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ABSTRACT

A real square matrix C is called almost skew symmetric if C = S+ A where S is a rank
one real symmetric matrix and A is a real skew symmetric matrix. We shall show that the
real eigenvalues of almost skew symmetric matrices satisfy remarkable inequalities. We
shall apply these and other inequalities to estimate the spectral radii of the tournament
matrices.

§1. Introduction

Let C be a real n X n matrix. Set

y T _ T
C:S+A,S:%C—,A:¥. (1.1)

Thus, S and A are the symmetric and the skew (anti) symmetric components of C. We
call C almost skew symmetric if S is a rank one matrix. In the terminology of [M-
P] C - % 1s a pseudo-tournament matrix. In §2 we discuss remarkable properties of
the spectrum of almost skew symmetric matrices. Under certain conditions we estimate
the largest real eigenvalue of an almost skew symmetric C from below and above when
the nonzero eigenvalue of S is positive. Our estimate are quadratic in the entries of
A. We also give conditions on A which ensure the existence of real eigenvalues for C
in the case where the dimension of C' is even. Our results are almost unrelated to the
results discussed in [M-P]. A tournament matrix is a square (0,1) matrix T such that
T +TT = J — I where J is the all ones matrix. In §3 we note that a tournament
matrix is an almost skew symmetric matrix minus % We then apply our results to get
some estimates on the spectral radius of tournament matrices. Our results can be viewed
as a natural extension of the basic inequality due to Kirkland [Kir]. In §4 we bring
a generalization of Ostrowski’s inequality [Ost] for the spectral radius of nonnegative
matrices which we apply to generalized tournament matrices. (A nonnegative matrix T'
is called a generalized tournament matrix if 7+ T7 = J — I.) In the last section we
discuss the extremal tournament matrices of an even order n which maximize the spectral
radius of the tournament matrices and the corresponding values of their spectral radii as
a function of n. We were not able to prove or disprove the Brualdi - Li conjecture [B-L]
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on these extremal matrices. We did show that the Brualdi-Li matrix maximizes a function
which is closely related to the spectral radius of a tournament matrix.

§2. Perturbation of a rank one symmetric matrix by a skew symmetric matrix

As usual, denote by M,(F), Sn(F), An(F) be the algebra of n x n matrices, the

space of n X n symmetric matrices and the space of n x n skew symmetric matrices with
the entries in a field F. Let C € M,(R) and assume the decomposition (1.1). Let
spec(C) = {A1(C), ..., \n(C)} be the spectrum of C. Then spec(S),/—1spec(A) C R.

Arrange the eigenvalues of S in the decreasing order:

A1(S) > Xa(S) > ... > A (5).
As 2TCz = 7Sz, x € R™ it follows that

spec(C)N R C [An(S), A1(S)].

Thus, the real eigenvalues of C' can be viewed as a perturbation of the eigenvalues of S.

More precisely, consider the coefficients of the characteristic polynomial of C' as polynomials
in the entries of S and A. As

det(A] — C) = det(A — (S + A)) = det(A\] — AT) = det(M\] — (S — A))

we deduce that the coefficients of the characteristic polynomial of C involve only even
degree mononomials in the entries of A. That is, the characteristic polynomial of C
1s a quadratic perturbation of the characteristic polynomial of S by the entries of A.
The following theorem exhibits more precisely what happens to the spectrum of a real
symmetric matrix S under the perturbation by a real skew symmetric matrix A:

Theorem 2.1. Let
Clz)=5+4z4, Se S,(R), A€ A,(R), z € C. (2.2)

Then for a small enough disk |z| < r the matriz C(z) has n analytic eigenvalues A\;(z), ...,
An(z) with corresponding n independent analytic eigenvectors. Let A € spec(S) be an
eigenvalue of multiplicity k. Assume that the eigenvalues \i(z), ..., N\itx—1(z) correspond
to A, te. Aj(0) =X, j=1,..,i+k—1. Suppose furthermore that k is odd. Then at least
one of the eigenvalues A\;(z), 1 < j < i+ k — 1 s real analytic. Furthermore, any real
analytic eigenvalue \(2) 1s a function of z°.

Proof. Let z = /—1w. Then C(v/-1w) = S + wA,, A, = V/—1A. Thus, A, is
a hermitian martrix. It then follows that C(1v/—1w) is hermitian for real w. Rellich’s
theorem, e.g. [Kat], yields that for a small enough disk |w| < r the matrix C(v/—1w)

2



has n real analytic eigenvalues Aj(w), ..., Ap(w) and corresponding n independent analytic
eigenvectors. Replace w = —y/—1z to deduce the corresponding result for C(z).

