.034 0.060

o.os:D —4—N/d=0 =—M=h/d=0.2 h/d=0.4

0.06 —

0.05

0.04 :

0.03 PF._._.,.—IJ""

0.02

0.01

0.00 e o e ===,

a(zdeg)
0 5 10 15 0

Figure 2.7: Table and plot of planing drag coefficient as function of angle of attack
(cvep) and immersion depth [10]
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submergence ratio h/d

L1 / D o=o0.08
0 0.2 0.4
8 0.000 1.588 2.529
. 9  0.000 1.500 2.382
§’ 10/  0.000 1.324 2,221
1 11 0.000 1.176 2.029
S 12|  0.000 1.118 1.853
S 13 0.000 1.059 1.765
= 14| 0.000 1.000 1.676
s 15  0.000  0.882 1.559
P 16/ 0.000 & 0.794 1.456
oo 17 0.000  0.735 1.382
© 18/ 0.000 & 0.588 1.176
19 0000  0.515 1.044
6-1/0 9= h/d=0 =lli=h/d=0.2 h/d=0.4

3.0

2.50 =

2.00

1.50 =

1.00 —

0.50 =

0.00

0 5 10 15

algeo

27

Figure 2.8: Table and plot of planing non-dimensional ¢p location as function of angle
of attack (c) and immersion depth [10]
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As was done with the cavitator, the planing coefficient data can be fit with poly-

nomials as

Cpyp = c1]ag| + ) (2.23)
body

Crp  cslaa| + capy (2.24)
body

~ ‘ 2.25

Dbody ¢t C6|a bl tor Dbody ( )

Ly
L =1 — Dy, 2.26
P t (Dbody) body ( )

where [, is the distance from the vehicle cg to the point of planing. For ¢ = 0.08,
then ¢; = 0.0002(180/7), ¢ = 0.1151, ¢35 = 0.0014(180/7), ¢4 = 0.2751, ¢5 = 1.0508,
cg = —0.0743(180/7), and ¢; = 4.3900. Note that a,, is the angle between the cavity
and the body at the point of planing and must be positive in units of radians. This
is a difficult angle to measure and so it has been approximated as the absolute value

of the angle of attack at the nose of the vehicle. Namely

1,
Qep & tan ™! <w q) (2.27)
u

The rationale behind this approximation is the fact that the cavity is incepted and
created by the nose of the vehicle. Ignoring the effects of buoyancy, as has been done
in this thesis for simplicity, the angle between the vehicle centerline and the cavity
centerline is determined by the angle of attack at the nose of the vehicle. A more
detailed approximation would include both buoyancy and the effect of the cavity

curvature on ayy.
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2.4.1 Nonlinear Expression

The expressions for the forces and moments caused by planing are derived in a similar
fashion as it was for the cavitator, with one difference. There will be a switch in the
direction of the planing lift force contribution depending on whether the vehicle is
planing on the bottom or top of the cavity. An intermediate planing frame will be
used which is defined with its origin at the cp of planing. The x — axis is parallel to
the body x — axis but the z — awxis is defined to always point into the wall in which
planing is occurring. In the case that the vehicle is planing onto the bottom of the
cavity, the planing frame is simply a translation of the body frame from the cg of the
vehicle to the ¢p of planing. In the case that the vehicle is planing on the top part of
the cavity, the body frame is translated as well as rotated about the body x — axis
by 180°. The effect of this rotation, denoted by angle &, will be embedded into the
transformation matrix from the body frame to the local planing frame.

The position vector from the cg of the vehicle to the center of pressure of planing

and the transformation matrix from the body frame to the local planing frame are

ch—)cp :[_lpv 07 O]T
1 0 0
DCMy, =10 cos(®) sin(®P) (2.28)

0 —sin(P) cos(P)

where [, has been defined in (2.26) and the planing cp is approximated as being
located on the vehicle centerline. The value of the angle ® in the transformation
matrix DC M,;, depends on whether planing is occurring at the bottom or top of the
cavity. The local planing frame is always oriented with the x — axis along the body
xr — axis and the z — axis rotated to be pointed into the wall in which planing is

occurring. In the case of planing on the bottom of the cavity, ® = 0 and the DC'M,
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becomes the identity matrix. In the case that the vehicle is planing on the top of the
cavity, then & = 7 radians and rotates the local planing frame to match the desired
notation.

As was done with the cavitator, the local velocity in the planing frame is given as

‘70156“[ :DCMpb[ch + W X Tegsep]

u 0 —l,
=DCMpy, < (0] +]qg| x| 0
w 0 0
u Up
= 0 =10
(w + l,q)cos(P) wy,

Using the definition of angle of attack, the local angle of attack (o) of the planing

surface and the local speed (V,) can be determined

L (w
o, = tan ! (—p)
Up

— tan™! ((w i l”q>cos(¢)) (2.29)

u
V, = Juz + w? (2.30)

The polynomial approximations for lift and drag coefficient of planing given in
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(2.23) and (2.24) can be dimensionalized as shown below to obtain D, and L,

DP = CDP@P‘Dgody
LP = CLPGPDgody

1
@p = §pr2

thus the drag and lift planing forces in the wind axes can be determined. Note that
it is in accordance with [10] that the planing drag and lift coefficients are dimension-
alized with (jngody. Transforming the wind axes forces to the local planing axes and

thereafter to the body axes, the final expression for the planing forces on the vehicle

Cg are
_Dp
wind
Frnd — | (2.31)
_Lp

rbody T T wind
FYl =pCMY - DML - F!

1 0 0 cos(—ay) 0 sin(—ayp)| | =D,
=10 cos(®) —sin(P) 0 1 0 0
0 sin(®) cos(P) —sin(—a,) 0 cos(—ay)| | —Ly

—D,, - cosay, + Ly, - sinay,

= 0 (2.32)

| cos®(—D, - sinay, — Ly - cosay)

Equation (2.32) is a complete expression for the longitudinal force of planing on the
vehicle cg, expressed in the vehicle body frame.

The only planing moment contribution currently accounted for is the moment
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induced by the force F,.

\ rbody __ =b rbody
MY =Tl e X )

0 0 0]||F,
=10 0 L||oO

0 —1, 0| |F,.

= |1,F,, (2.33)
0

Equation (2.32) and (2.33) are the nonlinear expressions for the force and moment

from planing on the vehicle expressed in the body frame.

2.4.2 Simplification

The planing force and moment nonlinear equations can be greatly simplified. Em-
ploying the fact that the  —body velocity remains constant, the [}, expression can be
dropped. Applying small angle approximation to the remaining F,, and M, results

n

Fp, = cos(®)(—Dyoy, — Ly); (2.34)
M,, =1, F),, (2.35)

The nonlinear expressions for planing angle of attack and the angle between the cavity

and the body can also be simplified using the same reasoning as was used in Equation
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(2.22) for the cavitator. The resulting simplified expression is

l
ap ~ o+ %q (2.36)
leq
o N — — 2.
Qe (0% w ( 37)

This derivation for the planing forces and moments was accomplished using hy-
drodynamic coefficients. Though the planing hydrodynamic data that is used in this
thesis comes from [10], the derived framework allows for any future sources of hydro-

dynamic data to be used as well.

2.4.3 Cavity Model

The cavity of a supercavitating vehicle is a main feature in modeling of the vehicle
environment. Experimental research on the two dimensional cavity outline as well as
the effect of the cavitator angle of attack on the outline of the cavity is in [11] and
[12], respectively. Accurate modeling of cavity dynamics continues to be a topic of
research, for example [13]. Two cavity models were utilized for different purposes in

this work.

Time Dependent Cavity Model

The first model is by Logvinovich [7] and provides the radius of the cavity as a function
of time since making contact with the cavitator. The Logvinovich model can include
time delay effects, meaning the time history of the cavitator location determines the
cavity shape. Logvinovich’s cavity model and the relevant equations are shown in

Equations (2.38) to (2.40).
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2
R? t |
() = Rypaur /1 — [ 1 — 1-— 2.
R (> R \/ < R?na:p) ‘ tm‘w ( 38)
R, =1.92R,
1.92
Lmam - Rmax (_ - 3) (239)
g
+ i Lmax
max — Vm
(1
Rmaz Rn M (240)

ko

Here R, is the radius of the cavity, R, is the maximum radius of the cavity,
tmaz 1s the time for a cavity section to grow to R,..., and R, is the disk cavitator
radius. The distance from the front of the cavity to the point of maximum radius,
Rz 1s denoted L,,,,. By this notation, cavity inception occurs at ¢ = 0 and closure
at t = 2 x t,,4,. Finally k approaches 1 as the cavitation number nears 0 and so we
take £ = 1, and & is a correction multiplier taken as k = 0.85. [7].

Among the limitations of the Logvinovich cavity model is the poor accuracy in
capturing the frontal portion of the cavity shape. This model is typically married to
an empirical formula which gives a better approximation of the frontal portion. This
empirical formula is shown in Equation (2.41), where x is the distance downstream
from the cavitator centerline. It is worth noting that for small values of x, the frontal
cavity shape does not depend on the cavitation number . A visual comparison of

the two equations is shown in Figure 2.9.

R.(x) = R, (1 + 3]_%) v (2.41)

Furthermore, at ﬁ > 1.5 the cavity boundaries become uncertain as froth begins
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Overlaying Logvinovich and Empirical Cavity Models
V=77mls, oc=0.029

0.14 i
0.12r |
0.1 |
‘® 0.08} |
[
©
E
> 0.06 |
0.04 |
! Logvinovich Cavity
0.02r - = = Empirical Cavity |
Cavitator radius
0o ' : | '
0 0.5 1 1.5 2 2.5

X (meters)

Figure 2.9: Example case showing the empirical formula’s approximation of the frontal
portion of the cavity. The empirical formula is only valid for the frontal portion of
the cavity. The Logvinovich cavity radius was calculated as a function of position
using t =
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forming. The Logvinovich cavity model is used in the full nonlinear simulation of the
vehicle, which also captures the time delay effect on the cavity shape. The empirical
cavity formula is not included since the goal of modeling the cavity is to detect
planing, which occurs in the later portion of the cavity. Additionally, the uncertain
cavity boundary is not included in this analysis because the simulation requires a

defined cavity boundary from which to detect planing.

Elliptical Instantaneous Cavity Model

The second cavity model assumes an instantaneous elliptical cavity formed by the
cavitator. The elliptical cavity model [5] and the relevant equations are shown in

Equation (2.42).

R.(t) = Rua (1 - (ﬁ—%ﬂ)?) : (2.42)

where L, = 2L40 and Lyaz, Rpmae are defined in Equation (2.39) and (2.40) re-
spectively. The elliptical cavity model ignores time delay affects and as implemented,
generates instantaneous cavities along the direction of the cavitator velocity vector.
This thesis is concerned with modeling for control system design and analysis, and
a cavity model which adequately captures the cavity shape and lends itself well to
numerical implementation is required. The goal of the simplified vehicle model is
to obtain linear models of the non-planing and planing vehicle, and not necessarily
to study the switching between the two conditions. For this purpose, the elliptical
model was used in the simplified nonlinear model. The simplified nonlinear model is
used for trimming and linearizing the equations of motion, and is the basis for the

subsequent analyses of the vehicle linear dynamics.
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2.4.4 Detecting Planing

The simulation of the supercavitating vehicle requires determination of the position
of the vehicle with respect to the cavity. This requires information about the cavity
dynamics as well as the relative position between the body and cavity. For this section
the goal is to obtain simple models from which physical insight can be extracted. To
do so, two approaches were investigated for detecting when to apply planing forces.

The first approach is using geometric relationships. The cavity centerline is along
the velocity vector of the cavitator, ignoring any time delay or buoyancy characteris-
tics of the cavity. In theory one can calculate the immersion depth using the length
of the cavity and the body, the angle between the cavity and the body centerline,
and the radius of both the body and the cavity at the end of the vehicle. The ability
of the simple geometric approach to detect planing was very poor when compared to
the full non-linear simulation which uses a more complicated and accurate method to
detect planing, discussed in the appendix.

The second approach is to use a full nonlinear simulation to simulate a longitudinal
planing condition. Thereafter, the start to finish of a single planing occurrence can be
analyzed and the states fitted to gain a polynomial relationship between the planing
immersion depth and the other vehicle states of interest. This approach was found
to be satisfactory and did well in capturing a single planing occurrence. Simulating
the vehicle starting with a  — body velocity of 77m/s and all other states at zero,

the first planing occurrence was captured and fit using least squares to obtain

heo o1
D body D body

(cs + cogar + c10q) (2.43)

In this condition the coefficients were found to be cg = —0.02430m, ¢y = 2.06631.7,
and ¢y = 0%. Essentially there was little contribution from ¢ in the fitting.

Looking at (2.43), if & = 0 then ﬁ will be negative. Planing forces are applied
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only when a positive immersion depth is calculated, thus to the following condition

is added

if

h
Dbody

Since the planing lift and drag coefficient polynomials depends on both

and o,
this condition ensures that no planing force or moment is applied if the vehicle is not
planing.

This approach was found to capture planing very well compared to the full non-
linear model. The limitation of this approach is that the coefficients for the fitted
immersion depth polynomial must be updated using a nonlinear simulation for any
change in the conditions which are being simulated. A more detailed approach to
detecting planing and accounting for the time delay effects accompanied with the

cavity location is addressed later in the thesis.

2.5 Gravity and Thrust

Gravity will act at the center of gravity of the vehicle and when expressed in the body

frame is given by Equation (2.44), where g > 0.
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—m g sin(0)
body
Froty — 0 (2.44)

m g cos(0)
Applying the small angle approximation, the gravity force vector would be

—mg6
rbody
Fo = 0 (2.45)

mg

The thrust vector acts at the tail of the vehicle and has both a z-body and z-body
component. When also expressed in the vehicle body frame, the force and moment
from thrust is given by Equations (2.46) and (2.47) respectively, where [; > 0 and T,

T, are the input thrust magnitudes.

T,

Eet — | (2.46)
T,
0

M =\, T, (2.47)
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Non-Planing Trim Condition Planing Trim Condition

Name Value Name Value
u 77 m/s u 76.3 m/s
w  0m/s w  0.9396 m/s
q 0 rad q 0 rad
0 0 rad 0 0.05 rad
¢ —0.0404 rad ¢ —0.0358 rad
T, 2953.7N T, 29546 N
T, —117.119 N T, 0N
b 00113

Table 2.2: Trim condition for non-planing and planing nonlinear 3 DOF equations
where ¢ = 0.08 and the polynomial approximations are used for hydrodynamic coef-
ficients.

2.6 Trim Conditions

The force and moment expressions for the disk cavitator, planing, gravity, and thrust
are plugged into the two state nonlinear equations, namely Equations (2.9) and (2.10).
The two state longitudinal model in a planing and non-planing condition has been
derived in a simplified symbolic format. The symbolic nature of the derivation sim-
plifies the process of connecting the observed dynamics to the physical parameters of
the vehicle. Setting & = 0, ¢ = 0, Equations (2.9) and (2.10) can be solved for an
equilibrium set of state conditions and vehicle inputs, referred to as a trim point. The
nonlinear equations are then linearized about the obtained trim points. A non-planing
and a planing trim condition for the nonlinear model is obtained in this manner, and

are listed in Table 2.2.

2.6.1 Time Delay Effects

Note that for trimming the vehicle in the planing condition, the elliptical cavity
model was utilized and no cavity pulsation or time delay affects were included. The

elliptical cavity was instantaneously generated with the cavity centerline along the
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direction of the cavitator velocity vector. This simplified the trimming of the vehicle
and accomplished the goal of obtaining a model of the linear dynamics while the
vehicle is planing. Nevertheless, the nonlinear vehicle does have different dynamics if
cavity formation time delay effects are included. For example, simulating open loop
untrimmed vehicle motion while including time delay effects resulted in an undamped
switching between planing on the bottom and top of the cavity and ultimately leading
to instability. Simulating the same condition without cavity time delay dynamics, the
vehicle impinges onto the bottom of the cavity several times and finally settles in a
stable planing condition.

The time delay effects complicate the interaction between the vehicle and the
cavity and can lead to instability. When analyzing the linear planing dynamics in
the following sections, these complex vehicle and cavity interactions have been disre-

garded.

2.7 Linearization

The remainder of the linear analysis in the thesis uses a linearization of the vehicle
about the non-planing and planing trim conditions given in Table 2.2. The equations
are linearized about the trim point using a Taylor series first order approximation.

The linearized equations are expressed in state space form as

: 1 (OFy  OFp 1 (OF, | OFp 1 (9F, 1
Q o um ( OJa + oo ) um ( dq + dq +1 «Q + um 0. um
. 1 aMCy + BMpy 1 8Mcy + aMpy 1 8Mcy s
q T,y \ a Jar T,y \ 9q 3q q T,y \ s, Tyy
(2.48)

where a coordinate change is implied making the linear states represent deviations
from the trim point. Equation (2.48) is the linearized longitudinal equation of motion

for the supercavitating vehicle. In the case that the vehicle is entirely within the
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cavity, the planing force and moment terms disappear. Additionally, if another vehicle
configuration is analyzed which included fins or canards, their respective contributions

can easily be included into the linear model.

2.8 Non-Planing Linear Model

Equation (2.48) is used with all planing terms set to zero. In the non-planing case,
the partial derivatives of the forces and moments with respect to the states and inputs

are computed

OF.,
6’_042 =g A, (ac 8e2(ks — ko) + a2(3 ky) + (ks — kl))

oF., —l.qA. (
Jq u
OF,,

a5, ¢

Qe (SC 2(1€3 — kg) + 063(3 kz) + (kg — ]ﬁ))

AC (Oéc (Sc 2(k‘3 — kz) + Oég(kg + 2 kz) + kg)

Since M., = —l. F._, then the following will hold:

Plugging in the numerical values for the entries to the non-planing longitudinal

linear state-space model results in (2.49).

& ~0.299 1.00 | |a 1.45  0.0006| |3,
— + (2.49)
g 109.5 —1.60]| |q ~530.7 0.182 | |T,
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2.9 Planing Linear Model

The planing linear model includes the non-planing model terms as well as the partial

derivatives of the planing forces and moments with respect to the states and inputs

an 2 ( h ( C5C9 ) C7Cq )
—— = —qDyoqy | a0 + 5 + +ca ) ap+ + Co
da body Dyody Dyoay " Dyody

an C5C10 C4l C7C10 Cﬁl l h
—P = gD} - — ) a,+ -+ Ll cag+c
aq 1 body ((D body Uu P D body U Uu e i D body

Since M, =, F,,, then the following will hold for the moments

aMpy — l anz
1oJe" P\ O«

oM, _ 0F,,
dq b dq

Plugging in the numerical values for the entries to the planing longitudinal linear

state-space model results in (2.50).

Q —102.4 1.025| |« N 1.43  0.0006 | |d.
q —=2757 4.054| |q —519.8 0.182 | |1,



Chapter 3

Longitudinal Dynamics

The analysis of the longitudinal dynamics uses the planing and non-planing vehicle
models derived in Chapter 2. The longitudinal model in Equation (2.48) will be
rewritten such that the various force and moment terms are non-dimensionalized.
Utilizing the non-dimensionalized terms are an attempt to minimize the effects of the
specific trim condition and allow for a more general study of the vehicle dynamics.

The rewritten longitudinal model is

Q _ % (Accav,za + Dgodyoplan,za) ugm (AlcCccw,zq + Dgodylpoplan,zq) +1 o 1
q IL (AlCuavma + Doy lyCorian,m.) ff, = (Al2Ceavmy + Diogyl2Colanm,) q
%Ccav,z(; ﬁ 6c
" (3.1)
Agle e T
L fyy €O Iy Z

where each non-dimensional term is defined and values for the planing and non-
planing condition are given in Table 3.1. The dynamics of the non-planing condition

and the planing condition will be studied and compared using this framework.

44
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Longitudinal Stability and Control Derivatives

Name  Definition Non-Planing Value Planing Value
S —0.1507 —0.1527
Corviy = G) Ol 0.1507 0.1527
Comes 150 p 0.7254 0.7223
Coavime  Tal Z5e 0.1507 0.1527
Cumvmy % (%) Lo —~0.1507 —0.1527
Ceavms a3 55 —0.7254 —0.7223
Cotanze D7 B - ~5.700
Cprany 75 (1) 2= - 0.1068
Cotanm, 77 () a0 - 0.1068
Colanma DT o0 - —5.700

Table 3.1: The longitudinal stability and control derivatives for the non-planing and
planing trim conditions

3.1 Non-Planing Condition

The cavitator is deflected to provide lift on the vehicle. The lift from the cavitator
induces a moment on the vehicle which must be balanced. The counter moment
could be provided by the fins if the vehicle had fins mounted on the tail. Since the
vehicle being analyzed does not have fins, the counter moment is provided by thrust
vectoring. The non-planing trim condition contains a —117N thrust component in
the z — azis direction. This shows that in order to maintain a non-planing condition
while supercavitating, the vehicle must have a means of balancing the moment created
by the lift at the cavitator. Naturally, the location of the center of gravity can be used
to leverage the amount of force necessary to balance the cavitator induced moment.