Assume that \;(2) is real analytic. As Aj(y/—1Iw) is real analytic we deduce that the
power series of Aj(z) contain only even powers of z. Suppose finally that A € spec(A) is of
an odd multiplicity k. Assume that z is real. Then the eigenvalues of C(z) are either real
or come as conjugate complex pairs. As k is odd one of the eigenvalues \;(2), ..., Aigr—1(2)
is real analytic. ¢

In the space R we consider the standard inner product (z,y) = 27y and the l; norm

lz|| = (z,z)2. The following lemma is well known, e.g. [G-V, §9.1.1, p’483] but we bring
its proof for completeness:

Lemma 2.3. Let A € A,(R). Assume that e € R", |le]| = 1. Let U = span{e, Ae, ...,
AF=1le} € R™ be a cyclic subspace of A, that is e, Ae, ..., A¥" e are linearly independent
and A¥e € U. Assume that k > 1. Let ¢! = e,...,e* be the orthonormal vectors obtained
by the Gram-Schmidt process from the vectors e, Ae, ..., A¥"le:

A : Aed 7l — (77T Aed 1)l ™2
oo 2o A Al — (@ ?) e )e i =3,k (24)
| Ae]] [Aei=t — ((e772)T Ae?—1)el 2|
Then in the basis €', ..., e* the matriz A is represented by a skew symmetric kxk tridiagonal
P Y

matriz A = (ai;)¥ whose lower nontrivial diagonal is given by:
21 = ay = ||Ae||, agy1); = o = |4l +ajoe? 7 = (2T TAe?j =2,k — 1. (2.5)

Proof. As 2TAz = 0 we deduce that Ae is orthogonal to e. Since k > 1 Ae # 0 hence
ez = TI{:%H' Assume by the induction hypothesis that (2.4) holdsfor j = 1,....,m—1. Let e™
be given by (2.4). As (e™ )T Ae™ ™! = (em1)Te™=2 = 0 it follows that (e™)Te™ 1 = 0.
The formula for e™ yields that (e™)Te™2 = 0. Consider (e™)Te/ for j < m — 2. By
the induction hypothesis (e™~2)Te/ = 0. As Ae/ € span{el,...,e’t1} we deduce that
(em1)TAel = 0. Hence, (e™)Te/ = 0. This shows that e!,...,e* form an orthonormal
basis of U which is constructed by the Gramm-Schmidt process. The formula (2.4) yields
that A is represented by a tridiagonal matrix A in the orthonormal basis e!,...,e*. As A
is skew symmetric so is A. The equalities (2.5) follow straight forward from (2.4). ©

Let R = RU {-o}. We adopt the natural convention —c0 < z, Vz € R. Let
z,y € R. We then let © <y (y > 2) if either 2 =y = —occory € Rand z < y.

Theorem 2.6. Let S € S,(R), A € A,(R). Assume furthermore that S is a rank one
matriz with positive eigenvalue 6 > 0 and the corresponding eigenvector Se = e, ||e|| = 1.
If Ae = 0 then the spec(S + A) is obtained from spec(A) by removing one zero eigenvalue
and replacing it by §. Assume next that Ae # 0. Lete! =e, ...,e* be the orthonormal basis
of the cyclic subspace of U = span{e, Ae,...,A*"1e} C R™ as in Lemma 2.3. Then in the
basis €', ...,e* S is represented by the k x k diagonal matriz D = (dij)¥ = diag{$,0,...,0}
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and A by the k x k tridiagonal skew symmetric matriz A= (@)% given by (2.5). Further-
more, any real eigenvalue of D + A is nonzero. Moreover, all nonzero real eigenvalues of

S + A are the eigenvalues of D + A. Set:
q(N) = det( M — (dij + ai;)), 1= 1,.., k. (2.7)

Denote by p; the mazimal real root of qi(N\) for 1 =1,...,k. If l is even and q;(\) does not
have a real root we then let py = —oco. Then

pi>pj,J=t+1,.,ki=13, pj>=p2, J=3,..,k (2.8)

Suppose that qz;—1(A), © = 1,..., LL'-QQJ have ezactly omne simple real root po;—y, 1 =
1., | 5L]. Then

. k-1
P2i-1 > P2it+1, L= 1,.., LTJ’
. k—2
P2i < P2i42, 1= 17 ey LTJ’ (29)
k+1

P2i—1 > P2j, 1= 1)"') L

Proof. Let U+ C R" be the orthogonal complement of U. As A is skew symmetric we
deduce that AU+ C U*L. Clearly, Sspan(e)* = 0. Hence SU C U, SU+ =0 and

spec(S + A) = spec(S + Aly) U spec(Aly).

Assume first that Ae = 0. Then U = span(e) and the above equality yield that the
spec(S + A) is obtained from the spec(A) by replacing a zero eigenvalue of A by 6.

We now assume that Ae # 0, that is, & = dim(U) > 1. Suppose that (S + A)z =
0,0#z€cU. As0=2T(S+ A)z = 27Sz we deduce that Sz = 0. Thus Az = 0. As U
1s a cyclic subspace of A we deduce that U = span(a) contrary to our assumption. Thus,
the matrix D + A does not have a zero eigenvalue. We now show the inequalities (2.8).