The transfer function of the non-planing vehicle from cavitator input to the vehi-
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Figure 3.1: Non-planing vehicle Bode plot. The magnitude and phase response of the
cavitator to angle of attack o and pitch angle 6 are the same for the plotted frequency

range.
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Name  Definition Non-Planing Value
o]

1 8FCGT_'2 10~

Cmr.zg A7 da 0.1507

w\ OF:av e

Ccat‘.zq "%G Qﬁ) % UlJU(

1 o }_'ar; O/

C{:ar.zé TQT / I:l 0.7254
1 OMes

Ccar,ma Agle -y 91507

y da
Unstable
L 0\ M | unsiable |

Corvm, 4 () 2Le ~0.1507
1 OMege —) 795,
Ccu,'t'.mg Agle T 0 (2-)—1-

Figure 3.2: Term of importance to determining the vehicle static stability

cle’s angle of attack and pitch rate are

afs)  1.45(s —366.7)

0.(s) (s —9.6)(s+ 11.5) (3.2)
q(s) _ —530.7s

5.(s)  (s—9.6)(s+ 11.5) (3.3)

where s is the Laplace variable. The non-planing vehicle longitudinal model is un-
stable and contains a right half plane pole at +9.6. The Bode response of cavitator
input to angle of attack, pitch rate, and pitch angle are plotted in Figure 3.1. The
angle of attack and pitch angle responses are very similar and will only differ at high
frequencies where the far right half plane zero present in Equation (3.2) and will affect
the Bode plot. The pitch rate can be used at higher frequencies through a stability
augmentation system to assist in stabilizing the vehicle. The source of the vehicle
instability in the non-planing case is related to the disk cavitator characteristics and

is analyzed in more detail.
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Moment sign notation

OM .y,

O <O

Figure 3.3: Sign notation for vehicle static stability

3.1.1 Static Stability

The change in pitching moment due to change in angle of attack determines the
static longitudinal stability and must be negative for a ”statically stable aircraft”[14].
This also holds for the supercavitating vehicle, where static stability implies that the
vehicle tends to return towards its equilibrium condition after a disturbance. For
the non-planing vehicle, the only moment contribution that depends on the vehicle
angle of attack is the cavitator. Thus for static stability it is required that Cegpm, <
0. Consider Figure 3.2, the non-planing trim condition Cigym, > 0 and therefore
is statically unstable. An understanding of why C¢4y,,, must be negative can be
obtained by considering Figure 3.3. A positive angle of attack will pitch the vehicle’s
nose upwards and in order for the vehicle to return to a level position, a negative
moment must be applied to the vehicle.

The static stability term is determined by the properties of the cavitator and
therefore the shape of the cavitator is important in determining the static stability

of the vehicle.
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1. Unstable 9Mcav 5

oo
I ale:
tan~! (Q—i) < a
OM 0,

e da
tan™! (;—) = O

3. Stable ch v <

(@87

tan ™! (Ef} ) > a

Figure 3.4: Static stability of disk cavitator, angles exaggerated purposely

Disk Cavitator

The intent is to connect the static instability of the vehicle to the physical character-
istics of the disk cavitator. A qualitative study is conducted where the cavitator is
undeflected (0, = 0) with respect to the vehicle. The angle between the velocity vector
and the resultant force vector on the cavitator is given by tan ™! <‘g—g|> The relation
between this angle and the vehicle angle of attack, a, determines the directionality
(and magnitude) of the moment applied to the vehicle. This relationship is shown
graphically with exaggerated angles in Figure 3.4. The three possibilities determin-
ing the static stability property of the non-planing vehicle are shown in the same
figure, where each possibility is numbered and color coded with the corresponding

orientation of the F,, force vector.
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. The first case is colored red and tan~! <|g—g|> < «a. The angle between the

cavitator force vector and the velocity vector is less than that of the vehicle
angle of attack and therefore the F,,, cavitator force vector is oriented above
the vehicle centerline. This directionality of the force vector imparts a positive
moment on the vehicle. The shown perturbation is a positive angle of attack,
thus % > 0 and the positive moment will only increase the angle of attack

and destabilize the vehicle.

The second case is green in color and tan~? <%> = «. The angle between the
cavitator force vector and the velocity vector is exactly equal to that of the the
vehicle angle attack. This places the cavitator force vector along the vehicle
centerline, thus imparting no moment to the vehicle. This causes the vehicle
to be marginally stable and essentially Ciupm, = 0. Interestingly, using the
disk cavitator hydrodynamic coefficient approximations presented in [4], which
were reproduced in Equation (2.11), implies exactly this condition. It is worth
noting that the cavitator force vector would slightly depart from the the vehicle
centerline if the cavitator angle of attack differed from that of the vehicle angle

of attack by virtue of a pitch rate ¢ or cavitator deflection 9.

The third case is colored purple and tan=! ('g—g') > «. The angle between the

cavitator force vector and the velocity vector is larger than the vehicle angle
of attack. The cavitator force vector F,,, becomes oriented below the vehicle
centerline, creating a restoring moment on the vehicle and static stability is

achieved (Cegpm, < 0).

This qualitative analysis assumed that the cavitator was undeflected and thus

perpendicular to the body centerline. In the trimmed vehicle case, the cavitator is

deflected in order to provide a portion of the lift on the vehicle. This qualitative

analysis can still provide insight for the case that the cavitator deflection is very
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Figure 3.5: Disk Cavitator force vector orientation and implications for static stability

small, as is the case in the non-planing trim condition where the cavitator deflection
is on the order of —2°.

This analysis showed that the relation between the angle tan™! (%) and the
vehicle angle of attack « is important. Reference [6] was quoted in Section 2.3,
stating that from a hydrodynamicist’s standpoint the tangential force on the cavitator
is negligible compared to the normal pressure force acting on the cavitator. By this
approximation, the force vector of the cavitator will be oriented normal to the face
of the cavitator, implying that tan™* (%) = «,. This approximation was tested by
using the experimental hydrodynamic coefficients for the disk cavitator from [6] to
calculate tan ! ('g—g') and plot it against the cavitator angle of attack. The resulting
plot is shown in Figure 3.5. A 45° line would indicate that the tan~! (@) = a, and
the two angles are equal. Points above the 45° line indicate tan™ ('CLl) > «, which
corresponds to the stable condition from the qualitative analysis in Figure 3.4. The

plot in Figure 3.5 shows that the disk cavitator leans on the side of instability and
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ignoring the tangential force on the cavitator is contrary to a conservative assumption
in terms of vehicle stability.

The effect of the disk cavitator lift coefficient magnitude on the sign of Cuym,, is
further analyzed. The moment imparted on the vehicle by the cavitator is plotted
as a function of the vehicle angle of attack in Figure 3.6 for a series of cavitators
with varying lift coefficients. The nominal disk cavitator’s lift coefficient resulted in
a positive slope for the moment versus angle of attack plot. The lift coefficient of the
disk cavitator was incrementally increased until the slope of the moment versus angle
of attack plot became negative. Increasing the lift of the cavitator causes the switch
in the sign of Ceupm,. The same figure shows that a certain lift coefficient exists
which causes Ceupm, to be very close to zero. More exactly, a simple linear scaling
of the lift coefficient will never make C.4y 1, = 0 over the range of angles of attack.
This is because the disk cavitator drag coefficient, which has a quadratic dependence
on angle of attack, also contributes to the moment imparted on the vehicle.

The static stability analysis has shown that the disk cavitator’s lift coefficient is
slightly too low for Ceyym, to be negative. This finding will be confirmed quanti-
tatively. Consider a cavitator that generates 21% more lift than the disk cavitator.
The angle tan™* (%) was also computed for the increased lift cavitator, and plotted
against the cavitator angle of attack in Figure 3.5. The plot shows that the increased
lift cavitator falls into the statically stable region where Ctyym, < 0. The prediction
that a cavitator with Cegym, < 0 would result in a statically stable vehicle is tested
by trimming and linearizing the non-planing model using the increased lift cavitator
at the same trim condition as was the vehicle with the nominal disk cavitator. In-
terestingly, rather than obtaining a stable vehicle, the instability shifts from the the

natural frequency term to the vehicle damping term. More specifically, the original
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Figure 3.6: Increasing disk cavitator lift will change the sign of the moment versus «
slope (u = 77Tm/s,o = 0.08)
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vehicle transfer function from cavitator input to pitch rate is

q(s) —530.7s

de(s) (s + 1.91s —110.3)

and the same transfer function for the increased lift cavitator is

q(s) —641.2s
d.(s)  (s*—0.006s + 0.35) (3.4)

Notice how the instability shifted from the natural frequency to the damping term.
The vehicle with the nominal disk cavitator has positive damping but this is replaced
with negative damping in the case of the hypothetical high lift cavitator. The reason
for this switch can be explained by looking at the sources of damping for the vehicle.
Before doing so, a qualitative discussion of how static stability would change for cone

shaped cavitators is presented.

Effect of Cavitator Shape on Static Stability

The hydroynamic data on disk cavitators was obtained from [6]. Reference [6] also
contains data on 15° and 45° half-angle cones. A comparison of the lift and drag
coefficients of the disk and cone cavitators is shown in Figure 3.7. As was done in
the case of the disk cavitator, the hydrodynamic coefficients for the 45° cone and the
15° cone can be fitted with polynomials as well. The Equations (2.12), (2.13), and
(2.14) are again used for the polynomial approximations of drag, lift, and moment
coefficients. The coefficients of the polynomial approximations for the 45° cone are
ki = 0.5553, ko = 0.0002(180/7)%, k3 = 0.0015(180/7), and k4 = 0. The polynomial
approximations of the 15° cone has coefficients k; = 0.21, ky = —0.0001(180/7)?,
ks = —0.0171(180/7), and k4 = 0.0134(180/7). The cavitation number for the data

of both cones is ¢ = 0.1. The polynomial approximation is valid within the range of
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Figure 3.7: Comparison of lift and drag coefficients for various cavitator shapes [6]. Of
the three shapes, the 15° cone is the only shape with a non-zero moment coefficient.
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1) Disk Cavitator

Figure 3.8: Comparison of cavitator force vector orientation and implications for
static stability. Of the three shapes, the disk cavitator is the least destabilizing

—15° < ., < 15° for the 45° cone and —20° < «a, < 20° for the 15° cone.

The various cavitator shapes have very different lift characteristics. The disk
cavitator and the 15° cone have very similar lift magnitudes with exactly opposite
directionality. In comparison, the 45° cone has relatively poor lift which can be
understood from observing the pitched state of the cavitator. Deflecting the 45° cone
will give a slight increase in lift, but additional deflection makes the 45° cone begin
to look like an undeflected disk cavitator from the perspective of the free stream flow.
This results in a very limited angle of attack range where lift is generated by the 45°
cone, with changes in the lift curve slope direction at about +15°.

The drag characteristics of the cavitators also vary. As one might expect, the disk
cavitator has the greatest drag, followed by the 45° cone and finally the 15° cone.
For small angles of attack, the drag coefficients can be approximated as constant for
the three cavitators. The implications of these different lift and drag characteristics
is analyzed in the following sections. In this section, the sole effect on static stability
will be considered.

The same qualitative static stability analysis conducted for the disk cavitator can
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be applied to the other cavitator shapes. This is shown graphically in Figure 3.8,

with the disk, 45° cone, and 15° cone cavitator numbered one, two, and three.

1. The force vector of the disk cavitator is oriented slightly above the vehicle

centerline, thus producing a small destabilizing moment.

2. The 45° cone has very little lift. The cavitator drag is the primary contributor
and results in the cavitator force vector being oriented very close to the direction
opposite of the velocity vector. This causes a larger destabilizing moment than

was the case for the disk cavitator.

3. The 15° cone has an opposite lift direction than that of the disk cavitator. This
orients the cavitator force vector above the negative velocity vector direction
and creates an increased destabilizing moment. The 15° cone also has a positive
moment coefficient for positive angles of attack. In this example, this moment

coefficient also contributes to further destabilizing the vehicle.

This qualitative analysis gives insight into the effect of cavitator shape on the static
stability properties of the vehicle. For a more detailed quantitative analysis, a spe-
cific vehicle’s trim condition should be analyzed. The detailed quantitative study is
important because supercavitating vehicles most likely operate at small angles of at-
tack. It may be the case that the destabilizing moment created by the disk cavitator
compared to the 15° cone are very similar and the difference lies within the band of
uncertainty in the hydrodynamic coefficients.

It is clear from the cavitator comparison that the shape of the cavitator can
deeply influence the vehicle dynamics. Considering that two simple cavitators, like
the disk and the 15° cone, have opposite lift curve slopes, it seems possible that other
non-traditional cavitator shapes can be designed to have certain desirable charac-

teristics. Two interesting cavitator shapes are shown in Figure 3.9. Research into
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Figure 3.9: Two non-traditional cavitator shapes presented in [15]. The first (left) is
a cone cavitator with augmented control surfaces and the second (right) is a snowflake
shaped cavitator
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Figure 3.10: Terms of importance to determining the vehicle dynamic stability

non-traditional cavitator shapes are often motivated by factors other than the cavi-
tator control properties. One example mentioned in [15] is increasing the cavitator

surface area for fitting sensors within the cavitator.

3.1.2 Dynamic Stability

The nominal disk cavitator contributed to the static instability of the vehicle as
discussed in Section 3.1.1. Furthermore, it was shown that a increased lift cavitator

achieves static stability but loses the previously positive damping. In this section,
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Figure 3.11: Sign notation for vehicle dynamic stability

the shift in instability from the natural frequency term to that of the damping term
will be analyzed.

The terms which affect the vehicle damping are identified by symbolically comput-
ing the characteristic equation of the longitudinal state space model given in Equation

(2.48). The characteristic equation of the non-planing vehicle is

§° + 520w, +wp = 5" + 5(—aso — a1,1) + (a1,1a22 — a12a21)
where ( is the damping ratio, w, the natural frequency, and a; ; refers to the entry
in the " row, j column of the state matrix. Looking up the non-planing entries
of the state matrix in Equation (2.48) and their numerical values in Equation (2.49),

the damping term is given as

1 M, 1 OF,
W = —7— 5% :

w 0q um O«

= 1.6 +0.299

The dominant term that determines the sign of 2w, for the non-planing vehicle is
1 8Mcy

Iyy Oq

. Thus referring to the non-dimensional stability derivatives in Table 3.1, the
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sign of C),, greatly determines the damping of the non-planing vehicle. The following
dynamic stability analysis will assume that the damping properties of the non-planing
vehicle are determined by the sign on Cy,, . It will later be shown that this is not a
valid assumption in the case of the planing vehicle.

The change in pitching moment due to pitch rate C),, must be negative for the
vehicle to have positive damping. The main contributor to this damping in aircraft
is the tail of the vehicle [14]. In the case of a non-planing supercavitating vehicle,
the main damping contributor is the cavitator. If the vehicle has fins, the fins also
contribute to the damping. Positive damping implies that any oscillations from a
pitch disturbance would eventually subside and not be amplified. Thus for dynamic
stability it is required that Cegym, < 0. Looking at Figure 3.10, the non-planing trim
condition meets that requirement and thus has positive damping. An understanding
of why Cequ,m, must be less than zero can be determined from Figure 3.11. In order
to dampen a negative pitch rate, a positive moment must be applied by the vehicle.

The question remains as to why the instability shifted from the natural frequency
term to that of the damping term when the lift of the cavitator was increased to
obtain static stability. This is best understood using a figure similar to Figure 3.4,
but this time drawn to understand what cavitator force vector orientation would be
best for positive damping (Figure 3.12). The vehicle is given a negative pitch rate,
which induces a positive angle of attack at the cavitator. Depending on the magnitude

of the lift coefficient of the cavitator, there are three possible cases

1. The first case is colored red and tan~! <|g—;|> < «. The F,.,, force vector
is oriented above the vehicle centerline. This directionality of the force vector
imparts a positive moment to the vehicle, dampening the original negative pitch

rate perturbation.

2. The second case is green in color and tan~! <%> = «. The cavitator force
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Figure 3.12: Dynamic stability of disk cavitator, angles exaggerated purposely
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vector is along the vehicle centerline, thus imparting no moment to the vehicle.
No moment is imparted to the vehicle and thus there is zero damping to counter

the negative pitch rate perturbation.

3. The third case is colored purple and tan! <|g—g|> > «. The angle between the
cavitator force vector and the velocity vector is larger than the vehicle angle
of attack. The cavitator force vector F,,, becomes oriented below the vehicle
centerline, creating a negative moment on the vehicle, further increasing the

magnitude of the negative pitch rate perturbation and destabilizing the vehicle.

Among the three listed cases, case one provides positive damping to the vehicle.
Using the nominal cavitator, the vehicle matches case one and thus it makes sense that
the damping term (2w, ) in the cavitator to pitch rate transfer function is positive.
It also makes sense that if the lift is increased to achieve static stability, then the
switch to case three becomes detrimental to damping, giving the vehicle negative
damping (2¢w, < 0). The shift in instability observed in the transfer functions can
be understood from this analysis.

The cavitator is the sole contributor to the moment on the vehicle, with the
exception of the thrust vectoring whose moment does not depend on the vehicle state.
Thus a trade-off is observed between static stability and damping for the assumed
vehicle configuration using the disk cavitator. A similar analysis could be conducted

if fins were included on the vehicle.

3.1.3 Control Implications

The desirability of having positive damping at the cost of losing static stability or
vice versa has implications for the control design of the vehicle. This will be studied
by comparing the dynamics of the nominal disk cavitator vehicle, which has positive

damping but is statically unstable, to that of the increased lift cavitator vehicle which
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Figure 3.13: Root locus plot comparing dynamics of nominal disk cavitator and the
increased lift cavitator vehicle using pitch rate feedback

has the opposite stability properties. The transfer functions for cavitator input to
pitch rate output are given in Equation (3.3) and (3.4) respectively. In both cases
the vehicle is unstable, though the source of the instability differs.

The first step in control design, before a pitch orientational control system can
be designed for pitch tracking, is to use feedback to stabilize the vehicle. As is
commonly done in aerospace vehicle control, it will be attempted to use a pitch rate
feedback inner loop to stabilize the vehicle. Furthermore, pitch rate is a commonly
available, accurate, and low noise sensor measurement for feedback. Assuming a

proportional gain on the pitch rate feedback, it will be attempted to stabilize both
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vehicles. Whether proportional gain is sufficient to move all the system poles to
the left half-plane is nicely observed by plotting the root locus. The root locus plot
for both vehicles are drawn in Figure 3.13. First order actuator dynamics are also
included in this analysis.

The root locus plots reveal that in the case of the original vehicle which had
positive damping but was statically unstable, a pitch rate feedback inner loop is
insufficient to stabilize the system. In the case of the increased lift vehicle which
was statically stable but had negative damping, the pitch rate feedback is sufficient
to stabilize the system. Pitch rate feedback in effect increases the damping of the
vehicle pitch dynamics [14]. The original vehicle already had positive damping and
using pitch rate feedback was unable to overcome the static instability. On the other
hand, the increased lift cavitator vehicle started off with static stability and only
lacked damping. Thus the pitch rate feedback was able to provide the damping to

stabilize the system effectively.

3.2 Planing Condition

The trim condition for the planing vehicle, Table 2.2, uses planing to support the
aft end of the vehicle and balance the lift of the cavitator. In this case, the planing
lift force results in approximately 50N of drag which must be compensated for by
additional thrust. The reason the planing and the non-planing trim conditions have
very similar 7T}, values is because the planing condition is trimmed at a slightly smaller
velocity, u = 76.3m/s. Trimming both vehicles at u = 77m/s, the planing condition
requires approximately 50N of additional thrust to overcome the drag from planing.

The transfer function of the planing vehicle from cavitator input to the vehicle’s
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angle of attack and pitch rate are

a(s) _ 1.43(s — 376.6) (3.5)
5u(s) 52+ 98.4s + 27860 '
q(s) _ —519.5s(s 4 178) (3.6)
5u(s) 52 + 98.4s + 27860 '

As opposed to the non-planing trim condition, the planing trim condition is stable
with two complex poles at —49.2 + 159.5¢. The Bode response of the planing vehicle
is shown in Figure 3.14. The planing vehicle has very poor control authority to
affect the vehicle angle of attack using the cavitator as compared to the non-planing
vehicle Bode response, shown in Figure 3.1. The other noticeable difference is that
the cavitator can affect the pitch rate of the planing vehicle at steady state. This was
not possible in the non-planing vehicle because of the zero at the origin limiting the
ability of the cavitator in affecting pitch rate to higher frequencies only. The change
that occurs for the vehicle to be stable in the planing trim condition will be analyzed.

Initially, the static stability and dynamic stability terms will be revisited.

3.2.1 Static Stability

There are two terms that together make up the partial derivative of the moment with
respect to angle of attack, as shown in Figure 3.15. Both the cavitator and the planing
contribution will affect static stability. The cavitator contribution, Cegy m,,, changes
only slightly from its unstable positive value that was discussed in Section 3.1.1. The
planing contribution, Cpign m,, is more than an order of magnitude larger than the
cavitator term and is negative. It is more appropriate to compare the magnitudes
of the dimensional form of the partial derivatives. The static stability contribution
plan

of the cavitator is Mg% = 566N/rad, and the contribution of planing is —Mga =

—143530N/rad. This allows planing’s stabilizing characteristics to overcome any
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: Terms affecting static and dynamic stability of the planing vehicle

The stabilizing contribution of planing to static stability can be understood by

looking at Figure 3.16. The vehicle is perturbed from an initial planing trim condition.

The force and moment contribution of planing attempts to return the vehicle to

the initial trim condition. An opposite counter clockwise perturbation can also be

visualized. In that case the planing force would diminish, again attracting the vehicle

back towards the equilibrium condition.

3.2.2 Dynamic Stability

It was shown in Section 3.1.2 that the characteristic equation of the vehicle can be

written in terms of the entries of the vehicle state matrix of the two state linear model.

The second order characteristic equation’s damping term for the planing vehicle is
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The dominant term that determines the sign of 2(w, for the planing vehicle is

L (agf + %) = (=504 — 171440). Clearly the planing term 8§§Z , written non-
dimensionally as Cpjan, -, , dominates and essentially determines the damping property
of the planing vehicle. This is contrary to the non-planing vehicle, where the partial
derivative of the moment with respect to pitch rate determined the vehicle damping.
This explains why Cpian,m, > 0, yet the planing vehicle damping is positive.
Although the partial derivative of the moment with respect to pitch rate has little
effect on the overall vehicle damping, the cavitator and planing contribution to this
derivative are briefly analyzed. The cavitator contribution, Ceuym, = —0.1527, is
stabilizing and very similar to the value in the non-planing condition. On the other

hand, the planing contribution Cpian,m, is positive and thus has a destabilizing effect

on the dynamic stability of the vehicle. In the most simple case, the planing force
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Figure 3.17: In a planing condition, a negative pitch rate causes the moment to
decrease. Thus Chian,m, > 0

depends on the angle between the body and the cavity at the location of planing.
In a dynamic scenario, this angle would be changing in a complicated fashion. As
the body pitches, the cavity which is formed by the cavitator will also be changing
shape. The cavity shape itself has complex pulsating dynamics which has largely
been ignored in this thesis. Recognizing these complex interactions, a simple analysis
is still conducted to give a possible explanation of why Cpianm, > 0 in this model.