Let
pi(A) = det( M — (dij + aij)f_141), L= 1,..., k. (2.10)

Set po(A) = go(A) = 1. The following recursive formulas are established in a straightfor-
ward manner:

pr(N) = (V) = ¢i(Mpe—i(X) + gi1(Meafpr—icy, 1 =1, .,k — 1, (2.11)

pi(A) = Apici(N) + ah iy 1pic2, 1 =2,k — 1. '

Note that p;(A) >0, A >0, : =1,...,k — 1. The formulas (2.11) yield
gk (X) = (A = &)pr—1(A) + aipr—2(N).
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Hence, gx(A) > a2pr—2(A) > 0 for A > §(> 0). Therefore, pr < p1 = 6. By considering
the matrix (dij + &,'j)ll we deduce that p; < p1, | = 2,..., k. Consider p,. If p = —c0 we
trivially have that p; > ps, j = 3,...,k. Assume now that p, € R. Our arguments yield
that 0 < py < 6. The first set of the equalities of (2.11) imply:

(X) = (Mpr-2() + (A = 6)azpr—s(N).

Thus qr(p2) = (§ — p2)adpr—3(p2) < 0. Hence, g has a real root and px > p2. The
arguments above show that each ¢;, [ = 3,...,k has a real root and p; > p2, | = 3,...,k.
Assume finally that all go;—1 have simple real roots. We prove the inequalities (2.9) by the
induction on k. Suppose (2.9) holds for k = [. Let k = [+ 1. The first set of equalities of
(2.11) yield that

Qi1 = Aqr + afqi-a. (2.12)

Suppose first that [ is even. Then the induction hypothesis yield that p; < p;—;. It then
follows that ¢;+1(X) > 0 for A > p;—1. Hence, pi41 < pi—1. If py = —co we obviously have
the inequality p; < pi+1. If 0 < p; then (2.12) yields qi+1(p1) = afq—1(pi1) < 0. The last
inequality follows from the inequality p; < p;—; and the assumption that p,_; is the only

real root of ¢;—; which is also simple. Therefore p;4; > p;. Similar arguments apply in the
case [ is odd. ¢

The two roots of:

a(\) = AT — ) + o (2.13)
are given by i i
6— /62 -4 6+ +/6% -4
T = 5 A= 5 =i (2.14)

Thus, if 62 > 4af then p; = 7 > g— Then Theorem 2.6 yields:

pi > p2 = , i =3,..k, 6% > 4a’. (2.15)

In particular, the matrix S + A has a positive real eigenvalue which is not less than p,.
This last statement can be deduced from the recent inequality of [Kir] for hypertournament
matrices. We adopt Kirkland’s proof to state a more precise result about the spectrum of
almost skew symmetric matrices in the case §2 > 4af.

Theorem 2.16. Let S € S,(R), 4 € A,(R). Assume furthermore that S is a
rank one matriz with positive eigenvalue § > 0 and the corresponding eigenvector Se =
be, |le]l = 1. Set ay = ||Ae||. Assume that §2 > 4a?. Then S+ A has one real eigenvalue

A satisfying the inequality:
\ > 6+ /6% — 4a?
—— 2 .

(2.17)
Furthermore, all other n — 1 eigenvalues of A+ S satisfy the inequality:
6 — /6% —4a?
R(\) < day. (2.18)
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Proof. Using a continuity argument it is enough to consider the case §? > 4a?. Let

§ § — /67 — 4a? §+ /82 — 4a?
H=5-3I M =S+A~tI, P, - M,H+HMT, Yoy O =il

2

(2.19)
Then P, = N, ® %S‘In_g. A straightforward calculation shows that the 2 x 2 matrix IV, is
positive definite for the values of ¢ prescribed in (2.19). Thus, P, is positive definite. The
result of Ostrowski and Schneider [O-S] claims that M, and H have the same inertia. That
is, M, has exactly one eigenvalue with positive real part and all other n — 1 eigenvalues
have negative real part. As M, is a real matrix we deduce that the unique eigenvalue with
a positive real part must be real. To deduce (2.17) let ¢ tend to p; = 75 from below and
to deduce (2.18) let ¢ tende to 7y from above. ¢

Theorem 2.20 For § >0, a?,a2 > 0 Let p3(a?,a2) be the largest real root of
a(A) = A* =6\ + Ma? + a3) — bal. (2.21)
For a fized value a? > 0, 4a? < 62, p3 is a strictly increasing function of a3 such that

8+ /62 — 4a?
pe,0) = pa(af) = :

2

4

, pa(ad,00) =6, 6% > 4a? > 0. (2.22)

For a fized value of as > 0 p3 1s a strictly decreasing function of oy on the interval [O,g

such that p3(0,a%) = 6 . For a fized value a3 > % p3 18 a strictly decreasing function of
a? such that:

/)3(07C“%) =4, /)3(0070‘%) =0, (223)
Assume finally that o?, a2 > 0 and 4a? < 6%, Then
2 5 —
0<ps—p2< 28 — ps) (2.24)

(2p2 = 6)p2 + a3

Let S € S,(R), A € A,(R). Assume furthermore that S is a rank one matriz with
positive ergenvalue 6 > 0 and the corresponding eigenvector Se = Se, |e|| = 1. Assume

that A%e # 0. Set

A?e | A2%e||?
2 _ 2 2 2 2
o = el ad = |22 4 aepr = LAy (2.25)
a | Ae]l?
Then S+ A has ezactly one positive simple eigenvalue A satisfying
pa(af) <A < py(ad,af). (2.26)