The positive planing angle between the body and the cavity is approximated as
the absolute value of the angle of attack at the nose of the vehicle and is given in
Equation (2.27). In Figure 3.17, a planing vehicle is shown with a negative pitch rate
perturbation. The negative pitch rate causes the angle of attack at the cavitator to
be reduced. The reduced angle causes the magnitude of the planing moment to also
decrease, thus Cpian,m, > 0.

It was shown earlier that terms other than (), , namely Cpan, -, largely determine
the vehicle damping. A qualitative analysis showing why Cpgp -, < 0 is conducted
again using Figure 3.16. As the vehicle angle of attack increases, the aft end of the
vehicle immerses further into the cavity wall. This causes the planing lift force to

increase, which translates into a negative z-body force. Therefore Cpgp, ., < 0, and
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it makes intuitive sense that planing force is very great and largely determines the
planing vehicle dynamics.

The cross-coupling between states and inputs tends to complicate the system
relatively quickly. Nevertheless where possible, simplified qualitative examples linking
the observed dynamics to the vehicle physical characteristics can assist understanding

the connections between the the physical vehicle and the associate control challenges.



Chapter 4

Other Trade-off Studies

4.1 Planing and Fins

The cavitator provides lift at the nose of the vehicle, which imparts a force induced
moment on the vehicle which must be balanced. Countering the lift moment by a
force at the tail of the vehicle is one method of balancing the vehicle pitch dynam-
ics. The force at the tail of the vehicle may be provided by several means. Initially
thrust vectoring was used when studying the non-planing vehicle. Though theoret-
ically possible, the challenges of controlling the thrust vector may make this option
complicated and difficult to implement.

A second means of supporting the aft end of the vehicle is to use planing. The
impingement of the body on the cavity wall naturally creates a restoring force on the
tail of the vehicle. Furthermore, the simplicity of this supporting mechanism makes it
attractive. Utilizing planing to support the vehicle, and possibly using planing to the
advantage of the vehicle by inducing planing to assist maneuvering would require no
additional hardware to be installed on the vehicle. Instead a deeper understanding of
the cavity dynamics as well as possibly a complex sensory package to determine the
location of the body within the cavity may be required.

A third option is the addition of fins to the tail of the vehicle. Compared with

71
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planing, the fins would provide direct control authority on the vehicle. In comparison
to fins on traditional underwater vehicles, an additional level of complexity is added
to the fins because they are partially within the cavity. Movement of the body with
respect to the cavity causes the fins to pull in and out of the cavity wall, affecting the
wetted area of the fins. Furthermore, the fins may also supercavitate, affecting their
lift characteristics as well as the ventilation required to maintain the cavity around
the vehicle.

It is important to understand the different drag values associated with supporting
the tail of the vehicle with planing or fins. A drag study was conducted on the planing
trim condition presented in Table 2.2. In this condition, the tail of the vehicle has an
immersion ratio of #ody = 0.0113, and the angle between the vehicle and the cavity
is aw = 0.0123rad. Using Equations (2.24) and (2.23), the planing lift and drag
coefficients are 0.0041 and 0.0014 respectively. This results in a planing lift force of
123 Newtons and an associated drag of 43 Newtons.

Using hydrodynamic experimental data on wedge fins from [16], the same lift
necessary to support the vehicle can be provided by fins and the associated drag
analyzed. Adhering to the notation used in [16], which is reproduced in Figure 4.1,
two fins are assumed to be mounted on the tail of the vehicle. It is assumed initially
that the fins have a span and chord of b = ¢ = 3inches each. In actuality the physical
fins would be slightly larger to account for lost surface area between the vehicle body
and the cavity wall. The two fins would each provide half of the planing lift. Thus

the necessary lift coefficient of each fin can be calculated as

123N

where S = bc. Interpreting the angle of attack associated with the required lift,

as well as checking if the intial size of fin was reasonable requires the lift and drag
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Figure 4.1: Wedge fins notation used in [16]

coefficient data for the fin shown in Figure 4.2. The zero lift and minimum drag
angle of attack occurs at ay;,, = 3° instead of zero degrees because the angle is
measured from the lower surface of the wedge profile, as was shown in Figure 4.1.
The Cry required occurs at a very low angle of attack, and the initial fin size should
be reduced. Additionally, the associated combined drag (Cp; = 0.015) for the fins in
this case is 507 Newtons, which is an order of magnitude greater than the drag from
planing.

A substantial reduction in fin size, b = ¢ = .5inches, results in Cpy = 0.13 which
corresponds to a fin deflection of 2 from the zero lift point. The corresponding drag
coefficient would be Cpy = 0.015 for the two fins which leads to a drag force of 14
Newtons.

Several important characteristics of wedge shape fins are identified by this case

study. First is that, compared to the body dimensions, the wetted fin area necessary
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Figure 4.2: Plot of wedge fin lift and drag coefficient as a function of fin angle of attack

for a low cavitation number, based on [16] and picture of fin used in experiment
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to lift the vehicle is very small. Smaller fins definitely have less weight, but building
small fins that can support the required loading conditions is structurally challenging.
Additionally, if such a small wetted area is required by the fins, then small vehicle
perturbations with respect to the cavity would have very large effects on changing
the wetted area of the fins. This would pose a very serious challenge.

Figure 4.2 reveals that using a larger fin at a lower angle of attack to trim the
vehicle is very costly in terms of drag. The fin drag coefficient is relatively constant
for 0 — 5° deflection from the zero lift point. Minimizing the wetted area of the fin
necessary to produce the required lift is very beneficial. A smaller fin, with a larger
deflection, would provide the required lift with little or no increase in drag. The
reduced wetted area with the same drag coefficient can minimize the drag created by

the fins.

4.1.1 Fin Aspect Ratio

Using the fin geometry notation presented in Figure 4.1, the fin aspect ratio is defined
as AR = 2—Cb In the previous analysis, the fin aspect ratio was maintained at AR = 2.0.
Under cavitating flow conditions, fin geometries with larger aspect ratio’s increase the
lift coefficient of the fin [16]. An additional qualitative property of high aspect ratio
fins can be deduced from analyzing the fin environment. A fin mounted onto the
vehicle will be partially immersed into the cavity wall, and this immersed length of
the fin will be generating lift. In the event of a perturbation of the cavity location
with respect to the vehicle, the movement will cause the immersed length of the fin
to change. In the case of a high aspect ratio fin, the change in immersed fin surface
area would be less than in that of a low aspect ratio fin. This is shown visually in
Figure 4.3. This means that the higher aspect ratio fin would be more robust to the

effect of cavity perturbations on the fin lift.
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Figure 4.3: Cavity perturbation has smaller affect on wetted length of the fin with a
higher aspect ratio



4.2. CAVITATOR SHAPE AND VEHICLE DYNAMICS 77

4.2 Cavitator Shape and Vehicle Dynamics

In Section 3.1.1 the effect of cavitator shape on the static stability of the non-planing
vehicle was studied. Though none of the three cavitator shapes resulted in static
stability for the non-planing vehicle, qualitatively it was shown that the disk cavitator
was the least destabilizing, followed by the 45° cone and finally the 15° cone was the
most destabilizing. In this section, the effect of the cavitator shape on the vehicle
dynamics will be analyzed in more detail, in many ways confirming the qualitative

analysis previously conducted.

4.2.1 Drag

The choice of cavitator shape on the vehicle drag is an important consideration. The
cone shaped cavitators would seemingly reduce the drag when compared to the disk
cavitator. This is confirmed by comparing the drag coefficients for the three cavitator

shapes, as is shown in Figure 3.7. The equation for cavitator drag is given as

Dc — CDCQCAC
1

_C _t v2

q 2P c
v

A, ==d?
4 c

where in the case of the cones, d. is the base diameter. In order to conduct a fair
comparison, each cavitator shape is sized such that all three generate the same cavity
dimensions. The cavity dimensions of interest are the cavity maximum diameter

(d,,) and the cavity length (Legyity). The Reichardt theoretical formula for the non-



4.2. CAVITATOR SHAPE AND VEHICLE DYNAMICS 78

dimensional maximum cavity diameter is given in [5] as

dm CDC 12
d, (0 - 0.13208/7) (4.1)

Also based on Reichardt’s derivations is the equation for the cavity length. As pre-

sented in [5], the non-dimensional cavity length is

1/2
Leavity 0+ 0.008 ( Cpe )) / (42)

d.  0(0.066 + 1.70) \ o(1 — 0.1320%/7

Equations (4.1) and (4.2) can be applied for the three cavitator shapes. Interestingly,
the equations only depend on the cavitator drag coefficient, diameter, and the cavi-
tation number. In all three cases, the cavitation number are assumed constant and
equal. It is stated in [5], and the equations confirm, that Cp.A. of all three cavitator
shapes must be equal in order for d,, and L4ty to be the same. This implies that the
cone cavitators must be sized such that they generate the same drag as the disk cav-
itator. It is the cavitator drag that largely determines the cavity dimensions. Thus,
there is no benefit in terms of drag reduction for using a different shape cavitator. In
order to generate equivalent cavity dimensions, there must be equivalent drag.

It should be pointed out that although the cavitators are sized to generate equal
dy, and Legpiry, the cavity outlines will differ and depend on the shape of the cavitator.
This is especially true of the frontal portion of the cavity [5].

The cavitator drag coefficients are relatively constant for small angles of attack.
In both Equations (4.1) and (4.2), it shall be assumed that Cp. &~ Cp¢|a=o. The nom-
inal vehicle configuration using the disk cavitator has Cp.A. = 7T(0%81”1)2(0.875) =
9.9758 E~*m?. Utilizing the respective Cp.|a—o for each cone cavitator, the diameter

d. required to match the disk cavitator C'p. A, is calculated and shown in Table 4.1.

Interestingly, the diameter required for the 15° cone cavitator is more than double
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Vehicle Cavitator Sizes

Cavitator Shape Cpe|a=o d,
disk 0.875  0.0381 m
45° cone 0.555  0.0478 m
15° cone 0.21 0.0778 m

Table 4.1: Cavitator sizes required to match the nominal vehicle disk cavitator C'p.A..
These size cavitators all create the same cavity dimensions d,,, and Legyity

Disk Cavitator 45° Cone 15° Cone
Name Value Name Value Name Value

u 77T m/s u 77T m/s u 77 m/s

w  0m/s w  0m/s w  0m/s

q 0 rad q 0 rad q 0 rad

0 0 rad 0 0 rad 0 0 rad

Oc —0.0404 rad Oc —0.2152 rad O 0.0069 rad

T, 2953.7 N T, 2795.4 N T, 2957.5 N

T, —117.119 N T, —117.119 N T, —119.941 N

Table 4.2: Trim conditions for non-planing non-linear 3 DOF equations for disk, 459,
and 15° cone cavitators. In all cases, o = 0.08 and the polynomial approximations of
the hydrodynamic coefficients are used

the diameter of the disk cavitator. From this comparison, one can obtain a rule of
thumb for supercavitating vehicle nose design. When a smaller profile nose is required,

bluntly shaped cavitators with greater drag must be considered.

4.2.2 Non-Planing

The three cavitator shapes with their respective dimensions were used to trim the ve-
hicle in a non-planing condition. The three trim conditions are presented in Table 4.2.
The slight difference in T, for the three cases can be attributed to the Cp. ~ Cp¢|a=o
approximation. The positive lift curve slope of the 15° cone resulted in a positive
cavitator pitch to trim the vehicle. Additionally, a slightly larger 7. is required for

the 15° cone cavitator to counter act the destabilizing moment coefficient, which is
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Figure 4.4: The location of the vehicle poles changes for different cavitator shapes on
the non-planing vehicle

not present for the disk or 45° cone.

The 3 DOF non-linear equations of motion are linearized at the three trim condi-
tions, providing linear models for each of the cavitator shapes. The dynamics of the
resulting linear models are compared to understand the affect of the cavitator shape
on the non-planing vehicle.

All three cavitator shapes result in unstable non-planing trim points. The pole lo-
cations of the three models are plotted in Figure 4.4. The right half plane pole (RHP)

of the disk cavitator vehicle is closest to the origin, followed by the 45° cone vehicle
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Figure 4.5: The cavitator to pitch rate Bode plot of the non-planing vehicle for
different cavitator shapes

and finally the 15° cone vehicle having the farthest RHP pole. This implies that
faster actuators are required on the vehicle with the 15° cone cavitator to overcome
the vehicle’s fast unstable dynamics. This matches the earlier qualitative analysis of
the static stability of the three cavitator shapes.

Bode plots can be used to compare the control authority afforded by the three
cavitator shapes. Figure 4.5 shows a Bode plot for the three cavitators’ ability to
affect the vehicle pitch rate. All three cavitators can be used to affect pitch rate

at higher frequencies. The disk cavitator and the 15° cone have relatively equal
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Figure 4.6: The cavitator to vehicle angle of attack Bode plot of the non-planing
vehicle for different cavitator shapes

peaks in magnitude, which can be associated with their nearly equal lift curve slope
magnitudes, but opposite signs which is visible from their associated phase. The
45° cone has relatively poor control authority, and this confirms the very poor lift
obtainable from the 45° cone.

Similarly, Figure 4.6 shows the Bode plot for all three cavitators’ ability to affect
the vehicle angle of attack. Interestingly, the disk cavitator has by far the greatest

control authority on affecting the vehicle angle of attack.
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Disk Cavitator 45° Cone 15° Cone
Name Value Name Value Name Value
u 76.3 m/s u 76.3 m/s u 76.3 m/s
w  0.9396 m/s w  0.9396 m/s w  0.9404 m/s
q 0 rad q 0 rad q 0 rad
0 0.05 rad 0 0.05 rad 0 0.05 rad
O —0.0358 rad O —0.1390 rad O —.0083 rad
T, 2954.6 N T, 2900.7 N T, 2956.5 N
T, 0N T, 0N T, 0N
po 0.0113 po 0.0113 b 0.0115

Table 4.3: Trim conditions for planing non-linear 3 DOF equations for disk, 45°, and
15° cone cavitators. In all cases, ¢ = 0.08 and the polynomial approximations of the
hydrodynamic coefficients are used

4.2.3 Planing

Using the previously calculated cavitator sizes, the same analysis is conducted in the
planing case. Table 4.3 shows the planing vehicle trim conditions for each of the
cavitator shapes.

Despite the 15° cone having a positive lift curve slope, the trimmed 15° cavitator
deflection is a small negative value in this case. This is because the vehicle itself is
trimmed at a positive angle of attack. The combination of the the positive vehicle
angle of attack and the slight negative cavitator deflection results in the 15° cavitator
experiencing a local positive angle of attack.

The aft end of the planing vehicle is supported by planing and not thrust vectoring.
The 15° cone cavitator vehicle has a slightly larger planing immersion depth which can
be explained by the same destabilizing moment coefficient that required additional
thrust vectoring in the non-planing case.

Again the 3 DOF non-linear equations of motion are linearized at the three trim
conditions,and the dynamics of the linear models are compared to understand the

effect of the cavitator shape on the planing vehicle.
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Figure 4.7: The location of the vehicle poles changes for different cavitator shapes on
the planing vehicle
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Figure 4.8: The cavitator to pitch rate Bode plot of the planing vehicle for different
cavitator shapes

All three cavitator shapes result in stable planing trim points. The pole locations
of the three models are plotted in Figure 4.7. The poles of the 15° cone vehicle are
the farthest from the origin giving the vehicle much faster dynamics. Although faster
dynamics allow for very quick manoeuvres, there is greater complexity and demand
for faster sensors and actuators. There also are structural implications when the
vehicle has faster dynamics.

Bode plots for the ability of all three cavitators to affect the vehicle pitch rate

are shown in Figure 4.8. The magnitude plots are very similar in shape but differ
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Bode Diagram
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Figure 4.9: The cavitator to vehicle angle of attack Bode plot of the planing vehicle
for different cavitator shapes

substantially in magnitude. The 15° cone cavitator vehicle has by far the greatest
control authority to affect the vehicle pitch rate. This differs when compared to the
non-planing case where the disk cavitator vehicle had the greatest control authority.

Figure 4.9 shows the Bode plot for the ability of all three cavitators to affect
the vehicle angle of attack. Although the same shape and control authority ordering
as was seen in the cavitator to pitch rate is maintained, all three vehicles have very
poor control authority in affecting the vehicle angle of attack when planing. This phe-
nomenon was not seen in the non-planing vehicle, indicating that the stable dynamics

of planing greatly overshadow the cavitator dynamics.



Chapter 5

Recommendations and Conclusion

The derived model used static experimental data to model the vehicle dynamics.
Data on the dynamic effects on the various hydrodynamic components would greatly
simplify, and improve the accuracy of the vehicle model. More specifically, under-
standing the dynamics of the forces and moments from the cavitator, planing, and
fins. Planing is least understood, especially in regards to damping effects and how the
forces and moments change depending on whether the vehicle is entering the water
or pulling back into the cavity. Finally, much of the existing hydrodynamic data was
collected over a large range of angles of attack. Throughout this work, it was deter-
mined that very small angles of attack and deflections would be necessary and thus
more comprehensive experimental data at smaller angles of attack would provide a
finer data set.

Several of the unique control challenges associated with supercavitating vehicles
have been identified. The goal of this thesis was to provide a basic understanding
of the physics of a supercavitating vehicle and linking the physics to the observed
dynamics in simulation. Analyzing the non-planing linear dynamics, it was observed
that the disk cavitator contributed damping to the vehicle but failed to provide static
stability. Additionally, it was shown that a trade-off existed between static and

dynamic stability as well as the implications on stabilizing using pitch rate feedback.

87



CHAPTER 5. RECOMMENDATIONS AND CONCLUSION 88

The effect of cavitator shape on the stability characteristics of the vehicle were studied.
None of the three cavitator shapes achieved static stability, and in fact the disk
cavitator was the least destabilizing in this regard. It was also shown that proportional
pitch rate feedback was unable to stabilize the vehicle. This suggests that maintaining
a non-planing operating condition is challenging to say the least and would be costly
in terms of control authority. Maintaining a constant planing condition may be more
desirable, although it requires a better understanding of the cavity dynamics.

Analyzing the planing vehicle’s linear dynamics provided an understanding of
planing’s stabilizing features. This was done without consideration of the time delay
and cavity pulsation affects which complicates planing. Comparisons between sup-
porting the aft end of the vehicle with planing as opposed to using wedge shaped fins
lead to general guidelines for sizing fins for the vehicle. Using smaller fins with larger
angles of attack can greatly reduce the drag associated with the fins. Additionally, the
effect of the fin aspect ratio on vehicle performance showed that higher aspect ratio
fins both provide greater lift as well as robustness to cavity perturbations. Finally, a
more detailed quantitative analysis of the cavitator shapes on the vehicle dynamics
showed how there existed no benefits in terms of drag when comparing disk versus
cone shaped cavitators. Additionally it was shown that 15° cone shaped cavitator
gave the vehicle faster dynamics which would required faster actuators as compared
to the disk cavitator. The 45° cone cavitator had very poor lift properties and no
noticeable benefit on the vehicle dynamics.

Having a basic intuition for the vehicle dynamics can reduce time and effort during
the actual control system design. It is hoped that this thesis shows the richness of
understanding and insight that can be gained by taking a deep look at simplified

vehicle models.



Appendix A

Nonlinear Simulation

The following is a brief documentation of the 6 degree of freedom nonlinear simulation
of a supercavitating vehicle. The simulation is based on hydrodynamic coefficients

and can be updated as new experimental data becomes available.

A.1 Nonlinear Model

Newton’s method is used to derive the equations of motion for the vehicle. The base
vehicle configuration has two primary sources of hydrodynamic forces and moments,

namely:

1. Cavitator

2. Afterbody planing

The equations of motion for a general force and moment generating surface will
be derived, and thereafter the general equations will be applied to the three hydrody-
namic force and moment sources. This approach was chosen because the simulation is
also implemented in this way. This allows for our simulation to be modular in nature

and thus easy to update and modify.
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A.1.1 Euler’s Equations of Motion

The vehicle center of gravity is chosen as the origin for our body-fixed coordinate
system (b-frame). Expressed in the b-frame, the translational equations of motion are
given in Equation (2.3). Similarly, assuming the b-frame is selected as the principal
axes, the rotational equations are given in Equation (2.2).

There are two ways to calculate the forces and moments for each hydrodynamic
component. The first approach is to use an analytical formula and the second ap-
proach is using experimental data. Analytical expressions are important and provide
a great deal of insight into each components behavior. These expressions are topics of
research themselves, especially since the theory is complicated by the supercavitating
conditions. The validity of these expressions are judged by experimental measure-
ments. Experimental data will provide the forces and moments as a function of the
conditions, like angle of attack and cavitation number. The two hydrodynamic com-
ponents have been studied separately using experimental techniques and the results
have been published [6] [10].

This simulation is based on non-dimensional force and moment coefficients. This
allows a general framework to be implemented and furthermore available experimental
results can be swapped into the simulation. Additionally the analytical force and
moment expressions can be used to to generate non-dimensional coefficients allowing
for comparison. Next the implementation of the Euler’s Equations in Simulink is
shown. Since this 6 degree of freedom model is implemented in Simulink, as the

various equations are presented the relevant implementation in Simulink is also shown.

Simulink Implementation: Euler’s Equations

Equations (2.1) and (2.2) were implemented into Simulink and saved as a library block

named SixDOF_block.mdl, as shown in Figure A.4. The block named 6DoF (Euler Angles).mdl
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Figure A.1: Simulink implementation of Euler’s Equation of motion
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is taken from Simulink’s Aerospace Blockset. Next is the analysis of a general force

and moment component, starting with the coordinate frame.

A.2 Coordinate System

A diagram of the inertial and body-fixed coordinate systems (b-frame) are shown in
Figure 2.1. Other coordinate systems will be defined later for simplifying the analysis
of each general component, like the cavitator.