Proof. Using the definitions (2.13) and (2.2) we deduce in a straightforward manner the
equality

33(A) = A2(A) + a3(A = §), (2.27)
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which is a special case of (2.12). Then p3 is the maximal real solution of

Aa(X)
s— 0w

(2.28)

Note that go()) is an increasing function of A for A > %. Also, for §% > 4a? > 0,a3 > 0
the argument in the proof of Theorem 2.6 yields that

)
6 > p3(al,ad) > pa(ad) > 3 0 < 4a? < 6% 0 < al (2.29)

It then follows that for a fixed a;, 62 > 4a? > 0 p3 is an increasing function in a3 > 0.
Thus, when a2 = 0 we obtain the first equality in (2.23). As p3 < § we deduce that if
a? — oo then p3 — 6. This proves the second equality of (2.23).

Fix the value of @z > 0. Then for a; € (0, %) we know that p3 > p; > %. Note that
the equalities (2.27) and (2.13) directly yield that for a fixed A > 0, ¢3 is an increasing
function of a?. Fix the values of a?,a2. Then g3 is a strictly increasing function of A

for A > %. These arguments imply straightforward the ps(ai, @) is a strictly decreasing
function of a; € (0, %) Assume that a3 > %. A straightforward calculation shows that
g3 > 0 for all A\. The previous arguments yield that p3 is a striclty decreasing function of
ay > 0. The equalities (2.23) are straightforward.

We now prove (2.24). Assume that 0 < a; < %, 0 < ay. Then the inequality p, < p3
is a consequence of (2.8). Clearly

q2(ps) = a2(p2)(ps — p2) + (ps — p2)* > a4(p2)(p3 — p2).

Since p3 satisfies the equation (2.28) from the above inequality and the fact g5(p2) > 0 we
deduce:

o> p3qs(p2)(p3 — p2) > P2q5(p2)(p3 — p2)
(S — pP3 6 — P3

The inequality (2.24) is equivalent to the observation that a3 is greater than the last term
in the above inequality. ©

Theorem 2.30. Let S € S,(R), A € 4,(R). Assume furthermore that S is a rank one
matriz with positive eigenvalue 6 > 0 and the corresponding eigenvector Se = e, |le|| = 1.

Assume that that Ae # 0. Let

1 k 1
e =6€..,¢ ’DaA,QIa-'-aqlhplv“'vpk

be defined as in Theorem 2.6. Assume that oy = ||Ae|| < %. Then all py, ..., py are positive
numbers which satisfy the strict inequalities:

. k—1
P2i—-1 > P2it1, ¢ = 1)"') L—Q_Ja
. k—2
P2i < Pit2, L= 1v'“a I___Z—Ja (231)
k+1

P2i—1 > P2j, 1= 17“-7 |_



Proof. We prove (2.31) by the induction on k. For k = 1,2,3 we showed the validity of
(2.31). Assume that (2.31) holds for k =1 > 3. Let k = [+ 1. Suppose first that [ is even.
The induction hypothesis yields that p; < pj—;. Use (2.12) to deduce that ¢;41(A) > 0 for
A > pi_1. Hence pj31 < pi—1. Combine Theorem 2.16, (2.12) and the induction hypothesis
pl—1 > bz > py to deduce that gi+1(p1) = a?qi—1(pi) < 0. Therefore pi4; > p;.Similar
arguments apply in the case [ is odd. ¢

Note that under the assumptions of Theorem 2.30 pi is the maximal real eigenvalue
of the matrix S + A.

§3. Tournament matrices

A tournament matriz is a square (0, 1) matrix T such that T+ T7 = J — I where J is
the all ones matrix. These matrices have many interesting properties, see [Moo| and the
references therein. The spectral properties of these matrices were studied by quite a few
numbers of authors, see for example [M-P] and [Kir] and the references therein. We first

note that any tournament matrix is an almost skew symmetric matrix minus %
I J T-17
T=C—§, C:;+A, A= 5 J=uwul, u=(1,.,1)7T. (3.1)

To estimate the spectral radius p(T') of T it is enough to estimate the maximal real eigen-
value of an almost skew symmetrtic matrix C. In the notation of Section 2

n u (1,..,.n)T
TR m (3:2)
Set
b=(by,...bn)T =Tu—-TTu ez (3.3)

That is b; is the number of wins minus the number of losses of the player number 7. We
call b the balance vector. Use (3.1), (2.4) and (2.25) to deduce:

L7 g 2 bTh 4n (3:4)

We assume that a; = as = 0if b = 0. Theorems 2.6 and 2.30 yield:

Theorem 3.5 Let T be an n xn tournament matriz. Assume (3.1)—(3.5) . Let p3(a?,a?)
be the biggest real root of (2.21). Then

p(T) < ps(ai,af) — (3.6)

1
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Suppose furthermore that 4bTb < n3. Let po(a?) be the mazimal root of (2.13). Then

. 1
p(T) 2 paal) — 5 (3.7)
and equality holds iff either b =0 or b # 0,a2 = 0.

The inequality (3.7) is due to Kirkland [Kir]. He also gives the condition for equality
stated in a different form.