By a series of three rotations a vector expressed in the b-frame (zy,ys, 2) can
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Figure A.2: Set of three rotations necessary to go from b-frame to any other gen-
eral coordinate system. The rotation matrices (Ry, R, R3) correspond to the three
rotations (®,6,0) respectively.

be transformed to the other general frames. These three rotations are depicted in

Figure A.2.

A.2.1 Rotation 1: &

The first rotation is about the x;, axis and is denoted by the angle ® € 0 : 2w. The

corresponding rotation matrix is given as Equation (A.1). As an example, in the case

of four fins as the tail configuration of the vehicle, ® would be 0, 7, 7, and 37” radians.
If each fin has its own local coordinate system (xf,yy, zf), in this way the yy; axis is

placed along the span of the ¢’th fin.
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1 0 0
[Ri] = |0 cos(®) sin(®) (A1)
0 —sin(P) cos(P)

A.2.2 Rotation 2: ¢

The second rotation is about the intermediate axis z; axis and is denoted by the angle
6 € 0 : 2m. The corresponding rotation matrix is given as Equation (A.2). Continuing

the fin example, the 6 rotation corresponds to a sweepback of each fin.

cos(f) sin(d) 0
[Ro] = | —sin() cos() 0 (A.2)
0 0 1

A.2.3 Rotation 3: ¢

The third and final rotation is about the intermediate axis y; axis and is denoted by
the angle § € —m : m. The corresponding rotation matrix is given as Equation (A.3)

and in the case of the fin, ¢ is the fin deflection.

cos(6) 0 —sin(9)
Rs]=1] 0 1 0 (A.3)
sin(d) 0 cos(9)
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A.2.4 Complete Rotation Matrix

The three rotation matrices [R;], [R2], and [Rs] in the order presented can trans-
form a vector from the b-frame (xy,yp, 2p) to any other general coordinate system
(for example the fin or cavitator). This is shown in Equation (A.5) where v is any
vector and the superscript denotes the coordinate system in which it is expressed.
This transformation matrix is called the direction cosine matrix (DCM) and the two
subsequent subscripts identify the direction of transformation. For example, DC Mg,
would mean direction cosine matrix transforming from body frame to general frame.
Since DCM is unitary (DCM~t = DCM?), the opposite transformation is done using

its transpose: DCM;’,; transforms from general — body frame.

[DOMgb] = [R3][R2][R1] (A~4)
{}rmr = [DC M) {0} (A.5)

A.3 General Component

For any general component, a series of properties must be known which will later
be used to calculate the force and moment contribution. There are two categories of
necessary information: vehicle specific properties and component specific properties.

These are listed in Table A.1 and Table A.2 respectively.

A.3.1 Coordinate System

The first step is to define a coordinate system for the general component, which as
previously mentioned places the y-axis along the span of the component (if applicable,

like fins). The location of this coordinate system must be specified as well as its
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Vehicle Specific Properties

Name Description Units
o cavitation number -
P water density s
Thscg position vector from origin of b-frame to cg, m
expressed in b-frame
Veg velocity of cg expressed in b-frame o
w angular velocity expressed in b-frame %

Cr, Cp, etc... hydrodynamic coefficients

Table A.1: List of vehicle specific properties used to calculate each general compo-
nent’s force and moment contribution

Component Specific Properties
Name  Description Units
Th—g  position vector from origin of b-frame to ori- m
gin of general frame, expressed in b-frame
Tg—ep  PoOsition vector from origin of general frame — m
to center of pressure (cp) of the component,
expressed in general frame
DCMy, direction cosine matrix which transforms -
from b-frame — general frame

S reference area m
lres reference length m
b reference span m

Table A.2: List of component specific properties used to calculate each general com-
ponent’s force and moment contribution
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Figure A.3: Defining the relation between the vehicle cg, the b-frame, the component’s
general frame, and the general component’s cp.

orientation with respect to the vehicle body frame. Figure A.3 shows a general case
with all three important position vectors defining the relationships between the vehicle
cg, component cp, the general frame and the b-frame. By defining our specific general
frame, we are specifying 7,_,, and DCMgy,. The transformation matrix DCMy, is
obtained by Equation (A.4). This means any component deflection is accounted for
in this manner and the general frame both is fixed to and rotates with the general

component.

A.3.2 Local Conditions

Next the velocity at the cp of the component is determined. To obtain this, we need

the position vector between the vehicle cg and the cp of the component:

Teg—sep = —Thoscg T Thog + [D CMgb]ngHcp (A-6)



A.3. GENERAL COMPONENT 97

Where the [DCOM)" is necessary to keep all of Equation (A.6) expressed in
the b-frame. Note that so long as the origin of the b-frame is chosen as the cg,
Thoseg = [0,0,0]T. Using 7oy_sep, the vehicle velocity V., = [u,v,w]T, and the angular
rates w = [p, ¢,r]T we can apply the transport theorem and find the local velocity at

cp and express it in the general frame:

Vep = DOMp[0eg + W X Tegosep] (A.7)

Note the DCM,, in Equation (A.7) expresses the ., vector in the respective
general frame (x,,y,, 2,) of the component. We will continue to work in the general
frame for the next steps. Using the components of the local velocity vector v, =
1y, vy, wy]" we can find the local angle of attack (o), sideslip angle (3,), and velocity

magnitude (V).

ay = tan™" (%) (A.8)

Ug

Vo = \/Ju2 +v2 + w3 (A.9)
v

B, = tan™* (—g) (A.10)
! Vg

Equations (A.8), (A.9), and (A.10) give the local conditions at a generalized com-
ponent, expressed in the general frame. Next the components hydrodynamic coeffi-

cients are determined for the calculated flow conditions.

Simulink Implementation: Local Conditions

Equations (A.7), (A.8), (A.9), and (A.10) were implemented into Simulink and saved

as a library block named Local_conditions.mdl, as shown in Figure A.4.
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Figure A.4: Simulink implementation of local conditions calculations.

Coefficients for Varying Axes

Body Stability Wind

C, axial force Cp(p=0) drag force Cp drag force

Cy side force Cy side force C. cross-wind force
C', normal force Cy, lift force Oy, lift force

C; rolling moment C; rolling moment C; rolling moment

C,, pitching moment (), pitching moment (), pitching moment
C, yawing moment (), yawing moment ), yawing moment

Table A.3: List coefficients used for body, stability, and wind axes. This derivation
used the wind axis set of coefficients.

A.3.3 Hydrodynamic Coefficients

Using the obtained local flow conditions at the component of interest, the correspond-
ing hydrodynamic coefficients will be determined. Lookup tables will be used for this
purpose. These coefficients are commonly presented in three axes: body, stability, or
the wind axes, as listed in Table A.3.

At this point we have data on Cp, C', and C,, for the main components and will
be using the wind axis convention. This information is given as a function of angle
of attack («), cavitation number (o), and submergence ratio in the case of planing.

Experimental data on the dependence of these coefficients on sideslip angle () was
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not available. The unknown contributions to the coefficients were neglected but may
be added later when data becomes available. During control design one may study
the effect of these coefficients on the controller performance by including uncertainty
in their values.

A linear interpolation of the lookup table values was used to obtain the necessary
coeflicients for the given set of conditions. The local dynamic pressure (g,) for the

component can be calculated as shown in Equation (A.11).

1

Simulink Implementation: Hydrodynamic Coefficients

The lookup tables described as well as Equation (A.11) were implemented in Simulink
and saved as a library block named Aero_Coeff.mdl, as shown in Figure A.5. Note
the unknown coefficients are currently set to zero.The dependence on sideslip (3) is

also unknown as previously mentioned, and thus currently not used.

A.3.4 Hydrodynamic Forces and Moments

Thus far a 6 x 1 vector of hydrodynamic coefficients expressed in the local wind
axis for a general component as well as the local dynamic pressure is obtained. The
following parameters are defined next and later used for completing the general force
and moment derivation. These parameters come either directly or indirectly from the
component specific properties in Table A.2. First the position vector between the

general component and the vehicle cg is required:

Tgscqg = [DCMgb] (fb—mg - fb—>g) (A-12)
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Figure A.5: Simulink implementation of hydrodynamic coefficient lookup tables and
local dynamic pressure calculation.

Where the [DCM,,) is necessary to keep all of Equation (A.12) expressed in the
general frame. It is also necessary to define the position vector between the origin
of the general component frame and the cp of the component. This vector (7y_.,)
is directly taken from Table A.2 and is already expressed in the general frame. The
local velocity vector (v.,) is defined in Equation (A.7). Finally, it is necessary to
define the reference geometries S, l,.f, and b which are used to non-dimensionalize
the hydrodynamic coefficients of the general component.

The force coefficients and the moment coefficients are separated into two 3 x 1

vectors, as shown in Equations (A.13) and (A.14).
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Cforces = Cc <A13)

Cmoments - Cm (A ]-4)

The forces are discussed first and thereafter the moments, but before hand a
new transformation matrix necessary to convert between the local wind axis and the

general frame of the component is defined.

Local Wind to General Frame Transformation

Earlier o, and f, were obtained using Equations (A.8) and (A.10). The transfor-
mation begins in the general frame with a rotation of —a, about the y, axis and
thereafter a rotation of 8, about the transformed z, axis. Thus using the previously
defined rotation matrix convention, § = —«, and § = 3, and obtain [Rs3] and [R,] as

defined in Equations (A.3) and (A.2) respectively.

[DCMuyg] = [Ro] [Rs] (A.15)
{v}"" = [DC M) {0} (A.16)

The transformation matrix from general frame to the local wind axis of the general
component is given by Equation (A.15). An example of such a transformation is shown
in Equation (A.16) where v is any vector and the superscript denotes the coordinate

system in which it is expressed.
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Forces

The necessary parameters are now defined for calculating the forces from the general
component acting on the vehicle. Equation (A.17) shows the forces expressed in the
wind axis. The negative of the force coefficients is necessary to match them with the
vehicle wind axis. Thereafter, since the hydrodynamic coefficients are given in the
wind axis, two pre-multiplying transformation matrices convert from the local wind
axis to the general frame of the component and finally to the b-frame of the vehicle

as shown in Equation (A.18).

—Cp,S

Fyit = | —C.q,S (A.17)
—CLq,S

Fy = [DCMy)" [DC M,y " F (A.18)

Moments

The general component moments can be divided into two parts. The first due to the
forces acting at a location other than the vehicle cg. The second due to hydrody-
namic moment coefficients. Equation (A.19) defines the moment arm between the
component’s ¢p and the vehicle cg, expressed in the wind frame. Equation (A.20)
takes the cross product between the component’s force vector and the moment arm,
all expressed in the wind frame. The sum of the force induced moments and the
moment contributions of moment coefficients are also expressed in the wind frame.
Finally in Equation (A.21) two transformation matrices are used to express the total

moment from the general component in the b-frame.
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Figure A.6: Simulink implementation of general component forces and moment cal-

culation.
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Simulink Implementation: Aerodynamic Forces and Moments

(A.19)

(A.20)

(A.21)

The forces and moment equations are implemented into Simulink and saved as a li-

brary block named Force_Moment .md1, as shown in Figure A.6. Note the block named

Aerodynamic Forces and Moments.mdl is from Simulink’s Aerospace Blockset.
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Figure A.7: Simulink implementation of general component block.