The difficulty in using the inequality (3.6) is due to the fact that ps is a solution to
the cubic equation. We now bring an upper bound on the spectral tournament matrices
using Ostrowski’s theorem. Let B = (b;;)' be a nonegative matrix. Set

ri(B) = Zbij,ci(B) =1(BT), #(B) =ri(B) — bi;, &i(B)=#(BT)i=1,..,n. (3.8)
j=1

Ostrowski’s theorem [Ost], see also [Bru] for generalization of Ostrowski’s theorem, claims
that spec(B) - the spectrum of B is contained in the following complex disks:

|z — bis| < 7(B)'e:(B)Y Y i=1,...,n
for any 0<t<1.In particular:
p(B) < py(B), w(B) = 1I£?gxn bii +7(B)é; (B 0<t<1. (3.9)
Corollary 3.10 Let T be an n x n tournament matriz. Then
o(T) < iy (T). (3.11)
Assume that n is even. Let p} be the maximal spectral radius of all n x n tournament

matrices. By abusing the notation we let p* = p¥. A conjecture due to Brualdi-Li [B-L]
gives a "natural” candidade for the tournament matrix T*, p(T*) = p*.

Q= (Qz])% Qu=Qu=V, Qu=I+VT Qy=VT,

2 3.12
(Uu)fvvzj—lfm1<?<]<—,’U,]—0f071<]< <2 (3.12)

In particular, Q ib ahnost regular. Recall that a tournament matrix T is called almost
regular if |r;(T) — 25+ L= 2 , t =1,...,n. A weaker version of Brualdi-Li conjecture is that
any extremal matm\ T* is almost regular. We now study these conjectures.

Theorem 3.13 Let T be a tournament matriz of an even order n. Then

p(T) <

|3
o3

(3 -1 (3.14)



Assume furthermore that T satisfies the condition

noho Ll (3.15)

|r:(T) — 5 | 5

Then

§D) < |3+ ) -2 (3.16)

In particular, any tournament matriz which satisfies (3.15) satisfies the inequality

~1 1
p(T) < =

2 _n+\/n2—4'

Proof. Note that for any tournament matrix of an even order n we have the inequality
ri(T)ei(T) < 5(5 —1). Hence, (3.11) yields (3.14). The assumption (3.15) implies that
ri(T)ei(T) < (5 +1)(5 —2),¢ = 1,...,n. Thus, (3.11) implies (3.16). A straightforward
calculation shows that the right-hand side of (3.16) is strictly less than the righ-hand side

of (3.17). ¢

(3.17)

The following lemma is due to Kirkland:

Lemma 3.18. Let T = (T};)?™, T;; € M,,(R), i,j = 1,2 be an almost regular tournament
matriz of an even order. Assume furthermore that the row sum of each of the first m rows
of T ism and Tyy = Ty = V where V 1s given by (3.12). Then T 1s equal to the Brualdi-Li
matriz Q given by (3.12).

Proof. As T is an almost regﬁlar tourmanent matrix with »;(7) = m, ¢ = 1,...,m, we
deduce that ¢,y i(T) = 2m—1—7rp4i(T) =m, i = 1,...,m. Clearly, r;(V) = cn_ig1(V) =
m —1, 1 = 1,...,m. The equalities 7;(T) = ¢;p4;(T) = m, i = 1,...,m, yield

ri(Ti)=m—ri(V)=1, ci(Ti2) =m—-c;(V)=m—i+1,1=1,....m. (3.19)

We claim that the above equations have a unique 0 — 1 matrix solution Ty2 = I + V7. For
m = 1,2 the claim is trivial. Assume that the claim holds for m < k — 1. Let m = k. As
Ty, is a 0 — 1 matrix it follows that the first column and the last row of Ty, consists of
all ones. The equality ri(7Ty2) = 1 yields that the only nonzero entry on the first row of
Ty, is the entry (1,1). As ¢x(T12) = 1 we deduce that the only nonzero entry on the last
column of Ty, is the entry (k, k). Delete the first and the last rows and columns of T}, and
use the induction hypothesis to show that the equalities (3.19) have a unique 0 — 1 matrix
solution Ty = I + VT. As T is a tournament we deduce that Ty =VT. o

Theorem 3.20. Let T be an almost regular tournament matriz of an even order n.
Assume (3.1) — (3.4). Then ay = 3. In particular, Kirkland’s inequality holds [Kir]:

1 1 n—1 1
T > -)—== — . 3.21
P( )_P2(4) D) 9 71_*_\/”2—_2 ( )
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Furthermore
2_4
2 o n

“2 ="
Equality holds iff T is permutationally similar to the Brualdi-Li matriz given by (3.12). In
particular, any almost regular tournament matric T of an even order satisfies the inequality

(3.22)

1 n?2—4 1
< - - 3.23
which implies L3
n —
- = .24
oT) < o - = (3.24)

Proof. Let n = 2m. Then the balance vector b has m entries equal to 1 and m entries equal
to —1. Use the first part of (3.4) to deduce the equality o? = %. According to Theorem
2.20 we have that p(1,a3) is an increasing function function of 3. (Here § = 2.) Use
(3.4) to deduce that the maximal value of o is achieved for the almost regular tournament
matrices for which ||Ab|| is maximal. Since Jb = 0 we get:

J I. Ty bT(T+TT)b
4Bl = (4 + BIP = (T + )bl = 777 4 2 4 LEET R

4 >
e S C R O
1

(3.25)
n

=0TTTTh - —.

2 4

Thus, it is enough to consider almost regular tournament matrices which maximize || Tb||2.
Rename the indices 1, ..., 2m so that the first m coordinates of b are equal to 1 and the last
m coordinates of b are equal to —1. Let T = (t;;)} = (T};)3, T;; € Mn(R). Assume that
8, t; are the ¢ — th row sum of T, Ty, respectively, for 7 = 1,...m. It then follows that

m

OTTTTh =) (25 — m)® + (2t; — (m — 1))?,
1

m m

-1
siyti €4, 0<si,t; <m—1, E S; = E ti:%.
1 1

We next observe that if < y are two integers then 2% 4+ y? < (z — 2)? + (y +2)2. We now
maximize the expression

m

Z(?si - m)'2 + (2t; — (m — 1))2. (3.26)

1

on all tournament matrices of an order n = 2m. Let T = (t;;)}. Assume that t;; =1, 1 <
¢ #J < m. Then we may change the value of (3.26) by letting t;; = 0. This is equivalent
to replacing s;,s; by s; — 1 and s; + 1 and leaving all other s; and ¢; unchanged. Assume
that T maximizes (3.26). We claim that after renaming the first m vertices if necessary
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we have the equality: Ty; = V. In particular s; = m — ¢, ¢« = 1,...,m. Assume that we
renamed the indices so that s; > so > ... > s,,. Suppose to the contrary that s,, > 0, that
is, tm; = 1,1 < j < m. Then replace sy,,s; by s, — 1,5, + 1 to condradict the optimality
of T. Thus, the last row of T}; is a zero row and the first m — 1 entries of the last column
of Ty, are equal to zero. It then follows that s; — 1, 7 = 1,. — 1 are the + — th row sum
of (¢;;)7"" . It now follows that sp—1 —1 = 0. Thus, the last row of the matrix (¢;;)7"~ !
is equal to zero. Continuing in the same manner we deduce that T7; = V. Assume that
we have renamed the indices m + 1, ...,2m so that t; > ... > t,,. Our arguments yield that
Ty, = V. In particular,  maximize the expression (3.26).

Assume now that T is an almost regular matrix with r;(7) = m, ¢ = 1,...,m, which
maximizes (3.26). By renaming the indices in the sets {1,...,m} and {m + 1,...,2m} if
necessary we deduce from the arguments above that Ty; = T3, = V. Lemma 3.18 yields
that T = Q.

In what follows we assume that T is an almost regular tournament matrix. Using the
standard formula

k
S (2k + 1)(k + 1)k
1 6

we deduce that

2 2
I Tb)% < (2m” +1)m
3
;From (3.25), (3.4) and the above inequality we obtain the inequality (3.22) and the
equality holds iff T is permutationally similar to the Brualdi-Li matrix. Theorem 2.20
yields the inequality (3.23). To deduce (3.24) let r,, = 2— 2. A straightforward calculation
shows that )
rn‘]?(rn) S n®—4
b—1ry, 12

The arguments of the proof of Theorem 2.20 yield that

,5:2,01%:1.
2 4

1 n?2—4 n 3

,03(1, =5 ) < 5 (3.27)

84. A generalization of Ostrowski’s inequality and appiications

In this section we let h = (1,...,1)7.

Theorem 4.1 Let B be an nx nonnegative irreducible matric matriz. Set
Bu = p(B)u, BTv = p(B)v,

: 4.2
u = (ul,...,un)T, v = (v, ...,v‘,,)T, 0 <wu;,vg, 2=1,....n, Zuivi =1 (4.2)
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Let0 <s < %, 0<t<1 be given. Suppose that
s < wv;, t =1,

ey T (4.3)

Then

logp(B) < S(Z tlogr;(B)+(1—t)loge;(B))+(1— ns)log(llgaécn tlogr;(B)+(1—t)logc;(B)).

(4.4)
Assume that 0 < t < 1 and B s fully indecomposable. (PBQ 1is irreducible for any
permutation matrices P,Q.) Then the equality sign holds iff ﬁ%)- 18 doubly stochastic.

Proof. The characterization of Friedland-Karlin [F-K] claims that

n

logp(B) = min nzuivilog(

;L':(Ilv“-vxn)ao<$i,i:l .....