A.3.5 Simulink Implementation: General Component

The above derivations allow for adding a force and moment generating surface to
the vehicle in a modular fashion. All three blocks: Local Conditions, Hydrodynamic
Coefficients, and Forces and Moment block together are combined into a single Gen-
eralized Hydrodynamic Component block. The data flow in this block is shown in
Figure A.7. The forces and moments from the general components are summed and

passed to the SixDOF_block.mdl shown in Figure Figure A .4.

A.4 Cavitator Component

The implementation of the cavitator is simplified greatly using the above general
component derivation. Using the vehicle and component specific properties listed in

Table A.1 and Table A.2 respectively, the cavitator force and moment contributions
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Figure A.8: Simulink implementation of cavitator component block.

is obtained without any additional derivation.

A.4.1 Simulink Implementation: Cavitator Component

The cavitator implementation of the general component is shown in Figure A.8. As
visible from the figure, the three rotation angles (®,6,¢) used to define the direction

cosine matrix are (0, cavitator yaw, cavitator pitch) respectively.

A.5 Planing

Planing occurs when the vehicle afterbody slaps against the cavity wall. The vehicle-
cavity interaction is among the major challenges associated with supercavitating ve-
hicles. From a simulation standpoint, the cavity must be modeled such that such that

planing can be detected and the planing forces and moments applied to the vehicle
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\/

Figure A.9: Illustration of Equation (A.23), which will help determine the time history
of the cavitator position.

when necessary.

Continuing with the intent to create a modular simulation, the varying compo-
nents necessary to detect and account for planing are discussed next. The Logvinovich
cavity model will be used in this simulation and the planing forces and moments will

be implemented using the previously derived general component approach.

A.5.1 Cavity Memory Effects

The time history of the cavitator centerline is the line around which the cavity grows
and collapses. Thus the cavity shape near the aft end of the vehicle, where planing
is of interest, depends on the past location of the cavitator .

The position vector from the origin of the inertial frame (X, Y, Z) to the cavitator
cp is defined in Equation (A.23) and illustrated in Figure A.9. Note the position

vector Te_sq(t) is expressed in the earth frame as a function of time.
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Figure A.10: Showing the delayed 7._,., vector.

Fosep = Tosg + [DC M) Tysep (A.22)
Foosep(t) = DCMEFy s p + [Xe, Yo, Zo]" (A.23)

Next Fe_yep(t) is delayed to keep track of the delayed position vectors. This is illus-
trated in Figure A.10.

Thereafter the current vehicle position [X,,Y,, Z.]T is subtracted from each of the
delayed position vectors, 7e_,,(t — 7;) and transformed back to the b-frame, as done
in Equation (A.24). This gives a time history of the cavitator position expressed in

the b-frame, as illustrated in Figure A.11.

fb—)cp(t - Ti) = DCMbe(’Fe—)cp - [Xe7 Y;, Ze]T) (A24)
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7y

Figure A.11: Illustration of position vector between b-frame and past positions of the
cavitator cp.

Thus the position vector of the cavitator cp for past and present times steps is
obtained, all expressed in the b-frame. The vehicle geometry can be used to define
the location of the vehicle tail. Using these two pieces of information along with the
cavity radius as a function of the time that has passed since its inception, it can be

determined if the vehicle tail has made contact with the cavity wall.

Simulink Implementation: Cavity Memory Effects

The forces and moment equations were implemented into Simulink and saved as a
library block named Delay_Position.mdl, as shown in Figure A.12. Note the number

of delayed position output vectors can be increased or decreased as necessary.
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Figure A.12: Simulink implementation giving the time history of cavitator centerline.

A.5.2 Logvinovich Cavity Model

A model which adequately captures the cavity dynamics and lends itself well to
numerical implementation was used. The initial model of choice is by Logvinovich
which provides the radius of the cavity as a function of time since making contact
with the cavitator. Logvinovich’s model and the relevant equations are shown in

Equation (2.38).

Simulink Implementation: Logvinovich Cavity Model

The cavity model presented by Logvinovich, namely Equation (2.38) was implemented
into Simulink and saved as a library block named Cavity_Radius.mdl, as shown in

Figure A.13.
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Figure A.13: Simulink implementation giving cavity radius as function of time since
inception

A.5.3 Projected Cavity Radius

The goal in modeling the cavity is to detect planing. Once the radius of cavity
has been determined as a function of time since making contact with the cavitator,
the direction of the cavity radius vector must be determined. This is accomplished
by always defining each radius vector perpendicular to the velocity vector of the
cavitator at the instant of inception. This means the direction of the radius vector 7;
seconds after cavity inception is determined by the cavitator velocity vector at time
Veaw(t — 7). This is shown graphically in Figure A.14; note how each planar section
is perpendicular to the cavitator velocity vector of interest. This is accomplished

mathematically using the cross product operation as shown in Equation (A.25).
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R.(0)

Figure A.14: Cavity planar section at each instant is perpendicular to the cavitator
velocity vector that initiated that section.

Vit —7) =Vt —7) x 11 1]7 (A.25)
~ o VL(t—TZ')
Vi(t—m)= —|VJ_(t — Tz)‘

RC(TZ') = RC(TOVL(t — Ti)

The cross product between the delayed velocity vector and a non-coinciding arbi-
trary vector results in a third vector (V) in the plane perpendicular to the original
two. Next the obtained vector is normalized as a unit vector and thereafter multi-
plied by the cavity radius magnitude at that instant (R(7;)). This results in a vector
representation of the radius of the cavity in the planar section of interest.

The vector representation of the cavity radius is next projected into the body
yp — 2 plane and the magnitude of the cavity radius in the body frame, R,,;(7;), is

determined as shown in Equation (A.26).
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Ryroj(1i) = | Re(m:) - [0 1 0]T (A.26)

(A.27)

The final necessary detail is where to check for planing - at which 7; does planing
occur? One may decide to use a range of discrete 7 values and check for planing
at each point. In the interest of computational ease and to minimize complexity,
it was decided to check for planing at a single 7 value near the end of the vehicle.
This 7 value is approximated from the level flight case where the time that passes to
propagate from the nose to the tail of the vehicle is a function of the vehicle length
and speed. This is shown in Equation (A.28) where 7, denotes the time at which to

check for planing, Ly.q, the vehicle length, and V' is the vehicle speed.

o Lbody
Tp = v

(A.28)

From the information derived, the angle between the cavity boundary and the
vehicle wall, denoted a, must also be obtained. Using the definition of dot product,
this is accomplished in Equation (A.29) where the angle between the radius vector

(Re(7;)) and the projected radius (R,..;(7;)) is obtained.

mo]]

(A.29)

Qe = cos™ 1 ( e(7i): Rro; (T:) )

(i) Rproj (7:)

o]l
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Complex to
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Re projected mag

Figure A.15: Simulink implementation projecting the cavity radius into the body
Y» — 2 plane and determining its magnitude

This angle is used in the lookup tables for the planing hydrodynamic coefficients.

Simulink Implementation: Project Cavity Radius

The equations that project the cavity radius onto body frame were implemented into
Simulink and saved as a library block named Projected_Radius.mdl, as shown in
Figure A.15.

At this point the information necessary to check for planing in the vehicle y;, — 2,

plane is available:

The vehicle tail position center position, [0 0]7

The vehicle radius, Rpoqy

The cavity centerline position, y and z coordinate of 7y, (t — 7,)

The cavity radius projected magnitude, R,,;(7,)

This information is displayed in Figure A.16.
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Figure A.16: Depicting the information obtained to check for planing on the vehicle.

A.5.4 Detecting Planing

The depth to which the vehicle body is submerged into the cavity wall is defined as
the immersion depth, h. The planing detection is conducted in the y, — 2, plane. The
immersion depth can be calculated as in Equation (A.30) and is shown graphically in

Figure A.17.

0 if de + Rpody — Bproj(1p) <0
h— body proj (Tp) (A.30)

de + Riody — Rproj(Tp) otherwise
Here d. is the distance between the vehicle center point and the cavity center
point and should not be confused in the diameter of the cavitator. At this point the

direction in which the planing force acts is determined.
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Y

Figure A.17: The immersion depth (h) is the depth of the vehicle submerged into the
cavity wall and is used to determine the planing force on the vehicle.

e
6

;‘, U

Figure A.18: The rotation of the planing general frame necessary to place the planing
force in the correct direction.
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Planing Frame and Force/Moment Direction

The planing force is determined using lookup tables. These lookup tables were gen-
erated by experiments done in the longitudinal plane. Thus the planing frame must
be rotated such that each planing situation matches the conditions for planing in the
experiment. For this purpose a general planing frame (denoted by subscript p) is
defined which initially matches the body axis b-frame. Depending on the location
of planing, this axis is rotated to match the experimental lookup table conditions.
Expressed in the general planing frame, the planing force lift always maps to a force
in the negative z, direction and the drag force maps to the negative x, direction.
The the transformation matrix from the body frame to the planing frame can be
determined from Equation (A.4). Among the three rotation angles, the only non-zero
angle would be the rotation about the z;, axis and is denoted by the angle ®. The
determination of angle ® is shown in Figure A.18. The position of the cavity center
expressed in the body frame is determined from the delayed cavity position vector

To—sep(t — 7,) and was determined in Equation (A.24).

[Tey Yo 2e] T = Tpsep(t — 7)

Knowing the position of the cavity center, the angle n between the y, axis and
the cavity center point (y.,2.) can be determined using the four-quadrant inverse
tangent. The rotation angle ® is determined by adding 90° to . The angle ® rotates
the planing axes such that the z, axis is in line with the x, — 2, plane in which
planing is occurring, as shown in Equations (A.31) and (A.32) respectively. Thus
the planing lift contribution which maps to the negative z, direction will create a

restoring planing force pushing the vehicle back into the center of the cavity.
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if immarsion calculsted is grester than 0
then it is passed through. Otherwiss 0 is passed

rotate back 90 degs ot

Figure A.19: Simulink implementation determining the planing immersion and the
frame rotation angle which is used to determine the DCM for the planing frame

n =atan2 (ﬁ) (A.31)

C

b =1+ g (A.32)

The planing forces are therefore applied in the correct direction regardless of the

location of planing on the body, .

Simulink Implementation: Planing Immersion and Frame Rotation

The planing immersion calculation and the rotation angle necessary to put the planing
frame in the correct orientation were implemented into Simulink and saved as a library

block named Planing_Immersion.mdl, as shown in Figure A.19.
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A.6 Planing Component

The above planing details build the framework to implement the planing forces and

moments as a general component.

A.6.1 Simulink Implementation: Planing Component

The planing implementation of the general component is shown in Figure A.20. The
planing rotation angle determined in Equation (A.32) is used to determine the direc-

tion cosine matrix (the second and third two rotation angles are zero). Notice that

non-dimensional immersion is necessary as the hydrodynamic lookup tables for

h
Dbody

planing depend on this parameter. The other noticeable change is that 7,4 is deter-

mined using a lookup table since the center of pressure of planing varies with a,, and

h
Dbody

Fysep = [000]7.

. This is accounted for by placing the general frame at the ¢p and then defining
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Figure A.20: Simulink implementation of planing component block.
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