Bﬂ?),‘

Ty

(4.5)
By chosing @ = h we deduce that
logp(B) < Zuivilogri(B).
1

Replace B by BT to obtain

n

logp(B) < Z u;v;loge;(B).
1

Multiply the first inequality by ¢ the second inequality by 1 — ¢ and use (4.3) to get (4.4).
Suppose that B is fully indecomposable. Then the minimum in (4.5) is achieved only
for the eigenvector 2 = au,a > 0. (Contrary to the claim in [F-K], if B is irreducible
but not fully indecomposable then the equality sign in (4.5) can be achieved for vectors
z which may not be the eigenvector of B. See [Fri].) As 0 < t < 1, the equality sign in
(4.4) implies that h is the left and the right eigenvector of B . That is %)- is a doubly

stochastic matrix. In that case we obviuosly have the equality sign in (4.4).0

Remark 4.6 We view (4.4) as a generalization of (3.9). Indeed, for any nonnegative
irreducible matrix B (4.4) yields the inequality

p(B) < vi(B), v(B) = max ri(B)ei(B)Y 7L 0<t < 1. (4.7)

Use a continuity argument to deduce that the above inequality holds for any nonegative
B. 1t is not hard to show that (3.9) implies (4.7). Of course, in the case B has a zero
diagonal (3.9) is equivalent to (4.7).
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Remark 4.8 Clearly, if B is reducible we might have the equality sign in the inequality
p(B) < vi(B) without the requirement that —7_1?—3) is a doubly stochastic matrix. This also
may be the case for an irreducible B which is not completely irreducible. Indeed, assume
that C is a nonnegative cyclic matrix of even order - n = 2m. Suppose that all odd row
sums of C and all even column sums of C are equal to a > 0 and all even row sums and

odd column row sums are equal to # > 0. As C" = V%(B)"I we deduce that we have the

equality sign in p(B) = V_%(B). Clearly, for a # ( the matrix g is not doubly stochastic.

A generalized tournament matrix T is a nonnegative square matrix satisfying
T+TT=J-1 (4.9).

See [M-P]. We now apply (4.4) to give an upper bound for the spectral radius of generalized
tournament matrices. According to (3.1) any generalized tournament matrix is an almost
skew symmetric matrix minus % Thus, we can use the inequalities (3.6) — (3.7) for p(T).
As we pointed out before there is an intrinsic difficulty in applying (3.6) as p3(a?,a?) is a
solution of a cubic equation. In what follows we shall deduce upper bounds for p(T') using
(4.4) provided that p(T') is sufficiently big. This condition can be verified by using (3.7).

Let T be a generalized tournament matrix and assume that

Tu = p(T)u, u = (uy,..un)’, ©; >0, i=1,..n, WTu=1, a= 21 i (4.10)
n

Combine (4.9) and (4.10) to deduce
TTu = Ju — (p(T) + 1)u = nah — (p(T) + 1)u. (4.11)
Multiply (4.11) by uT to deduce:
n?a’® = 2p(T) + 1. (4.12)

It then follows

e=(e1,ren) =u—ah, €le =uTu—2uTah+a’hTh =1-na? = 1—M. (4.13)
n
Theorem 4.14. Let T be an n x n generalized tournament matriz. Assume that
n—2 1
T . .
p(T) > — ey (4.15)
Then T is an irreducible matriz. Furthermore
, 2p(T) + 1 20(T) + 1 “logri(T)e;(T
togp(T) <(Y2(T) _\/1_ pT) 415 31 logriT)edT) |
n n 2 (416)

(1-— n(% - \/1 - Lz)“f)logv%(T).
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Proof. In view of (4.12) and (4.13) we deduce that (4.15) is equivalent to the inequality

a? > €eTe. By the definition a = 1‘% > 0. Hence, the inequality (4.15) yields that
0<wu;yt=1,..,n. Let

TTw = p(T)w, w = (wi,eywy)T, 0< Wi, i=1,..n, wlw=1. (4.17)

Using the arguments for the eigenvector u we deduce:

- 1
= h’ o= (6],...,6”)T = w — CY’T,, 6T6 =1 2P(T) + )

n n

a= (4.18)
Thus, the assumption (4.15) yields that w is a vector with strictly positive coordinates. It is
well known that if a nonnegative matrix with positive spectral radius has stricitly positive
left and right eigenvectors then T is a direct sum of irreducible matrices. The assumption
(4.9) implies that this sum reduces only to one component, i.e. T is irreducible. We next
note that 0 < wTu < (wTwuTu)? = 1. Also, the vector v satisfying (4.2) is given by:

1

wluy

v =

w. (4.19)

Therefore

wivi > (o~ (o)) — (6o} = (VLD \/ 2(T) +1

VY =s,i=1,..,n

Use (4.4) with t = 1 and the above s to deduce (4.16). o

Theorem 4.21 Let T be an n X n generalized tournament matriz. Assume that

2
V2(T) + =ﬁ(1—§), 0<r<l1. (4.22)
Then
logp(T) < (1 —7)log( Hrl ci(T) )211 + 7logvy (T). (4.23)
1

Proof. The condition (4.22) implies:

2p(T)+1 72 T4
/ — 1 o ',
n 4n = 64n? (4.24)
Hence
2p(T)+1 T
1-— < . .
\/ n - 2yn (4.25)
Therefore:
2p(T) +1 \/ 20(T)+1., _ 1 T orr,_ l-7
e LY 4 R SV AL HE | P § At N : :
( n n )2 n( 2 8n) - n (4.26)



Use the above inequality in (4.16) to obtain (4.23). ¢

For an n X n generalized tournament matrix T let:

RAT) = ni(T) = 222, (1) = ei(@) - © ;1 = _7(T),
s (4.27)
r(T) = le(T) < —5— 1= 1,..m
Then: 1 I
ri(T)e(T) = (=) = H(T) = (—5=) —&(T)" (4.28)
Set:

f[ (T)ei(T (4.29)

Combine the standard inequality log(1 — ) < —z, ¢ <1 with (4.28) to deduce

n—1 2 "L
logw(T) < log—— — = T > m(T) (4.30)
- 1

Corollary 4.31. Let the assumptions of Theorem 4.21 hold. Then

log ip(_Tl) <-(1- T)ﬁ S R(T) (4.31)

We stress again that the inequalities (4.16), (4.23) and (4.31) should be viewed as a refined
version of (3.11). (Note that for generalized tournament matrices T py(T) = vy(T).) To

apply these inequalities one should first use the lower bound (3.7) which in particular
results in an upper bound for 7.

§5. Remarks and open problems

Inequalities (3.17) and (3.21) yield that a matrix T which satisfy (3.15) also satisfy
p(T) < p*, i.e. T is not maximal. The inequality (3.21) implies

n—1 1 .
5 ap—1  Pw (5-1)
The inequality (3.14) imply
n—1 1
* - 5.2
/)’IL < 2 4n ( )

Note that for almost regular matrices (3.24) gives a better upper bound than (5.2). Brualdi-
Li conjecture implies in particular that the inequality (3.23) holds for all tournament
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matrices of an even order n. We conjecture that for any tournament matrix of an even
order n we have the inequality:

1 n2—-4

ps(al,aj) < p3(Z’T

)- (5.3)
Here a?,a2 are defined by (3.4). Furthermore, the equality sign holds iff T is permuta-

tionally similar to Brualdi-Li matrix.
The inequalities (5.1) — (5.2) imply that

n—-1 K,
pn = 9 - * (5'4)

Z n

Roughly speaking § < K, < % Conjecture (5.3) yields the inequality 3 < K,. It would
be interesting to find the asymptotic distribution of the spectral radius of @, given by
(3.12). A straightforward computation shows that

1 n? -4, 1 n—1 3 1
Py ) 375 T TG

(5.5)

Thus, it is possible to estimate the asymptotics of p(Q@, ) by finding the corresponding value
of a} and evaluating the asymptotics of ps(a?, a3, a?) for the matrix Q,,. We decided to
skip this computation here. We conjecture that

limg,— oI, = g (5.6)

2 .
However, p3(§,255%) — 3 > p(T) for any almost regular tournament matrix.

Lemma 5.7 Let n = 2m and assume that T 1s a generalized tournament matriz such
that ri(T) = m, i = 1,....om, 7(T) = m -1, i = m+ 1,...,2m. Suppose furthermore
that T = (T;;)3, Ti; € Mn(R), Th1 = Toa = V where V is given by (3.12) . Then

p(T) < ps(3, "21;4) — 3 - Furthermore, p(T) = ps(1, "‘21;4) — 3 iff the following conditon
hold:

(T - TT)(w, —w)T = 7(v, —v)T,

2_1
v=(1,..,1),w = (w1,...,wy,) EZ™,w;=m+1-2,1=1,...m, 7= —M.

(5.8)

There is no almost regular tournament matriz which satisfies p(T) = p3(3, "2_4) -

Proof. Let 2A =T — TT, u = (v,v)T and consider the cyclic subspace V generated
by u, Au, ..., A" 'u. As in the proof of Theorem (3.20), we deduce that for any generalized
tournament matrix which satisfies the conditions of the theorem one has the the equalities
of =1, a3 = "21;4. Theorem 2.30 implies the inequality p(T) < pg(i,ﬁ) — 1 and
the equality sign holds iff V' is three dimensional. Clearly, u,b = (v,—v)! € V. It is
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straightforward to show that T'b and hence Ab in view of (3.25) is spanned by u,b,z =
(w, —w)T. Furthermore, uTw = bTw = 0. Thus V is three dimensional iff Az is a linear
combination of u,b,w. As tTAz = uTAz = 0 it follows that V is three dimensional iff

2
2Ax = 7b. Moreover, T = — x:%fb. A straighforward calculation shows that 7 = —ﬂm—s_—l-l.
Assume that T is an almost regular tournament matrix which satisfies
p(T) = Pa(i,%) — 1. ;From the proof of Theorem 2.6 we obtain that spec(T) D

spec(F — 1), F € A,_3(R). As n — 3 is odd we deduce that 0 € spec(F). That is
2

—% € spec(T). This is impossible, since all the eigenvalues of T are algebraic integers. ¢

We close the paper by giving some numerical data. For n = 4,6, 8,10, 12 we computed

the quantities

1 1 1 n2—-4 1 n
Pz(z) —3< p(Qn) < Ps(za 1—2) ~ 3 6= 3

using MATLAB. The matrix @, is given by (3.12). Here are the results:

n=4: 1.3660, 1.3953, 1.3969;
n==0: 24142, 2.4340, 2.4350;
n=2_8: 3.4365, 3.4513, 3.4521;
n=10: 4.4495, 4.4614, 4.4620;
n=12: 5.4580, 5.4680, 5.4684.
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